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1. INTRODUCTION 

We consider the three dimensional Vlasov-Poisson System (VPS). In this 
system, the function f(t, 5,~) > 0 represents the microscopic density of 
particles located at the position II: E R”, with velocity II E R3, at the time 
t E R, evolving in the self-consistent (repulsive or attractive) Coulomb 
potential it creates. The system reads, 

a,f + ‘u V,. f + E . 0,f = 0 ~ 

Here, p(t, x) represents the macroscopic density of particles located at 
the point x and at the time t, E(t, x) is the self-consistent Coulombic 
or Newtonian force-field created by p, and the sign - corresponds to a 
gravitational interaction (astrophysics), whereas + describes an electrostatic 
interaction (semi-conductor devices). In fact, we will not distinguish 
between the repulsive and attractive cases in the sequel. 

On the other hand, the Free-Transport equation is closely related to 
the VPS. It describes the free evolution of a particle-system with no 
interactions, and reads, 

(1.2) 
1 

3,f + II 0,f = 0 ) 
f(t = 0, 11, v) = fO(z, w) 2 0 

This equation has the (unique) solution f(t, X,U) = f”(x - ?)i, TJ) and 
generates the macroscopic density p’(t, x) = .I;, f”(x - vt, ~)dv. From a 
‘semi-group’ point of view, (1.2) gives the Co group associated with (l.l), 
which is easily seen to be unitary in the spaces LJ’(Rz x R”,) (1 < p 5 m). 

Our main results concerning the VPS are the following : 
(i) We prove that, if the initial data f” satisfies So E Li,, n LFV and 

JJM” + WV0 < ec for some m > 3, E > 0, then one can build a 
solution of (1.1) such that s 1x - ~tl” f(t,x,~) dx dv E Lzc(R,), for 
all Ic < m (Theorem 5.1). This result, which we call propagation c~f,fspace 
moments (of high order), is obvious on the Free-Transport equation above 
(even with E = 0), and we show in fact that the nonlinearity in the VPS 
‘preserves’ this property. We emphasize the fact that the solutions we build 
here have infinite kinetic energy. 

(ii) The point (i) above leads to the restriction m > 3 and the case of 
the low moments remains. We show that one can propagate the velocity 
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and the space moments of the initial data f” under the two possible sets of 
assumptions: ( ]2]m + 1~1~) f” E Lk,, for some m > 3, p > 0, or for m > 0, 
p > 3 (Theorem 6.1). This result shows how one can also propagate the 
low moments in the VPS in one variable if we control enough moments 
in the other variable. 

(iii) The first point allows to develop a theory of solutions to (1.1) with 
infinite kinetic energy, and we state here various results in this direction. 
The idea is that a priori estimates (regularizing effects) on the force field 
E(t, x) can be obtained as soon as the initial data f” E Lk,, (7 LzV has one 
additional moment (Theorem 2.1). In this sense, the initial kinetic energy 
J, li la12f0 is one particular moment, which does not need being finite. This 
kind of regularizing effect is well-known at the quantum level (See below). 
We also state decay estimates for the Repulsive VP System. 

Global weak solutions to (1 .l) were built in [ 1 l] under the natural 
assumptions f” E LE,,n LFu, J,, Ivl”f’ < 0;) (See also [l], [2], [13]). 
Also, global renormalized solutions were built in [7] for initial datas 
satisfying f” E Lk,,, (mass), f” log+ f” E Li,,, (‘entropy’), and u2fo E Li,, 
(kinetic energy). 

Besides, the construction of smooth solutions to the VPS was achieved 
in two different settings. On the one hand, [20] and [23] used compactly 
supported solutions and studied the characteristic curves of the natural 
ODE associated to the System; in this setting, they showed that smooth and 
compactly supported initial datas (say C,‘(W”)) remain, say, C: through 
time evolution, thanks to an appropriate decomposition of the phase-space 
(See [21] for refinements, [22] for a review paper on these methods). On 
the other hand, smooth solutions were also built by [ 161 for initial datas 
f” E Lk,, n LT,(, having velocity moments of order higher than three, and 
they proved that these moments are propagated through time evolution. 

All the above mentioned papers treat the case of solutions having 
finite kinetic energy (J,,, u2fo(z,v) < cc). However, solutions with 
infinite kinetic energy were recently built in [19], under the assumptions 
f" E Lk,,,nL$,, lx12..f0 E L&, (See [181 f or results in the same direction 
concerning the Boltzmann equation): here, a new dispersive identity on 
the VPS is proved (See also [14]) that allows to propagate the second 
space moment, in the sense that J IZ - ~t(~f(t,x., U) dx dv E L~c(iRt) 
(See (i) above). Surpringly, this gives rise to regularising effects in the 
VPS when the kinetic energy is not initially bounded, such as the estimate 
IIE(t, x)IIq 5 ctr1j2 as t tends to 0 (See [ 191 for more details). 

The present paper is a natural continuation of the works by [16] on the 
one hand, where the propagation of high moments in v was considered but 
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not the II: moments, and by [ 191 on the other hand, which concerns only the 
special case of the second space moment and the associated conservation 
law. To our knowledge, nothing was known concerning the general problem 
of the propagation of space moments in the VPS and the corresponding 
existence theory for solutions with infinite kinetic energy. 

Indeed, we rely here on general x-moments in order to build solutions 
to the VPS (point (i) above): since we cannot derive, in general, any 
conservation law for these moments, only PDE arguments allow to prove 
the propagation of space moments. The main difficulty at this level stems 
from the. fact that we deal here with solutions having infinite kinetic 
energy. In order to treat this important feature, the key point is that the 
VPS gives rise to a regularizing effect which implies, roughly speaking, 
that the potential energy immediately becomes finite as t > 0 under the 
assumptions we make here (See Theorem 2.1 below). Therefore, a natural 
singularity at t = 0 appears which contains most of the mathematical 
difficulties of our approach, and makes the main difference with the above 
papers. Notice that this kind of situations had been already pointed out 
in [19] for the case of the second space moment (the problem is much 
simpler in this case since we already have a conservation law). 

Our method shows also how to propagate the low velocity moments 
which were not considered in 1161 (point (ii) above). 

Finally, the point (iii) above (Theorem 2.1 below) generalizes regularizing 
effects obtained in [5] and [19]. In fact, this Theorem contains the starting 
point of our approach: the major difficulty while dealing with the VPS is to 
bound the force field E(t, X) = ~/47r(z]~ * p in the Lz spaces, which gives 
rise to the problem of bounding p in Lf, for p > 1. In order to do so, one 
can use auxiliary moments of f”, and try to propagate them through time 
evolution. Following this idea, we introduce in section 2 several preliminary 
lemmas in this direction, and deduce some a priori estimates on the force 
field E(t, x). For instance, we show that the existence of a space moment at 
the time t = 0 gives a finite potential energy for 1- > 0 (See Theorem 2.1). 

We would like to give another strong motivation for this work: the 
propagation of s-momen2s at the quantum level has been studied widely in 
the literature (See [6] and the references therein). But nothing was known 
at the classical level, which is mathematically more difficult because the 
impulsion v corresponds to ifiV at the quantum level, a stronger operator. 
Recall that the quantum analogue of the VPS is the Hartree Equation, 
or the Schrodinger-Poisson System (See e.g. [4], [15], [19]). Hence, the 
quantum analogue of the property (i) above concerning the space moments 
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of the solution is, 
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where $(x) E Lz is the initial data, and G(t, X) is the corresponding 
solution to the Hat-tree Equation. This property is well-known, and one 
should notice that, although the z moments are propagated at the classical 
level under the assumption ]w]‘f’ E Li,v for some E > 0, the Hartree 
equation allows to propagate the space moments of the initial data $ 
without any further assumption on the regularity of +!I ( i.e. we do not need 
to assume V&~(X) E Lz for some E > 0 ). Also, the regularizing effect 
described in Theorem 2.1 below has a well-known (and stronger) quantum 
analogous, that is for instance, 

~~(1~)EL~Jllt(t,z)EL~nLe fort#O, 

in three dimensions of space (See [6], [4]). 
The end of this paper is organised as follows : in section 2, we prove 

a general Lemma that we use throughout the paper, and deduce a priori 
estimates for solutions to the VPS ; section 3 is devoted to the local-in-time 
propagation of the space moments, and sections 4-5 show how to deal 
with arbitrary large time intervals (points (i)-(ii)); finally, section 6 deals 
with the propagation of low space and velocity moments, which are not 
considered in a first approach (point (iii)). 

Our main results are Theorems 2.1, 5.1, 6.1. 

2. SOME A PRIORI ESTIMATES 

Before beginning our analysis of the VP equation, we first introduce some 
(commonly used) notations : LJ’ denotes either LP (R”) or LP( R3 x R3), if the 
context makes it clear. We sometimes write also LP, instead of LIP@:), and 
Lf”,, instead of Lf’(R; x Ri). The corresponding norms appears frequently 
as ]1.&,. For instance, we use the convention Ilp(t,~)]]~~ = ]lp(t,~)]]~ 5 
]]p(t)llp (and the same for E(t, z), . ..). As usual p’ stands for the conjugate 
exponent of p, that is : l/p + l/p’ = 1. Finally, we denote C(ar , . . . , un) 
a positive constant depending only on the arguments. 

Now, and as it was announced in the previous section, we first introduce 
several preliminary inequalities on the microscopic density f(t, IC, II), which 
will be used later. We begin with the 
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DEFINITION 2.1. - Let f(t, 5, v) 2 0 be a solution to the VPS and f”(x, v) 
the corresponding initial data. We dejine, for k 2 0 : 

(i) (space moments) 

A&(t, x) : = 
J’ 
w3 lx - wtl”f(t, 2, w)d?J , 

A!&(t) : = 
.I 
R6 Ix - wqy(t,x, v)dx dv ) 

(ii) (velocity moments) 

Nk(t, x) := 
J’ 

Iwl”f(t, x, w)dw , N,(t) := 
s 

Iw(“f(t, x, v)dx dv , 

(iii) the macrof:opic density generated by the?ree-Transport Equation 

(See Introduction) is: pO(t,x) := 
s 

Rsfo(x - vt, w)dv. 

We now state the 

LEMMA 2.1. - Let f’(z, v) E L1 n L”, f” > 0. Then, there are constants 
C = C(llf”ll,I nLE) such that : 

(1) v P I Y > IIPO(k 4llL$ I c IlfO(~> v)ll 
(2)V 1<p<y, 

3 cm) ’ 
IIP”(t, X)llL;: I c N!%(O)% , 

3 
(3) v P 2 Y 7 lIP0(0911L~ I c t-7 llfOll Lm) 
(4)V l<y<Y, IIpO(t,x)llg 5 c t-s h&(o)* 

We see here how we can control the LP norms of p’(t) (t # 0) in terms of 
some moments of f” (moments of L” type in one variable, or more usually 
moments with weights). Notice that an exponent 8 E [0, l] should appear 
in the inequalities (1) and (3) above, giving for instance I] f”(z, U) I/i1 (LB ) 

on the r.h.s. instead of ]]f”(z~~u)]]L;(LZj. For sake of simplicity, Ge do 
not write this exponent here, since it plays no role in the sequel. We do not 
prove the Lemma 2.1 which is an easy consequence of the following 

LEMMA 2.2. - Let f(x, v) E L1 n L” and set A&(t,z) := s Ix - 
vtI”f(x, v)dv, A&(t) := J k&(t, z)dz, Nk(t,.z) := s Iwl”f(x,v)dv, and 
l&(t) := j-N,& >)d T x as in Definition 2.1. Then, there are constants 
C = C(llfll~,n~x) such that : 

(1) v P L 9 , Ilf(x - vt, 1’)IILy,(L;) 5 IlfllL;(Lg) 7 
(2) v llz,<$ 

I+ 3 
(IN@,.X)llLP I c Nk(t)x Q / 

(3) v P 2 4 1 Ilf(x-vt, “;IIL$(L~) Lct-“(t-+) IlfllLgLg) 1 

(4) v 1 < p 5 +$$ ) ]]M&:x)]]L; < c t-5 M&)“+* . 
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Proof of Lemma 2.2. - We begin by proving the point (I). Indeed, for 
P r q, 

The point (2) is proved in [ 161, and (3) can be found in [5]. Now 
the point (4) is analogous to the proof of (2) in [16]. Indeed, if we set 
Ml(t,x) = Jt, Ix - wtllf(x,w)dw, we have 

Ad1(t,x) = 
.I 

Ix - 7&(x, w) dw + 
12-vtl<n I 

Ix - ?Aff(x, w) dw 
* IE-Utl>R 

5 Ilf(VlIL~ R1 (;>“‘” (~v,51dV)1’q’+R-*+t A&(t,x). 

The point (4) is then obtained by letting R”‘$=Ill,(t, x) t”/q’ Ilf(x, v)llLfi 

and p’ = w in the last inequality. s 

REMARK 2.1. - As a direct consequence of Lemma 2.1-(4), the Riesz- 
Sobolev inequality (See [24]) immediatly implies, 

(2.2) ‘d 3/2 < p 2 “p’,“’ (< CC if k > 6) 

Jp(t)ll, < c t-(2-$)@(2-:) . 

REMARK 2.2. - The points (I) and (2) in Lemma 2.1 give an L” bound in 
time on IIp”(t)ll,, although estimates (3) and (4) give at the same time some 
decay of the latter as t goes to injinity and a regularizing effect on the LP 
norms (p > 1) of p”(t) as t goes to 0. Both phenomenas behave in (3) as 
well as in (4) like tp3/p’. One should also notice that this negative power oft 
in (4) does not depend on the value of k: a better regularity off’ in terms 
of its x-moments does not improve the decay of the macroscopic density. 

Concerning the blow-up of p”(t) at t = 0, we shall see in the subsequent 
sections that it gives rise to a dificulty when one wants to propagate the 
x-moments iVlk of the initial data f” through the VPS. That is the reason 
why we will assume in sections 3-5 that f” has an additional moment of 
small order in the velocity variable. On the other hand, the decay estimate 
IlpO(t)llp 5 c t-3/“’ as t -+ CO, is in fact optimal, as we show it now. 

Vol. 16, no 4-1999. 
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LEMMA 2.3. - (I) (Free Transport Equation). Let f” # 0 and p”(t) be us 
in Lemma 2.1. Then there exists a positive constant C = C( f ‘) .such that, 

llpO(t)ll, > c (1 + ItI)-+ 

(2) (Repulsive VP System). Let f” E L1 f-l L”, f” # 0, sati& (1111” + 
jz[‘) f a E L1. Let f(t, :I:~ u) be a corresponding solution of the Repulsive 
VPS which preserves energy. Then, there exists a positive constant 
C = C(llf”ll,, nLm, ~~(~~~1~ + I:c~*).~~III,~) such that, 

I~/(t.:c)llLf;, > c (1 + ItI)-+ 

Proof of Lemma 2.3. - The proof of these properties on the quantum 
level (Hartree equation or Free Schrijdinger equation) can be found in 
[12] and [3]. We adapt them in the ‘classical’ context. We first prove the 
point (1). Let R > 0, we have, 

(2.3) 
I 

$)(f)d:c < IIpO(t)llp (Rf)“‘P 
. l.rl<Rt 

and, for t > 1, 

(2.4) 
/’ 

p”(t)dz = 
I 

fO(X, V)dX dV 
. Izl<Rt . IX+\-t\<Rt 

> 

-I 

fO(X, V)dX dV 

. lX+l‘tl~Rf : IAYl<R 

2 
I 

f”(X, V)dX dV = const. > 0 . 

. (l’l<R/2 ; jsi<R 

for R sufficiently large. Estimates (2.3) and (2.4) give the result. 
Now we prove the point (2). To do this, we argue as in [ 121 and show 

in fact that, for R sufficiently large, 

(2.5) lirn inf 
I f-m lsl<Rt 

p(t,x)dz > 0 . 

Combining (2.5) with (2.3) gives the result. Now suppose (2.5) is 
false. In this case we find an increasing sequence tk + cc such that 
&,<Rtk P(b, z)dz + 0. Thus> 

< c 
- 1+trc 

+ 2R2 
I’ 

,I(&, z)dz , 
. Iz:l<Rtr, 
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where C = C(llf”llL1 nL-, 1jx2follLI). This last inequality is a 
consequence of the conservation law derived in [ 191, [ 141 which reads, 

a+ Ix - ut12f(t, 2, v)dx dv + t2 
I 

pqt. x)12dx 
. I 1 

and implies that, 

(2.7) 
J 

Ix - vt12f(t, 2, v)dxdu 5 C(1 + t) 
x ) 1: 

Hence we get in (2.6), 

(2.8) 
J 

v2f(tk, 2, v)dxdw 3 0 as Ic 4 00 
lsl<RtA. 

From this we deduce, 

= lim J ?/2fodxdv + J E2(t = O)dx - J E2(tk)dx ) k+m Z." z z 
thanks to the conservation of energy. But (2.7) and the conservation law 
stated above imply, 

J E2(tk,x)dx 5 c tp , s 
Thus, 

cw J v2f(tk, x, v)dxdv +kho3 
IzlzRtc J. v2fodxdv + 

2,‘” J E2(t = O)dx 5 
We now observe that, 

(2.10) J P(&, x)dx +k-+ce J f’dxdv > 
I.cl>Rtk 2911 

and (2.7) implies, 

>R 
(J ,z,>Rtk f (t 

Vol. 16, n” 4.1999. 
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We pass to the limit in the above inequality and get, thanks to (2.9), (2.10), 

(2.11) (/’ 
. x.0 

u2f”(x:v)dzdv + / E2(t = O)~.X)~” 2 R llf’11;” . 
. .I 

which is a contradiction if R is large enough. This ends the proof of this 
Lemma. n 

We now want to derive some a priori estimates on the force field in the 
VPS from Lemma 2.1. We first need the following 

DEFINITION 2.2. - (1) Let u, > G/5. We define 

pTrLez(a) := 2% (= 00 ifa > 3 ) , 3 - (I 

(2) Let m > 315. We define 

qrrLaz(m) := E (= 00 ifm 2 6 ) , 

qlrLin (m) := [yrnrL,(7n)]’ = z (= 1 ifm > 6 ) . 

.J(m) := 1312; 31 n khin(4; yma.c(7rL)] . 

REMARK 2.3. - Notice that 

I(a) = (2) ,iff a = 615 , 
I(a) =]3/2; 3[ iff a > 3/2 , 

J(m) = {a} ,if f m = 315 , 
J(m) =]3/2; 3[ Giff m 2 3/2 . 

Lemma 2.1 above allows us now to state the following 

THEOREM 2.1. - Let f”(x, II) E L1 n L”, f(t, x:, u) be a strong solution 
of the VPS (See (191 for the precise dejnition) with initial data f”, and 
E( t, x) be the corresponding force jield. 
(I) Assume f” E Li(L;) for some a 2 615. Then, we have, 

llE(t)llp i C(T, Ilf”llLl nL-> llfOlll;;,(L;)) 

for all 0 5 ItI 5 T and all p E J(a). 
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(2) Assume N,(O) < 00 for some m > 315. Then, we have, 

for all 0 5 ItI 5 T and all p E J(m). 
(3) Assume f o E L$( L;) for some a > 615. Then, we have, 

for all 0 5 ItI 5 T and aEl p E J(m). 
(4) Assume Mm(O) < 00 for some m > 315. Then, we have, 

lIE(t) 5 t-(‘-z) C(T, llfOllL.l np> Mm(O)) > 

for all 0 5 ItI < T and aZE p E J(m). 

REMARK 2.4. - The results of Theorem 2.1 give a priori estimates in the 
VPS as the initial data has infinite initial kinetic energy. This generalises 
the corresponding results obtained in [19] which only considers the case 
n/rz(O) < CKI. Following the remark 2.2 above, we notice that lIE(t) blows 
up at most like t-(2-$) at t = 0 (cases (3) and (4)), or it is locally bounded 
(cases (I) and (2)). 

REMARK 2.5. - A natural question is : do the estimates of Theorem 2.1 
give stability results (and, in particular, existence results) for the VPS with 
initial data f” in the above spaces ? 

Unfortunately, the answer is negative : Let fz be a sequence of initial 
data converging strongly to f” in the desired spaces, and f “(t, x, w) be 
the corresponding sequence of solutions to the VPS (say fz E C,-, and 
in this case fn(t,x, U) E C”(Iw,; C,“(BBz x Rt))). The compactness of 
the velocity averaging as stated in [9], [IO], [8] allow to show the local 
strong convergence of hulsR fn(t,x,v)dw to J;L.,.,R f (t,x, w)dv for any 
0 < R < 03, and thus we can pass to the limit in tKe sense of distributions 
in 

&f”+v. V,f"+ En. V,,f" =O> 

recalling that f” converges weakly towards some f. 
But we do not know if 

SUP J’ f”dv ---+R+oo 0 : 
n I42R 

Vol. 16, no 4.1999. 
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(for example in the Li norm) under the only assumptions of Theorem 2. I. 
We can only prove it when IIE’“(t)l(, is bounded for some p > 3. Thus, it 
is not clear whether 

p”(t,z) + p(t,x) = I ’ f(t, 2, v)dv in D’ : 
* 1’ 

a loss of mass could occur and we cannot pass to the limit in Poisson’s 
equation. 

Proof of Theorem 2.1. - Following [ 161 and [ 191, we split the force 
field into two parts, 

E(t, x) = E”(t, x) + El@, :I;) . 

where, 

Eyt,~) := :I: 
47+]3 

*z pO(t, x) = -5- * 
I 

‘fO(x - wt. I/) 
47rlzj” z , z, 

El(t,z) := (E f)(t - s,x - us/u) dv ds 

As it will be clear below, E’(t) represents the short-time potential, and we 
have in some sense E(t) M E”(t) as t -+ 0. 

We now estimate each term E” and El separately. 

First step. - We first consider EO. Under the assumption of the point (1) in 
Theorem 2.1, we write, thanks to the Riesz-Sobolev inequality, combined 
with Lemma 2.1 (l), 

lIEo(t) 5 C Il~~(t)ll~ . for 3/2 < P < x 
5 c ll.f”lIL~,(L~) . 

and this last inequality holds as soon as 3p/(3+p) < u, that is p 5 r)nras (CL). 
Here, C denotes a constant as in Theorem 2.1 (1) (in fact, it is independant 
of t, T). 

The case (2) is treated similarly, as well as (3) and (4), where one 
obtains an additional factor t-(2-p). 

Second step. - We now consider E’. In order to treat this term, we state 
an easy and fundamental Lemma, that will be used throughout this paper, 
and which we borrow from [ 161. 
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LEMMA 2.4. - Let p/a’ > 1 and E(t,z), E’(t,x) 
following holds, 

515 

as above. Then the 

IIE’(t)llp < .I t sl-2 IIE(t-S)lla IlfOll? Ilf(t--S,Z--‘US, w)lll’“’ 
0 L”,‘“’ (Lf,) ds 

Proof of Lemma 2.4. - We write, t 
IIS s s (E f)(t - s,2 - ‘us&J) dwds 

0 II I/ 

5 
=P, 

< - I at sl-2 IIE(t - s)lla I( (/- f”‘(t - s,z - ws,w) dw)l@ [IL; ds , 
IO 

which gives Lemma 2.4, using the ;act that Ilf(t)llco 5 IlfOllco, for all t. H 

We now come back to the proof of Theorem 2.1. In each case (l)-(4), 
we apply Lemma 2.4, choosing p = CL’, (that is p’ = CL), which allows to 
“cancel” the factor Ilf(t - s, x - us, u)ll”“’ 

W(G) 
in this Lemma, thanks 

to the conservation of the L’-norm. 
Let us begin with the case (1). Using a constant C which depends on f” 

as mentionned in Theorem 2.1, we get, 

(2.12) IIE’(t)llll 2 c 
.I’ 

ts-$ (IIE”(t - s)llpt + IIE’(t - s)llpl) ds 
0 

t t 
5 C 

J’ 
es-s ds + C 

s 
~‘-3 IIE’(t - S&J ds > 

0 0 

because the term lIEO(t P, in (2.12) can be upper bounded thanks to the 
first step, which requires the restrictions 3/2 < JJ’ 5 plrLaE(a) . Moreover, 
since 3/2 < p’ < 3, we can choose a real q > 1 such that ~‘-3 E L&,,. 
Hence, 

(2.13) II~lWll, 5 c 1 + ( [.6’ llE’~*~ll;:] “q’) . 

We now come back to Lemma 2.4, we change p into p’ and take a = p, 
and we obtain, 

(2.14) IIE’(t)llp~ 5 C 
/ 

t sl-: (IIE”(t - s)II, + (IE’(t - s)llp) ds 
0 

J 

t 
5 C + C s-f+ IIE’(t - s)ll, ds ~ 

0 
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thanks to the first step, combined again with the restrictions 3/2 < p 5 
pmaz(a), P < 3. Hence, 

(2.15) IIE’@)llp~ I c 1 + ( [6’ llE’(~mq l”‘) > 

for the same choice of CJ as in (2.13). Estimates (2.13) together with (2.15) 
give, thanks to Gronwall’s Lemma, IIE’(t)ljP E LEC(R,). Now, the point (1) 
of Theorem 2.1 is proved. 

The second point can be obviously treated in exactly the same way. 
Now, the proof of the last two assertions follows the same two steps. In 
these cases, the first step gives, 

IlEo@ - s)ll, 5 C It - sI-(~-~) > V 3/2 < P 5 pma.&) or h&m) . 

Hence, 

s 

t 

s I-$ I(E’(t - s)llp ds E Lrc(Wt) , Vp E I(a) or J(m) . 
0 

which allows to adapt easily the second step above. Now, the Theorem 2.1 
is proved. n 

3. PROPAGATION OF HIGH SPACE-MOMENTS 
FOR SMALL TIME INTERVALS 

With the regularity of the force field obtained in the previous section 
(Theorem 2.1), a natural question is now : is it possible to propagate 
the initial moment of f” through time evolution ? In the case where 
lwlmfo E L1 (case (2) in Theorem 2.1) it has been shown in [16] that 
solutions to the VPS can be built which satisfy j~]“f(t) E LrC(Wt; Li,,,) 
for all 0 < Ic < m (propagation of the velocity moments). Their proof 
needed the additional assumption m > 3. Our goal is now to treat the 
case of moments in the space variable, (case (4) in Theorem 2.1), and to 
build solutions to the VPS such that ]z - vt]“f(t) E L~C(R,;L~,,) (See 
Introduction). The corresponding question in cases (1) and (3) above will 
not be treated here (moments of U-type in the space or velocity variable). 

In this section as well as in the next one, we make the following 
assumptions on the initial data, and use the following conventions : 
(Hl) f” E L1 n L”, (Ix\” + 1~11~) f” E L1 for some m > 3 and E > 0. 
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(H2) We will always work on a bounded time interval ItI 5 T, where 
T > 0 is fixed. In fact, as the VPS is time reversible, we even restrict 
ourselves to the (fixed) time interval [O; T]. 
(H3) We often ommit the explicit dependence of the various constants with 
respect to the parameters of the problem. Unless explicitly mentioned, any 
constant C depends a priori on T and on the norms of the initial data 
appear@ in WI) (that is llf”llLl nLm, lll~17”f011~~, lII$f”ll~l). 

Moreover, the whole calculations below should first be written on very 
smooth functions, and we always deal with C” and compactly supported 
functions (See Remark 2.6). We will skip the corresponding limiting 
argument as it is obvious here : indeed, we show below a uniform bound 
of the type Ivl’f(t, 5, u) E LEc(BB,; L$,,) (Lemma 3.1) and this prevents 
a ‘loss of mass’ as mentioned in the Remark 2.6. 
(H4) We use the following notation for the behaviour of a function g(t) 
near t = 0, 

lg(t)l 5 c t-cu+O x+ 3 C , 3 /T? < a . s.t. V ItI 5 T , lg(t)l < C ItI-” . 

where C depends a priori on f” and T (See (H3)). 
The main result of this section is the following 

THEOREM 3.1. - Let 3 < k < m. Then there exists a time tk > 0 such that 

REMARK 3.1. - More precisely, we should write, (IM~(t)llL,([o;t,l) 5 C 
where C and tk depend on f”, T as in (H3). 

This Theorem is proved at the end of this section. 
Using the PDE, one can write the following (formal) calculation, 

(3.1) &A4k(t) 5 k t J p(t,2)I A&,(t,s)dz % 
< k t lIE(t) Ilnil,--l(t>z& I 

and, thanks to Lemma 2.2, we get (See Theorem 2.1 and its proof for 
the notations), 

(3.2) &h&(t) 5 c t’-$ (IIE”(t)llp + II,!?(t$,) h!fk(t)‘-‘+$ . 

At this point, we come back to the proof of Theorem 2.1 (4) and observe 
that it gives in fact the following refined estimates for 3/2 < 2, < 3, 

t'-s IIl3l(t)ll, 5 c t-l+0 ) (5 c t-1+(2-$) ) > 
P-2 IIEO(t)llp 5 c t-l , 

Vol. 16. Ilo 4-1999. 



518 F. CASTELLA 

Thus, for any possible choice of k and p, a factor t-l appears in (3.2), which 
prevents any direct use of Gronwall’s Lemma. Therefore, our very first aim 
in this section will be to replace the worse term, tt-$ ]IE”(t)llP, in (3.2) 
by t-l+“. This is possible through the assumption l~/J~f” E L1 in (Hl). 
The propagation of the space moments .I,,,, ]:xlk f”(x, v)d:cdl! = ,Vk(0) on 
small time intervals will be deduced from this first step. 

We begin with the 

LEMMA 3.1. - Let f” satisfy (HI). Then, for CY > 0 with O/E small 
enough, we have : 
(1) IIE0(t)l13+n I E &.@t) . 
(2) NC?(t) := , ,1’,, wr f(f. 

I. 
2, ‘(I) dx dv E Lg(R,) . 

Proof of Lemma 3.1. - It is proved in [ 191 that (1) implies (2) (See also 
Section 6), so that we only prove (1). We have, 

llE”Wll 3+n I c IIPO!~)lI~ . 

and we show that this last term belongs to $),,(I$), thanks to an 
3j3+n! 

interpolation of L,“+” between L1,+ry and Lt’“. Indeed, the assumption 
]~l~fO E Li,, allows to show thatzlIpo(t)l]i+,, is bounded (in time) for 
ct! small enough : 

(3.3) IIPO(~)ll~ 5 IIPO(M,, IIP”(~)ll:~tl 5 e 
where, 

l+a<~<5/3, 
1-B L+-=- 6-trr 

513 1+0 9+3a 

The estimate (3.3) implies, via Lemma 2.1, 

and we now use the fact that Nsn(0) = Jz,,L, ]u)~~ fO(z,v)dzdv < CC for 
a 5 E/3. 

Moreover, Ma(O) = l,,, 1x1’ f’(z,v)dzdv < CC and, 60/5 < 1. 
Indeed, this last inequality is given by, 

~- 
(j = 1:; < 516 , --- 

1+a 

for all 0 < a < 1 
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This gives, 

Hence Lemma 3.1 is proved. 
We deduce now from the previous result the 

LEMMA 3.2. - Let 0 2 k < m. Let k’ 2 m satisjj 

n 

3(k+3) < 3+ k’ 
ci+k 3 

(in particular, k’ = k is allowed for 3 < k < m), Then, there exists an 
exponent ,8 > 0 such that, 

Proof of Lemma 3.2. - Let p := 3 + k. Choose I? < cm, such that, 

3(3 + k) 3P 3 + k’ 
6+k =3+1’< 3 

Now, observe that the quantity 3p/(3 + p) increases with p, and choose 
a y > 0 satisfying, 

3(P + 7) 3 + k’ 
3+(p+y)+? 

We write then, following the same idea as in the proof of Lemma 3.1, 

II%% 5 c IM)ll& 
I c IIP(411e3~P+7~ llP(s)lll~ ’ 3+(P+>) 

where (u > 0 is a small number (See Lemma 3.1). Now we let q := m, 
and obtain, applying Lemma 2.1, 

(3.4) 
30 30 3(18) 

p.3(s)~~p 5 c s-7 ll!&‘(S)h14) N,(s) 3+a ) 

where, 

3+a 3p 3(P + 7) l-8 a 3fp - - 
3 < 3+p <3+(p+y) =qJ (3+a)/3 +u = 3p ’ 
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3 + k:’ 
q<-- 3 

But we check that, 

F/22! 
Y’ p . 

because, 
38 3 2p-3 

[ 

(I- S)a 
-= ~- 
9’ 3P 3+(u 1 <2-5. 

P 
We now observe that Lemma 3.1 implies Na(s) E I,cC in time, so that 
(3.4) gives, 

lp(s)l1/1 I c s -G-$)+0 j&,(s)!j ? 

with /J := 6. This ends the proof of Lemma 3.2. n 

Proof of Theorem 3.1. - We make the following change of notation, 

MI,(t) := sup Mk(.s) . 
sC[O;t] 

and let Ic > 1, p = 3 + k. This allows to write, 

a&c(t) 5 M4(t) 

L c t Ilqql, lI~k--l(~:411p’ 
< t (; t-(2-$)+0 j@;,(t)” t-; $jik@)% ~ - 

and the last inequality is a consequence of Lemmas 2.2 and 3.2. We have 
chosen here k’ as in Lemma 3.2. Thus, choosing now /c’ = k, 

for some exponent S > 0. We conclude thanks to Gronwall’s Lemma. n 
We have now proved that the moments Mk(t) can be propagated through 

time evolution in VPS, for small time intervals. We now want to propagate 
these quantities for arbitrary large times, and in fact the previous method 
does clearly not apply, since we do not control the exponent S in the 
Gronwall’s-like inequality (3.6). Another series of estimates is needed, 
which are proved in the next section. As in [ 161, this work is much more 
delicate. 
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4. PROPAGATION OF HIGH SPACE-MOMENTS 
FOR LARGE TIME INTERVALS 

We still use the assumptions and notations (Hl)-(H4), as in the previous 
section. 

We fix some k such that 3 < k < m, and we want to find a solution 
to the VPS satisfying M,(t) E L”( [tk; T]). Here, tk > 0 represents the 
(Small) time interVd such that h!tk(t) E L”( [O; tk]) as in Theorem 3.1. 

As a last notation, we assume throughout this section 
(H.5) 0 < to _< tk/2 is a fixed time, whose value will be chosen later. 
The main result of this section is the 

THEOREM 4.1. - Assume E(t, z) E LEJR,; L:‘“). Then, for all 3 < k < 
m, we have 

REMARK 4.1. - We show in section 5 how to relax the assumption 
E E Lgc(R,; Lif’“), which d oes not hold in general (only the weaker space 
LW,” z can be obtained). 

The proof of this Theorem is given at the end of this section. We first 
state the following fundamental estimate, 

LEMMA 4.1. - Let 3 < k < m. Then, for all tk 5 t < T, we have, to 
Ill J s (Ef)(t-s,z-us,v)dvds 

II 
L c t; (1+ Mk@))P ) 

0 v 3+k 

where y, ,6 > 0 are some exponents (whose value depends on k), and C 
depends on f”, T {See H3), and k. 

Remark 4.2. - Here and in the sequel, we will often ommit the distinction 
between Mk(t) and %k(t) (See the proof of Theorem 3.1). 

Proof of Lemma 4.1. - Let q := 3 + k, and, 

A(t) := III” s J(E f)(t - s, x - us, v)dwds 113+k . 1) 
A first application of Lemmas 2.1 and 2.2 gives, 

(4.1) A(t) I J to s(l-;) I/E@ _ s)II, t-9 h&,(t - $%i+ ds , 
0 
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whenever k’ and p, which will be chosen later, satisfy, 

1 < ‘I < 3 - 
p’ - 3 . 

p E]3/2; 3[ . 

Now we observe that Theorem 2.1 (4) gives, 

Hence, we get in (4.1), 

where, 
3(q-P’) 

(k-t,““’ sup{ pqt - .s)Il, / s E [o; to] . t E [tk,; T] } < cc . 

because t - s > tk/2 > 0. Thus, (4.2) gives, 

(4.3) A(t) < C t; i&(t)L’ , 

for some exponents y, [j > 0. We write, as in the proof of Theorem 3.1, 

(4.4) &M,,(t) < c tl-* IIE(t)l13+k’ Mk,(t)* . 

We now integrate (4.4) over the time interval [tk,; t], (we avoid the time 
t = 0) where tl;f is such that ML.,(S) E LgC([O; tk,]) (See Theorem 3.1). In 
fact, we can even assume tk! = tk. Hence, 

k&(t)311 5 c: h!&‘(tk)itn’ + c ,s~;l~t,(ll~(~~)l13+k:) . 

and, 

(4.5) Mv(t) 5 c: (1 + SUP (Ip(S)l13+ko ) 
3+k’ 

SE[tk:t] 

Now (4.5) together with (4.3) give, 

(4.6) A(t) L c: t; (1 + ,~~;;l~tl(ll~(s)l13+~~) 1;‘: 

where p > 0 is another exponent related to ,l3. We now use Lemma 2.1 (4) 
in order to majorise llE( )I/ s s+k, on the time interval [tk; t], and obtain, 

(4.7) II~(~~~ll3+v I llP(S)ll3’F”+:) 

5 c Adk(s)y : (2-a) 
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This holds for s E [tk; t] (away from s = O), and Ic is the exponent 
of Lemma 4.1. Indeed, the coefficients p, k’ and k have to satisfy 
(9 + 3k’)/(6 + k’) 2 (3 + k)/3, p ~]3/2;3[, and we recall that 
(3 + k)/p’ < (3 + A!)/3 (See (4. I)) . Thus, choosing p’ close enough 
to 3, we obtain a Ic’ arbitrary close to rE (but > AY), whereas the assumption 
lo > 3 implies (9 + 3k)/(6 + k) < (3 + k)/3. With such a choice of /c’ 
and p’, we obtain (4.7) above. 

Now (4.6) and (4.7) give, 

A(t) 5 C t; (1 + Ah(t)@) : 

for some exponents y and ,O > 0. This ends the proof of Lemma 4.1. n 
We are now able, thanks to Lemma 4.1, to prove Theorem 4.1. 

Proof of Theorem 4.1. - In fact, the major difficulty for our purpose 
was to obtain the local-in-time propagation of the moments Mk(t), since 
undesirable factors t-l were obtained in a first approach (See Theorem 3.1). 
The way from this local property towards the global-in-time propagation 
follows now the same ideas as in [16]. Indeed, let 3 < AZ < m. We write, 

II-wll3+k 5 II~“(t)l13+k + Ip1(t)l13+k 

(4.8) 5 IIE”(t)l13+k + 
IV I 

t” s (E f)(t - s. z - us, f/J) 
0 * 2) /I 3+k 

.t 
+ 

II/ II 
. . . 

to 3+k 
(4.9) := A(t) + B(t) + II(~) , 

and we upper bound each term of this sum 
First, Lemma 2.1 gives, 

A(t) I C Ilp”(t)llxtz;j < c M&I)* , 

for all k 5 m and t E [tk; 2’1. 
Secondly, we obtain through Lemma 4.1, 

l?(t) L c t; (1+ M&)0) . 

for all 3 < Ic < m and t E [tk; T]. 
Finally, we estimate the term D(t). In order to do so, we apply Lemma 2.4 

with the choice a = 3/2 (a’ = 3), p = 3 + AY, and then estimate the quantity 
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Ijf(t - s,x - WS,U)/~~~,,~(~~) thanks to Lemma 2.1. We get, 
z u 

.t 
D(t) 5 J 

s-1 ,,jqt - s),,3,2 pii+ Mk(t - S)wds 

5 d”, lo&)), M&)k+3 . 

Collecting these inequalities in (4.9), we obtain, 

(4.10) II~(~)ll3+k 5 c (1 + t; M$)” + 1 lo&cl)/ A&(t)& ) 1 

for all t E [tk;T]. 
We now choose ti := A&(t)-” in (4.10), which is only possible for 

large values of Mk(t) (recall the restriction to < tk/2). Obviously, it is the 
only interesting case. We obtain therefore, 

(4.11) IIw)ll3+k I c (1 + Mk(@ lq#fk(Q ) : 

and we write as in (4.4) and (3.5) 

(4.12) 6’&fk(t) 5 t’-h ,,E(t),,3+k b&(t)@ 

5 c (1 + Mk(@ log(M&)) ) M&E , 

for all t E [tk; T]. Gronwall’s Lemma gives the result. n 

5. CONCLUSION : PROPAGATION OF HIGH SPACE-MOMENTS 

We now prove the main theorem of this paper, and show how to relax 
the additional assumption E(t, x) E L~~(Iw,; I$“) made in Theorem 4.1. 

THEOREM 5.1. -Let f” E L1 n L”. Assume /xlmfO E L1 forsome m > 3, 
and )wl’f’ E L1 for some E > 0. Then, there exists a solution f(t) to the 
VPS such that, for all 3 < k < m and 1 tl 5 T, we have, 

M&) = 
J’ 

(x - wt,“f(t, 2, v) 
%,?I 

I C(T, Ilf”llL~ n L- ) II14mfollL’~ Il14’f011d . 

REMARK 5.1. - As in Remark 2.2, one can also bound E(t) and p(t) 
in LJ’ spaces for the solutions given by Theorem 5.1. This is an obvious 
consequence of Lemma 2.1. 
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Proof of Theorem 5.1. - We argue as in [16]. Let XR be a C” function, 
Xn E 0 for 1x1 > R + 1, XR E 1 on /z] < R (R > 0). We introduce 

FR(t x) 

I ’ 

(l - xdx)) x 

,,I, 

.= 
47rlxl3 

* P(G x) : 

:= w * p(t,x) , 

and we write, 

(5.1) i3,f + v. V,f + F”. V,f = -ER . V,f . 

We introduce the flow @~(z,u) := (X:(x, v); ~J(z,u)) defined as the 
solution of, 

atxL:(x:, v) = qx, v) ; X,“(x, v) = 2 : 
&v:(x, v) = Fn(t, X:(x, u)) ; Vs”(x, ~1) = u . 

Classically, we now rewrite (5.1) as, 

(5.2) f(t, 2, v) = f”((ay(x, v)) - /‘(V.ERf)(t - s: a:-“(x, v)) ds . 
0 

On the other hand, observing that GS(x,v) = (X~(Z,II), V;‘(X,U)) 
defines a diffeomorphism on R6, we have the formula, 

(5.3) 

. &[Enf(t - s, @;-“(x/u))] 

(a;-“(qv)) . &[E~f(t - s, a;-“(z, v))] , 

where the symbols & and g in (5.3) denote the Jacobian matrix with 
respect to v or x. For sake of simplicity, we introduce the notation, 

g$(x, v) := ~(x:J@:-“(x, v)) ) 

$(x, ?I) := ~(l:l,)(@:-“(x,v)) 
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With this notation, we rewrite (5.3) as, 

Now we use (5.4) in (5.2), integrate the resulting formula with respect to 71 
and perform the convolution with the kernel 2/4~121”. This gives, 

that is. 

(5.6) qt: z) = u(t, Lx) + qt, x) + c(t, x) + cqt, CL) 

Our aim is now to reproduce the proof of Theorem 4.1 in the present case, 
where the flow (z, 71) + (x - vt, U) h as been replaced by the unknown 
flow (z,w) --+ (xp. VP). 

It is now easy to see that the flow (Xi, Vi), which is C” in (3;. w), tends 
to (z + w(t - s), V) in CO(lt[, 1st 5 T; C”(W”)) as R + cc, uniformly in 2, 
‘u (T > 0 is fixed). This assumption is a direct consequence of the estimates, 

llFRllcu 5 IIDFRIlcc , ll~2FRl(cx 2 C/R2 1 

where C depends only on Ilf”llL, n Lm. 
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Taking this remark into account allows to majorize a, b, c, and d in (5.2) 
for t E [&: T], as in the proof of Theorem 4.1. 

Estimates for CL. - We have, 

thanks to Lemma 2.1, where 6 > 0 is some exponent, 

SC 
J 

IXi(X, V) - t V,“(X, V)l”” f”(X, V)dXdV > 
.I-,\’ 

because t 2 tk: > 0 , 

SC 
(I 

1x1” fO(X, V)dXdV + q , 
A-,1- > 

where 11 > 0 is an arbitrary small number, thanks to the convergence of the 
force field Fn and of the flow (Xi, v,“) that we already observed. 

Estimates for c and d. - We write, as in Lemma 2.4, 

We estimate each factor of the right-hand-side in (5.7), 

(5.8) 

= J IEnl”(t - s, X) s 
S(X> u))du 

I&l dX ) 

where we have set X := X:-S (z, u), the x-variable being fixed here. Now 
X -+ x - ‘us in CO(]s], It] 2 T; C”(W”)) as R -+ cc (See above). Thus, 

(5.9) IdX/d~l-~ -+ <sc3 as R + CXI , 
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in C”(s, t; Cl), so that the change of variables ‘u -+ X is indeed allowed 
for large values of R (when s # 0). We get, 

IIER(t - s, Xd)llq I c (41 - rl))pO IIER(t - s)lla , 

for r/ > 0 arbitrary small. 
Furthermore, we observe that 3(3 + k)/(6 + Ic) l ]3/2; 3[, so that one can 

choose a’ = 3(3 + k)/(6 + Ic) in (5.7), and in this way the second term 
of the estimate (5.7) becomes constant. 

Finally, & 5 -+ 0 as R -+ OS, and we have the refined estimate 
]$-~(x,u)] 5 Cq].s], as R + 00, uniformly for Is], It] < T and n:. 
Y E FJ3. Collecting all these informations we obtain, 

Ilcl~Jllp+k L ‘I/ 1 1 
7 > 0 being an arbitrary small number. The same can be proved in a 
similar way for the term JJd(t,x)JJLs+~. 

Estimates for b. - We need an estimate analogous to that of Lemma 2.4, 
which would hold for the modified flow (Xi, I$‘) and with E replaced 
by ER. Once we have this estimate, we can end the proof of Theorem 5.1 by 
arguing as in Theorem 4.1, thanks to the regularity ER( t) E Lgc ( I&, LP”). 
Indeed, for all o > 0 and t > 0 we have, 

IIER(~)IIL:~P 5 Clldt>ll,~ nLLtc, 

5 CILi,a(t) 
IC, 

thanks to Lemma 3.1. But we write, as in (5.7)-(5.9), 

ax, 

II-II dV cc 
ds 

where 6’ = l/a’, p = 3 + I;, and q > 0 is small. It remains to estimate, 
thanks to Lemma 2.1, 

J(F-a’) 

(5.11) ]]f(.. .)]];i$,(,l) 5 t-’ [,l , 111. - vt]“’ f(...) dx du] blp”l . 
IJ 1 : 
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where 1 5 p/a’ 5 (3+k’)/3, and S > 0 is some exponent. Since t 2 trc > 0, 
this exponent is unimportant. Moreover, 

(5.12) 
.I 

Ix - vtl”’ f(. . -) dxdv 
.C,V 

ZZ 
J’ 

IX:-, - tVtt_slk’ f(t - s, X, V) dXdV 
X,V 

5 
s, 

x v(q + IX - V(t - s)I)“’ f(t - s, X, V) dXdV 

IM?d(t-s)+rl, 

for 7 > 0 arbitrary small, thanks to the convergence of the flow (at as 
R --f 00. Collecting the inequalities (5.10)-(5.12) we get, 

(5.13) 

Ilbll3+k I c p: ( 1 + v) IIER(t - s)]]~ Mk/(t - s)w + rj] ds . 

Proof of the Theorem. - Collecting the estimates on a, c and d in (5.6) 
gives, for t E [tk,T], 

(5.14) IIE(t)ll3+k i c + c 

where to is as in the proof of Theorem 4.1. Now we use the estimate 
(5.13) for the two terms St” . . . and St: . . ., with the choice a > 3/2 in 
the first integral and a = 3/2 in the second integral. This gives, as in the 
proof of Theorem 4.1, 

(5.15) IIE(t)l13+k 5 C + C 
s 

to sl-9 (]I.$& - s)]]~ A&(t - s)* ds 

+ Cl lo&(t)* . 

Moreover, the term s,“” . . . in (5.15) is estimated as in Lemma 4.1 with E 
replaced by ER. Thus, (5.15) gives, 

IIE(t)ll3+lc i C + C t; (l+ MJ$)~) + C I logtol i&(t)& , 

(See (4.10)-(4.12)), and we conclude as in the proof of Theorem 4.1 . Our 
proof is now complete. n 
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6. PROPAGATION OF LOW SPACE AND VELOCITY MOMENTS 

As in [ 161, we come up against the difficulty of propagating the moments 
of order 5 3 in the VPS. Thus, at this level, only the moments in ‘u or :I: 
of order > 3 can be propagated. We end this paper by showing how this 
restriction can be removed. 

THEOREM 6.1. - (I) Let f0 E L1 n L”. Assume /zlmfO E L1 ,for some 
71-1 > 3, and IvJP f0 E L1 for some p > 0. 

Then, there exists a solution f (t, 2, v) of the VPS such that, 

(2) Let f” E L1 n L”. Assume ~v~mfo E L1 for some rn > 3, and 
Izlpfo E L1 for some p > 0. 

Then, there exists a solution f (t: 2: v) of the VPS such that, 

\J k: E [O:p[ . l&(t) E L:JBB,) ) 

Y lc E [O; rn[ , Nk(t) E Gzr’,(w : 

REMARK 6.1. - As we can see, the existence of some moments in the :c 
variable allows to propagate the low moments in II, and the converse holds 
as well. 

On the other hand notice that, as in Remark 2.2, we can bound E(t) and 
p(t) in some LP spaces through Lemma 2.1. 

Proof of Theorem 6.1. - We first show the point (1). The result concerning 
44k has already been proved and we concentrate on Nh. We assume p 2 1, 
and want to propagate Nk(t) for 1 5 k < p. If 0 5 ?, < 1, the method 
below applies, replacing Nk(t) by s,,,(l + Iv/~)~/~ f(t,x, u). Moreover, 
we can also assume p 5 3, since the propagation of moments of order > 3 
has been shown in [ 161. Thus, we write as in [ 191, 

(6.1) &N,(t) 5 C (I(E”(t)lls+~ + IIE1(t)lls+d X(t)% 

Let us now show that (IEi(t)l13+k E Lt,,(Iw,) (i = 0,l). If this holds, 
(6.1) immediately gives the result thanks to Gronwall’s Lemma. We first 
majorise IIE1(t)l13+k. 
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Lemmas 2.4 and 2.1 together give, for the values q = 3 + lo, a’ l ]3/2; 3[, 
and 1 5 q/a’ 5 (3 -l- K)/3 (3 < K < m is now fixed), 

(6.2) 

Moreover, Theorem 2.1 gives, 

((lqt - s)lla L: c It - sl-(*-:) . 

and, thanks to the propagation of the moment MK (t), we have, 

Therefore, we obtain in (6.2) 

((Eyt)((3+k 5 c [pi (t - ,)-(2-S ds] t-29 . 
. 0 

Hence, IIE’(t)ll 3+~ E $,,(W,) (choose a’ ~]3/2;3[ close to 3 and use 
q<p53<K). 

It remains to show that the same holds for ]]EO(t))]s+k. We argue as in 
the proof of Lemma 3.1, and we notice that the assumption Ic < p 5 3 
allows one to write, 

(6.3) II~“cN3+k L c IIPO(t)llat L c IIPO(~)llO~ IIP”M1g i 
where, 

3+k 9 + 3k 3 + 7-n - - 
3 

< - 6+k< 
3 ’ 

6+k 

(3 +L),3 + (3L43 = - 9+3k ’ 
0 E]O;l[. 

Now Lemma 2.1 gives in (6.3) 

and it remains to show that s < 1. But, 

3mO 3m 3/(3 + k) - (6 + k)/(9 + 3k) -=- 
3+m 3+m 3/(3+ k) - 3/(3+m) 1 

3-k 
= m 3(m - k) 

< 1 (m> 3). 

This ends the proof of the first point, 
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The second one is very similar, and can actually be treated in a much 
easier way. Again we restrict ourselves to the case 1 5 p < 3, and we 
write, for 1 5 k < p, 

(6.4) atMk(t) 5 c tl-h m(t)= (IpO(t)ll~+~ + Ip’(t)J13+k) 

Lemma 2.1 gives, thanks to k < 3 < m, 

llE”(t)l13+k L c lIPY)Il3(J+t) 5 c N,(O) 

Moreover, Lemma 2.4 and 2.1 together give, for k < 3 < K < m, 
a, ~]3/2; 3[, 

(6.5) I(E’(t)lls+lc I C J’* s-2 IIE(t - s)lla jvK(t - s,%? . 
0 

The propagation of the moments lV~(t) gives in (6.5) 

and we conclude thanks to Gronwall’s Lemma in (6.5). 
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