Ann. Inst. Henri Poincaré,

Vol. 16, n°® 2, 1999, p. 167-188 Analyse non linéaire

Comparison results for solutions
of elliptic problems via symmetrization

by

Angelo ALVINO, Guido TROMBETTI
Dipartimento di Matematica e Applicazioni R. Caccioppoli.

Pierre-Louis LIONS

Ceremade, Université Paris-Dauphine.

and

Silvano MATARASSO
Dipartimento di Matematica- CIRAM, Universita di Bologna.

ABSTRACT. — We give some comparison results for solutions of Dirichlet
problems of elliptic equations and variational inequalities by means of

Schwarz symmetrization.
© 1999 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

Key words: Schwarz symmetrization, elliptic PDE, variational inequalities.
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1. INTRODUCTION
If 2 is an open bounded subset of RV and ¢ € L!(f2), the distribution
function of ¢ is the function p, defined by
uo(t) = [{z € Q. [p(@)] > 1}, te R*.
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168 A. ALVINO et al.

For s € [0,]€]] we set

©"(s) = sup{t : p,(t) > s}

*

@* is the decreasing rearrangement of .

Let ¢ denote the ball of RV centered at zero whose measure is |(2],
we define

¢ (z) = p*(wnlz™), z €O,

where wy is the volume of unit ball in R"; ¢! is known as the
decreasing, spherically symmetric rearrangement of ¢. Finally we denote by
©x(8) = ¢*(I?] — s) and py(z) = p.(wn|z|V) respectively the increasing
rearrangement and the increasing spherically symmetric rearrangement
of .

We consider the linear elliptic differential operator

N N N
Ay = — Z (@i (w)ug,)e, + Z bi(x)ug, + Z(dl($)u)r + o(z)u;

where the coefficients are measurable and bounded. Moreover it is assumed
that for almost all z € Q

N
Z ai;(z)6& > €, VEERN, (1)
N
Z |b:()|* < B2, (2)
Z |di()]? < D?, (3)
elz) >0, (4)

where B, D are non negative constants. If u € Hg(f2) is a weak solution
of the homogeneous Dirichlet problem

Au = fin Q, u =0 on 99, (5)

with f € L*), any L? or Orlicz norm of u can be regarded as a
functional of the data of problem (5); we fix some constraints on these data
(see conditions (1)-(4)) and look for those for which a norm of u achieves
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COMPARISON RESULTS 169

its maximum. In order to describe the kind of result we have in mind we
recall what happens when the operator A has the following simple structure

N
B Z (@i (T)uz, )z, + cu.

ij=1
In this case if v € H}(QF) is the weak solution of the problem
—Av+eg(z)v = fF on Q) v =0 on O, (6)

we can estimate the concentration of u by the concentration of v,

/Osu* < /Ov Vs € [0, ]9 (7)

The result (7) may be improved when ¢ = 0; in this case we have
u*(s) <v*(s), Vs € [0,]2]]. (8)

The pointwise estimate (8) was first obtained by G. Talenti [14]; for
some extensions of this result and for a proof of the integral estimate (7)
see [2], [3], [4], [6], [8], [12], [15].

By means of (7) it is possible to estimate any L? norm of u by the same
norm of the solution v of (6)

lullr < lvllzs, 1< p < 4o0; (9)

so we can assert that any LP norm of the solution u of problem (5)
achieves its maximum when the data of the problem (coefficients, domain
and known term) are spherically symmetric.

This kind of problem becomes more involved when we take first order
terms into account in the structure of the operator A.

Namely if v € H} () solves the following Dirichlet problem

N N
Lu= - igl(aij(x)uwi)wj + ;bz(a’)um + C(ZL‘)’LL = f> on {2 (10)
u = 0, on 012,
and v € H3(Q) is the weak solution of
N
—Av+ By v, +c(z)v = f* on QF,
; ] (11)

v =0, on INE,
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170 A. ALVINO et al.

the following estimate holds for all s € [0, |Q]] (see [2], [5])

/exp(—Bw;,l/Nal/N)u*(a)daS/ exp(—Bw;/l/Nal/"\r)v*(a)d(f.
0 Jo

(12)
Obviously, (12) implies that

ullzee < lollze: (13)

however it is no use if we ask to estimate LP norms of u by the same norm
of v. In order to obtain (9) it is essential to prove the integral estimate (7)
which does not hold as shown in [2].

The aim of this paper is to show that we can estimate the concentration
of the solution « of (10) by the concentration of the solution of a suitable
spherically symmetric problem that is different from (11). More precisely
let v be a spherically symmetric function, increasing with respect to p = ||,
such that

exp(—Ble|)e;(2) 2 v(x) 2 0; (14)

if z € Hi(9F) is the weak solution of the problem

Sz ——Az+BZ zl + exp(Blz])y(x)z = f*, in Q%

(15)
z =0, on 9QF,
then we have (see Theorem 2.1)
/ u*(o)do < / z*(o)do, s € [0,|Q]]. (16)
0 Jo

In other words, the desired comparison holds provided we choose the zero
order term ¢(x) = exp(B|z|)y(x) in such a way that ¢(z) is spherically
symmetric, 0 < &(z) < ¢,(z) on OF, ¢ is increasing and exp(—B|z|)c(x)
is increasing. From this comparison result, via a duality argument, it is
possible to infer a similar result for the following problem

N N

— Z(Z i (2) e, + bj(@)u)z, + cu = f, onQ),

j=1 i=1

u =0, on 9.

We also give a direct proof of this result in order to apply it to variational
inequalities (see [7], [13], [5] for related results).
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COMPARISON RESULTS 171
2. MAIN RESULTS: ELLIPTIC EQUATIONS

Our first goal is the proof of the comparison result (7) for a solution
of problem (10).

THEOREM 2.1. — Let w € H}(Q2) be the weak solution of (10) where
the coefficients satisfy conditions (1), (2), (14) and f € L?(2); moreover
let z € H}(Q) be the weak solution of problem (15). Then, (16) holds.
Furthermore, if y(x) = 0 when |z| < Rq, then

w*(z) < v¥(z), |z| < Ro. (17)

ReMARK 2.1. — If the function exp(—B|x|)cy(x) is increasing with respect
to || we can set v(z) = exp(—Blz|)ey(x). In this case, the problem (15) is
exactly the problem (11): so, by means of Theorem 2.1, we obtain the integral
estimate (16) instead of the weaker estimate (12). On the other hand if the
function exp(—B|x|)cy(x) does not satisfy this monotonicity property, we
compare u with the solution of (15) that is greater than the solution of (11);
this implies that we could sharply estimate u by v rather than by z (see L™
estimate (13)). However since (16) holds, we can estimate any LP norm of
u by the same norm of z too.

We begin by showing the following properties of the solution of (15):

LEMMA 2.1. ~ The solution z € Hy(Q') of (15) is non negative, spherically
symmetric and decreasing with respect to |z|.

We have to prove that z is decreasing with respect to |z|, because the
other properties can be easily derived from the maximum principle. For
simplicity we assume that f* and ~y are sufficiently smooth.

Setting z(p) = z(x), f(p) = f*(x), v(p) = v(x), we have

N-1
(-2 ot~ g0
#(0) =0, 2(R) =0,

where R is the radius of Q. Differentiating with respect to p and letting

w = z', we deduce

N -~

—w"+ (B— 1)w'+ (exp(Bp)'y+

w'(0) = 0, w(R) < 0.

)wzf’-[eXp(Bp)’V]’z,

(18)
Since exp(Bp)~y is increasing, the right hand side in the equation (18) is
non positive; then by maximum principle w = 2’ < 0.
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172 A. ALVINO et al.

When f¥ and v are not smooth we can proceed by approximation;
however a direct proof could be given replacing in the above argument
derivatives by difference quotients.

Proof of Theorem 2.1. — We set

ky = Nwzl\,/N, e(s) = exp(Bw;,l/Nsl/N),

1 -
k(s) = k_2_52/N 28(3).
N

Let u(s) = u*(s) denote the rearrangement of the solution u(x) € Hg ()
of (10); then we have (see [5] and the Appendix)

—u/(s) < k(s) / T () (19)

and then, by (14),

8

(s) < h(s) / (1 f* = eu). (20)

JO

Taking into account Lemma 2.1, a direct computation yields:
]

—2(s) = k(s) / (e —7.2), (21)

0

where z(s) denotes the rearrangement z* of the solution z € H}(QF)
of (15).
Setting w = uw — z, we obtain, from (20) and (21),

{ —w'(s) + k(s)/0 Yew < 0, (22)
w(0) =0, w'(|Q2]) = 0.

We claim that (22) implies that
W(s) = / Tew < 0, s €]0,Q[. (23)
0

Indeed, let us assume that (23) does not hold; since w'(|}]) = 0, there
exists an interval [a,b] C [0,]€|] such that

) W(s) > 0, s €]a,b],
i) W(a) = W'(b) = 0.
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In particular, we can deduce from (22) and i) that we have, for s €a, b:
—w'(s)W(s) + k(s)W?3(s) < 0;

integrating on [a, b] and taking into account the boundary conditions satisfied
by W (see ii)), since v.(b) > 0, we get

b b b b
02—/ w'W+/kW2=/'y*w2+/kW2,

which contradicts i); hence (23) holds.
If v. = 0 on [0, so], (23) becomes

/ o < / ez, 5 € 50,0,
8g )

from which we deduce as is well known,

/u < /z 5 € [s0,]0]] (24)

This completes the proof of theorem 2.1, in the case so = 0.
If s > 0, (24) yields

u(so) < 2(s0);
on the other hand, (22) implies
—u'(s) < =2'(8), s €0, so],

and we obtain the pointwise estimate (17) which completes the proof.
Now, we consider the following Dirichlet problem

Pu=-3" (Z aij (2)us, + bi<x)u> o= f

i=1 \j=1

u =0, on 0%,

and the the symmetrized one

N
S*v = —Av— BZ; ({;—llv)x + exp(B|z|)y(z)v = f*,

v = 0, on 90QF.

(26)

Vol. 16, n°® 2-1999.
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We have that v is non negative, spherically symmetric and decreasing
with respect to p = |z|. Indeed the function

V() = exp(Blz|)v(z)
satisfies the following equation
—(exp(=Blz)Vz,),, +v(z)V = f-. (27)

If we set V(p) = V(z), v(p) = v(z), f(p) = f¥(x), where p = |z|, we find
" li N-1
-Vi+ V' B- — exp(—Bp) +7(p)V(p) = f;
differentiating with respect to p and setting Z = V' exp(—Bp), we obtain

~27 = N2z 2l exale) + Lz = -y
2(0) = 0, Z(R) < 0,

where R is the radius of {2*. By the maximum principle we deduce that
Z <0ie V' <0;s0V and v are decreasing with respect to p.
REMARK 2.2. — We have
(190 /wn)' ™

NwN |z|

v(z) =

and thus

N

exp(Bp)/OwNp (f*(s)—ve(s)e(s)v™(s))ds <0

V'=(vexp(Bp)) =— r"
N

wN

so we have the following inequality

N

/0 (1 (8) = els)els)or (5))ds > 0. (28)

We now recall some properties of rearrangements we shall use in the sequel:
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e if f and ¢ are measurable functions defined on a set {2 then (Hardy
inequality (see [10])):

[ 12

[« S/Qfgs ; g

0

e the following are equivalent (see [1] theorem 2.1)

a)/ < / g, Vs € [0,]],
0 0|Q|
b) /wa S/ g ", Vo € LT(R),

0

fa]
C)/ fre* < / g e, Yo € LT(Q),
Q

0
o [ Fp < [ Fo)
Q Q
for all convex, non negative, Lipschitz function F' such that F'(0) = 0.

THEOREM 2.2. — Suppose that (1), (2), (14) are satisfied, then we have

the inequality
/ u* g/ v, s € [0,191],
0 0

where u and v are solutions, respectively, of (25) and (26).

We use a duality argument. If g € L2(Q), let z € H(Q) be the solution
of the equation Lz = g. Moreover, let w € H(2*) be the solution of the
symmetrized equation Sw = g*. We have

/gu:/uLz=/zL*u:/zf
Q Q Q 0
< / f*2' (by Hardy inequality)
ot

< / " f*w (by theorem 2.1 and property c))
Ot

:/ wS*v:/ vSwz/ vgt.
Qf Ol QO

Then we have, since v = of,

/ug S/ vtgt, Vg € L} (Q);
Q Qff

by property b) we get the result.

Vol. 16, n°® 2-1999.



176 A. ALVINO et al.
3. MAIN RESULTS: VARIATIONAL INEQUALITIES

In this section we extend the results of section 2 to the case of variational
inequalities. The analogue of theorem 2.1 is proven in a very similar way
to the proof made in the case of equations. On the other hand, in order to
extend theorem 2.2, we need a somewhat different proof since we cannot
proceed by a duality argument.

Let f € L%(f2), we consider the following problem

< Lup—ur> [ flp=u). Vo€ H®).¢ 20
Q (29)
u > 0;

it is known (see [11] for example) that the variational inequality (29) has
a unique solution u € H}(Q).

In addition let z € H}(€2*) be the solution of the following symmetrized
problem

< Sz,p—z>> | flo—2z), Vo € Hy(Q),p >0,

z >0,
where in this case we denote by f* the signed rearrangement of f, that is
@)= (F)Y = (e

REMARK 3.1. — The solution z of (30) is spherically symmetric and
decreasing with respect to p = |x|. Moreover, it is the solution of the
Jollowing problem

/ [exp(=Ble]) 2, (9—2)s, +1(@)2(p~2)] > / exp(—Bla|) f*(z)(p2).
Ot

o
for all ¢ € H} (), ¢ > 0.

THEOREM 3.1. — Ler us assume that the coefficients of L satisfy (1), (2),
(14); let u and v be the solutions respectively of (29) and (30). We have

/ uw* < / 2", Vs € [0,]u > 0[], (31)
0 0

and, if 4(x) = 0 for |o| < Ro,
v (z) < 2*(z), |z| < Ro. (32)
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Proof. — As in the proof of theorem 2.1, writing u(s) = u*(s), we have

W) <ks) [ - eSOl

where f*(s) = (fT)* — (f7)«; moreover if z(s) = z*(s), we have

—2'(8) = k(s) /Os(e_lf* —1z), s €]0,]z > 0|[. (34)

We remark that if [z > 0| < |, then (f~ )« # 0 on ]0, |z > 0|[: indeed,
since z € C(]0,|Q[), we have 2'(]z > 0|) = 0. Hence, we deduce
from (34)

(e =,
2(lz>0))=2'(]2>0])=0

and the assertion follows from the maximum principle.
From (33), (34) we obtain

w' — k(s) /OS Yew > 0 a.e. on [0, |u > 0], (35)

where w = u — z. The above inequality is obvious if s € min{ju > 0|,
|z > 0]}. When |z > 0] < |u > 0], we set

f(s) _ {f*(s), 0<s<|z2>0

0, |z >0 <s<|u>0

so we can replace (34) by the equation

—2'(s) = k(s) /08(6—1]’{_ Ye2), 8 € [0, |u > 0]]. (36)

From (33), (36) we obtain

8

w'(s) — k(s) /Os"r*w > —k(S)/l e f*, s €[l > 0], |u>0]); (37)

z>0|

since f*(s) < 0 if s > |z > 0| we get (35). From now on we can proceed
as in the proof of theorem 2.1.

A comparison result may also be obtained when we consider the dual
operator

N N N
Lu=-Y (Z aij(z)u,j) - ;(biu)zi +c (38)

i=1 \j=1

Vol. 16, n® 2-1999,



178 A. ALVINO et al.

and the related problem for u € H}(f2),

<L*u,<p—u>2/f(<p——u), V@EH&(Q),@EO
Q
u > 0;

(39)

where f € L?(Q2) and conditions (1), (2), (14) are fullfilled.

LEMMA 3.1. — The problem (39) has a unique solution.

Several proofs are possible. We present a direct one. Let us fix A > 0
such that

< L*(Pv 1/) > +/\((P, w)LQ = (l*(gO, '(/)) + /\(QO, w)L%

is coercive on H} (€2). By an iterative procedure we can define the following
sequence: uo = 0 and w,4; > 0 is the solution of

@ (Ung1, @ = Un 1) + AlUng1, @ = Unt1)r2
> [+ M) = ). Vi € HY(@).0 2 0.
Q
By the maximum principle {u,} is increasing. Since
L*un—}—l + Aun-{-l S (f + /\un)+

we have L*u,, < ft; then u,y; < U where U € H}() is the weak
solution of L*U = f+. Hence we deduce that {u,} converges in L? to
u € H}(Q); obviously u is solution of (39).

Next, let u, u be two solutions of (39); proceeding as in [11] we obtain

[l —allg= < ||V||Le,

where V' € H}(Q) is solution of L*V + AV = Mu — @l. If ¢; > 0 is the
first eigenfunction of L, i.e.

L(,Dl = )\1(,01, A1 >0, >0 OHQ, @1 =0on BQ,

we have

()\+)\1)/V<p1=)\/|u—ﬂ|801§/V<P17
Q Q )

from which we deduce V = |u — u| = 0.
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We now consider the following problem

<S*v,<p—v>z/f“(so—v) Vi € HY(), 0 > 0
Q

v >0

(40)

The problem (40) has a unique solution v € HE(¥). Moreover, v is
spherically symmetric and decreasing with respect to p = |z| and the

|v>0|)”N

inequality (28) holds for all z such that 0 < |z| < ( v

THEOREM 3.2. — Let u and v be the solutions of problems (39) and (40)
respectively. Then we have

/ v < / v, Vs € [0, |u > 0. (41)
0 0
Furthermore, if v(z) = 0 for |z| < Ry, then

ul(z) < v¥(z), |z| < Ro. (42)

First step. — In this step we provide a differential inequality satisfied by
the rearrangement u*(s) = u(s) of the solution of (39). The procedure is
largely standard (see [2], [5] for example); therefore, we only sketch the
argument. For ¢,h > 0 fixed, we set

h, u(lz)>t+h
On(z) := ¢ (u(z)—1t), t<u(z)<t+h (43)
0, u(z) <t

If we use u = 8, as test function in (39), letting h go to zero, we find

N
d
_Zl_t/ E OijUg, Uz, :————/ uE by, + / f—cu). (44)
u>t i,j=1 u>t 5 q u>t

Proceeding as in [2], we obtain the following inequalities, for a.e.
t € [0,supul:

/ Z Gigtinita, >~ / Vul2, (45)

111

d Y ooaf d 3
A wy b < w5 [ war) e
: u>t 1 u>t

Vol. 16, n°® 2-1999.
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/u>t(f —cu) < /Ou(t)(f* — Yeeu), (47)

where in the last inequality we used Hardy inequality and condition (14).
Hence we deduce from  (44)-(47)

d 1 :
- | v < B (<5 [ i) s R, @9
where

Fuo) = [ (= e

It is useful to remark that (44) yields

/ I zo0 (49)

We next recall the following inequality that is a consequence of the classical
isoperimetric inequality (see [9], [14])

kvu(t) TN < “EdE/W'W' < (—u’(t))%(—%Ax IVU|2>é- (50)

And we obtain using (48)

(-5 y |Vu|2)% < 2 ept - EE e + puo)

and then by (50)

242
k() T (— (1) < %(—u’(t))mﬂ/ P ) + Fuu(e).
(51)
The above inequality can be rewritten in terms of the rearrangement u(s)
of the solution of (39) in the following way

knst YN (< (s)) < gu(s) + \/ %2“2 +(=w(s))Fu(s).  (52)

Second step. — An easy computation shows that the rearrangement
v*(s) = v(s) of the solution of problem (40) satisfies the following
equation: :

k% 822N (—4/(s)) = Bkns* " YNu(s) 4+ Fu(s), s€[0,lv > 0][. (53)
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Since F,(s) > 0 (see (28)), we can write

bt N o/ (5) = D)+ Bt (e) + (DR, (5
REMARK 3.2. — Setting f = fT — f~, assume fT, f~ % 0. Then we have
supp(f*)" C [0, v > 0O]].
Indeed, if we set V(s) = e(s)v(s), (53) becomes
~(k V() = £ = els)n(s)v.
Since v'(Jv > 0|) = 0, V satisfies the following boundary conditions
V(jv>0])=V'(Jv>0]) =0.

Hence, by the maximum principle, we deduce that f* cannot be non negative
on [0, v > O]

Third step. — We set so = |{s € [0,|Q]] : 7.(s) = 0O}|.

We consider several cases.

D) lu> 0| < so.

We thus have |[u > 0] < |v > 0|. Indeed, let us assume that
|[v > 0] > |u > 0|. Since |u > 0| < s9, we deduce from (49)

|u>0]
/ [ =>0;
0

on the other side (see (53)) we have
jv>0]
Fylv>0]) = / F=0.
0
Since |uv > 0] < |u > 0], we obtain using Remark 3.2

lu>0| [v>0|
/ F</ =0,
0 0

and this leads to a contradiction.
The above arguments imply also that

F.(s) = /0 f*>0, Vs €]0, lu > 0[];

Vol. 16, n°® 2-1999.
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hence we can easily deduce that u satisfies the following differential
inequality

k2.s272/N(—/(s)) < Bkns' YN u(s) + / fr. (55)
0

From (55) and (53), setting w = u — v we find

kns' YN + Bw > 0, s €]0,

u > 0
and then
(e(s)w(s)) >0, s €]0,|u > 0][;

integrating from s to |u > 0|, we get v(s) > u(s).
i) sp < Ju > 0] < v > 0.
Letting

S

Wis) = [ enu =), 52,
we show first that L

W(s) <0, s € [so,]u> 0L (56)
If (56) is not true there exist § €]sq, |u > 0|] and & > 0 such that

{W(E) >0, W'(5) >0
0< W(s)<W(s), s €]s—43]

We remark that § €]so, |u > O|[. Namely if
s=lu>0=]v>0]
since W(3) > 0, we have
F.(3) < F,(35)=0
that contradicts (49); if § = ju > 0] < |v > 0|, we have
W'(3) = —e(3)%(3)v(s) <0,

that contradicts the condition W'(3) > 0.
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The function W(s) has right and left derivatives for all s. The above

derivatives cannot be non positive on [3 — 6,3]. Hence there exists an
interval ]a, 3[C]s — 4,3[ such that

{u(a) —v(8) >0, s€la,f] (57)
u(B) — v(B) = 0.

From (57) we deduce that there exists a sequence s, / ( such that
I, =lim/(s,) <lmv'(s,) =1, <0.

Moreover, we have —oco < I, < [, < 0, (see (57)).
Then we obtain using (52)

un B ulf) \/ Bu(f)\* _F.(f)
knp < 2 1 + ( >

while (54) implies

i~ _ B v(B) Bv(A)\® F.(B)
k]vﬁ /N_g(—lv)-i_\/(izlu ) - lU . (59)

Since u(8) = v(#), 0 < =1, £ —1l,, and

B B
Fu(8) = /0 (f* = emt) < / (f. - ev.v) = Eo(8),

(58) and (59) yield a contradiction.
Hence,

W(s) <0, s€ [sg,|u>0|;

as in the previous case we then deduce that

/ u*g/ V™, s € [s0,|u > 0]
e So

i) jv > 0 < ju > O}

The function W (s) is increasing on [max{|v > 0|, so},|u > 0]], hence
either 5o < |[v > 0| or so = |u > 0]. The case so = |v > 0| can be
analyzed as the previous one. Let sg be |u > 0f; from (54) we deduce that
Vol. 16, n® 2-1999.
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F,(Jlv > 0]) = 0. Since f*(s) < 0 when s € [|v > 0], |u > 0|], ( see Remark
2.1), we get F,,(s) < 0 for s > |v > 0]. As W{(|u > 0]) > 0 it follows

0> F,(Ju>0]) > F,(Ju>0]),

a contradiction since F,(ju > 0]) > 0.

Arguing as in the previous case we obtain (41). Moreover we deduce
from (52), (53) that we have for s € [0, sg],

K2, 522N (_o/(5)) < Blins'~YNu(s) + / I3
0

5
k2,522 N (—o/(s)) = BkystYNou(s) +/ fr.
0
Since u(s9) < w(sg), proceeding as in the case i) we obtain the esti-
mate (42).

REMARK 3.3. — As a consequence of theorem (3.2) we have
F.(s) < F,(s), s €0,]u>0]].

Since F, > 0 we have F,(s) > 0 so u*(s) = u(s) verifies the following
differential inequality

E28272/N (i (s)) < Bkns YN u(s) + Fu(s).

4. APPENDIX

We prove here the differential inequality stated in the previous sections.
For the sake of simplicity we consider the case of an elliptic equation and
we assume f (and then w) to be non negative.

REMARK 4.1. — Let pi denote the distribution function of a non negative
function v € H(Q); we have

e i : [0,supu] — [0,|9]] is strictly decreasing;

o u*(u(t)) = t, Vt €]0,supuf;

o u* is absolutely continuous on every compact subset of 0, |Q|[.

LEMMA 4.1. — Let u(s) = u*(s) denote the decreasing rearrangement of
a function v € H}(Q); if

I = {s €10, 19 % - 0},
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and J C)0,supu[ has measure zero, we have
|u=t(J) = L] = 0. (60)

Indeed, if J = N,[, where {I,} is a decreasing sequence of open sets,
we have

lim|I,| = lim/ u = lim/ u = / o
n n Jum1(1) n S (1) - I u=1(J)=1Io

As lim, |I,,| = 0 it is
/ u = 0;
u1(J)—Io

so we get (60) because u'(s) > 0 when s € u~1(J) — . The general case
can be obtained because every set J such that |J| = 0 is a subset of G
set whose measure is zero.

LEmMMA 4.2. — If F(s) = / f with f € L, we have for a.e. t
0

PO — juayut )

Obviously p is a.e. differentiable; moreover
F'(s)= f(s) Vs €[0,12) — So

with |Sg| = 0. The set of values ¢ where p is differentiable and p(t) € Sy
has measure zero in view of Lemma 4.1. And we conclude.

We can now prove the following differential inequality, satisfied by the
solution u € H}(Q) of problem (10):

—u'(s) < k(s) /05 e (f* — cau), a.e.on]o, |Q]. (61)

The first part of the proof uses standard arguments (see [2]). By using
appropriate test functions we obtain, a.e. on ]0,supu|, the following
inequality :

_4 |Vu|2§/ (f = cu— Y bu.). (62)
dt u>t u>t

Vol. 16, n°® 2-1999.



186 A. ALVINO et al.

Using the isoperimetric inequalities and Hardy inequality we deduce

d
—— [ |Vuf
dt u>t

4+ oo

<[ eco(g [ [ e
kN t dr u>T J0
for a.e. t. We denote by

w0 =5 [ vl Fe) = [ - e

and we write

w< | Ny + B ), (63)

where t €]0,supu[—J, and |J| = 0. We extend 9 on ]0,supu| setting
1 = 0 on J: we denote by ¢ this extension.

REMARK 4.2. — The function ¢((u(s)) is bounded. Indeed, we can assume
that u(Iy) C J, because |u(lp)| = 0; so p(u(r)) = 0 if r € Io. When
r & Iy, by Lemma (4.1), we have for a.e. 10,|Q|[— 1o, o(u(r)) = ¥(u(r));
hence from (62) we get

lo(u(r))] < BlIVallz +[If]:-

REMARK 4.3. ~ If g € L' a non negative function; then

J ol e < /Uu(t) g

Indeed, we deduce from Lemma (4.2)

We write (63) in terms of ¢

-+00
O < [ puluo)e Y @ ) + Pue); (64

hence by Remark 4.3 we get

p(t)
o(t) < % / (u(r))r YN dr 4 F(u(t)). (65)
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Setting

Hs) = £ / " p(u(r)r N,

we - have
p(u(s)) < H(s) + F(s) = G(s). (66)

The above inequality holds a.e. |0, |Q|[—Ip since (66) becomes (65) for
s = ul(t).

If s € I, either s is a point of accumulation of the set 0, |2|[—1p or s
belongs to the interior of I. In the first case there exists a sequence {s,}
with s,, such that G(s,) > ¢(u(s,)) > 0. Since G is continuous, we deduce

G(s) = lim G(5,) > 0= p(u(s)).

In the second case, we can easily prove that s €]s;, so[C Iy and sq, 3o
satisfies (66). Since u is constant on ]sy, s3], we see that (u(s)) and H(s)
are constant on |sy, s2[. Moreover

F(s) = /S A u(31)/s Cx — /s1 Celt, S €]81, Sa;
0 87 [¢]

hence F is concave on ]sy, sof. Since G(s1), G(s2) > 0, we have G(s) > 0
on |sy, sy[ and then (66) is proved.
From (66), by Gronwall inequality, we get

0 < plu(e)) S els) [ e = o)

On the other side we have a.e. on |0, |Q|[—]o

d

e(u(s) = plu(s) = - / Tt 2 ()R,

Therefore we have
—u'(8) < k(s) / e N — con).
0

Finally, the previous inequality holds on Iy, since the left hand side is non
negative. And (61) is proved.
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