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ABSTRACT. — We study the Hamilton-Jacobi equation

{F(Du) = 0 aein Q 1)

u = on o0

where F : RY — R is not necessarily convex. When £ is a convex set,
under technical assumptions our first main result gives a necessary and
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190 P. CARDALIAGUET et al.

sufficient condition on the geometry of  and on D¢y for (0.1) to admit a

Lipschitz viscosity solution. When we drop the convexity assumption on €2,

and relax technical assumptions our second main result uses the viability

theory to give a necessary condition on the geometry of €1 and on D for

(0.1) to admit a Lipschitz viscosiry solution.

© 1999 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved
RESUME. — Nous étudions I’équation de Hamilton-Jacobi suivante

{F(Du) = 0 pp-dans Q (0.2)

1 = sur o0}

ou F: RY — R n’est pas nécessairement convexe. Lorsque §) est un
ensemble convexe, notre premier résultat donne une condition nécessaire
et suffisante sur la géométrie du domaine 2 et sur Dy afin que (0.2)
admette une solution de viscosité lipschitzienne. Si on enléve la condition
de convexité du domaine €2, notre second résultat permet, a I’aide du
théoréme de viabilité, de donner une condition nécessaire sur la géométrie
du domaine €2 et sur Dy afin que (0.2) admette une solution de viscosité
lipschitzienne.

© 1999 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

1. INTRODUCTION

In this article we give a necessary and sufficient geometric condition for
the following Hamilton-Jacobi equation

{F(Du) = 0 aein Q (1.1)

U = g on  J9Q

to admit a W1°°(Q) viscosity solution. Here, 2 C RV is a bounded, open
set, F: RN — R is continuous and ¢ € C*(Q). We prove that existence
of viscosity solutions ! depends strongly on geometric compatibilities of
the set of zeroes of F, of ¢ and of €2, however it does not depend on
the smoothness of the data.

The Hamilton-Jacobi equations are classically derived from the calculus
of variations, and the interest of finding viscosity solutions (notion
introduced by M.G. Crandall-P.L. Lions [8]) of problem (1.1) is well-known

! Equation (1.1) may admit only continuous or even discontinuous viscosity solutions (see [4]).
We are here interested only in W 1> solutions.
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EXISTENCE OF VISCOSITY SOLUTIONS 191

in optimal control and differential games theory (c.f. M. Bardi-1. Capuzzo
Dolcetta {3], G. Barles [4], W.H. Fleming-H.M. Soner [13] and P.L.
Lions [17]).

It has recently been shown by B. Dacorogna-P. Marcellini in [9], [10]
and [11] (cf. also A. Bressan and F. Flores [6]) that (1.1) has infinitely
(even G5 dense) many solutions v € W1>°(Q2) provided the compatibility
condition

Dy(z) € int(conv(Zr)) U Zp, forevery z € (1.2)
holds, where
Zr ={€eRY : F(&) =0}, (1.3)

and conv(Zp) denotes the convex hull of Zp and int(conv(Zr)) its
interior. In fact (1.2) is, in some sense, almost a necessary condition for the
existence of W1°°(2) solution of (1.1). The classical existence results on
Who(Q) viscosity solution of (1.1) require stronger assumptions than (1.2)
(see M. Bardi-1. Capuzzo Dolcetta, [3], G. Barles [4], W.H. Fleming-H.M.
Soner [13] and P.L. Lions [17]).

Here we wish to investigate the question of existence of Wh>((1)
viscosity solution under the sole assumption (1.2). As mentioned above, the
answer will be, in general, that such solutions do not exist unless strong
geometric restrictions on the set Zg, on €} and on ¢ are assumed.

To understand better our results one should keep in mind the following
example.

ExaMpPLE 1.1. — Let
F6,6)=-(& -1~ (& - 1) (1.4)
(Note that F' is a polynomial of degree 4). Clearly,
(Zr={€cR* : &§=¢6=1}

conv(Zr) ={€€R® : [6] <1, & <1}

= {§ €R® : I&Ioo = max{'fll : ’52]} < 1} (15>

\Zr C 3(conv(Zr)) and Zr # I(conv(ZF)).

Our article will be divided into two parts, obtaining essentially the same
results. The first one (c.f. Section 2) will compare the Dirichlet problem (1.1)
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192 P. CARDALIAGUET et al.

with an appropriate problem involving a certain gauge. The second one (c.f.
Section 3) will use the viability approach.

We start by describing the first approach. We will assume there that € is
convex. To the set conv(Zr) we associate its gauge, i.e.

p(&) =inf {A >0 : £ € Aconv(ZF)}. (1.6)

(In the example p(§) = |€|o0)-
The W1>°(Q) viscosity solutions of (1.1) will then be compared to
those of

{p(Du) = 1 aein (1.7)

U = yp on 9.

The compatibility condition on ¢ will then be
Dy(z) € int(conv(ZF)) , Yz € Q & p(Dy(z)) < 1, Yz € Q.

We will first show (c.f. Theorem 2.2) that if Zr C d(conv(ZF)) and ZF is
bounded, then any W1°°(Q) viscosity solution of (1.1) is a viscosity solution
of (1.7). However by classical results (c.f. S.H. Benton [5], A. Douglis {12],
S.N. Kruzkov [16], P.L. Lions [17] and the bibliography there) we know
that the viscosity solution of (1.7) is given by

u(z) = yier})fﬂ{w(y) +p°(z —y)}, (1.8)

where p° is the polar of p, i.e.

e o (<>
”(“‘pf’aio{ o(6) } (1.9)

(In the example p°(¢") = |€"1 = 7] + 1631

The main result of Section 2 (c.f. Theorem 2.6, c.f. also Theorem 3.2) uses
the above representation formula to give a necessary and sufficient condition
for existence of W1>°(§) viscosity solutions of (1.1). This geometrical
condition can be roughly stated as Yy € 02 where the inward unit normal,
v(y), is uniquely defined (recall that here  is convex and therefore this is
the case for almost every y € 01) there exists A(y) > 0 such that

Do(y) + My)v(y) € Zr. (1.10)
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EXISTENCE OF VISCOSITY SOLUTIONS 193

In particular if ¢ = 0, we find that A(y) = ;5 and therefore the
necessary and sufficient condition reads as
LE) P (1.11)

p(v(y))

In the above example Zp = {(-1,-1),(-1,1),(1,~-1),(1,1)}, therefore
the only convex £, which allows for W1 (Q) viscosity solution of

F(Du) = 0 ae.in £
0 on o0

U =

are rectangles whose normals are in Zp. In particular for any smooth
domain (such as the unit disk), (1.1) has no W°°(§2) viscosity solution,
while by the result of B. Dacorogna-P. Marcellini in [9], [10] and [11],
(since 0 € int(conv(ZF))) the existence of general W1>°(§2) solutions is
guaranteed. Note that in the above example with © the unit disk, F' and
¢ are analytic and therefore existence of W1 (§2) viscosity solutions do
not depend on the smoothness of the data.

AN
\\ N

No viscosity solution No wviscosity solution One viscosity solution

It is interesting to note that if F' : RV — R is convex and
coercive (such as the eikonal equation), as in the classical literature,
then d(conv(Zr)) C Zp. Therefore the above necessary and sufficient
condition does not impose any restriction on the set 2. However as soon
as non convex F' are considered, such as in the example, (1.10) drastically
restricts the geometry of the set , if existence of W1°°(Q) viscosity
solution is to be ensured.

In Section 3 the basic ingredient for proving such a result is the viability
Theorem (Theorem 3.3.2 of [2]). This Theorem gives an equivalence
between the geometry of a closed set and the existence of solutions of some
differential inclusion remaining in this set. The idea of putting together
viscosity solutions and the viability Theorem is due to H. Frankowska
in [15].

Vol. 16, n°® 2-1999.



194 P. CARDALIAGUET et al.

The main resuit of this section (c.f. Theorem 3.1, c.f. also Corollary 2.8)
will show that if

Aconv(Zp)\Zr # 0 (1.12)

then we can always find an affine function ¢ with Dy € int(conv(Zr))
so that (1.1) has no W1°°(Q) viscosity solution.

The advantage of the second approach is that it will require weaker
assumptions on F’ and on {2 than the first one. However the first approach
will give more precise information since we will use the explicit formula
for the viscosity solution of (1.7).

Some technical results are gathered in two appendixes.

2. COMPARISON WITH THE SOLUTION
ASSOCIATED TO THE GAUGE

Throughout this section we assume that F' : R — R is continuous

and that

o (H1) Zr C 9(conv(ZF)).
We recall that Zp = {£ € RY : F(¢) = 0}.

e (H2) Zr is bounded.
e (H3) Dy(z) € int(conv(Zr)), Vo € Q.

In addition we assume that the interior of the convex hull of Zp is
nonempty, i.e.

int(conv(Zp)) # 0 (2.1)

REMARKS 2.1.

(i) In light of (2.1) we may assume without loss of generality that
0 € int(conv(ZF)), since up to a translation this always holds.

(i1) Observe that int(conv(Zp)) # O is necessary for (H3) to make sense.

(iii) Recall that (H3) (without the interior) is, in some sense, necessary
for existence of W1>°(§)) solutions (c.f. P.L. Lions [17]).
(iv) It is well-known (c.f. [18]) that the following properties hold:

® p is convex, homogeneous of degree one and p°° = p.
o conv(Zp) = {z € RV : p(2) < 1}.
o Iconv(Zp)) = {2z € RY : p(z) = 1}.
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EXISTENCE OF VISCOSITY SOLUTIONS 195

o p(z) > 0 for every z # 0.
(v) Since Zr C O(conv(ZF)), the function F has a definite sign in
int(conv(Zp)). We will assume, without loss of generality, that

F(§) <0, (2.2)

forevery £ € int(conv(Z)). Otherwise in the following analysis we should
replace F' by —F.

Our first result compares viscosity solutions of (1.1) and those of (1.7).

THEOREM 2.2. — Let 2 C RY be a bounded open set, let F' and o satisfy
(H1), (H2), (H3) and (2.2). Then any W1>°(Q) viscosity solution of (1.1)
is also a WhH*°(Q) viscosity solution of (1.7). Conversely if, in addition
F > 0 outside conv(Zp) then a W1>° () viscosity solution of (1.7) is also
a Whe2(Q) viscosity solution of (1.1).

REMARK 2.3. — In the converse part of the above theorem the facts that
F' is continuous, F < 0 in int(conv(Zr)), and F > 0 outside conv(Zr)
implies that

Aconv(Zp)) = Zp.

We recall the definition of subdifferential and superdifferential of
functions (c.f. M. Bardi-I. Capuzzo Dolcetta [3], G. Barles [4] or W.H.
Fleming-H.M. Soner [13}]).

DEFINITION 2.4, — Let u € C(2), we define for x € Q the following sets,

Dtu(z) = {p €RY : limsup uy) —w@)= <py-v> < O},

y—z, YEQ lz -yl
D u(z) = {p €RY . limint YW WP <py-z> 1
y—x, YyeQ l.’L‘ — y*

Dtu(z) (D~ u(z)) is called superdifferential (subdifferential) of u at .

We recall a useful lemma stated in G. Barles [4].

LEmMMa 2.5.

() w € C(Q) is a viscosity subsolution of F(D(u(x))) = 0 in Q if and
only if, F(p) < 0 for every x € Q, Vp € D u(z).

(i) u € C(R) is a viscosity supersolution of F(D(u(x))) = 0 in Q if and
only if, F(p) > 0 for every x € Q, ¥p € D™ u(x).

Vol. 16, n° 2-1999.



196 P. CARDALIAGUET et al.

We now give the proof of our first theorem.

Proof of Theorem 2.2.
1. Let u € W1(Q) be a viscosity solution of (1.1).

(i) We first show that u is a viscosity supersolution of (1.7). Since u is
a viscosity supersolution of (1.1), then in light of Lemma 4.2 and 2.5 we
have for every z € (2, and every p € D~ u(x),

p € conv(Zr) and F(p) > 0. (2.3)

Combining (2.2), (2.3) and (H1), we obtain that p € d(conv(Zr)), and so,
p(p) —1 = 0. Hence, by Lemma 2.5, u is a viscosity supersolution of (1.7).

(i) We next show that u is a viscosity subsolution of (1.7). Since u is a
viscosity subsolution of (1.1), then for every z € 2, and p € DV u(z), we
have by Lemma 4.2, p € conv(Zp) and so, p(p) — 1 < 0. 'We therefore
deduce that « is a viscosity subsolution of (1.7).

Combining (i) and (ii) we have that v € W1*°(Q), is a viscosity solution
of (1.7).

2. We show that uw € W1°(Q), the viscosity solution of (1.7) defined
by (1.8), is also a viscosity solution of (1.1).

(ili) We recall that
F(€) >0, (2.4)

for all £ € RN \ conv(ZF). Since u is a viscosity supersolution of (1.7),
then for every z € €, and p € D~ u(z), we have that p(p) — 1 > 0, i.e.
p € RY \ int(conv(Zr)). From (2.4), it follows that F'(p) > 0 and thus
u 18 a viscosity supersolution of (1.1).

(iv) Since u is a viscosity subsolution of (1.7), we have for every z € €2,
and p € Dtu(z), that p(p) — 1 <0, i.e. p € conv(Zp) and then F(p) < 0.
Thus u is a viscosity subsolution of (1.1).

Combining (iii) and (iv) we conclude that » is a viscosity solution
of (1.1). O

We now state the main result of this section (see also Theorem 3.4).

THEOREM 2.6. — Let F and ¢ satisfy (HI),_(HZ), (H3) and (2.2). If
Q is bounded, open and convex and o € C'(Q), then the two following
conditions are equivalent

1. There exists u € Wh°(Q) viscosity solution of (1.1).

Annales de IInstitur Henri Poincaré - Analyse non linéaire



EXISTENCE OF VISCOSITY SOLUTIONS 197

2. For every y € 0S), where the unit inward normal in y (denoted v(y))
exists, there exists a unique Ao(y) > 0 such that

{ Deo(y) + o(y)v(y) € Zr (2.5)
p(Dp(y) + do(y)v(y)) = 1. '

Before proving Theorem 2.6, we make few remarks, mention an
immediate corollary and prove a lemma.

REMARKS 2.7. — (i) By v(y), the unit inward normal at vy, exists we mean
that it is uniquely defined there. Since ) is convex, then this is the case for
almost every y € 0L

(ii) In particular if ¢ = 0, then
1

Ao(y) = W)

and so, the necessary and sufficient condition becomes

v(y)
o) € 2F

(iii) If F is convex and coercive, then (2.5) is always satisfied and therefore
no restriction on the geometry of ) is imposed by our theorem (as in the
classical theory of M.G. Crandall-P.L. Lions [8]).

CoROLLARY 2.8. — Let @ C RN be a bounded open convex set, let
F :RY — R be continuous and such that

Zr C O(conv(Zr)) and Zp # O(conv(ZF)).

Then there exists ¢ affine with Dy(z) € int(conv(Zr)), Yo € Q such
that (1.1) has no W1>°(Q) viscosity solutions.

In section 3 we will strengthen this corollary by assuming only that
Iconv(Zp))\Zr # 0.

We next state a lemma which plays a crucial role in the proof of
Theorem 2.6.

LEMMA 2.9. — Let Q be bounded open and convex and p € C*(Y) with
p(Dp(x)) < 1, Vx € Q. Let u be defined by

u(@) = inf {o(y) +p°(z —y)}, z€Q.

Let y(z) € O be such that u(x) = @(y(z)) + p°(z — y(z)). The two
Jollowing properties then hold

Vol. 16, n® 2-1999.



198 P. CARDALIAGUET et al.

(i) If D™ u(x) is nonempty then the inward unit normal v(y(z)) at y(z)
exists (i.e. is uniquely defined).

(i) Furthermore if p € D~ u(x) then there exists Ao(y(z)) > 0 such
that, p = Do(y(z)) + Mo(y(x))v(y(zx)), where v(y(x)) is the unit inward
normal to 982 at y.

Proof.
1. Let

I(z) ={z € 00 : u(z) =o(z) + p°(x - 2)}.
If p € D™ u(z) then for every compact set K C RY and h > 0, we have
wx + hw) —uw(x) > <p hw > +eh), wek (2.6)

where ¢ satisfies liin i(I)lf E—(:—) = 0.

In the sequel we assume without loss of generality that
0 € int(2), (2.7)

since, by a change of variables (2.7) holds. Let pg be the gauge associated
to Q ie.

pa(z) =inf{A >0:2z € AQ}.
We recall that
N ={zecRY : po(z) =1}, (2.8)

and
Q={zeRY : po(z) < 1}. (2.9)

Now, let zg € Q, let yo € I(xg) and let gp € Ipa(yo) (the subdifferential of
pa at yg, in the sense of convex analysis, see R.T. Rockafellar [18]). Since
po is a convex function, we have 8pqa(yo) = D~ palyo) (see [4]). We have

pa(z) > pa(yo) + < g,z —yo >, z€RY. (2.10)

Note that go # 0 since otherwise we would have 0 € dpa(yo) and so, o
would be a minimizer for pg whereas po(yo) > pa(0) = 0. Define the
hyperplane touching 05} at y, and normal to qo,

Py={zeRY :<qyz—yo>=0},

Annales de IInstitut Henri Poincaré - Analyse non linéaire



EXISTENCE OF VISCOSITY SOLUTIONS 199
and the barrier function
v(z) = inf {e(y) + p°(z — y)}.
yeP,

2. Claim 1. — We have u < v on § and u(zo) = v(zo).
Indeed, for x € , let y;(xz) € Py be such that

v(z) = e(yi(2)) + p°(€ = y1(2)),
and let
z=(1=t)z+ty:(z), te€]0,1].
In light of (2.8), (2.9), (2.10), and the fact that y,(z) € P,, we have
pa(z0) = pa(z) < 1 (2.11)

and
palz) = paln(z) > 1. (2.12)

Using (2.8), (2.11), and (2.12) we conclude that there exists x4 € (0,1]
such that

2z, € OQ.
Using the homogenity of p° we obtain that

P°(z — y1(z)) = pp°(z — n(2)) + (1 = p)p°(z — 11 (2))
=p°(z ~ z,) + po(zu ~ y1(x)).
We therefore deduce that

v(z) = p(n (7)) + p°(z — y1(z))

= @)+ - )+ - wle).
As p(Dy) < 1 we have (see Lemma 4.1)
e(zu) — o(y1(2)) < p°(24 — 11(2)). (2.14)

From (2.14) and the definition of u, we obtain

v(@) 2 p(z) + 03— 2) 2 ulz).

So we have v(z) > u(x). Observe also that v(zy) < u(zy) and so,
v(xg) = u{zp). This concludes the proof of Claim 1.

Vol. 16, n® 2-1999.
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3. Claim 2. — We have p € D™ v(xp).
Indeed, in light of Claim 1 and (2.6) we have

v(zo + hd) —v(x0) — < p, hd >> u(zo+ hd) —u(xo) — < p, hd >> e(h),
(2.15)
for every d in a compact set, and so,

p € D7v(xo).

4. Claim 3. — p — Dy(yo) is parallel to go (recall that go # 0).

Let ¢1,---,qn-1 be such that {qo,---,qn-1} is a set of orthogonal
vectors. Using the definition of v, Claim 1 and the fact that

Yot+hgebPy,i=1,---,N -1, (2.16)
we obtain

v(zo + hai) < ©(yo + hai) + p°(xo + hgi — yo — hagi)
= o(yo + hg;) + p° (2o — o)
= ¢(yo + hai) — @(yo) + v(x0). (2.17)

Combining (2.15) and (2.17) we deduce that
h<pg><h<Do(yo),q > +e(h). (2.18)
When we divide both sides of (2.18) by h > 0 and let & tend to O we obtain
<p,gi > < < Do(yo), i > (2.19)

Similarly, when we divide both sides of (2.18) by 2 < 0 and let A tend
to 0 we obtain

<p,qi > 2> < Do(yo), a4 > (2.20)
Using (2.19) and (2.20) we conclude that
<P"D90(y0)y(h>:0» 7;:17"'7N—]-7

thus,
p — Do(yo) = Aqo, (2.21)

for some A € R. It is clear that A # 0, since p(p) = 1 (by the fact that u is
a supersolution of (1.7) and by Lemma 4.2) and p(Dy(yo)) < 1.
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EXISTENCE OF VISCOSITY SOLUTIONS 201

5. Claim 4. — pq is differentiable at yo (so v(yp) exists and v(yo) = qo
by definition of g).

Suppose there exists ¢ € 9pa(yo) with ¢ # go. We obtain repeating the
same development as before, that

p — Dy(yo) = pg, (2.22)

for some p # 0. So
q=ago (2:23)

with a = % # 0. If o < 0, then any convex combination of ¢ and g is in
Opa(yo) and thus 0 € dpa(ye) which yields that yq is a minimizer for pq
which, as already seen, is absurd. So we have a > 0.

We will next prove that

palg) =1, (2.24)

for every ¢ € Jpa(yo)-

Assume for the moment that (2.24) holds and assume that ¢ € dpqa(yo)
satisfies (2.23). Then,

1 = pglag) = apdlgo) = a.

Consequently, « = 1, ¢ = ¢¢ and so,

dpa(yo) = {g0}- (2.25)

By (2.25) we deduce that pq, is differentiable at yo (see [18] Theorem 25.1).

We now prove (2.24). Denoting by p¢, the Legendre tranform of pq, one
can readily check that

)= (et ey o1 02
We recall the following well known facts:
pa(yo) + por(q) = < yo,q >, (2.27)
for every q € 0pq(yo), (see [18] Theorem 23.5) and
<%0,9 > < pa(y0)rd(q). (2.28)
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202 P. CARDALIAGUET et al.

Since yo € 02, we have po(yo) = 1, which, together with (2.27) and (2.28)
implies that

p&(q) > 14 pg(a). (2.29)

Hence, p%(q) being finite, we deduce p&s(g) = 0. Using (2.26) and (2.29)
we obtain that

polg) = 1. (2.30)

6. Claim 5. — We have p = Do(yo) + Aov(yo), where v(yo) is the unit
inward normal at yg.

By Claim 3 and Claim 4, there exists Ag € R such that
p = Do(yo) + Aov(y0)- (2.31)
The task will be to show that Ag > 0. Let
xzn = (1= h)xo + hyo, he(0,1).
We have
uwn) = nf {e(y) +p%(2n —y)} < @lvo) +0°(@n = 90)- (232)
Using the definition of x), and the homogeneity of p° we get
p°(zn —yo) = p°((1 = h)(o — o)) = (1 = h)p°(Zo — yo)
which, along with (2.32) implies
u(zn) < o(yo)+0° (To—yo)—hp’(To—yo) = u(xo)—hp°(zo—yo). (2-33)
In light of (2.6) and (2.33), we have
h < p,yo — xo > + €(h) < —hp°(z0 — yo),
which yields,
<P,y — To > < —p°(To — Yo)- (2.34)
Using the definition of p° (see (1.9)) we have

— < Dp(yo), Yo — o > = < Dp(yo), o —yo > < p(De(y0))p°(x0 — Yo)-
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EXISTENCE OF VISCOSITY SOLUTIONS 203

Also, by (H3), there exists § > 0 such that
p(Dp(z)) <1-6, z€. (2.35)
Combining (2.34) and (2.35) we obtain
<p—=De(yo),yo — xo > < —6p°(xo — yo)- (2.36)

Moreover, since we can express yo — o as a linear combination of the
normal v(yo) and the tangential vectors {q;}x ;" at 99 in yo, there exist
« and p; with ¢ = 1,--- ) N — 1 such that

N-1

Yo — To = av(yo) + Z G-
i=1

As g € © and 2 is convex, a < 0. Using (2.31), and (2.36) we obtain
ato = a <p— Dy(y),v(y0) > < —0p°(x0 — Yo)-
Thus, Ag > 0. O

We now give the proof of the main theorem

Proof of Theorem 2.6,
1. (1) = (2) We assume that u is a viscosity solution of (1.1).

From Theorem 2.2, we have that every viscosity solution of (1.1) is a
viscosity solution of (1.7) and therefore by (1.8) u can be written as

u(z) = yienafg{w(y) +0°(z — y)}- (2.37)

Let yo € 02 be a point where 9pa(yo) = {¥(yo)} (see the notations of
the proof of Lemma 2.9). Let x € Q be such that u is differentiable at
z and zx sufficiently close from yo. Moreover the minimum in (2.37) is
attained, at some y(z) € 92 close to yo. In light of Lemma 2.9 there exists
Ao(y(z)) > 0 such that

Du(z) = De(y(x)) + Ao(y(z))v(y(z)), (2.38)

(i.e Du(z) — Do(y(zx)) is perpendicular to the tangential hyperplane).
Note that Ag(y(x)) is bounded by 2| Du|... Indeed, using the homogeneity
of p, assuming that |v(y(z))| = 1 we have

[ho(y(2))r(y(2))| < |Du(z)] + |Do(y(2))| < 2| Duloo. (2.39)
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As u is a solution of (1.1), i.e. Du(x) € Zp, we obtain that

Do(y(z)) + do(y(2))v(y(z)) € Zr. (2.40)

Letting = tend to yo, we obtain that y(z) tends to yo. Since dpa(yo) =
{v(yo)} we have from Theorem 25.1 in [18] that pq is differentiable
at yo. By Lemma 2.9 we have that dpo(y(z)) = {v(y(z))} and pq is
differentiable at y(x). Using Theorem 25.5 in [18], we obtain that v(y(z))
tends to v(yo). Also, by (2.39) \o(y(z)) tends, up to a subsequence, to
a limit, denoted )¢ when = goes to yo. Since Zp is closed, and F is
continuous, and so is Dy, (2.40) implies

Do(yo) + Aov(yo) € Zr.

As Ao(y(z)) > 0, we have that Ay > 0. Moreover u is solution of (1.7)
and so Ag is uniquely determined by the equation

p(Do(yo) + Aov(yo)) = 1.

As p(De(yo)) < 1, we have that Ag # 0 and so A¢g > 0. This establishes
that (1) = (2).

2. (2) = (1) Conversely, assume that (2.5) holds.
Using (1.8) we obtain that u defined by

u(z) = inf {o(y) +0°(z —y)}
is the viscosity solution of (1.7). We have to show that u is a viscosity
solution of (1.1).

e Since u is a viscosity subsolution of (1.7), then for every z € Q
and Vp € D% u(z), we have from Lemma 4.2, p € conv(Zp) (i.e.
p(p) < 1). As (H1) is satisfied (with the convention: F(§) < 0,
V¢ € int(conv(Zr))) and as F' is continuous, it follows that F'(p) < 0.
So wu is a viscosity subsolution of (1.1).

e u is also a viscosity supersolution of (1.7), and so, for every x €
and every p € D~ u(z) we have p(p) > 1 and, from Lemma 4.2, since
p € conv(ZF) (i.e. p(p) < 1), we obtain p(p) = 1. From Lemma 2.9,
there exists y(z) € 0€) where the inward unit normal is well defined
such that

p = Do(y(z)) + My(x))v(y(2))-
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Since p(p) = 1, then A(y(z)) > 0 is uniquely determined by

p(Do(y(z)) + My(z))v(y(x))) = 1.

And so from (2.5), we deduce that p € Zp. Thus F(p) = 0,
Vp € D~u(z). We have therefore obtained that v is a viscosity
supersolution of (1.1).

The two above obsevations complete the proof of the sufficiency part of
the theorem. O

We conclude this section with the proof of Corollary 2.8.

Proof of Corollary 2.8.

To prove that there exists ¢ € C*(Q) such that the problem (1.1) has no
viscosity solution, it is sufficient using Theorem 2.6 to find y € 912, where
v(y) the unit inward normal exists, such that

Do(y)+ Av(y) ¢ Zp, YA > 0.

1. Without loss of generality, we suppose that 0 € int(conv(Zp)). Let
p be the gauge associated with the set conuv(Zpr). We have that p
is differentiable for H" ~'5(cono(zr)) almost every a € O(conv(Zp)).
So, since Zp # O(conv(Zr)) and Zp is closed, we can choose
a € dconv(ZF)) \ Zr such that « s a point of differentiability of p.

2. We first prove that there exists yo € 92, where v(yo) exists, with
a+ Av(yg) € int(conv(Zr)), (2.41)

for A < 0 small enough. Let a = Dp(«). By Lemma 4.3 the exists yo € 02
such that the normal v(y,) to 952 at yo exists and

< a,v(yo) >>0. (2.42)

Using (2.42) and the fact that p is differentiable at & we obtain (keeping
in mind that p(a) = 1)

pla+ Av(yo)) = pla) + A< a,v(y) + O(N)/A] < 1

for A < 0 small enough. This concludes the proof of (2.41).

3. Choose y € 92, where v/(y) exists, and X < 0, such that = a+Av(y) €
int(conv(Zr)) (such X exists by the previous step). Observe that by
convexity of p we have since p(a) = 1 and p(a + Av(y)) < 1 that
pla+ Av(y)) > 1 for every A > 0. Let o(x) =< 83,z >. We therefore
have

Do(z) + Av(y) = 8+ Av(y) ¢ Zr
for every A > 0. That is the claimed result. a
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3. THE VIABILITY APPROACH

In the previous section, we have assumed that Zr C 0(conv(Zr)) and
£ is convex. We have proved that a necessary and sufficient conditions for
the Hamilton-Jacobi equation

F(Du)=0 ae.inQ )
{ (3.1)

u=¢ on O

to admit a W1°°(Q) viscosity solution is that, for any y € 92 where there
is an inward unit normal, v(y), there exists A(y) > O such that

Do(y) + My)v(y) € ZF.

In this section, we no longer assume that Zr C 9(conv(ZF)) and Q
is convex. We investigate the existence of a W1°°(€2) viscosity solution
for Hamilton-Jacobi equation (3.1) for any ¢ satisfying the compatibility
condition Dp(y) € int(conv(ZFr)).

The main result of this section is that, if

I conv(Zr))\Zr # 0,

then there is some affine map ¢ satisfying the compatibility condition,
and for which there is no W1°°(Q) viscosity solution to (3.1) (c.f.
Corrolary 2.8).

TueoreM 3.1. — Let F : RN — R be continuous such that the set
Zp = {€ € RV | F(€) = 0) is compact and (conv(Zr))\Zr # 0.

Then for any bounded domain ) C RY, there is some affine function ¢
with Dy € int(conv(ZF)) such that the problem

{F(Du) =0 aein
u=¢ on Of,

has no W1>°(Q) viscosity solution.

The proof of Theorem 3.1 is a consequence of Theorem 3.4 below.
For stating this result, we need the definition of generalized normals (see
also [1]).

DEFINITION 3.2. — Let K be a locally compact subset of R*, z € K. A
vector v € RF is tangent to K at x if there are h,, — 0%, v,, — v such that
x + h,v, belongs to K for any n € N.
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A vector v € RY is a generalized normal to K at x if for every tangent
vito K at x

<wv,v><0.

We denote by Ni () the set of generalized normals to K at z.

REMARK 3.3. — i) If the boundary of K is piecewise C*, then the
generalized normals coincide with the usual outward normals at any point
where these normals exist.

it) If Q is an open subset of RT and x belongs to 09, then a generalized
normal v € Ngr\q(z) can be regarded as an interior normal to () at x.

THEOREM 3.4. — Let 2 C RN be a bounded domain and let F : RN — R
be continuous such that the set Zr = {£ € RN | F(€) = 0} is compact. Let
o(y) =< b,y > with b € int(conv(Zr)).

If F(§) < 0 (resp. F(§) > 0) for every |€| sufficiently large and if
equation (3.1) has a W'°°(S2) viscosity supersolution (resp. subsolution),
then for any y € 05, for any non zero generalized normal v, € Ng~\q(y)
to Q) at vy, there is some A > 0 such that

b+/\1/y € Zp.

REMARK 3.5. — In some sense, Theorem 3.4 improves the necessary part
of Theorem 2.6 since we do not assume any more that Zg C 0(conv(ZF))
and that Q) is convex. Moreover, this result gives a necessary condition of
existence for sub or supersolution.

For proving Theorem 3.4 and 3.1, we assume for a moment that the
following lemma holds.

LEMMA 3.6. — Let Q@ C RN and F be as in Theorem 3.4. If there is some
a € RM\{0} such that

1. YA > 0, F(Aa) < 0,

2. 3z € 0Q such that a € Ngnv\o(z),
then there is no Wh>°(Q) viscosity supersolution to

{F(Du) =0 aein
u=0 on 0Q.

Proof of Theorem 3.4.

Assume for instance that F(§) < 0 for |¢| sufficiently large. Fix
b € int(conv(Zr)) and a # 0 for which there is some z € 99 such
that a € Npnv\o(z).
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If F(b) > 0, then the result is clear because F' is continuous and
F(b+ Aa) is negative for A sufficiently large.

Let us now assume that F'(b) < 0. Let u be a WH°°(Q) supersolution to
{F(Du) =0 a.e. in §
u(y) =< b,y > on I
Set F(¢) := F(€+b) and a(y) := u(y)— < b,y >. It is easy to check
that @ is a supersolution to
F(D@)=0 ae.in
w(y) =0 ondQ.
So, from Lemma 3.6 there is some Ay > 0 such that F‘()\ga) >0, ie.,

F(b+ Xpa) > 0. Since F(b+ Aa) is negative for A sufficiently large, there
is A > Ao such that F(b+ Xa) = 0.

We have therefore proved that there is A > 0 such that b+ Aa € Zp. U

Proof of Theorem 3.1.

Since F is continuous and Zp is bounded, F'(£) has a constant sign for
|€] sufficiently large. Say it is negative.

Let b € d(conv(Zp))\Zr and 7 > 0 be such that B,.(b) N Zr = (. From
the Separation Theorem, there is some a € RY, la| = 1, such that

<ba>=sup <&a>.
£eZr

Note that F'(b) < 0. Indeed, F is continuous and F(b+ Aa) < 0 for
large A. Moreover, b + Aa never belongs to Zp for positive A\ because

< (b+ Aa),a>> sup < &,a>.
£€Zr

From Lemma 5.3 in Appendix 2, there is some z € 912 and a generalized
normal v, € Np~v\g(z) such that

<Ugya>> 0

Set 0 < € =< vg,a >, 0 = 1¢/(|v] +€), by = b—oa. Let A > 0. We
are going to prove that b, + Av, ¢ Zp. If A < o/¢, then

|bo + Avp — b] = Ay — oa| < Alv| +0 < 7,
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so that F'(b, + Av,) < 0 because B.(b) N Zr = 0 and F(b) < 0.
If A > o/e, then

< (bg + Avg),a>2>2<ba> -0+ ><ba>= sup <§,a>,
£€ZF

so that b, + Av, ¢ ZF.

Since v, is a generalized normal to RV\(2 at z and since b, + A\v, ¢ Zp
for any A > 0, Theorem 3.4 states that there is no viscosity supersolution
Whe°() to the problem (3.1) with ¢(y) =< b,y >. O

Proof of Lemma 3.6.

The main tool for proving Lemma 3.6 is the viability theorem. The
viability theorem (c.f. Theorem 3.3.2 and 3.2.4 in [2]) states that, if G is
a compact convex subset of R and K is a locally compact subset of R,
then there is an equivalence between

i) Vo € K, there exists 7 > 0 and a solution to
r'(t) e G ae te0,7),
z(t)e K Vtel0,7), (3.2)
z(0) ==z

i) Vz € K, Vv € Ng(x), lIelg <g,v><0.
g

As usual, the solution of the constrained differential inclusion (3.2) can
be extended on a maximal interval of the form [0,7) such that either
T = 400, or z(7) belongs to OK\K.

Assume now that, contrary to our claim, there is some W1>°(Q) viscosity
supersolution u to the problem. We will proceed by contradiction.

First step: We claim that
Vo € Q, u(z) > 0. (3.3)

Indeed, otherwise, there is some z € £ minimum of w. Note that
0 € D~u(zx), so that F(0) > 0 because u is a viscosity supersolution.
This is in contradiction with F'(Aa) < 0 for all A > 0.

The proof of the lemma consists in showing that inequality (3.3) does
not hold.
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Second step: Without loss of generality we set |a| = 1. Since Zp is
compact and F{Aa) < 0 for A > 0, there is some positive ¢ such that

YA > 0,V€ € RN, if |€ — Aa| < Ae, then F(€) < 0. (3.4)

Since u is a W1>°(Q) supersolution, we know, from a result due to
H. Frankowska [15] (see also Lemma 5.1 in Appendix 2), that

Vo € Q, Y(vz,v,) € Ngpiqw) (@, u(x)), v, < 0and F( Ve ) > 0.

|Vp|

Let 2 € Q and (vz, v,) € Nppi(u)(, u(z)). Since F({£%) > 0, we have
thanks to (3.4),

VA >0, |22 - Aa| > Ae.

vy
An easy computation shows that this inequality implies
<a,vy > —(1=eHY? |y, <0.

Let G = {a+ (1 — €%)/2 B} x {0} where B is the closed unit ball of
R™. Then the previous inequality is equivalent with the following

girelg < g, (Vayv,) ><0,

so that K = Fpi(u) N (2 x R) is a locally compact subset such that

Ve € Q, Y(v,v,) € Ng(z,u(z)), 122‘ < g,(Vg,vp) > < 0.
g

In particular, it satisfies the condition (ii) of the viability theorem.

Thus, from the viability theorem, V(z,u(z)) € K, there is a maximal
solution to

('), p(t)) €G, ae. tel0,T1)
(z(t),p(t)) € K, Vte[0,7) (3.5)
z(0) =z, p(0) = u(z)

where either 7 = oo or z(1) € 9.

Let us point out that p’(t) = 0, so that p(t) = u(x) on [0, 7).

Annales de Institut Henri Poincaré - Analyse non linéaire



EXISTENCE OF VISCOSITY SOLUTIONS 211

Third step: Let = € 92 be such that a € Npny\o(z)\{0}. We claim that
there is a solution to (3.5) starting from (z,u(z)) = (x,0) defined on (0, 7).

Since a belongs to Ng~vyq(x)\{0}, from Lemma 5.2 of the Appendix 2,
applied to C = {a + (1 — €2)'/2 B}, there is some a > 0 such that

Ve e C, b € RY with |b| < 1, V8 € (0,a), z+0(c+ab) € Q.

Since 0 ¢ C, we can choose also o > 0 sufficiently small such that
0 ¢ C + aB, where B is the closed unit ball.

We denote by S the set
S={z+0(c+ab), ceC, becRY with [b| < 1, 6 € (0,a)}.

It is a subset of Q and z € OS.

Let z,, € S converge to z, (z,(-), pn(-)) be maximal solutions to (3.5)
with initial data (z,,u(z,)) defined on [0,7,). Let us first prove by
contradiction that the sequence 7, is bounded from below by some positive
7. Assume on the contrary that 7,, — 07. Note that

Vn € N, z,(m) € 2, + 7.C,

because z'(t) € C which is convex compact. Thus, for any n, there is
¢, € C such that z,(7,) = z, + Thcy.

Since z,, € S, for any n > N there are 0, € (0,a), b, € Band ¢, € C
such that z,, = x+6,(c], +ab,). Since z,, converges to x and 0 ¢ C'+aB,
we have 6, — 0T. Let Ny be such that Vn > Ny, 6, + 7, < .

Then

T, 0
To(Th) = T+ (Bn +Tn "t +—"c, ~—b, |.
() ( T)[0n+rnc 0n+7'nc +a0n+7'n
Since C is convex,
0, , Tn

. 6

0n+7'nc"+0n+'rnc (3.6)
belongs to C. Moreover,

b
a1< 1 7
0,+7, |~ (3.7)

Thus, for any n > Ny, z,(7,) belongs to S which is a subset of Q and
we have a contradiction with z,(7,) € 9.
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So we have proved that the sequence 7, is bounded from below by
some positive T.

Since G is convex compact and since the solutions (z,(:), p.(+)) are
defined on [0, 7], the solutions (z,(-), p,(+)) converge up to a subsequence
to some (z(-),p(+)) solution to

(@'(t),p'(t)) € G, a.e.t€[0,7)
(z(t), p(t)) € K, Vit € [0 T)
z(0) = z, p(0) = u(z) =

(see Theorem 3.5.2 of [2] for instance).

Since, z'(t) € C, for any ¢ € [0, 7] there is some c(t) € C such that
z(t) = x+tc(t). Thus, for ¢ € (0,inf{r, a}), z(¢) belongs to S and so to .

In particular, (z(¢), p(¢)) = (x(¢),0) belongs to the epigraph of « for
t € (0,7') (with 7" = inf{r, a}), ie,

vt € (0,7"), u(z(t)) <O0.

This is in contradiction with inequality (3.3). ]

4. APPENDIX 1

We now state two lemmas which are well-known in the literature. The
first one is a Mac Shane type extension lemma for Lipschitz functions.
The second one can be found in F.H. Clarke [7] and H. Frankowska [14].
However for the sake of completeness we prove them again.

LEMMA 4.1. — Let Q2 be a convex set of RN and u € WH>(Q) with
p(Du(z)) < 1 a.e. in §), then there exists an extension i € W1 (RN) of
u with p(Di(z)) < 1 ae in RY.

Proof.

The task here is to check that  given by

iw(z) = sup{u(y) — p°(y — ©)}, Vz € RY.
yeN

satisfies the requirements of Lemma 4.1. (Note the similarity with the
viscosity solution (1.8).)
1. We first show that 7 is an extension of u.
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For this, it will be sufficient to show
p(Du(z)) < 1ae. = u(y) —u(z) < p°(y — ). (4.1)
To prove (4.1) we proceed by regularization. We introduce the mollifier

function L
_JCerE1 if x| <1
=)= { 0 if |z > 1.

and the sequence f,(z) = n” f(nz) where C is chosen so that [ f = 1.
First, we extend u, as a Lipschitz function, to the whole of RN and we
still denote this extension by = (this can be done by Mac Shane lemma).
We then set

w(@)= [ e - 1)utw) dy.

It is well known that u,, — » uniformly on every compact set. Let {25 be
the compact subset of {2 defined by

Qs = {z € Q : dist(z,00Q) > 6}.

for § > 0 and n > ;. As p is convex and homogeneous of degree one,
using Jensen inequality, we obtain that

pDlun(@) € [ fole = 9p(D(us) dy <1, Yre Dy (42)
Since wu,, is of class C?, (4.2) implies that for =,y € Qs, there exists

# € RY such that

Un(y) — un(x) = < Du,(%),y —x >
< p(Dun(®))p’(y — 7)
S po(y - :E),

and so, letting n tend to infinity, we obtain
u(y) — u(z) < p°(y — 7).

Letting then 6 tend to 0, we have deduced (4.1) and so, % is an extension
of u.

2. We next show that
a(z) — a(z) < p°(z — z), z,z¢€RY. (4.3)
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Indeed we have

u(z) — a(z) = igg{U(y) -p°ly—2)} - jlelg{U(y) - p°(y — x)}

<sup{—p°(y — 2) + p°(y — )}
yeN
<Pz —x).

3. We then show that (4.3) implies that p(Du(z)) < 1 ae.

As @ is a Lipschitz function we can use Rademacher theorem and obtain
that for almost every z € RY

i w(x + h) —a(z)— < Du(z),h > _o
h—0 |h,|

This means that for every ¢ > 0, there exists 6 > O such that

Wz + h) — a(z)— < Du(x),h > <
|h| T

for every |h| < 6, and so,

w(x + h) —a(x)— < Dufx),h > < |h

ii(
p°(—h) = =Ry

From (4.3), we get that

< Du(z),h > < |h]

—-1- € . 4.4
po(=h) 7 p°(—h) 4
As p is convex and homogeneous of degree one, we have
. 00/ T < Dufx), A > .
WD) = (D)) = sup <2RLAZ ()

AI<s p°(A)
Taking the supremum over every |[i| < 6 in (4.4) we obtain

< Du(zx),—h > |h

—1+4 sup < sup € =eD
m<s  p°(=h) ni<s p°(=h)
where,
0< M _p e
sup = 0.
1hj<s P°(—h)
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Letting now € tend to 0, and using (4.5) we obtain
p(Dufz)) < 1. O

LEMMA 4.2. — Let u € WH(Q) with Du(y) € conv(Zr) a.e. (ie
p(Du) < 1 ae.), then

DYu(z) U D™ u(z) C conv(Zp),

for every x € Q.

Proof.

We first show that D u(x) C conv(Zp). Observe that from (4.1) we

have:
w(z + h) — u(x) > 1

pe(=h)  —
Using the definition of Dy we have for every z € Q and p € Dtu(x)

<0.

lim sup w(z + h) —u(z)— <p,h >
h—0 |h|

Proceeding as in Lemma 4.1, we observe that for every p € Dtu(z), and
every ¢ > 0, there exists § > 0
u(z+h) —ulz)— <p,h>
|1

<e

?

for every |h| < . We therefore get

<e
p°(=h) p°(=h)
since p is convex and homogeneous of degree one. Taking the supremum
over every |h| < 6, we obtain

~1+

<p,—h> |h|
—14 sup ———— < esup . 4.6
ln<s  p°(=h) ini<s p°(—h) (4.6)
Defining
Al
0< D= sup < 00,
lh<s p°(—h)
and using (4.6), we get
—1+p(p) < eD.
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Letting € tend to 0, we obtain p(p) < 1. Using the same argument for
D~u(z) we conclude that

Dtu(z) U D™ u(z) C conv(Zp). |

In the proof of Corollary 2.8, we used the following result (see also
Lemma 5.3).

LemMMa 4.3. — Let §) be a bounded, open and convex set. For every
a € RN\ {0} there exists y € ON), where v(y) the unit inward normal
exists, such that

< a,v(y) > >0.
Proof.

1. By the divergence theorem, we have

/ < a,v(y)> do(y) =0.
Joa

It is then clear from the above identity that the claim of this lemma will
follow if we can prove that < a,r(y) >% 0 on a set of positive (relative
to 9) measure. This will be achieved in the next step.

2. Suppose on the contrary that there exists a # 0 for which the conclusion
of the Lemma fails. We may assume without loss of generality that 0 € (2.
Let pq, be the gauge of §2. Then for each p € R and each y € 9€) such that
v(y) exists we have (keeping in mind that po(y) = 1)

paly + pa) > pa(y) + p < a,v(y) >=1,
and so, using that the set where v(y) exists is dense in J€2 we deduce that
paly + pa) > 1, (4.7)

for every y € 0f. Next, take z € Q and 2 € R such that & + fia € Q.
We have, for y = z + pa,

1> pa(z) = paly — ha),

which is at variance with (4.7). il
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5. APPENDIX 2

We collect here some lemmas needed throughout the proofs of
Theorem 3.1 and 3.4 and Lemma 3.6. Lemma 5.1 appeared in [15], but
we will give a proof for sake of completeness. Lemma 5.2 and 5.3 are
well known results of non smooth analysis, although it is not easy to find
a proof in the literature. We think that the proof of Lemma 5.3 is new
and interesting.

LEMMA 5.1. — If Q is an open subset of RY and u is a WH*(Q)
supersolution of

F(Du)=0a.e. in §,

then

VreQ, Y(vy,v,) € Nepiqy (2, u(x))\{(0,0)}, v, <0 and F(ﬁﬂ) > 0.
P

Let us point out that the converse of this result holds also true (see [15]).

LEMMA 5.2. — Let §) be an open subset of R, x € 8Q and a € Ngn\o(x)
with a # 0. Let C be a compact subset of RN be such that

inf <c,a>> 0.
ceC

Then there is some o« > 0 such that
Ve e C, Vb€ RN with |b| <1, V8 € (0,a), z+0(c+ab) € Q.

Lemma 5.3. — If Q@ C RY is open and bounded, then, for any a € RV\{0},
there is some x € 0§ and a generalized normal v, € Ngn\o(x) such that

< VUg,a>> 0.

Proof of Lemma 5.1.
Let (v, v,) # (0,0) be a generalized normal to Epi(u) at (z,u(x)). We
have to prove that v, < 0 and v, /|v,| belongs to D~ u(x).

Since (z,u(z)) +t(0,1) belongs to Epi(u) for t > 0, (0,1) is tangent to
Epi(u) at (z,u(z)), and so < (0,1), (v;,v,) > < 0. In particular, v, < 0.
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Assume for a while that v, = 0. Then, v, # 0. Set h,, := 1/n. Since
u is Lipschitz, the sequence

(@ + P, w(z + hpvy) — (z,u(x))
hp

(5.1)

is bounded and it converges, up to a subsequence, to some (v, ) which
is tangent to Epi(u) at (z,u(x)).

Thus < (v,,0), (v, 8) > < 0 which is impossible since v, # 0. So
v, < 0.

Set p := v, /|v,|. We now have to check that, Vv € R,

im inf u(z + hv) —u(z) — h < p,v > > 0.
R0t h

Fix v € RV\{0} and denote by § the lower limit as above. Since u is
Lipschitz, 6 is finite. We have to prove that § > 0.

Let {h,} be a sequence converging to 0 such that

w(z + hpv) —u(z) — h, < p,v >
h,

converge to 6.
Note that

(z + hnv,u(x + hav)) ~ (x,u(x))
hy

(5.3)

converges to (v, < p,v > +0). Thus (v, < p,v > +48) is tangent to Epi(u)
at (z,u(z)) and

< (v, < pyv > +0), (Vg v,) > < 0.

This implies that

v
<v,1/z>+<( ;),v>1/p+9up <0
VY

So 6 > 0 because v, < 0.

Since » is a supersolution and v, /|v,| € D~ u(z), we deduce from
Lemma 2.5, F(v,/|v,|) > 0. a
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Proof of Lemma 5.2.

Assume that, contrary to our claim, for any n > 0 there are 0 < 8, < %,
¢n € C, by € B with  + 0n(ca + 2bn) ¢ Q.

Then ¢, convérges, up to a subsequence, to some ¢ € C. Clearly c is
tangent to RV\Q at z.

Since a € Ngw\o(z), this implies that < a,c¢ > < 0, which is in
contradiction with the assumption. |

Proof of Lemma 5.3.
Assume that the conclusion of the lemma is false. Then

Va € 09, Y, € Npmvyalr), < vg,a> <0.

This means (from the viability Theorem (again !} applied to the closed set
K := RV\Q and G := q) that for any = € 9Q, the solution to z'(t) = a,
z(0) = z remains in K forever.

Let now y belong to £2. Since €2 is bounded, there is some 7 sufficiently
large such that & — 7a ¢ 2. The previous remark applied to z — Ta yields
that 2(t) = * — Ta + ta belongs to RV\Q for any ¢t > 0, which, for ¢t = 7,
is in contradiction with x € 2. |
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