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ABSTRACT. — We consider the regularity of solutions of a system for
nonlinear arbitrary order variational inequalities with some general concrete
closed convex sets. The maximal function method and the convergence
method are used, and a higher integrability of the derivatives is obtained.

RESUME. — Nous étudions la régularité des solutions d’un systéme
d’inégalités variationnelles non linéaires d’ordre arbitraire dans des
ensembles convexes fermés généraux qui peuvent &tre représentés sous
une forme concréte. On utilise la méthode de la fonction maximale et la
méthode de convergence pour obtenir un résultat d’intégrabilité sur les
dérivées d’ordre supérieur.

1. INTRODUCTION

Variational inequalities are used in theoretical studies for many free
boundary problems. Such problems commonly occur in a variety of
disciplines, e.g. elasticity, crystal growth etc.. There are already a lot of
results about the existence and the regularity of solutions for second order
variational inequalities (see [5], [15], [27] for instance). There are also
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720 J. LIANG

some papers studying the existence of solutions for higher order variational
inequalities (e.g. [4]).

Some free boundary problems can be viewed as nonlinear higher order
variational inequality problems in specific closed convex sets. A practical
example of higher order variational inequalities can be found in |8], and
some practical examples of some convex sets, different from the one of
the obstacle problem, can be found, e.g., in elasto-plastic theory ([7],
[16]). capillarity problems with prescribed volume ([121), restricted mean
curvature of horizontal plate problem ([8]) and others.

Among the different tools available to study the regularity of the solution
for a nonlinear problem (see [11], [17] for instance), the so called maximal
function method is frequently employed. It uses a quasiconformal map
to gain additional regularity (see Gehring, [11]). More precisely, it states
that, when a certain reversed maximal function inequality holds for a
function in L', the function is, in fact, in L'*< for some ¢ > 0. Thus,
obtaining this additional regularity reduces the approach to proving a certain
reversed maximal function inequality. This method was applied to the many
second order nonlinear equation problem (e.g. see {6] and/or Chap. IV in
Giaquinta’s book [13], as well as references mentioned there). In [23],
the method was employed for a higher order nonlinear equation system
by Meyers and Elcrat (1975). In [14], Giaquinta and Modica adapted the
method to a higher order equation system in a more general form and with
a higher growth condition (1979). And in [19], Liang and Santos applied it
to study the regularity of solutions of a higher order variational inequality
system in a simple case with closed convex sets of obstacle type, i.e.

K={ve[W, ")t v> e}

The WM P+(Q) regularity of the solution is obtained, for some ¢ > 0
(1993).

The study of higher order variational inequalities can present closed
convex sets of many different types, and a crucial difficulty for the maximal
function method will be to find a test function which should be suitable
to the maximal function method, and at the same time should be in the
closed convex set of the problem. Extending the obstacle v > ¥ to an
operator inequality in K brings more troubles in the choice of the test
function, which do not show up in equation or second order problems. As
the general structures of closed convex sets may be very complicated, it
Is interesting to study a regularity result, in some more general structures
of closed convex sets.

In this paper, we give the first results concerning general arbitrary order
problems. The main results we have obtained here concern the W*7+e
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REGULARITY OF SOLUTIONS 721

regularity of solutions for a system of nonlinear arbitrary order variational
inequalities in a class of general closed convex sets IK of some concrete
types. We will take

K={ve[WM*Q)]" T(v - ®)(x)€ X plus boundary conditions},

and X is a closed convex set. The cases we consider are, roughly speaking,
the following: T may be a differential, integral, or integrodifferential
operator. In each of these situations, we need a structure assumption on X,
which should contain either a sufficiently large ball, or a cone with vertex
at the origin and nonempty interior. In all, there are six cases, which cannot
be reduced to a single situation, and in each we obtain higher integrability
of high order derivatives (Theorems 3.2, 3.8, 3.11, 3.12, 3.14, 3.16).

These results may be regarded as a considerable development of those
presented in [19]. We also use the convergence of closed convex sets results
obtained in [18] (see also [20]) to extend the regularity results to cover
many nonsmooth cases (Theorem 4.10-4.14).

Since this represents the beginning of the research on the structure of
closed convex sets for arbitrary order variational inequalities, there are still
many open problems left to be examined, especially the generalization to
convex sets I which do not fall within the cases studied here.

In detail, the problem considered in this paper is described as follows.

Let B be the vector-valued Banach space B = Wr(Q) = [Wr(Q)]L.
where p > 1, Q is a bounded C*~'! domain in RV, M.N.L € N.
Consider the following problem

u ek, (Au,v —u) > 0. Vvek, (1.1)

where K is a nonempty closed convex subset of B and

(Au,v) Z A’ . DMy YO d. u.veb, (1.2)
S =1 |y <r
denoting b= (ul UL) DA[“ = {anltl}l 1,.... Lija|<M € H|(11§J\I RL*
and du = {()“}M JE Hm 1 Loy = 1.---.M, where a =
(a1,....an), |af = ZZ |

We assume that the operator A, with AL, 1 =1,.... L, || € M, being
Carathéodory functions, satisfies the following assumptions:

. (Al)

Z Z A[ (x, DMu)ouy(z) > |0Mu(x)|P — alx). a.e. in Q.

I=1 |yl=M
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722 J. LIANG
where a € L*(Q), x > 1;
e (A2) For |v| = 7 < M,
> Ay (@, DMu(@)] < a;(@)|0Mu(@) " + bi(x). a.e. in L,

[vl=3

where ap € LOC(Q). bJ S LHJ(SZ), /jj > max{l,(};ﬁm};

a; € LY(Q), « > max{l,z;—ﬁ_w}; T > 7 >
N (Mo . .
S i N > (M - j)p,

> 0, if N=(M-j)p, 20;a;,b;>20,5=0,.... M.
no assumption otherwise

The closed convex subset I, in the variational inequality problem (1.1)
considered in this paper, has the following structure

K:{vEB: Ty —¥)(z)e X, forae. z€Q,

div
dvt

=0, 7::0,1,...,M-1}, (1.3)
anN

where v is the unit outward normal vector at the boundary of 2. The
following conditions in the definition of KK are also required:

e (C1) X is a closed convex set in V containing the origin at least,
where V is a Banach space;

¢ (C2) 7 :B — Vis a continuous linear map;

° (C3) ¥ e w)? ().

With (C1)-(C3), it is also easy to verify that K is closed and convex. In
addition, K is nonempty since ¥ € K.

Remark 1.1. — If the boundary condition in the definition of K is not
homogeneous, but still sufficiently smooth, by a translation argument we can
reduce the problem to the homogeneous case (see also [19], Remark 4.6).0

We give now some examples of convex sets of (1.3) satisfying conditions
(C1)-(C3):

Example

e Ex. a. If T = I, where [ is the identity operator, X = V = B. then

K = W, P(Q). This is the case of an equation system;
o Ex. b. The closed convex set for the obstacle problem is

dty
dv' |50

K:{VGB: v > W, ae. in €, =0, i:O,lﬂ‘..,M—l}.
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Here, T = I, V=B and X = {x € B,x > 0}. This is just the case
discussed in [19];

e Ex. ¢. In [8], the closed convex set considered is K = {v € H*(9)) :
a < Av < g}

More examples of the closed convex sets of the form of (1.3) can also
be found in [18] and [20].

Remark 1.2. — The structures of the closed convex sets should be carefully
defined. If the condition for the closed convex set K is too strong, IK may
reduce to {0}, so that, the problem has only the trivial solution O (see
Remark 3.7 as well). O

The outline of the paper is as follows. In Section 2, some lemmas, which
will be used later, are collected; In Section 3, we discuss the regularity of
the solution of problem (1.1) by using the maximal function method. Here,
the six different cases are discussed, for three different definitions of 7°s
(differential operator, integral operator or integrodifferential operator) and
for two different image sets (containing a big ball or a cone). The key in
this section is to look for test functions which are in IK and are suitable
for the maximal function method. In Section 4, we discuss the convergence
of the solutions with converging convex sets. Then applying these results
and the results in [18], we extend the regularity results of the solutions of
problem (1.1) of Section 3 to more general closed convex sets.

2. PRELIMINARIES

In this section we present some preliminary lemmas that will be used
in the sequel.

First of all, we introduce a symbol “<”. Let a(r) be a nonnegative
function of r, if

then, a(r) < ¢(r), and 3k > 0, Iry > 0 such that Vr < rg, a(r) > ke(r).

We denote by B, . the open ball of radius 7 and center z, in any space
R® : the appropriate dimension, either ©® = N, or ® = L, will always
be clear from the context.

LemMmA 2.1. — Assume that
1°1 < pg<oocand 1/p > 1/qg—1/N, or 1 < p,q < oc and
Ip > 1/q - 1/N;
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2° u € Wh¥(w) and [ udz =0, where w C B,, . (r > 0) has a cone
property, meas(w) = ", for some ¢ > O independent of r.
Then,
“U”Lr'(w) = (7,,,A\'(l/;>71/<1)+1ngad ’1L||La(w).,

where C depends on N. p, q, ¢ and the cone condition of w, but does
not depend on r.

Proof. - It is similar to the one of Proposition 1 in [23] whenw = B, ,..
Notice the proof there, which is also true for 1/p > 1/¢ — 1/N, when
p =00, 0rq=1. 0

Lemma 2.2, — Assume that

1°1 < pg< and 1/p > 1/¢g—1/N, or 1 < p,q < oc and
1/p > 1/q = 1/N;

2°u e Wh(w), ulr = 0, where w C B, . (r > 0) has a cone property,
measy(w) = @, ' C dw, measy_1(I') > @rV 1, where mease(Q)
means the @—dzmenszonal Hausdorff measure of G, ¢ and ¢ are positive
constants which are independent of r.

Then,
lullzoey < CP¥ 010 grad o,

where C depends on N, p, q, ¢, &, and the cone condition of w, but does
not depend on r.

Proof. — The proof is similar to the one of Lemma 2.1. The argument on
the boundary, using its smoothness, can be found in [10]. O

LEMMA 2.3. — Let u E WALP(w), where w C B,, . (r > 0) has a cone
property, meas(w) = &N, where ¢ > 0 is independent of 1, 0 < j < M —1,

then
. . ] 1/p
r? (/ ]djrulpd.q:)
' A . 1/p . 1/p
= C[el‘”/"r‘w(/ |8£/[u§pd:z:> +E</ |u[pd;1:> } (2.1)

for all constant ¢ > 0, where C depends on M, N, p, ¢ and the cone
condition of w, but does not depend on r.

Proof. — The proof is similar to the one of Lemma 2.3 in [19], noticing
that ¢ there can be any positive constant (see [1] 4.17). O

LemMa 2.4. — If X is a closed convex set of V containing a cone C
vertexed at the origin with interior C # 0, then for any w € C there
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exists 0y > 0 such that for any 0 < 8 < 6y, and any z with |jz]ly < 1.
w+tbz € (03 . Moreover, forany 0 < 8 < f@gandanyv € X,v+w+6z € X,
Le, v+w € X.

Proof. — (See also [20]). Since X is a closed convex set of V, from
C C X, for any w € C, there exists a #y > 0, such that V8, 0 < 8 < 6,.

and Vz, |lz|ly < 1, we have w + §z € C.
As C is a cone vertexed at the origin, a{w + 6z) € C for all a > 0.
Then, from X being a convex set and C C X, we have ,

Av+(1=Na(w+6z) € X, VAe[0,1), WweX.

1

T it is concluded that

Letting a =
W4 (w+bz)e X, YAe[0,1).
And because X is closed, A going to 1 yields

vt+w+oze X, VO, 0<6 <0,

thatis,v—{—we)()(. ]

LEmMMA 2.5. — Suppose that (., (x) is a cut off function of B, 2, (i.e.
Conr € C5°(Bry2r)s 0 < oy <1, Cogr = 1 00 By, ). Suppose also that

F=Y" do(a)d (2.2)

[o| <k

is a differential operator with d, € CI°Y(RN) and dy so large that

do(z) + ( Z (=1)*02d.(x)) > 0, ae. (2.3)
0<]a|<k
then
/ F(,,»(x)dx > 0. (2.4)
B

V' Brg.2n

Moreover, if K is a bounded set in RN with CM =11 boundary, zy € 0K,
and do(z) € CY(K), then,

/ F(r(x)de > 0. (2.5)
KnB

Q2T
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Proof

Jo

e 02| <k

ey pda = / > da(@) 08 oy () de
20 J B,

= /B ( Z (=1)*07do () oy o (x)dz > 0,

w02 | <k

by (2.3).
If 2y € OK, because d,(z) € Ci"1(K). the integrals by parts as above
formula are still available in K N B, 2., the argument is similar. u

LEMMA 2.6. — Assume that u € WM"’(w), where w C B, (r > 0) has
a uniform cone property, &y € w, meas(w) = ér’, with & > 0 independent
of . There exists a unique polynomial P(z), of degree < M — 1, such that

/a{;sz = / Oudz, V|l < M —1.

Jw

P(Z) = Z c/l(z - 417())“' (26)
[l <M -1
where
Cu= > Cuar VTR / O udsz, (2.7)
laf< Mot i

and the ¢, o depend only on M, N, o, yi and ¢.

Moreover, when 0 < || < k, M — k — N/p > 0, for any given Ay > 0.
there exists vy > 0. such that if 0 < v < rq. the differential )P has the
estimate

|0SP| < Xo.  on B, .. ' (2.8)
where ro depends on the HuHWM.,)(m, M, N. L,k p, éand Ny, but not on r.

Proof. — A special case of the first part of this lemma, w = B, ., can be
found in [23] and [19]. The proof of the first part of this lemma is similar
to the one of that special case.

Now we only need to prove (2.8), in fact, by Lemma 2.3 and imbedding
theorem, for any 0 < r < 7y, 0 < |a| < k and given Ay > 0, when
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REGULARITY OF SOLUTIONS 727
r € B, 2, we have

|0SP(z)| =+~

f
L ) _ .
E c,ma—'rl'*'(:p —xg) e d;,“”udm

pZa,|ul 4y <M -1 “
<C § : pla—al+lyl =N / |8_’I,‘+7u|d:1:
o ||| <M -1 o

< lu|dz + Cor™ KN [ 10Mu|dx
e Jw w :

1/p
Al s, .+ o5 ( [ 103tupic)

< (6 + Cp_f'f'A[“k_N/p)||u||W“‘P(Q) < Ao,

IN

if only taking

1
0<6§#, then0<r0§< Ao >MLMP.
2Hu|lw.M;p(Q) QCIJaF”uHW‘”'P(Q)

(2.9)

which can be done as M — k — N/p > 0. O

This lemma will be frequently used for the estimates in the sequel. With
this polynomial, from Lemma 2.1 and 9MP = 0, we have

. 1/p 1/p
(/ |0 (u —P)[”da;) < OrM-lel </ ]3';Vu|pd.7;) ) (2.10)

where 0 < |a] < M, p > 1, C is independent of 7.

LemMa 2.7. — Assume that h and g are non-negative measurable functions
on RN such that

M(g") < b(M"(g)+ M(h")) a.e. in @,

where g € L¥(Q). h € L*(Q) for some s > v > 1; b > 1 and Q is a
compact cube, M(g) : RN — [0, 0] is the maximal function for g, defined
as follows:

meﬁﬂw{—l——éﬂﬂﬂﬁ} (2.11)

r>o | meas(B, r) .

Then, there exists p > v such that

1 T 1 v g, nl 1 ' I
meas(Q) /Qg de < C[(meas(Q) /Qg dx) +meas(Q) /Qh dw}'
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where C depends only on v, i and b.

Proof. — The proof of this lemma can be found in [11] (see also, e.g.. in
(6]. [14], [23]). O

The following theorem establishes sufficient conditions for existence of
solutions of the problem (1.1). The theorem requires more assumptions for
the operator A:

e (A3)

L
Z Z [AL (2, DM, €)= AL (6. DY Pum))[€] =] > 0, ae. in €L,

=1 |~|=Al

for all £,7] S H|A,|:]\,[ RL'
o (Ad)

IIchX{\L[M} <7 <1, j5=01....M-1 (2.12)

0 < 79 — max {(), %} < m>i§1 {T,- — max {% l;(—‘\i:’—)‘i}} (2.13)
7 s . ; ;

and

OMu() | — Co. a.e. in €.

M

1
S b DM wpun(e) 2 colul’™ — 3
=1 ]

where ¢q > MC + 1. being C and C, sufficiently large positive constants
depending only on L, M, N, p. ||aj|la,. I|b;lls,- 75, G =0.1..... M-1

and €.

Remark 28. — It 7;, j = 0,1,.... M — 1 satisty (A4), then it is not
difficult to verify that they satisfy (A2). A special case is that they satisty
the natural condition, 7; =1, 7 =0,1,---. M — 1. O

THEOREM 2.9. — If the operator A verifies assumptions (A1)-(A4), then
problem (1.1) admits at least a solution belonging 10 B.

Proof. — (See also [4]). From (A1)-(A3), we know that the operator A is
pseudo-monotone in a reflexive Banach space by [21] (the definition of the
pseudo-monotone can be found in Definition 4.1 later). Review the proof of
Theorem 3.1 in [19] (see also Remark 3.2'in [19]), the test function v = ¥
used in [19] still belongs to K defined in (1.3). With (A1), (A2) and (A4),
we can obtain the a priori estimate. Then the existence result is a direct
consequence of a result of [21] (p245 Theorem 8.1).
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In fact, from (A2), (A4) and Holder inequality, we have,

2 / |A- (2. DMu)||07u|d

[vi=i
< / [(l,j||0l;\,[u|1’T~"|&)§u|d:1:+/ |b; |0 uld
Jo

Clilajllo, N0Vl = 105ullp/-, + 10,115, 107u]]5:]

i |

4]\4

I/\

D 1 —8)p/T 0 T,
P+ OO ul| (P Yl 1)

p/To

| /\

|()M [Pdx + C/ |u|P/ 0 dx + C.

In the above estimate, we have used Nirenberg-Gagliardo inequality
Jall sy < Cltlsf ol (2.14)

tor

f e

0,1— %] and j— T <(1- 0)(A — %)—0%, (2.15)

where 1 < p,q,7 < oo (see [22], p69 and [26]).

And for our case, we take ¢ = p/7;, r = p/75, 1 — 8 = j/M. With
(2.12), (2.13), it is not difficult to verify that they satisfy (2.15).

So that, from (2.14), as 7; > 1 — ¢, we have

N ) (1-6 >P 9+ b —t=a &
Clomls < ol > < g7 [ 1oupde+ Ol 2
T
T P _ 9p _ M=y P
and 6 - —(1=8) T, — 7,-(1-8) — Mr,—j < =
In fact from (2.12), (2.13), if 2= < I %‘fT!);’ < “{hf}" < Ziif
M A=
N—(M-—j)p 4 N- ]\Ip (M ip (M—j)p
— " > i > 0, then M=) < M (rp— N-Me  N-O=Dpy <
(M—j)p p
M(T”_N_A;w,,_f_(ij‘)‘gx‘zum) = ;;

Then, using (A1) and (A4) the a priori estimate can be obtained as

L r o
3 / OMulPda + (co — MC) [ |uP/™dx < C. (2.16)
Jo Ja

where C' depends only on the given data. (|
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Remark 2.10. — It can be seen that if the operator A satisfies the following
monotonicity condition as well,

(Au — Av,u —v) > 0, ae. in), Vu#vy.

then the solution of problem (1.1) is unique. O

Remark 2.11. — The closed convex set K C B in Theorem 2.9 can, in
fact, be more general than the one defined in (1.3) satisfying the conditions
(C1)-(C3), since we only used that K is closed, convex and nonempty. [l

3. THE REGULARITY BY MAXIMAL FUNCTION METHOD

In this section we want to establish additional regularity for the solution
of problem (1.1) by maximal function method. This is more delicate than
proving existence.

Throughout, we denote

Ulz) = |0Mu(x)], (3.1)

for x € €1, where u is the solution of problem (1.1). We intend to use the
maximal function method, already used in [23], [14] and [19] for higher
order problems. For this purpose, we need to choose carefully a suitable
test function in K. More specifically, we are looking for a test function
v = u + ¢ (corresponding a test function ¢ in equation) verifying the
following requests:

l.pe Wéw’p(Bm,g,A N Q), for any 0 < r < ry, where rg, ¢ are positive
constants independent of r;
2. Z Ay (x, DMu)oMep > eU¥ — h(x. DM~ 'u), for € > 0. where h
|y[=M
is a function independent of U;

1/ . L
3 =N/ (/ [(‘)jqu'd:I:) <C [r“wq (/ quﬂ?) +M(|h|)+1] :
B,y B

g L

for || < M and 1 < q < p, where k is a known function in L*(€2) for
some s > 1, C is a constant independent of ». v > 1 is some positive
constant depending on « (see [23], [19D);

4. v € K.

Here, request 1. is set because we study the regularity, which is a
local property of the solution; request 2. is for obtaining an estimate, with
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which we can have the desired positive term in the left hand side of our
estimate inequality; request 3. is required to use maximal function method
(it implies that the average integral of the differentials of ¢ in B, should be
independent of r except the one which can be bounded by some maximal
functions); request 4. is an imposition of the variational inequality.

To meet request 1., it is natural to take some cut off function; it needs to
be treated carefully, since each differentiation will produce a 1. To satisfy
request 2., # must appear somewhere in @, (e.g. ¢ = ((—u+ Cr*'), where
¢ is a cut off function, C is a constant). To verify request 3., a function
P, which is the polynomial defined in Lemma 2.6 (see also [14], [19] and
[23]), is introduced. This idea comes from the study of the regularity of
second order equation, when u — “3% Jp, udz, multiplied by some cut off
function (, is chosen to be a test function (see [13], Chap. [V); the function
u— ﬁ J5, udx lets the raise of the differentiation under an integral in
B, become possible to kill the 7~ produced by the first differentials
of ¢. In our higher order case, corresponding to Ilﬁlfl [, udz, we have
the polynomial P. In the equation case, only requests 1.- 3. are needed.
Therefore, the main work in this section becomes to verify request 4.

However, in many cases, the general test functions used for equation
system will be failed for variational inequality system as they are no longer
in the given closed convex set. So we have to find new test functions for our
cases studied here. And because of the oparators of K, we must overcome
particular difficulties which we have not met in the secound order problem.

As mentioned in Remark 1.2, not every case of K defined in (1.3) is
interesting and feasible. In this section, we study six particular cases of
three types of T' and two types of X for closed convex set [K.

For simplicity, we consider the case ¥ = 0, noticing that the general
case can be treated similarly, replacing # by u — ¥, P by Py, where Py
is the unique polynomial of degree < M — 1 satisfying

OhPydr = / o (u — W)dz

| :
B B

“ L() et " EQ ot

for all |pu| < M — 1.

3.1. T is a linear differential operator

In this subsection, we consider that the operator T in K is F' defined
by (2.2), with d,(x) € C*(R™), k < M — N/p.

Vol. 14, n° 6-1997.
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If the map T in (C2) is F defined in (2.2), it is easy to verify that T
satisfies (C2). In fact, V = L™(Q). T is continuous.

||T£HL‘(Q) < ('7||£||W'\'~v((_2)
for & € WMP(Q), and T is a linear operator.
Te z:(w”d)(sz),n(sz)).

In order to study the regularity of the problem with such an operator T
in the definition of K, we seek a test function which is mapped by F into
X; to do this, we need more properties on X, that is, we suppose as an
additional condition either of the following:

e (Cal) X contains a ball By, with Ry > max{[|dol|lp> -
lullg~ - 0} where dy is defined in (2.2), u is the WP _solution of
the problem (1.1) with closed convex set K defined in this case.

e (Ca2) K defined in (2.2) equals zero, dy in (2.2) is nonnegative, X
contains a cone C vertex at the origin, é # 0.

We discuss them separately.

3.1.1. case of (Cal)

THEOREM 3.1. — Suppose that K is defined by (1.3) satisfying (C1) and
(Cal), T being a smooth differential operator F of order k < M — N/p
defined in (2.2), ¥ = 0; and that A is an operator satisfying (Al)-(A2).
Then the solution u in B of problem (1.1) with the closed convex sef K
belongs to WM 1—fﬂ( G) for some 0 < e < 1 in any compact subset GG of (2.

Proof. — If we have found a test function in [, the remain part of the
proof, using maximal function method, is similar to the one in the proof
of Theorem 2.1 in [14].

Let GG be any compact subset contained in €. Denote A = dist (G. 02).
Now choose 7 such that ry satisfies (2.9), (3.3) and 0 < 274 < min{l. A}.

For any point xy € (¢ and any 0 < v < r¢. let ¢, .»(2) be a cut off
function of B, s,. set

V=u— C.)-[]‘r(u - P.r[,_Qr)~ (32)

where P, o, is defined in Lemma 2.6 with w = I3, ..

Now, let us check v € K. In fact, it is obvious that v € B and ;5—1‘5 loe = 0.
i=0,1,...,M — 1. To verify Tv € X, we need to present now some
calculations:
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1 In N\B,, 2.

Tv=Tuc X.

2) In B;lf”.Zl'ﬁ

Ty = T(u - C;l‘o,‘l'(u - P:IJ4)~,2’I‘)) =Tu - T(CI’U#"(“ - Pvlfq.Z'r))
= TP.’I’(),Q'V’ + (Tll - TPJI,'(),?")

¢ o3 o — {3
- Z Ao <ﬁ ) d-lr C.I’UJ' : (),r (u - P"‘U‘QW)

(A<l <k

. 1/q

=TP,, 2 + P k=Nl (/ Uq(1:1:> Z0-
JB

rg a2y
Here

0, if .[B Uddr = 0,

&g 2r . Ao
0 = T(u'_Pl‘o-QT) _E\d[g\(x|gkd"(%)a,gCJ:o,r'df d(u"P,rU.'?.r')
7-1’\[‘-’0—1’\"/(1(1‘3 U(Id.’I,')l/[l

(2

, otherwise.

From Lemma 2.6, as well as the definitions of 7" and P, »,, by letting
Ao = Ry~ ||do|l~ - llulloc, we have the estimate as follows when rq is
small enough

la <k o, 0 p|+]y| <M -1
. ! R ‘ VTS S I
Cpy——1" = Tg) M uda
"l JB s
- do () ——— / ]
e udx
" meas (Bey2r) B, .,
)\0 ‘(10(111)' ' /\()
< -t — dr < — {oline - o
S5 + meas (By, 2] . Bm‘zl|u|(1 <3 + [|doll~ - lful|-
Ao Xo
< Ry—Xo=Ryg— —.
S5 + Kq 0 07

If we have |z9] < Co, Cp is independent of r, and 7y is taken small
enough as

/\() T/Llf—\/,
Vs : 3.
T S <2C0(f51 U‘ld;[;)l/q) ( ;)
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so that when 0 < r < rg.

‘ ' Ve Ao
,,-A/L-A\/q(/ U"d:l:) 0 < 5
I8, 2

a2

then we know that
Tv(:1:) S B()‘R“ c X.

Now, let us verify |zo] < Cj. In fact, by Lemma 2.1 and Lemma 2.6,
recalling that | I(u—P,, 2 )dr =0, |y <M — 1. we have

B,In_g, xr
S, <ﬁ> o 00U = P 20)
4] < er| <k L>(B., .0

<C Z 7‘” ()07 }(uvP,r”.‘Zr’)

[3]<|o[<k

_ / 3w~ Py, 2 )dr
Bigu L™ (B.,..)

<=C Z *| 3|+1 |vda—d _ P.m,?")HL\(B_l )

[i<lal<k

1/q
74 d:z:) .

, Co ar—k-ny,
ECHDk(u— o 2n “L%(B 5 7r,\[ k ,\/l</B

w2
g2

where
CV

“(u — P;,-,U.2r)||L“’<B,z.(,.z,»)

4
L N g il ik A —F7q
< Oy~ T-F1 / |05 (0 —~ P;,:“‘r_),,,)|(" R g
B

vy 2

5
o . . (M =g
o _ 2N k2 (M —kjg
= CQ'I’ (M—=Fk)q </ |()1 (u - P‘T[)‘Ql,)l 2 dx
J B

a2

A -k

) (M —kiq

Mok b [ f okt (M —k
< Cappr (AT —E)q |().1~+( ) ll— .21
B

w2

. 1/q
< @TZ\I—/\T—‘JV/([ .,/ ’(‘)],\,fu|l1d.,1;
9 I @

.20

. 1/q
= 997~M*’“"N/’1 / Ultde ) .
2 JB, ..

G-
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where ¢ is chosen such that p > ¢ > max{1, ;- }, which can be done
because £ < M — N/p and p > 1; C, is chosen to satisfy the last inequality
of above formula and (3.4) below, which depends only on L, M, N, p,
L>=-norm of d,, |a| < k, it is independent of . In the same reason

Co ;
max |Tu — TP, o, < —rM-k=N/a
CI?EB;»OJr 2 B

1/q
qux) . (3.4)

zg.27

Therefore, |z9| < Cp, so that
v e K.

Then, using this test function, we can obtain a Caccioppoli type reversed
inequality, by it, we can use maximal function method to obtain the maximal
function inequality. The steps are almost the same as in [14] (see also [19]
and [23]). Therefore, we can prove that the solution of problem (1.1)
belongs to wM ’&(wa), for some constant 0 < £ < 1. Since G can be
covered by a finite number of such balls, # belongs to WM’ﬁ(G), with
norm depending on 7y as well.

In fact, using v as a test function, we have

M
> 8 <0
7=0

where

Si=3 Z, /Q Al (z, DMu)d) ¢yd,

=1 |vl=5".

where ¢ = (¢1, -+, ¢1) = (oo ,r(# — Py, 2-) having a support in B, o,
Now let us estimate S;, j < M. First, we have

S Z/ oMy ”da:—/ adz — C el
w2z [ 107 i >y

. Eh R zp,27 |7|:]\1 0<,6S,\’1

. lia*’\f/ laﬁlu|p~llag—ﬂ(u = Py, 2r)|de
B

wg . 2r

+ / bar|07 ™ (u _P10,27‘)|d$:|
JB.

&g .27

2/ U”dx—e/ UPdx
JB.y . B

0. xg.2r

p/q
- c(/ |h|dz + rN“—P/q)(/ qu.l‘> )
v By J By or
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736 J. LIANG

where h is a function of known terms in L¥(Q2) for some s > 1.
which depends on given functions a. ap;, bpf, etc., 0 < ¢ < 1,
max{l, -2~} < q < p, C depends on given data and , it is independent
of r. Notice here, we utilise the same estimate of D((,, ,.(u — P, 2.))
as (2.10), so that for |y| = M,

[ erasc Yo [ - s
Bag.2r

0< <~ I Bay2n

< C/ UPdzr.
JB.g 2

Next, for 0 < 5 < M,

1<y Y [" [ wlodut oo pay e
JB.g.on

fyl=3 B<y

] / b;107 " (u — Pm.zr)idf”]

Bug.on

-

. 1+—+ . ) L,
/ lh[dr + (/ Upd1> (/ '(Lj|a/d;17> !
Bog 2 By 2n S Bog o2
—{—r]\r(l_%)(/‘ U"dm) E],
S By 2

where h is a function of known terms in L*(£}) for some s > 1, which

<C

v . l’\',
depends on given functions a;, b, etc., a; > o, max {1, mf(”—ﬂ)p}
C is independent of r.
Asu € WMP(Q), a; € L™ (S2), 7; < 1, there exists a 7y > 0, which
depends only on ¢, ||ul|WM,p(Q) and ||a;|| 250y, J = 0,1,..., M, such that
when 0 < r < 1o,

1+1;TJ .O(l_/
(/ U"dm) (/ ;| d(l?) '<e / UPdr,  (3.5)
Bag .2 S By ,2n v By 2

]

for any given 0 < ¢ < 1.

Then, we can obtain the following Caccioppoli type reversed inequality,
for g € €2 and 0 < r < ry such that B, 5, C €2, and 7y is small enough
satisfying (2.9), (3.3), (3.5) etc.

A

JBeg . Bay.

pla -
refremn ([ opea)" [ wa] s
J B o By 2

0.2

|0MuPdr < & / [0Mu|Pd

2y
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where 0 < & < 1 is a constant, 1 < ¢ < p, h is a function of known
terms in L*(§2) for some s > 1, C and ¢ depends only on the given data
and Hu||W1\[.p(Q).

Multiplying the both sides of (3.6) by r—" and using standard arguments,
we have

M(|9ulP) < CMP1(102"ul?) + CM(Jh]). (3.7)

Then, by Lemma 2.7, we have proved the result of this theorem. O

THeorREM 3.2. — Suppose that K is defined by (1.3) satisfying (Cl1)
and (Cal), T being a smooth linear differential operator F of order
k < M — N/p defined in (2.2), and that the operator A verifies the
assumptions (A1)-(A2).

Then the solution u of problem (1.1) with the closed convex set K has
the estimate

lleell s 2 o < (3.8)
where 0 < ¢ < 1 and C > 0 depend only on

Q={N,M,L,p,

lalls Ha'j”a]u ”bj”ﬂj 75>, ||dal| =, Ro, “u”WM’P(Q)}v

for j < M.

Proof. — We only need to prove that the Caccioppoli type reversed
inequality (3.6) holds also on the boundary of 2. That again reduces to
find a suitable test function on the boundary.

We extend u to R by defining it to be valued 0 in RV\Q. For zy € 012
and 0 < r < 7o, choose

V=u— (ol (3.9)

as a test function in (1.1), where 7y > 0O will be chosen later. (,, , is a cut off
function of B, 2r. One can show that v € B, g:—}]ag =0,s=1,.. M—-1
If z € Q\B,, 2, then

Tv=Tu € X.

Let us see the image of Tv when z € N B, ,. Since 9Q € CM~11
and u € Wy (), we can verify D ~"u = 0 on 99 in distribution sense,
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so that Tu = 0, on 912, and & u is continuous, for any 0 < j < k. as
M — k > N/p. That means, there exists r; > 0. such that in I3, .

Tu € BO.RU/'Z;

and by Lemma 2.2, there exists 15 > 0. such that when (0 < r < 1.

1/p P
)
U"d:lr) < 5

]T(Ca:o,ru” S CO'["M_"'VN/P</
J B

o N2

Set
L.
ro = 1 min{ry, 7o} (3.10)

and let 0 < r < 7y, which depends only on the bounded norm of the
coefficients of F' (i.e. L°-norm of d,) and other given data, that is,

Tv=Tu—T((, ) € Bor, € X.

namely
v € IK.

Then, if we work in almost the same way as in the proof of Theorem 3.1,
we can obtain that the maximal function M(U) has the same estimate as
(3.7) in Theorem 3.1 on the boundary. By finite covering, the result of
this theorem follows.

Now, we see that ¢ and ||u depends on the ' and h in

HWM‘%(Q
Caccioppoli type inequality (3.6), and 1y as well because of the finite
covering. Review all the conditions we set on C', h and r,, we have the

estimate (3.8). .

CoroLLARY 3.3. — Suppose that K defined in (1.3) verifies (C1)-(C3)
and (Cal), T' being a smooth linear differential operator F of order
k < M — N/p defined in 2.2); ¥ € WY'"PT(Q), with ¢ > 0, and A
is an operator satisfying (A1)-(A2). Then, there exists 0 < ¢’ < ¢ such that
the solution u of problem (1.1) with the closed convex set K satisfies

lallygseser g < C-

where €' and C depend only on ||‘I’||WM,,)+((Q) and the constants () defined
in Theorem 3.2. O

CorOLLARY 3.4. — Suppose that K defined in (1.3) verifies (C1)-(C3)
and (Cal), T being a smooth linear differential operator F of order
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k < M — N/p defined in (2.2); ¥ € W,""*(Q), with ¢ > 0, and A
is an operator satisfying (A1)-(A2). Suppose also that (M — j)p = N for
some O < j < M. Then the solution u of problem (1.1) with the closed
convex set K satisfies

<O,

' L= —
Ou(zr) — d{ru(u)\ < Clr =y, forz,y € €,

x

97
u

where 0 < 6 < 1, 6 and C depend only on H‘PHWMJ)-}—S(Q) and the constants
Q defined in Theorem 3.2. O

Remark 3.5. - If the coefficients d, (), |a] < k, in the operator T only
belong to CY(R™), all steps of the proof still hold. So under this weaker
condition, the results of Theorem 3.2 and the corollaries above hold, too,
but we can obtain a similar result for some further weak conditions on 7T,
by using the convergence results of closed convex sets (see next section).[]

Remark 3.6. — If we already have that the solution u of (1.1) belongs to
W, 7(€2), the assumption of R € CM~11 for the boundary of 2 can be
weakened to the following assumption,

rZ?d%ﬂ(&,BQ) By g (Exr) >0, forsome 1< gy < p, (3.11)
where By, (A) is the Bessel capacity (see [2]) and &, , = 7‘“1(B1,,.\Q)
(the condition above is always satisfied for p > N). (See [2] and the proof
of Theorem 2 in [23]).

In the same way, in [19], with 9Q € C*~1:1  the condition similar to
(3.11) in Theorem 4.3 is not necessary. O

3.1.2. case of (Ca2)

We also can consider the case when X does not necessarily contain
a large ball centered at the origin, but instead it contains a cone with
nonempty interior, and with vertex at the origin. The cone can pull the
other vectors into X as shown in Lemma 2.4. We can look for a function
in Wy"?(B,, ) such that the image of F is in C, but

Remark 3.7. — In general, there exists no such function £ that £ €
w'?(B,, ) and F¢ € C when the order k of F is positive, except & = 0.
We show this remark by a counter-example in a very simple case. If
N=1,0=(0,1), M =2, k=1 we can not find a function £ such that
£" > 0 and £(0) = £(1) = &(0) = &(1) = 0, except £ = (0 by a simple
analysis. 0

Vol. 14, n® 6-1997.
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However, if the order & of F' is 0, we can have the same results as
the previous theorems and corollaries with this different condition on X.
That is,

THEOREM 3.8. — If T is the differential operator defined in (2.2) with
k=0 and do(x) > 0 a.e. in Q& M > N/p; X satisfies (C1) and (Ca2),
then the results of Theorem 3.1, 3.2, Corollary 3.3, 3.4 still hold, with the
norm ||u||WA,,,1pT€(Q) estimated by (3.8) of C depending on C in addition,

but independent of Rp.

Proof. — We can use

v=1u+ (uor [COT'M_N/" (/
JB

as a test function in the interior point zo, where max{l, A—\;} < g <wp

1/q
qu.’l?> w—(u—Py o), (3.12)

220

w e (O}, Cao,r 15 a cut off function of B, 2., Cy will be determined later;
and v defined in (3.9) for boundary point xz;.

The regularity result for this problem can be obtained in the same way
as Theorem 3.2 etc. by these test functions.

Noticing that here, the constant term in the square bracket in (3.12),
different from previous case, has a factor rM with a maximal term, which
can kill the troublesome 77, j < M, caused by the differentials of Coyor
when we do the estimates for maximal function, so that this test function
is qualified for maximal function method (checking requests 1.- 3. in the
beginning of this section and reviewing the proof of Theorem 3.1),

So we only need to show that in both cases v € IK. In fact, v € Wi (£2)
is obvious. In Q\B, 5., Tv = Tu € X and in B, 5,

l/q
Tv="T [u + Cog <C’0w7"M_N/q </ quilf) —(u— Pm(],21‘)>:}
¢ BJSO,'Z)

3 l/q
= do(z)u + do(x)Cey (Cowr“'f-N/q ( / U"dw) —(u — Pr().,g,‘))
B

: ' 1/q
= do(x)u + do(x)CwO,rCorM'N/q(/ qum) (w+bozg) € X,
B

by Lemma 2.4 (noticing do(x) > 0, ae. and (,,, > 0), if only
llzollg= < 1, a.e., where 6, is defined in Lemma 2.4. But
0, if fg, , Utde=0

20 = —_(u —Pxo.Qr)
Cobor=Na([ Ustdz)l/a’

- xg.2r

otherwise.
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Cy can be chosen big enough such that ||zo|[f~ < 1 by the estimate
1/q
U1 d:r) ,

which as we have done before in the proof of Theorem 3.1, provided
M > N/q.
On the boundary, as 0 < (,,» < 1, we have, for v as (3.9),

lu = Pey2ellL= 5, ) < Coblgr! =N/ </
B

@g.2r

Tv = (1 = (ppr)dout = (1 — () Tu € X,

for the convexity of X and 0 € X.

So that
v e K.
O
Even though,
Remark 3.9. — the problem discussed in [19] is not included in

Theorem 3.8 above. When N is large enough, the condition M > N/p
might fail. However, if X is only a cone vertexed at the origin, the condition
M > N/p may be skipped too. With some technical transformation, the
proof is similar to the one in [19]. O

Remark 3.10. — Having a suitable test function, using the same method
as in [14], we also can discuss the almost everywhere regularity of the
solution for this problem in all the cases discussed in this paper. O

3.2, T is an integral operator

In this subsection, we consider the closed convex set KK defined in (1.3)
when 7T is an integral operator

Tu(e) = | Tla,wuln)ds (313)
x
where K is any open subset of { with boundary belonging to C%1, I'(x, y)
is the kernel of the integral.

It is easy to verify that T defined in (3.13) satisfies (C2). In fact,
V = L>(Q),

1/6
ITEllp= (q < mgs’f(/x lr(x,y)|9dy) €l g < CliElwrr g
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for £ € WMP(Q), if only

/ IT(z,y)|°dy < C, Vx € Q and some positive constant C,  (3.14)
K

IU;?—Q—ATIZ;D—I) it N > M]),
where 0 = ¢ > 1, if N = Mp, That is, T is continuous. And T'
1, if N < Mp.

is a linear operator.
For this problem, besides (C1), (C2), we need more conditions for X
and 7. That is, either of the following conditions is additionally required:

e (Cbl) X contains a cone C vertexed at the origin with (03 % B
M > N/p; T'(z,y) satisfies

D(z,y) >0, Vr € Q, y€ K; [(x,y) € CYQ, L Q).

e (Cb2) X contains a ball Byg,, I' € CY%Q,LYQN)), and Ry >
T zo< 2,20 (q2)) - |luller, where 6 is defined in (3.14) and u is the W*'P-
solution of the problem (1.1) with closed convex set IK defined in this
case.

3.2.1. case of (Cbl)
Here, the cone is used for pulling the test function into X.

As the discussion of Theorem 3.8, for the interior point, we can use the
same test function v as in (3.12).

It is obvious that this function v belongs to Wi ?(Q2), and as we discussed
before, it works for maximal function method. Also,

Ty = /KF(:L',y)u(y)dy
) /¢
+%W”“U”LMQ [ Pt + o).
JB JK

£g 27

where

0, if/ Uddr - /FCJ,D.rdy:O
K
“©= — D (@, )G (0) (. =Py )W)y

otherwise.
00907”‘M N/q(fB quCC l/qu 7y CIO»T'(y)

Tg.2r
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We have, similar as in the proof of Theorem 3.8, |z9] < 1, if only Cj is
chosen properly. That is, taking count of [, I'(z,y)u(y)dy € X, Tv € X,
then

v € K.

Therefore, we have a local Caccioppoli type reversed inequality for
maximal function as (3.6) and a finite cover. As almost the same as we
have done before, we have the interior estimate.

On the boundary, we should consider it carefully in another way. Notice
here, the test function defined in (3.12) no longer satisfies the boundary
condition of K if z; is on the boundary of §.

Let 2o € 9. Without any loss in generality we may suppose that the
boundary near z is {(z1,---,2zn), #1 = 0} and {z; > 0} corresponds
to 1. We choose

i— 1/q
v = {u + C:to,r (CO'TII\[ N/q(fB r qu:E) w - u>’ if z1 >0,

0, otherwise.

as a test function, where (,, ,, w are as before.
Then, v € W)'?(Q) and

Tv = / 'z, y)udx
JK

e ( /
Bw(%?"

- [ Pty
= /1 INa, y)udx

1/q
qum) / Tz, y)yr " %y (y) dyw
JK

1/q p
+ co(/ qu“) / P, )y, 2 (y)dy(w + Bozo) € X,
JB., 2 JK

if only |lzollz= ) < 1, where

0, if / Uldz =0 or / Fyf'I_N/quO,rdy =0,
B K

“= = Ji L@, 9) oo r (w)u(y)dy
Cobo( [y, , Utda)V/2 [, D, gyt ™G, (0)dy

T

otherwise.
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But,

/K Dz, )G (y)uly)dy

. i . 1/q
<C / I‘(:my)yf"”/"(/ lag‘fulwx) Cenr(y)ely

K

wg,2r

. 1/q , i
=cueo( [ U"dm) [ Tt s, (316)
J B

g2 JK

where, by noticing

Fu =0, j=01-- M-1,

=0

we have

max la(yr,y2, - yn)l SCyi”*MP (/ qu:L') . (3.17)
B

yEBIO.'zrﬂ{'l/l >0}

. &gy 20

with C' being independent of 7.

The inequality (3.17) comes from the imbedding theorem on the boundary
presented in p433, Corollary 2. of [22] (¢ can be chosen properly).

When Cj in (3.16) is properly chosen, it leads to

HZOHL°°(9) <L

Namely
v e K.

Then we have a Caccioppoli type reversed inequality as (3.6) over (2,
by the finite covering, the regularity results run over the domain (2. The
estimate (3.8) then holds but depending on 7, which can be determined
by given data, and ||I'||p . r1(x)) as well.

Now, there comes

THEOREM 3.11. — If the operator A satisfies the assumptions (A1)-(A2); K
is defined by (1.3) verifying (C1) and (Cbl), T being an integral operator
defined in (3.13), where K is a subset of Q with 0K € C%; ¥ = (;
then the solution u of problem (1.1) with the closed convex set K, belongs
to WM’I%E(Q) for some O < ¢ < 1. More precisely, (3.8) holds with C
depending on |||« o 11 (k) and the cone C in addition, but independent
of d, and Ry.

Similarly, Corollaries 3.3, 3.4 also hold for this case. O]
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3.2.2. case of (Ch2)

On the boundary, we can choose v as (3.9), while in the interior we can
choose v as (3.2) to be test functions, which work for maximal function
method and are in K.

On the boundary, we can use Lemma 2.2 and the fact D7u|sq = 0 for all
0 < j € M — 1. The other discussion is similar to the one in the interior,
we only write the details about interior points here.

In fact,

]TV' Cro r( - To QT))I
/ I, ) [1(y) = oo r ()t — Py ) ()]

S e .20 (k) ||"||9'

. 1/p
+ Cy pMAN (G / IT(z,y ] Coor(y )dy(/ U”d:v)
B

Tg.2r

< Ry, (3.18)

if only 0 < r < 79 and ry is small enough such that

i/p
o NG [ e ([ vra)
JB

JK xp.2r

< Ry — [T oo o, 0 (k) - Hlullor,

which can be done since M + N(1/6' — 1/p) > 0 and u € WMr(Q).
Therefore,

Tv e Bop, CX

by (Cb2).
Then we have

THEOREM 3.12. — If the operator A satisfies the assumptions (A1)-(A2); K
is defined by (1.3) verifying (C1) and (Cbh2), T being an integral operator
defined in (3.13), where K is a subset of Q with 0K € C"'; ¥ = (;
then the solution u of problem (1.1) with the closed convex set I, belongs
10 WM (Q) for some 0 < & < 1. More precisely, (3.8) holds with C
depending on ||U'|| (o, o)) in addition, but independent of d.,.

Similarly, Corollaries 3.3, 3.4 also hold for this case. g
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3.3. T is an integrodifferential operator
Now let the operator T' in IK be defined as
Tu = / U(x,y)Fu(y)dy, (3.19)
JK
where K is any open subset of {2 with boundary belonging to C'*~11; F
is a linear differential operator as (2.2), with d,(x) € C°(RY), k < M;

and the kernel I' satisfies

T(z,y)|"dy < C. Vi € and some positive constant . (3.20)
Q

Np : .
G N> (M= k)p.
where 7 = ¢ > 1, it N=(M - k)p,
1 it N < (M- k)p.

It is easy to verify that 7" defined in (3.19) satisfies (C2).

As in last subsection, for this problem, besides (C1), (C2), we also need
more conditions for X and T. That is, one of the follows is additionally
required:

e (Ccl) X contains a cone C vertexed at the origin with é # 0
['(x, y)=constant, F" in (3.19) defined by (2.2) verifies (2.3), with k < M,
M > N/p; K = Q or do(2) € CYYK).

e (Cc2) X contains a ball Byg,, [' € CY, L7(Q)), and Ry >
T (z, )| L= (0,7 ()« || Ful L where 7 is defined in (3.20) and u is
the WP_solution of the problem (1.1) with closed convex set K defined
in this case.

Remark 3.13. — Under (Cel), if Kk = 0 and dy = 1. it is the case we
discussed in last subsection, when we need not require I' to be a constant
but a C°(£2, L*(K))-function. Also, the set K may be any subset of {2 with
C"! boundary. O

3.3.1. case of (Ccl)

We do not lose any generality if we assume that ['(z.y) = 1.
We denote

bo(x) = Z (—=1)*0%d(x).

|n<k
thus, by (2.3) we have
bo(z) >0, ae. z €l (3.21)
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As in previous subsections, the cone is used for pulling the test function
into X. It should be careful to deal with the point in Q2 but on the boundary
of K.

Let G and A as before in subsection 3.1.1, 0 < 2ro < min{l, A}.
Considering zo € G and 0 < r < rq, let us define a test function v in K
for maximal function method.

If K =, take any ¢ € G, there exists 0 < 7 < ry small enough such
that 3., 2, C €, define a test function v as (3.12).

Let us show that v € K. In fact, it is obvious that v € B, and v satisfies
the boundary condition of K, and by Lemma 2.5,

Ty = / Fydax

N

. 1/q
— / I:Fu +F (Qvu,r I:COwTMN/q ( / U (l.’17> _(u _‘P.'r[),Qr)] >:' dr
JK J By

= [ Futer Y[ duto)

0< || <k ¥ Fro2r

1/q
: 07 <C:Er).,'r [Cﬂwrl\[—N/q (/ qu.TI) _(u - P$0~27‘):| > dx
By o2

= /‘>Fud:1:+/1‘3 (Z(—l)“aﬁda(w)Km,r

JK £, 27 |Q'Sk

1/q
~ {Cow'r'M_‘v/q</ qu.’l,'> —(u - P,,m’g,,)} dx
JB,,

Q.

= Fudz

JK

+ COTI\I—N/q/

bo(2) ey rd ( /
Big.2r B

/' Bay 2

1/q
U‘fdm) (w + Boz0),
where 6 is a constant chosen as in Lemma 2.4, and

0, if/ U“dw-/ boCey pdz = 0
. B

S DByg 2r

B2
Z0 = _ jB.n,,,-grbOC“"'(u — P, 00 )dz

— , otherwise.
CoblgrM—N/a fB ]‘Zrbocl,u,rdrlr(mev‘zTUQda?)l/q ;

T

Notice, the coefficient of the w + ¢z in the above formula is not negative,
and [, Fudz € X, so that by Lemma 2.4, [, Fvdz € X, as long as
llzol] L=y < 1, which can be verified as before by choosing proper Cj.
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That is, this test function v is the one we wanted.

If K C Qbut K # (), then, the following cases are considered separately:

a) If zg € ]0( NG, we can discuss it in the same way as the case of K = ()
above by choosing 0 < r < 7 small enough, such that B, », C K.

b.) If x4y € KNG, in a similar way of the case K = {2, we also can discuss
it, but by use of the second part of Lemma 2.5, and the fact d,, € CA"I(K ).

c) If xg € G\?, then, when 0 < r < rg small_enough, there exists a cut
off function (., ., such that supp((,,.) C G\K. Set

V=u- C.L'n,'r(u - P.’I’[.,Q'}‘)«

therefore _ ‘
/ Fyvdz = Fudr € X.

JKR K
Hence, combining a.)-c.), as well as having the discussion on case K = {2,
we have,

y e K

holds in any case presented in the theorem for this operator.

Thus, we have a local Caccioppoli type reversed inequality for maximal
function as (3.6) and a finite cover in §2. By the same steps as we have
done before, we have the interior estimate.

As in the last subsection, without losing the generality, for zo € 0€1, we
suppose that the boundary near ¢ is {(x1, -, 2x), 717 = 0}, and {1 > 0}
corresponds to €2, we can choose the test function v as (3.15) for . It is
not difficult to see, this function is in W, *(£2). Then using Lemma 2.2, in
a similar way as the discussion on the interior points, by noticing (3.17),
we also can have the same boundary estimate as the interior one.

So that

THEOREM 3.14. — If the operator A satisfies the assumptions (A1)-(A2); K
is defined as (1.3) verifying (C1) and (Ccl), T being an integrodifferential
operator defined as (3.19), where F is defined in (2.2) verifying (2.3) for
M >k M>N/p, K=QorK is a subset of Q with 0K € CM~11 and
de € CA”'(K); W = (; then the solution u of problem (1.1) with the closed
convex set K, belongs 1o WM "{—S(Q) Jor some 0 < & < 1. More precisely,
(3.8) holds with C depending on C in addition, but independent of Ry.

Similarly, Corollaries 3.3, 3.4 also hold for this case. O
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Remark 3.15. — It is not difficult to see that, under (Ccl), if there is
a kernel I'(z,y) not being a constant but a function smooth enough and
satisfying that

F:T'(xz,y) >0, forae. x,y €,

where F™ is the adjoint of F' defined in (2.2), and F; means the differentials
with respect to z, then the results obtained in this subsection can be
extended to the set K with the operator

Tu= [ T'(z,y)Fudz,

JK
where K = Q or K C Q with 0K € CM~11 and d,, € C*1(K). O

3.3.2. case of (Cc2)
In this case, the discussion is almost the same as in (Cb2). So that,

THEOREM 3.16. — If the operator A satisfies the assumptions (A1)-(A2), K
is defined in (1.3) verifying (C1) and (Cc2), T being an integrodifferential
operator defined as (3.19), where I' is defined in (2.2) verifying M > k,
and K is a subset of Q with 0K € CM~11. W = 0; then the solution
u of problem (1.1) with the closed convex set K belongs to W= (1)
for some 0 < ¢ < 1. More precisely, (3.8) holds with C depending on
IT|| L (0, (k) in addition.

Similarly, Corollaries 3.3, 3.4 also hold for this case. O

4. THE REGULARITY BY CONVERGENCE RESULTS

In this section, we use the results obtained in [18] to get some more
regularity results by a limit process.

In the discussions of the last section, we see that a certain smoothness
of K is necessary, but, in general, the regularity results do not depend so
strongly on this assumption on K. So that, there is an expectation to weaken
this smoothness assumption. The discussions on the convergence of closed
convex sets (see [18], [20]) make this expectation possible.

We give some applications of the convergence of the closed convex sets
here, thus we extend the regularity results obtained in the last section.

The convergence of the closed convex sets we discuss here is called the
convergence in Mosco sense and/or in local gap. It is stated in [24] and

Vol. 14, n® 6-1997.



750 J. LIANG

[25] that the convergence of the closed convex set in Mosco sense will
imply the convergence of the solutions of problem (1.1) if A is monotone
(so that the solution is unique). Also discussed there is the convergence of
the solutions for a sequence of operators {4, },.

To study our problem, first of all, we list some definitions and theorems
about the convergences we will use and we already have. More results
about Mosco convergences can also be found in [3] and its references, as
well as in [18].

DEFINITION 4.1 (see also (9], {21)). — An operator A : V — V' is called
pseudo-monotone if for every w,, such that w, — w weakly in V when
n — 00, and limsup,, (Aw,, w, —w) < 0, then

hminf{Aw,,w, —v) > {(Aw,w—v), YveV. O
Remark 4.2. — We notice that when the operator A of problem (1.1)
satisfies the assumptions (A1)-(A3), A is an operator of the Calculus of

Variations (in the sense of Leray-Lions), so that it is pseudo-monotone by
a result of [21] (pp182-183). [

DEFINITION 4.3. ~ Let V be a Banach space, {KK, },, a sequence of closed
convex sets of V. We say that K,, converges to K., in the Mosco sense, if

1] Vv € Ky, v, €K,,, v, > vasn — oo, inV,
2] w,, €K, v,, = vasn; — oc, weaklyinV = v € K, where
{K.,} is any subsequence of {K,}. O

DerINITION 4.4 (See Section 4 in [25]). — Let {K,} be a sequence
of nonempty closed convex sets of a Banach space V. We say that K,
converges to Ko, in local gap in'V, if there exists ko > 0 such that

Vko > Z’I(}, (Tks(](Kna Koo) — 0,

where o1,(X,Y) = max{c(X™ V), o(Y™ X)}, with X" = {2 €
X, |lzllv < ko}, and o(X,Y) = sup{dist(z,Y), x € X} O

Convergence in local gap results in the convergence in Mosco sense.
More discussions on these two convergences can be found in [18].

Set

K, = {v eB: T,v(z)e X, forae. xefl,

div
dv’

=0, i:O,l,...,M—l}, ne€NU{oc}, (4.1)

o0
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The following two theorems can be found in [18]:

THEOREM 4.5. — Suppose that (C1)-(C3) are verified for K,, defined in
(4.1), X also contains a small ball By g, with Ry > 0; T,, = F,, is a
sequence of differential operator of order k < M — N/p defined by

F, =) dan(x)dy,  neNuU{x}, (4.2)

lof <k

such that dy, € C<(RN), Vn, and don(z) — daoc(x) in L>(Q), as
al < k. Then, {K,}, converges to K, in Mosco sense, when
n — 0C. |

THEOREM 4.6. — Suppose that (C1)-(C3) are verified for K, defined
in (4.1), X also contains a small ball By g, with Ry > 0; T, is the
integrodifferential operator

n — 0Q,

Tnu=/ I (z,y)FLu(y)dy,
.

where the integral area K C Q with 0K € CM~VL T, satisfies (3.20), F,
is defined by (4.2) with k < M, and T",, — T in L>(Q. L™ (Q)), where 7 is
defined in (3.20), don(2) — dooo(), in L=(Q), || < k. as n — oo. Then
the result of Theorem 4.5 holds. O

Remark 4.7. — The convergences discussed in Theorem 4.5, 4.6 are in
fact, in local gap. (See [18]). |

Now, let us see a theorem about a convergence of the solution of problem
(1.1) with a converging sequence of closed convex sets as follows.

THEOREM 4.8. — Let {IK,, },,, n € NU{o0}, be closed convex sets of B such
that IK,, — K, in Mosco sense, when n — oo. If A satisfies the assumptions
(A1)-(A4), let {u,,}, be any sequence of solutions of problem (1.1) with the
closed convex set {K,,},, n € N. Then there exists at least a solution u.
of the problem (1.1) with closed convex set K, which can be approximated
weakly by a subsequence of {u,}, in B. Moreover, if A satisfies

(Au— Av,u —v) > y(||lu — v||a). (4.3)

where ~(-) is a continuous strictly increasing function from [0,400) to
[0, 4+00) with v(0) = 0 and lim, _ ., y(r) = 400, then the solutions are
unique and the sequence {u,}, converges to u., strongly in B.

Proof. — (See also [24], [25]. Since the definition of A in our case here,
which is only pseudo-monotone but has a concrete structure, is different
from Mosco’s, the proof is different as well.)
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From Remark 4.2, A satisfies (A1)-(A3), then A is a pseudo-monotone
operator.

If u,, is the solution of problem (1.1) with I,,, then by (A1), (A2) and
(Ad), reviewing (2.16), we have

/ [OMu, [Pde + (co — MC) | |u, |/ ™dx < C,
Jo Jo

where C depends on given data and is independent of n; 7y, ¢y and C are
defined in (A4). i.e. there exists R > 0 independent of 7, such that

lnlle < R. (4.4)

Thus, there exists a subsequence of {u,, },, converging weakly in B to #.....

As K,, converges to K., in Mosco sense, from 2] of Definition 4.3,
we have, 1, € K.

Also, from 1] of Definition 4.3, we know that there exists u,, € IK,, such
that #,, — ¥, in B. Then for u,, being a solution,

<*4un,~ﬁn, - un> Z ()
and

liminf({Au,, u., —u,) = limint(Au,.u, —u,)

n—oC n—oo

+ liminf{Au, 2. —&,) > 0. (4.5)

Now, we are going to show that this @, is the solution of problem (1.1)
in K., i.e. one shouid be hold
i, € K, (Al oo, Voo — o) > 0, Yo € Ku. (4.6)

In fact, for any v, € K., from 1], there exists v, € K, such that
V., — Voo in B. Since u,, is the solution in K, for these v,, € K,,, one holds

up € Kns <Aunevn - un> > 0.

Hence,

0 < lim sup{Au,,,v, —u,)

n—00
= limsup{Au,,, v — ) +Hlimsup{Au,., v, — voo) < (Allog, Voo — Uoo)s
n-—>00 n—oc
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because:
1° v, — v in B as n — oo,

lim sup{Au,,,vee — v,) — 0;
2 A is pseudo-monotone with u, — u#., weakly in B and
liminf, (Au,, . —u,) < 0 by (4.5), as n — oc, then from Definition 4.1

lim sup{Au,, Voo — ) < (Al Voo ~ Uo).

That is, @, is a solution of problem (1.1) with K.

Finally, if A also satisfies (4.3), then from Remark 2.10, the solution
u,, for problem (1.1) with closed convex set K,, is unique, n € NN {oc}.
Thus, all subsequences of {u,,}, converges to u., weakly in B, that means,
the sequence converge to u., weakly in B. Moreover, from (4.3) and
Definition 4.3, there exists u,, € K,, and u}, — u in B. So

’7(“”’11 - uOC”B) Au,, — Auge,u, — uoo>
Aunaun uoo> - <Auoo7un - oo>

(
=
= (Au,,u, —ul) + (Au,, 1), —us) — (Auce, 1, —u)
< (Aup,ul, —us) — (Auoo,un —uy) — 0,

as n — oo. That means
u, — Uo, strongly in B.

Therefore, we have proved the theorem. O
From this theorem and Mazur Theorem (see {28] p120), we immediately
have

CorOLLARY 4.9. — Let {K,,},., n € NU {oc}, be closed convex sets of
B such that K,, — K, in Mosco sense, when n — oc. If A satisfies the
assumptions (A1)-(Ad), {u,}, be any solution sequence of the problem
(1.1) with the closed convex set {K, },., n € N, then there exists at least
a solution u.. of the problem (1.1} with closed convex set I, which can

be approximated strongly by a convex combination of the sequence {u,},
in B, ie

— 0, asn — oc,

n
U, — E )\juj
j=1 8

Jor some X\; > 0,30 A\ =1. 0
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Now, we give some applications of the convergences on the regularities.

In Subsection 3.1. we have considered the regularity of the solution of
problem (1.1) being K defined through a ('™ (in fact (") operator T defined
in RY. Since in the proof. we need 7' to be smooth over 2. However. the
regularity and the converging result only depend on the L™-norm of the
coefficients of 1". Also. T' definded on € is enough. This means we can
improve this result by supposing «,, € L.™(€2) only. The discussion on the
convergence of the closed convex sets in Theorem 4.5 and Theorem 4.8
make it possible.

TheorEM 4.10. — Suppose that A satisfies (A1)-(Ad), K is defined
in (1.3) verifving (C1)-(C3), where X contains a ball Byp,. T is
a differential operator F defined in (2.2) with Ry > maX{HdUHm-
MaX gorution |14 oc |- ()}, do € L7(Q) only, |o) < k with M —k > N/p.
Then there exists a solution u of the problem (1.1) with closed convex set

K such that the results of Theorem 3.1, 3.2, Corollary 3.3, 3.4 still hold
for this solution.

Proof. — Let

T00 = Z dnood?

Jor| <k

be the operator satisfying the assumptions of this theorem, d, .. (x) is defined
in RN, (iuoc = du on Q, dnoc € L%(RA)/ and ||dn:>o”L"°(RN) < ”d(y”Lx(g».
Then T.. = T on 2. We can find a sequence of {7}, such that T}, is
defined as

T, = dandy,  neN (4.7)

ol <k
with d,,, € C>(R"Y), and
en (1) = donc (), in L(Q), as n — oc.

Then,

T, — Tn. in L(WMP(Q).L7(RQ), asn— . (4.8)

Letting I ,,, n € NU{oc}, be defined as in (4.1) with operator T,, defined
in (4.7), by Theorem 4.5 and (4.8), we know that {IK,}, converges, in
Mosco sense, to I€.,, where K. is the K considered in this theorem.
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Notice that in the converging process, the corresponding the solution
sequence depends only on max,|< ||danl|/z<@~), Which is bounded by
max|ai<k [|dacoll=@y) + 1.

That is, by Theorem 4.8 and Corollary 4.9, there exists a solution u,
of problem (1.1) with a closed convex set K, and a convex combination
of the sequence of {u,},, - the solutions of problem (1.1) with the closed
convex set I<,,, such that

n
E Ajuj = uoe =u, inB,
=1

as n — oo.
By Theorems 3.1 and 3.2, there exists 0 < ¢, < 1. such that

u, € W= ().

Reviewing the proof of Theorem 3.1 and 3.2, we find out that the norm

““n“wm,l_ﬁ - and ¢, depend uniformly on the L>*-norms of d,,, for

|ce| <k, with respect to n, so are the norm || 3°7_ /\_,-ujHWM»% , where
m N

gl = ming<j<n{e;}. Then taking o = min;>o{e;}, which is positive by

the uniform argument, from Vitali theorem (see {27] p59), we have
u € W (),

for some 0 < g9 < 1. The other results then follow. O

THEOREM 4.11. — Suppose that A satisfies (A1)-(A4); K is defined in (1.3)
verifying (C1)-(C3), where X contains a cone C vertexed at the origin with

(03 # 0 and a ball By g, with Ry > 0, T is an integral operator defined
by (3.13), with K C Q, 0K € C%, T' > 0 is only in L>*(Q, L{(K)),
M > N/p. Then there exists a solution u of the problem (1.1) with closed
convex set I, such that the results of Theorem 3.11 and corresponding
Corollary 3.3, 3.4 still hold for this solution.

Proof. — By using Theorems 4.6 (when the order k of F,, equal 0),
choose T, = [ dyl,(x,y), with T\, € C>(2 x ) converging to
I'in L>(Q, L'(K)), so that T, converging to 7" = [, dyl(z,y). in
LWMP Q) L>(Q)).

Then noticing the uniform estimate (3.14), by Theorem 4.6 (when k& = 0),
we have IK,, — K in Mosco sense, where K,, and K defined by (4.1) and
(1.3) respectively, with operator T;, and 7" defined above respectively. So, by
Corollary 4.9 there exists a solution u# of problem (1.1) with closed convex
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set K and a convex combination of the sequence of {u,},, - the solution
of problem (1.1) with closed convex set K, such that 377, Aju; — u.
in B. but by Theorem 3.11, u,, € WI‘I‘T:ZT(Q) uniformly with respect to
n, s0 are 3", Aju;. Then by Vitali theorem, u € W5 (), for some
0 < gg < 1. Thus, the results follow. ]

Similarly, we have

THEOREM 4.12. — Suppose that A satisfies (A1)-(Ad), K is defined
in (1.3) verifying (C1)-(C3), where X contains a ball By p,. T is an
integral operator defined by (3.13), with K C Q, 0K € C%L. T being
only in L>=(Q, L*(K)), 0 defined in (3.14); Ry > ||IT|1~.10(r)) -
MaXolution | ||#]|er }- Then there exists a solution u of the problem (1.1) with
closed convex set K, such that the results of Theorem 3.12 and corresponding
Corollary 3.3, 3.4 still hold for this solution. J

The following result is much more advanced in a certain sense than the
one obtained in Subsection 3.3. Review the proof, we can see that the
assumption on the coefficients of d,, in F is at least C'*(R™), but the
regularity result does not depend on the C!*l-norm but L°(K)-norm (or
W (K )-norm if K # Q) of d,,. That is,

THEOREM 4.13. ~ Suppose that A satisfies (A1)-(A4); K is defined in (1.3)
vertfwng (C1)-(C3), where X contains a cone C vertexed at the origin with

C # B and a ball By g, with Ry > 0, T is an integrodifferential operator
defined in (3.19) satisfying

/ Y o) C(w)de > 0. 0 <V((x) € O (RY), (4.9)

|| <k
with T being a constant, K = Q and d, € L>(K) only; or K C Q,
K # 0, 0K € CM" and d, € W™M(K), for M —k >0, M > N/p.
Then there exists a solution u of the problem (1.1) with closed convex set

I, such that the results of Theorem 3.14 and corresponding Corollary 3.3,
3.4 still hold for this solution.

Proof. — The proof is almost the same as the one of Theorem 4.10. By
using Theorems 4.6, we can choose

I‘n = / (1.’17F1, = / dx d(yn d”
JK JK Z

jaj<k

with d,,, € C(RY) converges to d, in L>(K) (or in Wf(l“ “(K),
if K ¢ @ and K # (1), so that, by (4.9), when n is big enough, F;,
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verifies (2.3). Therefore T, converges to

T:/ de:/ dz Y do ()0,
JK J K

lal<k

in L(W?(0),L>(9)), and T, satisfies the conditions of Theorem 3.14.
By Theorem 4.6, IK,, with operator T, converges to K with operator 7 in
Mosco sense. Then by Corollary 4.9, there exists a solution u# of problem
(1.1) with closed convex set IK and a convex combination of the sequence
of {u,}., - the solution of problem (1.1) with closed convex set I,
such that 27:1 Aju; — u, in B, but by Theorem 3.14, u,, € WM"FPTH‘(Q)
uniformly with respect to n, so are 3", A;u;. Then by Vitali theorem,
uc W‘”’ﬁ(Q)’ for some 0 < g9 < 1. Thus, the results follow. O

Similarly, consider also I';, — T' in L>(), L"(K)) and d,, — d, in
L>®(K), we have

THEOREM 4.14. - Suppose that A satisfies (A1)-(Ad); K is defined in
(1.3) verifying (C1)-(C3), where X also containing a ball By g, T is an
integrodifferential operator defined in (3.19) with order of F, k < M,
and K C Q, 0K € CM=11 T € L=~(Q,L™(K)), d, € L>=(Q) only, for
la] < k: Ry > [T\~ @, (K)) - MaXsotution ||Ful|r. Then there exists a
solution u of the problem (1.1) with closed convex set IK, such that the
results of Theorem 3.16 and corresponding Corollary 3.3, 3.4 still hold for
this solution. U

At last, the author would like to thank Dr. L. Santos for some helpful
discussions on this paper.
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