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ABSTRACT. — We use W approximations of minimizing sequences
to study the growth of some quasiconvex functions near their zero sets.
We show that for SO(n), the quasiconvexification of the distance function
dist?(-, $O(n)) can be bounded below by the distance function itself. In
certain cases of the incompatible two elastic well structure, we establish
a similar result. We also prove that for small Lipschitz perturbations of
SO(n) and of the two well structure, the Young measure limits of gradients
supported on these perturbed sets are Dirac masses.

1. INTRODUCTION

The study of Young measures limit of gradients [KP, BFJK] supported
in various compact sets in MY *" and quasiconvex relaxations of certain
distance functions to these sets are very important subjects in the study of
martensitic phase transitions and optimal design problems (see [CK, BJII,
BJ2, F, K, KS]). As far as I know, explicit relaxation formulas are hard to
obtain and there are only a few known examples [Dal, Da2, KS, K, D2,
DR]. Therefore, the study of the behaviour of quasiconvex functions is very
difficult because we cannot work on them directly. It is closely related to
the analysis of quasiconvex hulls of the neighbourhoods of the zero sets for
given non-negative functions and the stability problems related to Young
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760 K. ZHANG

measures under perturbations. In this paper. we give some examples where
we can estimate the growth of certain quasiconvex functions of the form

F(P) = Qdist’ (P, K)

for some closed subset K C M™*", where M™*" is the space of all
N x n real matrices, without knowing the exact formula of F(P), and
where Qdist” (P, K') is the quasiconvexification of dist”(P, K'), and p > 1.
We establish these results for SO(n) and for two incompatible elastic
wells SO(n) U SO(n)H when H satisfies the technical condition (1.3)
below. The p-th power of a distance function to a given compact set is
the simplest function from geometric point of view and the quasiconvex
relaxations of this type of functions give information of quasiconvex hulls
of the neighbourhoods of the zero sets of the original functions.

The main results are the following.

TueoREM 1.1. — Suppose n > 2. Let F(P) = Qdist’(P,SO(n))
be the quasiconvexification (cf. [Dal, Da2], also see Definition 2.1) of
dist*(P,SO(n)), P € M"*". Then there exists a constant c(n) > 0, such
that

e(n)dist’ (P, SO(n)) < Qdist*(P. SO(n)) < dist>(P,SO(n))  (1.1)

for all P ¢ M™*",

The method we use for proving of Theorem 1.1 applies to two
incompatible elastic wells under a further technical condition. Let n > 3 and

K = SO(n)uSO(n)H. (1.2)

where SO(n)H = {RH. R € SO(n)}, and H is a n X n positive definite
diagonal matrix satistying

n+n detH ~ tradjH — trH > 0. (1.3)

It was proved in [Ma, Sv] that the quasiconvex hull of K defined by (1.2)
remains K itself under assumption (1.3). We have,

CoROLLARY }.2. — Suppose n > 3, K is given by (1.2) with H satisfying
(1.3). Then, there exists a positive constant c(n, H) > 0 such that

c(n, H)dist*(P, K, ) < Qdist?>(P, K) < dist’(P, K). (1.4)

We also study the Young measure limit of gradients ([KP, BFJK])
supported ‘near’ SO(n) and SO(n) U SO(n)H. We give some estimates
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of the quasiconvex hull of the e-neighbourhood of these sets. This problem
is related to the stability of ‘one-well” and two incompatible well structure
when n = 3. For a compact set K C M~Y*" | let

K, ={P¢c MY dist(P,K) < «}

and let Q(K,) be the quasiconvex hull of K, for & > 0. We have

CoroLLARY 1.3, — Assume (1.3). There exist constants C(n) > 0,
C(n,H) > 0, such that

Q(S0(n).) C SO(n)c(n)e

and

Q([SO(n) U SO(n)H]e) C [SO(n) U SO(n)H]c(n. e

for all € > 0.

We always assume that 2 C R™ is a bounded open and connected set with
smooth boundary. Let f : SO(n) — M™*™ and g : SO(n) U SO(n)H —
M™*™ be Lipschitz functions such that

f(P)l<e.  |f(P)-fQI<elP QI P,Q€SO(n), (15

lg(P)i<e. |g(P)—g(@)] <elP-Q, P,Q € SO(n)uSO(n)H,
(1.6)
for some ¢ > 0.
We have

THEOREM 1.4, — Suppose that f and g are defined as above, let K¢ and
K, be their graphs, respectively, i.c.

K;={P+ f(P), P € SO(n)},

K, ={P+g(P), P € SO(n)USO(n)H}.

Let (u;) be a bounded sequence in WP (Q;R™), 1 < p < oo, such that
w; — w in WHP(Q;R™) and dist(Du;, K;) — 0 (dist(Du,, K,) — 0,
respectively) almost everywhere as j — oo. Then, for sufficiently small
€ > 0 and up to a subsequence, Du; — Du almost everywhere. In other
words, Ky and K, support only trivial Young measure limit of gradients
(see Theorem 2.4 for the definition of Young measures).

Similar to Theorem 1.1, we have

CorOLLARY 1.5. — Suppose that n > 2, and let f and g satisfy (1.5) and
(1.6), respectively, for € > 0 sufficiently small. Let F(P) = Qdist*(P, K ),
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762 K. ZHANG

and let G(P) = Qdist*(P. K o) be the quasiconvexifications of dist*( P, K )
and dist*(P, K ), respectively. Then there exists a constant c¢(n.,€) > ()
such that

c(n, e)dist®(P, Kf) < Qdist*(P. K;) < dist*(P, K ),

c(n, e)dist’ (P, K,) < Qdist*(P, K,) < dist’>(P, K,).

for all P € M™ ",

The methods we use to prove Theorem 1.1 are: (i) an approximation of
W12 minimizing sequences by W1 > sequences (Lemma 3.1), using the
maximal function method through a modified version of [Z, Lemma 3.1];
(ii) V. Sverdk’s idea of showing that a sequence is a Cauchy sequence [Sv].
To prove Theorem 1.1 and Corollary 1.2, we have to make use of the special
structure of the sets concerned, that is, both SO(n) and SO(n)U SO(n)H
have the property

(adjP ~ adjQ) - (P — Q) > o|P - Q],  P.Q € SO(n) U SO(n)H

for some « > (), where adj P is the transpose of the cofactors of P € M™*"
(see [Sv]). In order to use this property, the sequences under study should be
in WL at least. When n > 3, our sequence is bounded in W2, therefore,
we have to approximate the original sequence by a bounded sequence in
W'~ 1 do not known how to bypass Lemma 3.1 and prove the result
directly. The approximation lemma (Lemma 3.1) stands on its own right.
It gives an estimate of the minimum energy of quasiconvex relaxations for
distance functions dist”(-, K') for general compact sets K C M*~*" when
we only minimize the energy on a set of bounded W functions.

In §2, notation and preliminaries are given which will be used to prove our
main results. §3 is devoted to establishing the approximation lemma which is
crucial to the proof of Theorem 1.1. In §4, we prove the results stated above.
To conclude this section, we justify that the function dist?(P, SO(n)) is
not quasiconvex itself. In fact, it is not trivial to prove it.

PROPOSITION 1.6. — dist(-. SO(n)) : M™ ™ — R is not quasiconvex.

Proof. — Let f(P) = min{|P — A%, |P — B|*}, where A, B € MN¥*"
are fixed matrices. It was established in [K] that the quasiconvexification
Qf of f has the explicit form

QIP) = 01;0121 {|P —0A - (1 —0)B*>+6(1 —0)[|A- B|* - /\max]},
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QUASICONVEX FUNCTIONS. SO{n) AND TWO ELASTIC WELLS 763

where A, is the greatest eigenvalue of the matrix (A — B)T (A — B).
Now, set A = [. B = .J. where [ is the n X n identity matrix,

L 0
/= < 0 [ll—2>

where {» and I, ., are 2 x 2 and (» — 2) X (n — 2) identity matrices
respectively. Consider F'(P) = min{|P — I]?, |P — J|*}, P € M"™*". we
have F/(P) > dist’(. SO(n)), since I,.J € SO(n). If dist?(P, SO(n))
was quasiconvex. by Definition 2.2 below, QF(P) > dist*(P, SO(n)), for
every I € A["*"_ In particular, QF(0) > dist*(0, SO(n)), where 0 is the
n x n zero matrix. We have

dist?(0, SO(n)) = n
and if we notice that A,,.. = 4 when A = I, B = J, we have

QF(0) = win {101+ (1= 60) 7+ 0(1 = )1 — J> — Aax }

0

Il

b ¢ 1 — — 2 — 2 —

no— 2+ ()Igngllgll {|912 (1 =6)L|" 4+ 6(1 — 9)[|212] )\max]}
oy € : _ 132 _ —y

=n—-2+ 01515121{2(29 1) +46(1-6)} =n—1.

Contradiction. The proof is complete. O

2. NOTATION AND PRELIMINARIES

Throughout the rest of this paper 2 is a bounded open subset of R™. We
denote by M~ *" the space of real N x n matrices with the RV™ metric;
hence the norm of P € M™*" is defined by | P |= (trPT P)/2, where
tr is the trace operator and P7 is the transpose of P. The inner product
of two matrices in MN*" is P-(Q = trPTQ. For an n x n matrix P,
denote by adjP the transpose of the cofactors of P. SO(n) is the set of
all rotations with determinant 1. For a compact subset K C MN*" et
convK, diamK and ||K|| be the convex hull, diameter and the norm of
K, respectively, where

K|l = sup{|P|, P € K}.

We write Co(§2) for the space of continuous functions ¢ : @ — R
having compact support in 2, and define CJ(2) = C'(Q) N Co(NQ). If
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764 K. ZHANG

1 < p < oo we denote by LP(Q;RY) the Banach space of mappings
w:Q— RN w=(uy. - ux),such that u; € LP(€Q) for each 4, with norm
lull o ryy = Z:Ll l|wil| 2# (52 Similarly, we denote by W' (Q,RY) the
usual Sobolev space of mappings u € LP({2; RY) all of whose distributionat
derivatives g};; = Dju;, 1 <i <N, 1< j<mn, belong to L*(Q).
WLe(Q RY) is a Banach space under the norm

lullwseryy = llwllrryy + 1Dl pears <,
where Du = (Dju;), and we define, as usual, W,"(;RY) to be the
closure of C5°(Q;RY) in the topology of WP((2: RY).

Weak and weak * convergence of sequences are written as — and —.
respectively. If H ¢ MN*" P ¢ MY*" then we write H + P to denote
the set {P+Q: Qe H}, jH = {jx, x € H} for an integer j > 0. We
define the distant function for a set K ¢ M™*" by

f(P) = dis(P.K) = inf | P~ Q]

DEFINITION 2.1. (see Morrey [Mo], Ball [Bl1,BI2], Ball, Currie and Olver
[BCO]). — A continuous function f : MN¥*™ — R is quasiconvex if

/L f(P+ D¢(x))dx > f(P)meas(U)

or every P ¢ MN*" ¢ € CHU;RY™), and every open bounded subset
. ¢ 0 Y
U c R™

For a given function, we can consider its quasiconvexification
(quasiconvex relaxation):

DErINITION 2.2. (see Dacorogna [Da]). — Suppose f: MY " — Risa
continuous function. The quasiconvexification of f is defined by

sup{g < f: g quasiconvex }

and will be denoted denoted by Qf.
PROPOSITION 2.3. (see Dacorogna [Da]). — Suppose f : MN*" — R is

continuous, then

Qf(P)= inf -1—/(;f(P+D¢(x))d;1:, (2.1)

pece (:rV) meas(Q) |

where Q0 C R™ is a bounded domain. In particular the infimum in (2.1) is
independent of the choice of Q.
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We use the following theorem concerning the existence and properties
of Young measures from Tartar [T]. For results in a more general context
and their proofs, the reader is referred to Berliocchi and Lasry {BL], Balder
[Bd} and Ball [BI13].

THEOREM 2.4, — Let (2)) be a bounded sequence in L>°(2;R*). Then
there exist a subsequence (")) of (2\9) and a family {v,} .cq of probability
measures on R®, depending measurably on x € §Q, such that

FE) v, £(9) in L>(Q2)

for every continuous function f : R® — R.

We say that v, is a trivial Young measure at x €  if v, = 64 for some
A € R®, where 64 is the Dirac mass at A.

Suppose that Q@ C R”. A family of parametrized measures {v, },cq is
called a Young measure limit of gradients [BFJK, KP], if it is generated
by a sequence of gradients Du; with (u;) bounded in W1P(Q,RY).

Let 7 > 0 and z € R", set B(z,r) = {y € R" ;| y — z |< r} and
meas(B(z,7)) = w,_17", where w, _1 is the area of the n — 1 dimensional
sphere.

DEFINITION 2.5. (The Maximal Function). — Let w € C3°(R"™). We define

(M*u)(z) = (Mu)(z) + Z(MUQ)(I‘)

a=1

where we set

1
e =sw o [ )y

for every locally summable f.

Lemma 2.6. (cf. [S, Ch1]). — If f € LP(R™), 1 < p < o, then for
every A > 0

meas({r € R (M)(#) > A}) < 1 / F[P da.

Lemma 2.7. - If u € C§°(R™), then M*u € C°(R") and

u(e) [+ | |< (M*u)(a)
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766 K. ZHANG
Jor all x € R". Moreover (see [20]) if p > 1, then
1M )| ey < e p)ull ey

and if p > 1, then

meas({r € R" : (M*u)(z) > A}) < ((7)7\1);0) Null§ i g

for all X > 0.
Lemma 2.8. (see [AF.L]). - Let w € C§g°(R™) and A > 0, and set
HY={x e R": (M*u)(z) < A}
Then for every x,y € H* we have
) =] ¢

LemMA 2.9. — Let X be a metric space, E a subspace of X, and k a
positive real number. Then any k-Lipschitz mapping from E into R can be
extended to a k—Lipschitz mapping from X into R.

For the proof see [ET, page 298].

DerINITION 2.10. (see [ET, page 234]). — Let Q C R™ be open. Let
B C RP be a Borel subset. A mapping

f:QxB—R(:=RU{-00.00})

is said to be a Carathéodory function if
(1) for almost all x € Q, f(x,-) is continuous on B,
(2) for all a € B, f(-,a) is measurable on (1.

We will not introduce the more general notion of normal integrals to
which the Measurable Selection Theorem applies (see [ET, page 234]).

THEOREM 2.11. (The measurable selection theorem (see [ET, page 236]).
— Let B be a compact subset of R and g a Carathéodory function of {2 x B.
Then, there exists a measurable mapping i : Q0 — B such that for all ¢ € $:

g{z,u(x)) = zléig{g(:zr, a)}.
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A direct consequence of Theorem 2.11 is the following:

PROPOSITION 2.12. — Let B C RP be a compact subset and let v : Q@ — R?
be an integrable mapping. Then there exists a measurable mapping
w: 2 — B such that for all x € )

|u(z) — 4(z)| = dist(u(z), B).
We conclude this section by giving the definition of quasiconvex hull

QK of a compact set K C M~*", and some simple properties of it. We
use a more restricted definition than that in [S].

DEFINITION 2.13. (see [S]). — Let K C M™N*™ be non-empty and compact.
The quasiconvex hull QK of K is defined by

QK = {X € MY*" f(X) < sup f(Y), f: MN*" — R quasiconvex}.
YeK

ProposiTION 2.14. — For any 1 < p < oo
QK = {X e MY Qdist?( X, K) = 0}.

Proof. — Let K1 = {X € MY, Qdist’(X,K) = 0}. Obviously,

QK C K;. Let f: MN*" — R be any quasiconvex function. Let
ay = sup f(X)
XeK
and
fo; (X) = max{f(X) — ay, 0}.

It is easy to see that f,, is quasiconvex, QK C fa‘,fl(O) and QK =

Ny f;fl(O). We may assume that f(;fl(O) is compact, otherwise, take the
convex function

g(+) = dist*(-, convK),
which is the squared distance function to a convex set. Therefore f,, +g is
quasiconvex. We claim that (f,, +¢)~'(0) C convK, hence it is compact.

This is easy to see because f,, > 0 and g~ 1(0) = convK. We have, for
any fixed 1 < p < oo,

Qdist? (X, fa_fl(())) < dist? (X, fa_fl(O)) < dist? (X, K)
for all X € MY*". Since Qdist”(X, f;!(0)) is quasiconvex, we have
Qdist” (X, £5(0)) < Qdist”(X, K).
From [Z, Theorem 1.1] and its proof, we see that for a compact zero set

fa fl(()) corresponding to a nonnegative quasiconvex function f, ., and for
any 1 < p < oo,

fH0) = {X e MM", Qdist? (X, f}(0)) = 0}.

Hence, K; C fa”fl(O)) for every quasiconvex function f, thus K; C QK.
The proof is complete. [
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3. THE APPROXIMATING LEMMA

In this section we establish our main approximation lemma which applies
to general compact sets in MY *",

Lemma 3.1. — Suppose that K C M™*" is a compact subset. Let
1 <p< oo Let P € MN*" be such that

0 < a=Qdist"(P. K).

that is,

a= inf / dist?(P + D¢, K )dx,
D

GECT(DRY)

where D = (0, 1)™ C R™ is the unit cube. Then there exist a minimizing
sequence (u;) bounded in Wy " (D.RN), such that

lim / dist?(P + Du;, K)dx = a.
I Jp

u; — 0 in Wy?(D,RN), a bounded sequence (g;) in W>=(D,RN), and
a constant C(n, N.p) such that

/ |Duj — Dg;|Pde < C(n.N.p)a+ 1, (3.1)
D

where n; — 0 as ) — o0,

g;llw1.=pry) < Cln, N.p)[a'’? + diam(K)], (3.2)

and )
lim inf / dist”(P + Dg;, K)dz < C(n, N, p)a. (3.3)

j—‘fx) . D

Proof. — Let ¢; € C5°(D,RY) be a minimizing sequence
/ dist? (P + D¢,, K)dz = a +¢; — a,
JD

as j — oo, where ¢; — 0 is a nonnegative sequence. Let Kp = {4 — P,
A € K}, and set

|Kp|l = sup {|l4 — Pl|}.
4K
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It is easy to see that
|Kp|| < dist(P, K)+ diamK.
We have

/ dist?(P + D¢;, K)dx = / dist?(Dé;, Kp)dr — a
Jp Jp

as j — oo. Since Kp is compact, we sec that (D¢;) is bounded in
Wy (D,RY); in fact, since

a+e€; = / diStp(ngj,Kp)d.’L' > 3=(-1)
Jp
X / D, [Pdz — dist?(P, K) — (diamK)?,
Jp
we have
/ |Dé;|Pdx < 3°7 a + ¢; + dist?(P, K) + (diamK)P).
JD
Extend ¢; to be defined in R™ as a periodic function, and then let
1 .
uj(z) = j(/)J(jl)
for j = 1,2,..., and x € D. It is easy to see that (u;) is bounded in
Wy P(D,RY) and up to a subsequence, u; — 0 in Wy *(D,RN). Let
B(0,A) be a ball in MN*" such that Kp C B(0,A) and 2-®P~DAP >
| Kp||”. Extend u; by zero outside D, we see that u; € Ci°(R™,RY)

1 N
and ||uA,'H‘,V01,p(R,L‘HN) = lujllwrepanys v = (ug ),..‘,ug- ). For each
fixed 7, i, define

N
HY ={r eR": (M u{")(z) <A},  H}=()H}, X>3nA
=1

Lemma 2.8 ensures that for all z, y € H?,

| ul () — ul(y) |
|y — x|

Let g_gj) be a Lipschitz function extending u;i) outside H? with Lipschitz
constant not greater than C'(n)A (Lemma 2.9). Since H. 1* is an open set,
we have

@) =d @), D) = Dul ()
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770 K. ZHANG

for all € H :A and
HDQ_Y)HL%(R“) < C(n)A.

If H;\ = 0, set gj(x) =0 for x € D. If H} N D # {, then we may
also assume that

H!J;OHL&(D) <3C(n)A.
Indeed, fixing y € H ;\ N D, for every x € D,

0§ ()] < 19" (@) = 9" ()| + lgf” ()] < V2C(m)A+ A,

J

where we have used Lemma 2.7 to assert that \ugi)(y)| < (M*uj.”)(y) < A
when y € H}. Now set g; = (¢'".....¢")).

In order to estimate [, dist”(Dg;, Kp)dz, we start from the inequality
/ |Du; — Dg;|P da < 2”1/ (|Du;|* + |Dg;?) d, (3.4)
D D\H*

and find a bound for meas(D \ H}).
Similar to the proof of Lemma 3.1 in [Z], we have, from the definition

of H},,
D\ H}Y, C{z e D: (Mu}")(x) > A/2}
een. s Ma”y)) > A/2
{bLE (Yz::l( . () > N/2 3,
and

a=1

{J? eR": Z(MDau;i))(a:) > )\/2}
A
Define h : R* — R by
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so that we can prove that

c {x ER™: (.Mh(Du;i))>($) > —2% - A}. (3.5)

In fact, when (M(D(,uy))>( ) > £, we have a sequence of a; > 0,
a, — 0 and a sequence of balls By = B(z, R}) such that

_— Dou;” | dy > — —
meas(By) '/Bk [ Do | dy 2 O

which implies

. 1 '
Mh Dyl ) )y — ( Du'? | =A dy
( ( J ) ) (@) meas(By) Bm{y:lDué”(y)IZA}1 | )
A 1 / (@)
> A | Du;” | dy
2n  meas(By) BNy lDu V(w)l<Al ’ |
1

A
L Ady— x> = — A = ag. (3.6)
meas(Bk) Bi.n{y: |Du 1)( NEYS! 2n

Passing to the limit & — oo in (3.6), we obtain (3.5) (we have chosen
A
= > A)

2n
From Lemma 2.6, we have

meas({a: eR": (Mh(Dul))(z) > A A})

|h(Du; l) )P dx

M‘y

<7 )A /
< _—) /{ \Dugi)l” dr

(
(5 = NP JiweDipulV iz
C(n)

< 3 e / | Du; P dz.
(_2/\7 - A) J{zeD:|Duj|>A} !

Also, from Lemma 2.6, together with the embedding theorem, we have

meas({z € R : (Mu{)(x) > A/2}) < A/?)P/ P dic = 5 — 0,
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as j — oo. Therefore

meas(D \ H}) Z meas(D \ H

<SN|oG+ 0 / |Du;|¥ dx ). (3.7)
(2—— \)P J(veD:|Du, 24}

Since ¢; is periodic, we have

(n)

/ dist’(Du;, Kp)dx = / dist? (Do, (jz), Kp)dx
Jp

JD
/ dist?(De(y), Kp)dJ

= / dist?(Do;(z), Kp)dx = a + ¢;.
JD
Therefore,

a+e = / dist?(Du;, Kp)dz
JD

> | (270 Dy 7 — || K|
{x€D, |Duj|>A}
> [27PDAP || Kp|[F)meas({z € D, |Du;| > A}),
which implies that

a+ €5

meas({x € D, |Du,| > A}) < A R

From the above two sets of inequalities, we have

9= (=1 / | Du,|? dx
J{xeD,|Du;|>2A}

< (a+¢;) + || Kp|[Pmeas({x € D, |Du;| > A})]
I K Pl
< (a,+€j){1 + 5 DA — [Kp|P
o—(p—LIAP
=(a+ ej)zv(l)kl)Ap _ HKP”p‘

Hence
2oAp—1IAP

1P o . —
|Du;lPda < (a+ E.J)Ap —2e-V|[Kp|r

-/{mEQ |Duj|>A}
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Consequently,

. ; ap—LAP Y
meas(D\H}) < N<(5_,-+(a+ej) C(n )

(A = 2T [) (3 — Ay

(3.8)
Hence,
‘21’_1/ |Dg;|Pdx
J D\H?
or=1rwror | ATs 20—1AP C(n)
< 2PmiOP(n) M {:N(Sj + N{a+ Gj)AP — Kol (2 (_ NG .
2n

(3.9)

Also. from
a+e; = / dist?(Du;, Kp)dx
JD
we deduce that

a+e;> /D\HA[Q’("_I)[D'IL]'V’ — |Kp||P]dz.

thus,

201 / | D, < 220 V(a4 ;) + 2277 V|| K p|Pmeas(D \ H]A)
Jove

< 220 (a4 ;) + 2207V Kp|P N

or-1AP C(n) )
» )

X (5_;‘ +((L—I—Ej)(AP_2,)_1||KP||p) (A — A

2n
(3.10)
Therefore

/ [ Du;~ Dy dr < 2r / (|1Dw;|" + |Dg,|") dx
4D JD\H?
< LA | N8y + Nt ) A C(n)

Z ] Nob ] . €.
> J ¢ J Ar — 21}-1“KPHP (_2% — A)P

4+ 220V 0 ey + 22T K p|Pmeas(D \ HY)
220 (4 e)) + (207 1O ()N 4 220V | Kp|IP )N

IA

x| 6+ (a+e) i )
‘.
s T A Z =1 (diamK )P) (2 —Ap )

(3.11)
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Given A, B € MV %" _if we take () € Kp suchthat |[A—Q| = dist(A4, Kp),
we have

dist?(4, Kp) = [A - QP > 27~ Y|B - QP —|A - BJF
> 2= Vdist? (B, Kp) — |A — BJ?,

and so
a+te = / dist?(Du;, Kp)dz
D
> 2~ (1) / dist?(Dg;, Kp)dx — / |Du; — Dg;|Pdux.
Jp Jp
Therefore, from (3.11) we obtain
/ dist?(Dg;, Kp)dx
D
< 2P Ha4eg) + 2071 / |Duj — Dg;[Pde < 277 (a +¢;) + 277
Jp

x {2%"“(@ T e)+ 27O + 220V Kp|PIN

2P LAP C(n) o
(‘Sj O ) R (& - A)p) } 2

Now, taking A = 2||Kp

I, A = 6n||Kp||, we have
/ dist?(Dyg,, Kp)dz < C(N,p)d; + C1(n, N,p)la+¢;) (3.13)
Jp

which yields (3.3) after letting § — oc. Also

|Dg;(z)] < C(n)A = 6nC(n)||Kp|| < Ci(n)(diamK + dist(P. K))
(3.14)
almost everywhere in [ and

lg;j(2)] < C(n)X < C(n)(diamK + dist(P, K)).

Since dist?(P,convK) is a convex function and dist?(P,convK) <
dist? (P, K), we have, from the definition of quasiconvexification,

dist? (P, convK) < Qdist? (P, K) = a.
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Therefore,

dist(P. K) < a'/? + diam(convK) = a'/? 4 diamK,
thus,

|Dg;(2)] < Cy(n)(diamK +a'/?), |g;(x)] < Cs(n)(diamK +a'/?). O

(3.15)

From the numerical analysis point of view, when we minimize the energy

in a bounded subset of W1 and compare the minimum with the W-»
minimum, we have proved the following result

COROLLARY 3.2. — Suppose that K C M~ *" is compact. Then there exist
Ci(n,N,p) > 0, Cy(n,N,p) > 0, such that

lnf{ / diStP(P+Dg,K)d.T, ”g”“Vl’x(D,RN)
JD

< Cy(n,p)(dist?(P,K) + diamK)}
< Ci(n, N,p)Qdist? (P, K).

The only fact in this Corollary to be remarked is that the W' bound
of g depends on dist?(P, K'), while in (3.15) it depends on a!/?. In fact,
they are equivalent because of the following inequalities,

dist?(P,convK) < Qdist? (P, K) = a < dist? (P, K).

Remark 3.1. — From the construction of g; in the proof of Lemma 3.1,
we see that even if a minimizing sequence is not bounded in W1, we
may find a W1>°-sequence such that near the zero points of Qdist”(-, K),
it serves as an approximate minimizing sequence.

4. PROOFS OF THE MAIN RESULTS

Proof of Theorem 1.1. - Let F(P) = Qdist?>(P, SO(n)) for P € M™*",
It is known (see [Z]) that F~(0) = SO(n). Let 0 < a = F(P) for some
P, ie.

B F P - i f i 2 - ".
a (P) %elc{?)m(D)/Ddlst (P + D¢, SO(n))dz
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By Lemma 3.1, we find (u;) and (g;) satisfying (3.1)-(3.15) with p = 2.
We have that

/ dist*(P + Dg;, SO(n))dz < C(n)d; + Cr(n)(a +¢;) (4.1)
Jp

and by (3.15)
|Dg;(x)| < Ca(n)(diamSO(n) + a'/?).

We may assume that, up to a subsequence, g.,-iw in Wh>(D,R").
From the measurable selection theorem (see Proposition 2.13), for each
¢ =1,2,..., there exists a measurable mapping P, : D — SO(n), such
that

dist(P + Dg;(x), 50(n)) = |Pi(x) — (P + Dgi(x))]

almost everywhere in D. Let
ni(x) = (P + Dg;(x)) — Pj(x).

Following Sverdk [S]. we consider the integral
L= / [adj(P+ Dy;) ~adi(P+Dg,)]-[(P+Dg;) — (P+Dg))ldx, (4.2)
JD

tor 7,7 = 1,2,.... From the weak continuity property of null-Lagrangians
[BLR], if we let : — oc , then j — oc,

lim lim I;; = 0.
joo oo

Now, since I;(x), P;(x) € SO(n) almost everywhere, we have

ade]' = Pj, &(IJ(PJ + n,) = a(lJPJ + C([)ja“j)-,
adjP; = P, adj(P; +n;) = adjP;, + C(P},n,),

where adjP; + C(P;,n;) is the expansion of adj(l’; + n;), and

IC(Pni)| < C)ngl(L+ [ns] + . |ngi" %),
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We then have

Iij = / [adj(P; + 1) — adj(P; + ni)] - (P} + nj) — (P 4 ni)]d
JD

-/

(p,' — Pl) + (’II,]' - TI@)] }(1.’1;‘

(ad]PJ — adJPL) -+ (C(Pj,n]-) - C(Pi,’lli))

= L1+ = (P4 )] (P 4 0) = (Pt
Jp
+ / [(C(Pj,nj) - nj) —(C(Pi,n;) = ny) - [(P, +nj)— (P + n;)]de
Jp
> / |Dg; — Dg;|*dx
Jo
- / (C(P;.nj) —n;) — (C(Pi,ng) — ng)Pda
JD
1/ 2
- - |DgJ — Dg,l dz. (43)
1 Jp
Here we have used the facts that
(adjP - adjQ) - (P - Q) = [P = Q*

if P, Q € S0(n),ab < (L2+% for real numbers and that F;+n, = P+ Dy;.
From (4.3) we get

/ |Dg; — Dg;|*dx
J D

2(n—2) 2(n—2)
< C(")/D |n,,-,|2< > 3ni|k) +1nj|2( > Inj|k> dx + C(n)|1],
k=0 k=0

(4.4)
where C(n) > 0 is a constant depending only on n. Since |P| <
a'/? + diamSO(n),

|ni(z)| = |P + Dg; — P;| = dist(P + Dg;, SO(n))
< |Dgj| + a'/? + C1(n) < C(n)(1 + al/?),
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and so, from (4.4) and (4.1) we conclude that

2(n—2) .
/ |Dg; — Dg;|*dr < C(n)( Z a’?) / [dist*(P + Dg;, SO(n))
/D k=0 7D
+ dist?(P + Dg,, SO(n))]dz + I,
2(n—2)
< C(n) Z a*? | [6; + 8 +a+e + €]+ CL. (4.5)

k=0

Now we find a lower bound of
/ |Dg; — Dg;|*dz.
JD

Recalling the estimate (3.11) on [, |Dg; — Du;|Pdz, we have, for our
choice of A, and A,

/ |Dg; — Dg;|*dx
Jp

= / [(Dg; — Du;) + (Duj — Du;) + (Du; — Dg;)|*dx
Jp

1 ' . "
> = / |Du; — Du;|*dz — / |Dg; — Du;|[*dx —~ / |Dg; — Du,;|*dz
3Jp Jp Jp
Ur
> 5/ |Du; — Du;l? —~ C(n)a — 1 — n;. (4.6)
D

where lim; ... n; = 0, im; . n; = 0, and C(n, N,p) = C(n), N = n,
p = 2 is a positive constant.

Combining (4.5) and (4.6), we see that

. 2(n-2)
/ |(P+Du;)—(P+Du;)*dz < C(n) Z a*la+n +n;] | +C|1;1-
JD o
(4.7)
Since the integral on the left hand side of (4.7) is lower-semicontinuous as
i — oo and u; — 0 in Wy*(D,R"), letting i — oo we have

2(n—-2)
/ (P + Du;) — P|*dz < C(n) Z af(a +n;) | + lim C|I;].
D E—0 [Zande.e)

(4.8)
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By applying the measurable selection lemma (Theorem 2.13) to the function
{P + Du;(z) — Q| for @ € SO(n), we can find a measurable mapping
Q; : @ — SO(n), such that

dist(P + Du;(x), SO(n)) = |P + Du;(x) — Q;(x)]

for almost every x € ). Therefore the following inequalities hold almost
everywhere,

(P4 Duy(a) = PI* > 1P~ Q@) = [P+ Duy(z) — Qy(a)
> %dist(P7 S0(n))? — dist(P + Du;(x), SO(n))?.

and also

dist(P, SO(n))* < 2/ dist(P + Du;(z), SO(n))*dz
D

2(n-2)
+Cm)| Y a*(a+n,) | + lim C|L|. (4.9)
k=0

As w; is a minimizing sequence, we pass to the limit as j — oo and
we obtain

2(n—2)
dist(P, SO(n))* < C(n)| Y a*? |a. (4.10)

k=0
Since we also have
dist®( P, convSO(n)) < Qdist’(P, SO(n)) < dist>(P, SO(n)), (4.11)

and when |P| > 3|lconvSO(n)|| we obtain

dist” (P, convSO(n)) <|P| - ]|ConvS()(n)||>2 N

dist*( P, SO(n)) |P| + [lconv.SO(n)]|
while, when |P| < 3|jconvSO(n)]||, we have

1
47

a/? < dist(P, SO(n)) < |P| + |lconvSO(n)|| < 5||convSO(n)||,

we conclude that

2(n—2) 2(n—-2)
> a2 < N (5llconvSO(n) ¥,
k=0 k=0
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which, together with (4.10) yields
dist(P, SO(n))? < C(n)Qdist*(P. SO(n)),
for some C(n) > 0. Therefore we conclude that there exists ¢(n) > 0 (in
fact ¢(n) = 1/C(n)) such that
c(n)dist(P, SO(n))? < Qdist(P. SO(n))?* < dist(P, SO(n))?
for all P ¢ M"*". O
Proof of Corollary 1.2. — In the proof of Theorem 1.1 we used the fact
that if P,Q € SO(n).
(adjP — adjQ) - (P — Q) = |P - Q|~.
It was observed by Sverék in [Sv] (also see [Ma]) that under the condition
(1.2), there exists an «(H) > 0, such that
(adjP = adjQ) - (P = Q) > a(H)|P - QJ*. (4.12)
for all P.QQ € K = SO(n)U SO(n)H.
We denote by A, the greatest eigenvalue of H and
n + ndetH — tradjH — trH
Z:I:l(l + /\i)2
we see that if P,Q € SO(n), (4.11) holds for « = 1. If P,Q € SO(n)H.
(4.11) holds for v = det H/AZ .. This is because we can write P = P,

max-

Q = QH for some Pi. Q; € SO(n) and notice that H is a diagonal
matrix, so that
[adj(PLH) — adj(Q H)] - [P H — (1 H]
= trfadjH (P, — Q)" (P, — Q1)H] = detH|P; — Q]*.

A=

while
\PLH — PHPP < A2, P~ Q1)

max

Hence we reach the conclusion. Finally, if P € SO(n)H and @ € SO(n),
then we write P = RH, where R € SO(n), and since trRH < trH,
ttHR < trH R € SO(n) and H is a diagonal matrix with positive entries,
we see that

(adjP - adjQ) - (P - Q)
= tr[(det HH *R" — Q")(RH — Q)]
= ndetH + n — tr(det HH *RTQ + QT RH)
> ndetH + n — tradjH — trH.
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Since Y
|[RH - Q* <Y (1+N)”.

i=1

it is clear that (4.11) is satisfied setting

n + ndetH — tradjd — trH A
i1+ A)? -

't H
a(H) = min{l, i\%,/\},

max

x =

Take

and (4.11) holds for all I, ) € K. We may follow the proof of Theorem 1.1
to prove Corollary 1.2. The only place in the proof of Theorem 1.1 where
«(H) is involved is the last inequality (4.3). Also the constants C(n), ¢(n)
in Theorem 1.1 are replaced by C(n, H) and c(n, H), respectively. [

Remark 4.1. — In fact Matos [Ma] proved that if for some eigenvalue
Ar of H, we have

(1= A)(1 = detH/\) > 0,

then the quasiconvex hull of K remains itself. It turns out that, it is enough
to assume this condition in Corollary 1.2. What we need is a variation of
(4.11). Let E. = (e;;) be a matrix such that e;; = 0if i # j, e;; = ¢ for
some € > 0 sufficiently small if ¢ # k and eg, = 1. We consider the form

[E(adiP ~ adjQ)] - [P - Q).

Then this form is still a null Lagrangian. We also have, for > € SO(n)H,
Q € SO(n),

[E(adjP — adjQ)] - [’ — Q]

> e[) (1= M) (1= det H/A)] + (1= \)(1 — detH/ M)
J#k
> a(H,e)|P - Q2

when ¢ > 0 is small enough. Therefore the conclusion of Corollary 1.2 is
still true under this weaker condition.

Proof of Corollary 1.3. — Let F(P) = Qdist’(P,S0(n)), and let
P € Q[SO(n).]. Then by proposition 2.15 we have

Qdist*(P, SO(n).) = 0,
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and since
dist?(P, SO(n)) < (e + dist(P, SO(n).))? < 262 + 2dist*(P, SO(n), ).
using Theorem 1.1 we obtain

dist*(P, SO(n)) < C(n)Qdist*(P. SO(n))
C(n)(e* + Qdist*(P. SO(n).))
C(n)e?.

The proof is finished for SO(n). The other case is similar. [

IN A IA

Proof of Theorem 1.4. — We only give a proof for f: SO(n) — M™*".
The proof for g is similar. Let {v, } ,cq is a family of Young measure limit of
gradients supported on K. If we can show that v, is trivial for almost every
x, the proof will be finished. It is known [Z, KP] that if a Young measure
limit of gradients has bounded support, then the Young measure can be
generated by a bounded sequence in W!1>°. Next we notice that if ¢ is small
enough, then the mapping Y = X + f(X) from SO(n) to K is invertible
and the inverse is continuous. Let Q(-) : @ — M"™*" be measurable. If
we apply the measurable selection theorem, we may find a measurable
mapping P : Q — Ky, such that |P(z) — Q(z)] = dist(Q(xz), Ky), where
P(z) = R(z) + f(R(2)), and R : Q@ — SO(n) is measurable. Now, let
(u;) be a bounded sequence in W*>°(2, R") such that the Young measures
generated by (Du;) is supported in K and u; —u in W*°(Q, RY). For
each j, we may find a measurable mapping R, : @ — SO(n) such that

[{Duj(x) — Rj(x) — f(R;(x))] = dist(Du;(x), Ky) — 0

almost everywhere. Let n; = Du;(x) — R;(x) — f(R;(x)). As in the proof
of Theorem 1.1, setting

Li; = / ladjDu; — adjDu,] - [Duj — Duy]da,
Ja
we have lim; o lim;_ .. I;; = 0. We also have
Iy = [ [y (o) + () + s ()
Ja

—adj(Ri(x) + f(Ri(x)) +ni(x))] - [(Ri(2) + f(R;(z)) +n;)
— (Ri(2) + f(Ri(x)) + ni(v)))dx

= /Q {ladjR; + f(R;) 4+ n;] — [adjR; + f(Ri) + nil}
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{(R; + f(R )—{—71) (Ri + f(R:) +ni)}bde
/{ (R, J(R)).m;) — C(Ri, f(R:).m)]

f(R;) +n;) - (f(R)+w’)]}
{( S+ F(R) +m) — (R + f(R:) + ni)Yda
_Il+[2

l’]’

where C'(R;, f(R;).n;) is defined by the expansion of the determinants
adj(R; + f(R;) 4+ n;) = adjR; + C(R;, f(R;), ny).

Therefore we have, due to the fact that R; € SO(n) and f satisfies (1.5),
that

|C(R;, f(R;).n;) — C(Ri, f(R:),n:)]

n—2
< Cn) | - (Insl* + 1F R + Il + 1 F(R)M)R; — Ri|
k=1
n—2
+ Z (" + LF RO+ Jrl® + [ F(R)F) (il + )
n—2

+ 3 (gl + LR + Il + [FRIF)F(R) — FR))

< C(n) <f|Rj - R+ Z(|"j|k + |"i|k)>- (4.13)

k=1

Since Du; = R; + f(R;) + n;, from (1.5), and if we choose ¢ < 1/2,
we have

[R; = Ri| < 2|Du; — Duil + 2(|n; | + [ni)).

Thus we have,

752~ [ ClmaedDu; = Dul + 2ea) + o)

n—1
+ Z(|”J'k + |ni|*)|Du; — Duj|da
k=1

> —QC(n)e/ |Duj — Du;|*dx
Q

n—1

- C(n) / Z(|n1[k + [ni*)|Du; — Dujlda. (4.13)

|
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Obviously,

1

1.11» = / |Du; — Du;|*du. (4.14)
Jo

Choosing ¢ = min{1/2.1/(4C(n))}, we see that if we combine (4.13)
and (4.14), we have

/ |Du; — Du;|*de < CL; + C(n) / Z(|n_,-|’" + i) Dus — Duglda.
JO S

1 (4.15)
Since |n;| — 0, when j — 0 in L?(§2) for any p > 1. and (Du;) is
bounded in L>, passing to the limit in + — o¢, and using the fact that
the functional on the left hand side of (4.15) is lower semicontinuous, then
letting 7 — o¢ in (4.15), we see that

/ (/ A —- Du(:rr)2d1/<,,(,\)>,1117 -0
J NS A

Therefore v, = 6p, ., almost everywhere.
The proof for K, is similar. 0O

The proof for Corollary 1.5 is similar to that for Theorem 1.1 and it
is left to the reader.
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