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ABSTRACT. — This paper is concerned with positive solutions of the
semilinear system:

Uy =Au+v?, p>1, (s)
’Ut-—‘:A'U+'LLq, qZ]-a

which blow up at x = 0 and £ = T < oc. We shall obtain here conditions
on p, g and the space dimension N which yield the following bounds on
the blow up rates:

= L (1)

u(z,t) < C(T —t)" 71,  v(z,t) < C(T —t)" %1,

for some constant C' > 0. We then use (1) to derive a complete classification
of blow up patterns. This last result is achieved by means of a parabolic
Liouville theorem which we retain to be of some independent interest.
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Finally, we prove the existence of solutions of (S) exhibiting a type of
asymptotics near blow up which is qualitatively different from those that
hold for the scalar case.

Key words and phrases: Semilinear systems, Reaction diffusion equations, Asymptotic
behaviour, Liouville theorems, A priori estimates.

1. INTRODUCTION

In recent years a considerable effort has been devoted to unraveling the
structure of the blow up mechanism for equations of the type

up=Au+ flu); flu)y=u?, (p>1), fluy=¢", ...

(cf. for instance [28] for a recent survey). While some interesting questions
concerning the asymptotics of solutions near blow up remain open as yet,
a rather comprehensive picture of the possible blow up patterns is now
available. Let us examine for instance the case where f(u) = u? with
p > 1 in the equation above, i.e., consider the scalar equation

ur = Au + u?, p>1, (1.1)

and assume that wu(z,t) is a positive solution of (1.1) in a strip
St = RN x (0,T). Suppose further that u(z,t) blows up at z = 0,
t = T, by which we mean that there exist sequences {z,}, {t,} such that
limp oo T = 0, limy, oo £, = T, and lim, o w(z,. t,) = oc. A quick
glance at equation (1.1) suggests that blow up should be driven by the
reaction term f(w) = u¥, which in turn hints at a blow up rate of the type

u(z,t) SC(T—t)fvi‘. for some C >0andany t <T. (1.2)

From now on, we shall restrict our attention to positive solutions of the
Cauchy problem corresponding to (1.1) with, say, bounded initial values
u(z,0) = ug(x). Suppose also that p is subcritical, i.e.,

1<p< ifN>3 (anyp>1if N=12). (1.3)

_I_
N -2
Then a complete classification of blow up patterns for (1.1) is known.

In order to state the corresponding result, we need to introduce some
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LIOUVILLE THEOREMS AND BLOW UP BEHAVIOUR 3

notation. For z = (z1,...,zx) and « = (ay,...,an), we shall write 2* =
23ty Set Hj = ¢;H;(x;/2), where ¢c; = (20/2(4m)V/4(51)/?)~! and
H,(s) is the standard j*"-Hermite polynomial; actually c; is a normalisation
constant whose role will be made clear later on. Finally, for x and o as
before we shall write H,(x) = H,, (1) - H,,(zx). Let us introduce
now self-similar variables given by

uw,t) = (T= 7770, y=a@-07F |,
7= —log(T —t). '
Notice that the choice ®(y,7) = (p — 1)_P+1 corresponds to an explicit,
homogeneous solution of (1.1). Then there holds:

THEOREM A. — Let u(x,t) be a positive solution of (1.1) in a strip
St = RY x (0,T) which blows up at x = 0, t = T < oo, and assume that
(1.2) and (1.3) hold. Let 4)(y, T) be the function given by

®(y,7) = (p—1)"7 +9(y, 1), (L.5)

where © is defined in (1.4). Then, if ¥(-,7) Z 0 for some T > 0, the
Jollowing possibilities arise. Either there exists an orthogonal transformation
of coordinate axes such that, denoting still by y the new coordinates,

C, — 1
Yy, 7) = "Tp ;HQ(Z/IC> + 0(;), as T — 00, (1.6)

where 1 < £ < N and C, = (4)Y/*(p — 1)"771(v/2p)™L, or there exists
an even number m, m > 4, and constants co, = (Co,...,Cqy) ROt all
zero such that

Py, 7) = —e75)7 Z CaHo(y) +o0(e? )7, as T — oo, (1.7)

|| =m

where the homogeneous multilinear form B(z) = 3. c,x® is nonnega-
[al=m

tive. Convergence in (1.6), (1.7) takes place in C{Zg (RY) for any k > 0

and v € (0,1).

See [26] and also [15]. Notice that different blow up patterns are known
to exist; this was shown in [22] for the case N = 1, Corresponding results
for higher dimensional problems can be found in [9] and in [1].

We shall briefly sketch next the main ideas leading to Theorem A, since
they provide a basic background for the argument to be developed here.
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4 D. ANDREUCCI et al.

Following Giga and Kohn ([19]) we change variables as in (1.4) to obtain
that ®(y,7) satisfies
¢

¢, = AD - —yV@ + &P — L (1.8)
It is shown in [19] that, if (1.4) holds, then, as 7 — oo, ®(y, ) should
approach a stationary solution of (1.8) above. It is then shown that, if (1.3)
is satisfied, the only global, nonnegative and bounded solutions of

o

A<1>——yv<1>+q>P—-—1=o

are the constants ®+ = (p — 1)‘71T and ®_ = 0, a Liouville theorem of
elliptic type. As a matter of fact, the case where ®_ = 0 should be ruled
out (cf. [17] for the case where N = 1 and [20] for a general argument
covering the range (1.3)). At this juncture, one has that

B(y,7) — (p—1)7FT as 7 — o0,

: 1.9
uniformly on compact sets |y| < R. (1.9)

This is the crucial startpoint towards deriving Theorem A. In order to obtain
it, though, further elaboration is required. To proceed, one first defines
¥(y, ) through (1.5) and considers the equation satisfied by 1, namely

Yr = A~ SyVH 46+ f(9) = A+ J(), (1.100)
where
f@) = ((p-1)"7 +9)’ = (p—-1)777 - pf’_’/’l_’ (1.10b)

so that f(v) = O(¢?) as ¢ — 0. The next step consists in deriving the
form of the asymptotics of solutions of (1.10) as 7 — oc. To this end,
one takes advantage of the fact that operator A in (1.10) is self-adjoint
in L2 (RY), where

]2
L (RY) = {g € oo®) | [ lgto)fe ™/ tay <o, (1110
which is a Hilbert space when endowed with the norm
2
ol =Nl = [ la@)Fe ™ dy = (a0). (1110)
R

On the other hand, the domain of A, D(A) is given by HZ(R™), where
for any k = 1, 2, ..., HX(RY) is defined as the space of those functions
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LIOUVILLE THEOREMS AND BLOW UP BEHAVIOUR 5

in Hlko C(RN ) such that they and their derivatives up to order & belong to
L2 (RY). Moreover, the spectrum of A consists of the eigenvalues

_m1+~-+mN

1 ;
2

where my,ma,...,my =0,1,2,.... (1.12a)
and the corresponding eigenfunctions are

Hoymyoomn (Y) = Hpy (Y1) - Hy (yn), (1.12b)

where the polynomials H;(y;) have been defined before. This is the way
in which Hermite polynomials enter the proof of Theorem A. Incidentally,
the constants ¢; appearing in the definition of the H; are selected so that
|H,(y)|l =1 forany n =0, 1, 2, ...

The basic motivation for the work under consideration was our desire
to understand how the previous approach could be extended to systems
of equations, where the mechanism of singularity formation is much less
understood than in the scalar case. See however [5], [6], [10], [14], {16]
for recent work on blow up for parabolic systems. More precisely, we shall
consider here the simple semilinear model

u = Au+o*, p>0, (1.13a)

vy =Av+ul, ¢g>0. (1.13b)
It is known (¢f [12]) that any nontrivial positive solution of (13) which is
defined for all z € R” must necessarily blow up in finite time if
v+1 S E ’
pg—1— 2

pg >1, and where v = max(p, q).

When one considers boundary value problems for (13), blow up may occur
whenever pg > 1, provided that the data are large enough: see for instance
[13]. In case where such phenomenon appears, both functions u(z,t) and
v(z,t) must blow up at the same time.

Our purpose here is to obtain an analogue of Theorem A for (1.13).
It will turn out that even in the case where p = ¢, important differences
arise with respect to the scalar case. Moreover, in the course of analysing
(1.13) some interesting new facts will emerge even for the single equation
(1.1). We shall make these statements precise where appropriate. Drawing a
parallel with the program fulfilled for the semilinear equation (1.1), our first
step will consist in deriving an estimate for the blow up rate in our case.
Assuming that (u(z,t),v(z,t)) blows up at t = T < 0o, a quick glance at
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the first order system obtained from (1.13) by dropping the laplacean terms
therein, leads to guessing the following natural analogues of (1.2)

a1

Wz, t) < C(T — ) v, w(w.t) < C(T — ) 7
for some C' > 0.

(1.14)

It is to be noticed, however, that we cannot expect (1.14) to hold unless
some restrictions are imposed on p and ¢. For instance, even in the scalar
case (1.2) is known to fail for (1.1), if N > 11 and p is large enough, so
that (1.3) is not satisfied (cf {23]). We shall prove here the following result

THEOREM 1. — Let (u(z,t),v(;v,t)) be a solution of (1.13) defined in
Sy = RN x (0,T), which blows up at time t = T < oo. Then the bounds
(1.14) hold true in St provided that

pqg > 1, and at least one of the following two inequalities holds.

gpN —=2)y <N +2.  p(gN —2), < N +2, (1.15)

where, as usual, for any real number s we set s, = max(s,0).

It is worth noticing here that the upper bounds (1.14) have been obtained
by Caristi and Mitidieri [10], under assumptions on p and ¢ different
from (1.15). These authors consider radially symmetric solutions of (1.13)
that blow up at z = 0 and ¢t = T, in such a way that u,(0,t) > 0
and v;(0,t) > 0 for all ¢ < T. They proceed by means of ODE-related
techniques, thus extending Weissler’s approach for the scalar case (see [30}).
We shall follow a different strategy here, and will resort instead to classical
regularity methods for parabolic equations. Such a technique has been used
in [2], [4] to discuss existence and non existence of solutions to Cauchy
problems, for a class of equations and systems including (1.13), in terms
of the regularity of the corresponding initial values. See also [3], and the
book [11] for a general outline of these techniques. We should also mention
the book [25], where somewhat similar ideas can be found, which however
do not seem to suit our purposes here.

The proof of Theorem 1 is to be found in Section 2 below. Let us remark
on pass that the L!-estimate in Lemma 2.1 therein (which holds for any
p > 0 and ¢ > 0 with pg > 1) seems to be of independent interest.

Once the upper bounds (1.14) are available, the path is open to pursue
the existing trail for scalar equations. To this end. we rescale variables
as follows

u(x,t) = (T-t)_FPinLl Sy, 7), vz, t)= (T~t)‘5qqi}l Ty, 7). (1.16)

where y = «(T — t)"'/2, 7 = —log(T - t).
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LIOUVILLE THEOREMS AND BLOW UP BEHAVIOUR 7

One is then led to the system

! pt1
O, = AD — ~yVd + UP — ("+ )@. (1.17a)
2 pg—1
1 1
\PT:A\I/——:I/V\P—I—(I)"—((H— )xp (1.170)
2 pg—1

Our next task consists in characterizing global, bounded and nonnegative
solutions of (1.17) defined for all times. Clearly (1.17) possess constant
solutions, namely

® = ¥ = 0, and the positive solution (¢, ¥) = (I.v) of

p_|_1 F‘I_ q+1 (1.18)

P =T , .
! pg—1 Tpa—1

We shall prove the following parabolic Liouville theorem

THEOREM 2. — Assume that (1.15) holds. Then there exists a continuous
and positive function ¢ defined in the interval (1,(N + 2)/(N — 2)} if
N > 3 (resp. in (1,00) if N = 1, 2), such that, if

lp — pol + |q = pol < e(po). Jor some py satisfying
(1.19)

N+2
1<])()<N+ ifN>3 f(anypo>1for N=1.2),
then any nonnegative and bounded solution of (1.17) which is defined for
all y € RN and all T € R is either one of the constant solutions of (1.18)
or satisfies otherwise

N, 7) =TI+ [|¥(.7) = ~]] — 0. as T — —o0, (1.20a)
NG, )+ [|[¥(,7)] — 0, as T — 0o, (1.200)
where (I',7y) Is the positive constant solution in (1.18), and || || denotes

the L2 (RN )-norm defined in (1.11b).
Notice the rather tight assumption (1.19) in the statement of Theorem 2.
At this stage, we have been unable to significantly weaken such hypothesis.
As a last goal in this paper, we set out to classify the possible patterns
which may develop near a blow up point. To this end, we first prove that,
if (w(x.t),v(x.t)) blows up atw = 0, t = T < oo, then one must have

®(y.7) = I, Y(y.7) =7, as T — o0,
uniformly on compact sets |y| < R < oc, where
I'.~yare the positive constant described in (1.18). (1.21)
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We shall prove (1.21) in Section 4 (cf. Lemma 4.1 there). A natural step
consists then in linearizing around (I',~) by setting

Oy, ) =T+ oy, 7), Wy, ) =~ +(y. 7). (1.22)

A quick computation reveals now that (¢, ) satisfies

wr = Ap — %quo - <§q+_11><p +pyP M+ fi(v)  (1.23a)
= Ao+ 7" + i),

¢T=A¢—%yw—(q“

pg—1
= Ay + qI" o + falo),

where fi(s) = O(s*) as s — 0 for i = 1, 2. We may write (1.23) in a
more compact form as follows

(G) = (ot 7))+ () oo

where I denotes the identity operator. Notice that the operator

A= Ay py?~H
G A

is not self-adjoint in the natural functional frame V = L2 (R"™) x L2 (RV),
unless p = ¢. At any rate, we will be able to expand any element (g ) eV
in the form

)¢ F o+ foly)  (123D)

(th) = za: a;rH(qur + Zl:a;HauA,

where u,, u_ is a basis in R? consisting on unit vectors parallel

respectively to
< : ) ( 1 )
+1 - ) (p+1) p—1y—1 |-
P L — L ()

Set now

We then prove
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LIOUVILLE THEOREMS AND BLOW UP BEHAVIOUR 9

THEOREM 3. — Assume that
The upper bounds (1.14) are satisfied, (1.25)

and the conclusion in Theorem 2 holds, i.e.,

Any nonnegative and bounded solution of (1.17) which is defined for all

y € RN and 7 € R is given by the constant functions defined in (1.18) or

satisfies otherwise (1.20) (1.26)
Then, if (®,¥) £ (0,0), the following possibilities arise. There exists an

orthogonal transformation of coordinate axes such that, denoting still by y

the new coordinates, one has that either

C < 1
v(,T) = — Uy ZHg(yk) + 0(7—_), as T — 00, (1.27)
k=1

where 1 < £ < N and C = C(p,q) > 0, or else there exists an even
number m, and constants c, not all zero such that

(7)== CaHa(@)e" Fup +0(e17H)T), as T — o0,
|a|=m
(1.28)
where m = 4, 6, ..., or

v(,7)=( Z caHa(y))e ™ Tu_ + o(e“”), as T — 00, (1.29)

|aj=m
where o = (”Jrqu)quiQ + 3, m = 0,1, 2, ..., the multilinear form
B(z) = > cqz® is nonnegative in (1.28), and convergence in (1.27)-
|a]=m

(1.29) takes place in HL(RYN) as well as in CFY(RN) for any k > 0
and v € (0,1).

If we compare Theorem A and Theorem 3, we readily observe that
the main novelty in this last result consists in the possible occurrence of
behaviours (1.29). We shall prove that such profiles actually exist. More
precisely, we show here the following

THEOREM 4. — For any even number m > 2 and any dimension N > 1
there exist radial solutions of the Cauchy problem corresponding to (1.13)
with arbitrary p > 1 and q > 1, such that they blow up at a given T' < oo,
and (1.29) holds.

It follows from Theorem 4 that, even when p = ¢, there always are blow
up profiles for (1.13) which are different from those occurring in the scalar
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10 D. ANDREUCCI et al.

case. For instance, in variables (®. ¥) one has in a region |y| = O(1) the
following approximate picture for m = 8 and I'" < v

FiG 1. — Blow up patterns for case (1.29).

Finally, the plan of the paper is as follows. A number of a priori
estimates on solutions of (1.13) that will eventually lead to the proof of
Theorem 1 are collected in the next Section 2. The following Section 3
contains a parabolic Liouville theorem, as well as the detail of our basic
functional frame. These tools are used therein to prove Theorem 2. Finally,
Theorems 3 and 4 make the content of Section 4.

2. A PRIORI ESTIMATES. THE PROOF OF THEOREM 1

In this section we shall consider the system

uy = Au + o, (2.1a)
vy = Av + ud, (2.1b)

where p and ¢ satisfy
p>0, g>0, and pg > 1. (2.2)

More precisely, we shall consider local positive solutions of (2.1), (2.2).
By this we mean functions u(z,t), v(z,t) which satisfy (2.1), (2.2) in
cylinders Qr = 2 x (0,T), £2 being a bounded, smooth and open set in
RY (N > 1), and are positive in Q7.
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LIOUVILLE THEOREMS AND BLOW UP BEHAVIOUR 11

2.1. L'-estimates

For any R > 0 and any locally integrable function f we shall write

1
fdo = —— fdz,
Br |Br| /B,

where Br = {z | |z| < R}, and |Bg| denotes the volume of the ball
Bgr. We then have

Lemma 2.1, — Let (u(z,t),v(x,t)) be a local positive solution of (2.1),
(2.2) defined in a cylinder Qr = 2 x (0,1, T < oo. Then for any p > 0
such that p2 < T -t and By, C 12, there holds

][ u(z,t)dz < 'yp”er)q_tll, (2.3a)
B

P
g+l

][ v(z,t)dx < yp~ o=t (2.3b)
B

P

for some v = v(N,p,q) > 0.
We shall point out a few consequences of Lemma 2.1. First, we observe
that it implies in particular

COROLLARY 2.2. — Set p? = C(T —t) for some C > 0. Then

][ u(z,t)de < (T — t)_qu%, (2.4a)
Bot

]L v(z,t)de < (T - t)_pqatll , (2.4b)
Byt

for some v = v(C,N,p,q) > 0, provided that By, C 2.

On the other hand, Lemma 2.1 has some interesting consequences for
the scalar equation (1.1). Indeed, if one sets p = ¢ and considers (1.1) as
a particular case of (2.1), we obtain

CoroLLARY 2.3. — If u(x,t) is a local positive solution of (1.1) in Q
and p > 1, there holds

7{3 uw(z,t)dx < (T - t)_Fi_l., (2.5)

. »

for some ~ > 0, where p*(t) = (T — t), provided that By, C {2.
It is worth noticing that, while (2.5) seems to suggest that (1.2)
should hold for all p > 1, this last result is actually false. More
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precisely, it has been recently shown in [23] that if N > 11 and
p> (N —2(N - DY2)((N - 4) — 2(N - 1)1/2)7}, there exist positive
and radial solutions of (1.1) such that

limsup (T — #)*"tu(0,t) = co.

t—T
By Corollary 2.3, however, such solutions must satisfy (2.5).

Proof of Lemma 2.1. — For fixed p > 0, let w(z) be the first eigenfunction
of the problem

—Aw = Aw, in B,; w=0, onlz|=p, (2.6)

which satisfies the condition | g, w(z)dz = 1. We may assume that
w(z) > 0 in B,. By classical results one has that the first eigenvalue
A1 is such that A\; = vp~2 for some v = y(N). We also have that
w > Y,p~ N for || < p/2, and some v, = v,(N). Let us write

zuw:/‘m@@wuym, \Kﬂz/)daﬂwwﬂx

P B,

Assume first that p, ¢ > 1. Then, if we multiply both sides of (2.1a)
(resp. (2.10)) by w(x), integrate over B, and use Jensen’s inequality, we
readily arrive at

Lwnz—%Uw+vwa (2.70)

sz—%vm+Uma (2.7b)
for 0 < t < T. Define now y(t), z(¢) as follows
y(t) = e TTU®), () = e TV (),

for a fixed ¢y € (0,7"). From now on, we shall denote by vy a generic
positive constant (possibly changing from line to line) depending at most
on N, p and ¢. Taking into account (2.7), one readily sees that

y/ > e*fg(t—io)zp, 2 > e"fg(t—to)yq_
A comparison argument reveals then that

y(t) > At), 2B zu), forto<t<T,

Annales de I’Institut Henri Poincaré - Analyse non linéaire



LIQUVILLE THEOREMS AND BLOW UP BEHAVIOUR 13

where ), p are the solutions to the system
N = e_p%(t_to)p}”’ p = e’p_}(t_t‘))/\q, (2.8a)

/\(tg) = Ug, H(t[)) = Vo, where U() = U(to), V() = V(to) (28b)

Notice that, on setting o(t) = M)+ (g + 1)~ — p(t)P™ (p +1)77, we
obtain that o’(t) = 0, hence o(t) = o(to) for any ¢ > to. Thus

w0 = (L) - g + v T e

We may substitute now (2.9) into the first equation in (2.84) to obtain after
one quadrature that

A P
/ X ((1 O (st - Uyt + ) T ds
Uo 1+g¢

2 o
= %(1 _ ) (2.10)

which holds for any t € (¢, T). We now impose that p* < T —t;, in which
case we may select t = ty + p? in (2.10) to obtain

A(t) 14 __r_
2 o / (( p) Lg _ [7i+e +V1+p) ™ 4
sy v, _—1+q (3 0 ) 0

= 1 2 o p
< ’y/ (83T = Uy 7)) T ds < yU, ™7 / (ri*? — 1)" % dr,
Ju, 1
and since the last integral above converges, we deduce that

pt+i

Up < yp~2peT.

The corresponding estimate for Vj is obtained in the same way, and (2.3a)
follows in this case.

Let us turn to the case where min(p, ¢) < 1. Without loss of generality,
we may assume ¢ > 1 > p and pg > 1. We shall exploit the following fact,
established in [13], Lemma 4.1: There exists a positive increasing function
g € C*((to,T)) such that

9(to) = Up.
(=) PG (1)) > e P g(t)pe, forty <t <T. (2.11)
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Note that, although the authors in [13] considered a problem in a bounded
domain, their result is easily seen to carry over to our case by means of
comparison arguments. Consider first the case where 5p> < T — t, and
By, C {2, for some k = E(N) > 2 to be chosen presently. Standard
calculations show that (2.11) implies

o B

((t = t) 7' (1))" > 2 / Ty — 1) g () dr

to-+p?

> ypP P (Pt — gt + ptyreth.

for all p* <t — ¢y < 2p*. This inequality yields at once a lower bound for
g'(t). On integrating such estimate over (¢ + p>. 1y + 2p?) one finds

cg(to-+2p7) ‘ ' oy
Pt <y / (178 = g(ty + p)" 7)) s
Jg(to+p?)

< yglty + p“’)%/ (rrtt =) dr < e
J1

Taking into account that ¢’ > 0 (so that g(ty) < g(t, + p?)), the bound
for U, follows. The function v can be estimated as follows. Using classical
representation formulae for solutions of the linear heat equation, one readily
checks that

v{x, ) > 7, (N) ]L vy, to)dy. for v € B,. p® <t—1y < 2p°, (2.120)
JB

4

wla. t) > v, (N)p? inf v, )P,
() 2Nl oG ) -
forw € B,, t —ty = 3p*.
Actually the requirement that By, C (2 for some £ = k(N) large enough
is needed to derive (2.12). If we combine (2.12) and the bound for U,
previously obtained, we have that

][ v(y.to)dy < | p~* f
JB, J B,

# i

< ’Y(/fQ(pr"t.' ))1/1’ _ 7[)-21{{—}}[.

1/p
u(y, to + 3p°) d:l/)

Indeed the previous part of the proof applies since we have that
to + 3p° < T — 2p* by assumption. To conclude, we merely notice
that the extra restrictions imposed above on p can be relaxed to the
assumptions made in the statement of the Lemma by means of the following
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straightforward covering argument. Let p* < (T —t), B, C By, C £2. Then
the ball B, can be covered by y(N)&" balls B* of radius p; = p/k (k as
above), centered at points of B,. Therefore, for each ¢, the ball with the
same center as B’ and with radius kp; = p is contained in 2. As we
may assume that k > /5, it is clear that 5p? < (T — t), so that the extra
assumptions made above are satisfied. The bounds in (2.3) then follow by
applying the just proven estimates to every ball B'. Note that the final
constant ~y appearing in (2.3) differs from the one found under the extra
assumptions only for a multiplicative factor depending on N. ]

Taking into account (2.4), we may multiply both sides of (2.1a) and
(2.1h) by the function w introduced in (2.6), and then integrate over
B, x (t — p*.t) to obtain

CoROLLARY 2.4. — Under the assumptions of Lemma 2.1, one has that if
p? = C(T —t) for some C > 0, there exists v = Y(N,C,p.q) > 0 such that

e

o . ]
/ / uldadr < (T — t)%*vvf' . (2.13)
Jt—p? JB,

ot
/ / v dedr < (T — t)%_%‘ (2.14)
Jt—p2 JB,

We point out that the arguments in the proof of Lemma 2.1 do not
require of any smallness restriction on 7' — t. We then may let ¢ — 0 in
(2.3) to obtain

COROLLARY 2.5. — Under the assumptions of Lemma 2.1, w(x,t) has an

initial trace . in (2, ji being a locally finite Borel measure in {2. Moreover
for all © € (2,

7_optl

(B, () < 4p" 2T

5 1 i
for 0 < p < min (Tl/z, 3 dist («, 0!2)).

A similar statement holds for v(z.t).

Remark. —a) If 2(p+1) < N(pg— 1), (2.15) actually places a restriction
on the local regularity of any admissible initial datum wu(x,0). Such
restrictions are well known for the case of the scalar equation (1.1) (see
for instance [4], [3], and the references therein). Concerning the case of
the system at hand, we refer to [2], where existence of solutions is proved
under assumptions which, in the light of Corollary 2.5 above, are optimal
if 2(p+1) < N(pg— 1), 2(¢+1) < N(pg - 1).
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16 D. ANDREUCCI et al.

b) Assume that one of the two inequalities stated at the end of part a)
above is violated. Then, by letting p — oo in (2.15) we would recover that
the only global solution of the system is the trivial one, i.e., u = v = 0,
as observed in [12].

2.2. L= -estimates

In this paragraph we shall derive some upper bounds for solutions of
(2.1) which will eventually provide the proof of Theorem 1. To that end
we begin by recalling some notation. For given positive constants k, p, o
and t with ¢ < 1, and any nonnegative integer n, we set

t
k(1 —27""Y, p, = p(1 +027"), t, = 5(1 —-027"),

kn =
(2.16)
B, =B, . Qu= By, x (t,.1), Quo = B, x (t/2,1),

The key result in this Section is the following estimate for the linear
equation which we deem to be of some independent interest. This estimate
is valid for nonlinear equations too (see the Remark at the end of this
Section). While the Lemma can be proved by the classical methods in [24],
[11], we are unaware of any precise reference in the literature, and will
therefore provide a proof below. The precise result reads as follows.

LEMMA 2.6. — Let u(z,t) be a nonnegative solution of
u = Au + f, in Qg, (2.17)

where [ € L™(Qq) with v > (N + 2)/2. Then for any a > 0 there exists
v = y(N,r,a) > 0 such that

t E? [)2 % d
llu] o N _<_'y(1 + ——) (———) 7[]Z wdxdr
,Q /12 t ' O

+AI AN, (//ch" dz dT) (2.180)

= (N +2)r 1=
NE NI rtalzr - (N12)) 2T Ta (2.18b)

where

Proof. — Let (,, be a smooth and nonnegative cut-off function which
vanishes outside Q,, and is such that {,, = 1 on Q11 |V(,| < (v2™)/(op),
and 0 < (,, < (v2")/(ot), where as before -y will denote a positive generic
constant, possibly changing from line to line, which depends at most on
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LIOUVILLE THEOREMS AND BLOW UP BEHAVIOUR 17

the parameters listed in the statement of the Lemma. We next use the
customary notation s, = max(s,0), and for fixed 5 > 0 multiply both
sides of (2.17) by the test function (u — kn_H)i(nz. One then obtains after
integration by parts that

t, <1<t

sup [ (u= k)37 de
Ban

RN
+/ )V((u-kn+1)+2 (o)| dzdr
Qn

< By knp1)  dzd
___;2_— p ) Q(u_ n+1)+ x dT

+ L F(u = kng1)]¢a” dz dT. (2.19)

Write now Any1 = {(z,t) € Qn | u(z,t) > kny1}. Then for any r > 1
one has that

(v — kng1)T dzdr
Qn
< a7 / (k) dwdr)  (220)
Q

n

/ Fu = kny1)0 G2 dodr < 427k / Ifl(w — ko)t dadr
Qﬂ- Qn

< 72%—‘(/Q |f|"dxdv-)1/r(/Q (k) dzdf)Lr—. (2.21)

Set now s = (N + 2)(r — 1)/(Nr) > L. Then

(B+r
// (u = kny1),""" dzdr
Qns1
<

,/ ((u = kuga) 25 Go) 7T dadr
Qn

e 1 N+2 1/s
< IAn+1|TL(v/Q ((7"' - kn+1)j‘-§_ Cn)2N;;“ dz dT) '

Vol. 14, n® 1-1997.



18 D. ANDREUCCI et al.

We now take advantage of (2.19)-(2.21), and of the embedding in [24]
p. 74 to obtain

" r I+
// (u—kpy1)y " dadr
Qrs1

o1 g (3+1)r
<HlAL | </ {u— k',,,)+"" dx dT)
SQn
X (22072t 4 p D) A |+ 27 f ]l o )T (2:22)

If we now write m = (3 + 1)r/(r — 1), and observe that for all c« > 0
[Apyr] < vk—2me / (u—ky)S dadr,

then it readily follows from (2.22) that

(B41):
// — kyy1), " dadr
Qn+x

. B+ 1) 1424
< 'y?Wk‘él ( / (v—Fky) "~ de dT) )

n

X (k—%nun;‘g” (02 +p T kT _Q) (2.23)

where 61 = (0 + 1)(s — 1)r/(s(r — 1)). A classical argument (cf [24]
p. 95) yields then that

lull e o <k (2.24a)

provided that

e
7// S dedr
e Q()

wiir (0
=k 1 (k

s

&1

zmm%<—%f1+p*»»+k7lnﬂt%)
(2.24b)

whence

etk Lr U T .
|UH " 1 <’Y// utu}l) dzdr J%_’Q_O (()_—2(t~1_’_/)~2))ﬁ
lulle..
+<ww%) >ﬁ
||U||007QX

I

'y// W dzdr (A+ B). (2.25)
7 Qo
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Suppose first that A > B. Setting

(B+1)r Lomo s 2(8+ Dr?
r—1 r—1ls—1 (r—1)(2r—(N+2))

52:

one then has that

. (N42)r B+1):
ull22 o <A@ 2t +p77) )7 // w' T drdr
veee Qo
2r
N = (N+2)
<ot + p7) T |2, (// “d$d7> '
4 Qo

where
_ M B 2r _ 2r(fr+1)
b3 = ( r—1 1)2r—(N+2) C(r~1)(2r — (N +2))
Hence

grl (N42)(r=t) " Lo
ulloe . < AllullZg, (072" + p72) Foe0m // udz dr)
o Qo

// udx dT
Qo

(2. 26)
for any v € (0,1). Assume now that B > A in (2.25). Then, setting

(B4 D)r TS B+ (N +2)r
1 oD -1 T (Nt2)

and thus

_Bray g
ullog.. < Pllullog, + v~ = (07207

64 =
it follows that

(N4
l o <A1 / / i s
Qo

< 2(f(+” 1)‘_0/ . «
Y1 g, oo.Co . u®dzdr,
) 0

provided that 8 = B(r,«) > 0 has been chosen large enough. Whence
lull o 0. < Vllull g, + 'yl/"GHfH:,IQO (// u*dx dT) . (2.27)
. Qo
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20 D. ANDREUCCI et al.
for any v € (0,1), with 6§ = 6(3,r,a,N) > 0 and vy, v as in (2.18).

Putting together (2.26) and (2.27), we obtain that for any v € (0,1) there
exists C = C(v) > 0 so that

Nl < ViUl o, +7C(a~2(t + p~2)) ™ //QudxdT

+7CI Il g, //Q u® de dT ” (2.28)

We next select a sequence of cylinders {Q*} in the following form

Q=B x(tt), tt=2(1-(1-2"0); i=0,1,2,...

M'H—

where ‘ _ '
B*'=B,, p'= p(l +(1- 2_’)0), B’ = B,

so that Q= = . If we write now (2.28) with Q.. (resp. Q) replaced by
Q" (resp. Q**1), we finally obtain by induction on i that
+~C Z(2N+2y)j(o‘2(t"1 +p7%) =R (// udz dT)
=0 Qo
10y v, (/[ i dedr)
§=0 0

H,u‘Hoo,QOc S VzHuHoo Q

whence the result, on letting i — oo, for a suitable choice of v. W
We now point out the following consequence of Lemma (2.6).

CoRrOLLARY 2.7. — Let u(z,t) be a positive solution of the scalar equation
(1.1) in Qq. Then, if p < (N +2)/N, there exists a constant v = y(N, p,0)
such that

N42 N
t = ,02 7 u
lull o 0. < 7(”?) (—{) ﬁQ udwd*r-l-'y(//@ upd:vdr) ,

where ;1 = 2(N + 2 — Np)™*
Proof. ~ Let r > (N + 2)/2. Clearly one has that

10, < N6l g, // W dadr)

Annales de Ulnstitut Henri Poincaré - Analyse non linéaire
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Therefore, if we use (2.18a) with f = «® and a = p, and set

t LVTH' [)2 %

it follows that

v =L vatvy /7
lul o 0. < Hﬂ udzdr + ’y||ul|ZoQ0T (// uPdz dr)
Qo Qo

gHﬁ udde—|—u||u||oo’Qo+C(// wdrdr)’,
Qo Qo

where we have used Young's inequality to derive the last bound above,
v € (0,1) is to be chosen, C' depends on 7, and x is as in the statement
of the Corollary. An iterative argument similar to the one at the end of the
proof of Lemma 2.6 yields the result. W

We are now in a position to prove

Lemma 2.8. — Let (u,v) be a positive solution of (2.1) in the cylinder Qq.
If at least one of the two inequalities

p(gN = 2)y < N +2, or  q(pN-2), < N+2, (2.30)

holds, then we have

ulls .. < Hﬁ.Qou dzdr + (H][][QOU dz d¢>P(“1)u1
X (// uqdmd’r)u2 (// ’UpdwdT)M
. 2 Q(i X3
+ fy(//%uq d:z:dT) (//Qovp d;vdf)l"‘? (2310)

provided v, s > (N 4+ 2)/2 are chosen so that

X1 = pq('f’ — 1)(5 - 1)0’1[1/1 < 1. (231b)
Here Y = FY(N/ p,q T S U)’
= (N + 2)((N +2)r+q(2r— N - 2))_1%

=(N+2)((N+2)s+p(2s— N -2)7",
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xo = p(r — Doy + o x3 = puu((r — D(1 = s01) + 1),
o = (1~ jiyr)g~ "

and H = H{p.t.~v) > 0 has been defined in (2.29). Of course v satisfies
an analogous estimate.

Proof. - We shall keep to the notation used in the proof of our previous
Corollary 2.7, and use first (2.18a) in (2.1q) with f = ¢ and « = q.
This yields

ull o < H%/ wdadr +yllv" I, // w! dT
S0 Qo

f pra(r—1)
< H# . wdadr + sz,H‘%"'(S'O ’
R }

X (l/'-/‘(b)“,,ﬂl da dr)”-’ (./"/‘Ql}(“,, A dT) /u‘ 242,

where r > (N + 2)/2, and 111, po have been defined in the statement. A
similar argument applied to (2.1h) with f = u? and « = p gives

lollcq. <HFf vdrdarssuig
JJ

X ( /'./.(JU,(,II d;;;dr)”-’ ( /'-/Q“,,(,q da dr)"’. (2.33)

where s > (N 4 2)/2, oy has been defined above, and o5 = (1 — 7y5)/p.
Next we take advantage of (2.32), (2.33) to obtain

- - o
lull o, < H]L][ udaxdr + (// wd da dT)
o . Qa S Qo
" i - pri(r—1)
X (// P dur dT HZZ][ v d.’leT
. Qo Qr)
+ vllull ) // wt dx dT // v¥ da dT v . (2.34)
Qo Qo

with 1, Y2, x3 as defined in the statement. It follows from easy calculations
that, if (2.30) holds, then 7, s > (N + 2)/2 can be chosen so that x; < I.
We assume below that such a choice has been made. As a matter of fact,
a rigorous derivation of (2.34) requires of using suitable intermediate-size

Annales de UInstitur Henri Poincaré - Analyse non linéaire



LIOUVILLE THEOREMS AND BLOW UP BEHAVIOUR 23

cylinders, as in the last part of Lemma 2.6. For ease of notation, though,
we shall omit here and henceforth such auxiliary steps. Estimate (2.31a)
follows by using Young’s inequality to split the last term in (2.34). The
analogous estimate for v is obtained in a similar way. W

Proof of Theorem 1. — We set p? = C(T — t) in (2.31). One readily sees
that the quantity H is bounded above by some positive constant. Moreover,
one may use now (2.4) and (2.13) to obtain (after routine but tedious
computations) that all three terms on the right hand side of (2.31a) provide
the same bound (T — t)*zf%’l, and the estimate of u follows. The bound
for v is obtained similarly. W

Remark. — The local L> bounds given in this section actually hold for
positive subsolutions of more general systems

uy — diva(z, t,u, Vu) = v, v, —divb(z, t, v, Vo) = u’, (2.35)

provided a, b satisfy standard structure assumptions. If (u,v) is a solution
of (2.35), the positivity requirement can be dropped, working separately
with the positive and negative parts of u, v.

3. A LIOUVILLE THEOREM

This Section is devoted to the proof of Theorem 2. In what follows,
we shall assume that

N+2
I<pq< *

) if N>3 (anyp,g>1if N =1,2). (3.1)

Let (u(:l:, t), v(z, 1‘)) be a solution of (2.1) which blowsupatx =0,¢t = T
We recall the auxiliary variables ®, ¥, y and 7 introduced in (1.16). One
readily checks that & and ¥ satisfy

1 p+1
B, = Ad— —yVD + VP — ( Pt )@. (3.2a)
2 pg—1
1 1
U, = AU~ gV o0 - (LE 1y (3.2b)
2 pg—1
Let I, -y be the constants defined as the positive solutions of the equations
1 1
,ypzfz)+ 7 F’I:'yq+ )
pg—1 pg—1

A crucial role in the proof of Theorem 2 is played by the following
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PrOPOSITION 3.1. — Assume that there exists K > 0 such that
0<d <K, 0<V¥ <K, for — o0 <7 < 0. (3.3)

Then, for any py € (1,(N +2)/(N — 2)) when N > 3 (any po > 1 if
N =1,2)and any e > 0 there exists § > 0 such that, if |p—po|+]q—po| < 6,
one of the following cases must necessarily occur

s (1907 = DI+ NG =) Se (3do)
or
d=Tv=0, (3.4b)
lim sup (oG, 7m) =TI+ 1% (. m) =) <, (3.4¢)
and

Tim (|2 (, )l + [ (7)) =0.

To prove the Proposition, we proceed in several steps. Consider first the
scalar equation

d, = AP — %ywb 4 ®F — })—l, in RY. (3.5)
p—

Then there holds

LeEmMMA 3.2. — Let ®(y,7) be a nonnegative and bounded solution of
(3.5) which is defined for all T € (—o00,00). Then one of the following
possibilities must occur

B(y,7) = (p—1)77T, (3.6a)

or

®(y,7) =0, (3.6b)

Dy, 7) — (p—l)_P_iT, as T — —oo0, and ®(y,7)— 0, asT — 0.
{(3.6¢)

Remark. — 1t is worth pointing out that (3.6¢) actually takes place for
the explicit solutions

Bu(y,7) = Ba(r) = ((p— 1) + ke™) 77

where k is any positive constant.
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Proof of 3.2. — We take up an argument already used by Giga and Kohn
in [19], and consider thus the functional

Ve ¢’ A YA
- - dy. 3.7
E(@) /RN( 2 +2(p~1) p+1)° v (3.7)

Notice that E(®(-,7)) < oo for any T € (—o0,00) by interior regularity
theory for parabolic equations since @ is globally bounded. A quick check
reveals that

d

d—TE(<I>(-,T)) = —/RN B2l /4 gy, (3.8)

Consider now the elliptic counterpart of (3.5), i.e.,
1 ¢ N
A<I>—§yV<I>+(I>”———1=O, fory e RV. (3.9)
p—

Arguing as in [19], it then follows that

+00 )
/ dT/ e IVt dy < oo,
—oo RV

®(y,7) — d*(y) as T — oo, ®(y,7) = ¢ (y) as T — —o0,

and

where convergence is uniform on compact sets |y| < R < oo, and &, &,

are global, nonnegative and bounded solutions of (3.9). (3.10)

As recalled in [19], it follows from the results in [18] that for
1 <p< (N+2)/(N - 2) we must have

o+ =0, or &t = (p—1)"7T.

If (y) = 0, then ®(y,7) = 0 for all 7 by (3.8), and (3.6b) holds. If
Pt(y) = (p— 1)_1’_5, we observe that

_pt+ 1 1 a2
E@t)=(p—1) *,’L—l(i_p__ﬂ)/RNe WI*/4 4y > 0,

—

whence E(®~) = E(®*) > 0 and (3.6a) holds in this case. Finally,
(3.6¢) corresponds to the only remaining admissible situation, namely
2 (y) = (p—1)77"7, and ®¥(y) = 0. W
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As a next step we show

LemMa 3.3. — Let {p,}, {q;} be sequences such that

lim p; = lim q; =p
J—roe j—oe

where 1 <p < (N+2)/(N—-2)if N>3,andp>1if N =1, 2. Let

(®;, V) denote the corresponding solutions of (3.2) with (p, q) replaced by

(pj»q;) there, and assume that (3.3) holds for any pair (®;, V). Then there

exists a subsequence (also labelled by j) such that

lim ¢; = lim ¥; = ",

where ®* solves (3.5), and convergence is uniform on compact subsets
of RV x R.

Proof. — It follows from (3.3) and a standard compactness argument that
there exists a subsequence (®,, ¥;) which converges as j — oo on compact
subsets of R™ x R towards a solution of the system

1

b, = AP — —yVI + VP - ] (3.11a)
2 p—1
1

U =AYV — —4yVVU 4+ $F — , (3.118)
2 p—1

We now claim that

b =0 (3.12)

To show (3.12), we set 7 = & — U, subtract both equations in (3.11) and
use Kato’s inequality to obtain

1 2]
Z, < A(Z]) - =yV(Z]) - ——.
(120)- < A(2) - V(2] - -2,
Since |Z| < K by assumption, we readily see that
lZ(y,T)‘SKe_T_P}%Q. for any 7y < 7 < oc.

Letting now 79 — —oc, (3.12) follows and the proof is concluded. W
To proceed further, we now prove

LEMMA 3.4, — Assume now that the hypotheses in Proposition 3.1 are
satisfied. There exists € > 0 small enough such that, if for some 1, € R

Annales de I'Institut Henri Poincaré - Analyse non linéaire



LIOUVILLE THEOREMS AND BLOW UP BEHAVIOUR 27

10, 7o) || + 1% (-, 7o)l < e, (3.13)
then one has that, setting o = min(p, q),

1B, )| + 1 U(-, 7)|| < Cee™ 7t (T=0),

3.14
for some C > 0 and any 7 > 79 + C/2. ( )

Proof. — Let us denote by Sy(7) the semigroup associated to the
differential operator Ag = A — %yV. Taking advantage of (3.3) and Kato’s
inequality, one easily sees that

(12, < A1) - ZyV(@) + a@] + |¥)),

for some o = a(K,p,q) > 0. Since |¥| satisfies a similar equation, it
turns out that

(| + [¥]), < A(]Q] + |¥]) - %W(I‘I’I +9)) + a(|2] + |¥)).
Hence
B(,7)] + [U(-,7)] < e S (7 — 1) (1@, 70)| + [¥(-, 70)]). (3.15)

In view. of (3.15) and the delayed regularizing effect which holds for
operator Ay (c¢f [26]), one has that, for any r > 1 there exists Cy > 0
and L > 0 so that

12C e + HEC e < ColC o)l + [18( 7)),

(3.16a)
whenever L/2 <1~ 714 < L,

where

A, = [ Ihre s, (3.160)
RN

this last definition being meant for functions A for which the right hand side
above converges. Recalling (3.13), we may now use variation of constants
formula in (3.2), and take advantage of (3.15), (3.16) to obtain that

ekl o
[DC, My + 1T, S eMem T,
for some M > 0 and o = min(p, ¢), provided that L/2 < 7 — 14 < L.

(3.17)
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We next use variation of constants formula in (3.2) to obtain that

N, I+ 12, )| < Fu(rsmo, L) 4+ Fa(r370, L), (3.18a)

)
(o7 (o ) (o ) o

T

|Fa(rs 0, L)) = / e~ T IS (1 — 8)(U(-5)? + B(-, 5)) ] ds.
To+ 5
(3.18¢)

for L/2 < 7 — 19 < L, where

|Fy (7570, L)|| = e~ paor (7= (ro+ )

and

Since ”SQ(T - 5)f(, s)|| Cllf(-,8)|l, it follows from (3.15) that
®(,70 + &) + (-, 70 + )H < ee®L/2 Hence

| Fi(7; 70, L)|| < eCre~#i 1T~ (0+ %) for some Cy > 0. (3.19q)
To bound F5, we first observe that

ISo(r = 8)f (- )| < CIIF (9Pl < CIEC, 9)II3y

We then make use of (3.17) (or rather of a variant of it, since we set r = 2¢
in [|®(-,7)|l,.,, and r = 2p in [[¥(-,7)]], ) to obtain that

| F2 (7570, L)|| < " MPe raT(TmTotE), for some M > 1, (3.19b)

where 4 = max(p,q). It then follows from (3.19) that

18, )| + [1T(, 7)|| < (eCy + 7 MM)e™pi1T—T0+%)

provided that 9 + L/2 <7 < 719 + L. (3.20)
Recalling ((3.16a), one then has that
H(I)(ﬂ T)”r,w + ”\Il(.”r)“rw S 00(501 + g‘y]\ll-t)7 (321)

whenever 79 + L < 7 < 19 + 3L/2.

If we select now € > 0 such that eCy + " M#* < 2¢Cy and M > 0in (3.17)
so that M > 2C,C,, we can repeat the previous argument with 7, replaced
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by 70+ L/2 to obtain (3.20), this time in the interval o+L < 7 < 79+3L/2.
Iterating this procedure, the result follows. W

End of the Proof of Proposition 3.1. — Assume that (3.4a) fails to
hold. Keeping to the notation in Lemma 3.3, there exists ¢ > 0 and
sequences {p;}, {¢;} and {7;} such that lim; .. p; =lim; . g; = po.
1<pe<(N+2)/(N-2)if N>3(p>1if N=1,2), and

19, 75) = Gl + 150 75) — il > &,
where I}, ~y; are given by (1.18) with p, ¢ replaced by p; and g; there. Let
us continue to denote by ®;(y, 7), ¥;(y, 7) the functions given respectively
by ®;(y,7 4+ ;) and ¥;(y,7 + 7;). Then we have that

[1;(-,0) = Till + [19;(-, 0) = vl > e

By Lemma 3.3 it follows that a subsequence (still denoted by {®;}, {¥,;})
should converge to a solution ®*(y,7) of (3.5) which is defined for all
T € (—00,00). These last solutions have been classified in Lemma 3.2. By
assumption (3.6a) cannot hold, so that either (3.60) or (3.6¢) should occur.
In either case, one has that for some 7o, ||®;(-, 70)|| + || ¥, (-, 70)|| becomes
small enough, and then Lemma 3.4 yields ||®,(-,7)|| + [|¥;(-,7)]| = 0 as
T — 00. Suppose now that the limit function ®*(y,7) is not identically
zero. We then claim that

(1®;(,7) = il + |¥5(,m) —%|| £ C, as 7 — —o0,

where C' = C(pj,q;) — 0 as j — oc. The proof of this last fact follows
again by contradiction, since ®* necessarily is either a S-shaped function
as that in (3.6¢), or zero. This concludes the proof. W

We now turn our attention to the situation where (3.4a) holds. Our aim
consists in proving that, in such case

d=1r U= 4.

To this end, we linearise around (I, 7y) by setting

p=®-I, Y=V-1. (3.220)
One then obtains
= Ap— SyVet (r+op - 2L (rh )
or =Dy - SyVo + (v P ©
1 p+1 _
=A<p—§yV<p—( )Wrm” "+ f1(v)
pqg—1
= A +pY 7Y + fi(¥), (3.22b)
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where f1(¢) = O(*) as ¢» — 0. In a similar way, we obtain

1 +1 / q— ‘
Y, = Ayp — -2—yV1/) - (1?(1 — l)’lt} +ql" o+ faly)

= Aot + "o + fo(g), (3.22¢)

where fo(p) = O(p?) as ¢ — 0. As a next step we define a function space

V= ; | f,g € L2(R™)}, and a linear operator A : V — V with
domain D(4) = HA(RY) x H2(R), given by
o ‘41 pfy]”’l] .
4= (qF‘“I Ay, ) (3.23)

where, as usual, I denotes the identity operator. Notice that if p # ¢,
q™' # pyP~!, and in such case A is not self-adjoint in the space V
endowed with the natural scalar product

<<ﬁ> <£)> = /I;\Kff +9g)e” " dy.

This lack of self-adjointness translates into some modifications in our
forthcoming approach with respect to that corresponding to the scalar case
(cf [26], [27]). We shall next sketch the relevant details. We start with
operator 4y = A — %yV, already considered in Lemma 3.4. By standard
results (which have also been recalled in the Introduction), A is self-adjoint
in L2 (R™). Moreover, if we denote elements in RY by o = (a1, ..., an).
the spectrum of Ag consists of values —|«|/2, where «; is a nonnegative
integer for any ¢ = 1, 2. ..., N, and |o| = o + -+ + ax = 0,

1, 2, ... . The corresponding eigenfunctions are given by ¢,H.(y) =
CulHozl(yl)”'CKY;\'HH;\'(yN)w where Hn(S) - H”(S/Z), Hn being the
standard n*®-Hermite polynomial. The constant ¢, = (Co ... Coy) IS

selected so that |¢,|*(H,,H,) = 1. The family {H,} constitutes an
orthonormal basis in L2 (R"). This last space is isomorphic to the space
of sequences £ = {(z,) | 3 |7a]? < oc;0 = (@1,....an) as above }.
As it is well known, this isomorphism is given by the mapping f — {a.}.

where
F=> (fH)H. = a.H,.

Y X

This correspondence is extended up to an isomorphism between V and
£2(C?) = {(@arba) € C* | 3 (laal* + |bal?) < oc,a as before} in a
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natural manner. Namely, denoting transposition by * for ease of notation,
we associate to every pair (f, g)* € V an element ({f,},{g.})" in £2(C?)
given by

.flv = <f H,\,>., Go = <Qa H{v) G = (Qlﬂ B '(YA\')' |&’ = 0 ]"2“‘ s

so that the action of the operator A given in (3.23) on the space ¢?(C?)
is described as follows

] p+1

, - - !
A(")) = 2 pa-l Yo ) (3.24)
v s (F‘I"l _M — _.___q + 1 Vo
! 2 pqg—1
Set now
_p t1 pfypfl
- pg—1 3.25
M= it g+ 1 (3.25a)
q _
pg—1

A straightforward computation reveals that M has eigenvalues AT, A~
given by

A=1, A= —(lii)(iri). (3.250)
rq —

It is therefore possible to select u., u_ such that
Muy = uy. Mu_ =X "u_. luy| = Ju_| = 1. (3.25¢)

Notice that v, and w_ are parallel respectively to

(1.’ q+ 71—1)) , (1’_(1(p+ )(])’Yp_l)—l) )
pg—1 pg—1

Bearing in mind the previous remarks, we now write

(f.g)" = Z al Hou, + Z a, Hyu_, (3.26a)

(23

for any pair (f,g)* € V. A word of caution is required, however, concerning
(3.26a), since {H. uy} U {H,u_} is not an orthonormal basis in V' (this
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follows from the fact that v, and u_ are not orthogonal). Nevertheless,
we may define subspaces V. in the form

Vi = {(8a,bo)" = coauz: Y _|eal* < 00}, (3.26b)

and we still have that
V=V, @®&V_, butV, is not orthogonal to V_. (3.26¢)

Summing up, we have obtained that the spectrum of operator A in (3.23)
is given by

A(H,uy) = (1 - I;é—|>Hau+, (3.27a)
1 1
A(Hyu_) = — (M + Mﬂ—)>ﬂau_, (3.270)
2 pg—1
where, as before, & = (a,...,an) and for any ¢ with 1 < i < N, a; is

a nonnegative (possibly zero) integer. There are two positive eigenvalues:
A1 = 1, to which it corresponds the eigenfunction Hou,y, and A = 1/2. In
this last case, there are N eigenfunctions, given by H,u,, where « runs
through the unit vectors (1,0,....0), ..., (0,...,0,1). The eigenvalue
As = 0 has in turn N{N + 1)/2 eigenfunctions of the form H,u., where
the index « has either two coordinates equal to 1 or one coordinate equal
to 2, all others being zero. All remaining eigenvalues are negative.

At this juncture, a couple of remarks are in order. First, for any pair

(¢, 9)* € V there holds

1 Y _(larP+laz?) < (0. )" (0. 9)7) < e Y (lal P +la ), (3.28)

[

for some positive constants ¢; and co2. We shall henceforth use the notation

vy, 7) = (o, 7), 9y, 7))",
No(, )| = (el ), 9, 7). (3.29)

Second, we should stress that our functional frame allows us to make use
of the delayed regularizing effects introduced in [21] and [26] to study the
scalar case. These will be used in deriving our next result, which reads
as follows
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LEMMA 3.5. — For any o > 0 there exists ¢ > 0 such that, if (3.4a)
holds, then

3 jafl <olo(m)ll,  for —co<T<oo,  (3.30)
lol <1

where v(-,T) is given in (3.29).

Proof. — We shall argue by contradiction. Assume then that there exists
areal 7 and o > 0 so that

Y lad () > oliv(, 7, (3.31)

Jo|<1

regardless of how small € > 0 in (3.4a) is. For the ease of notation, we
shall assume o = 1 in what follows. In view of our previous discussion,
we have that

v, = Av+ f(v), (3.32)
where A is given in (3.22), (3.23), and f(v) = O(v?) as v — 0. If we

denote now by S(r) the semigroup associated to A, we may represent
solutions of (3.32) in the form

v(-,7) = S —T)v(-, T) +/ S(r—$)f(v(-,s))ds, forT > 7. (3.33)
Let » > 1 be large (but fixed). Then there exists L > 0 such that

o8l < ClloC 7, fors > 7+ L. (3.34)

Take now 7 so that 2L < 7 — 7 < 3L, and split the second term on the
right of (3.33) as follows

/;S(T—S)f(v(-,s))ds:/;_Lm + /iL =L +1L. (335)

Using (3.31) and (3.34), we readily see that
L]l < e( ) lad(m)])?, (3.36)
lel<1

where here and in what follows C denotes a positive generic constant. As
to I;, we notice that the value of L is determined by our choice of 7 in
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(3.34), and this in turn has been already fixed to derive the bound (3.36).
It may therefore happen that (3.36) does not continue to hold when we
replace I> by I; there. In such case, we argue as follows. Select 4 > 0 so
that f(v) = O(v1*") as v — 0, where § is small enough so as to have

1+6
> |aj(r)|> . fors>7+ L. (3.37)

la]<1

ot oy, <
1§75
We then have that

> |a:<f>|) - (3.38)

lal<1

I < (

whence, using (3.33)

S lar @z Y lal(R)] elr 2

la|<1 le|<1
2 148
~e|( S aren) + (X lezen) |
o<1 laf<1
Hence
Yolad(n = Y lak(7). for2L <7 -7 <3L ‘
lo| <1 laf <1 (3.39)
regardless of how small € > 0 in (3.4a) is.
whereas on the other hand
lo(-, | < Clle(-. )l for 2L <7 — 7 < 3L. (3.40)

We now write v = v, + v_ with v, € V. (resp. v € V_), where V.
V_ are given in (3.26). We also set

Wy = Vg — Z H07L+<H,y'u+,?7+>,

o] <1

and define

T(r) = 3 lad () (lw ()P + o= (o) (3.41)

lel<1
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Clearly,
T(r)> 8, >0, for 7+2L < 7 < 7+3L, and some 6; > 0. (3.42)

We now compute

=2 atat) (s (P + o))
ja]<1
—2 3" (@) (hws (P oo (L )1?)
<1
X ((wy, (wy)r) + (v (v2)r)). (3.43)

Notice that operator A commutes with the decomposition V =V, ¢ V_.
Therefore, denoting by P, (resp. I°_) the projection operator on V, (resp.
on V_), equation (3.32) gives raise to

(v4); = A(vs) + Py (f(v)). (3.41a)
(v_)r = A(v_) + P_(f(v)). (3.44b)
Let ) be the projection operator from V. onto the subspace orthogonal
to the eigenfunctions H,uy with o = 0 or a« = (1,0,...,0),
a = (0,...,0.1). Thus wy = Qu,, and
(i) = Aws) + QP (f(0). (3.45)

Using (3.43)-(3.45) we obtain

Loy (1= et o o)

Ja| <1

=23 JafP(lwi G+ o Cooli?)

|} <1

X (s Awy) + (w0 QPL(F(0))) 4+ (oo Av ) + (v, P_(f(v)))).

As (w+,Aw+) <0, and (v_, Av.) < —c|lv_||?, it then follows that

20 Y lal Pl (I + o))

Jerf<1

« (% = (s QP4 f(0))]
L P £ (o + -0 ).
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We next remark that i), we have the estimate
. 3 .
loC )2 < oG )G < Cllv(m = DI,

and ii), by (3.39) and (3.42), |ju(-,7 — L)|| < C||v(,7)||, where C > 0
depends indeed on L and #,. Putting all together, we see that

lo(, )| < Cllw(, 7).

and hence

T 22 3 et (s (P + o ()™

lal<1
‘ (% — Cllo(, )P (s (7 + uuw)n?)”)

> 97(r) (5 ~ CT() ol ).

Therefore, if ¢ > 0 in (3.4a) is small enough, we obtain by a standard
continuation argument that

T(r) > 6y >0, fort>7+ L. (3.46)

We now claim that (3.46) cannot possibly hold. To wit, we notice that, by
(3.32), one has that for 7 > 7+ L

% S laf] > % S et - 1QPsf(v)]

lef<1 fo|<1
1 1
+ 2 +
> 5 > lall = Clol* 2 (5 - Cie) 3 a3,
le| <1 le|<1

for some C; > 0, where we have made use of (3.4a) and (3.46) to derive
the last inequality. Integrating the previous inequality in time we finally
arrive at

Z laX(T)| > Z lat (7 +L)|ei’(7“f‘L), forr> 7+ 1L,

o] <1 je|<1

where 4 = 1/2 — C4e. Letting ¢ — 00, we obtain a contradiction with the
fact that v(-,7) must be bounded. W
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The final step is the proof of Theorem 2 is

LEMMA 3.6. — For any o > 0 there exists € > 0 such that, if (3.4a)
holds then

Z |a’:| < 0””('77)”7 —00 <7 < 0. (‘347)
lal=2

Proof. — It follows from the lines of that corresponding to our previous
Lemma. Therefore, we shall merely sketch most of the arguments involved,
to describe in more detail those parts where differences with respect to that
proof appear. Let us write

vy = Z al Hyuy + Z al Houy + Ro(7), (3.48a)
jal<1 la|=2
9 -1 .
TCor)= Y lad PRI + o= (nlF) (3.48b)
|a|=2

A straightforward modification of the arguments in Lemma 3.5 gives

T(r) >0, asfaras (i) T(r)>80>0, for

some f, and (ii) ¢ in (3.4a) is small enough. (3.49)
Fix now ¢ > 0. Then either
et ()l =60 laf () + IRl + o= (7))
lof<2 <1 (3.50)

for some sequence {7;} with lim r; = —o0,
Fmde el
or else

For any M > 0 large enough, and any 7 < —M, there holds
D lad @I <8( Y lag (Ml + IR ()l +llo- (7). (3:51)

l| <2 la]<1

Suppose now that (3.51) is satisfied. Then, using the equations for v_ and
R, (which are easily obtained from (3.32)) we derive

J . 7
510G DI < =alloC Pl + O(llo( 7 = D)), for 7 < M,
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where i > 0 and 7 > 0 are (small) positive numbers. We may now use
(3.4a) to see that, for any 7, < 7 < =M,
lo(-.7)|| < Cee =70, > 0.
whence by letting ) — —>¢ we would obtain that v(-,7) = 0 for any
—M, which in turn yields v(-.7) = 0 for any 7 > —M by a standard
continuation argument.

It remains yet to consider the case where (3.50) occurs. i.e., when
quadratic modes dominate in the expansion (3.26) with (f.¢)* replaced
there by v = (w.%)*. In this case, we may use a continuation argument
involving (3.49) to obtain that

Z lal(m)] > o( Z laf (T H| Ry (- ) |[+o~(-.7)]]).  for any real 7.

o] <2 lor] <1
(3.52)
We now define
X = Z o (7) Hoteg.
o =2
and, as in [26], define the matrix G = (G;), 1 <4.j < N, whose entries
are given by
G, = { V20 Ha(yu)Hy ' it =,
(v Hi(y) Hy(yg)ug Y Hy . if 6 # .
A minor modification of the arguments in [26] yields now

G =vG*+6H(G).

where v > 0, and H(G) = O(||G||?) for small ||G||. Moreover, G is
symmetric, and its elgenvalues Ar(T) satisfy
Ak = by A7+ SO AP (3.53)

where [|A||* = 3, Aj. and coefficients 6, , are positive. The analysis of the
O.D.E. system (3.53) is similar to that performed in [26], Section 3. It turns
out that the eigenvalues {A,(7)} satisfy (after a possible relabelling) that
C
Ap(r) = = ———. forr>m. k=1..... ¢ (3.54a)
T —T0

1
/\k(T):o< ), forr>7, k=/4+1.....N. (3.54))

T—T0
Letting 790 — —oo, one then obtains that ||A|] = 0 and hence ||G|| = 0,
whence |lv(-,7)]] = 0. W

Putting together Proposition 3.1, and Lemmata 3.2-3.6, the proof of
Theorem 2 is now complete.
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4. CLASSIFICATION OF SINGULARITIES. OCCURRENCE
OF A PARTICULAR CLASS OF PROFILES

In this Section we shall prove Theorems 3 and 4 in the Introduction.
4.1. The proof of Theorem 3

Our first result in this direction is

LEMMA 4.1. — Under the assumptions of Theorem 3, one has that

Oy, 7) =1, Y(y,7)—, asT — 00,

4.1
uni formly on compact sets |y| < R < oc. (4.1)

Proof. — Consider the sequence (&, V,,) given by

Culy,7) =@y, 7+n),  Unly,7) =¥y, 7+n)

Since ® + ¥ is bounded, there exists a subsequence (still denoted by
(®,,%¥,)) such that lim, oo ®,(-,7) = ®*(-,7) and lim, o V,(,7) =
U*(. 1) uniformly on compact sets |y| < R. Clearly, (®*, ¥*) solves
(3.2). By hypothesis, one of the cases (1.18) or (1.20) holds. Assume that
(®*,¥*) # (I',y). Then, for any ¢ > 0 and 7y > 0, we would have that

(0o +n)|| + V(- 70+ n)|| <&, for large enough n.
Arguing as in the proof of Lemma 3.3, it then turns out that
4L

|B(-,7)|| < Ce 717, |[B(-,7)|| < Ce 71", asT—o0. (4.2)

We then take up an argument already used in the proof of Lemma 3.5. We set

= |BleFiT + |Tlerio1”, (4.30)
and readily check that (7 satisfies
G- < AG - 3yVG + CG, (4.30)

for some C' > 0. We now consider the following integral introduced in [27]:
For any ¢ > 1 and v > 0, and for any h € L% (RY) we write

zw = s ([ e (- ©5) ag) "

lgl<r
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Let Ay, So(7) be as in the proof of Lemma 3.5. It has been proved in [27]
(cf Section 2 therein) that

L3(So(t)) < C*Li(v), for any 7 > 6 and some C* = C*(6) > 0.
(4.4)
From (4.2), (4.3) and (4.4) we then obtain that

LI(G(-, ) <C, for some C > 0,and 7 > 0,
which in turn implies

pt1

LH(@(,7) S CemrT, Li(U( ) < Ce 7,

for some positive generic constant C. We are thus led to

= _akl o
|@c(-,7)|| < Cemvait7, || We(-,7)|| < Cem 717,
for large 7, where [¢] <1
and @¢(y,7) = By +£,7), Yely,7) = V(y+& 7). (4.5)

We can perform now a translation in space to see that, after selecting
(®e(-,7), Ye(-, 7)) as a new initial value in (3.2), standard regularity theory
for parabolic equations will give

0 <u(z,t)+o(z,t) <C, forany |z| < § <1, and any 7 € (T - 6,T),
(4.6)

which provides a contradiction with the assumptions of (z,t) = (0,7)
being a blow up point. This concludes the proof. W

As soon as Lemma 4.1 has been obtained, we are able to use the
arguments developed in Section 3 to deal with the case where (3.4a) holds.
Namely, we linearise as in (3.22) and make use of the functional frame
previously implemented to repeat the steps in [26] where the scalar case
(1.1) was analysed. This yields at once Theorem 3.

We next set out to prove that the profiles described in (1.29) actually
occur.

4.2. The proof of Theorem 4

We shall obtain the sought-for result by means of a topological argument.
Such approach has been employed by Alberto Bressan to discuss on blow up
patterns in semilinear parabolic equations (cf. [7], [8]). Arguments alike to
those to be explained below have been used in [23], [29]. We shall refer to
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these works for details, and concentrate instead in describing here the main
idea behind the proof. Basically we will prove that if the coefficients «, . . .,
Qn, Bo, ..., B¢ defined below are chosen satisfying (4.11) and v satisfies
(4.46) then we recover (4.46) with a strict inequality for 79 < 7 < 74,
T1 2 To arbitrarily large. This allows us to use a topological argument that
proves that (4.11) still holds for suitable a4, [ and 7; replaced by 7, + 6.
By means of a continuation argument we could then assume that 7, = 400
and this yields the required result.

To simplify a bit the notation, we shall consider in detail the case N = 1
only. It will become apparent from our approach, though, that the case of
radial solutions in higher dimensions can be obtained at the expense of
some minor modifications, which shall be omitted. To begin with, let m be
a fixed even integer, m > 2 and let / be a positive integer such that

~(o+%5)>1-5>-2(c+%), whereo =(p+1)(qg+1)/(pg—1).

(4.7)
Notice that such a £ always exists, since ¢ > 1. Remark also that (4.7) can
be restated in the form

24+20+m<l<2+40 4+ 2m.

For fixed 75 > 1, we now consider the following function

o+ )

vo(y, 7o) :amﬁm(y)e_( o4

+ > apHy(y)e Ty
m#Zk<n
-1 v
+ Zﬁjﬁj(y)e(l_%)mTM + B Hpe =Dy, (4.8)
=0
Here H;(y) denotes a truncated version of the modified Hermite
polynomial H;(y), ie.,

F(y) = H](y)7 for ly' S Ce(%?%)fo’
] K’ for |y| 2 QCQ(E_T)TQ,

where C, K are large (but otherwise fixed) constants, n is the largest integer
which is equal or inferior to 2(c + %), and ag, ..., &y, Bo, ..., B are real
constants to be selected presently. We certainly can rewrite (4.8) in the form

UO(vaO) = UO(er()vaOv .- ~7an7/307 C 7ﬂ5)

= Ho(y)e™ @m0y 4 Z aka(y)e‘(”Jr%)”’u_
m#k<n
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£—1
+ 3B e,
=0
+ BeH e D u, + E(y, ), (4.9q)

where E(y,70) = 0 for |y| < Cez=9™ and
IEG, 7o)l = O(e™ %)), (4.9b)

Let us define now the function v(y, 7) as the solution of the Cauchy problem

v = Av + f(v), for 7 > 7, (4.10a)

’U('aTo) = UO(Z/«,TO) (4.106)

(cf (3.23)). Fix now 7 > 75, and let (qy, ;) with k # m, j # ¢ be
selected so that

(P_v(-,7),Hg) =0, for0<k<n, k#£m, (4.11a)

(Piv(-,m),H;j) =0, for0<j<4—1. (4.11b)
We now claim that

For any k such that 0 < £ < n and k£ # m, there holds

k
|| = O(e™®7™), as 79 — oo, where §; = 2(0 + %) - (a + 5) >0

(4.12a)
For any jsuch that0 < 7 </ — 1, there holds

13| = O(e™®™), as 7y — 00, where 8, = 2(0 + %) - (é -1)>0

(4.12)
Let us show how to obtain (4.12a). To this end, we use variation of
constants formula in (4.10), to write v(-, 7) in the form

T

(7)) = GA(T_TO)U(',TU) + / eA(T‘s>f(v(~,s))ds. (4.13)

J 1y

We then set 7 = 71 in (4.13), and observe that, for any fixed £ # m such
that 0 < k& < n, condition (4.11a) yields

0= ageCTHm 4 <P / AN f(o(-, 5)) ds, Hk> + (P E( 7). Hy)

7o

= are TN 4 Ri(11) + Ra(my). (4.14)
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Using the fact that f is quadratic, one readily sees that
|R1 T I < C/ —(o+£ )‘r]——s) —2(c+%)s ds < Ce—(a+§)ﬁe——6170’

where |R»(71)| gives a contribution which is even smaller than the previous
one. This yields at once (4.12a); the proof of (4.12b) is similar.

We next proceed to derive a priori bounds for v(y,7), under the
assumption that (4.11) holds. We do this by using variation of constants
formula together with (4.9) to obtain that, for any 7 € [7o, 71],

7y =Y are™ DT H (y)un + By(y, myus + Y BT H ()

k<n It

T By, m)uy + / " AT f(u(- 5)) ds

To

= S1(y, 7) + Ex(y, T)u— + Sa(y, 7)
+ EQ(va)u+ + 53(3/, 7-)7 (415@)

where
AT By, 7) = Ex(y, Tu- + Ba(y, m)uy. (4.15b)
We then write S3 = S3(y,7) as

S5 = ZHk/ ~H NP f ) dsu_

k<n

—|—ZHk/ ~+DT=(P_f Hp)dsu

k>n

+3 / A=D1, £ 1) dsu,

i<s

+ZH/ =D =)(p f H H;)dsu,. (4.15¢)

i>e

We now take advantage of (4.11a) and (4.15) to obtain that, for any
T € [70,71),

-y Hk/ AT NP f H ) dsu_

m#k<n
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~ Y Hj / AP f H ) ds uy

ise-1

+ (Jcme*(”%)er(y)u- + /Jpe(]"%)THp(y)qu
+ ZHk/ e~ D= p_f H ) dsu_

k>n 7o
S [ e i,
i>e o

+ Hm/ AN P_f H,,)dsu_

+Hf/ eATTNPLf Hy) dsuy

+ Ev(y, Tu— + Ex(y, Tug (4.16)
Clearly
> / eAT=(P_f Hy)ds
m#Ak<n " T
< C Z / e—(0+§-)(r—s)e—2(0+l§)s ds < 0672(a+1'2i)7" (417@)
m#k<n T

and moreover, using (4.7) and the fact that f is quadratic,

S

i<t

+

H,, / AN P_f H,)ds

+ < e HeHE)T (4.17h)

H, / eAT (P, f, Hy) ds
o

On the other hand, using Cauchy-Schwarz,

ZH'“/ e_("‘L%)(T'S)(PAf, Hy)ds

k>n 7o
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2
< CZ (/ e~ (p Hk)ds>

k>n

-1 r
n —(o+ &) (7—s
§O<a+§> / e T (NP f H)?) ds

To k>n

1 ,r -1
< C’(a + g) / e (H3)(T=9) g5 < C<J + g) e U,

As a matter of fact, the extra factor (¢ 4+ n/2)~! on the right above yields
at once

> Hi / e~ RN=(p_f H,)ds

k>n 7o .

< Ce~ 2+ (4.17¢)

H}
Arguing in a similar way, we easily obtain

ZHJ/ DTN Py f Hy) ds

i>e o

< Ce 209 (4.17d)
Hl

Notice that in space dimension N = 1 the above H]-bounds give Li’c -
estimates by Sobolev embeddings. Finally, one readily checks that the
contribution corresponding to the terms E,(y,7), Es(y,7) in (4.16) is of
order o(e"2?+%)7) for 7 > 7,. We summarize our previous results (in
particular, (4.12) and (4.17)) in the following

LEMMA 4.2, — Assume that conditions (4.11) are satisfied. Then if o > 1,
for any T € [19,71] one has that

0(y:7) = ame” T H  (y)u_ + BeeC T Hy(y)uy + O(e 20T,
uniformly on sets |y| < C. (4.18)
Our next step consists in extending Lemma 4.2 (or rather a suitable

version of it) to larger regions. To this end, we introduce a new variable
¢ given by

£= ye(%"%)T. (4.19)
In the variables (£, 7). the corresponding equations for (@, ¥) read

§

2 — P__p+1
ZCI)E v

STt (07 0g —a.), (4.200)
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£ g+1 2_ ;
2P, =Hpe . L~ ( T DT — -, 4.9
Fle= 0= (g \1;) (4.200)
Set now
z={llogl¢], so that & = &, = %(IJE, (4.21)
and consider the autonomous system
- 1
b-wr_Prlg (4.224)
pg—1
: 1
pog_ 4ty (4.22b)
pg—1

System (4.22) has two equilibria: (0,0) and (I',7). A standard phase space
analysis yields the following phase portrait for the corresponding trajectories

—— -
\\./’/____

N

v

FIG 2. — Phase portrait of (4.22).

Let us denote by o = (®,¥)* the stable trajectory linking the critical
points (I',y) and (0, 0) in Figure 2. Classical linearisation procedures yield
the asymptotic behaviours

®(¢) ~ T — cyf€l", as £ — 0, (4.23a)

V() ~v—colél,  as&—0, (4.23b)

for some positive constants ¢;, ¢, and

P+l

(&) ~ Ky|¢| T, as € — oo, (4.24a)
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a+1

U(E) ~ Kol 5, as € — o0, (4.24b)

for some K; > 0, Ky > 0. We now consider the following auxiliary
function

il

5(€) + ot B (E)e” ") Tu_ + R(€,7)
o(&) + W&, 1)+ R(&,7), (4.25a)

v*(&,7)

Il

where

R(&,7) = ¢F7D7Q,(€) + e TTHITQ,(8) + Qs(6), (4.25b)

and functions Q;(€§) (¢ = 1, 2, 3) are to be selected presently. As a a matter
of fact, our choice of the Q;(£)’s will be made so that v*(£, 7) will provide
sub- and supersolutions of system (1.17) in regions || = O(1). This goal
will be achieved as follows. We set

Llu)=u" - yu/, f=0f1.f2)", (4.26)
where
1
fewy=w-2le  p@uwy-e- Lty
pq—1 pg—1
We may thus rewrite (1.17) in the form
v, = L{u) + f(v). (4.27)

If we rewrite now v*(&,7) in the variables (y,7) and plug it into (4.27),
we obtain that

U+ W, + R, = L0+W+R)+ f(5+ W+ R) + f(3) — f(0).
Hence
W:+ R, = LW+ R) + 0y, + f(0+ W+ R) — f(v). (4.28)

On the other hand, the arguments in Section 3 (¢f for instance (3.22), (3.23)
there) show that

W, = L(W) + M(W), (4.29)

where M is the matrix given in (3.254). From (4.28) and (4.29) it follows
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R, = L(R) + 9,y + f(5+ W + R) — f(8) — M(W). (4.30)

To obtain further insight, we split f(v) into a linear and a nonlinear part.
Namely, we set

(Pl 9L L e e = b0 + g .
sy = (-ZEh e 5w} @) = ) gl 49

From (4.30) and (4.31), we finally obtain

R, =L(R)+4R)+ glv+ W+ R)—g(v) — (M - O)W + 9,
= AR)+ K(£.7). (4.32)

Write now

_ p+L —p ()Pl
o= (g e )

pg—1

(4.33)

We are now prepared to select Q1(&) and Q2(&) in (4.25). To start with,
Q1(&) is a solution of

(1= %)Ql + %(Ql)i +M(E)Qr = —(Pee, Vee)*.  for £ >0, (4.34a)
so that
Q1(6) ~ €72 as £ — 0, for some ¢ = (¢1.cp)" c# 0. (4.34b)

On the other hand, Q2(§) is a solution of

(o4 )@+ Qo)+ MEQ = P(&). for€> 0. (4350)

where
P(&) = (TP — 4P Y Wa(), (8971 = T WA(€))

with
W = (W, Wa)*,

as in (4.25), so that

Q2(€) ~ demTt, as £ — 0, for some d = (dy,d>)",d #0. (4.35b)
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For i = 1, 2, let us write Q;(£) = (Q; (£),Q%(£))*, and set @ = (a1, az)*.
We shall use henceforth the following notation

aQi(€) = (1 QL (€), 2Q2(€))".

We shall prove now the following result

Lemma 4.3. — There exist constants a = (a1, q2)* and 3 = (f1,02)*
such that the function R(E,T) given by

R(¢,7) = e F V7, (€) + e HEITQu(€), (4.36)
with QQ1, Q2 as in (4.34), (4.35) respectively, satisfies
R‘r - A(R) Z K(£7’r)% (437)

provided that Aeli—2)7 <€l <6, where A>1,0<é<land 7> 1,
the inequality in (4.37) being understood as holding for each component of
the vectors therein considered.

Proof. — A quick check reveals that, if Ae(t—2)7 < |€] < 6, where 4, 6
and 7 are as before, then there holds W + R <« ©. Setting R = (Ry, R2)*,
(4.42) reads

+1 o I
(£1)- :%(Rl)s - ,p — 1R1 + pUPTI Ry + p(UP~! — 4P HW,
+ e(%—l)f((Rl)Eé + ‘i)&), (4.38a)
3 g+1 _— St el
(R2)+ :z(Rz)g - g = 1R2 + q®? "Ry + q(® - )Wy
+ eI (Ra)ee + Viee). (4.38b)

A routine computation reveals now that, if we set R = e(%‘l)Tan, we
may select o so that

R, - %Rg ~ MR > T (Ree + Bge). (4.39)

In deriving this last inequality, we make use of expansions (4.23) together
with the fact that

62(%71)7—56_4 & e(%_l)rf‘)“Z, whenever |y| > A > 1.
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A similar argument shows then that if we set R = ¢~ (“T%)730Q, (), we
may select 3 so that, in the region under consideration

R~ SR~ MEOR> PO+ VR (440

Putting together (4.39) and (4.40), the Lemma follows. W
Let now B >» 1 be given, and let (J: be such that

(Qe)e + M(0)Qe = 2(1 — o) (€., for &> B

where 1 = p(g+1)/(pg—1), v=gq(p+1)/(pg—1). (4.41a)
and
Q(B)=0.  Q:B)#0. (4.41b)

In (4.41a) we are using the customary notation x g(£) to denote a function
such that xg(&) =1 for £ < B and x (&) = 0 for £ > B. We then have

LEmMMA 4.4. — Let R(€,7) = R(E.7) + Q¢(&,7), where R(E.7) is the
Sfunction in the statement of Lemma 4.3. Then there holds

R, — A(R) > K(£,7)., whenever 6 < |&] < bet. and 7> 1. (4.42)

Proof. — It suffices to consider the case where |{| > B. To begin with,
we observe that if Qp(&) solves the homogeneous version of (4.41a), one
has that

: gkl patl . .
Qo(&) ~ (& "o T £ pemT). as £ — oo, (4.43)
for some ¢ = (cy,c2)* (¢f (4.23)). An application of variation of constants
formula in (4.41qa) yields then that Q¢ () also has the asymptotic behaviour
described in (4.43). We then observe that, as far as |£| < §e? with 6 > 0
small enough, we have that  + W + R < 29, and (4.32) reads

R, < L(R) 4+ ¢(R) + ¢(37) + (lower order terms),
whereupon ()¢ satisfies
(Qe)r — A(Qe) > g(30). if 6 < €] <et, T3> 1.
To conclude the proof of the Lemma, one has yet to prove that

R(€, 1) < 6:1Q¢(€.7), for some 6, > O sufficiently small, in the region
under consideration. To this end, we consider the first component of R(&, 7),
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which we shall still denote by R for the ease of notation. Bearing this
convention in mind, we notice that, as £ — oo,

gL P+1

e FTDTQ(E) ~ T R < 6t
In a similar way, we see that e~ ("+3)7Q,(£) < 6m+oCe 13T as £ — oo
The second component of R(€,7) is taken care of in the same way, and
the result follows. W

For convenience, we next point out a consequence of our previous results.
We remark first that the region where (4.42) holds corresponds to |y| < deZ,
7> 1 (i.e., |z] <6 and 7 ~ T). Consider now the subregion given by

r

Se¥, 7> 7> 1) (4.44)

kH

21:{

t\')lo

2 <yl

IN

One easily checks that R+ () < ¥ in Y. Recalling (4.25), it turns out that

COROLLARY 4.5. — In X there holds

_pptl A_] ptl o

_ Kll/ pg—1lpr2 )pql .

Ry ) + Q.1+ oy ) ~ (1 el ) (049)
9 ra 2 pa—1

for some positive constants K, and Ks.

End of the proof of Theorem 4. — Let ¥ < 1 be a given positive number,
and let us define AY = A®(7;,C, K;m, ¥) as the set of smooth functions
h{y,7) = (h1, he)* such that the following properties hold

|h(y, 7)| < I9C(1 + |y|™)e”@TE)7 when 0<|y|<C, 7>,

(4.46qa)
|hy (y, 7)| < 9C|y| 57 i es D EETT ,  when C<ly|<éez, 1>,
(4.46b)
when C < |yl < éber. 72>,
(4.46¢)

|h(y,7)] < 9K, when |y| > éez. 1> 7.
(4.46d)

atl .
Pe=1"

Iha(y, 7)) < 9C|y| FiTelz—Y

We now define

A’T)O -, 1s the set of functions satisfying (4.46) whenever T € [7g, 71,

(4.47)
and argue as follows
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Step 1. — Take 75 > 1 large enough, and select functions ®(y, ),
WU(y,70) not identically zero and such that

K v v 6 = .

®(y,m0) < flyl‘“qﬂe(é‘”mfl”’a for Ze™ <yl < de¥ . (4.48)
K g o v

U(y, 1) < —22~|y|~€wt]1 e(%_l)qutllm, for 56_22 <yl < beT . (4.49)

Since (@, V) are sufficiently small in the interval
Io={y|$e¥ <yl <o},

a typical degeneracy argument repeatedly used in this work (cf. for instance
that in the proof of Lemma 4.1) yields then that there is no blow up in,
say, the subset

I ={y | 28eF < |y| < 28e7 ).

Step 2. — Let 71 > 79, and select vo(y,70) given by (4.8), where
constants (v, ;) are selected so that (4.11) holds, and such that (4.48)
and (4.49) are satisfied. The corresponding solution v(y, 7) of (4.10) satisfies
v(y,7) € A? _ for some 9 < 1. In particular, v(y, 7) remains bounded for
0<|y| <3e?, 75 <1 <71 We have shown in detail that (4.46a)-(4.46¢)
hold; the remaining bound (4.46d) is easily seen to hold. We now claim
that v(y, 7) € A? , for all 7 > 9. In view of our previous arguments, that
will in turn ensure that v(y, 7) develops the blow up behaviour encoded in
(1.29) as 7 — oo. To justify our claim, we just remark that, since ¢ < 1,

standard continuous dependence results yield that there exists 7 > 71 so

149
that v(y,-) € A.2-. Let 7* be the supremum of such 7, and suppose that
7* < oco. Then arguing as before we would obtain that v(y, ) € A? _ with

T0,7T
ﬂ
x = 9(1 + ¥)/2, and therefore v(y,-) € A’ for some 7 > 7%, which
provides a contradiction. W
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