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ABSTRACT. ~ We study the time-dependent Ginzburg-Landau model for
type I superconductivity in a cylindrically symmetric setting. We show
that under appropriate monotonicity properties for the initial data, the
singular limit (as the penetration depth tends to zero and the Ginzburg-
Landau parameter is kept fixed) is a classical one-phase Stefan problem
for the magnetic field H. We combine energy methods with monotonicity
properties obtained via maximum principles.
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RESUME. — Nous montrons, sous I’hypothése de symétrie cylindrigue,
que le champ magnétique H satisfait le probléme de Stefan a4 une phase,
en prenant la limite singuliere des équations de Ginzburg-Landau non
stationnaire qui modélisent la supraconductivité de type 1. Nous supposons
que les conditions initiales sont « monotones » et nous nous servons de
méthodes d’énergie combinées avec des propriétés de monotonicité obtenues

via des principes du maximum.
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372 L. BRONSARD AND B. STOTH
SECTION 1

In this paper, we study asymptotic behaviour of the dimensionless time
dependent Ginzburg-Landau equations for superconductivity,

. 2
a0 ~ oS yé + (sv - §A) ¥ = w(lwl* - 1),

A
A7 curl®A = N0 A + V) + 150 (0 Vb — V) + [ A
Here ¥ is a complex order parameter, whose squared modulus measures the
density of superconducting electrons, A is the magnetic vector potential and
¢ the electric scalar potential. From Maxwell’s equation it follows that the

potentials determine the magnetic field H and the electric field E through
H=culA and FE=-A4,-V¢.

The coefficients «, A, and £ are positive material constants. The parameter A
is called the penetration depth while the parameter £ is the coherence length,
and both parameters are small. The ratio of these length scales k& = % is
called the Ginzburg-Landau parameter. We shall consider the asymptotic
behaviour A — 0 while keeping « fixed and prove, in a cylindrically
symmetric case, convergence to a classical one-phase Stefan problem for

the magnetic field H.
Next we briefly describe certain aspects of the Ginzburg-Landau theory
of superconductivity. We refer to the overview papers [CHO: 1992, DGP:
1992] and the reference therein for a broader introduction to this theory.
Ginzburg and Landau, in their fundamental paper of 1950 [GL: 1950],
introduced a phenomenological theory for (steady-state) superconductivity
based on the Ginzburg-Landau energy density
; 2
WD) + |H ~ Happr|* + £V — TAY)

where the typical W(|¢]) = (1 — [¢|?)?, and H,py is the applied
magnetic field on the boundary of the superconducting device. Their theory
was largely accepted when Gor’kov [G:1959] showed formally that the
Ginzburg-Landau theory can be derived in the limit of the microscopic
BCS theory [BCS: 1957].

Later, the time dependent Ginzburg-Landau equations were written
down by Gor’kov and Eliashberg [GE: 1968] using an averaging of the
microscopic BCS theory. These equations are not obtained directly as the
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THE GINZBURG-LANDAU EQUATIONS 373

gradient flow for the Ginzburg-Landau energy of superconductivity because
they must satisfy gauge invariance, due to the coupling with Maxwell’s
equations. This means that if ¢, A and ¢ are solutions to the above
equations, then

P = qpe™, A=A+ XVw and ¢ = ¢ — A\Oyw

lead to the same evolution for the electromagnetic fields ¥, H and electron
density |1|. By choosing different gauges, Chen, Hoffman and Liang [CHL.:
1993], Du [D:1994] and Elliott and Tang [ET] have proven independently
the well-posedness of the time dependent Ginzburg-Landau equations using
different methods.

Quite different asymptotic behaviour (for small A) is expected for different
values of the Ginzburg-Landau parameter . In type II superconductors
(k > %), one expects that vortices of “normal phase” penetrate the
superconducting matrix as the strength of the applied magnetic field
|Happ| is increased through some critical value. In contrast, for type
I superconductors (k < —%), one expects a region of normal phase to
penetrate the superconducting device as |H,,,1| exceeds the critical value
H, = %, and that a smooth interface separates the two regions. Keller
[K: 1958] studied superconducting materials of “cylindrical” form, 2 x R
where () is a bounded set in R2, with the applied magnetic field parallel to
the cylinder. Using physical reasoning based on Maxwell’s equations, he
predicted that the interface separating the normal from the superconducting
regions should evolve according to a classical one-phase Stefan problem
for the magnetic field H. In the general case in R?, Chapman [C] used
asymptotic expansion to show formally that as A — 0 and for |H,,| bigger
than H., the time dependent Ginzburg-Landau equations approximate the
following “vectorial” one-phase Stefan problem

O H = AH in the normal region,

H=0 in the superconducting region,
|H| = H. on the interface T,

curl H x n = —v, H onT,

where T' is the interface separating the superconducting and the normal
phases. Here n is the unit normal to I" (which we choose to point towards
the normal region) and v, is the normal velocity to I' (negative when
the superconductor region is shrinking). We note that in a superconducting
material the electric field E = 0 and the magnetic field is expelled, i.e.
H = 0; this later fact is known as the Meissner effect [MO: 1933]. This
vectorial Stefan problem can also be derived from Maxwell’s equations
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374 L. BRONSARD AND B. STOTH

(see [CHO: 1992]) and reduces to the classical one-phase Stefan problem
derived by Keller in the “cylindrical” case. The existence, uniqueness and
long-time behaviour for this system has been studied by Friedman and Hu
[FH:1991] under the assumption that H depends on one variable or that
it satisfies radial symmetry.

In this paper, we present a rigorous justification of Chapman’s
asymptotics in the cylindrically symmetric case, that is we prove
convergence of the time dependent Ginzburg-Landau equations to the
classical one-phase Stefan problem derived by Keller. We assume that
the superconducting device is an infinite round wire (i.e. of the form
B1(0) x R with B;(0) the open unit ball in R?), that the external applied
field is constant and parallel to the wire, and we impose appropriate
monotone initial data (see (Al) to (AS) of Section 4). This monotonicity
assumption ensures that the one-phase Stefan problem is well-posed, or
stable, in the sense that the normal region expends into the superconducting
region (see e.g. [M]). In particular, our result shows rigorously that the time
dependent Ginzburg-Landau equations are in fact a valid approximation of
the well established free boundary model for type I superconductors.

To our knowledge there are few methods available at the present time to
prove convergence of systems in general settings. However, energy methods
have been quite successful in studying systems in radially symmetric
settings. These methods have the important advantages that they are direct,
give clear explanation and rigorous justification for the formal asymptotic
results in special settings. Some examples are vector-valued singular
perturbation problems with potentials vanishing on concentric circles [BS]
or the phase-field equations [S]. In these papers, energy estimates are
combined with error estimates on the approximation by the first order
terms in the asymptotic expansion. Here, the method is even more direct
since it only relies on energy estimates and maximum principles. More
precisely, the major difference to those results obtained in [BS] and [S]
is that compactness cannot be obtained by energy bounds, but has to be
derived from structural properties such as monotonicity. This reflects the
fact that the surface tension is of order A for the present system of equations
and thus vanishes in the limit. We combine the energy bounds with the
monotonicity properties to directly pass to the limit in the equations. In
particular, we do this without using the first order expansion and thus the
arguments are less technical.

In Section 2, we implement the gauge transformation originally done
in [C] (cf [CHO: 1992]) in which the time dependent Ginzburg-Landau
equations admit a Lyapunov functional. In this gauge, we obtain coupled
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THE GINZBURG-LANDAU EQUATIONS 375

equations with real coefficients for some new vector potential (), some new
scalar potential ® and for f = |¢)|. We then derive the equations we shall
study in the cylindrical symmetric setting.

In Section 3, we derive the energy estimates (cf Lemma 3.6 to 3.8)
and using maximum principle and invariant region arguments, we prove
that the solutions stay monotone for all time (cf Lemma 3.1 to 3.5). In
particular, this means that the system of Ginzburg-Landau equations has
the same stability properties as the well-posed Stefan problem. As a first
by-product of our energy estimates and monotonicity properties, we show
that the radial problem (GL) of Section 3 is well-posed.

In Section 4, we prove the convergence to the classical one-phase Stefan
problem (cf Proposition 4.1, 4.2 and Theorem 4.9). In particular, we must
show that there is no “indetermined region™: that is a normal region where
the limiting magnetic field is zero (cf Propositions 4.6 and 4. 8)

Finally, we note that our results hold true even when « > \/- (type II
superconductor). This reflects our assumptions of cylindrical symmetry and
monotonicity. Indeed, in the radial case, vortices can only be at the origin,
which we rule out by the monotonicity assumptions on the initial data. We
note however that even for type II superconductors, phase transformation
has numerically been observed, when a very strong field is applied to
a superconducting device. At the beginning of the process a normally
conducting phase develops at the boundary, penetrates into the wire, and
eventually decomposes into the mixed state.

SECTION 2: THE RADIAL EQUATIONS
OF SUPERCONDUCTIVITY

If |9 # 0 we may write ¢ = feiX, and following [C: 1992] and
[CHO: 1992], we let Q = A — AéVyx and @ = ¢ + MO, x, so that the
time-dependent Ginzburg-Landau equations become

A€0,f ~ EAF+W(f) + 35 71GP =0
/\2(&@ + VO + cur 2@') + 24 =0,
af?® + div(f2Q) = o.

Here W(f) = 1(1— f2)2, so that W’(f) = f3— f and W(f) > 0. Suitable
boundary conditions are:

a,.f =0, u-(fé):O, vx curlQ = v x Hp.
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376 L. BRONSARD AND B. STOTH

As we saw in the introduction, this is a well-posed problem for f, ® and
Q if su1tab1e initial values are imposed. From these quantities the physical
fields E and H may be calculated, since we have H = curlA = curlQ
and £ = —8,A — Vo = —8,( — £EX3,Vyx — V¢ = -8, - V9.

In this paper we assume that the domain is an infinite wire
{(z,9) |z € B1(0) CR*,y € R},

and that the external field Hp is parallel to the wire. In this situation
we seek a solution of the form (f,Q,®)(t,z,y) = (f,Q,®)(t, ), with

—Z9

G = Qt,|z)| = ], and f = f(t,)z]). We put = |z| and denote

r

0
differentiation with respect to  and by V and ', respectively. Due to this
choice of gauge we find ® = 0 and @ and f solve

’\2 " 7 1 2
2 (a0nr =1 ——f)+W(f)+X5fQ ~0,
" ’ 1 1 _
(3tQ—Q —;Q +T—2Q)+ﬁf2Q

0
and H = 0 with H = 1(rQ). We remark that H' =
H(t,r)
(1(rQ)')" = Q"+ 1@’ = L.Q. We choose the boundary values (see Section
3 (BC) and the explanation below)

o= ey =0, ~0QY| = Ho, Qlp=0,

r=1

where Hp > % = H,. In this case the associated energy is given by
E Xy W(f)+—1 f2Q2+1 Q'+1Q H 2 d
= — - — Tar
A(fﬁQ) /0 2[{2(]“) + 2)2 9 r D

Our method applies as well to the following one-dimensional problem
corresponding to an infinite wall:

{(z,y) |z € (0,1),y € R*}.
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0

If all quantities only depend on z and Qg = Q(t,z)[1 ], then ® =0
0
and () and f solve

)‘2 " / 1 2
—(@df = )+ W(f) + 5 fQ° =0,

" 1
(0:Q - Q )+§f2Q=07

and H = 0 with H = (’. The boundary values are
H(t,z)

f/‘xzo = fll;v:l = Qllr:O = 0’ QILL‘:I = HD'

SECTION 3: THE RADIAL EQUATION; EXISTENCE,
MAXIMUM PRINCIPLES, ENERGY BOUNDS

In the situation of an infinite wire we study the solution of the radial
Ginzburg-Landau system

)\2

K2

(L) (a0uf = 7= 117 ) + W) + 35507 =0,

1 1 1
P N _ - 20 — 0
(a0-0"- @+ 50) + a0
for 7 € (0,1) and ¢ € (0,T), together with the boundary conditions

(BC) f(,0)=f(,1)=0, Q0 =0, (Q+Q)(t1)=Hp.

We will refer to the last boundary condition as the mixed condition. This
choice of boundary values is good for the following reason: we want the
magnetic field H = 2(rQ)’ = Q'+ 1Q to be a smooth radial function. Thus
H may attain a nonzero value at the origin, but its derivative has to vanish.
Once H is given, any representation of H in terms of () is unigue up to the
addition of a term % If we impose Q(0) = 0, we render this representation
unique and at the same time, through the differential equation, we impose
that H' = Q"+ 1Q' - T%Q vanishes at the origin. In addition () is bounded,
but its derivative at the origin does not vanish necessarily.

We show that a solution of this type exists by the following approximation
procedure. For some fixed p > 0 we solve the system of differential
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378 L. BRONSARD AND B. STOTH

equations (GL) in (p,1). This corresponds to solving (GL) in an annular
domain. We impose the boundary data

fiit,p) = f(t.1) =0, Q(t,p)=0, (Q+Q)(t1)=Hp.

For any C'*°-initial data that satisfy the compatibility conditions we obtain a
C*°-solution of this evolution problem. We will prove the following energy
relation and maximum principles:

1
0= / (‘i_za(atfy + (atQ)2>7’d’l'
d 11 A, o1 2
+8‘£/p |:ﬁ§(f)2+w(f) 2)\2f Q2 (Q +;Q—HD) j|7'd7',

If the initial data satisfy 0 < f < 1 and 0 < ¢ < Hp, then the same
remains true for all positive times. If furthermore the initial data satisfy
f' < 0and @’ > 0, then the same remains true for all positive times Finally,
if in addition the initial data satisfy 9,Q = Q" + %Q’ Q 20>0
and adf = [+ Lff — S (W/(f)+ & /Q?) < 0, then BtQ > 0 and
d¢f < 0 for all positive times. Using these facts, we may pass to the limit
p — 0 and obtain a solution of the system (GL), subject to the boundary
conditions (BC).
We now proceed with this program.

MAXIMUM PRINCIPLES

LeEMMA 3.1. — Assume that (f, Q) is a C™-solution of the radial Ginzburg-
Landau equations in (p,1). Assume that initially f and @} are nonnegative.
Then f and () remain nonnegative for all positive times.

Proof. — Assume that () attains a negative minimum at (¢, o). Since
Q' +Q=Hp>0atr=1,wefind ro < 1. Since Q = 0 at r = p, we find
ro > p. Thus 8,Q — Q" — 1Q’+ £ Q < 0 at the minimal point and (2@ < 0.
This contradicts the differential equation for ¢} and consequently ) > 0.

For f we proceed as follows. Choose pu > ;’Z—% and assume that
v = exp(—ut)f assumes a negative minimum —§ at some point (to,79).
Then adw —v" — 1o’ < 0 and vQ? < 0 at (¢, 7o), and thus the differential
equation for f imphes that exp(—pute)W'(— 6emp(p,t0)) > 22 apb. Since
W'(f) = f* — f, this implies that —6%exp(2uty) > 2; cap—1>0 by
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the choice of u. This is a contradiction and consequently v > 0 which
implies f > 0.

LEMMA 3.2. — Assume that (f,Q) is a C™-solution of the radial
Ginzburg-Landau equations in (p,1). Assume that initially 0 < f < 1
and 0 < Q < Hp. Then f < 1 and Q < Hp for all positive times.

Proof. - Since f is nonnegatlve by Lemma 3.1, f is a subsolution of the
differential equation <3 (ac’)tf =2 )+W'(f)=0.Since W'(f) >0
whenever f > 1, the class1ca1 maximum principle implies f < 1.

Since () remains nonnegative by Lemma 3.1, we have

9Q - Q" — %Q’ < 0. Thus the maximum principle implies that Q@ < Q,
where Q is a solution of 3,Q — Q" — 2Q' = 0 with Q(t,p) = 0 and
with the mixed condition at 7 = 1 and the same initial data as Q. But @
attains its maximum on the boundary » = 1, and thus at the maximum
point Q' > 0. Thus the mixed boundary condition implies that the maximal
value of @ is less than Hp. This implies the lemma.

LEMMA 3.3. — Assume that (f, Q) is a C™-solution of the radial Ginzburg-
Landau equations in (p,1). Assume that initially f is strictly positive and

0 < Q < Hp. Then f(t,r) > min f(0,7) exp (— Z"Zt).
Proof. — By Lemma 3.1 and Lemma 3.2 we have 0<Q < Hp and

O < f <1, and thus W/(f) < 0. Consequently 2 (aatf =1+
3T LfH2 > 0. By the maximum prmmple f> f where f is a spatially

constant function with ’\2 ad f+ & 3z fH? =0and 0 < f(0) < min f(0,r).

LEMMA 3.4. — Assume that (f, Q) is a C*-solution of the radial Ginzburg-
Landau equations in (p,1). Assume that initially f and Q) are nonnegative
and that () < Hp. Furthermore assume that initially f' is nonpositive and
Q' is nonnegative. Then this remains true for all positive times.

Proof. — We show that {(¢,7) : f'(t,7) < 0, Q'(t,r) > 0} is an
invariant region. First we differentiate the equations (GL) with respect to
r and find

/\2
(00 =17 L1 ) AW 4 S +2100) =
(a0 -@" =107+ 20 - 20) + 52050+ F@) =0
Next we define w := exp(—pt)f and v := exp(—ut)Q for

some positive number . Then (w,v) satisfies the same system of
differential equations as (f’, ('), with the right hand side substituted
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by —i—zauw and —pv respectively. We show that for any 6 > 0 the
set {(¢t,7): w(t,r) <6, w(t,r)> —4}isaninvariant region. Initially and
on the boundary r = p or r = 1 the pair (w, v) lies strictly in this set. Thus,
if (w,v) leaves the region under consideration, then either w = § with
adyw —w’ — tw’ > 0and v > -6, or v = —§ with v —v” — 2o/ <0
and w < 4. In the first case the differential equation for w implies that
-W'(f)+5fQ > ;’2—20&#, and in the second case the differential equation
for v implies that A_zz f@Q > u. This implies a contradiction if we choose
w = (A, Hp, a, ) big enough. Thus we conclude that w < § and v > -6
for all times. Letting 6 converge to zero, we conclude that v > 0 and
w < 0, which is the assertion of this Lemma.

LEMMA 3.5. — Assume that ( f, Q) is a C*°-solution of the radial Ginzburg-
Landau equations in (p, 1). Assume that initially f and Q) are nonnegative.
Furthermore assume that initially 8, f is nonpositive and 8,Q) is nonnegative.
Then this remains true for all positive times.

Proof. — We differentiate the system of differential equations with respect
to time and obtain

il (aatatf O f" — _atf ) +W*(f)0.f + (8th2 + zantQ) =0,
(@@Q - 0,Q" - ;ath + r%@@) + Xg(zfath + f28tQ) =0.

In addition we have the mixed condition 0,Q + (9;Q)’ = 0 on the boundary
r = 1, and the Dirichlet condition 9;¢) = 0 on the boundary r = p. For
O8:f we have a Neumann condition on the boundary. This implies that
{0, f <0,0,Q > 0} is an invariant region, following the lines of the proof
of Lemma 3.4.

ENERGY ESTIMATES

LEMMA 3.6. — Assume that (f,Q) is a C™-solution of the radial
Ginzburg-Landau equations in (p,1). Then

0= /,,1 (%;a(atff + (BtQ)2)rdr

d [t A2 2
+%/,; [ﬁ(f’)2+W(f) 2,\2fQ + 5 (Q+ ~Q - HD) }rdr.
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Proof. — The result follows by multiplying the equation for f by 3, f
and the equation for ¢ by r0;(} and integration by parts.

LeMMA 3.7. — Assume that ( f, Q) is a C*°-solution of the radial Ginzburg-

Landau equations in (p,1). Assume that 0 < f < 1and 0 < Q < Hp
initially. Then

1 2
li{ / ((Q/)2T + Q2% + )\_g(f/)zr) dr +(Q — HD)|2T=1}
2 )\2

2dt
[ (Geor) [ Zl()] )
v [ (P@rrs e tre) o

Sﬁ(le)—%-S/p |Q'|2rdr+/\2/p |f’|2rdr>.

Proof. — We multiply the differential equation for f by —(rf’)" and the
differential equation for Q by —(1(rQ)’)'r, integrate over r € (p,1) and
add the results. This implies that

li{/ﬂl ((Q’)ZT + QQ‘% + /\:—f(f')zr> dr+(Q - HD)I2T=1}

2dt
! 2 2
(%(TQ)’> ' %) dr

o (
pl (f?(@')% +(f7Qr + }f?cz?) dr

Ay,
r+ Sl

1
iy

1 1
- Qs - Qe - 5 [ sra@rar = [ W ied

I/\

1
Qs ~ Qe 1) + 55 [ (7 QPrar
+ﬁ/p fz(Q’)27"dr+max(—W”)/p (f)2rdr.

Since f <1 and Q < Hp and max(—W") = 1, this proves the assertion
in combining the first integral term of the right hand side with the
corresponding term of the left hand side.
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382 L. BRONSARD AND B. STOTH

DEFINITION. — In view of Lemma 3.7 we define the weighted Sobolev-spaces

V= {(f,Q)e (H'(0,1))* : '/01 ((Q')2r+72+(f’)2r)dr<oo}

and

W .= {(f,Q) e (H*(0,1))” :

/gl G(’“Qy)/ s l(rf')'f%) dr < oo}.

Remark. — Any (f,Q) € V necessarily satisfies Q € C'/2(0,1) with
Q(0) = 0.
LemMA 3.8. — Assume that (f, Q) is a C°°-solution of the radial Ginzburg-

Landau equations in (p,1). Assume that f, Q > 0, 0,f < 0 and 8,Q > 0
initially. Then (Q' + Q) = Q" + 1Q' — %Q > 0 and

/p1 <Q’+%Q)/

Proof. — By Lemma 3.1 and Lemma 3.5 both 0, and () remain
nonnegative. Thus the differential equation for Q implies that (Q'+ Q)" =
Q'+ 1Q - 3Q > 0 Thus [ (@ +1QYldr = (Q'+1Q)|
Hp — Q'(t, p). Since @ attains its minimum at 7 = p, we have Q'
which implies the result.

dTS HD.

1—
, =
20,

r=p

LEMMA 3.9. — Assume that ( f, Q) is a C°°-solution of the radial Ginzburg-
Landau equations in (p,1). Assume that f, @ > 0, O,f < 0and 8,Q > 0
initially. Then

1
| redr<Hs.
p

Proof. — By Lemma 3.1 and Lemma 3.5 both @ and 8;,() remain
positive. We inte%rate the differential equation for () in space and find

J}aQdr+ % [ f°Qdr = Hp ~ Q(t,p) < Hp.

P

PrOPOSITION 3.10. — For any initial data (fin, Qin) € V with0 < f;, <1
and 0 < Q;, < Hp there exists a solution

(f,Q) € L®(0,T; V) N L0, T; W) N L=((0,T) x (0,1))
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with
(8,f,0:Q)/r € L*((0,T) x (0,1))

of the radial Ginzburg-Landau equations (GL) satisfying the boundary
conditions (BC).
The claim follows from the estimates of Lemma 3.6 and Lemma 3.7.

Remark. — Via approximation all the preceding Lemmata hold true in the
limit p — O under the weaker regularity properties given in Proposition
3.10. The hypothesises and the assertions have then to be satisfied or are
then true, respectively, in the almost everywhere sense.

Remark. — The physical situation we have in mind is the following: an
external magnetic field Hp > \/Li is applied, and a normally conducting
region penetrates the originally superconducting wire.

We may construct initial data as follows: choose a real number § with
max(1/k,2x) < 4 < oo and a smooth, increasing function h on the real
axis with h(z) = 0 for all z < 0 and ho, := lim,_,, h(2) € (0,00). Then
define for 0 < r < 1 the initial data

M0,r) = f(r) == fo(z) and @Qx(0,7) = Q(r) := AQo(z),

where z := (r — 7o)/ with some fixed 0 < ry < 1, and where (fo, Qo)
solves the system of ordinary differential equations

fo=—kfoQo, Qb =BVW(fo)+h

on the real axis with fo(0) = 1 and Qq(0) = 0.

Such a solution exists and has the following properties: fo(z) = 1 and
Qo(z) = 0 for all z < 0, fo(z) > 0 for all z (since once Qg is locally
given, fo solves an ODE with a Lipschitz continuous right hand side which
has 0 as equilibrium value), Qo(z), Qy(2) > 0 and fj(z) < 0 for all 2.
In addition Qo(2) > [ h(£)dé > 0 for all z in the nonempty interior of
the support of h. Next we find that lim,_,., fo(z) = 0, since otherwise f}
would be strictly negative for large z, and thus f; would attain negative
values. Using this, we may determine lim._ . Q4(z) = 38 + hoo. The
main point is now that

8 = W(f) ~ 103 =~ (1- ) - Lih <o,

2Kk
6~ f3Qo=f3Qo(kB—1)+H >0
by the assumptions on the parameter 3 and on the function A.
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384 L. BRONSARD AND B. STOTH

As a consequence of these properties of f; and (Jg and by definition,
(f,Q) satisfies

e0< f<1land0< Q< Q)

o f/<O0and @ >0,

o L(fIHLF) W)~ 5 fQ* <0and Q"+1Q - Q- £ £2Q > 0.

In the last inequality, we have used that Q”(r) = +Q{(z) > 0 and that for
some £ € (ro,r), we have Q'(r) — %Q(T) = -i—(rQ’(r) —(r—r9)Q'(&) >
Q'(r) - Q'(§) 2 0.

Concerning the boundary data we find by this construction that

e Q(r) =0and f(r) =1 for all 0 < 7 < 7,

* Hp := Q1) + Q'(1) — [8/2 + hoo](2 — 7o) and f(1) and f'(1) are
exponentially small as A — 0.

Since h,, may be arbitrarily small and 2 —ry may be arbitrarily close to 1,
the range of boundary data Hp that may be attained using this construction
is given by 2Hp > f3, and is thus restricted by the conditions on 5. In
addition we remark that the Neumann condition for f at » = 1 is only
attained up to an exponentially small negative term. We may remove this
defect by adding an exponentially small term to f with support only close to
the fixed boundary. In addition we point out that Lemmata 3.1 to 3.5 remain
true if constant negative Neumann data are imposed for all times at r = 1.

We finally mention that the energy of these initial data is uniformly
bounded in A and that () attains some nontrivial limit as A tends to 0. For
this last claim we point out that

r—"To

A

T—To

() = 52 (@6(6) - Qo) <0

d
Q) = Qo(z) -

for some § € (0,z). Thus () attains a pointwise limit, which is nontrivial
as long as Hp # 0.

SECTION 4: PASSAGE TO THE LIMIT

We assume that (fy,Q)) is a solution of the radial Ginzburg-Landau
equations (GL) with r ranging in (0, 1), with time ¢ ranging in [0, 7] and
with the boundary conditions (BC) in the sense of Proposition 3.10.

We recall that we use z for the spatial variable ranging in B;(0) C R?
and r = |z| for the radial variable ranging in (0, 1), and that we denote
differentiation with respect to z and r with V and ’, respectively.
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We assume that the initial values satisfy the following:
(A1) 0 < £5(0,-) < 1 and 0 < @x(0,-) < Hp,

(A2) f,/\(ov) < 0 and Q/A(Q) >0,

(A3) 9, £,(0,-) < 0 and 9;Qx(0,-) > 0, ie.

2 2
(7+ 5= W) - ne) 0 <0

and . ) )
(Qi\/ + ;Qf\ 2O pfo,\)(O’ ) >0,
(Ad) there exists a constant Cy such that for all A the initial energy
satisfies Ex(fx, @x)(0) < Co.
In addition we assume that as A — 0
(A5) @x(0,-) — QF in L'(B1(0)) with Qf #£0 and HY == div(Q0;%) €
LY(B1(0)).

Remark. — We say that a constant only depends on the data if it can be
determined a priori from the above constant Cy, the Dirichlet value Hp,
the time 7" as well as the parameters x and « and is independent of A.

PrOPOSITION 4.1. — There exists a subsequence A = X\, — 0 (n — o0)
and some Qo € H“?((0,T) x B1(0)) such that Q5 — Qq weakly in
HY2((0,T) x B1(0)) and almost everywhere in (0,T) x B1(0).

Furthermore Qx — Qo strongly in LP(0,T;C%([0,1])) for all
l<p<ooand Q) — Qf strongly in L*((0,T) x (0,1)) and almost
everywhere in (0,T) x B(0).

In addition Q, € L>(0,T;H"*(0,1)) and (Qy + 1Qo) €
(LP(0,T5C°([0,1])))", with 0 < Q4 + 1 Qo < Hp and (Qf + 1Qo) > 0
as well as Q(,0:Qo > 0 in the distributional sense.

Proof. — The energy estimate of Lemma 3.6 and assumption (A4) imply
that @, is uniformly bounded in H12((0,T) x B;(0)), and therefore a
subsequence is precompact in the weak topology of H'2((0,T) x B;(0)).
We denote its limit by (Jy. Lemma 3.8 together with the assumptions (A1)
and (A3) imply that Q@+ 2Q} — £Qx = (Q4+2Q») > 0. Thus Q4 +1Q»
is increasing and thus bounded by the boundary data Hp. Since both Q'
and () are positive by Lemma 3.1 and 3.4 and the assumptions (A1) and
(A2), this implies that Q) < Hp. By Lemma 3.2 and assumption (A1) we
have as well that Q5 < Hp. Thus Q) is bounded in L>(0,T; H>>(0,1)).

Now we apply the following compactness result (cf Lions [L]): if a
reflexive Banach space By is compactly embedded into a Banach space
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B, which is itself embedded into another reflexive Banach space B;, then
the embedding from W := {v € L*(0,T; By); 0;v € LP*(0,T; B;)} into
Lro(0,T; B) is compact for all 1 < py,p; < oc.

We choose By = H'4(B,(0)) with ¢ > 2, and B = C°(B,(0))
and By = L?(B,(0)). These spaces satisfy the assumptions. We choose
p1 =2and 1 < p=py < oo can be arbitrary. Since (), is bounded in
H2((0,T) x B1(0)) and L>°(0,T; H“**(B,(0))), the compactness result
implies strong convergence in LP(0,T; C°(B,(0))).

By Lemma 3.8 together with the assumptions (Al) and (A3)
we know that (Q) + 2Q,)’ is bounded in L*>(0,7;L0,1)) C
(LP(0,T;C°([0,1])))". Since L*(0,T; C°([0,1])) is separable, this implies
that (Q4 + 1Q,)’ converges to some p in the weak = topology
of (LP(0,T;C°([0,1])))". Since @) and Q. converge weakly in
L%*((0,T) x (0,1)), we obtain that g is the distributional derivative
of Qy+1Qo: < Cop >= — [ [ (Qh+1Qo)¢ drdt for all ¢ €
LP(0, T CY([0,1])) N L3(0, T 131’2(0, 1)). Thus we may calculate

T 1
[ [ 1@ecara
J0 0
Tt 1 1
- [ (@(@+100)c- @atasc) arar
0 0
T 1 1 4
-/ /QA(QH—QA)cdrdt
o Jo r
T 1 1 1
[ [ (o(@+1e)c+aroc) aa
0 0
T 1
——<@un> = [ [ (@@ 2an)e+ ahganc) drar

= /OT/O1 Q3¢ dr dt

for all smooth ¢ with compact support in [0,7] x (0,1). Since Q) is
uniformly bounded we can derive the same result for { = 1, and thus the
L%-norm of Q) converges to the L?-norm of Q. This together with the
weak convergence in L? implies the strong convergence.

PROPOSITION 4.2. — There exists a further subsequence A = X\, — 0
(n' — o) and some fo € BV ((0,T) x (0,1)) N L*((0,T) x (0,1)), such
that fx — fo in the weak  topology of BV ((0,T) x (0,1)) and fx — fo
strongly in LP((0,T) x (0,1)) for any 1 < p < oc and almost everywhere
in (0,7) x (0,1).
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Furthermore AV f converges to 0 in L*((0,T) x B1(0)) and N2Af,
converges to 0 weakly in L*((0,T) x By(0)).

In addition 9, fy, f§ < 0 in the distributional sense.

Proof. — By Lemma 3.1, 3.2, 3.4 and 3.5 and the assumptions (A1), (A2)
and (A3), the sequence f) is bounded in L>((0,7") x (0,1)) and 3, f» <0
and f; < 0, so that fy is bounded in BV ((0,T) x (0,1)). Hence fy is
compact in the weak * topology of BV ((0,7) x (0,1)) and compact in
LP((0,T) x (0,1)).

The first equation of (GL) together with Lemmata 3.6 and 3.7 and
assumption (A4) imply that A’Af, is bounded in L2((0,T) x By(0)).
Thus a subsequence of A2A fy has a weak limit g, in L2((0,T) x B;(0)).
But for any smooth ( with compact support in the unit ball
fOT fBl(O) XA = - fOT fBl(O) A2V -V — 0, since AV f, is bounded
in L2((0,T) x B;(0)) by the energy estimate of Lemma 3.6. This implies
that go vanishes. Now we may calculate

T 4 T
// A2|fo|2da:=~// AN2Afrfrdx
0 JB(0) 0 JB1(0)
T .
—»—// gofodz =0,
0 JBy(0)

since fn — fo strongly in L?((0,T) x B1(0)).

Remark. — We restrict all further discussions to the subsequence selected
in Propositions 4.1 and 4.2.

LemMA 4.3. — There exists a constant C, that only depends on the data,
such that

T
/ NFRQ5r || Lo 0,1y dt < CA,
0

Tt B\
// (—Qi) rdrdt < C)2,
oJo \A

T p1
// fggiﬁdrdtSC’\/—):.
0Jo

A
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Proof - We estimate (f,Q)%(t,r)r < 2]0 (AR [sds +
fo (f»@x)? ds. Integration in time and the Holder inequality then implies

T T p1
/0 sup (fiQir) dt < (/O/O (fAQA)2Sdet>
T T pl 1 3
112 2
x (4/0/0 (2@ sdsdt+/0/0 XN ;dsdt)

Now, since [ [ [(AQx)Prdrdt < 2[7 [ f2(Q4)%rdrdt
+2 fo fo (f3)?Q3r dr dt, the energy estimate of Lemma 3.6 and the
estimate of Lemma 3.7 imply the first assertion.

1
2

The dlfferentlal equation for f, implies that ! *Q* = Ahy, with
hy = —2; (B fr — Af) — W'(fx).

The energy estimate of Lemma 3.6 and the bound of Lemma 3.7 imply
that h is bounded in L2((0,7) x B1(0)). We estimate fo AR Vrdr <

sup,. (fAQxv/T) fo —LQi dr. We apply Lemma 3.9 and the ﬁrst part of this
lemma to obtain the last result of this lemma.

PROPOSITION 4.4. — The limit f, attains the values 0 or 1 almost everywhere
n (0,T) x (0,1).

Proof. — The sequence f, converges to fy pointwise and thus for
all € > 0 there exists A. C (0,7) x B;(0) such that f converges
uniformly to fo in A, and |[(0,7T) x B,(0)\A.| < e. For any positive
number ¢ we consider the set B.. := A. N {fo > c}. We integrate
the differential equation for f\ over this set. Since Ad;f, is bounded in
L*((0,T) x B;(0)) by the energy estimate of Lemma 3.6, and since A2A f,
converges weakly in L2((0,T) x B1(0)) to zero by Proposition 4.2, we
find that the terms involving time or spatial derivatives of f\ converge
to 0. Since f, converges uniformly in B, ., the W’ term converges to
S5 W'(fo)r dr. We estimate the remaining term: we have f\ > £ in B,
and thus [, ! i\?i dz < & [ X ! *Q* dz, which converges to 0 by Lemma
4.3. Consequently [, W’ )d:z: = 0, and thus f; = 1 almost everywhere
in B, .. Letting ¢ converge to 0 implies that f, = 1 almost everywhere in
A. 0 {fo > 0}. Letting ¢ tend to zero implies fo = 1 almost everywhere
in {fo > 0}.

PropOSITION 4.5. — The limit fyQ)y vanishes identically and in addition
3 /rQx converges to 0 in L*((0,T) x By(0)) as A — 0.
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Proof. — The energy bound of Lemma 3.6 implies that fyQ, converges
to 0 in L2((0,T) x B;(0)). Since by Propositions 4.1 and 4.2 both f) and
Q> converge pointwise to their respective limits, the first result is obvious.

Next we multiply the d1fferent1a1 equation for f,\ by f» and integrate
over (0,T) x B1(0). Th1s 1mp11es Lo [ f2dr ]0 + 25 fo [V de dt +
fo W' (f)frdz + 5z fo ff)‘Qi dz = 0. Smce fr < 1, and
W () fx — W'(fo)fo = 0 in LY(0,T) x B;1(0)) and AVfy —0
in L%((0,T) x B1(0)) by Propositions 4.2 and 4.4, this implies

. T
hIIl)‘_,() ;\1—2 fO fBl(O) f;Qi d:L‘ = 0

DEFINITION. — We define the free boundary o : [0,T] — [0,1] by
ro(t) := esssup {r € [0,1] : Qo(t,r) = 0} and its extinction time by
T* := inf{t € [0,T] : ro(t) = O}.

Remark. — Since 8;QQ¢9 > 0 (cf (A3) and Proposition 4.1), the free
boundary 7o is decreasing in time, lim,1¢7o(7) = 7o(t), and ro(t) = 0
for all ¢t > T*. Since @ > 0 (cf (A3) and Proposition 4.1), we have
Qolt,r) = 0 for r < ro(t) and Qo(t,r) > 0 for r > ro(t).

We may as well define the free boundary for fo by so(t) := ess sup {r €
[0,1] : fo(t,7) = 1} and its extinction time by t* := inf{t € [0, T] : so(t) =
0}. Following Proposition 4.4 and 4.5, we always have so(t) < ro(t) and
t* < T*. We will show later that they agree.

PROPOSITION 4.6. — For almost all t € (0,t*) we have so(t) = ro(t)

and there exists a constant C only depending on the data and a function
D ¢ L*(0,T), such that

Loremp_ L r —1o(t) r — ro(t)
bt - 3| < o220 4 ooy [
for almost all t € (0,t*) and r > 19(t), and
ro(t) ro(t)
Q4 (t, )2 < c =00 (52 +2D(t) 0

for almost all t € (t*,T*) and v > 19(t).

Proof. — We multiply the differential equation for Q5 by Q) and the
differential equation for f\ by f}, integrate over p € (s,r) C (0,1) and
add the results. This yields

/\2 112
ﬂgifﬂ -W(fa) -

2)\2 fAQA “|Q/>\lz] (t,7)

Vol. 15, n® 3-1998.



390 L. BRONSARD AND B. STOTH

[ S = W(f) - 2/\2fo,\ + "Q,\IZ] (t,s)

+ [ (Beonsi-Sinrs

10.00@ — QA + Qi ) do. (*)
p p

According to Propositions 4.1, 4.2 and 4.5, |Q}|* — |Q5|*> and W(f») —
W(fo) for almost all (¢,r), and possibly selecting a further subsequence
A’ we may assume that (X)?|fx]? — 0 and (555 f3,Q3, — O for almost
all (t,r), as well as [ (\)20,fr fdp — 0 and [ (X)?|f4|2dp — O for
almost all ¢ and all r, s. In addition, since ()} and @, are bounded by Hp

" 1 1
/s (&Q,\Qi\ - |Ql)\|2; + QAQ&;);) dp‘

’ ! .
<o [ o) (S0
0

We now choose a further subsequence A\’ of )\, which might depend on
the time ¢, such that

Al —0

1 1
lim / [0:Qx|?pdp = li{p ir(}f/ [0:Qx |2pdp =: D?(t).
0 =0 Jo

By lower semicontinuity and the energy bound of Lemma 3.6 we have
that D € L*(0,7).
Now passage to the limit A — 0 in (*) implies

(&) ] =
Gk -wi)| <ot enmy o

(t.s)
Now assume that t* < ¢ < T™*. Then by the definition of ¢* and Proposition

4.4 we have fo = 0 and hence (%) implies
-8
)\/ —

We now choose a sequence of points s,,(t) < ro(t) with s,(¢) — ro(¢) and
use that Qg (t, s.(t)) = 0 by the definition of ro(t), to prove the second
claim of this proposition.

|1Qol* (¢, ) ~ 1Qol (8, 8)| <
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Next assume that 0 < ¢ < t* and that so(t) < 7o(t). Then we
choose two sequences of points 0 < s,(t) < so(t) < 7r,(t) < rolt)
with 7,(t) — s,(t) — 0. Since Qp(t, s.(t)) = 0 and Q4(t,7,.(t)) = 0 as
well as fo(t,5,(t)) = 1 and fo(¢,7,(t)) = 0 we conclude from (»x) that
i = (). Since this is impossible we find that rq and sq agree in (0, t*).

To finish the proof, we now choose a sequence of points s,,(t) — 7o(t)

with s, (t) < ro(t) = so(t). Since then (=W (fo) + 3|Q41%) (¢, s.(2)) = 0,
the identity () implies the first claim of this proposition.

ProrosiTION 4.7. — The free boundary rq is locally Holder-continuous of
exponent % in {t | 0 < ro(t) < 1} N[0, ¢*].

Proof. — We choose t* >t > 7 and use the identity | ro((t;) Qo(t,r)rdr =
f;;o((t;) Qo(T,7)rdr + f f?é;) 0;Qo(o,7)rdr do. Since ry is decreasing,

[1’:’(5 Qo(r,r)rdr = 0. Since 8;Qo\/r € L*((0,T) x (0,1)), the bulk

integral of the right hand side is estimated by C|ro(t) — ro(7)|?|t —
T|7ro(t)?. Since (%(TQO)’)/ > 0 by Proposition 4.1 and Qg (t,7o(t)) = %

by Proposition 4.6, it follows that (Qo(t,r)r) > %r > %ro(t)

for r > ro(t). Thus for r > ro(t) integration yields Qo(t,r)r >
”\’/@( — 79(t)). Hence the integral of the left hand side is bounded below

by 5 rolt) 2 (ro(t) = ro(T (7))%. This implies the assertion.
ProPOSITION 4.8. — The limit ) statisfies the differential equation
090~ Q4 = Qi+ Q=0
in the open set
Qpermel = {(t,7) | t € (0,T), ro(t) <7 <1}
together with the (natural) mixed boundary condition
Q4(t,1) + Qo(t,1) = Hp forallt € (0,T)
and the Dirichlet condition
Qo{t,0) =0 for almost all t.

The initial data are given by Qy(0,-) = QY.
In addition t* = T and sq = ro.

Furthermore the limit Qq is analytic in the open set 3°™™!.
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Proof. — For t € [0,T] we define the c-level-sets r. : [0,7] — [0,1] of
Qo by Qo(t,7c(t)) = ¢, if such an r.(t) exists, or else by r.(t) = 1. Since
@ is nonnegative this is well defined. In addition, since Q, is continous
for almost all ¢, we have rc(t) — ro(t) almost everywhere as ¢ — 0.

We now prove that jo f )3 L f2Qxdrdt — 0 for a subsequence
A — 0. According to Proposmon 45 we know that for a subsequence
A (n" — 00), the integral fo = f3Q5(t,r)dr — 0 for almost all ¢.
(This is a further subsequence of the subsequence A, selected in
Proposition 4.2. Choosing this further subsequence does not alter the
limit but helps to identify the limit equatlon) Since Q) is increasing we
have f S LFEQa(t,r)dr < fr ) 37 L2032 dr 5y @nd according to
Proposmon 4.1, Qa(t,r.(t)) — Qo(t rc(t)) for almost all ¢, and thus
jo =3Ot r) dr — 0 for almost all . But Lemma 3.9 implies a uniform
bound for fo 55 f3Qx(t,r)dr, and the Dominant Convergence Theorem
implies the assertion.

We now consider the set (0, £*]. Arguments similar to those in the proof of
Proposition 4.7 imply that 0 < r.(t) — ro(t) < 2v/2c. Thus 7.(t) converges
uniformly to ro(t) for ¢ € [0,t*] as ¢ — 0. Now we choose a smooth test
function ¢ with compact support in {(¢,r) | t € (0,¢*], ro(t) < r < 1}.
Then due to the uniform convergence of r, as ¢ — 0 we may conclude that
supp ¢ C {(¢,7) | t € (0,T*), r.(t) <r < 1} for some positive c. We use
¢ as a test function in the differential equation for @), integrate by parts
and pass to the limit, making use of the strong convergence of Q) and @
and the weak convergence of 9;(),. The limit of the nonlinear part of the
equation is 0, as shown in the first step of this proof. We obtain

T pl 1 T
I <0thC+<Q6+—Qo>C’> rae— [ HpG(e1)dt =0,
0 Jo r 0

Thus we have obtained a weak formulation of the differential equation for
Qo in the set {(t,7) |t € (0,¢*], 7o(t) < r < 1} and the mixed boundary
condition at r = 1.

Next we assume that t* < 1™ and derive a contradiction. We define 7; .
to be a continuous cut-off function with

Ns.c(t,7) =0 if r < 7.(¢),

Booltor) = 3 i relt) <7 < relt) 46
Nse(t,r) =1 if r(t) +6 <
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We choose a smooth test function ¢ with compact support in [t*, 7] x (0, 1]
and use (75 as a test function in the differential equation for ()5, integrate
by parts and pass to the limit as above and obtain

T pl 1
/ / (athné,cC + <Q6 + ;Qo) (7757,;()/) drdt
0 J0

T
—/ Hpns((t,1)dt = 0.
0

Now, since r. converges to 1o as ¢ — 0 in any LP, we may substitute ¢
by 0 in the above equality.

By Proposition 4.6 we know that Qgu(t,ro(t)) = 0 in [t*,T*),
and due to the Holder-type estimate for () of Proposition 4.6,
we may let & converge to zero. For this we note that supp( C
[t*,T*] x [cg,1] for some positive cp, and thus the most difficult
term [ [ Qons pCdrdt = fOTf’;"((:)Hé $QoCdrdt is estimated by

r

[1<Hs0 froty>eo (C\/grol(t) + 51/4\/D(t)T(tl)m) dt and converges to zero.
Since 9;Qo and @y, vanish almost everywhere in r < r((t), we finally obtain

T rl 1 T
/ / <3tQ0C+(Q6+—Q0>C') dr dt - / Hp((t,1) dt = 0.
0Jo r 0

This implies that (o satisfies a regular parabolic differential equation in
the strip [¢*,T*] x (0, 1]. Then the strong maximum principle implies that
Qo is strictly positive in the interior of this strip. This in return implies
that 7o(t) = O for all ¢ in [t*,T*], and thus ¢* = T*. This in particular
implies that sq = 7.

In the time interval ¢ > T™, we proceed in a similar way to obtain the
differential equation and the mixed boundary condition at r = 1,

Thus we have shown the first part of this Proposition. We have found that
Qo is a weak solution in the open set Q2°"™ of a differential equation with
analytic coefficients. Thus due to parabolic regularity theory Qg is itself
analytic in this open set and is a strong solution of the differential equation.
In addition @), satisfies the weak equation up to the fixed boundary, and
is thus regular up to the fixed boundary.

Obviously (p(¢,0) = 0, since (), converges 0 Qo in
LP(0,T;C(B1(0))).

Since 9,Qy is bounded in L?((0,T) x B;(0)) and Qx(0,-) — QY in
L*(B1(0)) by assumption (AS), the attainment of initial data is immediate.
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Remark. — We have derived two conditions on the free boundary,
namely Qo(t,79(t)) = 0 and Qy(t,7o(t)) = % Formally differentiating
the first equation with respect to time, and then substituting the second
relation, implies 9;Qo(t, ro(t)) + %7’"0(75) = 0. Formally assuming that the
differential equation for ()¢ holds up to the boundary r¢(t) implies that
—J57o(t) = (1(rQ)')(t,ro(t)). We recall that (rQ)' = H, and we have
thus formally derived

1 1
H=— and H =-—7y onr=ryt).

V2 V2

Differentiating the differential equation for (Jo implies in addition, that
1
oOH—-H" — ;H' =0 in{r>re(t)} ={H > 0}.

We now turn this formal argument into a rigorous proof.

THEOREM 4.9. — Let f\ and Q, be the solution of the radial Ginzburg-
Landau equations with boundary condition (BC) in the sense of Proposition
3.10. Assume (Al) - (AS5) for the initial data. Then (fx, Q) converges to
(fo, Qo) in the topology of Proposition 4.1 and Proposition 4.2. In addition
we may define the limit magnetic field Hy := Qf + Qo = div Qoryy and
the limit order parameter po := 1 — fo. With ug := Hg — %4.00 we have

Vg € L2((0,T) x B1(0))

and uy = 0in {(t,x) : po(t,x) = 0} and up > 0in {(t,z) : po(t,x) = 1}.
In addition the pair (ug. o) is the unique distributional solution of

6t (UO + ‘%(,00) - A'U,O =0 in (U,T) X B](O)

with Dirichlet condition uo(t,-)s8,(0) = Hp — % for almost all t and
initial values ug + %goo = Hg. Moreover ¢4(0,) is the characteristic

function of {Q5 > 0}.

Remark. — The above Theorem implies that wg is the solution of the
classical one-phase Stefan problem. In terms of H, it implies that Hy = 0
in the superconducting region, and that d; Hy — AHy = 0 in the normal
region, with interfacial condition Hy = 71—5 and VHy - v = ——%V on the
interface separating normal and superconducting regions. Here v denotes

the normal to the interface pointing into the normal region, and V is the
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normal velocity of the interface. The boundary data for H, are given by
Hp and the initial data by HY (see (AS5)).

Proof. — Under the hypothesis of this theorem we may select a
subsequencs A, — 0 and a limit order paramater f; and a limit magnetic
potential Qg such that (fy,,Q»,) converge to (fo, Qo) in the topology
made precise in Proposition 4.1 and Proposition 4.2. In addition the whole
analysis of this section applies to this subsequence and these limits.

In particular, by Proposition 4.1 we have 0 < Hy < Hp. In addition
Hy = 01in {(t,r) : 7 < ro(t)} and H| = 0,Q in {(t,7) : po(t,r) =1}
by Proposition 4.8 and Hy(t,7o(t)+) = % by Proposition 4.6 for almost
all ¢ € (0,7*). Now we may calculate

/T/ld’r dtupl’ —/ /m(t) (HOC - TC)drdt
/ / (HOC - ——()drdt
=_/0 » HOCdrdt—/o (Ho(t,ro(t))+%)C(t,ro(t))dt
—./T/IH{)Cdrdt
_T'/f/: 3:QoC dr dt

for all smooth test functions { with compact support in (0,7) x (0,1).
Thus Vug € L*((0,T) x B1(0)) and Vug = 8,Qo%;. Next we calculate
for any smooth test function with compact support in [0,T) x B;(0)

T T
T
_/()_/Qvuo.vcdxdt_/O/QBtQOTCU_I'VCdxdt
T
_ x . _ 0 ,
ALQO|$| Vo, ( dx dt /QQO|$| V((0,z)dx
rr z i T
:/O/Q div (Qom)atgda:dt+/n div (le—ﬂ)((o,x)dg;
T
_ / / Hyd,C da dt + / HOC(0,2) dz
0/a Q

—/7( +—1—)6ddt H¢(0,z)d
—OQUO ﬁwo Cdx +/§ 0¢(0,z) dx.
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In addition w attains the boundary data Hp — % following Proposition 4.8.
This is the distributional formulation of the assertion. Uniqueness follows
by the weak maximum principle for the one-phase Stefan problem (cf [O]).

Thus uy and ¢y are uniquely given. In return Hy and f, are uniquely
given. Again as a consequence (Jo is uniquely given via the differential
equation by Hy = Q) + %QO if we impose in addition that ) is bounded
and that Qo(¢,0) = 0. Thus the limit (f, Qo) is uniquely given. But this
in return implies that the whole sequence converges to this limit in the
topology of Proposition 4.1 and Proposition 4.2. This finishes the proof.

5. CONCLUSION

We have shown that the solutions of the radial Ginzburg-Landau equations
in R? approximate the solution of the classical one-phase Stefan problem, as
the penetration depth converges to 0 and the Ginzburg-Landau parameter
is kept fixed. We have shown this in the stable situation of a normal region
growing into a superconducting wire. We have established energy-type a
priori estimates and used invariant region principles to obtain compactness
and suitable bounds. To deduce the free boundary problem we have shown
that the system of equations behaves to leading order like a Hamiltonian
system.
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