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ABSTRACT. — For ug € L*>(f2), uy > 0, we study the global behaviour of
solutions of the nonlinear heat equation (1). The domain 2 is smooth and
bounded and the nonlinearity g is nonnegative, nondecreasing and convex.

We show in particular that any nondecreasing solution blowing up at the
finite time 7}, blows up completely in () after T,,,,,. We apply this result
to the description of all possibie global behaviours of the solutions of (1)
according to the value of A\. We show similar results when we introduce a
notion of complete blow up in infinite time.
© 1998 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

RESUME. — Pour ug € L>(£2), ug > 0, on étudie le comportement global
des solutions de I’équation de la chaleur non-linéaire

uy — Au = Ag(u) dans (0,T) x Q,
1w = 0 sur 912, (1)
%(0) = ug dans £2.

Le domaine €2 est borné régulier, et la nonlinéarité g est positive, croissante
et convexe.

On montre en particulier que toute solution croissante explosant au
temps fini 7,,,«x explose totalement dans £ aprés 7),... On applique ce
résultat 4 la description des comportements globaux possibles des solutions
de (1) en fonction de A. On montre des résultats similaires pour une notion

d’explosion totale en temps infini que ’on introduit.
© 1998 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved
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688 Y. MARTEL
1. INTRODUCTION

Let 2 € RY be a smooth, bounded domain, and let ¢ : [0, 00) — [0, o0)
be a C? convex, nondecreasing function. For ug € L>=(Q), ug > 0, we
study the global behaviour of solutions of the nonlinear heat equation

g — Au = g(u) in (0,T) x Q,
u =0 on J{), (1)
u{0) = up in Q.

The possible behaviours of the solutions of (1) depend heavily on which of
the following two properties is verified by the nonlinearity g,

There exists xo > 0 such that g(x¢) > 0 and / B ) (2)

o 9(8)
> ds
For all xg > 0 such that g(xg) > 0, —(—-)— = oc. 3)
7 xg g S

Indeed it is well known that (2) is a necessary and sufficient condition
of existence of blowing up solutions of (1). However, we will see that
there exists a parallel between the two cases (2) and (3) in the study of
solutions of (1).

Recall that if ug € L°°(2) then there exists a unique maximal classical
solution u of (1) belonging to C((0,7,,), L>=(2)). When T, < oo, we
have ||u(t)||L= e and we say that u blows up at T,,,.

In order to define the notion of complete blow up, we consider any
sequence (g,) such that

{((1) for all n > 0, g, € C([0,00),[0,n)), ()

i) for all v > 0, g, (v) T g{v) as n — oc.

It follows that for every n > 0, there exists a unique global classical
solution of

ou,,

ot
Up = 0 on 89, (171)

2, (0) = g in .

- Aun = gn(un) in (0700) X Q’

It is well known that u,, T« on  x [0,7,,,) as n — oo.
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GLOBAL BEHAVIOUR OF SOLUTIONS OF uy — Au = g(u) 689

Let 6(z) = dist(x,0). For T > 0, we say that the solution u blows
up completely after 7' if

tn(t, ) — oo uniformly on [T' + £, 50) x Q (5)

5(.’17) n—00

for every £ > 0. This means in particular that » can not be extended in
any sense beyond 7'. Note that, uy being given, the fact for u of blowing
up completely after some time 7" does not depend on the choice of the
sequence (g,,) (see Lemma 9).

Our first result shows that every nondecreasing solution of (1) such that
T,, < oc blows up completely after 7),,.

Aug + glug) > 0. Let u be the unigue classical solution of (1) defined
on the maximal interval [0,T,,). If T, < oc then u blows up completely
after T),.

The first step of the proof consists in showing that if « does not blow
up completely after 7,,,, then there exists 7}, < 7™ < oo such that u can
be extended by a weak solution U of (1) on (7,,,T*) (see Definition |
below for the notion of weak solution). Since w is nondecreasing, there
exists 7 > 0 such that U verifies the following problem (in the sense of
Definition 1)

THEOREM 1. — Let ug € L®(Q) N W H(Q), ug > 0 be such that

U — AU =gU)in (1,T,, +7) x Q,

U =0 on 901,

U(7) > up in
Applying to U a parabolic variant of Theorem 3 of Brezis et al. [3] we
prove the existence of a bounded solution v of the following problem

vy — Av = g(v)—¢ein (0,7,,) x Q,

v = 0 on 012,
v(0) = vy > ug in €2,

for some ¢ > 0. Then v allows us to build a super-solution of (1) which
is bounded on (0,T,,) x . By the maximum principle, we obtain a
contradiction.

Since we assume 7,, < oc in Theorem 1, we have necessarily (2). For
the purposes of the parallel between the cases (2) and (3), let us introduce
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690 Y. MARTEL

another notion. We say that the solution v blows up completely in infinite
time if

wu(t,x
ult, x) — 00, uniformly on €. (6)

u is global and 5] oo

If g satisfies (2), no solution has this property (see Lemma 10). On the
contrary, when (3) holds, this behaviour happens to have a great interest
as we will see below.

As in Brezis et al [3], a weak solution of

{ - Aw =g(w) in {2,
w=0 on O

is a function w > 0 almost everywhere, such that
we LN, glw)d € LYQ), - / wAC = / g(w)(, (8)
Jo Ja

for all ¢ € C?*(Q) with ¢ = 0 on JQ.
The first result related to the notion of complete blow up in infinite time
is the following.

THEOREM 2. — Suppose (3). Let ug € L=(Q2) N Wol‘l(ﬂ), wg > 0 be such
that Dugy + g(ug) > 0. Let u be the global solution of (1). Then either u
blows up completely in infinite time or u(t) converges to a weak solution
of (7) as t — oc.

Recall that in [3] Theorem 1, it is shown that when (2) holds, the existence
of a global solution of (1) implies the existence of a weak solution of (7)
in the sense of (8). Gathering this result and our first two theorems we
obtain the following corollary.

COROLLARY 3. — [f there exists a solution of (1) which does not blow up
completely (neither in finite nor in infinite time) for some uy € L>*(Q),
ug > 0, then there exists a weak solution of (7).

We think that the conclusion of Theorem 1 fails for some uo € L>(2),
uy > 0. We refer to A. A. Lacey and D. E. Tzanetis [6] and
V. A. Galaktionov and J. L. Vazquez [5] for the existence of solutions
of (1) which blow up in finite time but continue to exist after 7}, (peaking
solutions) in the case {2 = R". However, this problem seems to be open
for ) bounded.

To deal with these solutions, we will see in Section 3 that if « is such that
T,, < oo, but does not blow up completely after 7;,, < oo in the sense of
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(5), then u can be extended after T,,. Indeed, this extension is obtained as
the limit of the sequence (u,,) and continues to satisfy (1) until the complete
blow up time (denoted by T™) in the sense of the following definition.

DEFINITION 1. — Let ug be a nonnegative bounded measure of ). A weak
solution of (1) on (0,T) is a function u > O such that for all 0 < § < T,

u € LY(0,8) x ), bg(u) € L*((0,9) x Q), (9)

/ [ atwre = /S [ute+ 26~ [weo. o)

for any € € C?([0, 5] x Q) such that £(S) = 0 and € = 0 on 9. Such
a function u also verifies

Su € C((0,T), LX), (11)

The notion of weak solutions given by Definition 1 is equivalent to the
notion of integral solutions of P. Baras and M. Pierre [2] and P. Baras and
L. Cohen [1] (see Section 3).

Uniqueness may fail for weak solutions of (1) in the sense of (10).
However, if there exist several weak solutions of (1), then among them
there is a minimal one, which is the limit of the nondecreasing sequence
(u,,). This unique minimal solution exists on a maximal interval of time
(0, 7%), T* < oo.

Therefore, given uy € L™(2), ug > 0, there exists a unique classical
solution on [0, T, ) and a minimal weak solution defined on (0, 7*). Since
the classical solution is also a weak solution in the sense of Definition 1,
we have 0 < T,,, < T* < o0o. On the other hand, the two solutions coincide
on (0,7;,) and we will denote by « the whole solution on (0, 7™*).

If T < oo, then (5) holds for all T > T, and the solution © can not
be continued in any sense after 7% ; T is called the complete blow up
time. See Lemma 9 for the proof of these results.

and

We turn now to the behaviour of solutions of the following problem
— Au = Ag(u) in (0,7T) x ,
u = 0 on 01, (125)
u(0) = ug in .

First, we assume g(0) > 0 and g Z g(0) so that there exists 0 < A* < oo
such that the following stationary problem

{ — Awy = Ag(wy) in Q,

13
wy =0 on JN. (13,)
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admits a minimal classical solution w) if 0 < A < A" and no solution (even
weak) for A > A*. For A = X\*, the problem (13,.) admits a unique weak
solution (sometimes classical), if

g'(u) — oc. (14)

U— OO

For these results, we refer to [3]. For the uniqueness of w,., see

Y. Martel [7]. When lim g@

and V. Radulescu [8] {Lﬁ;lfothe%e exists a solution of (13,-) (systematically
classical) if and only if

= g < oo, it is shown in P. Mironescu

lim (g(u) — au) < 0.
We distinguish three cases : 0 < A < A*, A = A* and A > A*. First, we
present our results in the case (2).
e Case 0 < A < M.  For uy € L™(Q), up > 0, we investigate the
behaviour of solutions of the following problem

e — Au = Ag(u) in (0,7*) x 0,
u = (0 on ()(2, (15/\,11)
u(0) = pug in £,

according to the value of . In this direction we show the following result.

THEOREM 4. — Suppose (2), let A < X*, and let ug € L (Q) be such that

ug > 0 and ug Z 0. Then there exists 0 < p* < o0 such that
(1) 0 < p < p*, the solution v, of (15, ,) is global bounded and
converges to wy in L>(Q).

(il) pp = p*, the solution w,- of (15, ,) does not blow up completely

neither in finite nor in infinite time.

(iii) p > p*, the solution u, of (155 ,) blows up completely after some

time T < oc.

Under certain assumptions, like uniqueness for the stationary problem,
we can tell more about the behaviour of wu,-, but this problem remains
in most part open. On the other hand, we do not know whether or not
T,, = T in (iii).

e Case A = \*. In view of Corollary 3, it is easy to conclude that if
(13,:) has no weak solution, then all solutions of the evolution problem
(12,-) blow up completely after some finite time.

Concerning the special case where the solution of (13,-) exists and is

classical, we prove the following theorem.
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THEOREM 5. — Let A = \*. Suppose (2), and that the solution wy~ of (135+)
is classical. Let ug € L®(), ug > 0 and let u be the solution of (12,-).
Then either v blows up completely after some time T* < oo, or u can be
extended for all time by a weak solution of (1) in the sense of (10) which
converges to wy- in L*(Q,6(x)dzx) as t — oc.

Under the same assumptions, for ug < wy«, ug & wy- and u being the
corresponding solution of (12,-) we prove that ||wy. — u(t)||L~ converges

to O at the rate %— as t — oo (see Proposition 12).

e Case A > )\*. Here the situation is very simple, and the following
result is a corollary of Theorem 1.

COROLLARY 6. — Suppose (2) and X > X*. Then for all ug € L>(2),
ug > 0, the solution u of (12)) blows up completely after some time
T < oc.

When (3) holds, we have similar results where “complete blow up in
finite time” is to be substituted for “complete blow up after some time
T* < o0”. We refer to Section 6 for the statements.

When ¢(0) = 0 and ¢'(0) # 0, the critical value A\* is A;/g’(0), where
A; > 0 is the first eigenvalue of —A in H(2). When A < A*, Theorem
4 can be stated the same way with wy, = 0. For A > A*, the only solution
of (13) is the trivial one and all solutions of (12) different from 0 blow up
completely (in finite or in infinite time according to which of (2) and (3)
is verified).

In this paper, we will use frequently some notions and techniques
developed in Brezis et al. [3], which deal mainly with the relations between
the existence of global solutions of (1) and the existence of weak solutions
of (7).

On the other hand, note that Theorem 1 is a generalization of some
results of P. Baras and L. Cohen [1] with shorter proof. Recall however
that P. Baras and L. Cohen [1] also give a sufficient condition on the
nonlinearity to provide complete blow up after T,,, without nondecreasing
assumption.

Finally, note that a notion of L!-solutions also appears in W.-M. Ni,
P. E. Sacks and J. Tavantzis [9] and A. A. Lacey and D. E. Tzanetis [6]
but only for convex §). In this framework, Theorem 4 can be viewed as an
extension of Theorem 2.5 of A. A. Lacey and D. E. Tzanetis [6]. Similarly,
W.-M. Ni, P. E. Sacks and J. Tavantzis [9] are concerned with this kind of
results for g(u) = w?. The work of P. Baras and M. Pierre [2] applied to
parabolic equations has also a connection with the existence of a critical
value p* in Theorem 4.
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694 Y. MARTEL

In Section 2, we present the proofs of Theorems 1 and 2. In Section 3,
we describe some properties of the weak solutions given by Definition 1.
Then, in Sections 4 and 5, we prove Theorems 4 and 5. We state similar
results for the case (3) in Section 6. Finally, in Section 7, we give a result
on the convergence rate of some solutions of the parabolic problem to the
unique solution of the elliptic problem for the case A = A*.

2. PROOFS OF THEOREMS 1 AND 2

We begin with three lemmas. The first one is a parabolic variant of Kato’s
inequality, and the second one is related to the linear heat semigroup with
Dirichlet boundary condition. The third one can be found in [3], we repeat
it here for the sake of completeness. We denote by T'(t) the linear heat
semigroup with Dirichlet boundary condition.

LemMa 1. — Let ® € C?*(R) be concave, with ®' bounded and ®(0) =
Consider T' > 0, vy € L)), and let [, v be such that

ve LY, T)xQ), féeL'Y((0,T)xQ),

and

/ o6+ 6) = / fe+ [ weo)
Jo Jo Jo
for all € € C*([0,T] x Q) such that &(T) = 0 and ¢ = 0 on 9. Then

//Q &+ L) 2 // f£+/ ®(1g)€(0)

forall £ € C*([0,T) x ), € > 0 such that £(T) = 0 and € = 0 on L
Proof. — The proof is similar to that of Lemma 2 of [3].

LEMMA 2. — For every T > 0, there exist ¢(7), ¢/(7) > 0 such that for
all ¢ € L), ¢ > 0, one has

c(T)||@bl21d < T(7)p < ¢ (7)]|@dl|L1d on €2

Proof. — Fix 7 > 0. By the L? — W2» N W, smoothing effect of T(t),
there exists ¢;(7) > 0 such that

107 T (7/3)1@llL~ < er(7). (16)
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Let ¢ be such that p§ € L'(Q). It follows from (16) that
167 T(r)plli= = 167 T(r/3)T27/3)ellli= < ea(DIT(27/3)pl|L
On the other hand, by the properties of T'(t), there exists ¢2(7) > 0 such that
1T(27/3)¢ll= < o TIT(7/3) |11

Using (16) again we find

IT(r/3)¢llzr = / oT(7/3)1a
Q
< Il 67 T(r/3)TallL= < e ()6l
We conclude
51T (r)p < ex(r)e3 ()bl

__Turning now to the other inequality, take any ball B C  such that
B C €. There exists ¢3(7) > 0 such that

T(1/2)1p > c3(7)d. (17)
Observe that there exists cy(7) > 0 such that T(1/2)6,, > ci(7)6 for all
&g € B (6,, is the Dirac distribution supported by (). Therefore,

T 2)¢a0) = [ GT(r/20800 2 esr) [ o8
for all zy € B, which means
T(r/2)¢ 2 ca(T)ll0dll 1 1. (18)
Finally, by (18) and (17),
T(7)p 2 ca(m)||0]|T(/2)15 2 ca(T)es(T)lIb] 10,
which completes the proof. E]

Lemma 3. — ([3]) Assume (2). There exist two constants K > 0 and
g0 > 0 such that for every 0 < € < e, there is a function ®. € C*([0, 0)),
concave, increasing, with

®.(0) =0, (19)
0<®(x) <z for x>0, (20)
12 @) > WO ZZ g ox, 1)
P’ (x) I 1 uniformly on [0, M|, for every M > 0. (22)
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696 Y. MARTEL
Moreover, sup ®.(z) < oc.
x>0

Proof of Theorem 1. — We notice first that the existence of a blowing up
solution implies necessarily that (2) holds.

Next, note that by Lemma 1.1 of [1] the solution u of (1) is
nondecreasing in t on (0,T,,). The sequence (u,) being defined by (1,)
with ¢, = min{g,n), we set

T* =sup {T > 0; lm ||u,(¢)d]lr: < oo forallt <T }. (23)

Of course, T,, < T*.

We now proceed in six steps. Through steps | to 4 we show that
T = T In step 5 we prove that (5) holds with T' = T;,,. Finally, in
step 6, we show that T™ and the property (5) do not depend on the choice
of the sequence (g,,) satisfying (4).

Step 1. We suppose for the sake of contradiction that there exists 7 > 0
such that T,,, + 7 < T™. Take also 7 < T,, for later convenience. By the
definition of T, there exists C; > 0 such that

lun (7))l < Cr and  ||un (T + 7)6|l1r < O (24)

Let ¢ € C?([r, T, + 7] x Q) be such that £ = 0 on 9. Multiplying (1,,)
by ¢ and integrating on (7,7, + 7) we obtain

/T-T,,, +r /Q _?n(u”)g _ /TT,,.+T /Q un(?f s ne
+

/UMﬂn+ﬂﬂﬂﬁwd—/UAﬂﬂﬂ~ (25)
JQ

Jo
Taking £(t) = T(T,, + 7 — t)é in (25) we find

Ty +7 4 N d
/ / In(u W T(T+7—1)0) = /’LLn(T7n+T) 6——/ wn (TWT(Tr)0).
. . Q
Q 0 (26)
Since there exists a constant Cy > ( such that T(s)é > C>6 for every
0 < s<T,, it follows from (24) and (26) that

T +1 o
/’ /ngJ5SCMCw 27)
T JQ
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Let x be the solution of
Ix

—E——Ax-—lm(OT +7) x £,

x = 0 on 911,
x(T, +7)=0in Q.

Using (25) again we obtain

Tyo+7T p T +7 o
/ / = / / gn () + / n(T)x(7)-
T Q T Q 7 Q

There exists C3 > 0 such that x(s) < Cs36 for 7 < s < T, + 7, so that
by (24) and (27)

Thot7
T Q

By (28) and the monotone convergence theorem, there exists U €
LY (1, T, +7)x Q) such that (u,,)nen converges to U in L ((7, T, +7)x Q)
and almost everywhere on (7,7, + 7) x . By (27) we have in addition
g(U)s € L*((1, T, + 7) X ) and (gn(un)8)nen converges to g(U)6 in
LY(7,T,, + 1) x Q). Of course, U = w on (7,T,) x Q.

On the other hand by letting n — oo in (25) it follows that

[ [awe=- [T [ve s oo~ [wngn o)

for all ¢ € C%([r, T, + 7] x Q) such that £(7,,, + 7) = 0 and £ = 0 on 9.
Step 2. Let u; = u(7). Let go, ®. and K be as in Lemma 3. Take
Uc(t) = 0. (U(t+ 7)) for t € (0,T,,) x . By Lemma 3, we have

U. € L*((0,T,,) x ). (30)

On the other hand, by (27), (28) and (29) we may apply Lemma 1 to
U(. . We obtain

//U@tmg //gw Ks+5+/ (u)€(0) (31)

for all £ € C2([0,T,,] x ), £ > 0 such that £(7,,) = 0 and £ = 0 on I9.
By a standard iteration argument and (31), it follows that the solution v of
— Av = (gv) = Ke)" in (0,T) x Q,
v = 0 on 01,
v(0) = ®.(u) in £,
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satisfies 0 < v < U, on (0,7,,,) x ? and then v € L*((0,T,,) x Q) by (30).
Step 3. Lemma 7 of [3] proves that there exists 0 < £, < & such that
for 0 < e < g4, the solution Z of

Zy - AZ = ~Kein (0,0¢c) x Q,
Z =0 on 01,
Z(0) = cpd/2 in Q,

satisfies Z > 0 on [0,7,,] x Q.
Step 4. There exists ¢y > 0 such that u; > wg + ¢d. Otherwise u is a

stationary solution and 7, = oc. Using (22), since u; € L*(), there
exists 0 < g9 < £; such that if 0 < ¢ < g5 we have

<I>5(ul) Z U — 605/2 Z ug + (:()(5/2.

(See also [3], proof of Theorem 2, step 4.)
Take 0 < € < &9, then 2(t) = v(t) — Z(t) verifies

2 — Dz > g(v) > g(z) in (0,T,,) x £,
z = 0 on 09,
2(0) = ®(uy) — ¢46/2 > ug in Q.

By the maximum principle we have v < z on [0,7},) which is absurd by
z € L>((0,T,,) x ). We conclude T,, = T*.

Step 5. Since up € L>=(R2), for n large enough, one has g, (ug) = g(ug)
and wu,, is nondecreasing in time. On the other hand, by (23), and T;,, = T,
we have

i [l (T + 2/2)8]120 = oc.

for every ¢ > 0. From u, (T, +¢) > T(e/2)u, (T, 4+ ¢/2) and Lemma 2,
it follows that

1 T T’ﬂL .

i—(—%e) — oc  uniformly on 2. (32)
Finally, we obtain (5) by (32) and u,, nondecreasing in time.
Step 6. Take another sequence (g,) satisfying (4). Consider 4y, the
corresponding nondecreasing sequence of approximate solutions and T

being defined as in (23). Since g, < g,, we have 4, < u, and then
™ > T*.

Annales de I'Institur Henri Poincaré - Analyse non linéaire



GLOBAL BEHAVIOUR OF SOLUTIONS OF u; — Au = g(u) 699

On the other hand, assume that T* > T*. As in step 1, there exists
a weak solution U of (1) on (0,T*) with ||U5||L1 < oo for all t < T*.
By a standard iteration argument, we have u,, < U almost everywhere on
(O,T*) x , for all n > 0. This contradicts the definition of T™. Finally,
(5) for the sequence (u,,) is established as in step 5 (see also the proof of
Lemma 9). O

In the proof of Theorem 2, we will distinguish two cases according to
whether or not g satisfies the following condition

There exists xg such that g(z) > Mz forall x > xo ; g Z Az, (33)

We establish two lemmas related to (33).

LEMMA 4. — Suppose (3) and (33). Let ug € L>(Q), ug > 0 and let u be
the global solution of (1). Then either u blows up completely in infinite time
or [[u(t)d]|rr < Cy, for all t > 0, where Cy > 0 does not depend on uy.

Proof. — We first prove that there exists C;, > 0 such that either
lu()é||Lr < Cj, or |Ju(t)d||r: is nondecreasing for ¢ large and converges
to oc as t | oc.

Since (3) holds, the solution u is global and we can multiply (1) by
1 (the first eigenfunction of —A in H(Q)), integrate on 2, and apply
Jensen’s inequality. We find

-3 [ wttver 2 o [ wivrer) - [ uttren (34)

Since g satisfy (33) and is convex, nondecreasing, either

() g(z) > Az, for all z > 0, g(z) & A
or

(i) there exist Cy and A > A; such that g(z) > Az, for all z > C,,.

In case (i), all nonnegative solutions of (1) are such that ||u(¢)||L:
converges to oo as ¢ T oc. Indeed, suppose the contrary for the solutlon
v of (1) with v(0) = 0. Since v is nondecreasing, it converges to a weak
solution w of (7) (see [3], proof of Theorem 1). But taking ; as test
function for w leads to

)\1/ we; Z/g(w)% > )\1/ w1,
Q Q Ja

and we obtain the desired contradiction. On the other hand, it is clear
from (34) that t — [, u(t)¢ is nondecreasing.
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In case (ii), if there exists tg such that fQ u(to)p1 > Cy, then (34) implies
that t — [, u(t)e: is nondecreasing for ¢t > to and

d 4 3
= / u(t)pr > (A = Ay) / u(t)py, for all ¢ > ¢.
dt Jq Ja

It is now clear that in this case ||u(t)d]|;1 converges to oo.

To complete the proof of Lemma 4, it suffices to show that if » does not
blow up completely in infinite time, then there exists a sequence s, T oc
such that ||u(s,)é||z1 is bounded uniformly in n.

To see that, let us take a constant 'y, a sequence (t,,%y). t, | oo and
Z, € £ such that

W(tn, )
DTl < o, 35
o) = (39)

Applying Lemma 2 with 7 = 1, and then (35), it follows that

e(D||w(t, — Dol pr6(xn) < (T(Dul(t, — 1)) (a,) < ult,,z,) < C16(z,).

(36)
Setting s, = t, — 1 in (36), we obtain ||u(s,)d||z: < C. Hence the
result. O

LEMMA 5. — Suppose that (33) does not hold then all solutions of (1) with
ug € L(Q), ug > 0 are bounded.

Proof. — Let ug € L=(), ug > 0, and let 7 > 0. Since u(7) € C1(£),
there exists Ny > 0 such that u(7) < Nyp;.

If g = Az then Ngp, > u(t), for all ¢ > 0 and u is bounded.

Otherwise, since g is convex there exist z; > 0 and ¢ > 0 such that

glx)y < Mz —e, forall z > 2. (37)
For N > 0, let n}, n be solutions of

—A7111V:9(-’51)1{A"¢1<I1} in Q,
nk =0 on Q.

{ — Amzv = C]'{NsO1>11} in Q, (38)

n, =0 on 0.
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Note that for every 1 < p < o0,

wer<aenlle — 0.

Lo llze o 19077,

so that by the properties of non homogeneous heat equation, there exists
Ny > 0 such that for every N > N;, we have

ny <n% on €. (39)
In addition, from g nondecreasing and (37) it follows that
(/\1N§01 - C)l{ngl>;c1} + 9(3?1)1{1\'¢1 <y} > g(N¢1)~ (40)
Setting ¢ = Ny — n% + n% for N > Ny, by (40) and (39) we obtain

— A= Ny —- Cl{NW1>Z1} + 9(1;0)1{1V¢1<11}
> g(Np1) 2 g(y) in €,
=0 on o).

In view of (38), there exists C' > 0 such that %, < C§ for all N > 0.
Hence, there exists N2 > 0 such that i > Ny — Cd > Nypy > u(r) for
N > N,. For N > max(Ny, N;), ¢ is a super-solution of the problem (1)
with wy = u(7), and then by the maximum principle u(t) < %, for all
t > 7. Hence u is bounded. O

Proof of Theorem 2. — When (33) does not hold, the solution u is bounded
by Lemma 5 and so it converges to a classical solution of (7).

Otherwise, when (33) is verified, if we assume that » does not blow
up completely in infinite time, by Lemma 4 we have |u(t)é||z: < C,,
for all £ > 0. Since u is nondecreasing we can now apply the argument
of [3], proof of Theorem 1 to conclude that v converges to a weak solution
of (7). (|

3. WEAK SOLUTIONS

In this section, we prove what we claimed in the introduction about weak
solutions. First, Lemmas 6 and 7 give some properties of weak solutions of
the linear non homogeneous heat equation. In particular, these two lemmas
prove the equivalence between weak solution in the sense of Definition 1
and the notion of integral solution of P. Baras and M. Pierre [2], P. Baras
and L. Cohen [1]. Then, Lemma 8 proves property (11) in Definition 1.
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Finally, Lemma 9 proves the existence of a unique minimal weak solution
to (1), gives a characterization of the complete blow up time 7™ and shows
that the classical solution of (1) and the minimal weak solution coincide

n (0,7,,).

We define N(f)(t,z) = ]J Jo G(t = s,2,y) f(s,y)dsdy where G is the
Green function of the heat equation with Dirichlet boundary condition. Let
LYQ) = LYQ,8(x)dx) and LI x Q) = LY(I, LLY(Q)).

LEMMA 6. — Let T* > 0 and let f € LE((0.T) x Q) for all 0 < T < T*.
Then there exists a unigue function v, v € L'((0,T)x Q) forall 0 < T < T*
which is a weak solution of

—ANv=fin(0,T*) xQ,
v =0 on 0,
v(0) =0 in (),

in the following sense

[} fge== ] [rieoe o

for all £ € C?([0,T) x Q) such that £(T) = 0 and £ = 0 on 0Q and for
all 0 < T < T*. Moreover if f > 0 ae. in (0,T*) X Q then v > 0 a.e.
n (0, 7*) x Q and v is given by

v=N(f).

Proof. — First we prove the uniqueness. Let v; and v2 be two solutions
of (41) and v = v; — v2. Then for all 0 < T < T*

T .
/ v(§ + AE) =0
Jo Ja

for all £ € C?([0,7] x Q) such that £(T) = 0 and £ = 0 on 9. Given
v € D((0,T) x Q), let £, be the solution of

n%f—&@:«pin((),T)xQ,
&, = 0 on 04,

£.(T)=01in Q.

/ / v =0
0

forall0 < T < T*, ¢ € D((0,T)xQ), we deduce v = 0 a.e. on (0, T*) x (2.

It follows that
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For the existence, we may assume that f > 0 (the equation is linear and so

we can write f = f, — f_). For all k < 0, we set f(¢t, ) = min(f(¢,x), k),
so that f, — f in Li((0.7T) x Q) for all 0 < T < T™*. Let

ve = N(f). (42)

and fix 0 < T < T™*. The sequence (v) is monotone nondecreasing and
is bounded in L'((0,T) x ). Indeed

T . T 3 T .
/ /wz/ h&SC/ /ﬂ,
JO JQ JQ Q JO JQ

where &; is defined by

1s]
——;%—Aflzlin (0,T) x ©,
& =0 on 01,
&(T) =0in Q.

We define v as the limit of the sequence (vy). Then v € L'((0,T) x Q)
forall 0 < T < T and v € D'((0,T*) x Q). Passing to the limit in

for all £ € C2%([0,T] x Q) such that £(T) = 0 and £ = 0 on 9 and in
expression (42) we complete the proof. O

LEMMA 7. — Let T* > 0, f € L.((0,T*) x Q) and let
v=N(f) € Li,.((0.T%) x Q).
Then for all 0 < 1" < T, v and f satisfy
v e LN(0,T) x Q),

feLi(0,T)x ), (43)

AT;ﬁ:—AiLM&+A&

forall £ € C*([0,T) x ) such that £(T) = 0 and € = 0 on OQ.

and
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Proof. — In view of Lemma 6, it suffices to show (43). Let 0 < T <
T' < T* and let ¥ € D(Q), ¥ > 0, ¥ Z 0. Let p(t,x) = (), for
(t.x) € [T"/2,T'] x Q and @(t.x) = 0, for (t,x) € [0,T'/2) x 2. We
consider

06 — A€, =@ in (0,7") x Q
SE - AL, =pin (0.T) x 0,
£, =0 on 04,
E,(T")=01nQ,

Using the properties of the heat semigroup with Dirichlet boundary
condition, there exists ¢ > (0 such that

Ew,t) > eb(x), for (¢, x) € (0,T) x €.
For £ > 0, let fi(z) = min(f(x),k) and let vy = N(fi). Multiply

W — Awv, = fi, by &,. and integrate in space and time. It follows that

T 5 I T . T .
E/ fk5§/ fk-fo:/ /“MPS / / vp < o,
JO I JO SR 0 JO JT208

Passing to the limit as & — oc we obtain (43). O
The function v given by Lemma 7 also enjoys another property.

LEMMA 8. — Let T* > 0 and let v, f be such that
v e LN(0,T) x Q), f€L;y(0,T)x Q)
and satisfying (41). Then v € C([0,T*), L*(Q, §(x)dx)).

Proof. — Let fi, vy defined as in Lemmas 6 and 7. Let 0 < T < T*
and consider the solution y of

—xi—Ox=01n (0,T) x Q,
x = 0 on 911,
x(T)=461in Q,
There exist two constants C > 0, ¢’ > 0 such that
C'o(x) < x(t,z) < Cé(x), for (t,z) € (0,T) x .

Therefore, for every 0 < ¢t < T,

e =00 < & [ e =000

C// f”“c'//
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By uniform Cauchy convergence, we conclude

v e C([0,T), L*(2, 6(x)dx)). -
Returning now to the nonlinear problem (1), let uy be a nonnegative
bounded measure of (2. Consider U verifying

Ut x) = /{;Gu,m,y)uO(y)dw / | / Gt — .2, 9)g(U(s.y))dyds.

on (0,7%) x §, i.e. U is an integral solution of (1) in the sense of
Baras—Plerre We have necessarily U € L}, ((0,T*) x §). Indeed, thank
to properties of the Green function, we have g(U) € L}, ((0,7*) x ).
If there exist C > 0 and vy > 0 such that g(v) > Cv for every v > vy,
it is clear that U € L} ((0,7*) x Q). Otherwise, ¢ is constant, and then
U is classical.

Applying Lemma 7 to v(t,x) fo Jo Gt = s,2,9)9(U(s,y))dyds, we
obtain that U is a weak solution in the sense of Definition . By Lemma
8, we obtain (11).

Conversely, if u > 0 is a weak solution of (1), then according to Lemma
6 applied to u — T(.)ug = N(f), we obtain that « is an integral solution.

REMARK 1. — From Lemma 8 it follows that a weak solution of (1)
also satisfies

// we= [ um)er) - [ e /U/ (€ + D8,

for all £ € C?([0,T] x Q) such that ¢ = 0 on 99, for all 0 < T < T™*.

This property shows in particular that our definition of weak solution is
equivalent to the notion of L!-solution of [6], [9], given only for {2 convex.

LEMMA 9. — Let ug € L®(), ug > 0 and let (u,) be the sequence
given by (1,)). There exists a unique minimal weak solution U of (1) in the
sense of Definition 1, defined on a maximal interval (0, T*). This solution U
coincides with the classical solution of (1) on (0, T,,,). Moreover T* satisfies

T* =sup{T > 0; lim |Ju, ()] <oc for 0<t<T},
and does not depend on the choice of the sequence (g,,) satisfying (4). If
T* < oc then (5) is verified for all T > T*.

Proof. — Consider the sequence (u,, ) defined by (1,,) with g,, = min{g,n).
As in the proof of Theorem 1, neither T nor (5) depend on this choice.
We proceed in three steps.
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Step 1. Define
S* =sup{S >0 lim |fu,(t)oz: <oo for 0<i< S}

Reasoning as in proof of Theorem 1, step 1, the definition of S* implies
that there exists a weak solution U of (1) on (0, S*) obtained as the limit
of the sequence (u,,).

Take V a weak solution of (1) defined on (0,5*(V)). By a standard
iteration argument and Lemma 6, we have V > w,, almost everywhere on
(0, T*(V)) x 8, for every n > 0. It follows that V' > U almost everywhere
on (0, min(S*.S*(V))) x Q.

On the other hand, the classical solution « is a weak solution of (1) in the
sense of Definition 1 and then « > U on (0, min(7},, S*)). By uniqueness
of the classical solution, we have S* > T,, and v = U on (0,7,,) x €.

Step 2. Suppose S* < oc. By the definition of S*, for every ¢ > 0 there

exists ¢ € (8%, 5* + §) such that ||u,(t)é{lp — oo.

Fix £ > 0, it follows from by Lemma 2 that

u (5" +¢) — oc uniformly on §2. (44)

b} n—oc

Since g is convex and 7}, < 5* < oc, it follows that there exist x; and
¢ > 0 such that for all > x; — 1,

glx) > (A + 2¢)z. (45)
For N > 0, consider n& and 73 such that

- An}v = )\1N<P11{N¢1<m1} < Alzll{N',ol<;1t1} in €,
ny =0 on 0.

— Ay = cNovLing, >0y 00 €2,
=0 on Of.

By the properties of the Laplace equation, there exist ¢, ¢z, ¢z > 0 such
that for all N > 1

n}y <16, Neb < 17]2\, < Nesb. (46)
Hence there exists N; > 0 such that for every N > N;, we have
nk < nay on Q. (47)
Note that by (45),
g(Np1) 2 (M +)Ne1bng >0,
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Setting ¥x = Ny — nk + 1%, for N > N; we obtain by (47),

{ - APy = (M + N1l ng, >0y In €,
Yy =0 on 9.

By (44) and (46), there exists K such that g, (T*(ug)+e) > Noi+n3 >
. On the other hand, by (45) and by possibly choosing larger Ky, we
may assume that for all z; < z < ||[¢n]|L=,

iy () > (N + ¢).
It follows that

M+ N1 LN, 52y S gry (Ne1) < gne (Pn),  in €

Therefore, for N > N;, the function ¢ is a sub-solution of the problem
(lg,) after time T*(ug) + . We conclude that ug,(t) > ¢, for all
t > T*(up) + &, which proves (5) for every T > S*.

Step 3. Since 7™ is the maximal time of existence of the weak solution

U, we have §* < T*. By step 2, it is impossible to obtain a weak solution
of (1) after S* and then 5™ = T*. |

4. PROOF OF THEOREM 4

We begin with two lemmas. The first one is well-known and we give it
for the sake of completeness. The second one is a convexity result : for
A < A* and ug € L=(Q), up > 0 such that the solution of (12,) does not
blow up completely in finite time, all vg € L™(2), 0 < vy < up, vy Z up
lead to global bounded solutions of (12)).

Lemma 10. — Suppose (2), let ug € L>(Q), ug > 0, and assume that
the solution u of (1) is global. Then ||u(t)d||r < C,, for all t > 0, where
Cy > 0 does not depend on uy.

Proof. — Since in [3], proof of Theorem 1, there exists C, > 0 such that
if [Ju(to)dl|r > C, then for every t > ty we have

d u(t)pr > %q(/Q u(t)gol). (48)

dt Jo

Since we assume u global, (48) and (2) lead to a contradiction and then
lu(to)é||Lr < C, forall ¢ > 0. (Observe that this argument does not require
1 to be nondecreasing.) O
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Lemma 11, — Suppose (2), let A < A*, let ug € L*=(Q), ug > 0 and let
w be the solution of (12,). Assume that u does not blow up completely in
finite time. Then for every vy € L(Q), 0 < vy < g, vg Z uo, the solution
v oof (125) with v(0) = vy is global bounded.

Proof. — Let w be the minimal weak solution of (1) and suppose that
T*(u) = 0o. Set we = ®.(u), where &, is the function defined in Lemma 3.
As in the proof of Theorem |, we can make use of Lemma 1 to show that
w, 1s a super-solution of the following problem

wy — Aw = Mg(w) — Ke)™ in (0,00) x €,
w =0 on df, (49)
w(0) = & (ug) in Q,

Since . is bounded, we have w. € L™((0,00) x §2), and thus the solution

w of (49) is global bounded.

Take now g as in the statement of the lemma. Fix 0 < 7 < T}, (ug), there
exists ¢g > 0 such that u(7) — v(7) > T(7)(ug — vo) > cob. Taking u(7)
and v(7) instead of ugy and vy and reasoning as in the proof of Theorem 1,
Step 4, there exist 0 < 1 < 1 and &; > 0 such that for every 0 < e < gy,

n®_(ug) > ug — cpd > wy.
Such 7 and ; being fixed, consider the solution z of

Kn
1—n

2 — Nz = A(g(z) +

z =0 on 01},
z(0) = 0 in .

5) in (0,00) x Q,

Since A < A*, there exists 0 < €9 < &; such that for 0 < ¢ < &3, z is
global bounded.

We now set 0 < ¢ < g9 and Z = nw + (1 — n)z. Since g is convex,
Z satisfies
Zy— DZ = Mng(w) + (1 —n)g(2)) = Ag(Z), in (0,00) x 2,
Z =0 on 919,
Z(0) = n®.(ug) > vo in L1
Since Z is global bounded we deduce v global bounded by the maximum
principle. O
We are now in position to prove Theorem 4.
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Proof of Theorem 4. — Let ug be as in the statement of the theorem and
let % be the solution of (15, ,). We proceed in four steps.
Step 1. We prove that there exists g; > 0 such that for every 0 < g <
the solution u of (15, ,) is global bounded.

Since up € L*°(Q) and u € C((0,T,,) x Q) with T,,, > 0, there exist
po > 0 and 71 > 0 such that for 0 < g < po and 0 < ¢ < 7y, w(t) < 1.
On the other hand, there exists 0 < 75 < 71 such that

A /OTQ T(r, — s)g(u)ds < )\/OTQ T(r2 — s)g(1)ds < wy/2, (50)

where w, is the minimal classical solution of (13,). Such 7, > 0 being
fixed, T(72)up € C*(Q) and there exists 0 < p; < po such that

T (m2)ug < wy/2. (51)

For 0 < u < pq, by (50), (51), we have
u(ry) = uT (2o + X [ T(ra = 9)g(u)ds < vy,
0

and then «(¢) < wy for all £ > 7 by the maximum principle.

Step 2. Set * = sup{p > 0; the solution u of (15, ,) is global bounded }.
We have p* < oo, indeed by Lemma 10, for [, puge; large enough, the
solution u of (15, ,) blows up in finite time.

We show that for every p < p~, the solution u of (15, ,) converges
to wy in L>(§2). First, since A;(—A — Ag'(wy)) > 0, if there exists a
sequence (£,), t, 1 oo, such that ||u(¢,) — wr|l= — O, then the whole
sequence u(t) converges to wy.

Suppose by contradiction that there exists no subsequence (t,,), ¢, T cc
such that u(t,) converges to wy. We can assume ug > wy. Indeed since
4 is bounded, the w-limit set of u contains a solution w of (13,), with
w > wy + cob. Therefore there exists a subsequence t,, such that wu(t,)
converges to w in C1(Q), and for n large enough we have u(t,) > w.
On the other hand, by possibly taking u(7) instead of uy, we may suppose
that uy € CY(9).

Set z(t) = u(t) — wx > 0, there exists C; > 0 such that ||2(t)||z~ > C;
for all £ > 0. By Lemma 2, since G = ||u|| = ((0,00)x02) < 20, we find

l2(t)8| 1 > ce? O(T(1)z(t — 1))(z) > e @~ (¢, ) for every z €.
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and then
1Yol o > ceW O = ¢y > 0. (52)

[12(

Let o7 be the solution of

— ¢! = Dp" =g/ (WeT in (0,00) x Q,
el =0 on 5.
e'(T)=¢ in Q.

We have

% : Q o ult) — ) = /g;(g(u) = g(wy) = g'(u)(u — wy))p” < 0.

It follows from (52) that
/ el (0)(ug — wy) > / T (M 2(T) > Cy. (53)
Q Ja

Let now ¢ be the solution of

P — A =g (u)p in (0,00) x £,

=0 on J9,

P(0)y=46 in Q.
Easy calculations lead to )6 = |, ©"(0)6. By (53) and ug € C* (),

Jo (T
we conclude ]Q w(TYs > C, for every T > 0, where C' > (0 does not
depend on 7.

Let p < g/ < p* and let v be the solution of (15) corresponding to u'ug.
Using the convexity of g, we have

(v—u)y— Av—u) > ¢'(u)(v—u) in (0,00) x €,
v—u=0 on 08,
v(0) —u(0) = (4 — pug > w6 in Q,

where x > 0. By using 1, there exists C; > 0 such that
/ (v(t) —u(t))b > Cy forevery t>0. (54)
Q

Since i/ < p*, v is bounded and then v(¢) converges up to a sub-sequence to
a classical solution W of (13,). By (54) and v > u, we have wy < w < W,
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but the existence of a triple of ordered solutions of (13) is impossible (see
H. Fujita [4]). The contradiction shows that «(t) converges to wy as ¢t — oc.

Step 3. Consider a nondecreasing sequence p,, T p*, p, < p*. For each
n > 0, the solution u,,, is global. By Lemma 10, we have [|u,, ||z < C,.
By using the technique of [3] proof of Theorem 1, we obtain

Hg(’u/,,,,,)||L;((T,T+1)x§z) <C and g, o r+yxo) £ C 0 (55)

where C depends neither on n nor on T'. We define v, as the limit of the
nondecreasing sequence (u,,, ), by (55) and taking the limit in all terms of
(10), u,- is a weak solution of (1) and T™(u,-) = cc.

Step 4. We prove (iii) by contradiction. Suppose that there exists p** > p*
such that T*(p**ue) = oo, then for p* < i < p**, the solution of (15, )
is global bounded by Lemma 11, which contradicts the definition of p*. [J

RemMARK 2. — Following the argument of [6], Lemma 2.1, we know
that u,- does not converge to wy. in L°°(2) even up to a subsequence.
Therefore, when there exists only one classical solution of the stationary
problem, the solution %, is not bounded. However, the exact behaviour
of u,- remains mainly unknown.

Theorem 4 has a corollary concerning the instability of the weak solutions
of (13,) different from w,.

COROLLARY 7. — Let A < A*. Let wy be the minimal classical solution of
(13,) and suppose that there exists another weak solution Wy of (13). Let
ug € L>°(2) be such that ug < Wy, 0 < ug Z wy. Then the solution v of
(12)) is global bounded and converges to wy as t — oc.

5. PROOF OF THEOREM 5

Instead of Theorem 5, we prove the following result which clearly
implies Theorem 5.

PROPOSITION 8. — Suppose (2), A = X and wy. € L™(Q). Let
ug € L=(Q) be such that uy > 0 and uy Z 0. Then there exist p* > 0
and p* > 0 such that

(i) 0 < p < p*, the solution w, of (15 ,) is global bounded and
converges to wy- as t — oo.

(i) p* < p < p**, the solution u,, of (15x- ) is global and converges
to wy- in L}() as t — oo
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(iii) p = p**, the minimal weak solution of (15y. ,--) converges to wy.
in LY(Q) as t — oc.

(iv) p > p™, the solution u, of (15 ,) blows up completely in finite
time.

REMARK 3. — We do not know whether or not p* = p**. If this is the
case then (i1) does not occur. For p* < p < p**, we do not know if the
solution v is bounded.

To prove Proposition 8 we will use two lemmas. The first one is a weaker
form of Lemma 11 which holds in the case A = A*. The second one proves
a instability property of the minimal solution of (13,.).

For A = A", Lemma 11 can fail. However, we can prove the following
weaker result without any restriction on A.

LemMA 12. — Suppose (2), let ug € L>°(Q), ug > 0, and assume that the
solution u of (1) does not blow up completely in finite time. Then for every
vy € L=(2), 0 < vy < wg, v Z ug, the solution v of (1) corresponding
to vy is global.

Proof. — The proof is just an adaptation (slightly improved) of the proof
of Theorem 2 of [3].

As in the proof of Lemma 11, the idea is to use a function ®., which is
bounded, increasing and concave, in order to obtain a super-solution of a
“perturbation” of (1). Here, we take ®. depending also on £. For ¢(0) # 0
and ¢ < ¢(0), the function ®. would be

®o(t,u) = by (h(u)),

where

S - u ds
h(u) = /0 9(s)’ hi(u) = /0 g(s) — ce-2t”

If g(0) = 0, it is possible to take another function in the spirit of Lemma 3.
(See the proof of Lemma 6 of [3].)

Let v be a weak solution of (1) such that 7*(u) = oo, and let
we(t,z) = ®(¢, u(t,x)). Easy calculations and Lemma | show that w. is
a super-solution of the following problem

wy — Aw = g(w) — e in (0,00) x Q,
w = 0 on I, (56)
w(0) = P(0,up) in Q,

Since ®. is bounded, we have w. € Lf° ((0,00),L>°(f2)), so that the

loc

unique classical solution w of (56) is global.
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Take now g as in the statement of the lemma. Fix 0 < 7 < T, (up).
There exists co > 0 such that u(7) — v(7) > T(7)(uo — vo) > coé. Taking
u(7) and v(7) instead of wy and vy and reasoning as in the proof of
Theorem 1 step 4, there exists £ > 0 such that for every 0 < ¢ < &;

vg < @.(0,ug) — cpd/2.
Denote by ¢ > 0 a constant verifying
ex < g1, (57)
where ¢, > 0 is the first eigenfunction of —A in H}(S2), and x satisfies

—Ax=1inQ,
x = 0 on 9.

Set k(t) = (22i — x)e 2!k is a sub-solution of the problem
C

Zy— NZ = —e M in (0,0¢) x Q,
Z =0 on ()Q, (58)
2(0) = 22 in Q.

C

By (57), we have £ > 0 on (0,00) X €2, so that the solution Z of (58) is
also nonnegative on (0,0c) X .
Now, we set 2 = w — Z, for ¢ small enough, we have £Z < ¢¢6/2 and
z is a super-solution of the problem verified by v. Since z is global, v is
also global by the maximum principle. ]
When the solution w,- is classical, it is unstable from above. Indeed,
we prove the following lemma.

LEMMA 13. — Suppose (2), A = \* and wy- € L(Q). Let ug € L (),
wy > wx- and ug Z wy-. Then the solution u of (12) blows up completely
in finite time.

Proof. — By contradiction suppose T*(u) = +o0o. In that case we may
assume that u is global, by taking @y € L™(Q), wy < %y < ug and
Uy Z Wi, Ug Z uo instead of ug and applying Lemma 12. As usual we
may assume without loss of generality that there exists ¢p > 0 such that
ug — Wy > cpd. We proceed in three steps.

Step 1. There exists A C wy-(2), |4| # 0 such that

g"(v) >0, forall v e A,
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Indeed, otherwise we have g(w,-) = ¢(0) + ¢'(0)w,. and everything
happens for wy- as if g were linear. Since g(0) > 0, ¢ verifies the
monotone case of P. Mironescu and V. Radulescu [8] and the existence of
wy- contradicts the definition of \*.

Therefore, there exist n > 0, 0 < K7 < Ky < ||wy- ||z~ such that
g"(u) > n. forall u € [K;, Ks). (59)
Step 2. Since g is convex, w = u — wy- verifies

,— Aw > XN g (wy)w in (0,7 (ug)) x Q,
w = 0 on 99, (60)
w(0) = uy — wy- > b in £,

On the other hand, we denote by W, the first eigenfunction of
(=& — X ¢'(wy-)) in H}(Q), the corresponding eigenvalue being 0. The
function ¥, being chosen such that ||¥||;: = 1, there exists C' such that

e (61)

Note that by (60) and (61), w is a super-solution of the problem verified
by C1¥; for some C; > 0. By the maximum principle, we conclude that

w(t) > C1¥y in (0,00) x Q. (62)

Step 3. We set f(t) = [,u(t)¥ dx. Then

£ = [ lo(u®) = (s a1
Ja
Since )

/Q[g(w,\*) — g (wr )wy|Vde =0

it follows that

Nﬂ:mem~MWJ—ﬂm¢MM%m

_ /Q (/u(t) (/u\ g”(g)d(y)ds)llllda: > 0.

Wy«

The idea is to use (59) to show that f/(t) does not converge to 0. There
exists a subset € of €2, such that 2 # 0 and

wys () > Ky, for all z € €.
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Since € is compact in ), there exists a constant C > 0 such that
Uy () > Cy, forall z € Q. (63)
Next, there exists a subset 5 of  such that |§2| # 0 and

C'102 K, + K;
2 2

K <wy(x )<m1n(K1+ ), for all z € Q.

By (62) and (63), we obtain

K+ C1Cy < ult,z), in [0,00) x . (64)

Hence by (59) and (64) we obtain
min{K;+C1C3,K»)
>
0277/ /1;11[1(1\1+(1()»I‘)+A1)
(/ o do)da)dmZC>0.
min(Klﬁ—#,%)

We conclude that f is not bounded. By Lemma 10, we obtain a contra-
diction. O

REMARK 4. — This result proves that for wy- € L>(£2), there does not
exist a second solution of (13,.) even in the weak sense.

Proof of Proposition 8. — We define p* > 0 as in the proof of Theorem 4.
Similarly, for z large enough the solution u of (155- ,,) blows up completely
in finite time, so that we can define

p*" = inf{p > 0; the solution u of (155 )

blows up completely in finite time}.

Of course p** > p*. For u < u**, the solutions are global by Lemma 12.
Then using Lemma 10 and reasoning as in the proof of Theorem 4, the
weak solution u»** corresponding to p** is obtained as the limit of the
solutions (u,) for p T p**. Now we show that «** converges s to w,- in
L}(Q) as t — oo. The result will follow for u* < p < p**

Let v be the global classical solution of (12,.), with »(0) = 0. We have

[[wx = v()llze — 0,

— 00
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so that for every n > 0 there exists s,, > 0 such that for any ¢ > s,
wy —o(t) <1/n on Q. (65)

Suppose for the sake of contradiction that |jwy. — w**(f)||z: does not
converge to 0 as ¢ — oc. There exist C' > 0 and a sequence (#,) such
that ¢, > s, and

llwx = w™ ()l > C. (66)
Since u**(t) > wv(t) almost everywhere on (0, oc) X £2, by (65) we find
[[(u™ (L) — wx )™

Set w(t) = w**(t) — wy., since g is convex, w satisfies (in the weak sense)

L= < 1/n. (67)

wy — Aw > ¢ (wy )w in (0,5¢) x Q,
w = 0 on S,

w(0) = up — wy- in €,

By (67) and (66), we have w™ (t,) < 1/n and |l'w+(tn,)“L; > % for n
large enough.
With ¢ = ||g"(wx- )|l L= ((0.5)x ) < 00, it follows that (in the weak sense)

wy — Aw > —cw” in (t,,00) x Q,
w = 0 on 01},
w(t,) > w(t,) —1/nin Q,

Fix 7 > 0. We claim that there exists n > 0 such that w(r +¢,) > 0 (a.e.).
Indeed, consider z; the solution of

3] )

% — Az =z in (.o0) x

z1 = 0 on 081,

21(0) = 1/n in €,

It is clear that 2z (7) < ¢16/n where ¢; > 0 does not depend on n.

On the other hand, for 25(¢) = T(t)w™(t,), it follows from Lemma 2
that zo(7) > c26 where ¢y does not depend on n. Therefore for n large
enough 25(7) — z1(7) > 0. Since w(t, + .) is a super-solution of the
problem verified by z; — z;, we obtain the claim.

Since w(t, + 7) > 0, there exists u; € L>{Q) such that wy- < u; <
w**(t, + 7). By Lemma 13, the solution of (1) corresponding to «; blows
up completely in finite time, and we obtain a contradiction. O
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0o g
6. THE CASE / 2 - (3)
S g(s)
We can adapt Theorems 4, 5 and Corollary 6 to the case (3). We obtain
the following results.

THEOREM 9. — Suppose (3). Let A < X*, and uy € L>(2), uo > 0 and
ug Z 0. Then there exists 0 < p* < oo such that
(i) 0 < pu < p*, the global solution u, of (15, ,) is bounded and
converges to w)y in L>()) as t — oc.
(1) p = p*, the global solution w,. of (155 ,.) does not blow up
completely in infinite time.
(iii) p > p*, the global solution u, of (155 ,.) blows up completely in
infinite time.
Futhermore, pu* < oo if and only if Ag satisfies (33).

THEOREM 10. — Let A = A*. Suppose (3), and that there exists a classical
solution wy- of (13x+). Let ug € L™(Q), ug > 0 and let u be the
corresponding global solution of (12.). Then either u blows up completely
in infinite time, or u(t) converges to wy- in L'(Q, §(x)dzx) as t — oc.

COROLLARY 1. — Suppose (3) and let A > X*. Then for all uy € L>(2),
ug > 0, the global solution u of (12)) blows up completely in infinite time.

The proof of Theorem 5 can be adapted with obvious modification to
show Theorem 10. Note that in the case (3), Lemma 12 is useless. On the
other hand Corollary 11 is a direct consequence of Corollary 3.

Finally, to prove Theorem 9, we need only an equivalent of Lemma 11
which holds for (3). This is the object of the next lemma.

LEMMA 14. — Suppose (3). Let A < X*, let up € L>(Q), ug > 0, and let u
be the global solution of (12). Assume that u does not blow up completely
in infinite time. Then for every vy € L™®(Q), 0 < vy < ug, vo Z g, the
solution v of (12y) with v(0) = vy is bounded.

Proof. — In view of the proof of Lemma 11 it suffices to show that for
every vg chosen as in the statement of the lemma, there exist K > 0, n < 1
and gy > 0, such that for 0 < ¢ < g¢ the solution w of

we — Aw = Ag{w) — Ke in (0,00) x Q,

w = 0 on 8&2, (68)
w(0) = % in q.
n

is bounded.
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We will make use of the following continuous embeddings
WEP((0,1), LP(2)) N LP((0. 1), W2P(Q)) — L"((0.1) x Q).  (69)

_r
2p
N+2

2
and all » <

P —_

for all p < N

W2((0.1), LP(Q)) 0 LP((0,1), W2P(0)) — C([0,1] x ), (70)

for all p > 3%2 and

W ((0,1), LP(2)) 0 LP((0,1), WP (Q)) — C([0,1], CH(Q)). (1)
for all p > N + 2.
For later convenience we also recall that if

e —An=fin {0,1) x £,
7= 0 on 9,
7{0) =0 in £

and f € L?((0,1) x Q) for some 1 < p < oc, then

Nrro,1)x0)- (72)

el e (o1 x 0y + 1AN| e <Gl

Returning now to our problem, let us define the following functions

'“ ds
D =hit(h:(uw). hi(u :/ —— for j>0.
Js ( ) 7—+—1( ( )) J( ) Jo )\9(5) ‘*‘]E J
Set u; = ®g (u) and observe that by concavity of A4,

U — U

}LI(U) - hl(’ll,l) < (t — ul)hl(ul) = W
From ho(u) = hi(u1) and (73), it follows that

U — Uy

90) = X F 3] = hoe))

< Z(u+1).

ml’l

Since u does not blow up completely in infinite time, by Lemma 4 there
exists C' > 0 such that

lu()pillp < C, for all ¢ > 0. (74)
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Multiplying (1) by ¢; and integrating on (T, T + 1) we find

T+ T+1
/ / g(u)pr < (14 A)C, / / u< (24 A)C, (75)
Jr Q Jr Q

We now take v; the global solution of

%Ut—l — Avy = Ag(vy) — e in (0,00) X £,

v, = O on Jf2, (76)
v1(0) = Pg o (ug) in Q.

By Lemma 1, u; is a super-solution for problem (76) and so v; < wuy. It
follows from (74) and (75) that

. T+l T+1
/ (T)6 < C. / / " < C, / / o) <C, (T7)
Q T JQ JT Q

where C' > 0 does not depend on T. For p > N + 2, define n{ by
N T
- % ~ AT =P(T+ ) in (0,1) x Q.

7T =0 on 99,

ni (1) = 0in Q.

By (77), (72) and (71), we obtain n¥ € C([0,1],C*(2)) and
71 1122 ((0.1), w1 )y < C. (78)

where C' does not depend on T. Multiply (76) by 5! and integrate on
(T, T + 1), it follows that

/T+1/ (o1} _/ / 1+1/p /7)1(T)7,17(0).

By (77) and (78), we conclude

T+1
/ / 0 <c,
T Q

where C' does not depend on 7.
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Iterating this argument on vy, we obtain
N+2

% S
/ / v{ <C,
Jr o Jo
for all v < R

Iterating this argument j times (and using (69)) one proves that the
solution v; of

8 .
T4~ Ay = Agly) = e in (0.50) x €,
(I 0 on OQ»

'UJ(O) = (I)je( .. (@()’E(U()))) in €2.

TH1
/ / v} < C, (79)
v Ja

for every v < m—f[,%) Taking j = N in (79) and considering vy 1

we obtain
T+1
/ / glon)" <0,
Jr Ja

for all v < N + 2, so that we can apply (72) with &2 < p < N + 2,
and then (70) directly to vy 1.

satisfies

We have proved |[vn1||L>(7.7+1)x2) < C, where C does not depend
on T, i.e. vy is uniformly bounded. Finally, observe that for every ¢y > 0,
there exists g > 0 and 7 < 1 such that Py (... Po.(up)) > vy. The
function vy 41 is a super-solution for problem (68) with K = N + 1 and
so w is bounded. (i

7. CONVERGENCE RATE

We give a last result concerning the convergence of some solutions of
(1) to the unique solution of the stationary problem.

PROPOSITION 12. — Let A = X, wy- € L>(Q), and uy € L>(Q),
0 < ug < wye, ug Z wy-. Let u be the global classical solution of

uy — Au = g(u) in (0,00) x Q,
u =0 on Jf,
u(0) = ug in §,

Annales de UInstitut Henri Poincaré - Analyse non linéaire



GLOBAL BEHAVIOUR OF SOLUTIONS OF u¢ — Au = g(u) 721

There exist C, C' > 0 such that

C
—— < wa- = u(®)|lp= <

15 T for all t > 0. (80)

i+

Proof. — Fix 7 > 0, for every ug as in the statement of the proposition,
we have u(7) < wx- — cpd for some ¢y > 0. Let v be the solution of (1)
corresponding to vy = 0, then v(t) converges to wy- in C*(Q) as ¢ T oc.
It follows that there exists ¢ such that u(7) < w(t). Therefore, it suffices
to show (80) for wv.

First we prove an estimate for ||(wx- —v(¢))8]|L1. As in Lemma 13, there
exist n > 0 and 0 < K < K3 < ||wx«||p= such that

g"(u) > n, forall u € [K,, K». (81)

We denote by ¥ the first eigenfunction of (—A — A g’ (wx-)).

We set w(t) = wx- —v(t). w is nonnegative, nonincreasing and converges
to 0 in L(Q,8(x)dx) as ¢t | oc. In what follows we will take ¢ large
enough to have

K, - K,
2 )

where ¢/(1) is defined in Lemma 2 (in which we substituted ¥ for 9).
Define f(t) = [, w(t)¥ dz. Then as in the proof of Lemma 13,

(D@l e? W12 ot = 1)W1 < (82)

F(t) = / [9(u(8) — glwae) + g/ (ws Juo(6)] ¥yt

- _/Q(/(t) (/m o"(0)do )ds ) Wida < 0.

There exists a compact subset Q of ©, such that

K/ +K ~
% < wy- () < Ky, forall z € Q.
Since (NZ is compact in 2, there exists a constant Cy > 0 such that

Uy (z) > Oy, for all z € Q.
On the other hand, by Lemma 2 (in which we substituted ¥, for §), we have

De(D)|w(t — 1)) Ty < wye — v(t)
< e hoxellee) /() |lw(t = 1)0 || 11 9. (83)
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By (82) and (83), we obtain
v{t) > wy — 9 Ulwx- e e (1) || w(t — DUz Py > Ky on Q.

We conclude by (81) that

) < Cgr/// / do dsdx
(1) o(t)

C.
R P
2 /9

—Cy Jlw(t — 1)¥4]|7,
—Cy lw(t) V|3 = —Cy F2(1).

IAIA

Therefore, we get

C
f) < PR (84)

for a certain constant C, for every t > 0.
On the other hand we have

g"(0) < @G, forall 0 € wy-(Q),

and by (83)
f > _¢ w* (1) da
2 Ja ‘
> ~Culwt — )W

Using (84) we find

fl) 2 -G -1 > =22,

which provides the result for ||w(¢)¥4||z:. Using (83) again we find

60 _ 0 < 5C"
—— < wy- — v ,
T+t= 0 =1+t

which proves (80). a

REMARK 5. — For A < A*, and uy < wy, we can prove by the same
technique that |jwy — v(t)||z~ converges to 0 like e Mt as ¢ — oo,
where Aq()\) is the first eigenvalue of (—A — Ag'(wy)).
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