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ABSTRACT. —~ We show that a weak limit of a sequence of wave maps in
(1 + 2) dimensions with uniformly bounded energy is again a wave map.
Essential ingredients in the proof are Hodge structures related to harmonic
maps, H! estimates for Jacobians, H!-BMO duality, a “monotonicity”
formula in the hyperbolic context and the concentration compactness
method. Application of similar ideas in the elliptic context yields a
drastically shortened proof of recent results by Bethuel on Palais-Smale
sequences for the harmonic map functional on two dimensional domains
and on limits of almost H-surfaces. © Elsevier, Paris
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RESUME. — La limite faible d’une suite d’applications d’ondes bornée
en énergie est de nouveau une application d’ondes (au sens faible).
La démonstration utilise de fagon essentielle les structures de Hodge
associées aux applications harmoniques (ou aux applications d’ondes), des
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726 A. FREIRE, S. MULLER AND M. STRUWE

estimations dans 1’espace H' de Hardy pour les Jacobiens (dualité H!-
BMO), une « formule de monotonicité » dans le contexte hyperbolique, et
la méthode de concentration-compacité. Dans le cas elliptique, nos idées
fournissent une démonstration trés simple et naturelle de résultats récents
pour la convergence de suites Palais-Smale pour la fonctionnelle liée aux
applications harmoniques en dimension deux et pour les surfaces 4 courbure
moyenne prescrite, dues a Bethuel.

© 1998 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

1. INTRODUCTION

In this paper we show how the concentration compactness method of
P. L. Lions, in combination with other geometrical and analytical estimates,
can be used to establish stability results for harmonic maps and wave maps
under weak convergence. The idea is that, due to the determinant structure
of the equation (in a suitable gauge), one can pass to the limit in the
nonlinearity, up to an additional singular term. One can then show that the
singular term is supported on a set that is small enough in order not to
affect the validity of the (weak) limit equation. A posteriori it turns out
that the singular term in fact vanishes. This strategy is closely related to
capacity methods (see e.g. Frehse’s review [10]). Beginning with the work
of Di Perna and Majda similar ideas have also been successfully applied
to the two-dimensional Euler equation and related equations (see [1], [7],
(201, [32]).

To illustrate this idea we first give drastically shortened proofs of results
by Bethuel on the convergence of Palais-Smale sequences for the harmonic
map functional on two dimensional domains and on limits of almost H-
surfaces. Our main result is that the weak limit of (smooth) wave maps
on (1+2) dimensional Minkowski space is a wave map. This was first
proved in [12]. The proof given here does not require a detailed analysis
of the “concentration set” and some of the finer regularity and interpolation
estimates in [12].

In the following N denotes a compact, smooth k-dimensional manifold
which we may assume to be isometrically embedded into some R%. The
equivalence of various possible notions of weakly harmonic maps is
discussed in the appendix.
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WEAK COMPACTNESS OF WAVE MAPS AND HARMONIC MAPS 727

THEOREM 1.1 ([2]). — Let Q be a (bounded) domain in R> and let
u® . Q — N C R? be a Palais-Smale sequence for the harmonic map
functional, i.e.

(1.1) —-Au" + f"L TN,
and
(1.2) u™ bounded in H'(Q;R?Y), f" — 0in HH(Q;RY).

Then, after extraction of a subsequence, u,, — v in H 1(Q; Rd) and u is
weakly harmonic, i.e.

—AulT,N

in the weak sense.

THEOREM 1.2 ([2]). — Let H : R* — R be Lipschitz and suppose that the
maps u" :  C R?> — R? satisfy

u" — uin HY(Q;R?),
du"™  ou™
— A

__A n - 2H PN . 0
" () ox Oy
in the sense of distributions. Then
du  Jdu
—Au=2H(u)— N —.
. (U)O:L' Ay

Remark. — We do not need to assume H € L>(R?). Therefore the
expression H (u)% A g—‘y‘ and the corresponding expression for «" are
in general only defined as distributions (see section 2.2 below and [19],
Lemma 1V.3).

THeorREM 1.3. — Let u™ : R x R? — N be a sequence of smooth wave
maps on (1 + 2) dimensional Minkowski space, i.e.
_ (‘)2un

Ou™ .= 92 - Ay 1T, N

and suppose that

u" — win L (R?),

loc

supsup [[Du™ (¢, )| o gy < C
n  teR
where D denotes the space-time gradient.
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728 A. FREIRE, S. MULLER AND M. STRUWE

Then
OulT,N.

in the weak sense.

Remark. — If ||Du"(t,-)||,- is finite for some ¢ it is in fact independent
of ¢t by the energy identity.

This compactness result is the key ingredient in the recent proof of global
existence of weak wave maps for initial data ug := w(0,-), u; := Ju(0, -)
in the energy class H' x L?; see [21] for an approach by a viscous
approximation (previously employed for homogeneous targets by Zhou [33]
see also [34]) and [23] for finite-difference approximations. In dimensions
rn > 2 Shatah [25] had established the existence of weak solutions to the
Cauchy problem for wave maps u : R x R™ — N for such data if the target
manifold N is a sphere. The proof, which uses a penalization technique,
depends crucially on the symmetry of S*. This result has been recently
generalized by Freire [11] and Zhou [33] to homogeneous spaces as targets.
For a slightly different problem that captures the essential difficulties of
the Cauchy problem for wave maps Klainerman and Machedon [17], [18]
established short time existence, uniqueness and continuous dependence for
inital data in H™/2t¢ x H™/2=1%¢ for all € > 0, at least for m = 2.3,
Their proof uses new Strichartz type estimates that exploit the fact that the
wave map equation may be written explicitly as a system of hyperbolic
conservation laws with a particular null form structure. This result is further
confirmation that the conformally invariant case m = 2 is the borderline
case. Shatah and Tahvildar-Zadeh [26] proved that, for n > 2, solutions
may develop singularities in finite time. Uniqueness and (partial) regularity
of suitable weak solutions for m = 2 remains a challenging open problem.
A brief survey of wave maps and further references can be found in {29].

2. THE STATIONARY CASE

2.1. Proof of Theorem 1.1

We first reduce the problem to a periodic setting. It suffices to show that
w is harmonic for every square ) C €. Fix such a square. After translation
and scaling we may assume @ = [—3%, 1]2. Define maps v™ € H'(T?) by
reflection of u™ across the lines z; = +3, x; = 1 and periodic extension.
Then

,Un — un
(2.1) 9

”Un”%{l(TZ) = 4“”"“%11(@ <C.
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WEAK COMPACTNESS OF WAVE MAPS AND HARMONIC MAPS 729

By a construction of Hélein [16] or of Christoudolou and Tahvildar-
Zadeh [5] we may assume that the tangent bundle T'V is parallelizable since
N can always be realised as a totally geodesic submanifold of a compact
manifold with that property. We may thus consider a smooth orthonormal
frame (€;) of TN, i.e. a collection of smooth tangent vectorfields €7, ...e;
such that for every p € N the fields e7(p),...ex(p) form an orthonormal
basis of T, N. For v € H'(T?, N) the fields e; = € ov form an orthonormal
frame of the pull-back bundle v~1T'N, i.e. for every x € T? the vectors
er(v(x)). ..., ex(v(x)) are an orthonormal basis of 7T,y N. The connection
form w;; of that frame is defined as

wij = (de;, e;),
where {-,-) is the scalar product in R?. Define 1-forms 6; by
f; = {dv,e;) or dv=0e,.
Then
(2.2) (—Av,e;) =80, + w;; - 0;
where for two one-forms ¢ = ¢, dz®, v = 9, dz® on T? the contraction
(with respect to the standard metric of 72) is given by ¢ - ¥ = pu1)a

and where 6¢ = —(—3—%1- + gfz) Thus v is harmonic if and only if
69i + Wiy - 9]' = 0.
We next recall Hélein’s idea to choose a good frame (e;) so that the

quadratic term in (2.2) has a determinant structure. If (e;) is an orthonormal
frame of v~!TN so is (¢;), given by

€i(x) = Rij(x)ej(z), where R(x) = (R;;(x)) € SO(k).

A standard lower semicontinuity argument shows that there is a frame
(€3) that minimizes ), [,.. |Ve;|* dz over all such frames. The necessary
condition for the minimizer implies that the corresponding connection form
w;; satisfies the Coulomb gauge condition

§a7; = 0,

To see this, we may assume that the infimum is achieved for R;; = id.
Recall that so(k) = T;;SO(k) = {7' = (rij);ri; = —7'ji}. By minimality,

Vol. 15, n® 6-1998.



730 A. FREIRE, S. MULLER AND M. STRUWE

for any smooth map 7:7T? — so(k) the first variation in direction 7
vanishes; that is,

/712(80(6,1 0v),04(rij(€j o)) dz

JT?

= / WijaOaTij dz + / (0a(€ 0v),0u(€j 0 0))r;; du:
JT2

= / Wij,aOnrij dz = 0.
Jr2

Here we also used anti-symmetry of r. Hence d,w[;, = 0 in the sense
of distributions, as claimed.

With a slight change of notation we assume from now on that (e!') and
(e;) are the above minimizers and are thus in Coulomb gauge. In particular
by the minimizing property

> [wep <Y [ 1w < clpi <.

and, after extraction of a further subsequence, we may assume
ef — e inHYT?), w} —wy inL*(T?).

Moreover, since e” — ¢ in L? and |e”| = 1,

(2.3) g" — @ in L*(T?).

Consider the Hodge decomposition for w}; (resp. wi;)

wiy =daj; +0b% + Hf,  wij = da; + 6bi; + Hyj,

iy

with the normalization

7 . . — no__ —
aj;de = a;; dr = / bl = / b;; = 0.
J12 T2 Jr2 Jr2

By the Coulomb gauge éw;; = 0, whence Aa}; = 0, and the normalization
implies

T — —_
a;; = aij = 0.

Moreover H;; has constant coefficients as a harmonic 1-form on T?2. By
L?-orthogonality of the decomposition

n |12 n
b3l + | H

2 2
L2 = ”wZHLQ S C‘r
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WEAK COMPACTNESS OF WAVE MAPS AND HARMONIC MAPS 731

and we may thus assume
by — b inH'(T?), Hj5 — H,; as constant forms.
Writing b}y = 07 dz' A dz® we see that the crucial term

W 0% = 66 - 7+ HEGT

0 tn av" aﬁ{l g n nan
= _<8znlj daz 8:1:2] 8z1’6j>+Hij6ij’

has a determinant structure (up to a harmless term). Thus by a result from
concentration compactness ([19], Lemma IV.3)

(2.4) Wit 07— wij 0+ v by,
leJg

in the sense of distributions (on 7°2), where the set .7 is at most countable
and ), ;| < oo. To apply Lions’ result in the periodic context it
suffices to observe that Wente’s inequality ([31], Theorem 3.1)

1/

:1—/ ”U-l)_rl/\'l)r'zd.’L'
3 )

< ClIDv |2/ Dv?|l2f| Dv? 2

/ vldet(Dv?, Dv®) dx
Jr2

holds in the periodic setting, cf. e.g. Heinz’ proof [15] via Fourier series
or appendix A of [12].

It now follows from the hypotheses (1.1), (1.2) in conjunction with (2.1)
to (2.4) that

(2.5) 00; +w;; -0 = ZV; bu,
leg

in the sense of distributions on Q. The left hand side is in H~(Q) + L*(Q)
and this space contains no Dirac masses. Hence

(2.6) 00; +w;; -8, =0 onQ

and thus u is harmonic in @ by (2.2) as claimed.

For a detailed deduction of (2.6) from (2.5) fix z; € @, let B(0, 1) denote
the open unit ball in R?, consider a test function ¢ € C§°(B(0,1)) with
@ =1on B(0,1/2), and let ¢, = ¢(k(xz — x,;)). Then, as k — oo,

wr — 0 in H', ¢ — 0 boundedly a.e.
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732 A. FREIRE, S. MULLER AND M. STRUWE

Now test (2.5) with ¢, let & — oc and use the dominated convergence
theorem to deduce 0 = v}, whenever ; € (). O

2.2. Proof of Theorem 1.2

In this case the nonlinearity already has the determinant structure
fdet(Dg, Dh). Hence we deduce as above for a cube () C Q2

1 ou
(2.7) Au—2H (u) - d—lj A d—Z = ; v b, inQ,
where J is at most countable and ), [v| < oc.

Recall that for H ¢ L the nonlinear term is defined as a
distribution T via (T, ¢) = (@H(u), v, A u,), see [19], Lemma IV.3.
Let ¢ € C5°(B(0,1)), ¢ = 1 on B(0,1/2) and for a fixed [ € J set
or(z) = p(k(x — 27)). Let up(2) = u(x; + k712). Test (2.7) with ¢y and
rescale to obtain

" ) , 01[,;‘. (‘)uk - .
— /B<0.l) Vuk V(pd.l/ - <2H(1Lk) W A T():I—/‘, (p> = <Z 1/1(3;,‘“<pk>.

Here (-, -) denotes the dual pairing of distributions and test functions. Since

/ | Dug |? da = / |Du|?> de — 0 as k — oo
J B(0,1) . B(.’r,,%)

it follows from Wente’s inequality that (@ H (us), (uk). A (ux)y) — 0 and
thus
0=u.

(Strictly speaking we should replace u, by a periodic function that
agrees with w, outside supp to apply Wente’s inequality.) The proof
is finished. O

3. THE NONSTATIONARY CASE

3.1. Energy inequality

A smooth map u : R x R2® — N < R? from (1 + 2) dimensional
Minkowski space into a k-dimensional Riemannian manifold N is called a
wave map (or harmonic map with respect to the Lorentzian metric) if

2
(3.1) Chy, = (% — Au) 1T,N.

Annales de I'Institut Henri Poincaré - Analyse non linéaire



WEAK COMPACTNESS OF WAVE MAPS AND HARMONIC MAPS 733
Here points in Minkowski space are denoted by

=(t,2) = (%)o<a<2: T = (z',2?), t = 2°.

0
v=(57)

5 is the spatial Laplacian. For (smooth) wave maps

The space-time gradient is

and A = (dz )2 + (Bl B
the energy

1/ 1 dul?
B(u(t) == = D Qd'-:—/ ==
(u(t)) 2./“%21 uf do = {W[at

is constant in time (if it is finite for some time ¢). To state a local energy
estimate denote the light cone at a point zo = (%o, o) in space-time by

+ |Vul?

K(z0) = {z=(t,2) : |o — wo| < |t — tol}
and its lateral boundary by

C(zo) = {z € K(z0) : |& — xo| = |t = to|}.
For fixed ¢ let

D(t) = D(t,zp) ={z = (t,x): 2 € K(20)}

denote the spatial sections of K (z).

Lemma 3.1. — For any smooth solution u of (3.1) we have

1
(3.2) E(u,D(t)) := —/ |Dul? dz < E(u; D(s))
2 Jpw)
for all s < t <ty (and similarly for ty < t < s).
Proof. — Multiplication of (3.1) by 3 d“ € T, N yields

ou Ju

ol 2dt|DU|_dlv< ol

0=
(Ou, :

where (-, -) denotes the scalar product in R¥.

Vol. 15, n® 6-1998.



734 A. FREIRE, S. MULLER AND M. STRUWE

Upon integration over D(t), for t < t;, we deduce that

(—iE(’u,, D(t)) <0

dt
and the lemma is proved. (W
CorotLary 3.2, — Let u be a smooth solution of (3.1). Then the
“monotonicity formula”
. Ly 2, _C ) |
(3.3) — |Dul” dz < — |Dul”dz, forr <R
T JB(zo,m) R, B(z.R)

holds.

Proof. — We may consider cylinders Z(zg,7) = zg + [—r.7] X B{xg,r)
instead of balls, and by scaling and translation we may assume z; = 0,
r =1, R > 4. Now for |t{ < 1. |s] < R/2 we have |t —s| +1 < R
and thus by Lemma 3.1

/ |Dul?* < / |Dul?.
JiyxBo.1) J{ayxBO,R)

Integration in ¢ over [—1.1] and in s over [~ R/2, R/2| yields the result. (]

3.2. Good frames and the determinant structure

Consider a sequence of smooth wave maps with uniformly bounded
energy
supsup E(u"(t)) < C.
n  teR
Upon passage to a subsequence we may assume that v — « in L} , and
we seek to prove that u satisfies (3.1) in the weak sense.

As in the stationary case we first rewrite (3.1) in a way that makes the
underlying determinant structure apparent. First observe that it suffices to
verify (3.1) on every cube (). Fix such a cube. By scaling and translation
we may assume ) = [—1/4, 1/4]*. Through reflection at z* = +1/4,
0 < « < 2 and periodic extension we can define functions v € H'(T*, N)
such that

(3.4) " = u"on Q,
(3.5) S1p / Dv"|? dx < C.
J{t}yxT?

t

As in the stationary case we may assume that 7'V is parallelizable. Let
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WEAK COMPACTNESS OF WAVE MAPS AND HARMONIC MAPS 735

be a frame of the pull-back bundle (v")~'TN with connection form
wiy = (dej,elt). With 07 := (dv",e}') we have
(3.6) (O™, eff) = (0dv™,ef') = 607 + w07,

7

where 6 is the codifferential with respect to the Lorenztian metric (which we
take with signature [—,+,+] ) and - denotes the contraction with respect
to that metric. Thus

@Y = —oihy + <,01'1/J1 + woths

for one-forms ¢ = @, dx®, ¥ = 9, dx* and

To rewrite the quadratic terms in (3.6) we minimize

Z | /T |Dé;

over the gauge equivalent frames

2

ei(r) = Ri;(x)ej(x), Ri(x) € SO(k).

The minimizer €;" exists by standard lower semicontinuity arguments and
satisfies
6911(‘,1(21” =0

(see section 2), where ., is the codifferential with respect to the Euclidean
metric on 7. Moreover, by (3.5), one has

Z ”Déi”I|L‘~’(T3) < Z ”DCITNHL‘-'(T'J) <,

since €;" is minimizing.
~ T

To simplity the notation we write from now on e instead of €;". Passing
to subsequences we thus may assume

(3.7) el — e in HYT®), €' —e; boundedly a.e.
(3.8) Wi — wij in LA(T*),

Vol. 15, n° 6-1998.



736 A. FREIRE, S. MULLER AND M. STRUWE

and thus

(3.9) A7 — @; in L*(T?).
Moreover

(3.10) beuaw]y =0 for 1< i, j <k.

Let = be the Hodgex operator with respect to the Lorentzian metric
on T2 and consider the Hodge decomposition of 67 with respect to the
Euclidean metric

(3.11) *07 = da + bl + ¢,

subject to the normalization

Y

(3.12) / a’? dz = / br=0. 0<a<2,
JTs JTs T

n

where a7 = aj,dz" and where the integration is with respect to the
Euclidean volume element.

The ¢!} are harmonic two-forms and thus constant forms. More precisely
N — f n
g = Jps #0753 Whence

(3.13) ¢} — ¢; as constant forms.
The forms o™ and b" satisfy
(3.14) —Aa] = deua(x07}), ALY} = d(x07),

where A, = —(dbeyc1 +deuctd) is the (three dimensional) Euclidean Laplace
operator on forms. In particular

(3.15) aj —aj, bl —b; in L*(T?).

J

The three-forms b may be written as
n _ gn 3.0 1 2 an
b} = pjda” ndx” Ada” = S} dz.
For a one-form w and a three-form b = 3dz ( 3 = *euab € Q°) one has:

w A 6euclb =wA (sf‘llcl(*(!u(il/j) =—wA *eucldﬁ = *(w eucl dﬁ)dz
= 6&11(:1([3(‘-;)(1'2 - ﬂ(éeuclw)dz

Annales de UInstitur Henri Poincaré - Analyse non linéatre



WEAK COMPACTNESS OF WAVE MAPS AND HARMONIC MAPS 737

In view of the gauge condition (S‘Gll(.,lwglj = 0 we can thus rewrite the
nonlinearity as

(3.16) *(%’3 . (};’) = Wik A <0
— n n n n n
- wl] A daj + wij A 6(-,11(-,ij + CUU A (‘j

_ n n ' n, n n N n n
= —d(wij A aj) + *mdéeud(/}j wl-j) +wi A+ (lw,ij Aaj.

By (3.8), (3.13) and (3.15) the first three terms on the right hand side of
(3.16) easily pass to the limit. Now dw]; = —de]' A de} has a determinant

structure (here we use the compact notation da A d3 = Zle daf A dB*¢
for two maps «, 3 : T® — R%). Hence the crucial term becomes

(3.17) dwi; A aj = —de} Ndef Aaf.

In the next two subsections we show how this term can be treated using the
H1-BMO duality ([9]) and the ‘H! estimates for determinants ([6]), similar
to arguments of Evans [8} and Bethuel [3].

3.3. BMO and H' estimates

We first derive an estimate for ¢" in the space BMO of functions of
bounded mean oscillation. Consider the seminorm and the norm

2 L/ — f
[f]2.>\ = sup sup — |f - j.l/»"|2 dz.
0<r<lyer? " JB(y,r)

Il

1INz

sup sup -y |f|2dz,
0<r<lyers 77 JB(y,r)

where f, . = F By.r) f denotes the average over B(y,r). The Campanato
and Morrey spaces are given by

L2NT®) = {f € LAT?) + [f]aa < o0},

LPMT®) = {f € LX(T%) 2 ||fllzs < o0},
with norms || fl|,. + [f]27A and || f||;... respectively. One has ([13], Prop.

3.2, Cor. 42) L** ~ £2* for 0 < A < 3 and £*3 ~ BMO, with
equivalent norms. We will use the seminorm

[f]QBMO(T3) ‘= sup sup ]Z If = fy,r-|2 dz
0<r<lyeT3 J B(y,r)

and the norm

lloworen = Ulasocrs +| f 1

Vol. 15, n° 6-1998.



738 A. FREIRE, S. MULLER AND M. STRUWE
Equivalent norms are ([13], Cor. 4.1, Cor. 4.2)

flemorsy + 1 fll,. forl <p < .

For an open set U C T° define the local BMO seminorm by

[f]éMO(U) oo Sllp{][ ( )IJ( _ fyﬂ_l2 (lZ : B(y.r) C (]}
B(y,r

Campanato made the fundamental observation that a good elliptic regularity
theory can be developed based on the spaces L£>*. In particular, if
F e L2N(T3)(~ L¥YT?)), if A(D) = a,(9/dz") is a first order operator
with constant coefficients and if U is the (weak) solution of

~AU = A(D)F in T°, / U =0,
JT3

then by estimate (10.2) in [4] (see also [13], Theorem 3.3) and Poincaré’s
inequality

(3.18) IU]lBmo < C

DU|coa < C||F|ges < ClIFg0.

In view of (3.5) one has ||67]
(3.14) and (3.18)

121 S [[Dv"M[ 20 < C and hence by (3.12),

(3.19) lla"|lgao < C.

The Hardy space H'(T%) C L'(T®) can be defined as follows. For
f € LYT?) and ¢ € C5°(B(0,1)) with [ ¢ = 1 consider the regularized

maximal function
L T —y
[ oo Z )f@)dy‘,
Jra r

HUTS) = (F L@ [ £=00 Ml < o0},
1 £ll3 = ||Mf||Ll(T3)~

Different ¢ lead to the same space with equivalent norms. See [9], [24] or
[28] for further information on H' and [14] for local versions of H*.

Mf(z):= sup

0<r<l

and let

Our argument makes crucial use of the H!-BMO duality due to Fefferman
and Stein and of the H' estimates for Jacobians of Coifman, Lions, Meyer
and Semmes.
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WEAK COMPACTNESS OF WAVE MAPS AND HARMONIC MAPS 739

Treorem 3.3. — ([9]) The space BMO(T?)/ {constant functions} is the
dual of HY(T®). On the other hand H(T?®) is the dual of VMO(T?)/
{constants}, where VMO(T?) is the closure of smooth functions in
BMO(T?).

Tueorem 3.4. — ([6]) Let g, h € HY(T3) and let M be a a minor of order
two. Then M(Dg, Dh) € HY(T?) and

(3200 IM(Dg, DRl 0, < Ol pogro| Dhlzoasy
Moreover, if g* — g, h™ — h in H(T®) then
M(Dg", Dh™) = M(Dg, Dh) in HY(T?).

Remark. — These results are usually stated for the whole space situation.
The proofs can, however, be easily localized and adapted to the periodic
case. The crucial estimate | [, fM(Dg, Dh)| < C||fllamollDgll2|| DAl
can also be easily deduced from the whole space result by a suitable cut-off
(see Appendix A of [12]).

3.4. Concentration compactness

The defect in the weak continuity of the nonlinear term dej' A de’ A a”
can now be precisely characterized.

Tueorem 3.5. — Suppose that
gt —g, h*—h in H(T*), " =~ in L*(T%),

1"l e ) < C

Let A(D) = aq 5?—0— be a first order differential operator on T with constant
coefficients, let f" be the weak solution of

(3.21) A, f" =AD", =0,
T3
and let f be defined in the same way by ~.

Then, for any minor M of order two one has, after passage to a
subsequence,

(3.22) f"M(Dg",DR"™) — fM(Dg, Dh) + v
in the sense of distributions, where v is a (signed) Radon measure and

(3.23) suppr C {z € T%: lirgsgp limsup ||x B r)Y" |l ;.. > 0}.

n—oo
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Remark. — By elliptic regularity (see (3.18))

(3.24) " lBaro < Clly" =

The product f"M(Dg", Dh") can then be defined as a distribution; see
the proof of the theorem for further details.

Combining Theorem 3.5 with the construction of optimal frames in
section 3.2 we obtain the following result. For future reference we observe
that the result does not only hold for solutions to (3.1); in fact uniform
bounds in the Morrey space L*' suffice.

Tueorem 3.6. — Let N be a parallelizable compact k-dimensional
Riemannian manifold (isometrically embedded into R?) and suppose that
the maps v" : T® — N satisfy

o — o in HY(T*RY), ||Dv"||z:0 < C.

Then there exist orthonormal frames {e}, ... e}'} of the pull-back bundles
(v™)"YTN and an orthonormal frame {¢,....e.} of v *TN such that
el — e; in HY(T* R?). Moreover, with the usual notation 0 = {(dv",c}),
wpy = (def, ¢ ), 8; = (dv,c?) and w;; = (de;. ¢;), one has

k3
n Tt PR . R
wi_i . H_j Wij 0] -+ V;
as distributions, where v; is a Radon measure and

suppv; C {z € T° : limsup limsup |\x g g)8" ][220 > 0}

T
R—0 n—noc

Theorem 3.5 above is adapted to the special structure of our problem
(see (3.14), (3.16) and (3.17)). More generally the following result holds.

Tueorem 3.7. — Suppose that
fn N ]( in LQ(T"”), Hf"HBMO S 07 gn L(] in Hl(Tm,).
Then
f'g" — fg+v

in the sense of distributions and v is a Radon measure that satisfies

(3.25) suppv C {z € T™ : limsup limsup [f"Izyi0(p(..1)) > 0}
R—0

n-—oc

The proof of Theorem 3.5 and a sketch of the proof of Theorem 3.7
are given at the end of this section. We first proceed with the proof of
our main result, Theorem 1.3.
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3.5. Proof of Theorem 1.3

Since u™ is a wave map we have in the notation of Section 3.2 (see (1.4)
and (1.6))

867 +wi;-07 =0 in Q.

We have to show the same identity for the weak limits 6;, w;;. In view
of (3.13), (3.15 )-(3.17) as well as (3.14), (3.18) and Theorem 3.5 (applied

with 4" = 0 and f" = a})

w07 — wi;-0; +v
and thus
(326) (591 — Wiy '9]' =V on Q

in the sense of distributions, where v is a Radon measure with

Nn—=+20

suppr C 5= {z € Q : limsuplimsup ) |Ixp¢:.m0j|l,.. > 0}.
R0 X
J

We have 3|07 < |Du"|* and we may assume (after passage to a
subsequence)

|IDu" 2 5 in M(Q).
Now for p > R trivially

1 f , 1 f
_/ XB(z,R)IDUn|2 dz' < _/ |Dun|2 dzl,
P JB(o.p) R Jpe:.r)

while for p < R the expression on the left hand side vanishes unless

20 € B(z,2R). In the latter case the monotonicity formula in Corollary
3.2 yields (for B(z,3R) C Q)

L c
_/ X5z m|Du"*dz’ < & / |Du™|? dz’
P JB(z.p) R B(20.R)
C ‘ 0y
< : |Du"{2dz’,
3R B(z,3R)

It follows that
R
S CH{z: liII(l) ;M(B(z,r)) > 0}.

By a standard covering argument SN} is a countable union of sets of finite
one-dimensional Hausdorff measure and hence has vanishing H*2-capacity
in 7. On the other hand the left hand side of (3.26) is in H~! + L.
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Thus vy = 0 and the proof is finished. In fact we may choose compact
sets K, C S such that 7(S\K}.) — 0 and smooth functions ;. satisfying
0<pr <1l g=0o0nK;, ¢ — 1in H! and almost everywhere. Upon
testing (3.26) with oy, for ¢ € C§°, we can use the dominated convergence
theorem to pass to the limit & — oc to obtain (66, @) — (wi; - #;)p = 0. L]

3.6. Proof of the first concentration theorem
We will use the following fact about BMO.

Provosimion 3.8. — Suppose that f € BMO(T?) and that ¢ is Lipschitz.
Then ¢f € BMO(T?) and

2

. 1/2
(3.27) [ flgno < \/5811}) sup { sup ‘*P‘(]l )|f" fyi,,[{')dz>
J B(y.r

yeT3 0<r<l | B(y,r)

. 1/2
+ (7[ l(ﬂ - prfz"z dZ) |fl/l!}
J B(y.wr)

llefllByo < CS;P(|@| + [ Do) flizao-

In particular

Proof. — Let g = f — f,.. Then

of - (Lpf)y.r' = (pg — (W.‘])y,r) +{p — {vpy;r)fy,r-

Since for any L? function h

[om-np [ e
J B(y,r) S B(y,r)

the first estimate follows easily. To prove the second estimate note that

A N A B

. 4 1/2
{f - ool
J Bly.r/2)

. 1/2
< 23/2{]Z If = fyrl? (lz}

[fy.rl < CA+ [Tog Dl /gm0 -
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Since .
/ lo — @y.|? dz < Crsup | Dy
J B{y.r)

the estimate for [¢f]pno follows from (3.27) while the estimate for
| [ of dz| < suplolllfllz: < Csuplyll|fllemo is obvious. O

Proof of Theorem 3.5. — The proof follows the usual line of reasoning in
the theory of concentration compactness.

Step 1. — (Definition and distributional convergence of ™" M (Dg", Dh™)).

For f eBMO(T?) and 3 € H(T?) the product is defined as a distribution
T via

(I.9) = <f()07ﬂ>BM(),H’ :
By Proposition 3.8 and H!-BMO duality
(3.29) (T, o) < I flleso 1Bl [lellcr

Now by (3.24) the sequence (f") is bounded in BMO while M (Dg", Dh™)
is bounded in H! by Theorem 3.4. Thus the product (in the above sense)
frM(Dg", Dh") is bounded in the dual of C! whence (for a subsequence)

f"M(Dg", Dh") — T
in distributions. The goal is to characterize the defect
v=T— fM(Dyg, Dh).

Note that by (3.29) and Theorem 3.4 the product "M (Dg", Dh™) defines
a continuous map from BMOx (H)? into the dual of C*. By density we
may thus assume

(3.30) gt k", g he O™

and work with the pointwise, rather than the distributional, definition of
the product.

Step 2 (Reduction to g = h = 0). — Let §" = g" — g, k™ = h"™ — h. Then

(3.31) f*M(Dg",Dh") = f"M(Dg, Dh) + f"M(Dj", Dh")
+ f"M(Dg", Dh) + f"M(Dg. Dh").
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Since f" is bounded in BMO we may assume

(3.32) = f BMO(T?).

In view of (3.21) and (3.18) Df" is bounded in L? and

(3.33) f"— f in L*(T*)  (and hence in all L? by (3.32)).

Therefore the first term on the right hand side of (3.31) converges to
fM(Dg, Dh) in distributions, while the last two converge to zero by (3.30).
To determine v we may thus assume from now on

(3.34) g=h=0.

Step 3. — (v is a Radon measure).

Let ¢ € C'(T?). By the Sobolev embedding theorem and (3.34) one has
g" — 0in LP(T?) for p < 6. We may further assume (for a subsequence)

|Dg"|* + |Dh"> = puin M(T*).

Thus by (3.33) and Theorem 3.4

v, )] < 1i1usup' / of*"M(Dg™, Dh")dz
Jra

[ 3unde ]

= lim sup l / F"M(D(pg™), Dh™) dzi
JTs

00

< limsup || f"[|mol| D(pg™)

H—>0C

< Climsup||leDg" (|-

’ . 1/2 1/2
< O lN"? < Ol 3 sup Jg].

It follows that v is a Radon measure and v is absolutely continuous with
respect to ji.

Step 4. — (support of v).
Let ¢ € C*T3). As in Step 3

(v, ¢*)] < hIIlbllp’ / of"M g"), D(eh™)) dz|.

n-—oo

To proceed we replace pf™ by a term whose BMO norm is more easily
estimated. Let f™ be the weak solution of

-Afr = ADYer), [ fr=0
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Then A, (of™ — f") is bounded in L2’1~and hence by elliptic regularity
(apply (3.18) to U = (9/32*)(of" — f™) ) the term D(pf™ — f*) is
bounded in BMO C L7 for all ¢ < oo. It follows that of" — f" is
compact in C%®. On the other hand M (D(pg"), D(ph™)) =0 in H!
(since g = h = 0) and in particular weakx in M(T3) = (C°(T?))".

Hence

(v, <limsup| [ FM(D(pg"), D(oh")) d2]

n—oc

< Climsup Hf"HBMO”@DQNHLZ [l DR™ ||

n—oc

< C'limsup ||ey"]

n—og

Lz ([L, Lpz>

Now consider ¢ € CH(T?) with ¢ / XB(y,r)- Then
v(B(y, R)) < Climsup ||xB(y,mY" | ;2.0 ( By, R)).

Let S be the set on the right hand side of (3.23). The estimate above implies
that for y ¢ S the Radon-Nikodyn derivative

1 B(y,R
W = tim v(B(y, i)
dys k=0 p(B(y, R))
vanishes. Since v is absolutely continuous with respect to p
dv
v=—pu.
du'u
Hence suppr C S and the theorem is proved. O

3.7. Proof of the second concentration theorem

We sketch the proof of Theorem 3.7 that directly employs the H!-BMO
duality. Although this result is not needed in the convergence proof for
wave maps we have included it for its conceptual simplicity. We also
indicate how Theorem 3.5 can be deduced from Theorem 3.7.

The proof of Theorem 3.6 is parallel to that of Theorem 3.5 and makes use
of the following two lemmas that will be proved at the end of this section.

Lemva 3.9. — Let ¢" € HYT™) and let Mg" be the corresponding
regularized maximal functions. Suppose

gn * 0in HI(T’"L)’
Mg™ = pin M(T™).
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Then for ¢ € CY(T™) and ¢ = [, @g" the functions g — " belong
HYT™) and

limsup [[¢g" |21 (rmy < Clp |l
T == OO0
Lemma 3.10. — Ler f* € BMO(T™), y € T™ and suppose that
I/ llsmo < C and

lim lim sup[f"]smo(y.r)) = 0.
Then, for each R > O sufficiently small, there exists [}, € BMO(T™) such
that
fr=f" on By, R)

]1{1_1?0 limsup || fz HBMO(T”’ y =0

Nn—0oC

Proof of Theorem 3.6. — The H*-BMO duality implies that
frlg9—1tg

as distributions and we may assume that g = (. As in the proof Theorem 3.5,
Step 1, we may assume that f"g" has a distributional limit v and that
gt € ™.

Since g" is bounded in H!, the functions Mg" are bounded in L* and we
may assume Mg" = p in M(T™). For ¢ € CH(T™) let ¢ = [ 0g".
Then Lemma 3.9 yields

(v, ) < limsup | [ egm|
n—0C JTm
< limsup || f"[Bsolleg” [z < Clus[el)-

Hence v is a Radon measure and is absolutely continuous with respect
to p. Let

S = {x € T™ : limsup imsup [f"|pmoper)y > O
P :

— 0 n—r00

For y € T™ \ S consider fy; as in Lemma 3.10. Then for all ¢ €
Ci(Bly, i)
(v, )| < Climsup || frllgmo (4 1@])

n—0C
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and, after passage to characteristic functions, we deduce

j—Z(g) = 1121310 %—% =0, fory € T™\S.
Hence supp v C S and the theorem is proved. O
Deduction of Theorem 3.5 from Theorem 3.7. — Apply the following
lemma to f™ and " with p = /r. O
Lemma 3.11. — Let A(D) = a® ai" be a first order differential operator

on T with constant coefficients. Let v € L>*(T®) and let f € H(T?)
be the weak solution of

_Af = A(D)y. /T i=0

Then, for v < p/2 < 1/4, y € T3

Flsnosim < C{;nfnwow(y,p)) el }

Proof. — Let f = f' + f? on B(y,p) where

—Aflz()’ flzf()n 8B(yp)a
—Af? = A(D)y, f*=0o0ndB(y,p).

By [4], Theorema 16.1, and Poincaré’s inequality
[ lemo@u.e < CID L2 By < CliXsuw.p -

Standard estimates for harmonic functions and scaling yield

oo
swp PP S I g
B(y,p/2) P J By,

and thus

)
oscm St <7 sup |DfY < O ][ e
B(y,r) p B(y.p)

T
< C;[fl]BMO(B(y,p))
7. 2
< ;[f]BMO(B(y,p)) + Clf lemo(Biy.p0))-
The lemma follows by combining the estimates for f! and f2. O
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Proof of Lemma 3.9. — Fix ¢ € C'(T™). For the rest of the proof we
suppress possible dependence of constants on . Let p € C3°(B(0.1)) with
[pdz =1 and let p.(z) = 7" p(2). Then

Mlpg™)(z): = sup

/. p-(z = y)ey)g" (y) dy'

0<e<l
< s 0| [ pte =) dy)
O<e<1 Jrm
+ sup / p=(z = y)(oly) — (2))g" (y) d:u’-
O<e<1 t Jm

Let K.(z.y) = p(z — y)(¢(y) — (2)) and for & > 0 define

Ri2) = s | [ Koy,
Jrm

O<e<é

Ry(z) = sup
d<al

[ Kotz ) dy]
Jrm

Then
M(pg") <lpIM(g") + R} + R5.
Since

-

OK, X
sup {|K5(2,y)| +’ —(z,y) } < C(é)
€(8,1) dy
the set {K.(z,-) : 2z € T™, ¢ € (8 1)} C C°(T™) is precompact. On the
other hand by assumption (¢") =0 in ' and hence in M(T™). It follows
that R5 (%) — 0 for all z € T™. Moreover |Ry(z)| < C(8) and therefore

IR, — 0.
To estimate R} note that for ¢ < &
[K(z,9)| < sup [Dyl |p-(z — y)| |z — vl

2=yl |z =yl <o,
0. 12 _>y|2 b.

Denote the right hand side by fs(z — y). Then

1Bl < M1 fs * 19" [Hlp < Cllfsllpr < C0.

Finally

lim sup || M (g™l

=0

< limasup / lp|M(g")dz 4+ Co = (u, |p|) + C6.
IYH

n—oo J7T
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The lemma follows since ¢ = [ g™ — 0, and § > 0 was arbitrary. O

Proof of Lemma 3.10. — Let y € T™, f € BMO and

w(r) .= [flBmo(B(y.+)-

It follows from (3.28) (with the factor 23/ replaced by 2/2) and the
obvious estimate | fy s| < C||fll 2 (zmy < Cllfllpmocr) for 1/4 < s <1/2
that

(3.35) |fy.r] < C/ s Cll fllsao-

R T

To define the extension fg it is useful to split f into a constant and a
function with zero mean on B(y.4R). Let

9=f— fyar.
Z —_
’I/JR(Z) = ’(/)( 4Ry> ’(/) € C/ch(.B(Oﬂ 1/2)) ’(/)13(031/4) =1,
L, z—yl <R
nr(z) = < (log(1/4R)) " og(1/4ly - 2I), R< |z -yl <]
0’ [Z - y] .>_ lﬂ

frR=%r9g+nrfyar
Consider the rescaled function
g(z) = g(y + 4Rz).

Then
||§||Br\,10(13(0,1)) = Hg”BMO(B(yAR)) <w(4R)

.since ‘[B(y’ 9= 0. Thus by the analogue of Proposition 3.8 for balls
ln "m

1Y r gllBMoBy,ary) = 1% dllBMoB0,1)) < ClldliBMo(B0.1)) < Cw(4R).
As 4rg vanishes outside B(y,2R) one easily deduces (for R < 1/8)
(3.36) %7 gllsmoirmy < Cw(4R).
Moreover In|z|~! € BMO(R™) and thus

17 ~llsypor= < Cllog(1/4R)) ™1
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In combination with (3.35) and (3.36) we deduce

dr

o1 -
(337) rllpyo, < Cw(dR) + Cllog 1/4R) ™! / “"f,’)
J4R

+ C(log(1/4R) Y fllzmo

Now let f" be as in the Lemma and define w” by f". Let Q"(R) =
| /& lgntozy and denote by & and Q the limites superiores of these
quantities as 7 — oo. Then by the dominated convergence theorem
and (3.37)

w(r)

Q(R) < Cw(4R) + C(log(1/4R))~* / dr

Jap T
+ C(log(1/4R))™ .

By assumption limp_o @(1?) = 0. Hence limp_o Q(R) = 0, and the lemma
is proved. ]

APPENDIX

Weakly harmonic maps

Let N be a smooth compact Riemannian manifold of dimension &,
isometrically embedded into R?. A smooth map » : 2 C R™ — N is
harmonic if

(A.1) —Aul T,N
or, equivalently,
(A.2) —Au = A(u)(0%u, Iy 1),

where A denotes the second fundamental form of N and where 9% = d,
denotes the partial derivative with respect to x°.

If N is parallelizable and (e;,...,¢;) is an orthonormal frame of the
pull-back bundle u 'TN (i.e., e1(x), ... ex(z) is a basis of Ty, N), if
6; := (du,e;) and w;; := (de;,e;), then the above are equivalent to
(1\3) o6, + Wiy ej =0.

The lemma below states that the corresponding weak formulations are
also equivalent. While this is well-known to experts in the field we are not
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aware of a standard reference and thus include a proof for the convenience
of the reader. Recall that

HYQ,N):={uec H'(QRY) : u(z) € Nae.}.

If u is in HY(S: N) then the weak derivative Du € L?(Q;Lin(R™, R¢))
satisfies

Range Du(z) C T,y N ae.
We use the compact notation (du; dv) = du®-dy* = 0" u*0, % = (du.€;)-
(dip,e;) and A(u)(duidu) = A(u)(0%u,Oqu) = A(u)(ei, e;){du.e;) -
(du,e;). Let

Xtan = {¢ € HYHOQ,RY) : ¢(z) € Ty N ae.}.

Lemva A.1. — Suppose that N is parallelizable and that v € H(Q; N),
e; € HY(Q;RY), 1 < i <k, is a frame of the pull-back bundle w™'TN.
Then the following five statements are equivalent.

(i) Equation (A.3) holds in the sense of distributions, i.e.,

;- dn+w;;-8;nde =0 Vne C5();
Jo

ii
v / B -dn+w;-8;nde =0 Vne (HynL®)();
(1) "
[ty de = [ (Ao, ) e v € (1 0 L)@ RY;
(v

[ dwidsy =0 9o € X1 LR
(v)

/ (dus d) =0 ¥ € Ko
9]

Remarks. — 1. The result applies equally for wave maps if we take
9% = —0y, &' = 0; and use contraction with respect to the Lorentzian
metric. In fact the statement and proof of the lemma are independent of
the metric on {1

2. Since (iii) and (iv) are independent of the frame (e;) it follows that (i)
or (ii) hold for all (H!-) frames provided that they hold for one such frame.
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Proof. — The implications (ii)) = (i) and (v) == (iv) are obvious. We
show (1) = (ii) = (iii) == (iv) = (ii) and (iv) == (v). Recall first that,
by the product rule, H' N L™ is an algebra under pointwise multiplication.

(i) = (ii): Let n € H} N L>. By density there exists 7. € C;° that
converge to 7 in H' and almost everywhere. We may assume in addition
that the 7 are uniformly bounded. Indeed if M = ||7||s, let U be a
function in C3°(—3M.3M), which is the identity on (~2M,2M). Then
M = W o1, has the desired properties. Now apply (i) with 7., let £ — >
and use the dominated convergence theorem to derive (ii).

(il) = (iii): We have

(du;dy) = (du.e;) - (dp,e;) =0, - d{p,e;) — 0, - (1, de;).

Now (de;.e;) = wj; = —w;; and by the definition of the second
fundamental form (9,e;)"" = —A(u)(e;,d,u) (to verify this formula
for the H' vectorfields e, one can consider a smooth frame (e;.....é;) of

N and expand e; = (¢, & o u)& o u). Hence
(. de;) = wigih.e) + (Alw)(es. o) B {du, er)
and
(du dip) = 6, d{up. e3) + wiy - 05 (. e5) + (A(u)(du: du). )

The integral over the first two terms on the right hand side vanishes by
(ii) and thus (iii) holds.

(iii) = (iv): This is obvious since the second fundamental form takes
its values in the normal bundle.

(iv) = (ii): Let ¢ = ne;. We have
(du; dp)y = (du,e;) - (dp.e;) = 0; - (6;;dn + nw;;),

and hence (iv) implies (ii).

(iv) = (v): Let a : [0,00) — [0, 00) be a bounded and smooth function
that agrees with the identity on [0,1], and for z € R? let ¥g(z) =
Ra(|z|/R)z/|z|. Suppose ¢ € Xian. Then ¢y := Vp 0 ¢ € Xy N L™
and ¢, — ¢ almost everywhere and thus in H! by the chain rule. The
implication follows.

The proof is finished. O
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