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ABSTRACT. — We prove the existence of infinitely many homoclinic
solutions for a class of second order hamiltonian systems of the form
—ii +u = a(t)VW(u) where W is superquadratic and &(t) — O,

0 < liminf a(t) < limsup a(t) as t — 4o00. In fact we prove that such a
kind of systems admit a “multibump” dynamics.
© 1999 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

Key words: Lagrangian systems, homoclinic orbits, multibump solutions, minimax
arguments.

RESUME. — On montre 1’existence d’une infinité de solutions homoclines
d’une classe de systtmes hamiltoniens du second ordre de la forme
-+ u = a(t)VW(u) ou W est superquadratique et &(t) — 0,

0 < liminf a(t) < limsup a(t) quand ¢ — +oco. On montre en particulier
que cette famille des systtmes admet une dynamique “multi-bosses”.
© 1999 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

Classification AM.S. : 58 E 05, 34 C 37, 58 F 15, 70 H 05.

Annales de I'Institut Henri Poincaré - Analyse non linéaire - 0294-1449
Vol. 16/99/01/

© 1999 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved



108 F. ALESSIO AND P. MONTECCHIARI

1. INTRODUCTION
In this paper we consider the class of Lagrangian systems
—ii+u=a(t)VW(u), teR, ueR", (L)

where we assume

(H;) a € CYR,R), W € C3(R",R),

(H;) there exists # > 2 such that 0 < W(x) < VW(x)zx for any
x € RV \ {0},

(Hs) VW (z)x < VW (z)zx for any € RV \ {0},

(Hy4) there exist @ and a > 0 such that @ > «(t) > a for any ¢ € R,

(Hs) a = liminf,jca(t) < limsup,_, . o) = @ and
lim;, 00 at) = 0.

By (H,) it follows in particular that VW (0) = 0 and therefore that
the origin in the phase space is a hyperbolic rest point for (L). We look
for homoclinic solutions to the origin, i.e. solutions u of (L) such that
u(t) — 0 and 4(t) — 0 as |t| — .

In the recent years, starting with [7], [12] and [23], the homoclinic
problem for Hamiltonian systems has been tackled via variational methods
by several authors. The variational approach has permitted to study systems
with different time dependence of the Hamiltonian. We mention [7], [12],
[23], [17], [27], [14], [28], [5]. [20], [9], [8], [11], [25], [22] for the periodic
and asymptotically periodic case, [6], [29], [13], [24], [21] for the almost
periodic and recurrent case.

In these papers different existence and multiplicity results are obtained.
Starting from [28], the variational methods have been used to prove
shadowing like lemmas and consequently to show the existence of a class
of solutions, called multibump solutions, whose presence displays a chaotic
dynamics. Such results are always proved assuming some nondegeneracy
conditions on the set of “generating” homoclinic solutions which are in
general difficult to check. However we quote [5], [8], [11], [25] and [22]
where the existence of a multibump dynamics is proved under conditions
more general than the classical assumption of transversality between the
stable and unstable manifolds to the origin (see e.g. [30]).

In this paper we consider a time behaviour of the Lagrangian different
from the ones considered in the papers mentioned above (we refer to [1] for
a first study of this kind of systems). This assumption allows us to prove
the existence of a multibump dynamics without any others conditions. In
fact we prove
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SLOWLY OSCILLATING SYSTEMS 109

THeoreM 1.1. — If (Hy) — (H;) hold then (L) admits infinitely many
multibump solutions. More precisely there exists § > 0, a sequence of
disjoint intervals (Q;) in R with |Q;| — +00 and an increasing sequence
of indices (j,) such that given any increasing sequence of indices (j,) with
§i > i (i € N) and o € {0,1}N there exists u;, € C*(R,RY) solution
of (L) verifving:

(1) Jujo(t)] < § forall t € R\ Ui | 5,=11Qj,,

(i) Nlujollze(q,) = 6 if oi = 1.

In addition u; , is a homoclinic solution of (L) whenever o; = 0 definitively.

Our proof use variational techniques and it is based on a localization
procedure related to the time dependence of the Lagrangian. In fact we note
that even if the action functional satisfies the geometrical assumptions of
the Mountain Pass Theorem, there are simple cases in which there are not
Palais Smale convergent sequences at the mountain pass level. However,
thanks to the slow oscillations of the Lagrangian at +o0o0, we can use
localized mountain pass classes related to the mountain pass classes of the
limit problems at +oc. The use of this localization procedure with a careful
analysis of the compactness properties of the action functional give rise to
the existence of infinitely many homoclinic solutions. These solutions turn
out to be well characterized from the variational point of view and in a cer-
tain sense non degenerate. Then to prove theorem 1.1 we can use a product
minimax construction somewhat related to the ones used in [28] and [10].

Finally we point out that our construction is possible since the “masses”
of the solutions of (L) concentrate in a suitable sense with respect to the
slow oscillations of the Lagrangian. In very recent papers, see [2], [15] and
[16], it is studied the problem of existence and multiplicity of semiclassical
states for nonlinear Schrodinger equations where analogous concentration
phenomena occur. In fact with minor changes our proof can be adapted to
study also this class of equations.

The current paper is organized as follows. In sections 2 and 3 we state
some preliminary results. In section 4 we define the localized minimax
classes which we use to prove the existence of infinitely many one-bump
homoclinic solutions. The proof of Theorem 1.1 is contained in section 5.

2. VARIATIONAL SETTING AND PRELIMINARY RESULTS

We look for homoclinic solutions of (L) as critical points of the action

functional )
o(w) =3l = [ awwar
R
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110 F. ALESSIO AND P. MONTECCHIARI

defined on the Sobolev space X = H'(R,R") endowed with the scalar
product (u,v) = [g (4 + wv)dt and the Euclidean norm ||u| = (u,u)?.
In fact it is standard to check that ¢ € C2(X.R) and

o' (uw)v = (u,v) — / a(t)VW (u)vdt, Yu, ve X
JR

so that the critical points of ¢ are weak and then classical homoclinic
solutions of (L) (see e.g. [23]).

In the sequel we will collect some preliminary properties of ¢ that are
standard in almost every paper on homoclinic solutions via variational
methods.

First note that the origin in X is a strict local minimum for the functional
. Indeed by (H,) there results V2W(0) = 0 and so, since « is bounded,
we can fix & > 0 such that |oa(t)V2W (z)| < L forall t € R and « € RY
with |z| < 6. In particular this implies that |a(t)VW (z)| < i|x| and
la(tyW (z)| < L|z|* for all t € R and 2 € RN with |z| < 4. Then we
obtain

LemMA 2.1. — If [Jul|p~ < & then @(u) > Y|u||® and ¢ (u)u > L|u|l>.
By the Sobolev Immersion Theorem we can fix ¥ > 0 such that if [ is
an interval in R with |I| > 1 (where |I| denotes the length of I) then

) _ b
if lullr <7 then ||luljp~ < 3 (2.1)

where ||ull7 = [(|&f* + |ul|*)dt. We denote ry = {.
The functional ¢ does not satisfy the Palais Smale condition. However,

thanks to (H;), we have that

(3-7) I < otw - gotn. wex. )
2 6 6

Therefore if (u,) is a Palais Smale (PS for short) sequence for ¢ at
level b, ie. p(u,) — b and ¢'(u,) — 0, then (u,) is bounded in X.
Furthermore, by Lemma 2.1, if (u,) is a P.S sequence and ||u, || < 7 then
un, — 0 in X. By (2.2) this implies:

LEMM“A 2.2. - If(u") is a PS sequence for o at level b then either b = ()
orb > X where A = (3 — 1)72. Moreover if b = 0 then u,, — 0.

We recall that ¢ : X — X is weakly continuous. Moreover, setting
K ={ue X\ {0} ]| ¢(u) =0}, arguing as in [14] we obtain:
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SLOWLY OSCILLATING SYSTEMS 111

LemMMa 2.3. - If (u,) is a PS sequence for ¢ at level b then there exists
v € KU {0} such that up to a subsequence u,, — v weakly in X. Moreover
(tun, — v) is a PS sequence for ¢ at level b — p(v).

By Lemma 2.1, in the spirit of concentration compactness Lemma ([18])
it can be proved that we lose compactness of those PS sequences (uy)
which carry “mass at infinity”, in the sense that there exists a sequence (t,,)
in R such that |t,| — oo and liminf, o [t ()] > 6.

In order to well describe the behaviour of these PS sequences, and
therefore to obtain compactness results, it is useful to introduce the function
Tt : X - RU{—oc} given by:

T+ (u) = { S € R Ju®)] 2 8}, if Jlullz= >0,
00, otherwise.

This function is not continuous in X but the following property holds (see
e.g. [22])

LEmMA 2.4, — If (u,) is a PS sequence and (T (u,,)) is bounded in R
then, up 10 a subsequence, u, — v € K weakly in X and T*(u,,) — T*(v).

3. PROBLEMS “AT INFINITY”
AND RELATED COMPACTNESS PROPERTIES

In this section we will investigate the lack of compactness of those
PS sequences which carry mass at +oo, more precisely PS sequences
(uy,) such that T*(u, ) — +oc. First we note that by (Hs) such kind of
sequences can be characterized in terms of the limit autonomous problems
at +oo associated to (L). More precisely, given 3 € [, @] and considered
the functional

pa(u) = Llul® - B / W(u)dt, Vue X,
R

we have that if (u,) is a PS sequence with T%(u,) — +oo then, up to
a subsequence, u,(- + 7% (u,)) — vg weakly in X where vy is a critical
point for ¢z, for some 3 € [a,a].

We recall some properties of the functionals ¢ ;.

First note that all the functionals g, as the functional ¢, satisfy by (Hz)
and (H,) the geometric assumptions of the Mountain Pass Theorem. Then,
setting ['g = {vy € C°([0,1], X) | v(0) = 0, wa(v(1)) < 0}, we have

cg = inf sup @g(v(s)) > 0.
7€l s¢(o,1)
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112 F. ALESSIO AND P. MONTECCHIARI

We remark that cg is a critical level for 3 (see e.g. [3] and [26]). Moreover,
by (Hs), givenvg € Ky = {u € X\{0} | ¢3(u) = 0} and s¢ € R such that
ws(sovg) < 0, if we define v;(s) = ssqug for all s € [0, 1] then we have

LEMMA 3.1. — For any vg € Kg there results vy € I'3 and
(4) maX.co,1) Pa(v3(s) = ws(vs),
(i2) for any r > O there exists h, > 0 such that if v5(s) € X \ B.(vs)
then @,’3(%’3(5)) < (p,ﬁ(vﬁ) — Iy,
where B.(u) = {v e X | |lv—ul <}
In particular it follows that the critical points of ¢ at the level ¢, are
mountain pass critical points of ;. Moreover we have

LEmMA 3.2, — For any 3 € [ @] there results c3 = min,ex, @s(u).

As shown in [1] it is easy to see that the function § — ¢y is strictly
monotone. More precisely:

LemMA 3.3, - If 51 < B2 then ¢5, > c¢g,.
In particular we have

¢z = min ¢y = min_ min ggu). (3.1)
3€fo) A€la,m uER

Finally note that the functionals ¢z are invariant under traslations, i.e.
ea(u) = ps(ul- + 7)) and [[ef(u)l| = |l¢fs(ul- + 7))|| for all w € X
and 7 € R.

Using arguments similar to the ones used in [1] to characterize the
asymptotic behaviour of the PS sequences (see also [21]), it can be proved
the following result:

LemMa 3.4. — Let (u,) be a PS sequence for ¢ at level b with
T*(u,) — 4oc. Then there exist § € |a,@] and vz € Ky such that,
up to a subsequence, there results:

(2) a(T*(un)) — O and

(i1) un(- + TH(u,)) — vy weakly in X.

Moreover (u,, —vg(- =TT (u,))) is a PS sequence for ¢ at level b—pa(vy).

Using Lemma 3.4 and (3.1) we obtain:

LEMMA 3.5. — For any h > O there exists T > 0 such that if (u,,) is a
PS sequence for ¢ at level b > 0 with Tt (u,) > T for all n € N then
b 2 Cx — h.

Proof. — Arguing by contradiction, suppose that there exist # > 0 and a
PS sequence (u,,) for ¢ with T+ (u,) — 400 at level b less than ¢z — h.
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By Lemma 3.4, we have that there exist 8 € [, @] and vg € Ky such that,
up to a subsequence, u, (- + TV (u,)) — vg and (u,, — vs(- — TH(u,))) is
a PS sequence for ¢ at level b~ ¢3(vg). By ((3.1)) we have @z(vg) > ca
and then b — ¢3(vg) < b — ez < —h in contradiction with Lemma 2.2.

Using the previous results we obtain the following compactness property
for .

LeEmMA 3.6. — There exist hg > 0 and Ty > 0 such that for any PS
sequence (u, ) for ¢ at level b strictly less than cgz + ho with T (u,,) > T,
we have:

(¢) if (Tt (u,)) is unbounded then there exist 3 € [a, @] and vz € K;
such that, up to a subsequence, (T (u,)) — B, un(-+TH(u,)) —
vg strongly in X and b = @g(vg),

(i1) if (T (un)) is bounded then there exists v € K such that, up to a
subsequence, u,, — v strongly in X.

Proof. — Fix hy € (0, %) where ) is given in Lemma 2.2. Corresponding
to this value hg fix Ty > 0 using Lemma 3.5.

To prove (%) suppose that T (u,,) — +oc. Then by Lemma 3.4 we have
that there exist 4 € [, @] and vz € Kz such that, up to a subsequence,
wn (- + T {(u,)) — vg. Moreover setting v, = u,, — vg(- — TT(u,)) we
have that (v,,) is a PS sequence for ¢ at level b—¢3(v3). By (3.1) we have

b—ws(vg) < b—cx < ho

and therefore by the choice of hy and Lemma 2.2 we obtain v, — 0
strongly in X and b—¢g(vs) = 0, i.e. up(-+T1(u,)) — vs and (i) holds.

To prove (ii) suppose that (7+(u,)) is bounded and T (u,,) > T, for
all n € N. Then by Lemmas 2.3 and 2.4 we have that, up to a subsequence,
u, — v € K, Tt(v) > Tp and (u,, —v) is a PS sequence at level b — (v).
Lemma 3.5 in particular implies that ¢(v) > cg — hg. Then, by the choice
of hy, we have

b—(p(’U)Sb—Ca‘+h0<2h0<;\

and therefore by Lemma 2.2 we obtain w,, — v strongly in X. ]
In particular the following result holds.
LemMa 3.7. — There exist vy > 0 and Ry > 0 such that for all u € X
with ||¢'(u)]| < vo, Tt (u) > Ty and @(u) < c5 + hg we have
lullje—1+ (> Ro < To-
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114 F. ALESSIO AND P. MONTECCHIARI
Proof. — Arguing by contradiction suppose that there exists a PS sequence

(un) in X such that @(u,) < ¢z + ho, TT(u,) > Ty and there exists a
sequence (R,,) C R such that R, — +oc and

||un”1t—T tun ) >Ry, _>_ 0.

This is impossible since Lemma 3.6 implies that, up to a subsequence,

Un (- + T (u,)) — vin X and then ||lu, (- + TH(w,)lje>r, — 0. ]
Remark 3.1. — By (3.2) we can fix My > 0 such that if p(u) < ¢cg+ho and
ll¢’(w)]] < vo then ||ul] < My, where hg and v are given in Lemma 3.6

and Lemma 3.7.

4. EXISTENCE OF INFINITELY MANY ONE BUMP SOLUTIONS

In this section we will prove the existence of infinitely many critical points
for . Using assumption (H;) and Lemma 3.7 we will select infinitely many
regions in X in which the functional ¢ is close to ¢z and in which we will
look for critical points of ¢ near critical points of 5.

First of all we need to state some preliminary properties of the functional
@ which are essentially due to (Hj).

Remark 4.1. — Note that by (Hs) we can select a sequence of intervals
in which a(t) is close to @. More precisely, fixed 9 € (0, 5=) and any
sequence ¢; — 0 there exists a sequence (7;) in R such that 7; — 400
and «(7;) — @ as j — oc. Moreover there exist (7; =) and (o i) sequences
in R such that for all j € N there results:

(i)a;<TJ7<Ti<TJ7L<J+andTJ — +o0, O’;t——>+OO
T;’—Tj_—»+oo,0<(fj U+—>+ooand|0 —Ti]—>+OO

as j — oc;

(17) a(t) < @+¢; forall t € [aj o7 ]

(#4i) a(t) <@ —¢eq forall t € [0, 7]V [ri .07
In the sequel we will denote P; = {a cof]and Q; = [}, 7.

Moreover, considered 7, and Ry given in Lemmas 3.6 and 3.7
respectively, since &(t) — 0 as t — 400, we have that there exists
jo € N such that for all j > jo we have o, > Tj and a(t) <a— % for
all t € [o] — Ro, 7] + Ro]U [} Ro,o + Ry).

Given any h > 0 and v > 0, for all j € N define

Aj(hv)={u€ X | p(u) <cz+h, |l¢(u)|| <vand TT(u) € Q;}.
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Then, using Lemma 3.7 we obtain

Lemma 4.1. — There exist h € (0,hg), 7 € (0,1) and 7 > jo such
that if w € Aj(h,D) for some j > 7 then ||ullr\q, < ro. In particular

&
lullee @@, < 3

Proof. — Arguing by contradiction, suppose that there exist h,, — O,
vy — 0, j, — oo and u,, € A; (h,,v,) such that

lunllrr\g,, =70 VYn€N. (4.1)

Then in particular (u,) is a PS sequence for ¢ at level less than or equal to
¢z with T*(u,) — +oc. By Lemma 3.7 and (4.1), since T+ (u,) € Q;,,
we have

inf{|T*(u.) —t| | t € P;, \ Q;,} < Ro.

Therefore by Remark 4.1, up to a subsequence, we have a(T%(u,)) —
€ |a,@— %] and, by Lemma 3.6 (i), un(- + T (u,)) — vg € K. Then,
by Lemma 3.3, p(u,) — ¢p(vs) > cg > ca, a contradiction.
In particular, by (2.1), we obtain that ||uf|.=m®\o,) < . |
From now on we will denote A; = A;(h, 7). Note that it is not restrictive
to assume 7 < %. Then, setting Bz(A;) = {u € X | inf,ca, |lu—v| < 7},
we have

LemMMA 4.2. — If u € Bx(A;)\ A for some j > 7and ¢p(u) < cx+ h then
Il 27, and [Jullr=®yq,) < 8

Proof. — By Lemma 4.1 if v € A; for some j > 7 then |v(t)] <
for all t ¢ Q;. By the choice of 7, this implies that if u € B:(A;) the
lu(t)] < & for all ¢ ¢ Q. In particular it follows that either T+ (u) € Q;
or T (u) = —o0. In the first case if u € A;, we get that ||¢'(u)|| > 7,
by definition of 4;. In the second case we have ||u|| < & and then, by
Lemma 2.1, we obtain {|¢’(u)|| > %|jul|. This prove the lemma since if
u € Bj(Aj) then |[ul| > 7 > 27. Indeed if v € A; then TH(v) € Q;
which implies ||v]|oo > 6. Then by (2.1) we get inf 4, ||v|| > 27 from which
infp.(4) lJull 2 7 i

Now we introduce a sequence of mountain pass classes for ¢ “located”
in A;. First we fix some notation.

Let v be the mountain pass path for ¢z corresponding (as in Lemma 3.1)
to some fixed critical point vy € Kz with T (vg) = 0 and ¢g(vg) = cs.

= o
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116 . ALESSIO AND P. MONTECCHIARI

In the sequel we will denote by «y; the path given by v;(s) = va(s)(- — 75)
for all s € [0,1], where (7;) is the sequence given in Remark 4.1.

Remark 42. — Let M > 2My (M, given in Remark 3.1) be such that

M > 2||vz(s)|| for all s € [0, 1]. Since W is locally Lipschitz continuous,
we can fix Ky > 0 such that W(x) < Ky |x|? for all |z] < M.

We define a sequence (I';) of local mountain pass classes for ¢ and the
corresponding sequence of mountain pass levels (¢;) by setting

T ={yeC’([0.1. X) | ¥(0) = 0, ¢(~(1)) < é<ﬁa(7w(1))~

(s)(D)] < 8 Vi & Q and [[y(s)]| < M Vs € [0.1]}

and

c; = inf sup o(v(s))
J A/er‘] NE[O 1] ( ( )

for all j € N, where § is given by Lemma 2.1 and M by Remark 4.2.
By construction we obtain that the sequence (c¢;) converges to the
mountain pass level ¢z for ¢z.

LEmMMA 4.3. — There results lim;_,, ¢; = cx and in particular

lim max lo(7;(8)) — wa(y;(s))] = 0.

Jj—oo 5€[0,1]

Proof. — Let h > 0 be fixed.
By (H-) there exists 6, € (0,6) such that if ||u| < M then

J
/ W(u)dt < — (4.2)
Jiter | ut)i<sn) 4a

where a = supg a(?).
Moreover, since v&([0, 1]) is compact in X, there exists /2, > 0 such that

sup |[va(s)(®)] < én, Vs e [0,1]. (4.3)
[t|>Rp

By Remark 4.1 there exists j; = j1(h) € N such that for all j > j; we
have [r; — Ry, 75 + R,] C Q; and

att) -
su a(t) - e
tG[T;‘—RhIs)Tj+Rh] 2Ky M?

(4.4)
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Therefore for all j > j; and s € [0, 1], using (4.2), (4.3), (4.4) and Remark
4.2 we obtain

|ww&»—%wMﬂn$]' @ — a(t)|W(;(s))di+

|t—T_7 |> Ry

" »/lt—leéRh |a a a(t)lw(’yj(s))dt < h.

Then in particular ¢(7v;(1)) < ¢a(7;(1)) + h < Foa(va(1)) if h is small
enough. Hence by definition of «; and (4.3), we have v; € I'; for all
J 2 71 and then

¢; < @(7,(5) < palri(s) + b, Vs e [01].

By definitions of ~; this proves that ¢; < ¢z + h for all § > j;.

Now to prove that definitively ¢; > cx — h we introduce the following
minimum problem. Fixed any 7 € R and z € RV such that |z| < §, we
set RT = [r,+00) and R} = (—o0, 7]. Define

wﬂwﬁwmwrégwwmw

T

and
Ups p = {u€ HY(RE) | u(r) = z, lull g r2) < 6}.

The minimum problem
min{p.+(u) | v € Urx .}

admits a unique solution u,+ , for any 7 € R and |z| < 6. Indeed, by the
choice of 6, we have that ¢,z is strictly convex on the convex set Urs 4.
Note that u,=« ., is the unique solution of (L) on RE which verifies the
conditions u,+ o(7) = z and [[urz g || oo (rxy < é. Then, by the maximum
principle, we infer that for any 7 € R and |z| < é there results

lt—7]

lur+ . (t)] < be” 7, VteRE

It follows that there exists r, > 0 such that for any 7 € R and |z| < 6
we have

lups »(8)] < 6n, V€ RE with [t — 7| > 7y (4.5)

where 8, is given in (4.2).
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118 F. ALESSIO AND P. MONTECCHIARI

Given any v € I'; we denote 2%(s) = ~(s)(77") and u*(s)(-) =
Uyt (s for all s € [0,1]. Therefore it is well defined and continuous
the path 4 : [0,1] — X given by

u=(s)(t), ift<7T;,
F(s)(t) =  v(s)(t), ifr7 <t < 7’J-+, Vs € [0,1].
wt(s)(t), if Tj+ <t

By construction ¢(y(s)) > ¢(7(s)) for any s € [0, 1]. Moreover, by (4.5),
[7(s)(t)] < 6y forallt € R with ¢ <777 —7p 0rt > 7']-+ + 75, Then, since
|’rji - a;t| — o0 as j — oo, we have that there exists jo = ja(h) > 71 such
that [Tj” - rh,'rf + ] C P; for all j > j,. Therefore we have

AN < b, VEE P,

for all v € I'; with j > j,. Then by (4.2) and the choice of P; we obtain

o(3()) = eali(s)) — /I'{m(t) W)W ((s))dt

> gslile)) =, [ W)de = suplatt) 7 Q\p W (s))dt
> pali(s) = ¢ KaM? -

4

from which we conclude, since ¢; — 0, that there exists j3 = js(h) > jo
such that

o(7(8)) 2 o(3(8)) = wa(F(s)) — b

for all s € [0,1] and v € I'; with j > j3. In particular

es(3(1) < 0(r(1) + h < Sealrz(L)) + b

Therefore if A is small enough we have ¥ € 'y and then

> o v(s - h > byt },
Jnax, e(v(s)) > Jnax ¢ (¥(s)) —h > ca—h

for all v € I'; with j > js. Then ¢; > cg — h for all 3 > j3 and the proof
is complete. |

Remark 4.3. — Note that by the choice of M and Remark 3.1 we have
Aj c {u€ X | |u|l < 4}. Therefore we can assume 7 so small that there
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results Br(A;) C {u € X | ||ul| < M} for all j € N. Moreover since

va(1a(1)) < 0, we can also assume that v;(1) ¢ Bz(A;) for any j > j.
Now, using deformation arguments, by Lemma 4.2 and Lemma 4.3 we

can prove the existence of infinitely many one bump solutions of (L).

THEOREM 4.1. — There exists j € N such that KN A; # 0 forall j > ).

Proof. — For any j > 7, let n; : [0,1] x X — X be the flow associated
to the Cauchy problem

inf(1,||’ u
{ oy (t ) = = (8, w) PHE P! (0, (1, w),
T]J‘(O?’u') = Uu, Yu € X;

where ¢ : X — [0,1] is a locally Lipschitz continuous function such that
P(u) =1 for all u € Bz(A;) and ¢(u) = 0 for all u € X \ By(A;). It
is standard to check that ¢ decreases along the flow lines and moreover
that X \ Br(A;) is invariant under 7;. By Lemma 4.2 and Remark 4.3 this
implies in particular that the class I'; is invariant under the flow 7;, i.e. for
all v € T'; and for all ¢t > 0 we have 7n;(t,v(-)) € I';.

Furthermore by Lemma 4.3 if u € B:(A;) and there exists ¢t > 0 such
that 7;(t,u) ¢ Bz(A;) then

TV

et ) < () = 2. (46)

By Lemma 4.3 and Lemma 3.1 for any h € (0,3A:), where A; =
min(Z, h:) and h: is given in Lemma 3.1 (iz), there exists j > 7 such
that for all j > j we have v; € I'; and moreover:

(i) if v;(s) & Bz(A;) then o(v;(s)) < ¢; — h,

(i1) maxsepo,1; ¢(7;(s)) < ¢; + h.

We claim that for all j > j there exists s; € [0,1] such that ~,(s;) €
B:(A;) N {e > c; — h} and for all ¢ > 0 there results:

(a) @(n;(t,7;(s;))) > ¢j = h,

(b) n;(t,v;(s;)) € Bz(Ay).

From the claim we derive that for all 5 > j there exists a PS sequence
(u,) for p in Bz (A;). In particular, since (u},) C Bz (A;) by Lemma 4.2
we have that v/, € A;, and then T (u’) € Q;, definitively. Therefore by
Lemma 3.6 (44) we have that (u)) is precompact in X and then we obtain
a critical point for ¢ in A; for all j > 7.

To prove the claim, first we note that (b) plainly follows from (a). Indeed
if n;(¢,7;(s;)) & Bz (A;) for some ¢ > 0 then by (4.6) and (ii) we obtain
that o(n;(¢,7;(s;)) < @(7;(s;)) — Ar < ¢; +h — Az < ¢; — h which
is impossible by (a).
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To prove (a) we argue by contradiction assuming that for all s € [0,1]
for which ;(s) € B:(A;) N {¢ > ¢; — h} there exists ¢ > 0 such that

o(n;(t,7;(s))) < ¢j—h. (4.7)

Then for any s € [0,1] set T'(s) =inf{t > 0 : o(n;(t,v;(s))) < ¢; ~ h}.
By (i) and (4.7) we obtain that 7" : [0,1] — R* is well defined and
continuous. Therefore setting ¥;(s) = n;(T(s),v;(s)) for all s € [0,1] we
obtain 4, € I'; and then a contradiction, since by construction there results
©(4;(s)) < ¢; — h for all s € [0,1]. This complete the proof. [ |

5. MULTIBUMP SOLUTIONS

In the previous section we proved the existence of infinitely many one
bump solutions of (L). In fact, by Theorem 4.1, for any 5 > j there is a
homoclinic solution of (I.) which has L°°-norm greater than 5 only in the
time interval ;. In other words such trajectory leaves and returns in the
6 neighbourhood of the origin in the configuration space only in the time
interval Q;.

In this last section we look for k-bump homoclinic solutions of (L). More
precisely we show that there exists a sequence of indices (j,) such that if
Jj1 < ... < jx € N verify j; > 7, 4 = 1,... k then there is a homoclinic
trajectory of (L) which leaves and returns in the &-neighbourhood of the
origin in the configuration space only in the time interval Q;,, 7 =1,... k.
Considering the C}_-closure of the set of k-bump solutions we obtain a
multibump dynamics proving Theorem 1.1 stated in the introduction.

First of all we introduce some notation.
Fixed £ € N and k indices j; < ... < jr we denote

of +o;,
Ilz (—OO, 1 5 J2 ,

+ - + -
Ii:(o’j,_1+gji 0‘]‘1+0-]'i+1>q’ 222”]{:_1‘

2 ' 2

+ —
Ik — <ij~12+ Ujk ,+OO),

where the sequences (aji) are given in Remark 4.1.
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Then the family of intervals {I;,s = 1,...,k} is a partition of R.
Moreover each interval P;, is strictly contained in the interval I;. Let M;
be the complement of the interval P;, in I,.

We also define the “truncated” functionals ¢; : X — R by setting

wi(u) = %Hu”i ——/ a®)W(u(t))dt, Vue X, i=1,.... k.
Note that p(u) = Zle ¢i(u) and ¢; € CYX,R) with ¢l(u)v =
(u,v)1, = [;, ()W (u(t)) dt for all u,v € X.

Finally, given r > 0 and J = (jy,...,jk) With 7 < j1 < ... < j we
consider the set

B.(J)={ueX| v’ierhf‘ lw—vlls, <7 i=1,... k}.

N[

By Lemma 4.1 if v € A; for some j > 7 then ||[v||r=r\@;,) <
Therefore if r € (0,7] and v € B,.(J) then ||[v|lz=(1\0,,) < 6. In other
words the functions in B,.(J) can be outside the é-neighbourhood of
the origin only in the intervals @);,. Therefore we will look for k-bump
solutions of (L) in these sets. To this end we investigate some compactness
properties of ¢ in B,(J).

Note that the action of the functional ¢ on B,.(J) separates on the actions
of the functionals ¢; and, roughly speaking, that each functional ; acts
on B,(J) as the functional ¢ acts on B,(A;,). Then, starting from the
compactness properties of ¢ on Bz(A;) proved in the previous sections,

see Lemmas 2.1, 3.5 and 4.2, we can obtain analogous properties of ¢
on B,(J).

Let we fix ot = %min{%;l,%}, h = g min{h,, h, iro} (where h,, is
given by Lemma 3.1 (ii) with r = 2 and § = @) and a decreasing
sequence (h;) such that 0 < 32 h; < h. We set also ry = £, ro = %’”
and ry = . Defining & = {u € X; [Jullf, < %, I =1,...k} and
Q. = NE {p; > cx — hi} N {p < kex + h} we have

LeMMA 5.1. — There exists an increasing sequence of indices (3;) € N
such that given k € N and J = (j1,...,Jx) with j1 < ... < jr and 3; > J;
(i=1,...,k), thenif NP NB:(J)NK = B there exists a locally Lipschitz
continuous vector field F : X — X which verifies the following properties:
(F1) || Fu)llr, <1 (E=1,...,k), ' (w)F(u) > 0 for any u € X and

F(u) = 0 for any u € X \ B,,(J);
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(F2) ifue B, (J), rn <infieq, [lu—ovl, and ¢;(u) < cz + 2h then
gi(w)F(u) > p; h

(F3) ifu € B, (J) and p;(u) < cg — h; then ¢\ (u)F(u) > 0;

(F4) ifu € B, (J)\ & then (u, F(u))ar, > 0 foranyi€ {1,.... k};

(F5) there exists gy > 0 such that ©'(u)F(u) > vy for any u €
B, (J)N{p < ke + h}.

This kind of result is classical in the multibump construction (see [28]).
The proof is based on the use of a suitable cutoff procedure, it is quite
technical and we postpone it to the Appendix.

We set Jp = {(Ji..-- k)i J1 < J2 < . < iy Ji 2 Ji} As a
consequence of Lemma 5.1 we get that if J € J; and B:(J) N K = @ then
the set B, (J) N {¢ < kcg + A} can be continuously deformed in the set
Uf:,{(p, < ¢z — h;}. In fact we have

LEMMA 5.2. — Given k € Noand J € Jy, if &N @ N B(J)NK = ()
then there exists 1) € C(X, X)) such that
) onlxs, o =1
i) n(€) C &
i) n({pi < ca —hi}) C {oi < ca— hi}s
iv) ifu€ B, (J) N {p < keg + h} then n(u) € U {¢: < ca — hi}.

Proof. — Let us consider the Cauchy problem

dn
as ~ 70 (5.1)
n(0,u) = u

where F is the bounded locally Lipschitz continuous vector field given
by Lemma 5.1. For any u € X there exists a unique solution 7(-,u) €
C(RT, X) of (5.1), depending continuously on v € X.
By (F1), since F(u) = 0 for any u € X \ B,,(J), we obtain that
n(s,u) =u VYue X\B,(J), Vs > 0. (5.2)

By (F4), if n(s,u) € X \ & then
d
2o I, w)llir, = —(n(s,u), F(n(s,u))ar, <0.

Therefore the set £ is positively invariant w.r.t. the flow n, i.e.

ﬂ(.S,gk) C &, Vs>D0. (53)
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By (F3), Loi(n(s,u)) = —pi(n(s,u))F(n(s,u) < 0 if pi(n(s,u)) <
¢z — h;. Hence also for the sets {¢; < cz — h;} we have

7)(3, {(,OL <eg— h,}) C {(pL S Cy — hi}, Vs > 0. (54)

Finally note that since ¢ sends bounded sets into bounded sets, by (F5)
there exists 7 > 0 such that

Yu € B,,(J) s, € (0,7) such that n(s,.u) € X \ B.,(J). (5.5)

By (5.5) forall u € B, (J)N{w < kes+h} there is an index i, € {1,... k}
and an interval [s1, s3] C (0,7) such that infveAJru ln(s1,u)=vllr,, =71,
infuea, |In(s2,u) =vllr, =rzandr; < infoea,, IIn(s,u) =l <7
for any s € (s1,s2). In particular, by (F1) we obtain
ra — 11 < |In(s2,u) = n(s1, w)llr, < / IF(n(s, u)llz,, ds < 52— s1.
o (5.6)
Now, let u € B, (J) N {¢ < keg + h}. We claim that there exists
i € {1,...,k} such that ¢;(n(s,u)) < cg — h; for some s € [0, s3] and
therefore
ei(n(T,u)) < ez — hi. (5.7)

Indeed if not we have infi_i x@i(n(s,u)) > cz — h; for any
s € [0,55]. Then since, by (F1), o(n(s,u)) < kcz + h we obtain
S hi < h) Then, by (F2) and (5.6), we get
3h > cx + 2h — ez + hiy > @i, (n(s1,4)) — @i, (1(s2,u))
= [ oot w)as

> i(sg — s1) > f(ry — 1)

in contradiction with the choice of A (recall that h < ﬂ(ﬂ;—’—)).
With abuse of notation we set 7(-) = (7 ,-) and the lemma follows by
(5.2), (5.3), (5.4) and (5.7). |
Now we are able to prove the existence of k-bump solutions applying
the Séré’s product minimax.

THEOREM 5.1. — There exists an increasing sequence of indices (j;) C N
such that if k € N and J = (41,...,jx) verifies j; < ... < jx and j; > j;
(t=1,...,k) then & N @, N Bx(J) N K # 0.
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Proof. — For all j € N consider the cutoff function x; € C(R,[0,1])
defined by x,(t) = min{1, dist(t, R\ Q;)} and the paths ¥;(s) = x;7v,(s),
s € [0,1], where the paths +; are given in section 4.

It is immediate to recognize that sup.cq 1 [17;(s) — v (8)|] — 0 as
3 — oc. Therefore since ¢ is uniformly continuous on the bounded sets, by
Remark 4.3 and Lemmas 3.1 and 4.3, we can fix an increasing sequence
of indices (%) C N, j; > j; (¢ € N), such that:

() ¢; > ez — % for every j > ji;

(v2) 7; € T'j and 7;(1) & B;(A;) for every j > ji:

() if j > J1 and 3;(s) € X \ By, (A;) then 9(F;(s)) < ez — 3%

(74) max.ep1]@(¥;(s)) < ea+hi ¥j > Ji.

Let k € N and J = (jy,...,7:) be such that j; < ... < ji and j; > J;
for all i = 1,...,k. We define the surface G € C([0,1]*, X) by setting
G() = Zle ¥;.(6;). We have

(G1) maxgepo i p(G(0)) < kew + by

(Go) if G(A) € X \ B,,(J) then there exists ig € {1,....k} for which

i, (G(B)) < ¢z — hy,s

(G3) G(0) € &, for every 6 € [0,1]%.

Indeed (G;) plainly follows by (v;) since Ele h; < h. Moreover
we obtain (G>) by (v3) simply noting that if G(8) € X \ B,,(J) then
there is ¢ € {1,....k} such that ro < 11 < iﬂf'ueAjZU NG(8) — vllr,, <
infuea,, I3, (#5,) = vll. Finally since supp G#) C U, Q,, we
obtain (G3).

Now, arguing by contradiction assume that & N &, N B:(J)N K = 0.
Then we can consider the surface G(-) = 1(G(-)) where 7 is given by
Lemma 5.2. By Lemma 5.2 and (G1)-(G3) we obtain

(Gy) if G(9) € X\ B,,(J) then G(8) = G(f) and in particular

N G'a[o,l}k = G\a[o,l]ﬂ N
(Go) V8 € [0,1]* there exists 49 € {1,...,k} such that ¢; (G(6)) <
Ca — h’ig;

(G3) G() € & for every § € [0,1]%.

Indeed (G) plainly follows by Lemma 5.2-(i) since by () G(9[0, 1]¥)
X\B,,(J). Also (G3) is an immediate consequence of Lemma 5.2-(ii) and
(G5).

To prove (G2) we consider the following alternative: G(6) € X \ B, (J)
or G(0) € B, (J).

In the first case by (G) there exists 7 such that ¢;, (G(f)) < cz — hi,
and, by Lemma 5.2-(iii), we obtain ¢;,(G(8)) < cx — hs,. In the second
case by (Gy) we have that G(§) € B, (J)N {¢ < kegz + h} and
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therefore, by Lemma 5.2-(iv), also in this case there exists ¢y such that
©i,(G(0)) < cg — hi,. Then (G,) holds.

Thanks to (G'3) we can select on [0,1]* a path ¢ joining two opposite
faces {f; = 0} and {6; = 1} along which the function p; o G takes values
less than cz — 3h for some ¢ € {1,...,k}. Precisely:

(Gy) there exists ¢ € {1,. k} and ¢ € C([0,1],[0,1}%) such that
£(0) € {6, =0}, &( ) € {8, =1} and ¢,(G(8)) < cz — 3, for
any 6 € rangef

Indeed, assuming the contrary, the set D; = {6 € [0,1]* : ©.(G(#)) >
cg—24* }forany i € {1,...,k} separates in [0, 1]* the faces F? = {¢; = 0}
and F,1 = {§; = 1}. For any ¢ € {1,...,k} let C; be the component of
[0,1]* \ D; which contains the face Fil and let us define the functions

fi 1 [0,1]* — R as follows:

£(0) = dist (8, D;)  if 8 €[0,1)%\ C;
ST —dist (8, D;) if 6 € G

Then, f; € C([0,1]*,R), filpo > 0, fi|+ <0 and fi(f) = 0 if and only
if # € D,. Using the Miranda fixed pointl Theorem (see [19]), we get that
there exists € [0,1]* such that f;(6) = 0 for all € {1,...,k}, hence
N; D: # B, which is in contradiction with the property (G5).

Using (G,) we define the cutoff function y € C(R, [0,1]) by setting
x(t) = min{1,dist(¢, R\ I,)}, and we consider the path v € C([0,1], X)
given by y(s) = xG(£(s)). We claim that v € L.

Indeed since supp¥; (s) C Q;, and Q;, C {t; x(t) = 1}, we have

(0)=0 and ~(1)=7;(1).

In particular ¢(7(1)) = ¢(4;,(1)) < 3a(z(1))-
Moreover if v(s) € i( ) then ||[¥(s)|| < M and, by Lemma 4.2, if
t ¢ Qj, then [7(s)(t)| <
Otherwise, if ~(s) ¢ B:(A;,), by Lemma 4.1, we have 7 <

infue 4, [[7(s) = vll <infuea, ||v(s) = vllr, + 1o = infuea, [IXG(E(s ))—
vllr, + ro. Therefore since G(#) € & for any 6 6 [0,1]% w
obtain inf,ea; IGEs) —oll;, > 7 =19 — (1 = x)G(E(s Dz Z
F =2 GE(s) I, > 7 - ()7 > rs.

Then we conclude that G(&(s)) ¢ B,,(J) and, by (G;), that v(s) =
¥;.(s). Therefore, since 4;, € I'; we have also in this case ||v(s)|| < M
and if ¢ ¢ Q;, then |y(s)(¢)| < 6

Then v € T, and if we show that ¢(y(s)) < cz — %, using (1), we
obtain a contradiction.

Qn
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By the choice of § and by (Gs) we have

0(1(8)) = .(7(3)) = e (GE(S))) + @, (1(s)) — P (G(E(5)))
er — B LGB, + / ()W (Ge(s))i

IN

. 3hy | b, | R . h,
N e i S I ey
and the theorem follows. |

As a consequence of Theorem 5.1 we have

COROLLARY 5.1. — For every k € N and J = (j1,....Jx) with
G1 < ... < jpand §; > G (i = 1.....k) there exists u € C*(R,R")
solution of (L) such that

o] O

||U”Loo((3_“) > §Vi=1,... k and ||’LL||L>C(R\UIA;:1QL) <

Proof. — By Theorem 5.1 there exists u € & N @, N Bx(J) N K. Then
for all 4 = 1,..., k consider the cutoff function x,(t) = dist (¢, R\ I,).

Now, since u € Bi(J) if [|ullz~(q,) < & for some i € {1,...,k} then
|l r,y < & too and therefore ||x;ul|= < 6. By the choice of 6 we
obtain ¢ (x;u)x;u > %||x;ul|®. Since u € Bs(J) we have |lul|;, > 7 and,
since u € &, we obtain ||x;ullr, > |lullr, —|(1—xi)ullz, > 7—2% > L. This
implies that o' (x;u)xu > % Then we have |¢'(x;u)x:u — ¢ (u)xiu] <
(1= xa)u, xaw)ar |+ [y, ) (VW (xiu) = VW (u))xiu dt] < 5llullf,, <
h; and we conclude that ¢'(u)x;u > 113 in contradiction with u € K.

Moreover arguing as above it is also easy to prove that since « € &, NK
we have ||¢'(xsu)|| < 7 and @(x;u) < ¢z + h for all i = 1.....k. Then,
since we have already proved that T (x;u) € @, we obtain x,u € Aj,.
Then, by Lemma 5.1 we obtain that ||Xi“||LO°(R\Q_,,) < g— (¢ =1,....k).
This complete the proof. 1
Considering the C} . closure of the set of k-bump solution, using the
Ascoli Arzeld theorem, by Theorem 5.1 and Corollary 5.1 we obtain
Theorem 1.1 stated in the introduction.

6. APPENDIX

In this section we prove Lemma 5.1.

First of all we recall two properties which we will use in the sequel (see
Lemmas 4.2 and 3.7 respectively):
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(A) if u € Bs(A;)\ A; and ¢(u) < ez + h then ||¢'(u)|| > 7
(Annuli property),

(S) for every h > 0O there exists j, € N and v, > 0 such that if
@(u) < ¢z — h and v € Br(A;) for some j > j; then ||¢/(u)|| > v
(Slices property)

Using the slices property fixed a non increasing sequence of positive

numbers (;) we obtain an increasing sequence of indices (j;(h)) such that:

(Si) if u € Bi(A;) for some j > j;i(h) and @(u) < cz — 3h; then

" (W)l = .

Now note that if u € B,.(.J) then ||ul|;, < sup,c4, [|v||+7 < M. In other

words the mass of the functions in B,.(J) in each interval 1; is bounded

independently of the number k. Then we obtain

LEMMA 6.1. — Given any sequence of positive real numbers (€;) there
exists a monotone increasing sequence of indices (j;(€)) for which if k € N
and j; < jo < ... < ji € Nverify j; > 5:(&) (1 = 1,..., k) then for any
u € B,.(J) there exist two intervals N ; C (o5 ,7; ) and N, C (7}, 0})
such that

by

wil =1 and lully- on+ <&, Vi€ {l,... k}

Proof. — We recall that L; = min{|o; — 7/ |,Jo] — 7|} — oo as
J — oc. Then we can fix an increasing sequence of indices (7;(£)) such
that % < &2 for every j > j;(£) (where [x] denotes the entire part of ).

Let £ € N and j; € N with j;, > j;(¢) foralli=1,... k. If u € B,(J)
we have

[Li]
M2 2 llf, 2 SO0y + 0l o)
l:l Ji a7 1 4

>[L;] min
1=1,..,[Li]

2 2 4 —
[HUH(TJ:_I’T; —1+1) + “uH(TJ't’{_l_l’T.:-*'l)] ¢ = 17 sy k

and the lemma follows by the choice of j;(£). |

We fix a decreasing sequence (&) C (0,1) with & <
£ min{ro, 7, ui,hil} for any ¢ € N. We will denote Ji(§) =
{0 w)s 1 < ja < oo < gy Ji > max{ji(h),5i(€)} } where
Ji(h) is given in (S;) and j;(€) in Lemma 6.1.

By Lemma 6.1 if J = (j1,...,jx) € Je(€) and u € B,.(J) then each
interval P;, contains two subintervals, one on the right and one on the
left of @,,, over which the norm of u is controlled by &;. We will use
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this property to produce a suitable cutoff procedure controlling the errors
via the sequence (&;).

Then, given J € Ji(€) and u € Br(J) we define the cutoff functions by

0 if t <inf N,
t—inf N, ifte N,
Bui(t) =< 1 ifsupN,, <t <inf N, i=1,... .k
sup N, —t 1ffENSL,
0 if t > sup N,

We define also the “complement” functions by

Bu,()(t) = { (1) - [ju,l(t) ift <

otherwise
Bu,,i(t):{]—ﬁu’i(t)_ﬂu’i_Fl(.t) ]f’le StSTjH_l 1:1’*141_1
0 otherwise
) 1= ﬁuk(f) ift>r;
}u t) = { , Jk
Bu(?) 0 otherwise.

Setting 3, = Zle 3, and B, = ZC o Bu.i we have that G, (t )+ Bu(t) =
1 for any t € R.

We denote Bul = {f € R: /jlll( 75 0} B, = U Bu.l’ Au,l = {f S
R; B.(t) =1}, A, = Ul ()Aul

Note that if § is anyone of the above defined cutoff functions then
|ﬂ( )] <1, a.e. on R. Then if A is a measurable subset of R, a direct
computation shows that {|fv]|3 < 3||v||4 for any v € X.

We will use these cutoff functions to study for every u € Bz(J) the
different contributions to '(u) due to the behaviour of u(t) on each
interval I;. In fact, as one argues from the following lemma, if ||¢’(5, )|
is sufficiently large with respect to §;, then we get informations on both
¢'(u) and @j(u).

LEMMA 6.2, — If J € Ji(€), u € B:(J) then¥i € {1,...,k}

Sup ' (Bui)V—¢"(u)BuiV] = Sup | (Bu i)V =@3(u)Bu,i V] < 2&:.

Proof Note that if u € B;(J) we have ||u||Loc(R\UA o < 6 for all
i =1,---,k and in particular ||u||~(n, ) < 6 where N, ; = N, U Nf.

’Ul

Therefore by the choice of § for every V € X with [IV|| = 1 we obtain
" (Buiw)V = ¢ (u)BuiV]
U V) = BV 4] [ aOTW o) = TW )50V

<|/ BV — aV)dt] + / lul[V|dt < 2llully. . < 2. |

u,T
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Now note that if u € B,.(J) we have |[ul| L~ ®\ut_ @, ) < 6 and therefore

|Bu.iulln~ < 6 too. With the agreement that & = £;, we define for
[ € {0,...,k}

if ||“||4 L Z 251

1
= 1
Tu,l 5 ( & otherwise

Zl =0 €L2

and

k
Wu = _S_ Uu,l/ﬁu,lu~
=0

Then, by the choice of 8, if the mass of the function » on M, (which is
always contained in I; N A,) is sufficiently large w.r.t. &, then W, is an
increasing direction both for ¢ and ;. In fact we have

LEMMA 6.3. — For every J € J(£) and u € B:(J), we have

k k
W, 2 5D oui(llully,, —26), (W 2 5y

1=0 =0

1o, ~2)

for all i € {1,... k}.

Proof. — By the choice of § we have
k - —_
W= Y ouallas o) — [ T
=0 "

k
> Z o'u,l ﬁu 111, /,Bu U dt
=0
k »
> Y o, + / Budli + 342) + B ui] dt)
=0 Bu,l\Au,l

k "
>3 il , - / Bl dt)
=0

By \Au

k k
>3 ouaGllullh,, = sluls, ) 2 5D cwalllull,, - 267).
=0

=0
The computation for ! is analogous. ]
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Remark 6.1. — Note that by construction we have

min{¢’' (u)W,, @i(u)W, } > — Z ol > —36; (6.1)

(il <2€7)

and

2
<“~,Wur>1ﬂ, 2 é‘( fk )

Z[:(l E’l

Jull3, (6.2)

for all + = 1,..., k.
Now we are able to prove Lemma 5.1 with the sequence of indices

Ji = max{ji(h), j:(£)}.

Proof of Lemma 5.1. — We will show that if £ € N and J = (j1,....j%)
verifies j; < ... < jrand j; > 7, i = 1,..., k) and if £ NPLNB(J)NK =
0 then for any u € B,,(J) there exists F, € X with ||F,|l;, < 1
which verifies the listed properties (F1)-(F5). Then the existence of a
locally Lipschitz vector field will follow with a classical pseudo-gradient
construction.

Given u € B,,(J) we set

Ti(uwy={ie{l,....k};r < Wigr;‘f‘ llu— w5, @i(u) < ex + 2R},

To(u) ={i € {1,...,k}; pi(u) < ez — hi}

For i € Z;{u), we have either ||ull;,na, = 7o or |ullr,na, < 7o
In the first case we have that max{||ully _ 7, luli, A} > 573
Therefore, since §; < = (and so every ¢;), by Lemma 6.3, we get

‘P/(U)Wu >

Z Tyl élz

{5l <267

v
N

1
S max{llully, s lulll, o} = 2620) -
1/1 1 1 1
> 5 (3- 1) - 362 5t
The same computation shows also that ¢(u)W, > {3 and we conclude

1
min{¢' (W)W, @:(u)W, } > ETS. (6.3)

In this case we set F,,; = O.
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In the second case, ie. i € Ti(u) and ||ullr,na, < 70, We claim that

Bu.iv € Bi(A;,) \ Aj, and p(u) < ez + h.
Indeed we obtain easily that 3, ;u € X\ A;, since by Lemma 6.1 we have

l’ir}“fj, ”/Bu,'iu - U” Z Uier_}z(f;.] “ﬁUTU - U”Ii
> inf |ju-— — |lu — Buiullz
2 Jof Ju—vlls =l = Busulls,

> 0.

[N

1
> 11~ (lulld,or, +46)7 >0 = (1§ + 577)
On the other hand we recall that by Lemma 4.1, since ();, C I;, we have
that sup 4, [lv|lr\r, < 7o. Therefore
inf w,i b — < inf u, W T i |
Jnf Wuse—oll < inf WBuiw = vllr + 7o
1+ 1Buiv = ullr + o

< inf |lu— v
vEA;,
1 501
<ry+(rg + 57’3)5 +ro<T
To prove our claim we have to show that (8, u) < cg + h.

To this end we observe that since [lullr=(\q;) < 6, we have
Bont, = Jp,nr, @)W (u)dt > 0. Then since ¢;(u) < cx + 2h and

Ll
&2 < % we obtain

1 1
©(Bu,iv) = 0i(Buu) = ‘2‘““”%\5’“ + _illﬁu,iun?\]u‘)‘*‘
—-/ a(t)W (u)dt — / a(t)W (u)dt
L\B.,

J Ny
< i(u)+ 362 < cz+3h < cg+h.

Then by the annuli property there exists V,,; € X, ||V..i]| = 1, such that
@' (Buiv)Vui > %. By Lemma 6.2, since £} < & < %, we obtain

Inin{‘ﬂ(u)ﬁu,iVu,ia (p/i(u)ﬁu,i‘/u,i} Z %
Then if ¢ € Z; (u) and ”““I,ﬂ‘—’lu < 79 wWe set Fu,i = ﬂu,iVL,b Since é'f < —g’
by (6.1) we have

min{'(u)(Fu,i + W), oi(w)(Fui + W)} 2

e 3AN3
~~
.CT:
'S
"

Defining
Yiery(uy Fui + W i Ti(u) #0

) =
" 0 otherwise,
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by (6.3) and (6.4), recalling that i = é-min{ll%, 2}, we finally obtain that
if Z;(u) # O then

' (u) P > 8
Pl(u)F&M > 85 if i eIy (u)
wm%M:mﬂmMz%—%jﬁwa.wuwwn
ZI:() &
Now we consider the case i € Ir(u).
Considered A? = min{% . r%}, we have either [|u|
lulla,nr, < Ac .
In the first case we set F,; = 0 and we observe that, replacing r¢ with
i, the same estimative with which we obtained (6.3), give now

(6.5)

A,nl, 2 A or

1.
min{¢' (W)W, @i (u)W,} > I(;)\’Z (6.6)
In the second case we claim that 3, ;u € Br(A;,) and ¢(8,,u) < ¢z — 4.
Indeed, since A; < ry we have already prove that 3, ;u € Bi(A;,).
Moreover, since A? < &, ¢2 < ™ and ||jul|p~(1,np, < 6, we have

(i) = Bust)] = (Il ~ BsullF) = [ (W () = W (o))

JI;

1 : 1/ ‘
< _(”UH%rm +4€7) — —/ | dt
2 4 In.,

1 ‘ . 1
< 5”““%,014“ + 56,2 < 5}1,.,'

and since p;(u) < cg — h; the claim is proved. .
By (S;) there exists V,,; € X, ||Va.i|l = 1. such that ¢’ (8, ;u)V: > %

2
By Lemma 6.2, since &7 < & < % we have

Inin{(p(“)ﬂ'lL,i‘Zt.iﬂ (p'/i(u)/au.i‘/u,i} Z %

Then if 7 € Ty(u) and |ju||;,na, < A we set F,, = /JMVU_,,; Therefore,
since £f < & < %, by (6.1) we have

min{ ' (w) (Fus + W), Qi) (Fuy + Wb 2 %, (67)

We define

F® = { S iezatu Fui + Wa if To(u) # 0
W 0

otherwise,
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and by (6.6), (6.7) and (6.2), we have that if Z(u) # @ then
cp’(u)Fy) > min{ PV 3% }

wi(u)Fél) > min{ 1% } if i € Zo(u)

1 & 2
<u.,F,,£2)>M,:<u,w.u>M,.z~< ~k )uunM. i=1....k
2\

(6.8)

Finally we consider the case Z;(u) = Zo(u) = @. Also in this case we
distinguish between the two following alternative cases:

\

, 2 Qg2 2 qe2
max (lJullyy, —86-,) 20 or  max (Jlufly, —8_,) <0

In the first case there exists ¢ € {1,...,k} for which ||u|3, > 8., and
by Lemma 6.3 we have
1
¢ ()W, > 2(max{||u||Al io1MAM ”U”A L b= 260) — —fk Z 51%‘
(6.9)

In the second case if u € {¢ < kcw+}~z}, since %" > 867 (1 <i<k), we
have that u € &, N @, N B,,(J). Since £ N &, NB-(J) N K = § and since
in B;(.J) the Palais Smale sequences are precompact, there exists 7; > 0
such that for any u € £, N &, N B,,(J) there exists V,, € X, ||V,|| =1 and
such that ¢'(u)V, > v;.
Setting v; = ¢ min{v;, 362} and
W, if Ti(u)= Zp(u) = 0 and max;<;<x(|ull3;, —8E2.,) >0
FP =SV, if Zy(u) = To(u) = 0 and if max;<i<i([|ulf3, —867,) <0,
0 otherwise,

we have that if Z)(u) = Zo(u) = § then
@' (u)F® > 8u; (6.10)

and moreover, if u € B,,(J) \ &, by (6.2) we have

(0, FNY pp = (u, W ar, > 1<—ZT§’%—>1|U;|§,, i=1,....k (6.11)

BEAV Y5
We define
F.= F(U + = F(Q) +lpw
4 b u
obtaining our results by (6.5), (6.8), (6.10) and (6.11). We note that it is
not restrictive to assume || F,||;. < 1 choosing 7 smaller if necessary. i
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