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ABSTRACT. — In this paper, we study the stability of closed characteristics
on a starshaped compact smooth hypersurface ¥ in R?". We show that
the Maslov-type mean index of such a closed characteristic is independent
of the choice of the Hamiltonian functions, and prove that on % either
there are infinitely many closed characteristics, or there exists at least one
nonhyperbolic closed characteristic, provided every closed characteristic
possesses its Maslov-type mean index greater than 2 when n is odd, and

greater than 1 when n is even.
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RESUME. — Soit ¥ une hypersurface étoilée compacte, C?, dans R*",
qui est obtenue par la méthode de variation directe. Dans cet article, nous
étudions la stabilité des caractéristiques fermées sur X. Nous démontrons
que I’indice moyen de type de Maslov d’une telle caractéristique fermée
ne dépend pas du choix des fonctions Hamiltoniennes. Si on suppose qu’il
n’existe qu'un nombre fini de caractéristiques fermées, alors il existe au
moins une caractéristique fermée nonhyperbolique sur ¥ si pour toute
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726 C.-G. LIU AND Y. LONG

caractéristique fermée sur X, son indice moyen de type de Maslov est
supérieur & 2, et si » est impair (resp. 1, et si n est pair). © Elsevier, Paris

1. INTRODUCTION AND MAIN RESULTS

In this paper, we consider the Maslov-type index theory for star-shaped
Hamiltonian systems and generalize certain results of fixed energy problems
on convex hypersurfaces of {10] and [21] to the fixed energy problems
on star-shaped hypersurfaces in R?". We study the stability of closed
characteristics on given compact C? hypersurfaces in R2" with n > 2
bounding a star-shaped set with nonempty interior.

A C? compact hypersurface ¥ in R?" is star-shaped, if it bounds an
open set I'(X), and there exists a point zo(X) € I'(X) such that the tangent
plane of ¥ at any point € ¥ does not passing though (). We denote
by S(R?") the set of all such hypersurfaces in R?™ and by So(R?") the
subset of all such ¥ with z(X) = 0. For ¥ € S(R?"), without loss of
generality we suppose zo(X) = 0. Let jx : R2" — [0,+00) be the gauge
function of I'(X) defined by

_]2(0) =0, and ]g(.’ﬂ) :mf{/\ >0

;er(z)} for zeR?™ {0}. (1.1)

For z € ¥ let Nx(z) be the unit outward normal vector of ¥ at x. We
consider the given energy problem of finding » > 0 and an absolutely
continuous curve x : [0,7] — R?" such that

{a‘:(t) = JNg(2(t), z(t)eT, VteR,

z(7) = z(0), (1.2)

0 -1,
I, O
1, being the identity matrix on R”. The symplectic group is defined by
Sp(2n) = {M € L(R*™)|MTJM = J}, where we denote by M7 the
transpose of M and L(R?") the set of all 2n x 2n real matrices. A non-
constant solution (z,7) of (1.2) with 7 > 0 being the minimal period of z
is called a closed characteristic on X. Denote by 7 () the set of all closed
characteristics on . The existence of at least one closed characteristic on
any ¥ € S(R?") was first established by P. Rabinowitz in his pioneering
work [24] in 1978.

where J = ) is the standard symplectic matrix on R?" with
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HYPERBOLIC CHARACTERISTICS 727

For a given ¥ € S(R?"), we define a Hamiltonian function Hy : R** —
[0,+00) by

H,(x) = ju(z)?, Vr € R, and a > 1. (1.3)

Then Hy € C*([R*,R) and ¥ = H;'(1). It is well known that the
problem (1.2) is equivalent to the following problem

(10 = JHeo) ) =1 weR

z(1) = z(0).

Denote by J4(X) the set of all solutions (2, 7) of the problem (1.4) with
7 being the minimal period of z. Note that J(X) and J4(X) are 1-1
correspondent to each other. For (z,7) € J4(X), the linearized system
of (1.4) at (,7) is given by

{y(t) - JHZ(ZIT(t))y(t), vieR (1 5)
y(7) = y(0). o

The fundamental solution ~y, of (1.5) is a path in Sp(2n) starting from I5,.
There is a Maslov-type index theory on ~y, which was defined as an integer
pair (i-(x), v, (x)) (cf: [5], [23], [17], [19], and [22}).

In order to get the periodic solutions of problem (1.4), we consider the
fixed period problem of the following star-shaped Hamiltonian system

(1) = JH|(2(1)), .
{m(l) — 2(0). (1.6)

This problem is equivalent to finding the critical points of the following
action functional on the Hilbert space E = W1/2.2(S! R?")

o1 o1
fla) = %/ (= Ji,z) dt—/ Hi(z(t) dt. Yo e B (L7)
0 0

The fundamental solution matrix <, of (1.5) is a path in Sp(2n)
starting from I3,. The Floquet multipliers of (z,7) are defined to be
the eigenvalues of v,(7). By Lemma 3.3 below, the Floquet multipliers
with their multiplicity and Krein signs of (z,7) € J4(X) do not depend
on the particular choice of the Hamiltonian function in (1.6). Thus the

following definition makes sense.

DEerINITION 1.1. — A closed characteristic (z,7) € J4(X) is hyperbolic if
as a solution of (1.4), 1 is a double Floguet multiplier of v.(7) and all other
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728 C.-G. LIU AND Y. LONG

Floquet multipliers of () are not on the unit circle U in the complex
plane C. It is elliptic, if all the Floguet multipliers of ~v,.(7) are on U.

For any (z,7) € Jy(¥) and m € N = {1,2,---}, the m-th iteration
2™ of z is defined by

g™ty =x(t —jyr) for jr<t<(j+1)r, 0<j<m-—-1 (1.8)

This is simply z itself viewed as an mrt-periodic function. The Masiov-
type index theory assigns to the iteration sequence {z™} of each solution
(z,7) € J4(X) a sequence of integers { (- (™), V- (™)) }men through
the associatedd symplectic path vy, of x. The Maslov-type mean index of
x per period T,

5 N e . imr(:[;m)

() = ’,}1_1)1;0 —
was first defined by the second author of this paper in [20]. In the section 3,
we prove that the Maslov-type mean index for closed characteristics on
starshaped hypersurfaces is a geometric concept, it is independent of the
choice of the Hamiltonian functions. (see Theorem 3.1 below).

Let = be a nonconstant critical point of f in E, h = Hy(z), and * be

the minimal period of z for some m € N. Define

rs(t) = h™iz(h%t) and T = %h%. (1.9)
Then there hold zx(t) € ¥ for all ¢ € R and thus (zx,7) € Ju(2).
Note that the period 1 of x corresponds to the period mr of the solution
(2%, m7) of (1.4) with minimal period .
On the other hand, every solution (z, 7) € J4(X) gives rise to a sequence
{Zm }men of solutions of the problem (1.6), which is also a sequence of
critical points of f in E:

Em = (m7)iz(mrt), Ym €N, (1.10)

THEOREM 1.2. — On every ¥ € S(R?™), either there exist infinitely
many closed characteristics, or there exists at least one non-hyperbolic
closed characteristic, provided every closed characteristic on 3 possesses
its Maslov-type mean index greater than 2 when n is odd, and greater
than 1 when n is even.

This result is related to the works on the stability problem of I. Ekeland
in [11] and of Y. Long in [21], as well as the problem 3 proposed at the end
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HYPERBOLIC CHARACTERISTICS 729

of Ekeland’s celebrated book [10] in 1990. Up to the authors’ knowledge,
it seems that except our above theorem on the star-shaped hypersurfaces
so far all the other stability results for closed characteristics obtained by
variational methods on given energy hypersurfaces are only proved for
convex (or similarly for concave) cases. We refer also the readers to works
of 1. Ekeland, G. Dell’ Antonio, and B. D’Onofrio in [6], [7], and [12],
and the references therein.

2. THE MASLOV-TYPE INDEX
AND THE GALERKIN APPROXIMATION

Let 3 be a compact C? hypersurface in R®" strictly star-shaped with
respect to the origin. We shall consider the closed characteristics of %
which is the periodic solution of

& = JNs(z), (2.0)

where Ng(z) is the outward normal, normalized by the condition
(Nx(z),z) = 1, here (-,-) denotes the inner product in R*".

If H(z) € C*(R*™,R) is a function such that ¥ = H~%(1) and 1 is a
regular value of H, it is well known that the periodic solutions of (2.0)
coincide with those periodic solutions of

&= JH'(z), z(t) e X, VteR.

We denote by I'(X) the open set bounded by X. Let jx : R?® — [0, +oc)
be the gauge function of I'(X) defined by

J=(0) =0 and js(z) = inf{A‘§ € F(E)} for x # 0.

In this paper we choose the Hamiltonian function to be
H(z) = Hy(z) = j=(z)*, Vz e R™,

It is well known that Hy € C%(R*,R) and ¥ = H;'(1). In the following
we consider the fixed energy problem

B(t) = JH|(2(t)), Ha(z(t) =1, VieR,
{xw — 4(0), (2:1)

for (x,7) with 7 > 0. As usual, we set E = W/22(5! R®), where
S! = R/Z. This is a Hilbert space whose norm and inner product are
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730 C.-G. LIU AND Y. LONG

denoted by || - || and (-,-) respectively. The space F consists of all
z € L?(S',R?*") whose Fourier series

oC

z(t) = ap + Z(aj cos(2jmt) + b; sin(2jmt))

satisfies
1 o0
el = laof* +3 3 illas * + ;1)
]:

where a;, b; € R?". Let L.(E) and L,(E) denote the set of linearly
compact operators and the set of bounded self-adjoint operators on
E, respectively. For B(t) € C(S!,L,(R*)), we define two operators
A, B € L,(FE) by extending the bilinear forms

(A, y) = /0 (=Ji,y) dt, »

(B, y) = / (B(t)z,y) dt

to E. Clearly, ker A = R2". A is a Fredholm operator with ind4 = 0, and
B € L.(F). Using the Floquet theory we have

v = dim ker(R(1) — I5,) = dim ker(A — B),
where R(t) is the fundamental solution of the linear Hamiltonian system
y = JB(t)y.

R(t) is a symplectic matrix for every time ¢ with R(0) = Iy,. It is
equipped with a pair of integers:

(i1,11) € Z x {0,1,---,2n},

the Maslov-type index of B(t) (cf. [5], {23], [17] and [22])

LetT' = {P,,, m =0,1,---} be an usual Galerkin approximation frame
with respect to A, i.e., I is a sequence of orthogonal projections satisfying
the following conditions:

(i) PoE =ker A, E,, = P, E is finite dimensional for m > 1.
(”) Pum+1 = Pm+1Pm = Pm, Ym.

(¢i1) Ppz — z, as m — 400 Vz € E.

(iV) PhA = AP, VYm.
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HYPERBOLIC CHARACTERISTICS 731

We denote by MJ (D), M;(D) and MJ(D) the eigenspaces of a
self-adjoint operator D corresponding to the eigenvalue A belonging to
[d,+00), (—o0,—d] and [—d, d], respectively for d > 0 . We also denote
by M*(D), M~—(D) and M°(D) the positive, negative and null spaces of
a self-adjoint operator D, respectively. For any L € L,(E) we denote by
L# = (L|gy )" and L., = (P LPy)|p,.E : PnE — PnE. When 0 is
not an essential spectrum point of L, L* is a bounded operator. We shall
need the following result of T. Wang and G. Fei [28] (cf. also [13]).

LemMA 2.1 (Theorem 2.1 of [28]). — For any B(t) € C(S*, L,(R?")) with
the Maslov-type index (i1,v1) and any constant 0 < d < %||(A — B)#||7%,
for large number m we have

dim M (P(A — B)Pn) = %dim(PmE) Ci—m, (23)

1
dim M (P (A ~ B)Pn) = 5 dim(PuB) + i1, (2.4)
dim MY(P,.(A - B)P,,) = vy, (2.5)
where B is the operator defined by (2.2) corresponding to B(t).

3. THE INVARIANCE OF THE MASLOV-TYPE MEAN INDEX
AND THE RELATION WITH THE EKELAND MEAN INDEX

Given a function H € C*(R?",R), we consider the Hamiltonian system

T = JH'(z). (3.1)

It is well known that every solution of (3.1) lie on some energy surface

Y = {z € R™|H(z) = b} for some b € R. Suppose z € C*(R,R*")

is a 7-periodic solution on the energy surface Y. Replacing H(z) by

H(z)/b, without loss of generality, we suppose b = 1. The linearized
system of (3.1) at z is defined by

y = JH"(z(t))y. (3.2)

In this section, we denote by £(R?") the set of all energy surfaces ¥ which
is a compact C? hypersurface in R?*, bounding a domain with origin in its
interior, and there exists a function H satisfying the following conditions

(H1) H € C*(R™,R),

(H2) ¥ ={z|H(z) =1},

(H3) VzeX H'(z)#0,

(H4) Vz € %, H'(z) coincides with the outward normal direction of 3.
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732 C.-G. LIU AND Y. LONG

By the Lemmas 2 and 3 of [29], a compact hypersurface of contact
type has a naturally defined “inside” and “outside”. If a vector field 7
on (R?",w) is a symplectic dilation(i.e. £,w = w), and H is a function
having ¥ as a regular level surface, then (dH,n) = —w(n, Xg) # 0. So
if n which is transverse to ¥ is outward and (dH,n) > 0, then H'(z)
satisfies the condition (H4). Therefore, the case with conditions (H1)-(H4)
include the contact type hypersurfaces. In [26] the existence of closed orbit
on contact type hypersurface was proved. For € £(R?") we denote by
H(X) the set of all the functions which satisfying the conditions (H1)-(H4),
and denote by J (3, H) the set of all closed characteristics of (3.1) on
.. In the appendix of this paper we briefly review the w-index theory for
symplectic paths starting from identity /5,,. The main result of this section
is the following invariant theorem about the Maslov-type mean index.

Tueorem 3.1. — For any ¥ € E(R™) and H, G ¢ H(X). If
(x,7) € J(X,H), then there exists a C'-increasing diffeomorphism
o :[0,7] — [0, u] such that (z,, 1) € T(S,G) with z,(t) = x(a~\(1)). We
denote by i(7,z, H) and i(1t, 2, , G) the Maslov-type mean indices per period
of the periodic solutions (T, ) and (p, z,) respectively. Then there holds

i, H) = i, 20, G).

In order to prove Theorem 3.1, we need the following Lemmas.

LemMMA 3.2. — Let H,G € H(X) and (x.7) € J(X,H). There is an
increasing C'-diffeomorphism o from [0, 7] onto an interval [0, p1] such that
(2o, 1) € T(B,G) with z, := x(071(s)).

Proof. — We refer the readers to [24] and [10] for the details of the
proof. |

LemMma 3.3. — Let H and G be the functions in Lemma 3.2. (1,x) and
(1, 25) be defined in Lemma 3.2. Then (1,x) and (i, z,) have the same
Floguer multipliers with the same multiplicity and the same Krein sign.

Proof. ~ The proof of this Lemma is the same as the proof of
Proposition 1.6.13 of [10] since the convex condition is not actually needed
in that proof. |

Consider the functions H and G' € H(X). We have two linearized systems
y=JH"(z(t))y (3.3)

and
y=JG"(2,(3))y. (3.4)
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HYPERBOLIC CHARACTERISTICS 733

Let Ry (t) and R (s) be the fundamental solutions of (3.3) and (3.4) starting
from the identity respectively. From Lemma 3.3, Ry (7) and Rg(p) have
the same Floquet multipliers with the same multiplicity and the same Krein
sign. Using notations in the section 5, we denote the w-index i, (Rg)
of the symplectic path Ry in Sp(2n) by i (H) = i, ,(Rg) as well as
iww(G) = 1,0(Re) forw e U= {z€C| 2] =1}

LemMa 3.4, — H(X) is a nonempty convex set. i.e., if H,G € H(X), then
(1 — NH + AG € H(X),VA € [0,1].

Proof. — By direct verification. n

Note that the number of discontinuous points of i, ., (H) as a function
of w € U is bounded by 2n, and the integral formula of the mean index
(cf. (5.9)), to prove Theorem 3.1 we start from the following result.

ProposITION 3.5. — Ifw € Uandw ¢ o(Ry (7)) = 0(Rg(p)), there holds

irw(Rulo,r]) = tpw(Reliou)- (3.5)

In order to prove this proposition, as in [10], we consider ¢; () as a
function of £ > 0. From the definition of w-index, we have the following
result. '

LEMMA 3.6. — If det(y(t) — wl) # 0,Vt € [tg,t1], then

itow(Y) = 1w (7)- (3.6)

Proof. — Let o(t) = t1t/to, and ¢(t) = yoo(t). Then i, ., (7) = 44, w(P)
by the Theorem 5.4 of the w-index (cf. [20]). By the assumption
det(y(t) — wl) # 0, Vt € [to,t1], bljo,e,) and 7ljo,¢,] are homotopic(see
Definition 5.3). Therefore by Theorem 5.6 (Theorem 2.14 of [20]), (3.6)
holds. |

Proof of the Proposition 3.5. — Let Fx(z) = (1 — A\)H(z) + AG(z), then
Fy € H(X). (75, xy) is defined as in Lemma 3.2. 7y = 7,71 = p, 30 =
z,r1 = z,. Let Rp, (t) be the fundamental solution of

y=JB(t)y (3.7)
where Bi(t) = FY/(za(t)). By the definition of H(X), we can suppose

H'(z) = n(x)G'(z), Vz €%,
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734 C.-G. LIU AND Y. LONG

where 7(z) is a positive C*-function of x defined on Y. Then there hold

n(x)

H'(z) = m(z)Fy(x) with nx(x) = (1= @) + A

By direct computation, we obtain

v

zx(t) = x(oy (1)) with ox(s) = / m(x(t)) dt,

0

T = AT ma(x(t)) dt.

where (7, z) is a T-periodic solution of the system (3.1) with the Hamiltonian
function H = Fy. Since F()\, x) := Fy(z) is C? depending on z and
C>° depending on A, so z,(t) and By(t) are continuous in A. Thus 7,
and v, := Rp, are continuous in A. By the condition w ¢ o(Rg(7)),
Lemmas 3.2, 3.3 and the above discussion, there holds w ¢ o(v, (7)) for
all A € [0,1]. Define I'(\, 8) = vx(7as). Then I': [0,1] x [0.1] — Sp(2n)
is an w-homotopy in the sense of [20] (see Definition 5.3). Thus by
Theorem 5.6, I'(0, -) and I'(1, -) have the same w-index. Since I'(0, ) and
I'(1,-) are rescalings of vo(-) and v;(-) respectively, so vy and y; have the
same w-index. Therefore (3.5) holds. |

Proof of the Theorem 3.1. — From Proposition 5.6 and Proposition 3.5,
there holds

2
i H) = — / i (H) df

2m Jy
1 27 .
= o ; "’#,e\/jf‘(G) df = (u, 2z, G).

If ¥ € £(R®™) is a strictly convex hypersurface of R?", and H € H(X)
with H"(z) positive definite for all € ¥. To understand the relation
between the Maslov-type index and the Ekeland index (cf. [10}]), note that
in [10] the standard symplectic matrix has a sign difference from ours
defined in (1.2). So we need to consider the following Hamiltonian system

&= —JH' (x). (3.8)

If (7,z) is a 7-periodic solution of (3.1), then (7, Z) with T(t) = x(—t)
is a 7-periodic solution of (3.8). The linearized system of (3.8) at the
periodic solution 7 is

g =~—JH"(z(-t))y. (3.9)
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In general, we consider the following linear Hamiltonian system
y=JB(t)y, yeR™, (3.10)

where B(t) is a real 2n x 2n 7-periodic continuous symmetric matrix. Let
v5(t) be the fundamental solution of (3.10), it is well known that yz(#) is
a symplectic path starting from identity matrix. Let B(t) = —B(—t), and
v5(t) be the fundamental solution of the system (3.10) with the coefficient
B(t). Denote by (i,(B),v,(B)) and (i,(B),v.(B)) the corresponding
Maslov-type indices for g and 5 respectively.

ProrosITION 3.7. — There holds

ir(B) +i,(B) + v (B) = 0. (3.11)
v.(B) = v,(B). (3.12)

Proof. — Since vp(t + 7) = vp(t)yp(7), there holds I = ~5(0) =
v8(~7)vs(T), then we have vg(—7) = v5(7)~1. From this we have

v,(B) = dimker(yp(r) — I) = dimker(yp(7)™' — 1) = v.(B).

So (3.12) holds. To prove (3.11) we take the the Hilbert space E =
W22(S,, R?) with norm || - || and inner product (-, -), and define operators
A, B, in E by

(Az,z) = /T(wt]:i:,w)dt, (3.13)

(Bx,z) = '/O.T(B(t)x,m) dt, (3.14)

and B similarly defined as B corresponding to B(t). For all z(t) € E then
Z(t) = x(—t) € F, there hold

(A%, 7) = /OT(J:i;(—t),x(—t))dt

:/T(Jj:(t),:v(t))dt (3.15)
= —(Az,z),
and .
(Ef,f):/o (B(t)x(~t), z(~t)) dt
(3.16)

- /O T (BOw(), 2(t)) dt
= —(Bz, ).
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736 C.-G. LIU AND Y. LONG

So by definition, the spectral set satisfies

o(A—B)= —0(A - B). (3.17)
By Lemma 2.1, for d > 0 and large number m we have
1
dim Mj (P,.(A - B)P,,) = 5 dim(P,. E) — i.(B) —v.(B), (3.18)
—_ 1 —
dimM; (P,,(A—- B)P,,) = 5 dim(P,, E) + i-(B), (3.19)

where B and B is the operators corresponding to B(t) and B(t) defined
by (3.14) respectively, and P,,, M;t() are defined as in Lemma 2.1.
Now (3.17), (3.18) and (3.19) yield (3.11). u

CoroLLARY 3.8. — Suppose (1,x) is a T-periodic solution of (3.1), then
(7,7) with T(t) = x(—t) is a T-periodic solution of (3.8) and there hold

ir(x) + i (%) + v () =0, (3.20)
v () = v (7). (3.21)
We have the following result

TueoREM 3.9. — If T € S(R?") is a strictly convex hypersurface in R*",
and H € H(%) with H"(x) positive definite for all © € . Let (7, x) be the
T-periodic solution of (3.1). Then we have

iE(@) +n =i (), (3.22)
where T(t) = x(~t) and iE(Z) is the Ekeland index of T defined in [10].
Proof. — By the Theorem 7.3 of {20], there holds

i (T) 4 v, (T) = —iZ(T) — n. (3.23)
This can also be obtained from [3] and (3.11). So (3.22) follows from (3.20),
(3.21) and (3.23). [ |

COROLLARY 3,10. — If ¥ € E(R?™) is a strictly convex hypersurface, and
H € H(X) with H'(x) positive definite for all x € X. Let (1,x) be a
T-periodic solution of (3.1). Then there holds

BP(r, %, H) = o, z, H).

where ’ZE(T, %, H) is the Ekeland mean index per period T of T, and

~

o(r,z, H) is the Maslov-type mean index per period T of x.

Proof. — This follows directly from the definitions of Maslov-type mean
index, Ekeland mean index, and (3.22). n
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4. PROPERTIES OF HYPERBOLIC CHARACTERISTICS

For x € E, we define

1

f(z) = 5/0 (—Ji,z) dt—/(; Hay(z(t)) dt. (4.1)

It is clear that f € C?(E,R) and the critical points of f coincide with the
solutions of the following problem

£(t) = JHy(z(t)),
{wu) — 2(0), (42)

If + € F is a nontrivial critical point of f defined in (4.1), then
x 1s a nonconstant solution of problem (4.2). Its period is 7 = 1. We
denote the corresponding Maslov-type index of z by (i1(x),vi(x)). Let
h = Hy(x(t)), and define

2(t) = h™iz(h75t). (4.3)

Then z(t) € ¥ for all t € R and z is an hZ-periodic solution of the fixed
energy problem (2.1) with 7 = hz.

LEMMA 4.1. — For z(t), x(t) defined above and T = h?, there hold
i-(2) = i1(x) and v.(z) = 1i(z). (4.4)

Proof. — We follow the idea of [21]. Let ¢ : [0,+0c) — Sp(2n) be
the associated symplectic path of z, i.e., the fundamental solution of
g = JH(x(t))y with ¢(0) = I5,. We define

y(t) = p(h™%t), Vt € [0, +00). (4.5)

Then using the positive homogeneity of Hj (Its degree is 2), we obtain
that v : [0,400) — Sp(2n) is the fundamental solution of the system

y = JH](2(t))y with v(0) = I5,.

Thus by (3.23) there holds (7) = (1). This implies v,(z) = vi(x).
Since v|jo,r) is only a rescaling of |01}, they are geometrically the same
path in Sp(2n). This yields i.(z) = i-(v|jo,-) = #1(¥][0,1]) = 41(z) and
completes the proof. |
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REMARK 4.2. — We note that replacing the function H, by function H,
with some « > 1, Lemma 4.1 is still true with z(t) = h=1/*z(h?~ /)
and T = he~?/e

We consider a nonconstant 7-periodic solution z of the given energy
problem:

{jc(t) = JH((t), Hi(s(t)=1, VteR,

2(r) = 2(0), (4.6)

and denote by ~.(t) the fundamental solution of the linearized system
of (4.6) at z(t)

i(t) = THY(x(t)y(t), VteR
{ym = y(0). w7

LEmMA 4.3. — If x is a nonzero T-periodic solution of (4.6) and v, is the
Sfundamental solution of (4.7), there hold

Y2(7)2(0) = &(0), (4.8)

Yo (7)2(0) = 272(0) + z(0). (4.9)

Proof. — The proof is similar to that of Lemma 1.7.3 in [10], and is
omitted. n

For A, B A, B
M, = ( 1 1) M, = ( 2 2)
G Dy 2ix2i Cy Dy 2% 25

being two even order matrices of square block form, we defined the o-
product of M; and M, to be the 2(: + j) x 2(: + j) matrix M; o M,
(cf. [19], [21] [22] or [8D)

A] 0 Bl 0
0 A, 0 B,

Ci 0 Dy 0)
0 C, 0 D,

M1 OMQ = (410)

and M{* to be the k-times o-product of M;. Note that the o-product is
associative and the o-product of two symplectic matrices is still symplectic.

LemMMA 4.4. — For every solution (xz,7) € Ju(¥), there exist matrices
P € Sp(2n) and M € Sp(2n — 2) such that there holds

Yo(T) = P(Na(=1) o M)P~! (4.11)
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where we define

Ny(a) = ((1) ‘1‘) € Sp(2)°, Va € R. (4.12)

Proof. — This lemma was essentially proved in [21]. For reader’s
convenience we enclose the proof here. Fix (z,7) € J4(X), by Lemma 4.3,
we have (4.8) and (4.9) Define

& =27(0), & = z(0). (4.13)

We carry out the proof in three steps.

Step 1. — Since z = z(t) is a solution of (1.4), we have z(0) € ¥ and
#(0) = JH)(z(0)), we obtain

£ J€& = 212(0)T J2(0) = 27 H,(2(0))T JT Jz(0)

(4.14)
= 27 (H}(2(0)), 2(0)) = 87 Hy(2(0)) = 87 > 0.

Step 2. — Now suppose {&1,&2,---,&,} form a Jordan block of ~,(7)
belonging to eigenvalue 1, i.e, setting £ = 0, there holds

Yo(T)i =&+ &1, V1I<i<p. (4.15)
As in the section 11 of [21] for 1 < ¢, 7 < p by (5.2), we have

EJE = (72(T)6) T (va(T)E5) = & T+ &1 JE+EFTE 1+ €51 TE 1

(4.16)

This yield
€ JG + 6 JE + 66 =0, Y1<i, j<p,  (417)
g6 =0v1<i<p-j, 12522, (4.18)

where [a] is the integer part of a defined by [a] = max{m € Z| m < a}
for a € R, and (4.18) follows from (4.17) by induction.

Thus from (4.8), (4.9) and (4.18) we must have p = 2, i.e., & and &
form a Jordan block of 7, () belonging to the eigenvalue 1.

Step 3. — Define
1

1
b= ——&, b=
1= g = T

&, (4.19)
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Then there hold
67J0y = —1, F = span{é;, b2} = span{&;, &}, (4.20)

i.e., {61,062} form a symplectic base for F. Denote by K the 2n x 2 matrix
formed by 6; and 4, as the first and the second columns. From (4.14),
(4.15), (4.19) and (4.20), we obtain v,(7)K = KN>(—1). Now we can
extend K to a matrix P € Sp(2n) such that §; and 6, form the first and the
(n + 1)-st columns of P and for some M € Sp(2n — 2) such that (4.11)
holds. ||

LemMa 4.5. — Suppose (x.7) € Ju(X) is hyperbolic. Then

;)

b (™) = i (2), vmo(2™) =1, Vm e N. (4.21)
Proof. — The proof follows from the argument in [21] and the above
Lemma 4.4. n

Lemma 4.6. — Suppose there are only finitely many closed characteristics
on ¥, and all of them are hyperbolic with their mean Maslov-type index
greater than 0. Then for every k € N, there exists a solution (xr),7)
of (4.6) for some 1. > 0 with its Maslov-type index satisfying

e, (k) =0+ 2k — 1. (4.22)

Proof. — The essential ideas of this proof come from [27]. We use the
notations defined in [27].

As in Lemma 2.2 of [27], we choose a function ¢ : Ry — R such that
¢ is C°, nonnegative, ¢(t) = %t* near the origin. Further more, we need
#(t) =t in the interval (6, A) for § > 0 small and A > 0 large enough to
be chosen below, where o = «(a) € (1,2) will be very close to 2. More

precisely, the following equation

t2
“T = to (4.23)

has a solution o = (4/a)*/(2=%). For large a, we can choose it suitably so
that there is an open neighborhood U(%F, ) of %- with radius r > 0 such
that j7 ¢ U(<L,r) for all j € N and every 7 which is the minimal period
of some periodic solution on .. Here 7" is fixed and defined in (3.3) of [27].

Then we choose a < 2 and close to 2 such that § — 4¥ = $(2 - a) < §.
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Now we define ¢(t). When 0 < ¢ < ty/2, we define ¢(t) = %—
so g(t) == ¢'(t)/t = §. When t > 1y, we define ¢(t) = t*, so
g9(t) = #'(t)/t = at*™* and g(to) = ¢'(t0)/to = . Since g(to/2)
and g(to) are contained in U(3, %), we can connect ¢(t) from #y/2 to o
such that ¢'(t)/t € U(a/2,7) for 0 < t < to. From this definition, we
note that ¢'(¢)/t is decreasing when ¢ > ¢y and ¢'(¢)/t — 0 as t — +o0.
Then we define 6 = .

Set H(z) = ¢(ju(z)), and Uy = {x|H(x) < A} for some large A.
Following [27], we now truncate the function H(z) near the infinity by
constructing a function H, coinciding with H on U4, with selz|? outside
some large ball, such that H'(z) does not vanish and |H"(z)| < ¢ outside
U, (see p. 624 of [27] for details).

We now consider the following Hamiltonian system with the T fixed

above, )
i(t) = JH'(z(1)),
{ (0) = o(T). (4.24)

Since j7 ¢ U(aT'/2,r) for all j € N and 7 being the minimal period
of any solution on ¥, and ¢'(t)/t € U(a/2,r) for 0 < t < ty, by
Lemmas 2.1 and 2.2 of [27] there is no T-periodic solution of (4.24) in
the domain {z € R**|0 < H(x) < 6}. Now we choose ¢ > 0 small
enough so that ¢T' < 27. Then by Yorke’s Theorem (cf. [30]), there is
no T-periodic solution of (4.24) outside the domain U4. Since (4.24) is
autonomous, all nontrivial solutions of (4.24) must be contained in the
domain {z € R?"|§ < H(z) < A}. It means that it is a solution of the
following Hamiltonian system

i(t) = JH(z(t))
{ 2(0) = o(T). (4.25)

where H, = jg(z)* with a € (1,2) and close to 2.

Since all the periodic solutions on X are hyperbolic, all the solutions
of (4.25) are also hyperbolic. By Proposition 4.1 of [21] and 1 < « < 2, the
nullity of such a solution must be 1. Therefore, all solution orbits of (4.25)
are non-degenerate critical manifolds in the sense of R. Bott.

Since there are only finitely many closed characteristics on X, and by the

condition #(z) > 0 for all solution z on £, from [27], for a large enough,
there holds (see (8.12) of [27])

M(t) - = (1+HU(), (4.26)

1—¢2
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where M (t) is the equivariant Morse series for nondegenerate critical orbits
of the functional Fi (defined in (3.3) of [27]) in X =" — X ~* for some small
n > 0 and large b > 0, X* = {x € E|Fx(z) < s}, and U(t) is a series
with nonnegative coefficients. From (4.26) and our above discussions, for
each £ € N, we obtain a nondegenerate critical orbit u; of Fj with Morse
index d(K) + 2(k — 1), where d(K) is defined by lemma 5.2 of [27]. The
index defined by Lemma 6.4 of [27] of wuy is

in(uy) = 2k — 2, vi(ug) = 1.

By the same reason of Lemma 1.3 of [21] and [3], we have the Maslov-type
index of w, satisfies

ir(ug) = ¢p(ur) +n =2k -2+ n.  vplug) =vi(uy) = 1.

By the rescaling given in Remark 4.2, from this «; we obtain a solution
(zg, pi) on 5. By Lemma 4.1, z;, possesses the same Maslov-type index
with that of wu,. i.e.,

i, (1) =dr(ur) =2k =240, v, (2) = vrlu) =1

By further rescaling from z; as in [15] (or an analogue of Proposition 1.7.5
of [10]), we get a solution (x4.7;) of (4.6) with Hamiltonian function
H(x) such that

i (Tr) =t (20) +1 =2k =14+ n, v (2p) =vy(2) = 1.

This completes the proof of the lemma. u

Now we can give the proof of our main result in this paper.

Proof of Theorem 1.2. — We prove the theorem indirectly by assuming
there are only finitely many closed characteristics on X, and all of them
are hyperbolic. Let (z,7) € J4(X) with minimal period 7, then by (4.21),
we have i, () = i (), and iy, (™) = mi,(z). Thus the Maslov-type
indices of all periodic solutions of (4.6) must be contained in the set
{mgq|m eN, g, < q<qo} for some integer gy, where ¢, = 3—_—(5‘-1—)— By
the assumption of the theorem, applying Lemma 4.6, we obtain

Qn):={2k—1+nlkeN}C{mg|meN, ¢ <q<qg}

We now consider two cases according to the parity of n.
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If n is odd, we can choose a prime number p > max{qo,n}, and define
kby 2k—1=2p—mn,ie., 2p=n+2k—1¢ Q(n). Thus there are integers
m and ¢ € (2, go] such that 2p = mq > 2go. So we must have m > 2. But
we also have ¢ > 2, this contradicts to the choice of p.

If n is even, we can choose a prime number p > nlaX{Qm n}, and define
kby2k—1=p—m,ie,p=mn+2k—1¢€ Q(n). Thus there exist
integers m and ¢ € (1, go] such that p = mq > qo, s0 we have m > 1. This
contradicts to the choice of p. |

5. APPENDIX.
THE w-INDEX THEORY FOR SYMPLECTIC PATHS

The w-index theory for continuous symplectic paths starting from the
identity matrix / was first established in [20]. In this section we give a
brief introduction of this w-index theory without proofs. For details we
refer to [20]. Denote by

P-(2n) = {y € C([0,7],Sp(2n))|7(0) = I2a}.
For any w € U, the unite circle in complex plane, and M € Sp(2n), define
D,(M) = (-1)""tw™"det(M — wl).

One can easily see that D, = D for all w € U and D € C®(U x
Sp(2n), R).

DEerINITION 5.1. — For w € U we define
Sp(2n); = {M € Sp(2n)| £ Dy (M) < 0},
Sp(2n);, = Sp(2n){ U Sp(2n),
Sp(2n), = Sp(2n)\Sp(2n);.
Let H(a) = diag(a,a™") for a € R ~ {0}. Using (4.10) we define
MI=H(2), M; = H(-2)o H(2)*" Y,

and
Prw(2n) ={y € P-(2n)|y(r) € Sp(2n);, }.
DEFINITION 5.2. — For any 7 > 0 and v € P-(2n), we define
VT,L»J(’Y) = dimfkerC(fY(T) - wI)a Vw e U. (51)
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DEFINITION 5.3. — for 7 > 0 and w € U, given two paths -y and
v1 € P-(2n), if there exists a map 6 € C([0,1] x [0,7],Sp(2n)) such
that 6(0,-) = v(-),6(1,-) = 1(-),8(s,0) = I and v, ,(6(s,-)) is constant
for 0 < s < 1, then 7o and 7y, are w-homotopic on [0, 7] along 6(-,7) and
we write yg ~,, V1. If Yo ~u 11 for all w € U, then vy and ~v; are homotopic
on [0,7] along 6(-,7) and we write vo ~ ;.

As well known, every M € Sp(2n) has its unique polar decomposition
M = AU, where A = (MMT)'/2 and U has the form

U - <u1 —u2>
U9 (75}

and w = u; + v/—1luy € L£(C") is a unitary matrix. So there exists a
continuous real function A(t) satisfying det u(t) = exp(v/—1A(t)), and
define A (y) = A(7) — A(0) € R

For any v € P} ,(2n), we can connect ¥(7) to M, or M,} by a path 3
within Sp(2n)* and get a product path 3 v defined by 3 * v(t) = y(2t)
if0<t<7/2 Bx~(t) =802t —71)if 7/2 <t < 7. Then

b=_A(Br) €L (5.2)
In this case, we define
tro(y) =k €L, (5.3)
For v € PP (2n) := P.(2n) \ P;_(2n), define
irw(y)=inf{ i, ,(B)| B€P:(2n) and B is C°-close enough to v}. (5.4)
THEOREM 5.4. — For any vy € P.(2n), the above definition yields
(trw(¥),vrw(y)) € 2 x{0,1,-- -, 2n}, (5.5)
which are called the w-index of .

For any v € P.(2n), define the iteration path ¥ € C(]0, +00), Sp(2n))
of ~+ by

A(t) = y(t — 57)v(7), for j7 <t < (5+ 1) and j € {0} UN.
THEOREM 5.5. — For any v € P.(2n) and k € N,
ikr(:}') = Z iT,w('Y)ﬂ VkT(;Y) = Z V‘r,w(')’)' (5~6)

whk=1 wk=1
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A () 1P
i) = i D = iR 6)

which is called the mean index per period T of v € P.(2n).

TueorReM 5.6 (Homotopy invariant). — For any two paths v, and
1 € P-(2n), if vo ~u 71 on [0,7], there hold

iT,uJ('YO) = ir,w(’h)v VT,w('YO) = VT,W('Yl)-

THEOREM 5.7 (Symplectical additivity). — Vy; € P,(2n;), n; €N, j =
0, 1, there holds

iT,w (70 < ’71) = Z.T,w(’yﬂ) + II"T,UJ ('yl)
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