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ABSTRACT. — The Ginzburg-Landau theory of superconductivity is
examined in the case of a special geometry of the sample, the infinite
cylinder. We restrict to axially symmetric solutions and consider models
with and without vortices. First putting the Ginzburg-Landau parameter x
formally equal to infinity, the existence of a minimizer of this reduced
Ginzburg-Landau energy is proved. Then asymptotic behaviour for large x
of minimizers of the full Ginzburg-Landau energy is analyzed and different
convergence results are obtained. Our main result states that, when « is
large, the minimum of the energy is reached when there are about & vortices
at the center of the cylinder. Numerical computations illustrate the various
behaviours.
© 1999 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

REsUME. — Le modele de Ginzburg-Landau des supraconducteurs est
étudié dans le cas d’une géométrie cylindrique pour des solutions radiales,
avec et sans vortex. Quand le parameétre de Ginzburg-Landau x est infini,
on prouve l’existence d’un minimum pour une énergie réduite. Puis on
étudie le comportement asymptotique des minimiseurs pour & grand et on
obtient différents résultats de convergence. On montre en particulier que
I’énergie est minimum pour une configuration oll le nombre de vortex au
centre du cylindre est de I’ordre de «. Des calculs numériques illustrent les

divers comportements.
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748 A. AFTALION
1. INTRODUCTION

The superconductivity of certain metals is characterized at very low
temperatures by the loss of electrical resistance and the expulsion of the
exterior magnetic field. Superconducting currents in the material, which
exclude the magnetic field, are due to the existence of pairs of electrons
of opposite sign and momenturn, the Cooper pairs. In the Ginzburg-
Landau model, the electromagnetic properties of the material are completely
described by the magnetic potential vector A (H = curl A being the
magnetic field) and the complex-valued order parameter ¢ (see [11].
[13] or [16] for instance). In fact, ¥ is an averaged wave function of
the superconducting electrons; its phase is related to the current in the
superconductor and its modulus to the density of superconducting carriers:
|1y| = O when the sample is wholly normal and || = 1 when it is wholly
superconducting. The basic thermodynamic postulate of the Ginzburg-
Landau theory says that a stable superconducting sample is in a state
such that its Gibbs free energy is a minimum. The nondimensionalized
form of this energy is given by:

2

Eﬁ(q/),A):/ (%V—iA)zﬁ +%([¢[2—1)2+(curIA—HO)2 dQ. (1)

Q

where 2 is a domain in R" (n = 1, 2 or 3) representing the region
occupied by the superconducting sample, Hj is the given applied magnetic
field, and & is a material parameter called the Ginzburg-Landau parameter.
This parameter is the ratio of A, the penetration depth of the magnetic field
to ¢, the coherence length, which is the characteristic length of variation
of . The value of & determines the type of superconductor: x < 1/1/2
describes what is known as a type I superconductor and & > 1/v/2 as
a type II. Type I superconductors are either normally conducting (normal
state) or superconducting according to the value of the magnetic field,
while for type II, a third state appears, called the mixed state: in the
mixed state, the superconducting and the normal states coexist in what is
usually called filaments or vortices. At the center of the vortex, the order
parameter vanishes, so the material is normal; the vortex is circled by a
superconducting current carrying with it a quantized amount of magnetic
flux. Macroscopic models of superconducting vortices have been formulated
in [9], [10] and the existence and behaviour of vortex solutions to the
Ginzburg-Landau equations have been widely studied. See [2], [4], [5], [7].
[8], [12], [14] for instance.

In this paper, we study the minimization of the Ginzburg-Landau energy
when the parameter x is large, for a special geometry of the sample,
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ON THE MINIMIZERS OF THE GINZBURG-LANDAU ENERGY 749

the infinite cylinder. Thus, we restrict to axially symmetric solutions. The
previous paper [1] deals with the one-dimensional case. Our motivation
was the study made in [3] of the solutions of the Ginzburg-Landau system
with infinite .

This paper is organized as follows. First of all, we study the asymptotic
behaviour of minimizers under the constraint that vortices do not exist: we
put formally x equal to infinity in the energy and study the minimizers of
this reduced form; this will enable us to show convergence of Ginzburg-
Landau energy minimizers as & tends to infinity. We especially prove a
uniqueness property of the solutions of the system for infinite x, which
extends a result of [3]. The section ends with numerical results. The same
type of work is made in the next section for the model with vortices. Our
main result states that when « is large the minimum of the energy is reached
when there are about « vortices at the center of the cylinder.

Let us recall from [13] the main properties of the two dimensional
Ginzburg-Landau model. We assume that the superconducting sample is
an infinite cylinder. When the magnetic field is parallel to the axis of the
cylinder, Hy = (0,0, Hy), one can assume that both ¢ and A are uniform
in the z-direction. The state of the superconductor is described by the pair
(¢, A) that minimizes E,, where €2 is a regular bounded domain in R2.
Let us define

H(div) = {A € H'(Q,R®), div A =0 and A.n = 0}.
We can choose |[curl A||z2 as a norm on H}(div).

DerINITION 1.1. — (¢, A) and (¢, B) are said to be gauge-equivalent if
there exists § € H?(Q,R) such that 1 = ¢e* and B = A — (1/x)V6.
Then, the energy E.. is preserved by this transformation.

THEOREM 1.2. — A minimizer of E,. over H'(2,R) x HY(Q,R®) is gauge
equivalent to a minimizer of E, over H*(£),R) x H}(div).

THEOREM 1.3. — There exists a minimum (1, A) of E,. over H' x H} (div).
It is a solution of:

2
(3v-ia) v=va-1p) n o )
AA = L (prVg - V) + A in 9 3)
P
a—:ﬁ =0 on 09, (4)
curl A=H, on 0. (5)
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750 A. AFTALION

PROPOSITION 1.4. — If (1, A) is a minimizer of E,. then || < 1 a.e.

If €2 is a general domain, the gauge-invariance property does not remain
in F, (the energy obtained when « is formally put equal to infinity), so
that we do not have a global minimum of the energy. Hence we shall now
restrict ourselves to a ball.

2. THE CASE WITHOUT VORTICES

When §? is assumed to be a ball, we use polar coordinates and restrict
to radial solutions. In this section, we make the extra assumption that no
vortices exist (so 1 is never equal to zero) and we look for:

Yir0) = fr) f(r) €RL and A(r6) = Q(r)es

We automatically have div A = 0, which is the major interest of this
gauge. So [lcurl A||z2(,) = [[(1/7)(rQ)'||2(Bx) is @ norm on H'(Bg).
Since we want (¢, A) in H! x H', we define:

D = {f radial, f >0 a.e., f € H'(Bg,R)},

Do = {Q € H'(Bg,R®), 3Q(r) such that Q = Q(r)es}.
From now on, when we write that Q is in Dy, it will mean that Q = (J(r)es

is in Dg. Notice that || f|| g1 () is a norm on Dy and ||(1/7)(rQ)||12(B,)
is a norm on Dg. The energy can be rewritten as follows:

R 2
Bu(£,Q) = /O (%f’%%(ﬂ—numu (%(rQ)’—H()) )d

(6)
The same method as in [1] allows us to say that:
e there exists a minimizer of E, over Dy x Dy,
e it is a solution of
1, .., .
—rf) = f(fP+@Q*=1) in (0,R) (7
( ) =f?Q in (0,R), (8)
f(R) =0, (9)
1
E(TQ) (R) = Ho. (10)
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ON THE MINIMIZERS OF THE GINZBURG-LANDAU ENERGY 751

Equations (7)-(8) can be rewritten using the laplacian in polar coordinates:

SAf=J(F+@ 1) in Br\{o} (1)
AQ=/Q in Ba\{0} (12

2.1. Properties of solutions

First of all, we notice, as in [4], that if Q is in D¢, it implies that
VTQ € HY(0, R), Q is continuous on [0, R] and Q(0) = 0. More precisely,
Dg C L®(Bg) with

Q- <

sl

LZ(BR)‘

THEOREM 2.1. — If (f,Q) is a minimizer of E,, then f and Q are in
C*|0, R).

Proof. — The previous remark and Proposition 1.4 give that (f, Q) is in
L>°(Bpgr). Then the result follows from classical elliptic estimates on the
formulation given by equations (11)-(12). 0

Remark. — As f is regular in 0, equation (7) implies that f'(0) = 0.

ProposiTioN 2.2. — If (f, Q) is a minimizer of E., then either f = 0 or
[ is never equal to zero.

From now on, we shall assume that f > 0 on (0, R] for a minimizer of
E,. The solution fo = 0 and Qo(r) = Hyr/2 is called the normal state.

THEOREM 2.3. — If (f, Q) is a minimizer of E, then Q) is nondecreasing.

Proof. — Let us first show that > 0 on [0, R]. If Q) reached a negative
minimum at r = ry on (0, R), then we would have () < 0 and (8) would
mean

20=0(r+%)<0

on a small intervall around rq; this is in contradiction with the Maximum
Principle. Similarly, if () reached a negative minimum at r = R, the Hopf
Lemma would imply that Q'(R) < 0 but then condition (10) would not
be satisfied.

Now if  was not nondecreasing, we would have the existence of r;
and 72 in (0, R) such that r; < r5 and Q(r1) > Q(r2). It would imply
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752 A. AFTALION

() reached a positive maximum on (1,72 ). This contradicts the Maximum
Principle since AQ > 0 on (0, R). O

2.2. Infinite Ginzburg-Landau Parameter

We put « equal to infinity in the energy. We define

Ber) = [ (52 -0+ et (Foer - o) ) v )

where f € L} ,(Bgr,R) = {fradial, f > 0, f € L*Bg,R)} and
Q € Dqg.

THEOREM 2.4. — The minimum of E, over L} ,(Bgr) x Dq exists and is
attained. Moreover it satisfies:

Q1)+ Q1) = 5Q(r) = Q)1 ~ (N grer in Br, (14)
Q’(r)+%Q(r)=HO for r=R and |Q(r)]> 1, (15)
£r) = (1- QAr)lig<s in Ba, (16)

where 1jg|<1(z) = 1 if |Q(z)| < 1, and 0 otherwise.

The proof is almost the same as in [1]. It comes from the fact that when
Q is fixed, the minimum of (1/2)(1 — f?)? + f2Q? is attained for f = 0
if |Q > 1, and f2 =1-Q%if |Q] < 1.

THEOREM 2.5. — There exists H§ such that

(i) for Hy < Hg, there exists a unique solution Q) of (14)-(15) in Dg
and it remains smaller than 1 in (0, R). If we call a(R, Hy) = Q(R),
then oo( R, Hy) is a continuous and increasing function of R and H.
Moreover, a(R, Hy) reaches 1 when Hy = H,

(it) for Hy > H, there is no solution that remains smaller than 1.

Proof. — We proceed as in [3], using a shooting method from the boundary
r = R. For a given « € (0, 1), there is a unique solution Q, of

I 1 7 1 _ 2
Qa + TQ()( 7"2 QQ - Qa(l Qa) on (O’R)’ (17)
Qa(R)=a and QL(R)=Ho—a/R.
We check that (15) is satisfied when » = R. The three possible behaviours
of @), are described by the following sets:
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I(R,Hy) = {@ € (0,1), Qu(r) € (0,1) on (0,R)},
Iy(R, Ho) = {a € (0,1),
3¢ € (0, R) st Qqu(r) € (0,1) on (¢, R) and Q,(¢) = 0},
Ii(R, Ho) = {a €(0,1),
3¢ € (0, R) st Qu(r) € (0,1) on (¢, R) and Q,(¢) = 1}.
We recall from [3] that
e I(R, Hy) corresponds to regular solutions, that is ,(0) = 0,
e Iy(R, Hy) and I;(R, Hy) are open sets,
o [;(R, Hy) # 0 when RHy < 1, so it implies that I(R, Hy) # 0 too,
o (0, mfg) C Io(R, Ho), so for Hy > R+ 2/R, I(R, Ho) = 0.

We may also notice that ¢}, cannot reach a positive local maximum while
it remains between 0 and 1, since (17) can be rewritten

AQa—Qa(1+Ti2—Qi)=O.

So @, is increasing on (19 o, R) where rg o is such that Q,(rgq) = 0.

It is proved in [3] that there exists H such that for Hy < Hj, (14)-(15)
has a solution that remains smaller than 1; H is obtained as the maximum
of Hy over the points (R, Hy) in the connected component of I; which
contains the set {(R, Hp), st RHy < 1}. The uniqueness result there is
only obtained for R < 1/1/2. We are going to prove that in fact Io(R, Hp)
and I;(R, Hy) are connected and that I(R, Hy) has at most one point,
using an idea inspired by [17].

Let u and v be two different regular solutions of
1 1
Q”+;Q’—Q(1+5—Q2):O on (0,R). (18)

We already know that » and v are increasing so they can be inverted. We
denote the inverse functions by r(x) and s(z). Using as new variables

z=u(r) and U(z)= %Tz(z)uﬂ(r(:n)),
y=o(s) and V()= 550" (),
we can rewrite (18) as

U'(z) = x(1 + r*(z)(1 — 2?)) 2z € (0,u(R)),
V'(y) = y(1+ s*(y)(1 - 9%) € (0,v(R)).
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754 A. AFTALION

We assume v < v < 1 on (0,0), so that s(z) < r(z) for z € (0,u(0)) and
u'(0) < v'(0). We obtain (U — V')’(x) > 0 and since U(0) = V(0) = 0, we
have U(z) > V{(x), which can be rewritten r(z)u/(r(z)) > s(x)v'(s(x))
for z € (0,u(0)). As a consequence, for all y € (0,u(0)),

/y %(‘1—,_—?3 de < /y 22— af) de, (19)

) (r(x) o s(x)v'(s(x))

@ w2 (r)(1 - u¥(r)) W02 (5)(1 - v?(s))
or /0 dr</0 ———~ ** ds. (20)

T S

For any solution ) of (18), we now introduce

Far) = 3 (51 Q)) -

A straightforward computation, using (18), gives F5(r) = (1/7)Q*(1-Q?).
Thanks to an integration from 0 to o of F5(r), thanks to (20) and because
' (0) < v'(0), we get

g ' | 1
(u'(a)+2@> _(v/(g)+f}_@) +=(1—u(0)?)? - =(1-v(0)?)? < 0.
o o 2 2
(21)
Therefore, two regular solutions cannot intersect before reaching 1,
otherwise we would have v < v on (0,0) and u(o) = wv(o) with
u'(o) > v'(o), which contradicts (21).

We are now able to show uniqueness of regular solutions. Let R be
fixed. Let us assume (2; (resp. (J2) is a solution of (17) with a = « (resp.
ag) and Hy = H; (resp. Hs). If oy < ag, since two regular solutions do
not intersect before reaching 1, we have Q; < @2 on (0, R). We infer
from (21) that H; < Hj. So there is a unique «(R, Hyp) in I(R, Hyp)
for each R and Hy and a(R, Hy) is an increasing function of Hy. An
immediate consequence of the uniqueness is that Io(R, Hy) and I, (R, Hy)
are connected sets.

Moreover, a(R,H,) is an increasing function of R. Indeed, let
ay(Ry, Hy) < as(Ra, Hy) be the initial data for the two regular solutions
@, and Q. We know that @; and @, do not intersect in (0, min{R,, R»)).
Let us assume @; < @2 on (0,min(R,, Ry)); we call ro the point
where Q2(r) = a;. We now use (20) with y = «; which provides the
following comparison result Fg, (R;) — Fg,(0) < Fg,(r2) — Fo,(0).
This yields Hy < Q5(r2) + (1/72)Q2(r2). But it is impossible since
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Q4%(r) + (1/r)Q2(r) is increasing and reaches Hy when r = R,. So
Q2 < @ on (0,min(R;, R,)) and it implies R, < R,.

The continuity of a(R, Hy) follows from the fact that Io(R, Hp) and
I, (R, Hy) are open and the continuous dependence of () with respect
to R and Hy on any interval that does not contain zero. Indeed, if
ap < (R, Hp) < ay, we have Qo (70) < 0 and Q. (r1) > 1 for some 7
and 7, smaller than R. But these inequalities remain true for all (R, I{TO) in
a neighbourhood of (R, Hy), which shows ag < Q(R,ﬁo) < .

We are now able to conclude the proof. Let R be fixed. For H, small, we
know that I, (R, Hy) is nonempty, so I{R, Hy) is nonempty too. We call

H§ = max{Hy such that for H < Hy, I,(R,H) # 0}.

It can easily be seen from the continuous dependence of I (R, Ho)
with respect to Hy that when Hj, reaches H§, a(R, Hy) reaches 1. As
a(R, Hy) is an increasing function of Hy, it implies I{R, Hy) is empty
for Hy > H§. 0O

PROPOSITION 2.6. — We have H§(R) is a decreasing function of R.

Moreover 1

7

Remark. — This is the same limit as in the one-dimensional case.

an, o) =

Proof. — We have shown in the proof of Theorem 2.5 that for R; < R,
(X(Rl,Ho) < Oé(Rg,Ho). Let Hy = HS(RQ), so that OL(RQ,HS(RQ)) =1.
It means H(R;) > H§(R2), which is the desired monotonicity property.

Let @ be the regular solution of (17) with Hy = H§(R), so that o = 1.
As Fy is increasing, we obtain Fg(0) < Fg(R), that is HE(R) > 1/V/2.
In order to get the estimate on the other side, we introduce a new energy:

1
2r?

Gilr) = 5Q°(7) + 11 - Q) — 5 @%(r)

2
A simple computation, using (17) gives Ga(r) = r3G/(r) = —r2Q*(r) +
Q%(r). We now differentiate G5 and get Gh(r) = —2r2Q(r)Q'(r)(1 —
Q?(r)). So G, is decreasing and since G»(0) = 0, it means G1(0) > G1(R)
which can be rewritten

. 1 1 1
HO(R)<§+ 5+E2-
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756 A. AFTALION

THEOREM 2.7. — There exists a unique minimizer (foo, Qo) Of Feo.

For Hy < Hf, Qo remains smaller than 1 and f2 =1 — Q2.

For Hy > H§, there exists a unique R., < R such that

in (0, Roo), Qoo remains smaller than 1 and f2 =1 - Q2

while in (R, R), Q.. + (1/7)Qu = Hp and fo. = 0.

Proof. — Theorem 2.5 gives that for Hy < Hg, there is a unique (f, Qo)
solution of (14)-(15)-(16) and ()., remains smaller than 1. For Hy > H{,
as we want a solution in Dy, it means Q(0) = 0 so Q is a solution
of (18) on (0, R.,), with Qo (R ) = 1. The radius R, is unique because
a(R, Hy) is an increasing function of R. So there is a unique solution
of (14)-(15)-(16) with f., # 0. What only remains to show is that this
solution is the minimizer of E.,, or more precisely that the normal state
(any solution defined by fo = 0 and Q} + Q¢ /r = Hp) has a higher energy.
We introduce a new energy

1 ; 1 1
E(r)= ‘Q'(TQ;:)Z - §Qc2>o + 27'2(1 -Q%)* on (0,R.),
and we call R, = R in the case Hy < H§ with @ = Q. (R.). Computing
E'(r), using equation (14), gives
1

R
> 1 1
5/ r(1 - Q%) dr = ZR;@ —a?)? + §H§R§o ~ HoRoo0r.
0

This and an integration by parts on fOR(l /T){(7Qx)")? enable us to estimate

Roo
Boolfo Q) = 7 = TRE(1 =) = [ Q1= Q2.

So Eoo(fooaQoo) <R2/4:Eoo(f07Q0)' U

2.3. Convergence of minimizers

ProprosiTioON 2.8. — For all Hy, there exists ko such that for k > Kq, the
normal state is not a minimizer of E,.

The proof relies on energy comparisons as in [1].

THEOREM 2.9. — The whole sequence (f.,Q.) of minimizers of E,
converges to the unique minimizer (foo, Qoo) Of E. More precisely, when
K — 00,

fo = foo in LP(Br) V¥p 1< p < oo and weakly in H'(Bg),
Qs — Qoo in Cl’a(BR) Vo < 1.
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Proof. — 1t is almost the same as in [1]. We only mention the main ideas.

For Hy < H¢, as |Qu| < 1, foo is in H'(Bg) and we can test it in
E,. We infer that f. is bounded in H'(Bg) and F.(f.,Q.) tends to
FEoo(fso, Qo). As a consequence, @, is bounded in H'(Bg). So for a
subsequence,

fo— f in LP(Bgr) VYp 1< p< oo andweaklyin H'(Bg),

Q.—Q in LP(Bg) Vp 1<p <ooandweakly in H'(Bg).
Using equation (12), we can improve the convergence on ().: classical
elliptic estimates and Sobolev embeddings give that Q. is bounded in

W?2P(Bg) for all finite p, and @, converges in C»*(Bpg) for & < 1. We
see that E(f, Q) = Ew(feo, @) and Theorem 2.7 gives the conclusion.

For Hy, > H§, we have seen that f., is not in H!(Bpg), but as
in the one-dimensional case, we can find g, in H!(Bg) such that
lim, oo Fr(ges Qoo) = Fool foo, Qoo). Energy comparisons give:

1
lim /B /2 =0 a8 i Buo(fis Q) = Foo(foer Qoc):
R

As in the one-dimensional case, up to the extraction of a subsequence,

f2 — f? weakly in L?(Bg),

Q. — Q in CLQ(BR)v
for (f,Q) € L*x Dg. Lower semi-continuity yields: im inf,_ o E.(fx, @x)
> E(f,Q), so that (f,Q) is the minimizer of E.,. Theorem 2.7 allows
us to know the properties of f: there exists R., with f = 0 on (0, R)

and f2 =1~ Q? on (R, R). Then the result of convergence follows as
in the one-dimensional case. U

2.4, Numerical Study

We want to compute solutions of the Ginzburg-Landau system such that
f is positive. Instead of solving the system (7)-(8)-(9)-(10), we define
S(r) = rQ(r), choose € small and solve:

of 1 ,0*f  Of FUFr2 4+ 82 —12) in (e R),

"o T e T T
of f

228 88 .

52 " B = rf2S in (¢, R),
S(e) =0 and %%E(R) Hy,

Vol. 16, n°® 6-1999.



758 A. AFTALION

using the same scheme as in [1], that is implicit discretisation in time. It
can be shown as in [6], thanks to the Maximum Principle, that a minimizer
of the Ginzburg-Landau energy is an asymptotically stable solution of this
problem. We compute the solutions with R = 1. We study the convergence
of f. when x tends to infinity. Figure 1 (Hy = 1) and figure 2 (Hy = 3)
illustrate the two different behaviours described in Theorem 2.7.

1 = A T T T T T T T
TR o p—
...... T o
~~~~~~~~~~~~~ - eI K=10' -
BN k=100" -
0.98 Tl AN k=inf’ - - 4
0.96
0.94 +
092 . |
N
AN
N,
N
\.
\.
\«
\,
09 + \_\ 4
A
0.88 L L 1 1 L L i L L
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1

Figure 1. — Radial solutions f(r) for R =1, Hy = 1.

Remark. — It would be interesting to show that f, is nonincreasing and
improve the convergence of the sequence.

3. THE CASE WITH VORTICES

In this section, we allow NN vortices to appear in the center of the bail
and intend to minimize the energy over this number N. We are going to
show that N # 0 for the minimizer, and more precisely that N/x has a
limit when & tends to infinity. The existence of vortices at the center of the
ball can be described mathematically by introducing, as in [4], solutions
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O Fl ] -~
0 0.2 0.4 0.6 08 1

Figure 2. — Radial solutions f(r) for R=1, Ho = 3.
(1, A) such that
P(r,0) = f(r)e™’ f(r) €R, and A(r,0) = A(r)es,

and A will be regular at the origin. We may notice that (1), A) is gauge
equivalent (see Definition 1.1) to (f,Q) with

Q) = (809 - 3 Jes.

T

where S(r)/r is regular at the origin.
In this situation, the Ginzburg-Landau energy is the following:

E.(N,f,8) = /B <$f’2 + —;—(f2 -1)?
2 2
+ i2 (S - —]—V—) 2+ (ES' - H()) ) rdrdf. (22)
T K T
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760 A. AFTALION

3.1. Finite Ginzburg-Landau Parameter

The introduction of N in the energy comes from a number of vortices,
that is an integer. But in fact, the definition (22) has a meaning for any
real number N. So for mathematical purposes, from now on, we will allow
N to vary in R. We will see that the convergence properties and the limit
would not be affected by restricting N to lie in Z, if a judiciously sequence
of k is chosen.

3.1.1. Fixed number of vortices

To start with, we fix NV and want to minimize E, on Dy x Dg where

Dy = {f radial, f > 0 ae. f € H(Bg)},

1 A 1
Dg = {S radial, ;S € L*(Bgr) and ;S’ € LQ(BR)}.

With the norm ||(1/7)S’||12, Ds is a Hilbert space (see {4]). We will not
give the proof of the next three Theorems as it is almost the same as in
the case treated in [4].

TueoreM 3.1. — If E.(N, f,S) < oo, then f € H'(0,R), (1/7)S" €
L*(0,R) and (1/7)(S(r) — S(0)) € L?(0, R).

THEOREM 3.2. — We have the following regularity properties:
(i) f € Df = f € C°(0,R),
(i) S € Ds = S € C°0,R) and S(0) = 0,
(i) f € Dy, S € Ds and E((N,f,S) < 0o = f € C°0,R] and
f(0) = 0.
THEOREM 3.3. — There exists a minimizer (f,S) of E.. It is in
(C*(Bg — {0}) N C*(Bg))? and is a solution of-

—Hl; ”+%f’=f<f2+%2<%7—5) —1) in (0,R), (23)
f'(R) =0, (24)
S’ — -?1:5' = (S - %)F in (0,R), (25)
%%—S’(R) = H,. (26)
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Remark. — With the expression of the laplacian in the radial case,
equations (23) and (25) can be rewritten:

2
Las =f(f2+ }Z(s- N) —1) in Br, (27)

K

N
AS - —22 (21015 + £20,8) = (S -— ) f2 in Bp.  (28)
T

THEOREM 3.4. —~ If (£, S) is a minimizer of E,; such that f is not identically
zero, then 0 < f < 1 on (0,R] and S > 0 on (0, R). Moreover, neither
function is constant on a subinterval of (0, R).

Proof. — Since the solutions are regular by Theorem 3.3, if they are
constant on a subinterval, it means they are constant on [0, R]. But the
boundary condition S(0) = 0 and (23)-(25) show that S cannot be constant
and the only possibility for f is 0.

If (f,S) is a minimizer of E,, sois (|f|,.S). Hence (|f|,.S) is a solution
of the Ginzburg-Landau equations and |f| is C* on (0, R). So either
f =0 or f is never equal to zero.

Let us assume max,¢jo,z) f(r) = f(ro) > 1. As f(0) =0, ry € (0, R].
Equation (27) can be rewritten

%Af—c(r)fzo

on an interval around rg, which does not contain 0, and on which f > 1 so
that ¢(r) is positive. We choose the largest interval possible. Necessarily,
either f = 1 on the boudary or r = R is the right end. The strong Maximum
Principle implies that the maximum is reached on the boundary. But because
of condition (26), it cannot be reached on 7 = R and otherwise f = 1 on
the boundary, which is the minimum. So that f remains smaller than 1.

We know that S(0) = 0. Let us assume that there exists 7o in (0, R] such
that max,¢jo, 7 S(r) = S(ro) < 0. Equation (28) gives:

2
AS - 7-_2(331815 + .I'2825) - Sf2 S 0.

We again apply the Maximum Principle on an interval around rq.
The minimum is reached on the boundary which means ro = R. But
condition (26) gives that S’(R) > 0 which contradicts the Hopf Lemma.
So S > 0on (0,R]. O
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THEOREM 3.5. — If (f, S) is a minimizer of E,, then S is non decreasing.

Proof. — We rewrite equation (28) as follows:

s(5-2) Ao 2)omm(s- )2

The Maximum Principle implies that S — (/N/k) cannot reach any positive
maximum nor any negative minimum in the interior. Since S(0) = 0, there
are two possibilities:
e S < (N/k) on (0,R).
So S has no local minimum in (0, R). As S’(R) > 0, it implies S
is non decreasing.

o S(r) > (N/k) for some r in (0, R).
Let 7y be the first point where S = £. Necessarily, S'(ro) > 0 by
the Hopf Lemma and as in the previous case, .S is non decreasing
on (0, 7). Then the Maximum principle gives that S — (N/k) has no

positive maximum in (ro, R). So S is non decreasing on (ro, R). [

Remark. — It would be interesting to study the monotonicity of f.

3.1.2. Minimization of F,

From now on, we intend to minimize F, over R x Dy x Dg, that is to
find the best number of vortices to put at the origin. We will show that the
presence of vortices lower the energy.

THEOREM 3.6. — There exists a minimizer (N, f,S) of E.; (f,S) is in
(C=(Bg \ {0}) N C?(Bgr))? and is a solution of (23)-(24)-(25)-(26) with

.LR%(S_g)fzzo' (29)

Proof. — Let (n;, fn,, Sn;) be a minimizing sequence. For each n;, we
can always replace f,, and S,, by a minimizer of E, with fixed N = n;
as in the previous section. Then f,, is bounded in H*(Bg) N L>(Bg) and
S, is bounded in Dg. So, up to the extraction of a subsequence,

fn. — f weakly in H', a.e. and strongly in L? for all finite p,
1 1
-8 — =8 weakly in L%,
Pty

1 1
-S,, — =5 strongly in L?,
r r
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where (f,S) € Ds x Dg. Thanks to lower semi-continuity, we have

Vo 1o o (la ’
— ~(ff-1 ~5' - H,
/BR /c?f +2(f )©+ - 0
1 1 1 2
gliminf/ SR+ -1+ (—SL. —HO) . (30)
BRK: t * T '

If the limit f is identically zero, equation (30) implies that the normal state
(fo,So), with fo = 0 and Si(r) = Hor, is a minimizer of E,. Then the
number N of vortices does not intervene.

When f is not identically zero, the sequence n; is bounded. Indeed,
we have

n; 2 1 9 1 n; 2 1 2 2
(_ / “2dn; 32/ ) —_Sni fi +2/ —ZSni'f"?"
K B T ' Bx T K JBr T

and since S,,, is in Dy, it implies (1/7)S € L?(Bp). As a consequence, we
can assume n; — N, and (N, £, S) is a minimizer of E,; because of (30) and

1 N\?2 1 A\
Vo / — (S - —> f? < liminf _Q(Sn, - n_) 7?
Br\Bo T K = JBp\B. T K

a

COROLLARY 3.7. — When the normal state is not a minimizer, then the
minimizing solution has vortices at the origin.

Proof. - When f # 0, equation (29) gives that S — N/ changes sign.
The study in section 2 implies that N is positive.
3.2. Infinite Ginzburg-Landau Parameter

We let formally kK = oo in the energy. The difference with the one
dimensional case is that we shall have to find the constant C' (which comes
from the term N/x) which minimizes the energy. We define

2
E.(C, f,9) = [9 %(fQ -1+ Ti?(s —-O)?f2+ (%s — H()) rdrd§.
: (31)

THEOREM 3.8. — There exists a minimizer (Coo, foo; Seo) Of Foo OVer
RxL? ,(Bp; RY)xDs. S is in C*(Bg)) and Q(r) = (Se(r) — C)/7
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satisfies
Q"+ %Q/ = T%Q =Q(1-Q*)1g<1, (32)
Q') + %Q(r) —Ho when |Q(r)|>1 and r=R, (33)
; Q1 - Q*)1 g1 =0, (34)
f2=(1-Q)g<- (35)

Proof. — We call (C,, f,,S,) a minimizing sequence and define
Qn(r) = (Su(r) — C,)/r. We proceed as in the one dimensional case:
replacing f2 by (1 — Q2)1;g, <1 can only lower the energy so Q, is a
minimizing sequence of

J(Q) = /BR (% - %(1 - Q2)21|Q|§1>+<%(7’Q)' - H0)2 rdrdf. (36)

Since (1/r)(r@)’ is bounded in L?, (1/7)S!, is bounded in L? too, so it
implies S, is bounded in L°°. As we are only concerned with r such that
|@n(7)] < 1, we can also assume C,, is bounded. Then we can extract
a subsequence that will converge to a minimizer of F.,. Equations (32)
and (34) are the corresponding Euler-Lagrange equations for the variations

of § and C.

THEOREM 3.9. — Any minimizer (Co, foo, Soo) 0f Eo is such that fo, £ 0.
More precisely, let Qoo(r) = (Soo(r) — Cuo)/7r. Then Qo is increasing
on (0,R), |Qo| remains smaller than one in an annulus (r1, R) with
Qoo(r1) = —1. On (0,71), foo =0 and Qu(r) = (1/2)Hor — (1/7)Cw,
where Cy, = 11(1 + Hor1/2).

Proof. — We are going to study the shape of solutions of (32)-(33)-(34)-
(35). An easy computation shows that if Q'(r) + (1/7)Q(r) = Hy, then
Q(r) = (1/2)Hyr—(1/r)C for a given constant C. As (32) can be rewritten

AQ—Q(1+T—12-—Q2):O when |Q| <1, (37)

the Maximum Principle implies that ¢ can neither reach a positive local
maximum nor a negative local minimum while it remains between —1
and 1. Moreover (34) implies that () changes sign. So any solution of (32)-
(33)-(34)-(35) with f # 0 is such that Q is increasing, || < 1 in an annulus
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and outside the annulus, the solution is defined by (33) and the continuity
condition on the boundary. There are two possible types of solution:

e type a: |@| < 1 on (r, R) with Q(r1) = —1 and Q(R) = « € (0, 1),
e type b: |@Q| < 1 on (r,re) with Q(r1) = —1, Q(r2) =1 and 7, < R.
We are going to show that type b solutions cannot occur. Let us define

2
Fi) = 3 (@0 + Lam) +0- @0,

on the annulus where || < 1. Thanks to (32), we see that F'(r) =
(1/7)Q*(1 — @Q?), so F is increasing on the annulus. But this is impossible
in the case of a type b solution since F'(ry) = F(ra) = H2/2. So we have
to investigate the existence of type a solutions. The proof now relies on a
shooting method: for a given « € (0,1), there is a unique solution @, of

QU+~ 5Qu=Qu(1-Q2) on (0.B),

Qu(R)=a and Q;(R)zﬂo—%.

(38)

We check that (33) is satisfied when r = R. We are interested in the interval
where (), remains smaller than 1. We introduce the same sets as in the
proof of Theorem 2.5: I(R, Hy), Io(R, Hy) and I, (R, Hy). Notice that the
Maximum Principle applied to (37) implies that when a € Iy(R, Hy) there
exists r1,o € (0, R) with Q4 (r1,.) = —1 and Q,, is increasing on (71 o, R).
For a € Iy(R, Hy), we define

fr(@) = Ho+ —— — QL (r1). (39)

Tl,a

We notice thanks to (32) that

R
fr(e) = [ Qult - @2)1jg.1c = / rQu(l=Q2) dr.  (40)

Classical ODE theory implies that fg is a continuous function of .

1st step. — Let R and H, be fixed. We are going to show that when
I(R,Hy) # 0, there is a minimizer of E,, of type a. In this case, we
know from the proof of Theorem 2.5 that Io(R, H,) = (0,a*) with
o € I(R,Hy). For = 0, Q4 < 0 on (r1,4,R) so (40) gives that
fr(0) < 0. As a consequence, fg is negative for o small.
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We let a tend to a*. We call 7y, the point where Q,(r) = 0. Up to the
extraction of a subsequence, we have rq , — ro. If 79 > 0, then classical
ODE estimates give that Q. (70.) — Qa-(ro). But as o* € I(R, Hy), we
cannot have Q.- (r¢) = 0 for 74 > 0, so ro = 0. Since @), is increasing,
1o < 704 and r; o — 0 too. We know that @), is bounded on (r; ., R),
so we have

70,0

N I
lim rQa(1-Q2%) dr =0 and lim_ / rQa(1— Q%) dr > 0.

a—a*
YTl

It implies that fr(«) > 0 for « close to a*. As fr(a) < O for small «, there
exists 8 € (0, a*) such that f(3) = 0. So Q is a solution to (32)-(33)-(34).

We already know that the minimizer of E., exists. Either it is the
normal state, that is a solution (Cy, fo,Sg) with fo = 0 and S§ = Hyr,
or a solution of type a. We may notice that once we have a solution
Q of type a, we can go back to (C, f,S) thanks to (35), the continuity
condition Hor1/2 — C/r; = —1 and the definition of ) which gives
S(r) = C + rQ(r). Moreover, E..(C, f,S) = J(Qs). Now let us show
that Q4 provides a minimizer of ... We introduce a new energy

1

B(r) = 5(rQ)? - 5@3 + 17201 - Q3%

Computing E’(r), using equation (32), gives

1 (B 1 1
; / P(1-Q3) dr = TRY(1~ )4 S HA(R? 2 )~ Ho(RG+11.5).

This and an integration by parts on ff’ ys(l/r)((ng)’)Q enable us to
estimate J(Qg).

1 2 1 2 242 R 2 2
@) = 3 - g -7 - [ Q=i G

Since E..(Cy, fo,S0) = R%/4, it means ) has a lower energy than the
normal state.

2nd step. — We assume Hj is fixed. Then for small R (R < 1/H, for
instance), the first step indicates that there exist a minimizer of type a.
We call

Ry = max{R st the normal state is not a minimizer of Fo.}  (42)
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Let us assume that Ry is finite. A straightforward argument shows that
if Q., corresponds to a minimizer of E,, with Q,.(R) = ag, and if
Jo = R2/4 is the energy of the normal state for R = Ry, then

lim J(Qa,) = Jo.

R—’RO

According to (41), it means that ap — 1 and er rQ% (1-Q2%,)—0.
lag

aR

But this is impossible, so Ry = +o0. O

Remark. — Numerical computations show that fg is increasing on (0, 1)
hence the minimizer of E., is unique.

CoROLLARY 3.10. — For all Hy, there exists kg such that for k > Ko, the
normal state is not a minimizer of E.

The proof relies on energy comparisons as in [1].
PrOPOSITION 3.11. — When R is large, Co, is equivalent to HyR?/2.

Proof. — We already know that C., = r1(1 + Hyry/2), where r; is such
that Q(r;) = —1 and Q) is as in Theorem 3.8 associated to the minimizer
of F..,. We only need to show that r; is equivalent to R when R is large.
Let V be the solution of

V'=V(1-V? on (0,R),
V(R)=a and V'(R)= Hy - a/R,

where a = Q(R). It is easy to see that there exists p; in (0, R) such that
V(py) = —1, V is increasing on (py, R) and the energy V'* + (1 — V2)2/2
is preserved on (p;, R). A straightforward computation gives

o 2 -1
A

So if we show that r; > p;, the proof is over. We know that @@ < V for
r close to R and we are going to show that () and V cannot intersect
before reaching -1. Let

1
Ey(r) = Q"+ 5(1- Q%>
We immediately get Ei(r) = (2/r?)Q(Q — rQ’). Let 74 be the point

where () crosses zero. Since () is increasing, F{ < 0 on (ry,79). Let
Ey(r) = rQ — 72Q’ on (19, R). Since Ej(r) = —r2Q(1 — @Q?), it implies
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Ey(r) < 0 on (rg, R) and E; is decreasing. Since for r = R the energy
F is the same for () and V, it means

1 9 1
Q"+ 5(1-Q) > V74 S(1-V?)? Vre(n,R).

So @ and V cannot intersect before reaching -1 and r; > p;. O

3.3. Convergence of minimizers

TueoreM 3.12. — Ler (N,, f.,Sx) be a sequence of minimizers of
E.. There exists (Co, s, So0), a minimizer of Fo., and a subsequence
(N, s fe,+ Sk, ), such that when k., tends to oo

Koy
— Coo,
K

fe, = foo in LP(Bg) for all finite p,
1 1
—S,, — —Se in C%*(Bg) forall « € (0,1).
T r

Proof. — Let (Cu, foos Soo) be a minimizer of E,,. We have seen that
foo is not in H'(Bg), but as in [1], we can find g, in H'(Bg) such that

lim En(coo’iagmsoo) = Eoo(cooa.foov Soo)

K—0Q

Let (N, fc,Sx) be a minimizer of F,. Energy comparisons give:

Bre(Cms fos52) < B (51082 ) S BulVas 052,

E. (N, [, Sx) < Ex(Cook, gy Soo)-

We let « tend to infinity and obtain
1,2

R2 "

lim =0
K—00 BR

N,
and lim Eoo (?ﬁ, fera): Eoo(Cocv foono)

K—00

(44)

It implies that (1/7)S, is bounded in Dg. As |[fi|lr~ < 1, up to the
extraction of a subsequence,

f2—f? - weakly in L*(Bgr),
1 1
~§ — -8" weakly in L?,
T T

1 1
-8, — =S strongly in L? for all finite p,
r r
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where (f,S) € L*(Bg) x Ds. Weak convergence and lower semi continuity
give

/ 1(f2_1)2+ ES/——H 2< lim inf }-(f2—1)2+ 15’_H 2
BR2 r 0 = oo an ® r ® 0 .
(45)

() If f =0, it is easy to see that f, — ( ae. and in L? for all finite
p. Then (44) and (45) imply

Eoo(o’ fvS) < liminfEn(NmfmSn) - Eoo(CooafooaSoo)

So it means that the normal state is a minimizer of F_,, which is not the
case as shown in Theorem 3.9.

(ii) So f # 0, and as in the proof of Theorem 3.6, since

N\’ / 1,
K By 72"
is bounded independently of &, then the sequence N/ is bounded. So, up

to the extraction of a subsequence, N, /x — C. Let A.(r) = (1/7)S.(r)es.
We have

AA, = (AH - ]—V—”e(,)fg.
KT

Since A, is bounded in H! and AA, is bounded in L? for p < 2, it implies
that A,. is bounded in W?? and we infer from elliptic estimates that A,
converges to A in W?(Bpg) for p < 2 and C%*(Bg) for a € (0,1). For
all small ¢, we have

2
lim inf i(sn-]-v—“) 32/ Ls—opr 46
K B

2 2
w20 JBr\B. T r\B. T

We can easily derive from (44)-(45)-(46) that (C, f,S) is a minimizer of
E.. So thanks to Theorem 3.9, there exists r; such that f = 0 on (0,r;)
and f2=1- (S — C)%/r? on (r1, R). Then we proceed as in [1] to show
that f,. tends to f strongly in L?, now that we know the shape of f.

3.4. Numerical Study

We use the same scheme as before. We compute the solutions with R = 1
and Hy = 3. We are interested in what happens with large «. Figure 3
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0 oot 1 i 1 L

0 0.2 04 0.8 0.8 1

Figure 4. — Minimizers of E. with vortices f(r) for R = 1, Hp = 3.
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illustrates the different types of radial solutions f to the Ginzburg-Landau
equations according to the number of vortices:

— when N is too large, the only solution is f = 0;

— for N of the same order as &, f is equal to zero in a small ball
around the origin;

— for small N, f is equal to zero in an exterior ring.

Figure 4 illustrates Theorem 3.12: it shows the convergence of minimizers
f« as x tends to infinity. We can see that the vortex core in an inside ball
and there is an outside annulus where superconductivity remains.

4. CONCLUSION

We have proved in the case of a ball, that for large x, the minimizer
among radially symmetric solutions has N vortices concentrated at the
origin, N being of order x. It should be interesting to make a stability
analysis of these minimizers. What we may expect for the global minimizer
of E, is to have of order x vortices, but not necessarily concentrated at
one point.
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