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ABSTRACT. — We construct a blow-up solution for the following nonlinear
complex equation:

u, = Au+ (1 +38)|uff"tu, uweC.

We also find the asymptotic profile near the singularity, and generalize the
result to other vector-valued equations. © Elsevier, Paris
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RESUME. — On construit une solution explosive de I’équation non linéaire

complexe suivante :
P uy = Au+ (14 i6)|uff'u, uweC.

On donne aussi son profil asymptotique au voisinage de la singularité, et on
généralise le résultat & d’autres équations & valeurs vectorielles. © Elsevier,
Paris

1. INTRODUCTION

We are interested in the following reaction-diffusion equation:
el
5 = Aut (1+ )P, u(0,3) = uo(x). (1)
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582 H. ZAAG

where, 6 € R, p € (1,+), p < (N+2)/(N —-2) if N > 3, and
ug € H = WHPHL(RYN C)n L>=(RY,C).
(1) is a special case of the vector-valued equation:
ou
i Au+ F(u),u(z,0) = up(z), (2)
where u(t) : x € RY — RM, F : RM — RM is regular and F is not
necessarily a gradient.
For simplicity, we focus on the study of (1) (results for equation (2) will
also be presented in section 3).

Equation (1) appears in the study of various physical problems (plasma
physics, nonlinear optics). See for example Levermore and Oliver [15]
and the references inside. Blow-up resuits for vector-valued equations have
been intensively studied in differential geometry. See for example a review
paper by Hamilton [12].

The Cauchy problem for equation (1) can be solved in H. u(t), solution
of (1) would exist either on [0, +00) (global existence), or only on [0,7),
with 0 < T < 4occ. In this case, |u(t)|lg — +oc when t — T, we say:
u(t) blows-up in finite time 7" in H. In this paper, we are interested in the
finite time blow-up for equation (1).

If 6 = 0 and wuo(z) € R, then (1) can be considered as real-valued.
Blow-up in this real case has been studied by various authors. Relying on
the use of monotony properties and maximum principle, Ball [1] and Levine
[16] find in this case obstructions to the global in time existence for (1).
Other authors investigated the asymptotic behavior at blow-up of blow-up
solutions of (1), § = (. See for example Weissler [20], see for a study in
the scale of similarity variables Giga and Kohn [11], [10], [9], Filippas and
Kohn [5], Filippas and Merle [6],... The notion of asymptotic profile (that
is a function from which, after a time dependent scaling, u(t) approaches
as t — T) appears also in various papers: see for example Bricmont and
Kupiainen [4]. [3], Berger and Kohn [2] for a numerical study. In the scalar
case and in one dimension, Herrero and Velazquez give a classification of
possible blow-up profiles. They use the maximum principle and the decay
in time of the number of oscillations of the solution. Some of their results
are generalized to N dimensions in [19].

Most of the techniques used for 6 = 0 in the cited papers can not
be applied in the case § # 0, since (1) is complex-valued (no maximum
principle applied), and the equation does not derive from a gradient.

Another method has been introduced in [18] in the case § = 0 (see also
[4]): Once an asymptotic profile is derived formally for (1), the existence
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BLOW-UP FOR VECTOR EQUATIONS 583

of a solution u(¢) which blows-up in finite time with the suggested profile
is proved rigorously, using a nonlinear analysis of equation (2) near the
given profile. This approach which does not use maximum principle allows
us to find blow-up solutions for vector-valued heat equations (even with no
gradient structure). In this paper, we aim at adapting this method to show
the existence of a blow-up solution for equation (1) with § # 0.

Let us remark that the scalar case provides us with a blow-up solution
if & = 0. Unfortunately, this result is a one dimensional result and it fails
when we perturb slightly the nonlinearity. Indeed, let us mention the case
of the following vectorial equation:

Ju
ot
with 1 < ¢ < (p + 1)/2, the method of Ball [1] yields a blow-up solution

u(t) : Q@ — C where Q is a bounded domain of RY, see appendix A
for details.

We show that there exists & > 0 such that for each § € [—ép, 6o], equation
(1) has a blow-up solution. We give in addition a precise description of
its blow-up behavior. Indeed,

= Au+ |ulP ™ u + ilulq‘lu,u‘ag = (3)

THEOREM | (Existence of a blow-up solution for equation (1) for small
8). — There exists 6y > 0 such that for each 6 € [—by, by|, there exist initial
data ug such that equation (1) has a blow-up solution.

This Theorem follows directly from the following proposition which
specifies the behavior of u(¢) near blow-up. Indeed, up to a time dependent
scaling, u(t) approaches a universal profile

(p— - X’p”—_ﬁ;’;zﬁ)_l”ﬂ (4)

when ¢ — T. More precisely:

ProrosiTion 1 (Existence of a blow-up solution for equation (1) with the
profile (4)). — There exist 65 > 0, Ty > 0 such that for each 6 € [~bg, 6],
for each T € (0, Ty), for each a € RY,

1) there exist initial data g such that equation (1) has a blow-up solution
u(x,t) on RN x [0,T) which blows-up in finite time T at only one blow-up
point: a,

il) moreover, we have

1446

lim [[(7 — ) 5Fu(a+ (7~ 0] log(T ~ )2 2.) = f3(2) [l r) = 0

t—T
(5)
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584 H. ZAAG

with

: _{, (p =12 Kl .
fs(z) = <p -~ 1+ 10 62)|Z| ) : (6)

iii) There exists u. € C(RN\{a},C) such that u(xx,t) — u,(x)ast — T
uniformly on compact subsets of R¥\{a}, and

8(p—(32)|10g|1:—(LH] o as & — a

uelw) ~ { (p— 1)?|z -~ af?

(7)

Remark. — Estimate (5) is really uniform in z € RY. In previous papers
dealing with the case 6 = 0, only Bricmont and Kupiainen [4] and Merle
and Zaag [18] give such a uniform convergence. In most papers, the same
kind convergence is proved, but only uniformly on smaller subsets (for

|z| < C/+/|log(T —~t)| in [5],...).

Remark. — In fact, we show that property iii) is a consequence of ii). We
want to point out that for the heat equation (6=0), iii) was known just in
dimension one using the decay in time of the number of oscillations of the
solution (Cf Herrero and Velazquez [13}).

Remark. — To prove Proposition 1, we linearize in a way equation
(1) around f,;l+i5, and give a nonlinear finite dimensional reduction of
the problem. Then, we solve the finite dimensional problem using index
theory. The proof is more difficult than in [18], because of the vectorial
structure, the presence of a coupling between coordinates, and the presence
of one more neutral direction. These techniques give then as in [18] a
stability result with respect to the initial data of the behavior described in
Proposition 1 (see section 5).

Remark. — Center manifold theory do not apply here. It fails to give
a uniform estimate such as ii). One can point out that even if it works,
a center manifold theory gives a convergence only uniform in the region

{lz]3/|log(T - t)| < C}. For discussion in the case § = 0, see Filippas
and Kohn [5], page 834-835.

Remark. — We see from (6) that 0 < 6y < /p. Since equation (1) is
rotation invariant, for each w € S!, we can find initial data wu, such that

the corresponding solution has the profile fﬁl“bw.

From this result, one can ask: what happens for 6 > 8¢? Does equation
(1) still have blow-up solutions? We conjecture the existence of 50 > () such
that for |6 < &y, equation (1) has blow-up solutions, while for |8 > &,
no blow-up is possible for solutions of equation (1). That is, all solutions
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BLOW-UP FOR VECTOR EQUATIONS 585

are globally defined. Indeed, from the formal asymptotic analysis, one can
remark that for |6] > VD 51’”'6 is no longer bounded, and the analysis
fails. Another question arises: what happens with the critical value § = bo?
Unfortunately, we are not able here to give a precise value of bo and a
rigorous proof of what is conjectured.

As an extension of Theorem 1, one can mention that using the same
techniques, we have the same result for the following vector-valued
equation:

du

i = Au+ |U|P—1u + G(u),u(z,0) = uo(gj) (8)

where

Du(t):z€RY - RM pe(1,+00), p< (N+2)/(N-2)if N >3,
wp € H = Wh+L(RN RM) 0 Lo(RN,RM),

2) G : RM — RM is a perturbation of |u|P~lu satisfying: G(u) =
Gi(Jul?)u, |G(uw)| < Clu|", |Guy) — G(Aug)| < CAfuy — uy| for
lug|, Jue] < 1, A > 1, r € [1,p), G; : RT — R™,

Indeed,

THEOREM 2 (Existence of a blow-up solution for equation (8)). — There
exist initial data gy such that equation (8) has a blow-up solution.

Let us mention briefly the organization of the paper. The proof of
Proposition 1 relies strongly on a double-scale description of u(t), solution
of (1). We first give in section 2 an equivalent formulation of the problem in
the scale of the well known similarity variables (see Giga and Kohn [11]....).
Then, working in the original scale, we prove in section 3 the existence of a
single-point blow-up solution for equation (1) such that (5) holds. In section
4, we return to the original scale u(z,¢) and use the invariance of equation
(1) under the transformation (tg,A) — wy(z,t) = )\%u(\/}x,to + At)
to show that estimate (5) yields the equivalent (7) for the profile u, in
the original scale. We conclude in section 5 by giving some comments
about the stability of the result of Proposition 1 and detailing the case of
equation (8) (M > 3).

Without loss of generality, we can now assume that ¢ = 0 and N = 1.
The same proof holds in higher dimensions (see [18] for the analysis of
the case N > 2). We write each complex quantity (number or function) z
as z = z1 + 1z9 with 21,20 € R.

The author wants to thank Professor F. Merle for his helpful suggestions
and remarks.
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586 H. ZAAG
2. FORMULATION OF THE PROBLEM

As we mentioned just before, the proof of Proposition 1 will be
completed in two steps. In the first step (section 3), it is enough to
construct u(t) a solution of equation (1) satisfying (5), since this implies
directly that u(¢) blows-up in finite time 7" at only one blow-up point: 0
(parts 1) and ii) of Proposition 1). Indeed, it easily follows from (5) that
Hmyr u(0, )] = +oo, Wthh means that u(t) blows-up in time T at the
point O, and lim, (7T — )71 llu(b )} = 0 for b # 0, which implies in
turn that u(t) does not blow-up at b # 0, and therefore blows-up only at
the point 0. This last result follows directly from a Theorem by Giga and
Kohn (Theorem 2.1 in [11]).

In a second step (section 4), we show how the behavior of the limiting
profile u.(x) near the blow-up point (part iii) of Proposition 1) can be
derived from the behavior of u(t) as ¢ — T given by (5).

Hence, our first goal is to construct u(t) a solution of (1) satisfying (5).

To have an idea about the blow-up growth of «, solution of equation
(1), we compare this solution with a blow-up solution of the corresponding
differential equation

{
(1: (1 + i8)|ul" u
This solution is u(t) = e*((p — 1)(T — )" #=1, with T > 0, § € R.

Now, we consider u, a solution of equation (1) which blows-up in finite
time T' > O at one blow-up point 0 € R. We expect u to grow with a similar
rate near blow-up. If we introduce convenient “similarity variables”

Y= T — 1
—log(T —t)
w(y,s) = (T —1) = u(x, t), (9

then, we can look for bounded non zero solutions of the following equation
(which follows from (1) through (9)):

w = Aw —~ —wa -1+ L(S)L + (1 4 &) |w[P 1w, (10)
s p—1

2.1. Formal asymptotic analysis

Since equation (10) is of heat type, one can ask whether it has self-similar
solutions, or at least, approximate ones. We have the following lemma:
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BLOW-UP FOR VECTOR EQUATIONS 587

Lemma 2.1 (Formal asymptotic behavior of w).

i) The only self-similar solutions w(y,s) = ’U()(%) of (10) are the
constant ones: vy = 0, or vy = ke, with k = (p — 1)"P+1 and § € R.

i1) If equation (10) has a solution of the form

w9 =Y (L) (1)

=0

with v; regular and bounded, then, there exists 8 € R such that

12 _14ib
vo(z) = €' (p —14 Z%)p__——_;ESZQ> = e fs(2)1 7, (12)
where fs(2)'7% is the suggested profile in (4).
Proof.
i) The equations satisfied by such a v, are
1, . Vo . p—1 .
0= ——2-z1)0(z) -1+ '1,6)—1 + (1 4+ 46)|vo|P ™ vo, (13)
p—

and —1zv4(z) = v}(z). It is easy to see that the only solutions are the
constant ones, and that — -7 + |vo[P~ vy = 0. This yields the conclusion.

ii) If we substitute the form (11) in equation (10) and set z = f/’—: we
find (if s — +o0) that vy satisfies (13). Searching a non constant solution
vo(2) = p(2)e®®), with p > 0, one finds that vo(2) = e (p—1+bz2)" 7T
with b > 0, § € R.

In fact, there is only one possible value of b. Indeed, if we substitute
the expanded form (11) in equation (10) and compare elements of order
L, we obtain F(z) = 0, where F(z) = Jzv) + vj — 52v] — (1 + i6) A+
(1 +46){(p — D)|volP*vo{vo 1011 + vo,201.2) + [volP~tor }, and vj = v, 1+
wj2, 7 = 1,2. According to regularization properties of equation (10), it
is natural to require that v; is C3, which implies that F' is C2. F"'(0) = 0

implies b = 4((1:—15):) |

Remark. — Looking for approximate solutions of (10} or for solutions of
(10) in the expanded form (11) is a well known approach used in various
problems such as nonlinear optics, and also nonlinear heat equations (sce
for instance Galaktionov, Kurdyumov and Samarskii [7] for approximate
self-similar solutions in the case of global existence (in time), see also
Galaktionov and Vazquez [8] where an approximate solution is shown
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588 H. ZAAG

to be an admissible blow-up profile in the case of a heat equation with
(1 +u)log®(1 + u) as a nonlinearity). Unfortunately, computation can not
be carried out easily for the form (11) in the present case, and we are
unable to show the existence of a solution for equation (10) with such a
form. In fact, instead of using this linear approach, we use a nonlinear
one in section 3 to show that (10) actually has a solution w(y, s) which
approaches (in L°) fs(<)'*"* as s — +oc. This approach (instead of
the linear one) ylelds the stablllty of such a solution (see section 5).

2.2. Transformation of the problem

Using similarity variables (see (9)), we see that proving (5) is equivalent
to proving that (10) has a solution satisfying

o\ L+
i o) = fo( 2} e =0 (14

where )‘H“S

is given by (4).

In order to prove this, we will not linearize equation (10) around f; 110 ag
it suggested by (14), because the linear operator of the linearized equation
has two neutral modes which are difficult to control. We will instead use
modulation theory and take advantage of the invariance of (10) under the
action of S (Ty, : w — e%w, for each fy € R): in fact, we introduce
q(y,s) : [-logT,+00) — C and 6(s) : [~ log T, +o0) — R such that

w(y,s) = ((y. 5) + aly. 5))e"

: (15)
0= /X(y-, $)(q2(y, $) — baa(y, s))dp
where
y 1+id
_ i Y p—1)"77 (16
o) =5 (1) + 5o ) " (16)
1 = 17
x(y,s) = XO(I@&) (17)
xo € C§°({0, +00), [0, 1]), with xo = 1 on and xo = 0 on [2. +0],
Ky is a constant large enough, and
ey /4
dp(y) = (18)

Vs

The introduced liberty degree #(s) is fixed by the second equation of
(15). It will appear in the course of the proof that this second equation
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BLOW-UP FOR VECTOR EQUATIONS 589

makes one of the neutral modes of the perturbation ¢ to be zero, which
simplifies greatly the control of g.

One can remark that we don’t linearize (10) around e"(’(s),fg*’ﬁ, but
around ). Up to the natural action of S! (multiplication by x~*)
which simplifies the study of the linear operator of the equation on g,
these two expressions differ from each other by a term of order %, so that
(at least) some components of ¢ are smaller that % which helps to have
q(s) — 0 in L as s — +oc.

Now, we claim that proving parts i) and ii) of Proposition 1 reduces to
proving the following proposition:

ProposiTioN 2.1 (Equivalent formulation of Proposition 1, i) and ii)).
—~  There exist &y > 0, Sg > 0, such thar ¥§ € [—8y,60], Yso > So,
Jgs, € —@(.,80) + H such that the system

20 a) = {20 =i, PO09) + BlO)0) + R
S . 8 (19)
0= / x(, 5)(q2(y, 8) — 6q1(y, s))du(y)
where
q )

1
() = Aq— ~y.Vq—
L.(q) = A= 5y.Vq (1+Lé)p_1

+ (L4 i6){(p— Vel eleiqr + v2q2) + |9]* g}
B(g) = (1+i6){le+ql" e+ q) — o[ e
— (p— Dol 20(orq1 + @202) — ol q},
de
R(B,y.5) = R*(y, s) — i—,
(0,:5) = (3 5) — 15,

. 9 1 ,
R*(y,s) = ——a—f + Ap — iy.Vw— (14 i6)

ok (L)l
p—1 /

(20)
with initial data (q(y, $0),0(s0)) = (¢s,(y),0) at s = so, has a unique
solution (q,8) for s > s, satisfying 922100 lg(s)|lL= = 0, and F0. € R
such that 0(s) — 0. as s — +oc.

Indeed, due to (15), the first equation in system (19) is equivalent to
(10), hence, it is equivalent to (1) (use (9)). In addition, once proposition
2.1 is proved, we have:

w(y, s) — ei(f =010 K)fé(%)wiﬂlmo

< 1€ (qly. s) + (y, s)) — e/ C=0108") fi ()Y L (use (15))

Vol. 15. n® 5-1998.



590 H. ZAAG

< lla(s)lizs + (e = e~ Joly. 5)ll .~
e (p(y. s) ~ ”’7‘ (7 1+”’)Hr
< |lg(s)||z= {s ) — | + Cs™ ! — 0as s — +oc (see (16)).

Therefore, w(y,s) approaches ¢/%=—¢log “‘)fé(%)l“é in L>*(R) as
s — 4oo. Since (10) is rotation invariant, we can replace w by
e~ H#x—blog )y, to obtain (14), which is equivalent to (5) through similarity
variables (see (9)).

Hence, we must study system (19) for (¢,#) € L™(R) x R to
solve the problem. Its evolution is mostly influenced by its linear part
Loolq) = (L, — zﬁ—f)(q) Let us study more carefully this operator. L. »
is a R-linear operator defined on D(L, ) C L*(R,C.dpu). Since we are
interested in the behavior of (¢(s).6(s)) in L=(R) x R as s — +oc, let
us consider the limit as s — +oc of L, 4(r) for a fixed r € L™(R,C)
(note that L>*(R.C) C L*(R,C,du)).

Since 4(s) will be shown to have a limit when s — +oc, we can think
that the effect of % appearing in the expression of L, (see (20)) will
be negligible. Therefore, £, 4(r) — L(r) = Ar — Jy.Vr+ (1+ié)r as
s — +oc (see (20) and (16)). The following lemma provides us with the
spectral decomposition of L£:

LemMma 2.2 (Eigenvalues of ﬁ).

i) L is a R—linear operator defined on L2(R,C,du) and its eigenvalues
are given by {1 — 2|m € N} Iis eigenfunctions are given by

{(1+ i) hm.ih,,|m € N} where
[%]

Tn’! n, m—2n ¢
NOEDY H(“—(_l) e, (21)
n==0

I(m — 2n)!

We have: ﬁ((l +i0)hp,) = (1 = 5 )(1 +id)h,, and ﬁ(zhm) = —Fihun.

ii) Each v € L*R.C, du) can be uniquely written as l(y) =
(1+ zﬁ)(Zm o T L (Y)) + I(Zm o To.mhm(y)), where 7, € R.

Proof.

i) From [18], we know that {h,|m € N} is a total family in
L*(R,R,du), and that (A — 3y.V)h,, = —Zh,,. Hence, we decompose
each r € L3(R,C,du) as r(y) = Z:;‘:O(’rl_,,l + 172 1 Vm ().

A € R is an eigenvalue for L Ire L*(R,C,du),r #£ 0, Lr=Ar
- ﬂ - ) Lom =0

(
= 3Ir#£0VYme N{ A i H=F = A =0

= dmeNA=1-%
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The computation of eigenfunctions is easy and we shall skip it.

ii) We write 7 = (1 4 8)7) + iy, with 7; € L*(R,R, dy), and use the
fact that {h,,}m € N} is a total family in L*(R,R,dy). B

Let us consider {¢(s),f(s)) a solution of system (19). We will use
an integral formulation of its first equation in terms of the fundamental
solution of £,. We want ||q(s)|[z~ — 0 as s — 4oc. This L™ control
will result from the L° control of (1 — x(y.s))q(y.s) and x(y, s)q(y. s)
(see (17) for x):

1) in the “regular” region |y| > Ko\/s, L, behaves in L*(R,C,du)
like an operator with a fully negative spectrum. We will show from (20)
that the fundamental solution of L, between sy and s; > sy is a strict
contraction from L>(|y| > Ko/s) to L>(R). Therefore, the control of
(1 — x(y,3))q(y,s) in L=(R) will be done without difficulties.

2) in the “singular” region |y| < Ko\/s, L, behaves in L?(R, C, dy) like
L. In order to control xq(y, s), we expand it with respect to the spectrum
of £ in L*(R,C,dy), but we will control g in L*(R) and not only in
L*(R,C,du) (see section 3 for the rigorous analysis).

By lemma 2.2, £ has two expanding directions ((1 + id)hg, (1 + i8)hy),
two null ones ((1 4 i6)ho, tho) and countably many negative ones.

Here, the situation is a bit more complicated than in [18], because we
have two null directions (instead of only one).

Our strategy to control all the components of x¢ so that || xq(s)||z~ — 0
as s — +oo is to control the part of xg corresponding to the negative
spectrum of £ and the one parallel to (1 + i6)hy (which corresponds to
the null eigenvalue) as in [18]. The component parallel to ihy (which
corresponds also to the null eigenvalue) has been fixed by the second
equation of (19) to be zero (using modulation theory and the phase
invariance of the equation).

However, the analysis of system (19) is longer than the equivalent analysis
in [18], because of terms with fil-f and the presence of strong coupling
between the two scalar parts: ¢; and ¢ of ¢, satisfying: ¢ = (1 + 6)qy +igo.
Fortunately, ;‘ﬁ—{} will be controlled near the profile ¢ (see 16), and, although
the coupling will be of critical size, its effect will be controlled by 8, which

can be chosen small.

3. EXISTENCE OF A BLOW-UP SOLUTION FOR EQUATION (2)

In this section, we prove proposition 2.1, which implies parts 1) and ii)
of Proposition 1 and then Theorem 1.
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3.1. Geometrical property for ¢

As in [18], the convergence of ||¢(s)||L= to zero as s — +oc will follow
from a geometrical property: ¢(s) € Vi(s), where Vi(s) C L*(R.C)
shrinks to ¢ = 0 as s — +oc. The structure of V4(s) respects the free-
boundary moving in ¢ at the rate /s, and also the eigenfunctions of the
operator L (Cf lemma 2.2).

In order to define V4(s), we introduce the following useful notations:

For each g € L*(R,R) and s > 0, we define g,(y, s) = x(y, s)g(y) and
9:(y,5) = (1—x(y, $))g(y). Since L=(R,R) C L*(R,R, du), we introduce
for each m € N, g,,(s) as the L%(R, R, du) projection of gy(y, s) on h,,,
(Cf (21)). We also let g_(y.s) = P_(g) and ¢, (y,s) = P (gs), where P_
and P, are the L?(R,R, dp) projectors respectively on Vect {h,,|m > 3}
and Vect {h,,|m > 1}. Thus, we write either

9Y) =D gl hanly) + 9-(4,9) + g (v, 5) (22)
m=0
or
9(v) = go(8)ho(y) + g1 (. 5) + ge(y, s). (23)

For each z € C, we write in a unique way z = (1 +40)Z; + iZ2, where
z7 and Z, are real.

Hence, if 7 € L>(R,C), we write: r(y) = (1 +46)7(y) + ir2(y) and
expand 7; and 7o respectively as in (22) and (23). Thus, we write:
r(y) = (1+i6)71(y) + ira(y)

2
= (1 + 16){ Z 7~‘1.,m(8)hm(y) + 7:1,~(ya S) + fl,e(yv S)}

m=0

+ t{T2.0(8)ho(y) + 72,1 (v, 8) + Foe(y, 5) }. (24)

DEerFNITION 3.1. — For each A > 0, for each s > 0, let V4(s) be the set
of all functions r in L=(R, C) such that

IT1m(8)] < As™2. form =20,1,
IF12(9)l < AQ(IOg 3)5_2’ [72.0()] < As 7,
Py, ) < AL+ D)% 1 c(y. ) < AL+ y]*)sT
Pre(s)loe < A%s72, Fae(s) e < A% %

where v is given by (24).
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Remark. — We note that L™(R,C) C LQ(R: C,dp), which justifies the
expansion with respect to the eigenvalues of £ in definition 3.1.

Remark. — It is easy to see that if g(s) € Va(s), then Yy € R,
ay.5)] < C(A)s~ 12 a3~y — 0
as s — +oc, and we obtain a convergence in L*°(R,C) and not only
in L?(R,C,du), as in other papers (see [5],..). We emphasize that a
convergence in L?(R,C,du) or more generally in H™ (R, C,du) yields
a convergence in L>([—R, R],C) for each R > 0, and never a uniform
convergence on R.

With this remark, we claim that proposition 2.1 follows from the
following proposition:

ProposiTion 3.1 Equivalent formulation of proposition 1, 1) and ii). —
There exists A > 0, 6y > 0, Sy > 0, such that Y6 € [—bo, o], Vso > So,
I(dp.d1) € R? such that system (19) with initial data at s = s

X

(do.a, (Y, $0) = (1+z5)f0<\/_0> (o + dry//50) — (g)ums

+i%<sin [5105};(%)}—5@09 [610g< >Df0<\/_0>11/3(30)

9(30) =0
(25)

(where fo is given by (6),

"= -y 0=

,S0)d
Px(y, s0)dp(y )) (26)

fx Y, So)du(y)

has a unique solution (q,6)q4, 4, for s > so, satisfying q(s) € Vai(s),
Vs > $q.

Indeed, once proposition 3.1 is proved, we take for g, the expression in
(25). From q(s) € V4(s), Vs > sp, we have ||q(s)|lp~ — 0 as s — 400,
and 36, such that #(s) — 6., as s — +00. Indeed, we have the following
lemma:

LeMMA 3.1. — VA > 0, 3s3(A) > 0 such that V6 € [—1,1], Vs > s3(A),
if q(s) € Va(s), then |2(s)] < &

This lemma implies LD 4 (s)|ds < +oo, which gives f. such that
f(s) — b as s — +oo. We give the proof of this lemma in the next
subsection.
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In order to understand the dynamics of ¢ and #, we derive the
equations satisfied by ¢ and ¢ (g(y.s) = (L +id)Gi1{y, s) + iga(y. 5).
Cf decomposition (24)) and 6:

LemMA 3.2 (Equations satisfied by ¢1, §» and 8). — If q satisfies (19)
for s > sg, then:

P9 = (£ Vsl #0700 )i+ (Vialo) + T )
+ Bilq(y. 5)) + Ba(8.y. ). (27)
W)= (Ve - (L 0 i+ (£ 14 Vaates) =55 ) )
+ Balg(y. $)) + Ra(8, . 9). (28)
do

7s X(ya $Y((1+ 6%)p1 + 6@z + (1 + 6%)gy + 02 )dp

= /X(ﬁ — Dgodpn + /—Q2d/t+ / X(Va1Gy + Vo ago)dp

/ﬂM@@+/ Xy ) By, ). (20)
where 1
L=8- 2y V4l (30)
Vialy,s) = (1= 6"l ~ ;547) + ( = D[P (] — 6%¢3) — 1
Via(y.s) = =6(el"™" = 25) + (0 = Dlel 7 (¢1 = 62)02
Vai(y.s) = (1+ 8) {6l o 1) (p = DlelP>(@1 + dp2)pa}
Vao(y, ) = (L+ &) {(JelP = 2 L)% (0 - Dleb—e3).

@ is given by (16), (14 i6)B, +iBy = B, (1+i6)R, + iRy = R, and
B, R are given by (20).

Proof. — (27) and (28) follow directly from (19). For (29), we note that we
derive form (19) - fx Y, s qQ(z/ s)du(y) = 0 (§2 = g2 — 6gy). Therefore

)52 (v, 8)duly) = — [ 3y, $)d2(y, s)dp(y). Multiplying (28) by
x and integrating with respect to du yields (29). B

The proof of proposition 3.1 follows the general ideas developed in [18].
Indeed, it is divided in two parts:

— In a first part, we reduce the problem of the control in V4(s) of all the
components of ¢(s) to the problem of controlling (G 0(s), §1.1(s)), which
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are the components of ¢ corresponding to expanding directions of L (see
(24) and lemma 2.2). That is, we reduce an infinite dimensional problem
to a finite dimensional one.

— The second part of the proof is devoted to the solving of the finite
dimensional problem, using 2-dimensional dynamics of (§; o, ¢1.1)(s) and
a topological argument (index theory) based on the variation of the 2-
dimensional parameter (dy,d;} appearing in the expression (25) of initial
data quq.q, (Y- $0)-

3.2. Proof of the geometrical property on ¢(s)

First, we prove lemma 3.1 which insures that proposition 3.1 implies
proposition 2.1 and then Proposition 1 i) and ii).

Proof of lemma 3.1. — We control ;1_1% thanks to equation (29). Let us
estimate each term appearing in:

If s5 > s3(A), we have the following estimates.

— Since ¢ € V4, the left-hand side of (29) is (in absolute value) greater
than C|%| where C' > 0.

— Since £ is self-adjoint in L2(R, dp),

' *x 1 9y 2 e V8
~Diadp= [ (L—D)xGodu= | [ Z2-= —v'/8 .
/X(ﬁ )Gadp ./( 1)xGadp /(a;ﬂ 5 ay)fhe Jir dy

From (17), |92 — 1y%| < C, and 2% — 1yZX = 0 for |y| < Kov/s.
Hence, we can bound e ¥'/8 by ¢~ %55/8 and use q(s) € Va(s) to obtain
| [ x(£ = 1)godp] < Ce™® (f Ky is large enough).

— The same argument yields | [ %qu;q < Ce™.

— We have |V, ;(y,s)] < Cs71(1 + |y|?) (see lemma B.1 in appendix
B). Combining this with Definition 3.1, we get | [ x(Va.1¢1 + V2 2¢2)dp| <
Cs™3log s.

— We have |x(y,s)B(q(y,s))| < Clq|* for ¢(s ) G Va(s) (see lemma
B.4). Therefore, | [ xBa(q)du| < jx|q|2du < Cs73

— From (20), | [ x(y,s)R3(y,s)| < & (see lemma B 5)

Combining all the previous estlmates gives: | < S W

Now, we give the proof of proposition 3.1 tollowmg the plan announced
in the previous subsection.

Part 1. — Reduction to a finite dimensional problem

Here, {q,f) stands for a solution of system (19) with initial data (25).
We show through a priori estimates that finding (dy,d;) € R? such that
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Vs > 50 g(s) € Va(s) is equivalent to finding (dy.d;) € R® such that
Vs > 80 (q1,0(8),q1.1(8)) € Va(s). where

DEFINITION 3.2. — For each A > 0, for each s > 0, we define V4(s) as
being the set [—4, 3% C R

ProposiTION 3.2 (Control of g(s) by (G1.0(s), q1.1(s)) in Vi(s)). — There
exists A1 > 0 such that for each A > Ay, there exists 61(A) > 0, s;(A) > 0
such that for each 6 € [—061,61], so > s1(A), we have the following
properties:

— if (do, d1) is chosen so that (¢1.0(s0),G1.1(s0)) € VA(SU), and,

— If for s1 > sg, we have ¥s € [sq,s1], q(s) € Va(s) and q(s1) €
OVa(s1), then

1) (qro(s1),G1,1(51)) € IVals1),

i) (transversality) there exists 19 > 0 such that Vn € (0,n),
(q1,0(81 +m)sqra(s1+m) & Valsy +n) (hence, q(s1 + 1) & Vals1 +n)).

Proof. — see proof of proposition 3.2 below.

Now, we fix A > Aj, and &y = &,. We note q(do,d1) = qu,.a, (see
proposition 3.1).

Parrt II. — Topological argument for the finite dimensional problem

In the following proposition, we initialize the finite dimensional problem
and study the Cauchy problem for system (19).

ProposiTioN 3.3 (Initialization and Cauchy problem for system (19)).
— There exists s3(A) > 0 such that for each 6 € [=bq,b¢). for each
so > s2(A),

i) there exists a set D., C R? topologically equivalent to a square with
the following property:
q(do,dy, s0) € Va(so) if and only if (do, dy) € Dy, .

ity For each (dy,d1) € D, 3S = S(do.d1) > s¢ (maximal) such
that system (19) wirh initial data (25) at s = sy has a unique solution
(q.0)(do, dy) on [sq, 8), with g and 8 C? and q(s) € Vay1(s), Vs € [s0,5).

iii) (q.8) is continuous with respect to {dy,dy. s).

Proof.

i) From (25), we have

P

N ) Y Y @ : 1"
do,dy,y, 80) = - do +d{—= | — —cos |élog({—

Gi(do,dy,y 0) fo(\/%> <0 1\/50) 5 { g(gﬂ)}
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and

Ga(do 1.y, 50) = —% <6 — sin [610g (%)} ) (1- [)’(so)fo(a_\/i__o)lj‘

The expression of ¢; is similar to the expression of initial data (31) for the
similar equation (15) in [18]. ¢» is a sum of two terms appearing in the
mentioned formula (31) in [18]. Hence, one can adapt without difficulties
lemmas 3.5 and 3.9 of {18] to conclude (note that ¢, o(do, d1, s0) = 0).

i1) As if to use (15) in a reverse way, we introduce

w(y,s) = e (qly, s) + oy, 5)). (31)
Therefore, our problem is equivalent to the following system in (w, 8):

Yy 1 .
% froat A’LU — §va — (1 + Ié)]% + (1 "r 7:(5)|'w|p_1’u) (32)

F((6(s).s) =0
where

F(8,s) = cos(0)(wa,0(s) — dwy o(s))

+ sin(0)(—wy 0(s) — dwz0(8)) — P2,0(s), (33)

with initial data
’w(dovdl,so) - (d()vdlasﬂ) +(P(30)7 (34)
f(sg) = 0. (35)

By a simple calculation, we have w(dy, d1, s¢) € H. Hence from classical
theory, we have local existence and uniqueness of a C? solution for (32)
with initial data (34).

In order to prove existence and uniqueness for 6(s), we apply the
implicit function theorem to F' near (f,s) = (0,s). First we compute
20, s) = —sin(B)(w2,0(s) — dwio(s)) + cos(8)(—w1o(s) — dwao(s))
and %%(07 s0) = —@1,0(80) — 6p2,0(s0) — (14 62)q1,0(s0) — 6G2,0(50) (use
(31)) By (16), —QOL()(S()) — (5(,02,0(30) — —kK a8 $g — -+o0. Hence, if
so > s2(A) and (do,d;) € Dy, then q(so) € Va(so) C Vayi1(so) and
%—5(0, so) # 0. Since F(0,s0) = 0 (because o o(do, d1.50) = 0), and F is
C?, we have existence and uniqueness of C? 6(s).

We add that the solution (g¢,6)(s) is well defined if we require
q(s) € Van(s).
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iii) Using again the equivalent formulation (31), we see that
(g.0)(do.dy.s) is a continuous function of (g(dg.d;.sy).5). Since
q(do, dy, sg) is continuous in (dy,dy) (it is affine, see (25)), we obtain
ii). W

Now, we fix Sy > max(s1(A), s2(A)), and take & € [—8g, dg], s > So.
Then we start the proof of proposition 3.1 for A, ¢ and sg.

We argue by contradiction: According to proposition 3.3, for each
(dy,dy) € Ds,, system (19) with initial data (25) has a unique solution
on [so, S{dy,d1)) and q(do,dy,s0) € Va(sy). We suppose then that for
each (do, dy) € D, there exists s > sy such that q(dg, dy, s) &€ Va(s). Let
$+(do, d;) be the infimum of all these 5. By proposition 3.2 (s; = s,), we
can define the following function:

o:D,, —dC
soldo, d)? . .
(do,dy) "_’—(*04—1)(91&Q1,1)(d()7dl«S*(dosdl))
where C is the unit square of R?.

Now we claim

PROPOSITION 3.4. — 1) ® is a continuous mapping from D, to OC.

il) There exists a non-trivial affine function g : D,, — C such that
P o 915(1: = Idjac.

From that , a contradiction follows (Index Theory). Hence, there exists
(do,dy) such that Vs > sg, q(dg,d1,s) € Va(s).

This concludes the proof of proposition 3.1, and also the proof of parts
i) and ii) of Proposition 1. W

Proof of proposition 3.4:

i) Part iii) of proposition 3.3 implies that (¢, o(s), ¢1.1(s)) is a continuous
function of (dy, d;). Using the transversality property of (G1,0(s«), G1.1(s4))
on GVA(S*) ( ii) of proposition 3.2), we claim that s, (dy, d1) is continuous.
Therefore, ® is continuous.

i) If (do,dy) € OD,,, then from i) of proposition 3.3 , q{dy, dy, s54) €
V(o). According to the proof of lemma 3.9 in [18], (¢1,0(s0).¢1.1(s0)) €
BVA(SQ). Applying ii) of proposition 3.2 )with so and s; = 55, we
have s.(do,d;) = 50, and ®(dy,d1) = F(Gr.0(50),d1,1(50)). Let g :
(do.dv) € D,, — %(ql,o(so),q‘l’l)(so)) € C. From (25), ¢ is affine. Hence
Do gl_alfho = Idjyp,, - This concludes the proof of proposition 3.4. W

Now, we give the proof of proposition 3.2
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3.3. Proof of proposition 3.2

As we suggested in the formulation of the problem, the proof follows the
general ideas of [18]. However, it is more complicated because of terms
with % or because of strong interference between §; and ¢, (see (27), (28)).
Therefore, we summarize arguments which are similar to those exposed in
[18] by showing how to adapt them to the present context, and emphasize
the arguments relative to these new terms.

We divide the proof in three steps:

— In Step 1, we give a priori estimates on ¢(s) in V4(s): assume that
for given A > 0 large, p > 0 and an initial time s > s4(A, p), we have
q(s) € Vu(s) for each s € [0,0 + p|, where o > so. Using system (19)
which is satisfied by ¢, we then derive new bounds on ¢1 2, ¢1,—, Gie. Go,1
and gy . in [o,0 + p] (involving A and p).

— In Step 2, we show that these new bounds are better than those defining
Va(s) (see definition 3.1) provided that p < p*(A). Since §;2(s) = 0
by hypothesis in (19), only ¢;0(s) and ¢ ;(s) remain to be controlled:
the problem is then reduced to the control of a two dimensional variable
(G1,0(8), G1.1(s)). Afterwards, we conclude the proof of part i) of proposition
3.2.

— In Step 3, we use dynamics of (g10(3),41,1(s)) to prove its
transversality on OV,4(s) (part ii) of proposition 3.2).

Step 1. — A priori estimates of q.

From equations (27) and (28) (which are equivalent to the first equation
of system (19)), we write the integral equations satisfied by §; and §:

in(s) = Ka(s,0)a(o) + [ K (s, 7)Vio(T)a(r)

o

+ /S dTKl(s,T)Bl(q)dT + /S dr K, (s, 7-)1;?*1‘(7)
. / ) dTKl(s,T)Z—i(T){agal(T) + Ga(r) + 8G1(r) + @a(r)} (36)
(o) = Ka(s,0)00) + [ drKals,)Vea (1)in(7)

(o

+ /S dTKQ(S,T)B2(q)dT + /S dTK2(SvT)R;(T)

- [ arkas. )
X {(1+8%)@1(7) + 642(7)) + (14 62)du(7) + 6g2(7)}  (37)
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where K is the fundamental solution of £ + Vi1, K> is the fundamental
solution of £ — 1+ V34, £ is given by (30),
B(q) = (1+1i6)B; + iBs,
R*(y,s) = (1+i6)R* + iR%, B and R* are given by (20).
We now assume that for each s € [o,0 + p|, ¢(s) € Va(s). Using

(36, 37), we derive new bounds on all terms in the right hand sides of
(36, 37), and then on gq.

In the case o = sg, from initial data properties, it turns out that we obtain
better estimates for s € [sq, o + p).

More precisely, we have the following lemma:

LEMMA 3.3. — There exists Ay > 0 such that for each A > Ay, p* > 0,
there exists s4(A, p*) > 0 with the following property: V6 € [=1/2,1/2],
Vso > s4(A, p*), Vp < p*, assume ¥s € [o,0 + p|, q(s) € Va(s) with
2 Z S80.

g, estimates:
We have Vs € [o,0 + p,
i) (main linear term)

log o

|y 2(s)] < A= + (s — a)CAs_g,

|1, —(y, 8)| < C’(e‘E(q VA 4 e~ (5=) 4 A1+ |y*)s™2
lase(s)llz~ < C(A%™ "5 + Ael=))s™ 1,

where, as in decomposition (22),

Ki(s,0)q1(0) = Zalm y) + a1, (y,8) + a1 (y, 8).

If o = sq, and q(sg) satisfies (25), then

log S0

a1 2(s)] < + CA(s = s9)s™,
o, (, 8)| < 0(1 +1yP)s 72 flape(s)l| = < C(1L+ )53,
ii) (interference term)

|e12(8)] < C|6|A(s — )e* 7573,
1~ (y, 8)| < Cl6]A%(s — o)(1 + |y|*)s 72,
fer,e(8)|lee < C|5|(A2 + G(S_U)A)(s — 0)3_1/2,
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where, as in decomposition (22), f: drK1(s,7)V12(7)da(T) =

0(y,8) = Y trm($hm(y) + 01,2 (9, 8) + 010 (y, 5)-

m=0

iii) (nonlinear term)
B12(s)] < (8%172)
181~ (g, 9)| < (s = )L+ |y[*)s ™7, [|Bre(8)][ 1= < (s —0)s72 77,

where € = e(p) > 0, and as in (22), [ drK\(s,7)Bi(q(7)) =

5) = Z ﬂl,m(s)hm(y) + ﬂl,—(y’ 3) + ﬂl,e(yv 8).
m=0

1v) (main corrective term)

[71,2(8)] € (s — 0)Cs™3,
1, (1, 8)| < (s = )CL + [y*)s 7%, [Im,e(8)l|z~ < (s — 0)s™/4,

where as in (22),

[ kiR () = m(w:) Z%m(s)h W47, ()10, 5).

v) (small terms)

|A12(s)] < Cs — o)s™2,
A=y, 8)] < Cls — )L+ [9)*)s™>, IAre(8)l| L < C(s — 0)s™3/2,

where as in (22), f; dTK(s, T)%(T){&jl('r) +q2(T)+0@1(T)+ P2(T)} =

Z)‘lm )+ A —(y,8) + Arely, 9).

1) go estimates:
We have Vs € [o,0 + p],
i) (main linear term)

|z, 1 (3, )] < o<e-%<s-“>A + e A1+ |y)s 2,
' A)sT,

lloz,e(s)
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where, as in decomposition (23),
K(s,0)q2(0) = 02y, s) = az0(s)ho(y) + 2,1 (y, 8) + a2,e(y, 5).
If 0 = sq, and q(so) satisfies (25), then
ez, 1 (9, 9)| < C(1+ [y*)s7%, flaz,e(s)ll e < Cs72. (38)
ii) (interference term)

li2,1(y, 8)| < CI8]A(s—~0)(L+[y*)s 7%, eze()llz= < C16]A%(5~0)s71/2,

where as in (23),

/5 drKo(s, 7)Va1(T)a1 (1) =

12y, s) = ta,0(8)ho(y) + 2,1 (4, 8) + t2.e(y, 8).

iii) (nonlinear term)

1B, (y, )] < (s = )L+ ly")s™> ", [Bae()lem < (5= )57,

where € = e(p) > 0, and as in (23),

/ drKo(s,7)Ba(q(7)) = Ba(y, 5) = Ba,0(8)ho(y)+B2, 1 (y, 8)+Ba.e (¥, 8)-
iv) (main corrective term)

2,1(9:8)] < Cs7%(5 = )1+ [yl*), [n2,e(s)llz= < (s = 0)s7>/%,

where as in (23),

/ dr K2 (s, T)RY(T) = 12y, 8) = Y2,0(8)hn(y) + V2, (4, 8) + V2,6 (¥, 5)-
v) (small terms)
A2, (y,8)| < Cls = o)1+ |yP)s 7% [ Az,e(8)ll= < C(s —0)s2,

where f: d’er(s,’r)%(T){——&iz(T) = (1 + 6)gi(r) — @) — (1 +
62)P1(1)} = Xa(y, 8) = Ao o(8)ho(y) + A2, 1 (y, 8) + A2.e(y, 8), as in (23).
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Proof. — see appendix B.

Step 2. — Lemma 3.3 implies i) of proposition 3.2.

Here, we derive i) of proposition 3.2 from lemma 3.3. We follow the
method used in [18] to prove proposition 3.11 starting from lemma 3.12.
Indeed, from integral equations (36, 37) and lemma 3.3, we derive new
bounds on G 2(s), d1,—(y, 5, d,e(y, ), da,.(s) and Ga.e(y,s), assuming
that Vs € [o,0+ pl, ¢(s) € Va(s), for p < p* and ¢ > s¢ > s4(4, p*). The
key estimate is to show that for s = o+ p (or s € [0,0+p] if 0 = s0), these
new bounds are better than those defining V4(s), provided that p < p*(A).

Comparing lemma 3.3 here and lemma 3.12 in [18], we see that we
have additional terms:

— Interference terms I ii) and II ii),

— Small terms I v) and II v).

If we try to adapt the proof of proposition 3.11 of [18] in order to prove
a similar result, we see that the introduction of small terms does not change
anything to the proof, since they are either of lower order, if compared for
example with linear terms (speaking in terms of power of s): Ay _, A;.
and Ag ., or of the same order, but with a “small” coefficient (compared
with A): /\1,2 and /\2’_1_.

This is not the case of interference terms Ii) and II i), which have a
critical growth in terms of power of s. But recalling that in the mentioned
proof in [18], we have (s — o) < p < p* < log —Cé‘;, if we assume that:

Cl6|Alog &8s < 1 (Cf 1), Cl§|A%logE < 4 (Cf 4,-),
C|6](A2+e8 2% A) log & < 4% (Cfuy,), C|6]Alog A < 4 (Cfip,,) and
Cl8|A%log & < 4% (Cf 1),

which is possible if |§] < 65(A), with é5(A) > 0, then all these terms, while
remaining with critical growth, have a reasonable coefficient (1, % or ATQ).

Therefore, adapting the proof of proposition 3.11 in [18] for |§] < §5(A),
we prove a similar proposition:

PROPOSITION 3.5. — There exists A5 > 0 such that for each A > As, there
exists 65(A) > 0, s5(A) > 0 such that for each § € [—65, 85, so > s5(A),
we have the following property:

— if (do, dy) is chosen so that (1 ,0(s0),d1.1(s0)) € Va(so), and,

— if for 1 > s, we have V¥s € [sg, 1], q(s) € Va(s),
then Vs € [so,81] , |die(s)] < A%s7%logs — s73, |G _(y,s)] <
401+ [y)s 2 qe()li= < £ 1i(.s) < 40 + lyl¥)s 2

2

I|q2,e(3)l|Lm S 2‘§/§_
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By definition of (g,6) (Cf system (19)), we have ¢z 0(s) = 0. If in
addition ¢(s1) € dV4(s1), we see from definition 3.1 of V4(s) that the first
two components of g(s1), namely ¢y o(s1) and ¢y 1(sy) are in V4 (s1).
This concludes the proof of part i) of proposition 3.2.

StEP 3. — Transversality property of (g o(s1),d11(s1)) on OVa(sy).

To prove part ii) of proposition 3.2, we show that for each m € {0,1},
for each ¢ € {—1,1}, if G1m(s1) = ¢ 2, then M(sl) has the opposite
sign of & (aA)(sl) so that (¢1.0,q1.1) actually leaves V4 at s; for 8; > so
where so will be large. Now, let us compute q“) (s1) and ‘filsl (s1) for
q(s1) € Va(s1) and (G1.0(81),G1.1(81)) € 8V4(.91). First, we note that in
this case, ||q(s1)||L= < (\7/‘—;‘12 and | g (y, s1)| < CAQk‘—‘;v_;ﬁ(1+|y|3) (Provided
A > 1). Below, O(I) stands for a quantity whose absolute value is bounded
precisely by [ and not CI.

For m € {0, 1}, we derive from equation (27) and (21):

, Py
/dux(sl)—(%km =

/dMX(31)£§1km+/ dMX(Sl){V1,1§1+V1,2(§2}km+/dﬂX(Sl)Bl(Q)k‘m

< df . . .
+ [ o) RiCs1)kn + [ di(s) G (61100 + @ + 851 + G2,

where ki = ho/||ml|72 @ gay (se€ 21).

We now estimate each term of this identity:
8q1 m dq1m jdﬂ QIkml < fdlj'| |CA |k | <
Ce™*1 if s > 33(A)

b) Since L is self-adjoint on L2%(R,du), we write

/ dpix(s1) Lk = / Al (x(s1 )k ).

Using L(x(51)km) = (1 = 2)x(51)km + Lk, + 89X (2% — ¥ky), we
obtain [ dux(s1)Lgikm = (1 — )q17m(51)+O(CAe_sl)

c) We have Vy € R,le‘,j(y,S)l < €(1 + |y|?). Therefore,
| [ dpx(s1){Vinda + Vizde Ykl < [ duCsi (14 |y[*)CAs7 log 51 kil
< CA251_3 log s1

d) A standard Taylor expansion combined with the definition of
Va shows that [x(y,s1)B(q(y,s1))| < Clal* < Clal* + le|?) <
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B1(q)km| <

4 (log s1)? 2
ECE (1 ) + L2y, () 25

CA4(iOgsl)2 + Ce_sl.

e) From lemma B.5 in appendix B, we have |fd,ux(sl)l~2’1‘(sl)km| <
) (Actually it is equal to 0 if m = 1).

f) From lemma 3.1, we have |%(s;)] < Cs;? Hence,
| [dux 81) (81){5Q1 + G2 + 6¢1 + P2)km| < Csl .

Putting together the estimates a) to f), we obtain

log 81

1 31 31

whenever i, (s1) = <#. Let us now fix A > 2C(p), and then we take

s1(A) larger so that for 50 > s51(A), Vs > 0. ) L (A g < 3,
Hence, if ¢ = —1, @ (5,) < 0,if e = 1, '“S'" (s1) > 0. This concludes
the proof of part ii) of proposition 3.2. It also concludes the proof of part

i1) of proposition 1, and then the proof of Theorem 1. W

4. BLOW-UP PROFILE OF u(t)
SOLUTION OF (2) NEAR BLOW-UP POINT

We prove in this section part iii) of Proposition 1.

We consider u(t) solution of (1) constructed in section 3, which blows-
up in finite time 7" > 0 at only one blow-up point: 0. We know from
section 3 that:

1+:6 C
sup (T — )7t u(z/(T — t)|log(T — t)|,t) — f(2)| € ——m———xr—
zegl( t) (2/(T — )| 1og(T — t)], 1) - f(2)] < ]
(39
with "
N (p—1)° 2|2 ST
1@ = (r-1+ Eg5e) T (40)

Adapting the techniques used by Merle in [17] to equation (1), we derive
the existence of a profile u, € C(R\{0},C) such that u{xz,t) — u.(z)
as t — T uniformly on compact subsets of R\{0}. We want to find an
equivalent function for w. near the blow-up point: 0.

For this purpose, we define for each ¢ € [0,T), a rescaled version of u(t):

o(t,&,7) = (T — t) 7T u(eVT — £, t + (T — t)7) (41)

Vol. 15, n°® 5-1998.



606 H. ZAAG

where £ € R, 7 € [-7=,1) C [0,1). From equation (1), we see that
v(t, &, 7) satisfies the same equation as u{t, z):

t v
—_ p—- 1
VT € [ T—t’l)’8 = Agv + (1 +46)|v] (42)

Stated in terms of v(t), (39) becomes:

sup|(1—7) 5 v(t,&,7) - f
£ER

(Vi)
V(@ = )log{(1 - 7)(T - t)}]

C
\/Ilog{ -1 -}

We proceed in two steps:

(43).

— first, we consider r > 0 and estimate v(t,£,7) and its derivatives
locally near £(r,t) € R satisfying |£(r,t)| = r+/|log(T — t)|. We show
that v(¢,&,7) is bounded, and that it does not vary much for | — &(r, t)]
bounded and 7 € [0,1],

— then, we can identify wv(f,£,0) (approximated by (43)) and
v(t,€,1). For each z € R\{0}, we write |z| as |&(r,¢)|\/(T —t)

r/(T —t)]log (T — t)| for some r > 0 and ¢t < T and combine thlS
identification with (41) to get the equivalent of u.(z) for z — 0:

o () ~ 8(p — 6%)|log |z|| | *~*
” (p — 1)z

(44)

For simplicity, we omit ¢ in the notation and write v(€, 7) for v(¢,&, 1),
&(r) for &(r,t).

ParT 1. — Estimate for v near r/|log(T — t)|.

From (41), v blows-up at time 7 = 1 at only one blow-up point: 0. Using
(43) and a lower bound shown by Giga and Kohn in [11] on blow-up rate
for v, we derive a local bound on v for 7 € [0,1), |£ — &(r)| bounded,
independent from r and ¢. Using classical parabolic theory and the fact
that v depends in a certain sense only on 7 for |7| small, we show that v
actually does not depend much on r € [0,1) for |£ — £(r)| bounded.

v

ProposiTion 4.1 Estimate on —;( (r), 7). There exists v1 > 0
such that ¥r > ry, 3t1(r) < T such that Vt € [tl(r),T), vr € [0,1),
[52(&(r), 1| < CIf(r)lP.

Step 1. — Local bounds on v near £(r) for 7 € [~1/2,1).

Annales de I'Institut Henri Poincaré - Analyse non linéaire



BLOW-UP FOR VECTOR EQUATIONS 607

We crucially use a lower bound on blow-up rate for v established by
Giga and Kohn in [11] to show that |v| is bounded for ¢ near £(r) and
T e [-1/2,1).

LemMma 4.1 (Lower bound on blow-up rate for v)

i) (Giga-Kohn) There exists ¢ = e{(p, 6, N) > 0 with the following

property: If for |€ — &€(r)| < 34/|log(T —t)|, 7 € [-1/2,1)
(1= 7)7Tlu(E,7)| < e,
then Y¢ € R with |€ — &(r)] < 2¢/|log(T —1), V& € [-1/2,1),

(¢ )| < C.
ii) There exists ro > 0 such that ¥r > 7y, th('r < T such that

Vt € [to(r), T), if |€ — &(r)| < 24/|1log(T = t)|, 7 € [-1/2,1) then

(&, )| < C.

Proof.
i) follows immediately from Theorem 2.1 in [11]. ii) is a direct

consequence of i) and estimate (43). Indeed, if | —£(r)] < 3\/ |log(T — t)|
and 7 € [~1/2,1), then we have by (43) (1 — 7)77 |v(¢,7)| <
C|lf(r)| + Cllog(T - t)|~'/2. 1

Step 2. — Local bound on $%(¢,7) near {(r) for 7 € [0,1)

— 7 = 0: From a parabolic estimate and (43) considered for 7 < 0, we
have for |£ — &(r)| < +/|log(T —t)|:

9%y ~ 1 ?*f § ¢
3—52(5’0) |1og(T—t)|az2( |1og(T—t)|)S [log(T — )|’

Hence, from (42) we have for r > r3, t > t3(r), 1€ — &(r)] <
V| log(T - )] 0)] < Clf(r)P.

— 7 €0, 1) We use the equation satisfied by 5 and standard tools
of localization and local estimates with the semi- group e™ to conclude.
Indeed, if (£, 7) = |% |2, it follows from equation (42) and ii) of lemma 4.1
that V7 € [0, 1), V€ € R with [§ —£(r)| < /[log(T — t)], & < Az + Mz,
where M = M(p,6,N).

We can consider ¢ € Ci°(R) satisfying (&) = 0 if [€ — &(r)] >

VIog(T =), 0 < ¢ <1, (€) = 1if |€ - £(r)] < /|log(T —t)[/2,

and |V¢| + |A¢! <C.

'U
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If w(¢,7) = e ™MP(£)2z(€,7), then w satisfies:

%$<zhu+eTM(2A¢+2VLV¢)deEeRJw@JDthV&N”.

If 7 €[0,1), then

w(€(r),r) < (72w >)< ). 7)
+/0 (4n (T — o) 1/2 /dIe Rl (2|A¢| + 2|Vz||V4|)(z, o)

[log(T—t}|/4 _ |e—&(r)|?

<C 2 - 8(r-0) @ Blr-o
) +/0 T [ e e

(lemma 4.1 ii) implies by parabolic regularity that for r > rq, t > £2(r),
(z|]A¢| + 2|V2||V|)(z,0) < C, for ¢ € [0,1) and |z — &(r)] <
|Jog(T" - t)]).
Therefore, w(é(r),7) < Clf(r)|? + e~ 18— If ¢ > t4(r), then
w(&,7) < C|f(r)|?, which implies V7 € [0,1), | L(E(r), T)| < Clf(r)P.
Taking r; = max(rs,73) and ¢;(r) = max(t2(r), t3(r),ta(r)) concludes
the proof. W

Part II. — Conclusion of the proof.

For each r > r; and each 2 € R\{0} small enough, we define
t(r,z) € [0,T) by

e| = |€(r) VT —t = r/(T — t(r, )| log(T — t(r. z))|. (45)

Applying proposition 4.1 to v{t(r, z)), we estimate the difference between
us(2) and u(z, t(r, z)) and then between u,(z) and f(r). Then, by simple
asymptotic calculation, we reach the equivalent (44).

LEMMA 4.2 (A first estimate on the profile u.(z)). — Vr > ry, IR(r) > 0
such that Vr € R with 0 < |z] < R;

Liie
(T = t(r,2)) 7~ Tua(z) = f(r)] < ClF()P7,
where t(r,z) is uniquely determined by (45).

Proof. — Using proposition 4.1 and (43), we write for r > ry, t > t1(r):

V7 € [0,1) [u(§(r), ) = f(r)] < [u(&(r),7) = v(£(r),0)] + |v(£(r), 0) —
F)l < CIFEP + Cllog(T — 1)|1/2.

Annales de U'Instinut Henri Poincaré - Analyse non linéaire



BLOW-UP FOR VECTOR EQUATIONS 609

Stated in terms of wu, this gives: Vr € [0,1)

(T = ) FFu(E(r VT — £t + (T — t)r) = f(r)]
< CIf(r)P + C|log(T — t)|"V/? (46)

From this estimate, we derive Rs(r) > 0 such that Vo € R with
0 < |z| < Ry, we have: Vr € [0,1) |(T ~ t(r,m))lz’t_?u(:c,t(r,x) +(T -
t(r,z))T) — f(r)| < C|f(r)|P, where t(r, ) is given by (45). If we let T
go to 1, we have the conclusion of lemma 4.2. W

Now, we conclude the proof of estimate (44). For this purpose, we

consider an arbitrary ¢ > 0 and look for R, > 0 such that for 0 < |z| < R,,
2 73T 2\7 21
p-1 8(p — 6 p—1
— log |z| (p-1)

If we consider an arbitrary r > ry, then by lemma 4.2, we have for
0 < |£L'| < R2

‘ [_ l‘zglwl] 1:1]17:(90) - [8(_(;9::%22) ] Loy
< H—fgmd T e Hr, 2))] 77 |1 (2)

+ [27“2]51—1 |(T — t(T,l‘))%——iTéu*(z) _ f(T')|
[2r)555 () - {%%)’—_%))}

+

1446

We fix r(e) > r; such that |[2r%)5°T f(r) — [8(5:’_;16)?} "] < e and
[f(r)P~t < e
From (45), we have
|z?

— log |z|

log(T — t(r, z))

= 2T = ) T 27+ Yog log (T — . )] % Zlog

Let R. > 0 sufficiently small and smaller than Ry(r(e)) such that for
0 < |z| < R,

= 17 s o) | < el — 0wy
H—logm] [22(T = #(r, )] 52| < ef2r*(T - t(r, )] 7.
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Hence, for 0 < |z| < R., we have from (47):

e[2r2(T — t(r,@))]7 |uu(2)] + CermT|f(r)| + ¢
Cers|f(r)|(1 + Ce) + Ce (use lemma 4.2 and |f(r)P~! < €)
< Ce. This concludes the proof of part iii) of Proposition 1.

<
<

5. GENERALIZATION AND COMMENTS

As a first application of the techniques in previous sections, we have the
following stability result concerning the behavior described in Proposition 1:

THEOREM 3. (Stability with respect to initial data of the profile (4)). —
Let § € (—81,61) where 61 > 0 and consider uy initial data constructed in
Proposition 1. Let (t) be the solution of equation (1) with initial data 4y,
T its blow-up time and a its blow-up point.

Then there exists a neighborhood V of Gy in H with the following
properties: For each uy € V, u(t) blows-up in finite time T = T(ug)
at one single point a = a(uo), where u(t) is the solution of equation (1)
with initial data ug. Moreover, u(t) approaches the profiles (6) and (7) near
(T, a) similarly as 4(t) does near (T, 4d).

The proof of this theorem relies strongly on the techniques developed in
sections 2, 3 and 4. We give just the key ideas of the proof.

Consider initial data uo in a neighborhood of 4, and wu(t) the

A

corresponding solution of (1). Then, for each (7T,a) near (1, a), we
introduce as in section 2 a two-parameter group acting on u(¢):

(T‘r a’) - (q(T’ a? y? 8)7 0(T7 (I/, s))

where
{(I(Tu a,y, 3) = w(T7 a,y, 5) - go(y, 5)
G2,0(s) = 0,
w(T,a) is defined similarly as in (9) by

S z-a
Y= UT =t
s =—log(T - t)

and ¢ is given by (16).
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Therefore, our problem reduces to searching a parameter (7'(ug), a{ug))
such that

Vs 2 S0, Q(Taa'a 5) € VA(S) (48)

for some s9 > 0 and A > 0 (see definition 3.1). Indeed, T'(uo) and a(ug)
will be shown then to be respectively the blow-up time and point of u(t).
Moreover, we derive directly form (48) an estimate analogous to (6) and
then, by the techniques of section 4, an other estimate analogous to (7).

By uniform a priori estimates analogous to proposition 3.2, we reduce
this problem to a finite dimensional one. We solve it using a non-degenera-
tion property of the two-parameter group acting on 4(t) itself (see [18] for
similar argument). Hence, we reach the conclusion of Theorem 3.

The proof used for equation (1) applies in a more general case: consider
the following vector-valued heat equation:

du -1 —
=7 = Dut [l "+ Glu), u(x, 0) = uo(x) (49)

where

Du(t):z€RY > RM, pe(1,400), p < (N +2)/(N—-2)if N >3,

2) G : RM — RM is a perturbation of |u|P~lu satisfying: G(u) =
Gi(|u)®)u, |G)| < Clul|", |G(Au1) — GAug)] < CA"|uy — ug| for
fuil,jue] < 1, A > 1, r € [1,p), G1 : Rt — R*, G needs not be a
gradient,

3) ug € H = WHPHLRN RM) 0 Lo (RN,RM).

Using the same techniques as in the case M = 2 (equation (1) with
¢ = 0), we show the following blow-up result for equation (49):

TueoreM 2 (Existence of a blow-up solution for equation (49)). - There
exist initial data uy such that equation (49) has a blow-up solution.

This Theorem is a direct consequence of the following proposition which
describes more precisely the behavior of u(t) near blow-up. Indeed, after a
time dependent scaling, u(t) approaches a universal profile

(p— L+ (p—;pl)-ZW)_ﬁw’ (50)

when t — T, where w € S¥~1. In fact, we have the more precise result:

ProrosrTion 2 (Existence of a blow-up solution for equation (49) with the
profile (50)). — There exists Ty > 0 such that for each T € (0, Ty], for each
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a € RY, for each w € SM~1, there exist initial data uo such that equation
(49) has a blow-up solution u(x,t) on RY x [0, T) which blows-up in finite
time T at only one blow-up point: a. Moreover,

hm (T — )7 Tula + (T — )|log(T — ))22,t) = f(2)w  (51)

t—T

uniformly in z € R, with

fz) = (p S14 (p—;i)ilzﬁ);m- (52)

Remark Structural stability. — In [18], a particular version of this
proposition was shown in the case M = 1 and G = 0 (without perturbation):
Single point blow-up and a blow-up profile (52). There, this result was
shown to be stable with respect to perturbations in initial data. With
proposition 2, the blow-up solution constructed in [18] is shown to be
structurally stable in a certain class of functions, since this solution behaves
in the same way when we take a non zero G and consider a higher dimension
(M > 2): we still have single point blow-up with the same scalar profile
(52).

A. APPENDIX

Blow-up result for 3¢ = Au + |[ufP~lu + iu|T 'y
on bounded domain for ¢ small

We consider the complex-valued heat equation (3):

ujpn =0 (53)

where u(t) : @ — C, Q is a bounded domain of RY, p € (1,+0o0),
p<(N+2)/(N—-2)if N >3,and g > 1.

ProposiTioN A.1 (Existence of blow-up solutions for equation (53)). —
Assume 1 < q < (p + 1)/2. There exists A(Q,p,q) > 0 such that for each
wo € H}(Q) with ||uo||r2() > A and E(ug) < 0 where

1 1
E(uo) = 5 L [Vuof*ds — /Q |uo|?+ dz, (54)
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equation (53) with initial data ug has a unique solution u €
C([0,T), H}(Q)) with 0 < T < +o0, which blows-up in H}(Q) ast — T.

Proof. — From classical theory, we know that if 1 < ¢ < p and
ug € H(Q), then equation (53) with initial data ug has a unique solution
defined on [0,T) with T = T,, € (0,+00] and u € C([0,T), H}({2)).
Moreover, if T' < 400, then u(t) blows-up in H}(Q) as t — T.

Hence, proposition A.1 will be proved if we show that for 1 < ¢ <
(p +1)/2, |luollF2(q) = A (to be chosen later) and E(uo) < 0, we have
Ty < +o00.

We proceed as follows: first we give estimates on u(t) for t € [0,7),
then we use a blow-up result for an integral inequality to conclude.

LemMAa A.1 (Estimate for wu(t), solution of (53)). — If z(t) =
(fo lu(z, )[P1dz)? @+, then Vt € [0,T),

t
z(t) > 01A2+02/ doz(o)P+D/2 / da/ dsz(s (55)

0

where ¢1 = ¢1(2,p) > 0, ¢ = c2(,p) > 0 and c3 = c3(2,p,q) > 0.
Proof. — For simplicity, we omit =, {2 and dz in following expressions

of the type [, |u(z,t)|*dx.
From (54), ;tE(u(t = R(— [ a:(t)Au(t) — [ |u(®)P~ u(t)a.(t)).
From (53), 2 E(u(t)) = R(— [ @e(t)ue(t) + 4 [ [u()|? u(t)n.(t))

< = Jlu@)P ‘|'f|“ t )% ue(t)]

< - j lue(8)|% + 3([ |we(8)]* + [ |u(t)|?9) (Cauchy Schwartz),

< =3 f t)|2+c4(Q P, ¢)([ [u(t)[P+1)2¢/®+D) (Holder). Integrating this
1nequa11ty and using E(ug) < 0 gives

Bu(t)) < e(Qp,q) / ds( / fu(s) P20 (56)

Now, if we multiply equation (53) by @(t) and take the real part, we obtain
using expression (54)

& [uer =-aB@m + 25 [uops. 60

Using (56), [ |u(0)]? > A% and ([ |u(®)[P*1)>®+D > ¢;(Q,p) [ |u(t)
(Holder), we have the conclusion by integrating (57). W
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Now, the conclusion follows directly from lemma A.1 and the following
lemma:

LEmMa A.2 (Blow-up result for an integral inequality). — Let 2z €
C([0,T),R*) such that

t -t t!
2(t) > B+a/ dt'z(t')PH/2 —b/ dt’/ dsz(t)?  (58)
0 0 0

where 1 < p, 1< qg<(p+1)/2,a>0andb> 0.

There exists By > 0 such that if B > By, then T < +00.

Proof. — Let g(t) = %z(t)®+V/2 — bffot dsz(s)¢. Let us show that
vt € [0,T), g(t) > 0. We proceed by a priori estimates. For B > 0, we
can define T* = sup{T’ € [0, T)|Vt € [0,T"), [, dt'g(t') > 0} > 0. Then
we have Vt € [0,T*), g(t) > 0.

Indeed, we have Vt € [0,T*) fot dt'g(t') > 0. Therefore, (58) yields
z(t) > B+ % f dsz(s (”“)/2 which gives z(t) > B and 2(t) >
fo dsz(s)PtD)/2, Hence, g(t) = 42(t)P+D/2 bfj dsz(s
%B(P_l)/zz(t) - bf [ dsz(s)

LBE=1/28 [V dsy(s)PHD/2 — p ]‘ o dsz(s

a? B(P 1)/2J dSB(p+l)/2 Iz2(s)9 — bffo dsz

= (TBP 9—b) fo dsz(s)!. Now, if B > (4ba‘2)1/(7‘ %), then Vt € [0,T*),

g(t) > 0. This yields T* T and Vt € [0,7), fo dt'g(t') > 0.
Therefore, (58) implies that

IV \/ IV wie

t
YVt e [0,T),z(t) > B+ - / dsz(s)w+D/2,

0

Hence, T < 452; p1>)/ < +oo by classical arguments. W

B. APPENDIX

Proof of lemma 3.3

Lemma 3.3 consists in a priori estimates on terms appearing in the
integral equations satisfied by ¢; and g, (see (36), (37)). Let us recall them:

G1(s) = Ki(s,0)q1(0) + /S dTK1(s, 7)V1,2(7)G2(7)

o
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+ /s dTKl(S,T)Bl(q)dT + /s dTKl(S,T)R;(T)

ag

/ drK(s,T) (Cilﬂ( HO@1(T) + @a(7) + 6q1(7) + Go(7)}
i(s) = Ka(s, 0)ia(o) + / drKs(s,7)Va ()i ()
+ /s dTKQ(S,T)BQ(q)dT + /s dTKz(SyT)RE(T)

_ / dTKQ(s,T)Z—i(T){u + 621 (1) + 6¢(7)) + (1 + 8 (7)
+ 8¢2(7)}

where K is the fundamental solution of £ + V; ;, K is the fundamental
solution of £ — 14 V44, £ is given by (30),

B(g) = (1+i8)By1 + iBy,
R*(y,s) = (1 + 26)R{ + iR, B and R* are given by (20).

From these expressions, we obviously see that the main step in doing a
priori estimates is the understanding of the behavior of the kernels K, and

K. By definition, K; and K, can be considered as perturbations of e/¢
and e(“~1) respectively. Hence, we give the proof in two steps:

— in Step 1, we give estimates on the integral operators K; and Ko,
nonlinear term B(g) and corrective term R* appearing in equations (36)
and (37).

— in Step 2, we use these estimates to prove lemma 3.3.

SteEp 1. — Estimates on linear, nonlinear and corrective terms of (36)
and (37).

In order to estimate K; and K, we follow the perturbation method used
in [18] (and before in Bricmont and Kupiainen [4]). Since K; and K,
correspond respectively to the operators £ + Vi ; and £ — 1 + V55, we
estimate first the potentials V; ; so we are able to adapt the cited method
which compares K, and K, to €% and e®(“~1) respectively. Then, we
show that B(q) can be considered in some sense as a quadratic term, and
R* is in fact small as s — +o0.

Lemma B.1 (Estimates on potentials V; ;, |6] < 1/2). - Vs > 1,
a) Vii(y,s) < Cs™1, {d Vi, e I Cs™™?% n=0,1,2,
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Via(y, ) < Cs7H 1+ [y). Vialy, s) = —giha(y) + Via(y, s) with
i1y, s)| < Cs™2(1 + |y|*). Ve > 0, 3C. > 0, Is,. such that

_ 82
) - (57| <

with —B=5 < —1 — 1/(2p).

bVao(y,s) < Cs™h, |22 < Cs™/%, 0 = 0,1,2,

Vaa(y,8)| < Cs™H (1 + [y2), Vaoly,s) = s71Qs(y) + Vap(y, s) with
Qs a polynomial of degree 2 with bounded coefficients and |V 2(y, s)| <
Cs(1 + [y[*),

Ve > 0, 3C. > 0, s, such that

1+ 62
sup *‘1+V2,2(y73)—<—1‘ ha >

3>ss,|\/.[>c p_l

sup
stsw%zce

<e

with -1 = 22 < ~1-1/p.

c) For V.= Vi3 or Vo1, we have |V(y,s)| < Cl6|, and |V (y,s)| <
ClolsH(1 + lyl*)-

Proof. — The expressions of V; ; are given in lemma 3.2.

A Viily,s) < (1 = &), - ) + (-~
D)le(0,5)P2(J(0, 8)]* — 0) = 1 ~ C(é)s™! < Cs™

We introduce W1 1(z,s) = V;1(y, s) with z = y/+/s. In order to prove
the next estimate, it is enough to prove that |d7;‘$f’21 <C,n=01,2
Since Vi1 is a sum of products of terms |p|P~

Vand giflel, j = 1,2,
our problem reduces to proving that these terms have bounded first and
second derivatives with respect to z, which follows easily (see (16), the key

) —%bz ; {p=1)?
estimates are afé = Wﬁs and | fs| < || with b = 4(& 5)2))

We introduce Wi ,(Z,s) = Vii(y,s) with Z = |yf° /s. We can
Taylor expand Wy, near Z = 0 to have Wia(Z, s) Wl 1(0,8) +

Z2W11(0, 5)+0(Z2) with Wy1(0, s) = 1/(25)+0(s~2) and 222:2(0, 5)
—1 / 4 + O(s™1). Returning to V; 5, this yields the next two estlmates.

The last estimate is obvious from the expressions of V; | and ¢.

i

b) For the first term, we make a change of variables by setting ¥ =
K fs(y/v/3) +1/(2(p — 62)s) € (1/(2(p — 62)3),1/(2(p — 8%)5) + 1] and
Va,2(Y, s) = Va2(y, s). Then, it is easy to see that V5 5(., s) is increasing.
Therefore,Vs 5(Y, s) < Vao(1/(2(p—62)s)+1,5) ~ C(6)s™! < Cs~*. For
next estimates, do exactly as for Vj ;.
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¢) Same proofs, one has to be careful with the parameter §. W

Lemma B.2 ( Estimates on K, |§] < 1/2).
a)Vs > 7> 1withs <27, Vy,z € R, |Ky(s,7,y,7)| < Cel=DE(y, 1),
with

L ( ye“’”—w)"’]’

_ ef (
y,.’L‘) a \/471'(1—&—9) eXp[— 4(1-e=%)
[K1(s,7)(1 = x(1))[|1 < Cemomn)/Cr),
b) For each A’ > 0, A" > 0, A" > 0, p* > 0, there exists
so( A, A", A" p*) with the following property:
¥sg > sg9, assume that for o > s,

lgm(0)] < A'a™2,m = 0,1, g2(0)| < A”"(log )02,
4 (4:0)] < A”(1+ [yP)o %, ae(@)ll e < A0 E,
then, Vs € [o,0 + p]

1
jan(s)] < 47257

o (y,8)] < Ce73E7 A" 4 &7 = A" (1 + Jy[*)s 72,
lee(s)llom < O(A"e™ 57 4 470574,

+ (s — 0)CA's™,

where, as in decomposition (22),

2

K1(5,0)q(0) = &(9,8) = Y am(8)hm(y) + 02— (¥, 8) + ce(y,5). (59)

m=0

¢) For each A" > 0, A” > 0, A” > 0, p* > 0, there exists
s10(A’, A", A" p*) with the following property:

Vsg > $10, assume that for o > sg

lgm(0)] < A2, m =0,1,|g(0)| € A"073,
lg-(y, )| < A" (1 + |y*)o > llge(0)llz= < A'0™2,
then, Vs € [0,0 + p*|
loa(s)] < A”s73 + (s — 0)CA's™3,
la-(y,8)] < CA"(1+ [y*)s~2,

where K1(s,0)q(0) is expanded in (59).

Proof. — In [4] (proof of lemma 1), the authors prove the estimate for
an integral operator K corresponding to £ + V (see (30) for L), where V
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is a particular function. However, their result is in fact true for a larger
class of operators satisfying estimates of the type @) in lemma B.1. Hence,
lemma B.2 follows. W

LemMa B.3 (Estimates on K5, 6] < 1/2).
a)Vs > 7 > 1 with s < 27, Vy,z € R,
|Ka(s,7,,3)| < Cem ==Ly ) it

e—9/2 _z)2
€0L< (v ) ]’

9
y7$) = VAar(l—e=?) eXp[_ 4(1—e=")
1K2(s,7)(1 = x(7))l|l1= < CemlomTle,

by For each A’ > 0, A” > 0, p* > 0, there exists
s11(A’, A, p*) with the following property:
V8o > 811, assume that for o > s,

lgo(0)| < A'o™,m =0,1,|qi(y,0)| < A'(1 +|y|*)o 72,
llge(o)| = < A"07 7,

then, ¥s € [o,0 + p*]

ot (y,5)] < C(e™FC"D A" 4 e (=" A7) (1 4 |yP)s™2,

e ()|l g < C(A"e™ 5 + A')s™3,

where, as in decomposition (23),

Ka(s,0)q(0) = a(y, s) = ao(s)ho(y) + a1 (y,s) + ae(y, s)-

Proof. — Again, we can adapt the proof of lemma 1 in [4] with £ replaced
by £ —1 and V replaced by V; o, without difficulties. Indeed, one checks
easily that V5, satisfies all useful estimates: b) of lemma B.1. W

Lemma B.4 (Estimates on B(g(7)) for ¢(7) in V4(7)]6| < 1/2)
VA > 0, 3s12(A) > 0 such that V1 > s12(A), q(7) € Va(7) implies
Ix(v; 7)B(q(y, 7)| = (1 +i6)xB1 + ixBa| < Clqf’,
|B(g)| = [(1+48)B; + iBs| < C|q|P with p = min(p, 2).

Proof. — Start with (20) and do the same as in the proof of lemma
3.15 in [18]. N

LemMa B.5 (Estimates on R*(y, s), |6] < 1/2). - Vs > 1, if R* is expan-
ded as in (24), then:
|Rio(s)] < Cs72, Ry (s) = 0, |Ri5(s)] < Cs72,
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1Rt _(y,8)] < Cs™2(1 + [yP), IR o(s)l|z= < Cs77, and
|R30(s)| < Cs72, |R3 | (y,8)] < Cs72(1+ [yf®), || B3 (s)llz= < Cs71
Proof. - R’{,l(s) = 0 since R* is even. All the other estimates follow
from the three following estimates: |x(y,s)R*(y,s)| < Cs™2(1 + |y)?),
|R*(y,s)] < Cs™! and |R} 5(s)| < Cs™3
Proof of |x(y, s)R*(y,5)| < Cs7>(1 + [y/*)
From (20), we have

R*(y,s)

)
a‘” +Ap— —y Ve - (1 +z§)— +(1+ i) Lo

e . it K (p—1)y
—+is) i+ W> (- 5w * )
is
e i K (»— 1y P
+ (1 +i8)x™* (fé + 2(p — 52)S> 4(p — 62)s Js

i
PN K
+(1+Z(5)K, 6(f5+ m)

=1 ple =1
X< 2p— 62570 T A(p— ot )

+(1+ ié)n‘”((ﬁs + Q—(Efﬁ—%rm

Some of these terms are easily seen to be bounded by Cs™%(1 + |y|?),

whereas others need some calculation: we divide the others by (1 + 6)(fs+
S5y ) Pk and obtain Q(y, s) = M fF — 5 ST - Ay (f +
s=5ys) +(fs + 55755%;)7. 1t remains to prove that Ix(y,s)Q(y,s)| <

Cs2(1+ [y]?). We write Q(y,s) = (fs + gz )” — f2 — gloide f2 -
, 2 A
m{)‘T_—l—);. Setting z = |—’“¢ > 0 and Q(z,s) = Q(y,s), we have

1Q0,9)] < Os™2 and 132(z,8) = p|%2{(fs + sy = 17} -
2—((% =1 < Cs~! if 2 < 2K, (Taylor expansion). Therefore, if
z < 2K,, |Q(z,8)] < Cs™2 4+ O(Jz|s™!). Returning to @, this gives the
result.
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Proof of |R*(y,s)| < Cs™'. — Thinking of R* as a function of
ly|?s~! and s (see (60)), this estimate is obvious for all terms except
(L4 i6)s™" (fs + si25ys) (Y2 I+ (s + sitemys )" — 2 fs) =
(1448)k™(fs + Wﬂ&?)s’)w«fé + 575m5: )7 — f3)- We conclude using
a Taylor expansion.

Proof of |I~%i‘12(s)l < Cs™3 — From (60), we have

% a(p 1 _ 1 .
Ri(y,s) = _8—31 + Apr — iy-V‘Pl + (I‘P|p b - ﬁ)(% — bipa).

Starting from R1 o(s) = [du()x(y,s)Ri(y, s) hzéy), one carries out easy
but long asymptot1c calculatlon to get the result. W

Step 2. — Conclusion of the proof of lemma 3.3.

We now prove lemma 3.3.

I 1) Case 0 > so: Apply b) of lemma B.2 with A’ = A, A" = A?
and A" = A.

Case 0 = so: From (25),
@1y 50) = fol =) (do + dry/v/5y) = R{(giay) 7). Since (do, dy)
is chosen so that (di,0(s0),q1,1(s0)) € V (so) we have from lemma
3.5 in [18], |G1m(s0)] < Asg® m = 0,1, |d12(s0)] < (logso)sg?,

|41,— (9, s0)| < Csg?(1 + |y|*) and ||q1,e(30)“L°° < sy'/%. We apply b)
of lemma B.2 with A’ = A, A" = C, A" =1 to conclude

I ii): We have from lemma B.1 |V 2(y, s)| < C|6]s71(1 + |y|?).
Since (1) € Va(7), [Vi2(y, 7)d2(y, 7)| < CAI§|r3(1 + |y[*).
Hence, |u1,2(s)| = |C [ duha(y) [, drEi(s, 7)Vi2(7)da(7)|
< C [du(1+ |y|?) [ dret=mECA|61773(1 + |z|*)
< CAISlo™ [ du(1 + lyl*)(s - o)e*~
< CAlbls™3(s — o), if 0 > 55 > p*.

If we set Q(y,7) = Via(y,7)G2(y,7), we have by lemma B.1
vij [Vi2(y,7)| < C|é| and then |Q,.(7)| < C|§|AT72, m = 0,1,2,
1Q-(y,7)| < CI8JAQL + [y*)772, |Qc(y, 7)| < C|8|A*r~*/%. Applying
lemma B.2 and integrating between o and s yields good estimates for
t1,~ and ¢y ..

I iii): Using lemma B.2 and a) of lemma B.2, we do the same as for the
nonlinear term in Proof of lemma 3.12 in [18].

I iv): From lemma B.5, we have lIN%’l"O(T)] < Cr72, R{J(T) =0,
|R;5(7)] < O3, |Ry _(y,7)| < O (L+ [yl®), |Rf o(y,7)| < CT 71
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Applying lemma B.5 b) and integrating between ¢ and s gives the results
for v12 and v —.

For 7, .,we use the following estimate: |R*(y, 7)| < C7~1, and compute:
Ml =1, drEu(s,7)Ri(7)]
< [P drels=?)2Cr~! (use lemma B.2 a))
< Co s —0)e ™" < Cs73/4(s — a) if 59 > s5(p*).

Iv): We set Q(y,7) = 2(7){641 + G2 + §¢1 + @2}. By lemma 3.1,
we have |9 (7)| < Cr=2. Using ¢(7) € Va(r), o bounded and a simple
calculation, we have:

Qu(T)] < CAT™2, m = 0,1, |Q2(r)] < Cl§|77°, 1Q-(y,7)| <
CA(L + lyl*)r 2, Q.(5,7)] < Cr2.

Using lemma B.2 ¢), we obtain estimates for A, and A _. For A; .,
use |Q(y,7)] < C7~2 and do as for 7.

I i): For ¢ > sp, use lemma B.3.

For ¢ = sy, we have from (25)

G2(y.50) = =(5cos[5log(:2)] —sin[8 log(2)])(1 - A(s0) fo L)) where
a and ((sg) are given by (26). It follows easily that G20(so) = O,
2,1 (1, 50)| < Csy(1+ 1yf®) and |Ga.e(y, 0)] < Cs5' < s5/”. Apply
b) of lemma B.3 to conclude.

II ii): we have by lemma B.1 |V 1(y,7)| < C|é| and |[Vo1(y,7)| <
Clélr 1 (1 + [y*). If Q(y,7) = Vau(y, 7)da(y, 7), then
|Qo(7)] < C8]4%s7%log s, |QL(y,7)| < C|6|As™ and
Q. ;)| < Cl8jAZs172,

Using lemma B.3 b) yields the conclusion.

I iii): Using lemmas B.4 and lemma B.3 a), we do the same as for I iii).

I iv): Same estimates as Iiv).

II v): By lemma 3.1, we have |%¢(r)| < C7~2. Using lemma B.3 a) and
integrating over [o, s] yields the conclusion.
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