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On the correction to Einstein’s formula
for the effective viscosity

David Gérard-Varet and Amina Mecherbet

Abstract. This paper is a follow-up to Gérard-Varet and Hillairet (2020) on the derivation of accur-
ate effective models for viscous dilute suspensions. The goal is to identify an effective Stokes
equation providing an o(A2) approximation of the exact fluid—particle system, with A the solid
volume fraction of the particles. This means that we look for an improvement of Einstein’s formula
for the effective viscosity in the form pefr(x) = p + % wp(x)A + p2(x)A2. Under a separation
assumption on the particles, we proved in the article above that if an 0(A?) Stokes effective approx-
imation exists, the correction po is necessarily given by a mean field limit, which can then be studied
and computed under further assumptions on the particle configurations. Roughly, we go here from
the conditional result of the article above to an unconditional result: we show that such an o(12)
Stokes approximation indeed exists, as soon as the mean field limit exists. This includes the case of
periodic and random stationary particle configurations.

1. Introduction

We consider a suspension of spherical particles, modelled by a collection of balls B; =
B(x;, 1), 1 <i < n, all included in a fixed compact of R3. The centres x; of the balls
may (and will) depend on 7, but we omit it in the notation. We consider a regime where
n is large, and r, ~ n~1/3. More precisely, we assume for simplicity that A := n%m’,f is
independent of n. We also assume that the balls occupy a volume of size 1, in the sense that
1 n
On = — ZSX,. — p(x)dx, n— 4o0, (A0)
i
where p is a bounded density with support O for a smooth bounded domain © such that
|@| = 1. In particular, A can be interpreted as the solid volume fraction. The suspension is
immersed in a viscous fluid. We consider particles light enough so that neglecting inertia
of the fluid and the particles is reasonable. Setting 22, := R3\ |J; B;,

—div(2uD(un) —Ipy) = gn  onQy,
div(u,) =0 on 2, €))

Up = U; + w; X (X —Xx;) on B;,
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where g, € L?(R3) N L%5(R?) models some forcing. The constant vectors u; and w;
are the translation velocity and rotation vector of ball B;. They are unknowns, associated
to the Newtonian dynamics of the particles: in the absence of inertia, relations are of the

form
/ o (Up, pn)v —/ gndx,
BB,' B;

/ [0(Up, pn)v] X (x — x;) —/ gn X (x — x;)dx,
0B; ;

B;

(@)

where o(u, p) = 2D(u) — pl is the Newtonian stress tensor, and v is the unit normal
vector pointing outward. These relations correspond to prescribing the force and the torque
on each particle. One further assumes decay of u,, at infinity, which will be encoded in the
functional setting.

As n — 400, one may expect that some averaging takes place. The hope is to replace
the fluid—particle system above by a Stokes equation, with a viscosity coefficient e =
Hegr(x), different from w in the domain @, reflecting there the rigidity of the particles.
Convergence to such a Stokes equation can indeed be shown through homogenization
techniques, if one further assumes periodicity or stationarity assumptions on the distribu-
tions of balls: see [4], or [13] for the scalar case. Note that such homogenization results
are valid for any A, but somehow abstract, as the expression of the effective viscosity
involves a corrector equation which is not much simpler than the original system. They
are, moreover, restricted to homogeneous distributions. In the present paper, we aim at
more explicit formulas for the effective viscosity in the dilute regime, namely when A
is small (but not vanishing as n goes to infinity). We want to show that for n large, the
solution u,, of (1) has for 0(A?) approximation the solution i of

—div(2[p + 1A + uaA?]D(@) —1p) = g on R3, 3)
div(u) =0 on R3,

for appropriate first- and second-order corrections (1 = p1(x), 2 = ua(x). Clearly, u;
and w, should be nonzero only in the region @ where the suspension is located. Note also
that, if the distribution of the particles is anisotropic, (1 and p, are not expected to be
scalar functions. In full generality, we look for 1, p» in the set

Sym(Syms o (R)) = {M : Sym; , (R) — Sym; , (R), M' = M}

of symmetric isomorphisms of the space of trace-free symmetric 3 x 3 matrices (denoted
by Sym; ;(R)). This space can be identified with the space of four-tensors satisfying

M = (Mijii)i<i,jiki<3 Mijri = Mjix; = Mjie = Mg,

and the trace conditions

ZMiikl =0fork #1, ZMiill = ZMHZZ = ZMii33~
i i i i



On the correction to Einstein’s formula for the effective viscosity 89

The search for the effective viscosity has a long history, starting from the work of
Einstein ([5]): he showed that if the suspension is homogeneous, and if the interaction
between the particles can be neglected, an o(A) approximation is given by pegr = 1 +
%)L M. A rigorous derivation of this formula and of inhomogeneous extensions was later
provided under more or less stringent separation assumptions on the particles. We refer
to [10, 14, 16] for periodic distributions of balls, and to [12, 15] where the periodicity
assumption is relaxed into a lower bound on the minimal distance:

dyp = min |x; — xj| > en”1/3, (A1)
i#]j

See also the most recent paper [9], where the formula p;(x) = % p(x)u is established
under mild requirements. Our concern in the present paper is related to an 0(A?) effective
approximation that is beyond Einstein’s formula. Such second-order effective viscosity
has been discussed in several papers; see [1,2,19]. However, one can observe discrepancies
between the results, and very different approaches depending on the types of suspensions
considered. A more global analysis was initiated by the first author and M. Hillairet in the
recent paper [8]. Roughly, this paper shows that under (A1), if lim sup,, ||u, — | = 0(A?),
where || || is a weak norm and where u is a solution of (3) with pu; = % p(x)u, then
necessarily,

vy = /(9“2 = ﬁ lim (iZM(xi —xj)—/ M(x—y)p(x)p(y)dxdy) “4)

16 2
T n—oo\ n iz
where M = M(x) € Sym(Sym; ,(R)) is given by

M(x)S : S = —D(Mx) .S’

|x[°
Sx-S8'x (S:x®x)(S":x®x)
=2 ot 5 i VS, S € Symy . (R). (5)

Hence, if a second-order effective model exists, the average v, of the second-order correc-
tion over the domain (which coincides with p, if @, does not depend on x) is given by
the mean field limit (4)—(5). The second part of article [8] consists of an analysis of such
a mean field limit, using ideas introduced by S. Serfaty and her coauthors in the context
of Coulomb gases (see [17] and references therein). More explicit formulas are provided,
notably in the periodic case.

The limitation of the results in [8] is that they hold conditionally to the existence of
a second-order effective model of type (3). Ideally, one would like to prove the existence
of an effective model as soon as the mean field limit in (4)—(5) does exist. This necessary
condition is however not enough: indeed, v, corresponds to an average over the whole
domain 0O, so that it is unlikely to guarantee the existence of an effective local coefficient
M2 = pz(x). Nevertheless, as we will show, we can exhibit more local in nature mean
field limits, whose existence ensures the existence of an effective model. Moreover, such



D. Gérard-Varet and A. Mecherbet 90

limits allow us to determine (5, and not only its average v,. We introduce

o = LM~ )Ly () pn () = MOx = V)p(0) dx () ). (6)

It can be seen as a compactly supported distribution on ]R?C X R;, with values in the space
Sym(Sym; ,(R)): for F = F(x,y) € C>®(R3 x R3) (even for F € C1(R3 x R3)),

751 (1
(Hom, F) = E(n_z ZM(xi — X)) F(xi, x;)
i#]

- / / M(x—y)F(x,y)pu)p(y)dydx). @
R3 JR3

We stress that M (x) is a Calderon—Zygmund kernel, hence not integrable. In particular,
the last integral must be understood in a weak sense: it can be defined rigorously through
the decomposition

/ / M(x—y)F(x,y)p(x)p(v)dxdy
R3 JR3
= / / M(x—y)[l (X, V)—F(y,y)]o(x) ( )dxdy
R3 JR3 pLYy

+ / (M x P F(r v)p(r) dy.
R3

where the first integral in the decomposition exists in the usual sense, while the second
one is defined because # — M * h is continuous from L?(R3) to L?(R3) for any
1 < p < oo by the Calderon—Zygmund theorem. Of course, when F is of the form
F(x,y) = f(x)g(y), one can write directly

/ / M(x = y)F(x. 7)p)p(y) dx dy = / (M * (pf ps.
R3 JR3 R3

which allows us to give a meaning to (it ,, f ® g) for much less regular f and g. Our
theorem reads as follows.

Theorem 1.1. Let A > 0, g € L3¢, ¢ > 0, up € L™(R3, Sym(Sym; ,(R))). For all
n, let r, be such that A = %”nr,?, gn € Lg(R3). Let uy, ; be the solution of (1)—(2) in
HY(R3) N LO(R3). Assume (A0)~(A1), that g — g in L3 (R3), and that

Han = H2(x)bx=y in D'(R® x R® Sym(Sym; , (R))), (A2)
with (s , defined in (6). Then any accumulation point uy, of u, j solves

{—diV(Z[M + 31k + u2d?1D() —Ipa) = g + Ry inR?, )

div(uy) =0 in R3,
where R, satisfies, for all ¢ > 3,

Ry, $)| < CA3 D, ¥ € H'(R?) N W (R). )
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A few remarks are in order.

Remark 1.1. One has directly from estimate (9) that for any p < 3,
7
llu — “A”Wl,p(]m) <CA3,

where u is the solution of the effective model

(10)

—divQ2[u + %/L,O)L + w2A?]D(u) —1p) =g onR3,
div(u) =0 on R3.

It follows by Sobolev embedding that [lu —u,|[r = O(A%), for any r = 33_—pp < 3.
Moreover, as will be seen below, (1, 1)neN is bounded in H'N LS. Combining the last

estimate with Rellich’s theorem, it follows easily that

loc

limsup||u,  —ullLr = O(A%) Vr <3.
n

Remark 1.2. The main assumption of the theorem is the convergence of w», to
M2 (x)8x=y. With regard to the form of (i, ,, F), cf. (7), this convergence corresponds
to the local mean field limits alluded to above. In particular, the necessary condition (4)
derived in [8] corresponds to the convergence of (112 ,, F') for the special case F(x,y)=1.

The outline of the paper is the following. After preliminary results on the Stokes sys-
tem, gathered in Section 2, we address the proof of Theorem 1.1 in Section 3. Finally,
we turn in Section 4 to the discussion of assumption (A2). Roughly, we show that it is
fulfilled by both periodic and random stationary particle distributions that satisfy the sep-
aration assumption (A1), and we discuss the corresponding limit p,. There we closely
follow the analysis in [8]. Notably, we show that when the distribution of particles is
given by an isotropic process (plus technical conditions), then p,S : S = % 1| S|?, aresult
that was not given in [8].

2. Reminder on the Stokes problem

In this section we recall some properties regarding the Stokes equation on an exterior
domain. We denote by (U, &) the Green function of the Stokes equation:

1 x

U(x) = — -
) 4 |x|3

8

1 (13 xXQ®x (11

), P(x) =

x|~ Ix]?
Let A € Sym; ,(R). We denote by (V[A], Q[A]) the solution to the Dirichlet problem
—Au+Vp=0 onR3\ B(0,1),

div(u) =0 onR3\ B(0, 1), (12)
U =—Ax on B(0,1),
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given by the explicit formulas

_ §A:x®x _ 1 é(A:x@x)
VI[A]l(x) = _2—|x|5 x —|x|5Ax + 2—|x|7 X, (13)
A:
OL) = 5= (14)

An important feature of this solution is that, as easily seen from symmetry considerations,
it fulfills the extra conditions

[ ovoupy=o [ axowloupy=o. 5
8B(0,1) 3B(0,1)
Moreover, we can link V' [A] to the Green function through the identity
20
VIA)(x) = T”V‘U(x)A + R[A](x), (16)

where R[A] is homogeneous of degree —4. Here, VU is a third-rank tensor defined using
the Einstein summation convention by

VUA = (0xx Uij Ajir<i<s = —%%x. (17)
Moreover, a simple calculation yields the identity
D(VUA): B = %M(x)A :B=D(VUB) : A, (18)
where M was defined in (5), so that
DWVIAD(x) = 2 M)A + DRIAD(). (19)
We also introduce the extensions
vt = " 0 et = {7 RO
Direct computation shows that
—div(o (V[A], Q[A])) = 54Axs! inR3, 1)

where 57 is the surface measure on the sphere of radius 7.
We finish this part by recalling a classical estimate for the Stokes equation. Let w €
WL2(|J B;) be divergence-free. We consider the unique solution (v, ¢) satisfying

—div2D(v) —Ig) =0 on Q,,

diviv) =0 on Qy, (22)
D(v) = D(w) on | J B;,
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with the following conditions:
/ o(v,q)n =0, / [c(v,g)n] x (x —x;) =0, VI1<i<n. (23)
dB; 0B;
Using integration by parts, one can show that v is a minimizer of
{/gs ID@)|?, u € HI(R?), such that D(u) = D(w) on |JB;}.

Combining this minimizing property with [15, Lem. 4.4] we have the following result:

Proposition 2.1. The unique solution v of (22), (23) satisfies

”Vv”zZ(]Ra) = 2”D(U)”i2(R3) = C”D(w)“zz(u Bi)

Proof. The first equality is well known: it follows from the identity Av = 2div(D(v))
and integration by parts. For the inequality, by the minimizing property of v, it is enough
to construct a divergence-free velocity field u that matches the condition D(u) = D(w)
on | J B; and satisfies the same inequality. Classical considerations about the Bogovskii
operator ensure the existence of fields u; € HJ ((B(x;,2ry))) such that

div(u;) = 0 on B(x;,2r,), uj =w —][ w on B;,
B;
where, using the Poincaré—Wirtinger inequality, we get for all 7,
VUil g (e 2ry) = CHw - ][ wH = C'IVwlas,).
H1(B;)

with C, C’ independent of n by scaling considerations. See [11, Lem. 18] for details. We
then take u = ), u;. Since the balls B(x;, 2r,) are disjoint by (A1) for A small enough,
u satisfies D(u) = D(w) on | J B; and we have

1y = 2 NVHi 1T 230y 2y < € DIV 25
i i

Moreover, adding a proper rigid vector field to w on each B;, which does not change D(w)
on each B;, we can always assume that faBi w= faB,- w X (x — x;) = 0. We conclude by
applying [15, Lem. 4.4]. ]

3. Proof of Theorem 1.1

By linearity of the Stokes equation, we can restrict to the case . = 1. Let ¢ > 3. The
goal is to show that any accumulation point u, of u,_, satisfies a system of type (8) with
remainder R, satisfying

(Ry.¢) < CA3||$llwra
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for all divergence-free ¢ € H'nwha, By density, it is enough to show such an inequality
for all divergence-free ¢p € C>°(R?). For any such ¢, we consider ¢, satisfying

—div(2D(¢n) — Ign) = 2div((3pA + A2u2) D($)) on 2y,
div(¢,) =0 on Q,, (24)

¢n = ¢ + translation + rotation on Bj,

with the following conditions:

5
/BB,- 0 (¢n.qn)v = =2 /831_ (E:)L + ,uy\z)D(q&)v dx, o)
/ [0t pa)V] X (x — x1) = —2 /aB, [(Gon+ 1222) D] x (x = xi) v

B
Note that ¢, depends implicitly on A. Similarly, we shall use u, instead of u,, ; for short.
Testing ¢ — ¢, in equation (1) we get
J@=9m-gn == [ aveDm) ~1p)- 6~ g0
=2 [ D) D@9 + Z/BB 0 (tn. p)v - (6 — )
=2 [ D) D@ -2 [ D) Do) - Z/Bg 9.

We recall that in the second line of the above computations, the unit normal vector v is
pointing outward the balls. Using equations (24) and (25) we have

2 /Q DG D)

_ [Q VD)~ aal) - + Z [3 (o] -

_ _/Q” 2div((§px + MzAZ)D(Qﬁ)) Uy + Xi:/m [0 (bn, G)V] - 1

5
=2 [ (3or+1wd?)D@): D).
Qy
We get the following relation for all ¢ using the fact that D(u,) = 0 on B;:

2/R} D(un):(H%pszxz)D@s)=A3¢-gn—As¢n-gn. 26)

By a simple energy estimate, u, also satisfies

[ v =2 [ 10@0P = [ - gn < lenlislenl g < CIVunlze
R3 R3 R3
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where the last inequality comes from the Sobolev embedding and the boundedness of
(gn)neN in LS. Hence, (uy,)senN is bounded in HN LS. Denoting by u; = limg u,, an
accumulation point, we deduce from (26) with n = ny, that

z/w D) (14 294 +12d?) D($) = /R3¢ g+ (Ry.9).

where (R), ¢) = —limy fR3 ®n, - &n, - Note that this limit exists because all other terms
in (26) converge when n = ny, k — +o00. Moreover, it is clearly linear in ¢ as ¢, is linear
in ¢. Furthermore, testing ¢,, — ¢ in (24), similar integrations by parts lead to

2 [ 10@0P =2 [ D@ D@ 2 [ (Ghe+12i)D@): (D)~ D).

The Cauchy—Schwarz inequality implies that ¢, is bounded uniformly in z in H!, hence
in L6. Eventually, as g, — g strongly in LS, we have (Ry. @) = —limg [g3 ¢ny - 8-
Finally, to prove the theorem, it is enough to show that

/R3¢n-g

In order to obtain (27), we shall write (¢, gn) = (¢p + ¢2, ¢} + q2), where ¢} is a
(somehow natural) approximation of ¢, and where ¢? is a remainder. Namely, we look
for an approximation z/),% of the form

Vg >3, limsup < CA3|pllwra. 27)
n

8y = Vi (20121010 + 222) D@)) —ra Y V14D (T2,
i Tn
where U, 'V are defined in (11), (20). The rough idea behind this approximation is that
the first term on the right-hand side should take care of the source term in (24), while the
second term should take care of the boundary conditions at the balls B;. In particular, the
field g3 := VU * (2(1%|(9|,0 + A2112) D(¢)) solves the Stokes equation

5
—A¢gs + Vggs = div(Z(A§|(9|p + AZMZ)D(q&)), divggs =0 inR3,

X—Xj

while each term in the sum, that is, ¢; , := —r, V[A4;]( =

), solves
~A¢in +Vqin=0, divgi, =0inR>\ Bi, ¢inlp = Ai(x —x;).
By looking at (24), it is tempting to take A; = D¢;, where
D¢ := D(¢)(xi),

as ¢ should be close to this value on the small ball B;. However, this approximation is not
accurate enough, and would only allow us to recover Einstein’s formula. To go beyond,
one must account for two extra contributions. The first one is the trace left at the balls
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by ¢r3. More precisely, it will be enough to correct the trace of the O(14) term in ¢s.
The second contribution is the trace left by all ¢; ,, j # i, on ball B;, which corresponds
to binary interactions between particles. Again, it will be enough to account for the least
decaying term in ¢; ,; cf. decomposition (16). This leads to the following definition:

5 X — X;
by = VU (2(A5p+22u2) D)) —ra Y VIDG: + 5! +57(—). @8)
where, using relation (18),

1
St= —][ D(VU * (A5|0]pD(¢)))(x) dx = —ék ]{e(M * (pD(9)))(x) dx

1
__by ][ ( / Mix - y)D(¢)(y>p(y>dy) dx, 29)
T B; R3

while, still using (18),

P2, Frowuben(*T ) d =5 f, 3t - 0gya
J#i ! 7

_ 154 Z][ M(x — x;)Dép; dx. 30)

T 8tn

Direct computations using formula (21) yield
— div(o(¢y.45))

_ div(2<§pk n MZAZ)D(QS)) - 52(D¢,~ 4814 S2)Vig
= div((Spk +212A%) D () — — Z mlg (D¢ + S} + S; )) in R3.

Using the definitions of Sl.1 and Sl.z, (29) and (30), we find
—div(o (¢, 4,))

= dw((Skp +2A%u2) D(¢) — — Z |B | ——1p,D¢;
A 1 1
-2 Dy B,( S, [ = D@0n0)ay dx)

51 1 157 A
_72,-:@1&( i ][ZM(x xj)qu,dx))

Pi#
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. 1 1
= 5Adiv( pD(¢) =~ > =15, D¢ (31)
n < |Bi|
2
+ 21 dw(MzD@p) Ten 72 Z |B | Bl ][ M(x — x;)Depj dx
75 1
1671 n Z |B |

Moreover, thanks to property (15), it is easily seen that

][ / Mx — ) D@ ()p() dy dx) in R®.

5
| o@haim=-2[ (Gor+ua?)p@pdx,
0B; dB;
5
[ xx@@hahm =2 [ ((Goh+n22)D@I) x x — 3 dx.
E)Bi 3Bi 2
It follows that (¢2, ¢2) satisfies

div(o(#2.42)) = 0 on 2. /a 0@k p =0

(32)
[ o2 pd x - =0
0B;
with boundary condition
D(@$y) = D, +V,) onl B, (33)
where 2 and 2 are defined by
Ya(X)|B, == ¢(x) — D¢ - (x —x;), x € B (34)
and
P200) = —(S} + 82 (x —xi) — (vu * (2(§px +1227) D(@)) (35)

—ra Y VIDg; + 5} + Sf](@)), x € B
J#i "

We aim now to estimate both terms [ g¢, and [ g¢2.
3.1. Estimate of ¢2

Most of this subsection is dedicated to the derivation of the following proposition:

Proposition 3.1. Forall g > 2,

2

tim supl| D7) 2y < C L3729 D) La



D. Gérard-Varet and A. Mecherbet 98

Before we prove this proposition, we show that it implies the following result:

Proposition 3.2. Forall g > 2,

/ﬂvg@ﬁﬁ

Note the extra factor A'/2 compared to Proposition 3.1, which is crucial to obtain an
0(A?) error. Note also that for g > 3, this term is bounded by A3 ID(¢)lLa-

_ 1,.5.2 1
lim sup < CgqAr2(A277 +179)|D(¢)La.

n

Proof of Proposition 3.2. We introduce the solution u, of the Stokes equation
—Aug +Vp, =g, divg=0, inR>. (36)

Asge L3t u, € ngfﬂ, so that D(ug) is continuous. Integrations by parts yield

/ s :/ (—Aug + Vpo)p2 =2 / D(ug) : D(@})
R3 R3 R3
- . 2y ) s 2
= 2/ij3£. D(Ug) : D(¢n) IZABi Ug 0(¢n,qn)|)
= Z/UB,- D(Mg) : D(¢,2,) - ;/{;Bi (ug + u; + a); X (x — xi)) .0(¢3,q3)v

for any constant vectors ul, a);;,, 1 <i <n, by the last two relations in (32). As
ug +uly + ok x (x — x;) is divergence-free, one has

/BB (ug+ui,+a)£,x(x—x,~))-v=0.

We can apply classical considerations on the Bogovskii operator ([6]): forany 1 <i <n,
there exists U} € H{ (B(x;,2ry)) such that

divUé = 0in B(x;,2ry), Ugi =ug + ufg, +a)£, X (x — x;) in B;,
and with
VU2 < Cinllug +ufy + 0 x (x — xi)lwr2s,)-
Furthermore, by a proper choice of ui, and a)é,, we can ensure the Korn inequality:
lug + ui, + w;, x (x = xi) w2y < ¢ D) lL2(s,)-

resulting in
[VUgllzz = ClID(ug)llL2(B;)

where the constant C in the last inequality can be taken independent of i and n by trans-
lation and scaling arguments. Extending U, ; by zero, and denoting U, = ) U, gi, we have
for d,, > 4r, (which is implied by (A1) for A small enough):

IVUg |2 = ClID(ug)llL2q By)- (37
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Back to our calculation, we find
[eoz=2[ bwo:p@-3 [ Up-owiain
R3 U Bi i aBi

2 DU D@}

By using (37) and the Cauchy—Schwarz inequality, we obtain

‘ / gor
]R3

so that combining with Proposition 3.1 yields the result. ]

1
< CID@)llL2y By IP@)llL2@3) < ClID(ug)lLeAz | D(¢n) 2@

We now turn to the proof of Proposition 3.1. According to the definition of ¢? in (32),
(33), Proposition 2.1 implies

IV67 172,y < CUAPWNDN T2 5,y + 1P 2 5,)- (38)

As regards w,f, defined in (34), we compute
IDWD 2 py = 3 L D(@) — Dei? dx
i i
IV Y [ rdx = IVoIEAE ——0 @)
i 1
As regards 1},% defined in (35), we use identities (18) and (19) to write for all x € B;,

DI =AM * (pD@)() — 5}

151 5
+ % ZM(X —Xj)D¢j — Si
J#i
, 31
+ rn%ZD(R[DqSJ-])(x — X))
J#i

_ %ﬂm % (2 D(9))(x)

. 5
+Y DS} + Sf])(x;—x’) =Y Ei).
j#i n i=1

For E4 we have for all ¢ € [2, 00),
2 o, 2
||E4”L2(U B) — ?A ”M * (/LZD((P))”Lz(U B;)

97TZ 4 2
< 1—6} | M * (2D ()l La UBi

< OO a2 AT D (@) 134, (40)

_2
1 q
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because M is a Calderon—Zygmund operator. The estimate of Es is more difficult. We
shall rely on (A1), and notably make crucial use of the following lemma, taken from [8]:

Lemma 3.3 ([8, Lem.2.4]"). Under assumption (A1), for all q € (1, 00), there exists
C > 0, such that forall Ay,..., Ay, in Sym; (R),

q
DD o ra M —xpA;| < CATTHY A,
i i ;
as well as ,
Sl fatem s e s
i j# 7

In particular, this lemma can be applied to matrices A; = S 2. cf. (30). We find

DoIsPe=Cy]
i

i

q

er][ M(x —xj)dx Do;
g B

= CATT Y IDgy 1,
i

where in this computation and all computations below, the constant C may change from
line to line. Moreover, by (A0),

1
R Y p— / D@ (x)p(x) dx 1)
n ; n—>+oo JR3
so that |
1 _ 29 q—1 q
limsup - Z |S217 < CATHID@) I (42)

Besides Lemma 3.3, we shall also make use of the following easy generalization of
Young’s inequality:

q q
Vg > 1, Z(Z|aijb,-|) 5max(squ|aij|,squ|a,~j|) Dbl @3)
j L I i

i

1

We now introduce y; := x;n~'/3 so that |y; — il > %(C‘ + |yi — y;|) with ¢ the

constant appearing in (A1). Using decomposition (19) and the homogeneity of each term
in this decomposition, we obtain, for all ¢ > 2,

2 1-2 2
||E5||L2(UBi) = AT ”ES”L‘I(UB,-)

< cxl—i(zi: fs,- S DIs) + Sf])(x;—nx’) ! dx)cz{

J#i
1Only the first inequality is stated in [8, Lem. 2.4], but a look at the proof shows that it follows from
the second one.
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2

q
dx)

D o raMS! + S (xi — x))

J#i

+ O (Z|B1|
i
> Y
<cAlTa (Z |By[| Y raM(S} + S} (xi — x;) dx)
i J#i

2 g N
+CAaA 3(Z| ) :
We can then apply Lemma 3.3 to the first term, and apply (43) to the second term (together

with the fact that ), m is uniformly bounded in j). We obtain
i J

<ea i (Timl

14

1S} + 7|4

Z '—X|4

IS} + 7|
¢+ 1yi—yil*

QN

1Esla sy < CAIS (|B P SIS 4 S |q)
2
+CASAE (Z|Bl||S1+52|‘1)
<cA¥i —Z|S.1+s?|q e
— n l 1 1

for any ¢ > 2, where the last bound comes from Holder’s inequality. It remains to bound
LN 1S+ S?|9. By (29), we have

lae < ¢ * 4q
s = C o (e o)) =i [ v« opnre

so that |
— D ISHT = CATTHIM * (oD @) 70 = CATTNID@)
i

where we used the L9 continuity of the convolution with M again. Combining this
inequality with (42), and injecting in the bound for E5, we get that for all ¢ > 2,

. _a
limsup|| Es[|7 > 5, < CA°" [ D(@)]70- (44)
n
We now turn to E3. We use the fact that D(R[A])(x) = O(|A]| |x|™>). We find

: 1Dg;| |
Ai S ek /A N
Z (c+ lyi —yil)?®

||E3||i2(UBl) = ClBl

< C|BiA S ZID%IZ
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where the last line follows from (43). Using again (41), we get eventually
. 13 1 13
limsup|| Esll72 ) 5,y < CA3 ID@)p2 7. < CAS D@7, Vg =2.  (45)
n

We recall now the expressions for £y and £, on B;:

il = ‘_’“( f M(x = 1) D@)(M)p(y) dy
- ][ / M(z —y)D(@)(y)p(y) dy dz),
B; JR3

£y = 15 (% 3 M(x - x)Dg; _][ — 3" M(z - x)) Doy dz)
J#i Bi %y

We claim first that
limsup|| E1 |22 B;) = 0. (46)
n

To prove (46), the idea is to regularize D(¢)p using a convolution with a mollifier y,.
Denoting by || [|o,,. the Holder seminorm of exponent p, we get

I(D@)p) * xnlloe < CUD@)P) * xyll " I(D(@)p) * Vgl oe

[1D(¢)pllLa

= 3
T]MJ'_E

for all ¢ > 1. Hence we get, using the fact that M is a Zygmund—Calderon kernel, for all
g > 2andany u € (0, 1),

XZ:/B |E1(x)|*dx < CAZXI.:/B,- |M * (D(¢)p — D(d)p * x|

+ CA%n[Bilry*|(D(@)p) * xnll5
24
rn
< 2>70ID@)p— (D@)p) * 2 + A° e 1D@plla.

which vanishes when taking the lim sup in # for fixed n and then taking the limit  — 0.
Finally, we bound E; by

2
(sup [VM(z = )1 )l D

z€B;
—32

2
I'n
E ——1 D¢l
—| 4 .|Xi—xj|
1

1 1 2
<CcAs ' Y D
SRS By e e ]

”EZHLZ(U Bz) =
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where the last line comes from (43). We obtain
timswpl E2lsqy 5y = C2F [ ID@Fp < CA¥ID@IE vaz2 @D
By the combination of (46), (47), (45), (40), (44), we find

lim Supllvllfn lz2qus) = Cq()k2 T4 )||D(¢)||L‘1 Vg = 2.
This inequality, together with (39) and (38), concludes the proof of Proposition 3.1.

3.2. Estimate of ¢}

The goal of this subsection is to show the following proposition:

/ g
R3

The main estimate (27) is then an easy consequence of Propositions 3.2 and 3.4, which,
as explained before (27), concludes the proof of Theorem 1.1.

The derivation of Proposition 3.4 will rely strongly on our assumption (A2). First,
let us recall that ¢, is bounded uniformly in 7 in H', and so is ¢2 by Proposition 3.1.
It follows that qb; is bounded uniformly in n in H'. Hence, by a density argument, it
is enough to establish the inequality in Proposition 3.4 for a C.° field g, as long as the
constant C on the right-hand side only involves || g||z3+:. From now on, we assume g to
be smooth and compactly supported.

We introduce again the solution (14, pg) of (36). As g is smooth, so is ug. Moreover,
by elliptic regularity and Sobolev embedding, we have for a compact K containing all the
balls,

Proposition 3.4. Forallq > 1,

lim sup < CA3|D($)||La.

n

[D(ug)llL=x) < D) lwis+eky < llgllLa+e- (48)

With (31), we compute
/ ¢,1-g=/ ¢,1-(—Aug+wg)=/ D)) : Diug)
R3 R3 R3
—_ / div(o (.41 - ug
R?}

st [ (opt0)- Zﬁmwf) : Dug)

_Z,XZA; ( 2D(¢) — Lon nZZ B, |131 f M(x — xj)D¢; dx

75 1

T Tern Z |B| Iz, ]i/ Mx — )D(¢)(y)p(y)dydx) D(uyg).
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We set

75 (1 1
fon = —| = M(—xj) | ——1p,(x)dx dy.(d
T Tor ("g(]ﬂ 0 ) gt o) 00

_,Z%(JiiM('_y))|B|

See (6) for comparison. We have

L ohe=—si| (pD(qb)——ZmlB D¢,):D(ug)

—2A <(/’L28x=y - /’L2,n)» D(9)(y) ® D(ug)(x)) =: —5AR; + 2A%R,,

(x)dx p(y) dy)

with the notation that for M a distribution over R* x R3 with values in Sym(Sym; ;(R)),
(M, S ®S') = (Mijii, Sij ® Sgp)-
From assumption (A0), it easily follows that
lim R; = 0.
n
Then we write

Ry = ((H25x=y — [2,n), D(@)(y) ® D(ug)(x)) + EL

with B
Ry = ((Mz,n — [l2,n), D(P)(y) ® D(”g)(x)>-

The first term on the right-hand side goes to zero as n — +o00, by assumption (A2). For
the remainder, we decompose it as

Ry = 16315;12 ((]{? M(-— xj)) — M(x; —xj))D¢>j : (]i D(ug))
1671112 ZM(X’ — XD : ((ﬁi D(ug)) a D(ug)(Xi))
Sl /sz @5 X 1 (f, 2o )15 e ) s

=: Ez,l + 132,2 + §2,3.

The first term is bounded by

|R1| <

L6212 Z sup |[VM(z — x;)|ra[Dj| | D(ug)llLoo(k)
S Z€Bi
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CA3 1
Snzzu — P = S L Y

1
A3
= TZ|D¢i|’
i

where the last line follows from (43). By (A0),

limsup | Ra.1| < cx%/ ID@)lp < CAY [ D@)le Vg = 1.
n R3

Note that the constant C may be chosen so that it depends on g only through | g||z3+,
using (48). The second term is bounded by

Rl < 1> 2ZZ<M<xl Xj) D |1l V2ug || Lo
ij#
C 2\ 1/2
3 3
= g 2| ik~ Dy | = ([ s — 00w )
iy m2ry Ny

| /\

/2 1/2
NG ;
(5 ZID@I) < ([ p@rs)

where the fourth (resp. fifth) inequality is a consequence of Lemma 3.3 (resp. (A0)).
Hence,
lim sup |R2,2| =0.
n

As regards the last term 132,3, we use the fact that, under (A0),
1 1 D . 1
—Z— D(ug) |1, —— (ug)p weakly*in L-.
n ; |Bt | B; n—+oo

See [9, Lem. 5] for a proof. Hence,

lim sup |§2,3| =0.
n

Proposition 3.4 follows.

4. Discussion of the mean-field limit

In this final section we come back to the main assumption (A2): we discuss examples of
particle distributions (x;) for which u, , converges as in (A2), and discuss how to com-
pute the limit y», that is, the O(A?) correction to the effective viscosity. This discussion
is closely related to the analysis performed in [8], and relies on results established there.

First, one notices that the sequence of compactly supported distributions i, , defined
in (6) is bounded with respect to n. More precisely, we have the following lemma:
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Lemma 4.1. There exists C > 0, such that for any smooth F = F(x, y), for any n,

pzn. F)| = ClIFllcrkxk)
where K is any fixed convex compact set containing X1, . .., X for all n.

Proof. We need to bound
1 1
— 2 MO =) F(xi,xp) = — 3 M(xi = X)) F(x, %)
i#]j i#j
1
+ = Y M(xi = x))(F(xi.x)) = F(x;.x)))
i#j
= Iin+ Iz,

As M is homogeneous of degree —3 and |F (x;, xj) — F(x;, xj)| < [|[VF | Loxxk) X
|X,’ — Xj|,

ol < — ||VF||LO«>Z .
|x; — x}|

We introduce y; := x;n~'/3 again, so that |y; — y;| > E(C + |y; — yj|) with ¢ the constant
appearing in (A1). We obtain

C 2 1
o0 < =n3|VF|pe Y —————— < C||VF|e,
B ZJ (e + |y =2

using that for each i, under assumption (A1),

1 / 1 1
——— < —————dz <Cns.
%: (c + 1yi —yi)? ni3k (¢ +[yi —z|)?

To bound 7, 5, we introduce s, := ¢/ (4n%), where c¢ is again the constant appearing in
(A1). We use the splitting

i = 5 (Ml =3 - f

M — ) dy) F(xj.%)

it B(x;j,sn)
+—ZZ(][ Me-ndy-f M(x—y)dxdy)F(xj,xj)
n B(x;,5n1) B(xi,sn)  B(xj,sn)
=Y b M ydxdy POy =+ Tt
B(xi,sn) B(x/' Sn)
i#j
We find
|T1nl < Z sup  [VM(x; —)|sl| F Lo

oy z€B(x;j,5n)
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Cs
= 2 Ll
|x; — ]|

<— Z(c+|y Sl Fllu < ClF L.
i J

Similarly, we find |J2,,| < C. Then, let x be a truncation that is 0 on B(0, 1) and 1 outside
B(0,2). The last term can be written

1 .
= () ) s st

so that

< C|FllL=

C
= €[S
i L2

using the Calderon—Zygmund theorem. This concludes the proof. ]

> F( )Gy )
j L2

Combining the previous lemma with the density of span({¢p ® ¢, ¢, ¢ € C*°(K)}) in
C*®(K x K), we deduce that for j1, € L®(R3, Sym(Sym; ,(R))), assumption (A2) is
satisfied if and only if for all smooth ¢, @,

2n 9 ®9) = [ nalrepn) dx “9)

or, equivalently, if and only if for all § € Sym; ; (), for all smooth ¢, ¢,

75/L

o ( 285 = x)e(x)g () - /R L85 (x = 1)e(0)F(y) dx dy)
i#j

— /RS([,Lz(x)S : S)(p(x)([)(x) dx,
where
gs(x) = M(x)S : S: (50)

cf. (5). Since gg is even, this amounts to the following: for all § € Sym; ;(R), for all
smooth ¢,

%(; gs(xi — xj)p(xi)p(x;) — /RS gs(x — Y)p(x)p(y) dx dy)

> f (12(0)S = S)|p() dx. 51)
R3

Of course, the existence of a nontrivial limit on the right-hand side of (51) is directly
related to the singularity of g at zero. If g; were smooth or not too singular, one could
show that the limit on the right-hand side is zero.
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Our first goal is to understand configurations of points (x;) for which the limit as
n — +oo of nLZ D iz &s(xi — x;)o(x;)e(x;) exists. This is closely related to the study
in [8], in which the special case ¢ = 1 is investigated. This study relies on ideas from
homogenization theory, together with the notion of renormalized energy, described in [17]
in the context of Coulomb gases. We shall explain how the approach in [8] adapts to a

general ¢. One proceeds in several steps.

Step 1. Expression of the mean field as a (renormalized) energy
Proceeding as in [8, Lem. 3.1], one can restrict to the case where
xi €0 V1<i<n.

Under this assumption, proceeding as in [8, Prop. 3.3], one shows that (51), and thus (A2),
amounts to the following: for all smooth ¢, for all S € Sym; ,(R),

lim 1 Walg] = /R (005 - )P dx, (52)
where
75
Walp] :i= — gs(x = y)(x)(on(dx) — p(x) dx)p(y) (pn(dy) — p(y) dy). (53)
l6x R6\Diag

To investigate the convergence of ‘W, [¢], the main idea is then to associate to this quadratic
quantity an energy. This idea is based on the following lemma:

Lemma 4.2 ([8, Lem.2.2]). Forany f € L?(R?),

16m
[ esc=nsesoaxay === [ pus)P,
R® R3
where us is the solution of the Stokes equation
—Aug +Vgs =div(Sf) = SVf, divug =0 inR>.

Considering definition (53), it is tempting to replace f by ¢(p, — p) in the lemma,
which would yield the formal identity

[ £ = 90 n(d) = ) )3 pa(d) — p(3) )
167

=—— D(h 2”, 54
3}’12 R3 | ( ﬂ)l ( )

where &, solves the equation
— Ahy + Vp, =ndiv(Se(p, — p)). divh, =0 inR3. (55)

The solution of this equation decaying to zero is explicit, and given by

hy = Z(p(xi)Gs(X —x;) —nUx SV(gp), (56)
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where Gs(x) = (SV) - U(x) = —%(S X - x)ﬁ, while the corresponding pressure field
is
Pn = Z(ﬂ(xi)l?s(x —x;) —nP x SV(gp),

where ps(x) = (SV) - P(x) = —% (SI‘;I-SX)'

However, this formal identity is not justified, as both sides are infinite: the left-hand
side is infinite due to the singularity of the kernel at the diagonal (which is excluded in
definition (53)), and the right-hand side is infinite because the solution %, of (55) is not in
H'(R?), as p, is an atomic measure. Still, one can interpret W, [¢] in terms of a so-called
renormalized energy, intensively studied in the context of Coulomb gases and Ginzburg—
Landau systems. See [17] and the references therein for more. One must first regularize
the singular measure. More precisely, following [8], we consider for all n > 0, the field

G satisfying

Gg=Gs, |x| > n, —AG;+Vpg=O, divG@:O, |x] < n,

Note that the condition Gg = Gy at |x| = n contained in the first condition can be seen as
a Dirichlet condition for the Stokes problem satisfied by Gg inside {|x| < n}. Let us stress
that Gg belongs to Hkl)c(]Ri3), and can be seen as a regularization of Gg. Accordingly, we
set

hY =" @(x)G(x — x;) —nU x SV (¢gp). (57)
i
As shown in [8, Lem. 3.5], it solves the modified Stokes equation

— Al +Vp) = Zfﬂ(xi)div(\ll”(- —xi)) —ndiv(Sgp), divh! =0 inR3, (58)
i
where 2
#(Sx@x—i—x@Sx—S%S_i_ 5p28)

Wl = —2D(G1)(x) + ph(x)Id, |x| <7, (59)
0, x| > 7.

A main advantage of this regularization is that &, — A, is supported in \U; B(x;,n). The
main result, which is a straightforward adaptation of [8, Props. 3.7 and 3.8] (dedicated to
the special case ¢ = 1) is given by the following proposition:

Proposition 4.3 (Renormalized energy formula). We have

25 1 1 3
W,lp] = ——= lim | — Vh1? — / VGLZ+ —1S? 1% ).
ool =% i [ 1P s (] IO8F+ o 1SP) Shetwo

. 1 ; Lo
More precisely, for n < 5n~3, where c is the constant appearing in (A1), one has

25( 1 1 3
W, == | IVh}? - / VGg* + —ISI? DI
Walel+ 5 (2 L9 = s ([, /7O + o1S7) Slete

<Cn.
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The first formula in this proposition is the rigorous translation of the false identity (54):
it connects the mean field 'W,[¢] to an energy. However, two differences are apparent.
First, the energy of &, being infinite, it is replaced by the energy of the regularization /;).
Second, and more importantly, one must subtract the term

1 3
o VGI Z_I__ SZ) Xi 2’
5 (Lo TGP + 15 15P) S ot

which corresponds to the energy of self-interaction, and blows up as n — 0. It is only the
difference of the two quantities that does not blow up as n — 0 and gives ‘W, [¢]. Note that
the removal of the self-interaction is coherent with the fact that the expression for ‘W, [¢]
excludes the diagonal; see (53).

Step 2. Existence of the mean-field limit for periodic and random particle
configurations

Thanks to the second formula in Proposition 4.3, we deduce that

25 1
lim Wy[p] =—= lim — | [VA}"?
R3

n—-+oo 2 n—>+oon
1 / 112 3 2 2
-3 VG + ——IS1> ) D lp(x)I*.
”2’72( soy o 107 0

when 7, = f)n_%, for any fixed 7) < . Note that for such a scaling n ~ n_%, contrary

to the case where 7 goes to zero at fixed n, the second term has a finite limit: namely, by

(A0),
1 3
li VG + —ISI* ) )I?
w2 (/15:(0,1)| si+ 107r| | l_ ool

1 3
- VGI 2 —S2 / 2 )
(ﬁ)3(/3(0’1)| S oisP) [ tele

n|2

Hence, the main point is to understand the limit of nLZ fR3 |VhZ . In the case ¢ = 1, this
is analyzed in detail in [8], for two classes of point configurations: periodic and random
stationary. Namely, in [8] one considers particles x1, . .., X, given by

X1,....x5} =N, kK1

for  an infinite locally finite subset of R3, of two possible kinds:

(i)  Periodic patterns: @ = {z1,...,zm} + Z> for zi, ..., z,, distinct points of
1 . .
(0,1)3, such that |z — z’| > cm™3 for all z # 2z’ € w, where ¢ is the constant in
(AD).

(i1)  Stationary point process: o is the realization of an ergodic stationary point pro-

. . . o _1

cess, of mean intensity m, satisfying the hardcore condition |z — z/| > cm ™3
forall z # 7z € w.
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Note that in the periodic case, the number 7 of particles in O is equivalent to me™3 as
& — 0. In the random case, this number 7 is random, but is almost surely still equivalent
to me~3 by the ergodic theorem (under an additional convexity assumption on ©). In
particular, as ¢ — 0, one has n — 400 and one can consider the asymptotic behaviour of
W, [¢] or, as said before, of nLZ [rs [VAh"|2. Note that in both cases, assumption (A0) is
satisfied with p = 1@, and for ¢ small enough (or n large enough), (A1) is also satisfied.
The limit of the renormalized energy can then be tackled through homogenization
techniques. Indeed, we claim that equation (58) is close to systems of the form

— Ah® + Vpf = e div(f(x)(F(x/e) — F)), divh® =0, (60)

where F is the mean of F (in the periodic or random sense). Roughly, one has the corres-
pondence
exnTi, Fa ) Wit-z), Fxl fxleg. 61)
ZEW
The point is that for a model of type (60), the behaviour of the solution /4° is well under-
stood. For instance, in the periodic case one has

he ~ e 2g(x)H(x/¢),
where H = H(y) is a corrector, solving
—AH + VP =divF, divH =0, (62)

with periodic boundary conditions. In particular, one can show that

K / VP - / VH()P dy [ g0 dox.
R3 (0,1)3 R3

As shown in [8] in the special case ¢ = 1, a similar situation holds in the context of system
(58). There is a corrector problem similar to (62), that takes the form

— AH" 4+ VP =div2\p"'(-—z), divH" =0 inR3, (63)

ZEw

where 0 < 7 < %m_%. This can be solved in both periodic and random stationary frame-
works, as shown in [8]. Roughly,

(i)  in the periodic case, there is a unique (up to an additive constant) weak solution

H" in H,! (R3), which is 74 periodic and mean-free over a period;

(i) in the random stationary case, there is almost surely in @ a weak solution
H(-,w) in H,! (R3) with a uniquely defined stationary and mean-free gradient.
More precisely, VH? (y,w) = Dg (w — y), where D is an R3-valued L2 ran-
dom variable with zero mean, the unique solution of a probabilistic variational
formulation; see [8] for details.

One can then express our mean field limit in terms of the energy of this corrector. This
is the following proposition:
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Proposition 4.4. Let < %m_% Then, as € — 0, one has n — +o0, and

25 1 ~ 1 3
Walo] —(——/ VHP 4+ — (/ |VG1|2+—|S|2))[ ol
" 2\ m? Jo,1)3 (M3m \JB©,1) § 107 o

in the periodic case, whereas

25 1 - 1 3
W —|-=EIVH" (0. / VGs|* + —|SI / >
ol = 2 (Va0 + o ([ 1963+ 1ist)) [ 1o

in the random stationary case. In particular, assumption (A2) is satisfied with

25“( 1 / 7o 1 (/ 112 3 2))
S:S=—\|—-— VH"* + — VGs|"+ —|S (64)
= 2 m? J(0,1)3 | | (1)3>m \JB.1) Vas| 10”| |

in the periodic case, whereas

251 1 _ 1 3
S:8S=""{——E|IVH"(0,")]? / VGL]Z + —|S)? 65
" (o EIVAT0.) +(ﬁ)3m(3(0’1)| P4 isP)) )

in the random stationary case.

This proposition was established in [8] in the case ¢ = 1, and the proof extends without
too much difficulty to the general case. Note that the right-hand sides that appear above
do not actually depend on 7 (as long as 1 < %mf%), as the left-hand side ‘W, [¢] does not
involve 1. See [8, Prop. 4.4] for a direct proof.

Let us briefly evoke the main steps of the proof of Proposition 4.4, restricting to the
periodic case for brevity. Keeping in mind that n ~ me™3

that
86/ |Vh7e|? —>[ |VH'7|2/ lo]2.
R3 (0,1)3 [¢]

The idea is to introduce an approximation of 47 using the corrector solution of (62).
Namely, we introduce an approximate velocity field A5, € H}.(R?) and pressure field
Phop € Ly (R?) defined by

loc

as ¢ — 0, the point is to show

happ(x) := gizrp(X)Hﬁ(g) —/{9 éw(X)Hﬁ(g) dx, x€o,
Papp(X) = éw(X)P’_’(g) —/0 éw(X)Pﬁ(g) dx, x€0,

and
—ARS, + Vpe, =0, divhi, =0, inR3\0.

One has straightforwardly

86/ |Vh§pp|2—>/ |VH’7|2/ lp|?, &—0.
o (0,1)3 o
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Moreover, reasoning exactly as in [8], one shows that the H 2 2 (00) norm of hg,, goes to
zero as ¢ — 0, which implies

||Vh§pp||Lz(R3\@) —> 0, e—0

86/ hjpp2—>[ |VH”|2/ lp|?, &—0.

The final step of the proof consists in showing that

so that

86/ V(R — ke )I* >0, &— 0.
R3

This is a consequence of an energy estimate, performed on the Stokes equation satisfied by

the difference h7¢ — hﬁpp In the case ¢ = 1, all details are provided in [8]. For general ¢,

there are a few extra source terms in this Stokes equation, but they can be handled through
similar ideas, so that we do not give further detail.

Step 3. Explicit computation of x>

Finally, as further explained in [8], one can make formulas (64) and (65) more explicit. In
the periodic case, with = {z1, ..., zn} + Z3, the following holds.

Proposition 4.5 (Periodic case; see [8, Props. 5.4 and 5.5]).
(1) One has

25
oSS = 2m‘i< 3 SV-Gsa(ai—z))
i#jef{l,...m}

+ myleO SV .- (Gs,1(y) — Gs(y))),

where Gs(x) = (SV) - U(x) = —%(Sx . x)# solves
—AGgs + Vps =(SV)8, divGs =0, inR?
and for all L > 0, Gg 1, is the periodic field with zero mean solution of

—AGs,L+VpsL=(SV) » 8. divGsr =0, inR> (66)
zeLZ3
(2) In the special case of a simple cubic lattice (m = 1), the formula simplifies to
2SS = uaZS +/L,BZSU,
i i#j

witha = 3(1 —60a), B = 3(1 + 40a), and a ~ —0.04655.
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In the ergodic stationary case, under the almost sure assumption (A1), a more expli-
cit expression can be obtained in terms of the two-point correlation function p;(x, y) =
r(x — y). We recall that a point process in R3 has a two-point correlation function p, €
LllOC (R3 x R3) if for all bounded K and smooth functions F,

E Y Fez)= [  Feppstoy)didy
z#z’eK KxK

Proposition 4.6 (Ergodic stationary case; see [8, Prop.5.6]). Assume that p2(x, y) =
r(x —y)withr € L}

loc

250 .1
,LLZS S = Py m 73
2m? L>+oo L (M,L—M)3x(M,L—M)3

(R3), zero near the origin. Then, for any M > 0, almost surely,
(SV)-Gs.p(z—2)r(z—2')dzdZ,

where Gg 1, was introduced in (60).

One can actually push this calculation further in the case of an isotropic process. The
next proposition is the first justification of a formula that was derived formally in [18].

Proposition 4.7 (Isotropic point process). Assume that pa(x, y) = r(x — y) with r zero
near the origin, radial and such that |r (x) — m?| < w(|x|) for some bounded and decreas-

ing function w: Ry — Ry with fR+ @ dt < +o00. Then, almost surely,

5
2SS = SplSP.

Remark 4.1. Let us note that the formula above (u, = %) differs from the one derived
formally by Batchelor and Green ([2]) for isotropic random processes of Poisson type
with a no-penetration condition (i A 7.6). The reason is that in the case considered in
[2], assumption (A1) is not satisfied. Roughly, it follows that the kernel Gg 1 (z — z)
appearing in Proposition 4.6 must be modified: the appropriate kernel G(z — z’) is only
close to Gg,;, asymptotically as |z — z’| — 4o00. This point was raised in [2, p.418].
Since our paper was submitted for publication, rigorous results have been obtained on the
Batchelor—Green formula; see [3,7].

Remark 4.2. The fact that r is radial in the proposition corresponds to the isotropy of the
point process. The weak decay condition on r — m? corresponds to a natural decorrela-
tion at large distances. See [3] for similar assumptions. Note that all assumptions of the
proposition are satisfied by the usual hardcore Poisson processes.

Proof of Proposition 4.7. For any L > 2M > 0, we denote K1, := (M, L — M)3. By
Proposition 4.6, it is enough to prove that

lim

2
m
im — SV)-Gs.1.(z—z)r(z—2")dzdz = —|S|*.
M—+400 L—>+o00 L3 /KM’LXKM,L( ) Gs.L( ) ( ) 5 [S]
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By a simple scaling argument, Gs 1. (x) = L™2Gs (7). It follows easily that

1

—3/ (SV)-Gs.p(z—2)r(z—2')dzdZ
L Ky, xKum,L

/ (SV)-Gs1(z =2 (L(z—2"))dzdZ.
Kyyr <Ky

For z,z' € Kpyp,1, we have z — 2z € (=1 + 2M/L, 1 — 2M/L)3. Over this set, the
periodic function G ; can be decomposed as

Gsi= Y., Gs(—k +Gsy, (67)
keZ3,|ki|<1

where 65,1 is smooth. From this decomposition, and the fact that r(x) = 0 for all |x| <,
8 > 0 small enough, it follows that

/ (V) - Gs.1 (u)r(Lun)| du
(~14+2M/L,1-2M/L)3 ’

1
(—14+2M/L,1-2M/LY0{ul28/L} \ ;75 o <1

< Cy In(L). (68)

It follows in particular that

[ (SV)-Gsa1(z—=z2)yr(L(z—2"))dzdZ’
(Kmye,i\Kam/L, )% Kmyp,1

, InL
<IKm/L,1 \ Komyr1|CyyInL < CMT -0, L — +oo.

It remains to show that

2
lim lim (SV)-Gsa(z — 2V (L(z — 2')) dz dZ' = ’%|S|2.

M—>+00 L—+00 KoL XK/

We decompose

/ (SV)-Gs1(z—=2)y(L(z—2"))dzdZ
KomyoaxKmyr

= / / (SV)-Gs1(z — 2 )ym*dz dz’'
Koy, YKy, iNB(z,M/L)¢

+/ / (SV)-Gsa(z—2)r(L(z —2")) —m*)dzdz'
Komyr,1 YKy, 1NB(z',M/L)¢

+/ / (SV)-Gsa1(z—=2)y(L(z—2"))dzdZ
Komyr,i /B(z,M/L)

= I]:/[,L +1112/[,L +11l34,L'
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We have used that for any z’ € Kopr,1, Kyyrn N B(z', M/L) = B(z', M/L). As
regards the first term, we use (68) again, which yields

InL
f / I(SV) - Gs.1(z — 2ym?| dz dz’ < Cpy—=.,
Komyr,1 /Ko \KpyypL 1 L
so that
I;,LL = / f (SV)-Gs.1(z —2Yym*dzdz' + o(1),
Koy, /Ko1NB(z/,M/L)¢

where the term o(1) goes to zero as L — 4oo for any fixed M. We then perform an
integration by parts in the variable z. Note that for all z’ € Kyps/1,,1, the boundary of
the ball B(z/, M/L) is disjoint from the boundary of Ky ;. Taking into account that
(SV)-Gsa(z—2")is 7.4 -periodic, the boundary term at 0Ky,1 vanishes, and eventually

Iy, = —/ / (Sv) - Gs.1(z — ) do(z) dz' m* + o(1)
’ Komyr,1 JOB('M/L)

= —/ / (Sv)-Gs(z —z")do(z) dz' m* + o(1)
Komyp, JOB(z/,M/L)

- _(1 B %)3(/33(0 1)(SV) . GS)m2 o

Using the explicit expression for G s, we find that for any M > 0,

1 3 2 o m
Iy — — (Sn-n)ym* = —|S|© asL — +oo,
’ 8 9B, 5

thanks to the identity faBl ninjngn; = A{—’;(E),-,-Gk] + 0ik0j; + 0;70;%). As regards the
second term, using decomposition (67), we find the upper bound

1171
1 2
< C/;_1+2M/L,1—2M/L)3< > et l)lr(Lu)—m | du
N{lul=M/L} keZ3 |ki|<1
Ir@w)—m? ) »
<C Z Lt2M.L—2M) —|u’—Lk|3 du'+ C sup |r(u’)—m~|.

ke Jkil<1” n{'|=0) =M

Clearly, the last term on the right-hand side is independent of L and goes to zero when
M — +o00. Moreover, we claim that all integrals on the right-hand side go to zero when
M — +o00, uniformly in L. Indeed, for k = 0, we simply write

lr@uy—m? w(t)
(=L+2M,L—2M)3 IE du’ = le -0, M — +oo0.
N{|w'|=M} [t|I=M
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For k # 0 in the sum, we write

re) —m?| o)
(=L+2M,L-2M)* |y' — Lk|3 — JWBLzW =M} |u' — Lk|3
N{lw'|=M} N{lw'—Lk|>2M}
w(lu']) /
= ﬁ«/?Lz\u’le} w—rkp
N{1L>|u'~Lk|>2M}
!
(,()(|M |) du/.

t WELzwEmy = Lkp
A{lw—LK|> 3L}

For the second integral, we use the lower bound |u’ — Lk| > %L for the denominator, so

that ,
o(u'])

(V3Lz|W'|=M} |y — Lk/|3
N{lw'~Lk|> L}

For the first integral, we notice that

| > |Lk|— ' — Lk| > L - 1L =

du' < Co(M).

1L >|u'—Lk|. sothato(lu']) <o(lu’— Lk|).
We infer
w(ju']) w(Ju' — Lk|)

/ =
ﬁﬁLZ“‘ =M} W —LkP® " 7 JiLspw-rkizamy u — Lk|?

N{IL>w'—Lk|>2M}

t
5/ —w()dt—>0, M — +oo0.
lt}>2m 1

Hence, limp 40 limsup; _, o |77 ; | = 0. Finally, for the last term, we find

Iy = / / (SV)-Gs(z —z)r(L(z = ') dz dz' + o(1),
Koy, /B2, M/L)

where again the o(1) refers to a quantity going to zero as L — +oo for any fixed M.
As r is radial and as the mean of (SV) - Gs over spheres is zero, the integral in z on the
right-hand side vanishes identically. This concludes the proof. ]
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