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Classical and weak solutions to local first-order mean field
games through elliptic regularity

Sebastian Mufioz

Abstract. We study the regularity and well-posedness of the local, first-order forward—backward
mean field games system, assuming a polynomially growing cost function and a Hamiltonian of
quadratic growth. We consider systems and terminal data that are strictly monotone in density and
study two different regimes depending on whether there exists a lower bound for the running cost
function. The work relies on a transformation due to P.-L. Lions, which gives rise to an elliptic partial
differential equation with oblique boundary conditions, that is strictly elliptic when the coupling
is unbounded from below. In this case, we prove that the solution is smooth. When the problem
is degenerate elliptic, we obtain existence and uniqueness of weak solutions analogous to those
obtained by P. Cardaliaguet and P.J. Graber for the case of a terminal condition that is independent
of the density. The weak solutions are shown to arise as viscous limits of classical solutions to
strictly elliptic problems.

1. Introduction

The purpose of this paper is to study the well-posedness of the first-order mean field games
system (MFG for short) with a local coupling:

—uy + H(x, Dyu) = f(x,m(x,t)), (x,1) € Or = T¥%(0,T),
m; —divimD, H(x, Dxu)) = 0, (x,t) € Or, (MFG)
m(x,0) = mo(x), u(x,T) =g(x,m(x,T)), xeT?,

where H:T? x R — R is a strictly convex Hamiltonian of quadratic growth, f, g: T¢ x
[0, 00) — [—00, 00) are strictly increasing in their second variable m, f has polynomial
growth in m, and my is a strictly positive probability density. As is standard, we work on
the flat d -dimensional torus T¢ = R?/Z? to avoid additional technicalities with spatial
boundary conditions.

MFG were introduced by Lasry and Lions ([14, 18]), and at the same time, in a partic-
ular setting, by Huang, Malhamé, and Caines ([13]). They are non-cooperative differential
games with infinitely many players, in which the players find an optimal strategy by
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observing the distribution of the others. When the game is completely deterministic, such
games are typically modeled by system (MFG), which has been successfully studied in
the case where the function g is independent of the density m, and a complete theory of
weak solutions has been obtained through variational methods by Cardaliaguet, Graber,
Porretta, and Tonon ([2—4, 12]).

Our two main contributions are proving well-posedness when the terminal condition
is strictly increasing with respect to m, and the attainment of classical solutions under the
additional assumption that f(-,0) = —oco. When the latter blowup condition does not hold,
we obtain weak solutions that are in line with the variational theory, and they are shown
to enjoy higher regularity than in the case g, = 0, by virtue of the strict monotonicity
of g.

The precise statements of our main results are as follows. We refer to Section 2 for
the exact assumptions (M), (H), (F), (G), (SE), and (DE), to Section 5 for the definition
of a weak solution, and to the notation subsection for the meaning of the function spaces
mentioned in the theorems below.

Theorem 1.1. Let 0 < a < 1, and assume that (M), (H), (F), (G), and (SE) hold. Then
there exists a unique classical solution (u,m) € C>*(Q7) x C>*(Q7) to (MFG).

Theorem 1.2. Assume that (M), (H), (F), (G), and (DE) hold. Then the following is true:

(1)  There exists a weak solution (u,m) € (BV(Qr) N L*®°(Qr)) x (C([0, T],
H=Y(T4)) N L=(Q7)) to (MFG).

(ii)  The solution (u,m) is the almost everywhere (a.e. for short) limit, as € — 0, of
solutions (u€,m¢) € C>*(0r) x C**(Q7) to MFG systems satisfying (SE).
Furthermore, (u€(-, T),m¢(-, T)) — (u(-,T),m(-, T)) a.e. in T?.

(i) If (u', m') is another weak solution to (MFG), then m = m’ a.e. in Q7, and
u =u' a.e. in{m > 0}. Moreover, m(-,T) = m’(-,T), u(-.T) = u'(-,T), and
u(-,0) = u'(-,0) a.e. in T4,

Despite the connections with the variational theory, we do not use variational methods.
Instead, we follow the ideas of Lions and his work on the so-called planning problem,
where the initial and terminal densities m (-, 0) and m(-, T') are prescribed ([14, 18]). It
was first observed by Lions that if, for each fixed x € T4, f~!(x,-) is the inverse func-
tion of f(x,-), it is possible to formally eliminate the variable m from the system. This
transforms the problem into a second-order quasilinear elliptic equation with a non-linear
oblique boundary condition which, in the special case where D H, D f, Dxg = 0, may
be written as follows (see Section 2 for the general setting):

—uy —Tt(Dp HRDp H + y(—u,+H)Dj, H) D3 1)

+2DpH - Dyu; =0 in O,
—ur + H — f(mo) =0 on T4 x {t = 0},
—¢(fT (~ur + H) +u=0 onT? x {t =T},

(1.1)
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where the function y(w) is defined by

xw) = f7Hw) fu (f 1 W)).

We emphasize the fact that, while (1.1) is an elliptic second-order problem, the original
system (MFG) is of first order and, in particular, it models a game with no diffusion.

Our approach to obtain classical solutions when (1.1) is strictly elliptic was developed
by Lions, who applied, in his lectures at College de France, the following strategy for
finding regular solutions to the planning problem. Viewed as a quasilinear elliptic equation
with a non-linear boundary condition, the problem can be tackled with classical methods
from the field of a priori estimates: specifically, maximum principle techniques and the
Bernstein method to obtain bounds on the solution and its gradient, the application of
classical estimates to bound the Holder norm of the gradient up to the boundary, and soft
functional analytic tools to attain the classical solutions.

In order to study the general MFG system, even when (1.1) happens to be degenerate
elliptic and the solutions are expected to be discontinuous, our strategy is to first obtain
smooth solutions in the strictly elliptic case, and to subsequently find the weak solution as
a viscous limit of strictly elliptic problems. The success of this approach is based on the
fact that, once smooth solutions are known to exist, every a priori estimate that is inde-
pendent of the ellipticity constant can be used as a source of compactness and regularity
for the limit. Our a priori estimates are supplemented by energy computations based on
the Lasry—Lions monotonicity procedure, which is the canonical method for obtaining
integral bounds and proving uniqueness in MFG systems.

To identify and motivate the condition that determines the strict or degenerate ellip-
ticity of the system, we remark that the determinant corresponding to the elliptic equation
in (1.1) becomes zero precisely as y = mf,, — 0. This is in accordance with the heuris-
tic principle that the regularity of u is lost in regions where there are few to no players
(no information), as well as when the cost fails to be strictly monotone (concentration
blowup). Because, as is standard, f is assumed to grow at least logarithmically as m — oo,
this degeneracy can only happen as m — 0. In the absence of diffusion, for the strict pos-
itivity of m to be preserved, we expect to have a very strong incentive for the players to
navigate through regions of low density. With these considerations in place, we will clas-
sify system (MFG) as being strictly elliptic precisely when f has a singularity at m = 0,
and as degenerate elliptic otherwise.

It should be noted that, for the stationary problem, classical solutions were obtained in
[6] for the case where f =logm, and in [10] for the case where H (x, p) = %|p|2 —V(x),
under a small-oscillation assumption. For second-order systems with a (possibly) degen-
erate diffusion and a density-independent terminal condition, the variational theory was
extended in [4], where it was shown (compare with Theorem 1.2) that the weak solutions
to the first-order problem arise as viscous limits of weak solutions to second-order MFG
systems. Finally, the most general result for weak solutions to the second-order problem
is due to Porretta ([21]), and, unlike [4], it does not use variational methods.
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The content and structure of the paper are described as follows. Section 2 explains the
general setting and assumptions that will be used, followed by the statements of the pre-
liminary results from the classical literature on quasilinear elliptic equations and oblique
derivative problems that will be used to prove existence of classical solutions.

In Section 3 we obtain all the necessary a priori estimates for the strictly elliptic prob-
lem. The main results, which deal with the system in full generality, are summarized in
Theorem 3.9. We also establish a minor variant, in the special case when the x depen-
dence has a simple structure, that is, when H(x, p) — f(x,m) = H(p) — f(m) — V(x),
in Theorem 3.10. This result states that, with this structural assumption, it is not nec-
essary to require f to grow at most polynomially in m, allowing for examples such as
f(m) = e™ + logm. Section 3.1 contains the L°°-bounds on the solution u, as well as
two-sided bounds for the terminal density m(-, T'), obtained through maximum princi-
ple methods. These methods exploit the fact that the strict monotonicity property of g is
equivalent to the linearized version of problem (1.1) having an oblique boundary condi-
tion, which is of Robin type in the upper component of dQ 7. In Section 3.2, the gradient
bound is obtained by means of the Bernstein method. To deal with the asymmetry between
the space and time derivatives in (1.1), it is necessary to first get a precise bound for u;
in terms of the space gradient, utilizing the a priori lower bound on m(-, T') and the maxi-
mum principle. This, in turn, provides a “conditional” a priori lower bound for 7, namely
a lower bound that holds exclusively at points (x, ¢) where the function H(x, Dyu) is
close to its maximum value. The conditional nature of this bound, as well as the struc-
ture of (1.1) in its fully general form, requires a non-conventional choice of an auxiliary
function of the space-time gradient.

Section 4 deals with the existence of classical solutions for the strictly elliptic problem,
including the proof of Theorem 1.1. The corresponding variant for the case of a fast-
growing f is presented in Theorem 4.3. It is first explained how a classical result from
the theory of oblique derivative problems, due to G. M. Lieberman ([17]), immediately
yields an a priori Holder estimate for Du up to the boundary in terms of the L°°-bounds
on u and Du. Existence is then proved through an application of the non-linear method of
continuity, the classical Schauder estimates for the linear oblique derivative problem, and
a variant of a convergence theorem of R. Fiorenza ([7, 8, 16]).

In Section 5 we develop the weak theory for the degenerate elliptic problem, and
obtain the proof of Theorem 1.2. It is first established that, for strictly elliptic problems,
there exists an upper bound for the density that is independent of any lower bounds on
m(-, T). After deriving some necessary energy estimates and defining an e-perturbation of
the coupling f that makes the problem strictly elliptic, the solution is obtained as the limit
when € — 0 of the corresponding smooth solutions. It is also proved, in Theorem 5.5, that
when the data is independent of the space variable, the value function u and the terminal
density m(-, T) are globally Lipschitz continuous.

Remark 1.3. We mention here some related work that was released after this paper. In
[20], the author showed existence of classical solutions for the so-called extended MFG, a
generalization of (MFG) introduced by Lions and Souganidis ([19]), having a fully general
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continuity equation, and a non-separated Hamiltonian, namely H = H(x, p, m), with
arbitrary superlinear growth. In particular, classical solutions were obtained for first-order
MFG with congestion. As for weak solutions to (MFG), the most general result to date was
obtained by Cardaliaguet and Porretta ([5]), where the solution is obtained as a vanishing
viscosity limit to the weak solutions from [21].

Notation

Letn,k € N. Given x, y € R”, x and y will always be understood to be row vectors, and
their scalar product xy” will be denoted by x - y. For any bounded set 2, with @ C Qr,
QcT orQcC [0,T],and 0 < < 1, Ck’“(Q), refers to the space of k times dif-
ferentiable real-valued functions with a-Ho6lder continuous kth order derivatives, and, for
u € C%%(R), the Holder semi-norm of u will be denoted by [u] .. Similarly, if H~'(T%)
denotes the dual space of the Sobolev space H'(T9), the space of H~!(T%)-valued
a-Holder continuous functions C %% ([0, T']; H~1(T?)) is equipped with the Holder semi-
norm []4.[0.77,5-1. For functions ®(x,1,z, p,s) € C°(Q7 x R x R4*1), where typically
(x,t,z,p,s) = (x,t,u(x,t), Dxu,u;), the conventions X = (x,t) and ¢ = (p, s) will
always be in place. The notation Du, D® will always refer to the full gradient in all
variables so that, for instance, Du = Dzu = (Dxu,u,;) and D® = (D3, ®,, D, D).

For (x,1) € 007, v(x,t) = £(0,0, ..., 1) denotes the outward-pointing unit normal
vector. We write C = C(K1, K>, ..., Kpr) for a positive constant C depending mono-
tonically on the non-negative quantities K1, ..., Kjps. We also define, for K > 0, and any

set V, Vg ={(y.2,q) € V x RxR4*1 : |z] + |g| < K}. We write C¥(Q7)* for the dual
space of C*¥(Q7). In particular, C°(Q7)* is the space of finite signed Borel measures
on O, and C*®(Q7)* is the space of distributions. Moreover, BV(Q7) is the space of
functions of bounded variation, that is, the space of L!(Q7) functions such that their
distributional derivatives are elements of C°(Q7)*, and L°(Qr) consists of the func-
tions m € L°°(Qr) such that m > 0 almost everywhere (a.e. for short) in Q 7. Finally, for
m € L°(0r), L2, (Qr) consists of the functions v such that [v|*>m € L1(Q7).

2. Assumptions and general setting

2.1. The MFG system as an elliptic problem

We now present the general elliptic formulation of the MFG system. As explained
in the previous section, it is an equivalent problem satisfied by u, whenever the pair
(u,m) = (u, 71, —u; + H(-, Dyu)) € C2(0r1) x C'(Q7) is a classical solution to
(MFG). It is obtained after eliminating m from the system, and it consists of a quasilinear
elliptic equation with a non-linear oblique boundary condition,
Qu = —Tr(A(x, Du)D?u) + b(x,Du) =0 in Qr, (Q0)
Nu = B(x,t,u,Du) =0 on dQr,
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where, for all (x,7,z, p,s) € O7 x R x R4+1,

A(x, p.s) = (DpH,—1) @ (D, H.—1)
2 1
+ y(x,—s + H(x, p)) (DPPE(')(X”’) 8), Qb
b(x,p.s) = —DyH(x, p)- DpH(x, p)
+ Dy f(x, f'(x,—s + H(x, p))) - DpH(x, p) (Q2)
— x(x.—s + H(x, p)) Te(D}, H (x, p)),

B(x,0,z, p,s) = —s + H(x, p) — f(x,mp(x)),

o (B1)
B(X,T,Z,p,S):—g(X,f (X,—S+H(X,p)))+2,

with the function y(x, w) being defined by
X0, w) = f71 0, w) fu(x, f 7 (3, w).

We remark that the matrix A is clearly non-negative, and since det(4) = y¢ det Dlz,pH ,
the condition for degeneracy is y = mf,, = 0. For future use, we set

h(x,w) =/ x(x, w).

2.2. Assumptions

We now state the main assumptions (M), (H), (F), (G), and (E), that will be in place
throughout the paper, except when explicitly stated. Assumption (E) on the ellipticity
of the system contains the mutually exclusive possibilities (SE) and (DE), and it will
always be made clear which of the two is in place. For the theory of weak solutions,
the differentiability assumptions on the data can naturally be weakened through standard
approximation arguments, but in the interest of clarity such matters will not be considered.
Throughout the assumptions, the quantities Cyo > 0 and 0 < v < 1 are fixed constants.

(M) (Assumptions on mg) The initial density m satisfies
mg € C4(Td), mg >0, and / mo = 1. M1)
Td

(H) (Assumptions on H') The functions H, D, H, DI%pH are four times continu-
ously differentiable, and the following quadratic growth and uniform convexity
conditions hold:

1
C—OI <D} H(x.p) < Col, (H1)
D,H(x,p)-p=2H(x, p)— Cy, (H2)
|D3,, H(x. p)| < Co(1+ [p])7", (H3)

ppp
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for all (x, p) € T4 x R¥. The space oscillation of H is at most subquadratic in
p, namely

|D3,,H|<C(+I|p)*. |D},,HI <Co(1+|p)7". (HX)

(F) (Assumptions on f) The continuous function f:T? x [0, 00) — [—o0, 00) is
four times continuously differentiable on T¢ x (0, co) and strictly increasing in
the second variable, with f,, > 0. The function f grows polynomially as m — oo,
in the sense that its growth is at least of degree zero, namely

liminf mf, (x,m) > 0, (F1)

xeT4, m—o0

and its derivative f;, satisfies a polynomial bound | fp,m| < Co fim, which can be
equivalently expressed in terms of y(x, w) as

[xw| = Co. (F2)
The space derivative of f satisfies the same polynomial bound,

|m(Dx f)m| < Co|Dx f1, (FX1)

as well as the control
D1, D2 f1 < Coll + |77 + Imfon|H9/2). (FX2)

(G) (Assumptions on g) The continuous function g: T¢ x [0, 0c0) — [—00, 00) is four
times continuously differentiable on T¢ x (0, 0o) and strictly increasing in the
second variable, with g, > 0. The control required for its space oscillation is that,
for each x € T¥,

lim g(x,m)= sup g and g(x,0)= inf g. (GX)
m—>00 Td x[0,00) T4 x[0,00)

(E) (Ellipticity of the system) One of the following conditions holds:
system (MFG) is strictly elliptic, in the sense that f(-,0) = —oo, (SE)
or
system (MFG) is degenerate elliptic, in the sense that f(-,0) > —oco.  (DE)

In the case of (DE), since the density is not expected to be strictly positive, we
assume that g (-, 0) > —oo.

A few comments should be made about the assumptions on the spatial oscillation. First, we
remark that the subquadratic growth assumption (HX) can be interpreted as requiring that
the purely quadratic part of H is independent of x. Condition (FX2), on the other hand,
can be interpreted as being dual to (HX). Indeed, heuristically, since f is assumed to have
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polynomial growth, mf,, ~ f,and f = —u, + H ~ |p|?, so both conditions impose the
same polynomial growth bound in the variable | p|. We consider now the assumption (GX)
on the x-oscillation of g. When g is bounded, the first (resp. second) condition in (GX)
corresponds to a purely qualitative control on | D g| that becomes stricter as m — oo (resp.
m — 07). From the modeling point of view, it can be interpreted as the requirement that
extremely crowded regions (resp. nearly empty regions) have roughly the same terminal
value for the players.

Remark 2.1. For simplicity of the presentation, we observe that, up to increasing the
value of Cy, the following inequalities are trivial consequences of (H1), (HX), and (SE),
and they will be used freely when pertinent:

1
Eﬁpﬁ—cosHuJ»scum”+%,|Dﬂﬂxpﬂs€d1+m0, (2.1)

|DxH(x, p)| < Co(1 + |p|'*T™), |DE H(x,p)| < Co(l + [p|'*7), (2.2)
|D2,H(x, p)| < Co(1+ |p])7. (2.3)
XG0l cocray + llmollcrray + 11 | c2(Td xpminmo.maxmo]) < Co- (2.4)

2.3. Preliminary results

This subsection includes the classical results that will be required in Section 4 to obtain the
higher regularity from a priori C! bounds. In this subsection only, it will not be assumed
that problem (QO) is explicitly given by (Q1), (Q2), and (B1), but instead (Q, N) will be
a general pair of an elliptic quasilinear operator and a fully non-linear boundary operator.
In particular, A and b will not necessarily be assumed to be independent of ¢ and u. The
first theorem is the classical interior Holder gradient estimate for quasilinear equations,
due to O. Ladyzhenskaya and N. Uraltseva ([17, Lem. 2.1]).

Theorem 2.2. Let u € C?(Qr) satisfy Qu = 0 in Qr, with A(x,t,z,q) € CY(Qr x
R x RI*TY) b(x,1,2,q) € CO(Qr x R x R*Y). Suppose that ||ul|c1(g,) < K, and that
the constants Ak, Lk satisfy, in OT,k,

A>Axl and pg > |A|+ |DA|+ |b]. (2.5)

Then, for any V CC Qr, there exist constants C = C(K, ug /Ak, dist(V,3Q07)™ ') and
y = y(K, ux/Ax), such that
[Du]y,V <C.

Next is the following local boundary Holder estimate for the gradient in oblique prob-
lems, due to Lieberman ([17, Lem. 2.3]). In Theorem 2.3, the following definitions are in
place:

B ={(x,t)e R :|(x,0)| <1}, BT ={(x.,t) € B:t >0},
B® ={(x.1)e B:1 =0}, B’ ={(x.t) € BT : |(x,1)| < }}.
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Theorem 2.3. Let u € Cz(B+ U B%) solve Qu =0in B, Nu =0 on B° with
A(x,t,2,q) € CY(BT x R x R4tY), b(x,1,2,q) € CO(B+ x R x R4t1), B(x,1,z,q) €
C'(B° xR x R4+l DyB(x,t,z,q) € CY(B° xR x R4+1). Assume furthermore that
(2.5) holds in B, as well as, on BIOO

A'I{ _BS,
pk = |DgB| + |D:B| + |DzB| + |D;,B| +|D},B| + |D};B|. (2.6)

IA

\%

Then there are constants C and y depending only on K and pux/Agx such that, if
lullcrs+upoy < K, then
[Duly,p < C.

For the next theorem, which is the basic Schauder estimate for linear oblique problems
([9, Thm. 6.30]), we recall that v(x,t) = (0,0, ..., 1) denotes the outward-pointing
normal vector at (x,?) € Q7.

Theorem 2.4. Assume that u € C2(Qr) solves the linear problem
—Tr(A(x,1)D*u) = ni(x,1) in O, B(x,t)- Du = ny(x,1) on 307,

where

Ay € C™*(Qr), B, e C™™0Q7), A>Al, and B-v > .
Then there exists C = C(%, AI—O, | A lcowar): ||l§”cl,lx(3QT)) such that

lullc2agry = Cllulicoiary + Imllcowcary + IIn2llcre@or))-

The last result of this subsection is a variant of a convergence theorem of Fiorenza,
which is a basic tool for using the method of continuity without the need of a priori second-
derivative estimates ([ 16, Lem. 2, Cor. 1]).

Theorem 2.5. Let 0 < o, y < 1. For each n € N, let u,, € C*>*(Q7) be a sequence
of solutions to the quasilinear problems Qn,u = 0, Nyu = 0, where, for C, K, y, A, Ag
independent of n,
Onu = —Tr(An(x,t,u, Du)Dzu) + by (x,t,u, Du), Nyu = B,(x,t,u, Du),
”AnHCl(gT,K) + ||bn||C1(§T,K) + ”B"”CZ(ET,K) + ”DqB"”CZ(ET,K) =C,
An > A in ET,K and Dan V> A() in BQT,K’
||“n||c1+y(§) <K,

with u,, — u uniformly, and (Ay, by, By) — (A, b, B) uniformly on ET’K. Then u, — u
in C>*(Qr), and u solves (Q0).
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3. A priori estimates

In this section we establish a priori estimates for the solution and the gradient, in the case
where (MFG) is strictly elliptic. To account for the fact that the functions f and g depend
on the space variable, we will make extensive use of the continuous, strictly increasing
functions fo, go, f1, &1: (0, 00) — R defined by

fom) = min f(.m). ~ go(m) = ming(-.m).

Ji(m) = max fem), gi(m) = max g(-,m).

3.1. Estimates for the solution and the terminal density

We first obtain a priori bounds for the C° norm of the solution u. As a corollary, positive,
two-sided bounds for the terminal density are established.

Lemma 3.1. Assume that (SE) holds. Then, there exists a constant C = C(Cy) such that
for any solution (u,m) € C*(07) x C1(O71) of (MFG), and every (x,t) € O,

gofi '(—=C) = C(eT =€) <u(x.1) < g1 fo (C) + C(eCT =€) @3.1)
Proof. The goal here is to modify u into a function that necessarily achieves its maximum
at {t = T'}, which is the region of the boundary where, by the strict monotonicity of g, the

boundary condition of (QO0) provides information about u. This requires some estimates
for the terms in (Q2). By (2.3) and (F2),

|xCe, )Te(DZ, H(x, Dyu))| < C(1+ | fD(1 + [Dyul). (3.2)
Moreover, by (FX2),
D f(xm(x,0)) - DpH(x, Dxw)| < CA+[fITD2)(A + [Dyul).  (3.3)
Now, given u, define the linear, uniformly elliptic operator Q,, by
Quv = —Tr(A(x, Du)D?v).
Notice that Q,u = —b(x, Du). Let ¢ € C2([0, T]) be a function to be chosen later, and
define
v=u+(1),
so that v; = u; + ¢’(¢) and Dyv = D.u. This yields, by (2.1), (2.2), (3.2), and (3.3),
Quv =—={"(t) + DxH(x, Dxv) - DpH(x, Dxv) — Dy f(x,m) - Dy H(x, Dyv)
+ 1 Te(D3, H(x, Dxv))
< ={"(1) + C(1 + | D" F7)(1 + | Dyvl)
+ C(1 + |-v; + H(x, Dxv) + ()| 9T/2)(1 4 | Dyv])
+ C(1 + |=v; + H(x, Dxv) + Z'(O)])(1 + | Dxv|%)
< =0"() + C(1+ |Dxvf* + |ve[*) + C(1 + [ D) (0)],
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where the constant C increases in each line. Now set C; = 2C and fix Cy, still allowing
C to increase at each step. We choose {(f) = %(ezclt — 26Ty where k > 0 is a
parameter. Then,

U(t) = ke* M, () = 2G| (1)),

and, consequently, at any interior maximum point (x,?) of v,

0< Quv <—"(1)+ C1(1 + (D)) < =C1{'(1) + C1 = —=C1ke* T + Cy
= _Clk + Cl,

which can only hold if k& < 1. Thus, if one chooses k > 1, v necessarily achieves its
maximum value when ¢t = 0 or t = T'. If this happens at a point (x, ) where ¢ = 0, then
u; +¢ =v; <0, Dyu = Dyv = 0. Therefore,

—[IHC0)llcocray = —ve + H(x,0)
= —u; + H(x, Dyu) = '(0) = f(x,mo(x,1)) = ¢'(0),

implying that
k=1¢(0) < flx.mo(x,1)) + | H(. 0)]| coray-

Hence, taking k > max,eya f(x,mo(x)) + [ H(-, 0)|[co(ray, it follows that v attains its
maximum value at r = T. At this point, u; + {'(t) = v; > 0, Dyu = Dyv = 0, and, as
before,

[ H(x,0)[co > —ve + H(x,0) = f(x,m(x,T)) = (T),

which gives

fo(m(x,T)) < flx,m(x,T)) <(T) + [H(, 0)|cocray
<ke*'T +||H(.0)|cocray < C.

Thus, since u(x, T) = v(x, T), taking into account the surjectivity of f(x, -),
maxv = v(x,T) = g(x,m(x,T)) < g(x, f3 '(C)) < g1(f5 ' (C)).
Finally, for arbitrary (x,¢) € Or,
u(x, 1) = v(x,1) =) < g1(fy ' (C)) + C(eT =),
The lower estimate follows from a completely symmetrical argument. ]

Corollary 3.2. Assume (SE), and let C be the constant from Lemma 3.1. Then, for every
X € Td,
g1 8o fi (=€) =m(x.T) < gg'g1fy ' (C). 3.4)

Proof. From the first inequality in (3.1), for each x € Td s

gOfl_l(_C) = g(x,m(x, T))’
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and thus, by definition of g1,

g0/ (=C) < gi1(m(x,T)). (3.5)

Observe that the application of gl_1 on both sides of (3.5) is possible because, by (GX),
the functions go and g; have the same range. This yields the first inequality in (3.4). The
second inequality is obtained through the same reasoning. ]

Remark 3.3. A minor modification of the proof of Lemma 3.1 shows that, when H, f,
and g are independent of x, the following sharper estimates hold:

g(minmg) + (f(minmg)— HO))(T— 1) < u(x,t)
< g(max myg) + (f(maxmgo)— H(0))(T —1),

minmy < m(x,T) < maxmy,

3.2. Estimates for the space-time gradient

Given the operator Q from (QO0), we recall that its linearization at u € C2(Qr) is the
linear, uniformly elliptic operator

Ly (v) = —Tr(A(x, Du)D*v) — Dy Tr(A(x, Du)D?*u) - Dv + Dyb(x, Du)- Dv. (3.6)

The gradient estimate will be obtained through Bernstein’s method. Specifically, we will
bound || Dul|co(gy) by evaluating the linearization Ly (v) at appropriately chosen func-
tions v(x,t) = ®(x,t,u, Du), where ®(x,1, z, q) is convex in ¢, exploiting the fact that,
roughly speaking, convex functions of the gradient are expected to be subsolutions. For
this purpose, we first obtain an explicit form for the terms in (3.6), as well as a general
expression for the linearization applied to such functions v.

Lemma 3.4. Let ®(x.1, p.s) € C2(Or1 x RA*Y), assume that u € C3(Q7) solves (QU),
and set v(x,t) = ®(x,t, Du(x,1)). Then, for each ¢ = (p,s) € Rt and for each
X =(x,1) € 0r,

—Dy Tr(AD?u) - q = 2(=DpHD} u + Dyu;)D}  H - p — xDp(Te(D,  HD? u)) - p

+ Jw Tr(D;,HDZ u)(s — Dy H - p), (3.7
Dgb(x,Du)-q =—(DpHD?, H)-p—(DxHD},H)- p+ (DxfD2,H) - p

+ f—lmefm DpH(—s + DpH - p) — xDp Tr(D;,H) - p

+ Jw Tr(D3,H)(s — Dy H - p), (3.8)

Lyv = —Tr(D;, ®D*uAD*u) — Tr(AD;; ®) — 2 Tr(AD*uD}, ®)
~D,®-Dyb + Ds®-Dyb

d
+ Y Tr(Ay, D*u)®p, — Dx® - Dy Tr(ADw). (3.9)

i=1
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Proof. Using (Q1),

— (Dg Te(AD?u)) - ¢
= —Dy(Tr(DyH ® DpH + xD; H)D} u) —2DpH - Dxu;) - q
—~2(DpHD} uD; H) - p— xDp Tr(D},HD? u) - p

— xw Te(D},HD} u)(—s + DpH - p) +2(D) ,HDxu,) - p
2(=DpHD u+ Dyu)D;,H - p— xDp(Tr(D),HD? u)) - p

+ yw Tr(D;,HD? u)(s — Dy H - p),

which shows (3.7). Equation (3.8) is an immediate consequence of (Q2). From the defini-

tion of v, it follows that
Dv = Dz® + D, ®D*u

and
D*v = D};® + (D*uD3,® + Dz ®D*u) + D*uD], ®D*u + Dy ®D>u.
Thus, differentiating the equation Qu = 0 and taking the inner product with D, ® yields

0=D,;®  Dz(—Tr(A(x, Du(x, 1)D?u(x,t)) + b(x, Du(x,1)))
d+1
= —Tr(AD,®D3u) — Z Tr(As, D*u)®y, — Dg®D*u - D, Tr(AD?u)
i=1
+ Dy®D?u - Dyb + Dy ® - Dzb
= —Tr(A(D*v — (D3;® + (D*uD3,® + D} ®)D*u + D*uD;, ®Du))
— Dy Tr(AD?u) - (Dv — Dz ®)
d+1
+ Dyb - (Dv — Dx®) — > Tr(Ag, D’u)®y, + Dy®Dsxb.

i=1
Using the fact that A and b are independent of ¢, as well as (3.6), we obtain

0= Lyv + Tr(A(D3;® + (D*uD3,® + Dz ®D*u) + D*uD;, ®Du))
+ Dy Tr(AD?u) - Dz ®

d
— Dgb-Dz® =) " Tr(Ay, D*u)®y, + Dp®- Dyb
i=1
= Lyv + Tr(D}, ®D*uAD?u) 4 Tr(AD%; ®) + 2 Tr(AD*uD3,®) + D, ® - Db
d
— Dgb-Dx®— Y Tr(Ay, D*u)®p, + Dz® - Dy Tr(ADu),

i=1

which proves (3.9). ]
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Corollary 3.5. Let (u,m) € C3>(Q71) x C%2(Q7) be a solution to (MFG), and set
no = m1n<nj;1dnm0,r§rndnm(-, T)), n = max(n%a}ixmo,n%a‘lixm(-, T)).
Then

Ly(u)) =0 and —Co— fi(m) =ur < |H(, Dxu)llcogyy — So(no).  (3.10)

Proof. Letting ®(x,1, p,s) = s in Lemma 3.4, since Dz®, D,®, D?® = 0, it follows
that
Ly,(us) = L, (®(x,t, Du)) = 0.

Hence, the maximum and minimum values of u; are attained in dQ7, and (3.10)
then follows immediately from (2.1) and the Hamilton—Jacobi equation (HJ for short)
in (MFG). ]

By Corollary 3.2, this result reduces the problem to estimating || Dxu||co, but it is
also a key ingredient for obtaining that bound, particularly due to the fact that the term
|H(, Dxu)|lcocgy) has coefficient 1 in (3.10). We now begin to simplify the quantity
(3.9) for the specific ® that will be used in the proof of the gradient estimate, bounding
one of the dominant signed terms by a simpler expression, using matrix algebra.

Lemma 3.6. Assume that (SE) holds. In addition, for each (x,t, p,s) € E x RAT1 et
H(x,t,p.s) = H(x, p), and define the matrix I = (§/ (1 — 5i’d+1))f{}'=11. Then, for every
u e C*(0r),
~ 3
Tr(D;, H (x.t, Du)D*uA(x, Du)D*u) > E|—Dxu, + DpH(x, Dxu)D? ul?
0
1 -
+ i, Tr(I D*>uAD?u)
30 0 h2 2
+ W|Dxxu| . (3.11)

Proof. By (HI),

thus, since the matrix D?u A D?u is non-negative, multiplying both sides of the inequality
by this matrix and taking the trace of both sides gives

~ 1 -
Tr(D;,HD*uADu) > C—Tr(]DzuADzu). (3.12)
0

Now, by (Q1) and (H1),

M~

Tr(I D*uAD*u) = Y Dy, A- Duy,

x
Il
—-

|(DpH.—1) - Duy, | + xDxux, Dy, H - Dxtiy,

Il
M~

x
Il
—_
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d
X
= Z |DpH : Dxuxk - utxk|2 + C_O|Dxuxk|2
k=1
X
= |D,HD?% u — Dyu,* + C—|D§xu|2. (3.13)
0

Combining (3.12) and (3.13) yields, as desired,

- 3 ~ 1 ~
Tr(D?, H D*uAD?*u) = =(Te(D2 H D*uAD?u)) + - (Tr(D2 H D*uAD?u)
pp 4 D 4 D

4 4
3 2 .2 3 (12 g2
> E|_Dxut + Dp,HD ul” + W|Dxxu|
1 -
+ E Tr(I D?>uAD?u). ]

The next lemma continues to simplify the linearizations. Since one of the dominant
signed terms will later be shown to be of order | D u|*, the goal will be to bound every-
thing else by (4 — €)th powers of |Dyu|, (2 — €)th powers of u, (dealing with these
through Corollary 3.5), and second derivative terms that can be dealt with using the other
dominant term (3.11). The usage of ®(x,t, Dyu,u;) = H(x, Dxu), as opposed to a more
standard choice such as |D,u|? or |Dul?, is crucial in the next two results, in order to
produce structural cancellation of terms that cannot be otherwise estimated, as well as to
be able to use (3.10) without gaining any constant factors in the process.

Lemma 3.7. Assume that (SE) holds. Let u € C3(Qr) be a solution to (Q0), and let
¢,c’ € R. Define

)
i
i=u+c(T—1t)+¢, v = vy = H(-, Dxu).

Then, for each (x,t) € Qr, there exists C(x,t) > 0, with

Cer.i) = (.| J Cx, £ (e, )]s ).

lillcoorys ,
O y(x, f(x.m(x.1))
such that
1 > | 2
Ly(vy) < —§|_ut + DPH(X, Dyu)Dyul|” — C_X|Dxu|
0

+ Cx, (1 + | Dxul®™™ + x| D2l | fI7|Dxul® + | £1(1 + | Dyul%)
+ 1 £19FD2Dyul 4 x + |-Dxu, + D2 uD,H|?)  (3.14)

and
Lu(UZ) = ! |_Dxut + DpHD)zcxu|2 - £ |D)2cxu|2
— 2Cy 2C02

+ COe, ) (14 1Dl + x(1+ [Dyul"™™™) + x 92 Dyu?
+ 1 £11+ [Dxu|"F7) + [Dyul?| £|0FT9/2)., (3.15)
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Proof. Throughout this proof, the number C = C(x,t) may increase at each step, with
its size depending on (x, ¢) only monotonically through % and Ay, |. For this reason, there
is no loss of generality in assuming

1
— + |hy| < C. (3.16)
X

Observe first that, since D2ii = D?u, one has — Tr(A(x, Du)D?i) = —b(x, Du). There-
fore,

— Tr(A(x, Du)D?v,) = —itb(x, Du) — DiiA - D1,
— D, Tr(A(x, Du)D?u) - Dvy + Dyb(x, Du) - Dvy
= —Dy Tr(AD?u) - iDii + Dyb - i Dii.
Consequently, by (Q1) and (H3),
Ly(v1) = —iib — DA - Dii + ii(—D, Te(AD?u) - Dii + Dyb - Dii) (3.17)
= —ith — Dii(Dy H,—1) ® (DpH.—1) - Dii — yDu D}, H - Dyii
+ ii(—Dy Tr(AD*u) - Dii + Db - Dii)
- > 1 ~12
< —|—ii; + DpH - Dxu|” — — x| D]
Co
+u(—=b — Dy Tr(ADu) - Dii + Dgb - Dir)
~ 2 1 ~ 2 ~
= —|—u; + DpH - Dxu|” — C—)(|Dxu| +u(Jy + Jo + J3).
0

The next task will be to estimate the terms J;. In view of (Q2), (2.1), (2.2), (2.3), (F2),
and (FX2),

|J1| = |b(x, Du)| = |-DxH - DyH + Dy f - DyH — x Te(D2, H)|
< C(+ | DxulPt® + [ £|OF2(1 + | Dyul) + | £1(1 + [Dxul?).  (3.18)

As for Jp, (2.1), (H3), (3.7), and (3.16) imply that

|J2| = |=Dy Tt(AD*u) - Dii|
= |2(=DpHDZ u + Dxu;) D}, H - Dyu — yDp(Te(D} HD? u)) - Dxu
+ 2hhy Te(D}, HD; u)(ii; — Dp H - Dyu)|
< C( + |=Dxur + Dy HDZ ul* + | Dxul® + x + x| D3 ul?)

1
+—— |-, + D,H - Dyul?. 3.19
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By assumptions (HX), (F2), (FX1), and (FX2), together with (2.2), (3.8) and (3.16),

13| = |Dgb(x, Du) - Di|
- ‘—(DPHD,%I,H) - Du— (DxHD2,H) - Dxu + (Dx fD2, H) - Dyu

1 i
+ (f—Dxfm -D,,H)(—u, + DpH - Dxu) — xDp(Tr(D2, H)) - Dxu
m

+ yw Tr(D2, H)(it; — DpH - Dyu)
< c(1 + [ DxutT 4 (14 | £1979/2) D]
1 -
+(1+ })(1 + £ 173U + | Dxul)|—ii; + Dy H - Dyul

+ (L+ 1D+ |Dsul") + (1 + | Dyul)|~its + Dy H - Dyu)
< CO+ D 4| 102 Dl 4 | £ Dyl + | £1 1 Dul")

1
+—— |—i, + D,H - Dyul?. 3.20
8(”u”Jrl)l t p U (3.20)

Finally, using (3.18), (3.19), and (3.20) in (3.17) yields

3. 1
Ly(vy) < —=|—ti; + DI,HDxu|2 — —)(|Dxu|2
4 Co

+ C(L+ |DxulP*T 4 xIDZul® + | fF|Dxul® + | f1(1 + [ Dxul%)
+ 1 f19FD2|Djul + x + |=Dyus + DI uD, HP?),
which proves (3.14).
Next is the proof of (3.15). In view of Lemma 3.4, recalling that H (x, ¢, Du) :=
H(x, Du),
Lyvy = Ly(H (x,t, Du))
= —Tr(D},HD*uAD>u) — Te(AD2; H) — 2 Te(AD*uD2, H) — Dy H - Dicb

d
+ DzH - Db + ZTr(AxiDzu)ﬁpi — DzH - D, Tr(AD?u),

i=1
and Lemma 3.6 then implies
Ly, < _—3|—Dxu, + D, HD? u|* — 3—X|D2 ul? — L Tr(I D*uAD?u) (3.21)
— 4C() XX 4C02 XX 4C0
—Tr(AD2:H) — 2 Te(AD*uD2,H) — DpH - Db + D H - Dpb
d
+ Y Tr(Ay, D*u)Hp, — DxH - D Tr(AD?u)

i=1
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= 3 Dty + DyHD2 u? — ~X D2 ul? — L 1e(F D2uaD)
4Co T T TRTIRL e 4G,
+ K1+ K> + K3 + K4 + Ks + K.

As before, we proceed to estimate the Kj;. Starting with K;, we observe that, by (Q1),
(H1), (2.1), and (2.3),

|K1| = | Te(ADZ: H)| < C(1 + | Du|'*7)| A]
< C( + |Dxu"*) (1 + |Dyul® + y). (3.22)

Similarly, using the Cauchy—Schwarz inequality,

|K2| = 2 Te(AD?u(I D2, H))| = 2| Te(D2, H A(I D*u)T)|

1 ~ - ~ ~
2. T D*u)A(ID*w)") + C Te(D3,HA(D:, H)T)
0

1 N

< —Tr(I D*uAD*u) + C|D2, H|*(1 + |Dxul* + x)
4C, P

1 -
< ETr(lz)zwu)zu) + C(1 + |Du?0FD 4 y(1 + |Deul?)).  (3.23)
0

Next we will estimate |K3 + K4|. Differentiating equation (Q2) with respect to x, we
obtain

Dib(x,p,s) =—D2,H -DyH — DyHD?,H + D, HD? f

+ f—lmDpH(Dxfm ® (=Dxf + DxH))

m
+ Do fD2,H + (Dxf — Dy fn + j:’"’” Dxf) Te(D2, H)
m
— YwDxH Te(D},H) — xDy Tr(D} , H). (3.24)

Consequently, (2.1), (2.2), (2.3), (F2), (FX1), (FX2), and (3.16) yield

1
—Dxb(x,p,s) + f—DpHDxfm ® DxH
m

< CU+[pPH + (L + |pDIA1M T2 + 1 £+ 1 pl7))
so that, setting z; = fLm(DpH Dy fm)(DxH - D, H),
|K3+z1| = |-Dxb(x, Du) - DpH + z1|

< CO+Dul*™ + (14 [Dxu)| £1MF2 4| (14| Dy ) (14| Due])
< COHDul*™ + (14D |92 4 | £+ Dau|'F7). (325)

On the other hand, by (3.8),

|K4 —z1| = |Dpb - DxH — z1|
= |—(DpHD:,H)-DyH — (DxHD; ,H)- D H + (D, fD;,H) - D H
+ 21— xDp Tr(D2,H) - Dy H + yy Tre(D2,H)(DpH - Dy H) — z1].
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The terms z; and —z; then cancel out, and therefore (HX), (2.2), (2.3), and (F2) yield
|Ka—z1] = CA+ [ Dul*?7 4 | f1OFD2(0 4 [ D7) + | f1 1 Dxul™). - (3.26)
The inequalities (3.25) and (3.26) thus imply

K3 + Ka| < C(+Dcul™™ + (14 [Dul)| f19F972 + | £1(1 + | Dxu| 7).
(3.27)
The terms Ks and K¢ will also be treated jointly. Let (x, p,s) € T x R4+!, and set
w = —s + H(x, p). It follows from (Q1), (FX1), (HX), and (F2) that
Az, (x,p.s) = (DpHy;.0) ® (DpH,—1) + (Dp H. 1) ® (DpHy, . 0) + yuwHx, D}, H
+ O+ Jwl 72 + 7192 4y (14 p) ™)1

Therefore, using (3.7), and writing z; = )y Tr(D;,HD7, u)(DyH - DxH),
d

|Ks + K¢| = |y Tr(Ax, D*u)Hp, — D, Te(AD*u) - D H
i=1
< [2(DpHD},u — Dyu;)D} H - DpH + 2,
+2(=DpHD} u + Dxu,) D) H - Dy H
— xDp(Te(D;,HD? u)) - Dy H — 25|
+ CU+[f172 4 xOFO2 4 4 (1 + [Dxul) ™) D2 (1 + | D).

Once more, cancellation occurs and, consequently, (3.16), (H3), (2.1), (2.2), and (2.3)
imply that

1 X
|Ks + Ke| < E'DPHD’Z‘X” = Duil? + 5| D3uf? (3.28)
0

+ C(L+ [Dxul?* + (1 + [Dxul)(A + |17+ ") 4 4 (1 + | Dxuf*)).
Using (3.22), (3.23), (3.27), and (3.28) in (3.21) yields (3.15), completing the proof. =

We can now obtain the a priori gradient bound in terms of bounds for the solution u
and the terminal density m (-, T'), which were obtained in the previous subsection.

Lemma 3.8. Assume that (SE) holds, and let (u,m) € C3(Qr) x C%(Qr) be a solution
to IMFQG). For K > 0, set

1

Br = I fllcreraxiy.xpy + 1Pxgllcrcraxiy.xpy + H}‘

+ hwll co(raxi—K.00))- (3.29)

CO(T4x[~K,00))

There exist constants C, C1 with

C = C(Cl’ ﬂcl)’
1 1

1 . _
C, =Cy (CO,T,?,:, el co gy maxm(T), f0<r11111tinm(T)) )

minm(T)’
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such that
IDullcocgry = C-

Proof. As was mentioned, the proof will proceed through Bernstein’s method. By Corol-
lary 3.5, it is sufficient to bound the space gradient. Since the estimate will be up to the
boundary, as in [18], we linearize the HJ equation that holds at the extremal times:

Twv = —v; + DpH(x, Du)Dyv.

We now normalize u to have a prescribed sign at the initial and terminal times. That is,

e 2] H
~ u Co O+ +
i =u+ |ullcoggpy + 1 - PO (T 1),
so that
lul < C, u(0) <—1, u(,T)=1, (3.30)
and define c
v(x,t) = H(x, Dyu) + 51122,

where 0 < ¢; < 1 is a constant to be chosen later. Let (x¢, fp) € E be a point where v
achieves its maximum value. We will distinguish three cases:

Case 1.tg = T. Then D,v = 0, v; > 0. Therefore, (3.30), (H1) (H2), (2.2), and the HJ
equation in (MFG), together with the fact that m(-, T) = g~ (-, u(-, T)), yield

0> Tyv = Ty, (H(xo, Dxu)) + crui(—u; + DpH(x0, Dxu) - Dxi)
= Dx(f(x0.m(x0,T)))- DpH(xo, Dxu)

+ crii(—u; + DpH(xo, Dxu) - Dyu — C)

( Jm Jm

> \Dxf—=—Dxg+ —Dxu) Dy H + cyii(—u, +2H —C)
Em &m

> —C(l + ﬂ)(l + |Dyul) + f—mDpH “Dyu+cri(f +H—C)
8m 8m

>

—c(1 n g—z)a + |Dyul) + 2((:112 + ;—:)H.

Thus, by (2.1),
| H (xo, Du(xo,10))| < C.

Case 2. o = 0. Similarly, we obtain D,v = 0, v; <0, and, since #(-,0) < —1,

0 < Tyv = Dx(f(x0,mo(x0))) - D,H + cru(—u; + DyH - Dxu — C)
< C(1 + |Dyul) + cru(f(xo.mo) + H—C) < C(1 + |Dxu|) + C + c1uH.

This implies —cqu(H (x9, Dxu)) < C(1 + |Dxu|), and so we conclude once more that

| H (x0, Du(xo,1))| < C.
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Case 3.0 <ty < T. Then Dv = 0, D?v < 0, which yields
0<Lyv.

In order to make use of Lemma 3.7, it is necessary to eliminate the (x¢, fo) dependence of
the “constant” C(x¢, tp) from the lemma, which amounts to establishing an a priori upper
bound on the quantities 1/y and |h,,| at the point (xg, zp). By (F1) and (F2), 1/ and
|hw| = |xw/2./X| are both bounded above as w — 00, so it is enough to establish a lower
bound for w = f(xg, m(xg, tp)). By Corollary 3.5, there exists a point (x1,%;) € 007
where u; achieves its maximum value. Then, since (xo, #p) is a maximum point for v, and
the initial and terminal densities are both bounded below a priori,

S (xo0,m(x0,10)) = —us(xo, to) + H(xo, Dxu(xo, o))
—us(x1,t1) + H(xy, Dxu(xy,t1)) —

v

Cl, ~ 2
_”u”CO(E)
C1 ~
= fx1,m(x1, 1)) — ?” ”C°(QT) > fo(m(xy,11)) - C = —C.

This estimate, together with (H2) and (2.1), allows us to identify the dominant power of
| Dxu| in the linearization,

|—u; + DpH - Deul* = (f + H)> = C > fw cul = (3.31)
0

Now, because of the form of the estimate in Lemma 3.7, it is also necessary to be able to
compare powers of | f'| with powers of | Dxu|. By Corollary 3.5 and (2.1),
S (x0,m(xo0,%0)) < —us(xo,10) + H(xo, Dxu(xo,0))
< C +2H(xo, Dxu(xo,t0)) < C(1 + |Dxul?). (3.32)
With these preliminaries done, we now apply Lemma 3.7, obtaining

=2
0= Lu@) = Lufl + 1 Lu(5)

<! D,HD? u|?
= m|_ xUs + » xxu| 2C2
+C(1+ |Dxu|3+f + (1 + |Dxu|1+t) + X(1+t)/2|Dxu|2
+ 10+ [Dxu ") + | Dyul?| £10F9/2)

Cc1 C1
- ?|_ut + DpH - Dxu|2 - C_0X|Dxu|2

|DFul?

+ Cei(x|D2ul* + |=Dxu, + D2 .uD,H?). (3.33)
Applying (3.31) and (3.32) yields

C1 4 2 2
0<———|Deul*— =L -~ —|-D D,HD?
< gDt = GoxlDal = sl=Dany + Dy DLl o

+C(1+ IDxu|3+’ + 1 (14 |Dxu|"*7) + T2 Duf?)
+ Ccl()(|D)2mu|2 + |—Dxu; + D)%qupH|2)

| D3 ul?
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< —

C1 C1 1
= 4C_2|Dxu|4_C_0X|Dxu|2_E|_Dxut+DpHD)zcxu|2 |DZul?
0

2C2
3+t 1+t ¢

OO 1Dl 4 11+ Dl T + (- + 58 7) Dl

+ Cer(x| D2 ul* + |-Dxu; + D2, uD, H|?).

Now fix c; satisfying ¢; < IC,C(ITCo)° where C is as in the previous line. This gives

1
xul* — ——x(c1|Dxul* —2CCo(1 + | Dxu|'*7))

- 4C2| 2Co

+C( + |Dy u|3+t)+ |D ul?,

which may be rearranged as

C1

1
—|Dyu|* + — D, u|?> —2CCo|DultT* —2CC
4C02| xu| + 2C0X(01| xu| 0| xu| 0)

< C(1 +[Dx u|3”)+ ID ul?.

This finally implies that
c1|Dxu|* —2CCo|Dyu|tT* —2CCo <0
or

C1 4 3+1 c 2
——|D <C( D —|D ,
4C02| xul" < C(1 + |Dyul )+Cl| x|

either of which yields
|H (x0, Dxu(xo,10))| < C. n

We now summarize all of the a priori bounds obtained in this section.

Theorem 3.9. Assume that (SE) holds, let (u,m) € C3(Qr) x C*(Qr) be a solution to
(MFEG), and let B be defined by (3.29). Then there exist constants L, L1, K, K1, with

_ _ _ _ 1
L= (Lulgify " Lol lgofT (Lol g g1 /5 (L), erigo/ - T

Ly = Ly(Cy,T),

K=K pr). Ki=Ki(Lg o fo(7) ):

such that

1
Ileomy + ImTlcosy + | | cogpay <& @4 1P leoory < K
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Proof. This result follows simply by the successive application of Lemma 3.1, Corollary
3.2, and Lemma 3.8. [

The following variation of Theorem 3.9 shows that, in the standard case where
H(x,p)= H(p)—V(x)and f(x,m) = f(m), condition (F2) which requires f to grow
at most polynomially may be significantly relaxed.

Theorem 3.10. The conclusion of Theorem 3.9 still holds if condition (F2) is replaced by

D)ZCPH, Dimf =0 and limsup |hy(x, w)| < co. (HFX*)

xeT9 w—o00

Proof. We simply address all of the instances in which condition (F2) has been used so
far. In the proofs of Lemma 3.1, Corollary 3.2, and Lemma 3.7, (F2) was exclusively used
to estimate either space derivatives Dy f, Dy H, or terms that involve mixed derivatives
chm f, D)%pH . With (HFX*) in place, such terms are, respectively, either bounded in
C! norm or trivially zero. Condition (F2) was also used in the proof of Lemma 3.8 in
order to obtain a bound for |4y, | as w — oo, but this bound exists here by assumption. m

We note that the condition that (HFX*) imposes on & may be equivalently rewritten,
in terms of f, as

1. fmm
im sup

2
+ 1‘ < 0Q.
xer,m—>oo fm‘ fm

This condition, in particular, allows for f to be combinations of powers m®, —mB , eXpo-

el/m

nentials e™, — , and such typical examples, as long as one has the required blowup

near m = 0 and as m — oo.

4. Classical solutions

To obtain classical solutions, it is necessary to have Holder estimates for the gradient of
the solution in terms of the C ! norm. The following lemma, which is merely a restatement
of Theorems 2.2 and 2.3 in the context of the MFG system, provides such an estimate.

Lemma 4.1. Let (u, m) € C3(Q1) x C2(Q1) be a solution to (Q0), and set K =
lullc1 @y Let k. Ak > 0 be such that (2.5) holds in T4, and conditions (2.6) and

Ak < DyB-v 4.1)
hold in 0Q T k. There exist constants C > 0,0 < y < 1, with

c=c(k i) r=r(K30)

such that
[DM]V’E < C.
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Proof. The only thing to remark is that in order to apply Theorem 2.3, it is necessary
to verify that Ag can be chosen to satisfy (4.1), or, in other words, that N is indeed an
oblique boundary operator. This follows directly from (B 1), since

DyB(x,0,z,q)-v(x,0) = —Bs(x,0,z,9) = 1> 0,

D¢B(x,T,z,q) - v(x,T) = Bs(x,T,z,q) = g,,,fw_1 =& > 0.

Sm
Therefore, the result follows by applying Theorems 2.2 and 2.3 locally, and extracting a
finite subcover of Q7. The use of Theorem 2.3 is particularly straightforward since the
boundary of Q7 is already flat. |

The strategy to prove existence will be to use the non-linear method of continuity, by
constructing an explicit homotopy (0%, N 9)95[0’1] between (QO0) and an elliptic problem
that comes from a much simpler MFG system, and trivially has a smooth solution. For
each @ € [0, 1] and each (x, p,m) € T? x R¢ x (0, 00), define

H (v, p) = 0H(x. p) + (1= 8) (5191 + fx. 1),
g% (x.m) = 6g(x.m) + (1 — 6)m.
m§(x) = Omo(x) + (1 —0).
and consider the family of MFG systems

—u; + Hg('v Dxu) = .f('?m)9 u(" T) = gg('vnll('7 T))’

(MFGy)
my —div(mD, HY (-, Dyu)) =0, m(-,0) = m§(-).
We observe that, when § = 0, the unique solution is (1, m) = (1, 1). Let (Q%u, N%u)
be the operators for the corresponding elliptic problem associated to (MFGy), and let A7,
b?, and BY be their coefficients. The following straightforward lemma is a version of
Theorem 3.9, tailored to the family (MFGy), that also includes the Holder estimates of
Lemma 4.1, and provides a priori bounds that hold uniformly in 6.

Lemma 4.2. Assume that (SE) holds. For each 6 € [0, 1], let u?,m?) e C3*(0r) x
C?%%(Qr) be a solution to (MFGyg). Then there exist constants C > 0 and 0 < y < 1,
independent of 9, such that

0
Il 1y @7y = C-

Proof. The strategy here is to apply Theorem 3.9 and Lemma 4.1 to the corresponding
MFG system (MFGyg) that arises from the new data HY, g9, mg, and to prove that those
results lead to bounds that are uniform in 6. Let 8 be defined by (3.29), and, for each
0 €[0,1],let Cyp and 0 < 7% < 1 be any two constants large enough that the inequalities
(H1), (H2), (H3), (HX), (FX1), (FX2), (2.1), (2.2), (2.3), and (2.4) all hold when H, g,
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my are replaced by HY, gg, mg. Theorem 3.9 then yields constants Lg, Ly g, Kg, K; 9,
with

Lo = (Lo gl £ Lio)l.Igb i —L1o) (e 7' ef £ (Lag),

1
(gf)‘lggffl(—Ll,e))’
Lig=M(Cop,T),
Ky = Ko(K1,9,Bk,4), K10 = Kle(Le LI fo(i)_)
6. PKy, ’ O\ e N\, ) )

such that

4 lcogm + I (Dllcoay + | —5== Lo, 104 llcogr = Ko.

1
(7) ‘

<
co(Td) —

The goal is now to show that Ly, Kg may be chosen independently of 6. First we prove
that this is true for Cy ¢ and 7%, Conditions (FX1) and (FX2) trivially hold for the same
Co and the new H 6, ge, mg, because the functions H, g, mo do not appear in those
inequalities. Since the map H(p.x) = 1|p|> + f(x, 1) satisfies D, H® = p, it also
satisfies (H1), (H3), (HX), and (2.3), with Cy being replaced by a universal constant.
Thus, since H? is a convex combination of H® and H, these inequalities still hold for
HY, when C, is replaced by a convex combination of Cy and a universal constant. By the
same reasoning, conditions (H2), (2.1), and (2.2) hold for H ¥ after replacing Cy with a
convex combination of Co and a constant depending only on Cp and || f(-, 1)[| ¢2(p4) < Co.
Only condition (2.4) is left to consider, namely

1%C Ol cocray + Imgllcreray + 1l 20 xminm? maxmpy = Cop- (4.2)

The first term is already independent of 8, whereas, noticing that minmg < 1 < max mg
and |Dxmg| = 0|Dyxmy],

6
”mO”CI(Td) + ”f||C2(Td><[minmg,maxmg])
= ”mO"Cl(’]I'd) + ”f|IC2(']I'd><[minmo,maxm0]) < Co.

Thus, one may select
Cop = Cop(Co). %=, 4.3)

and consequently
Lig=1L1,§(Cop,T)=1L1§(Co,T):= L.
Now, by definition,

g0(m) = Ogo + (1 —O)m.  g{(m) = g1 + (1 —O)m. (44)
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Therefore,

g8 £ (—L1)| < max(|go £ (—=L1)|, 7N (=L1))
<max(|go fi ' (—=L1)|. f3 " (L1)), (4.5)

and similarly,

189 £ (L) = 1081 fo N (La) + (1= 8) £ (L)
< max(|g1f0_1(L1)|, fo_l(Ll))- (4.6)

On the other hand, the following inequalities hold:
(8¢ <golgr. gi'go < (g)'gb. @7
Indeed, by (4.4),
025"81 = 0208y " 1—6)gy'g1 >0 1-6)gy" g0 = g}
8080 &1 = 0808 &1 + (1 -0)go g1 = 0g1 + (1 -0)g5 g0 = &1

which shows the first inequality in (4.7), with the second one following in the same fash-
ion. Now (4.7) yields

(e el £ (L) < g5 e Sy (L),
1 1

(gl fl 1( Ll) gOfl_l(_Ll).
Thus, (4.5), (4.6), and (4.8) yield

(4.8)

Lo = Lo(M.Ig1 f (L)l lgo i (Lol &5 g1 £ (L),

1 —1
_ L =
Ty )
and
Kio = Kio(Log—— fo(7) )= Ki Ko = Ko(Ki. ) o= K.

Next we obtain the gradient Holder estimate with the help of Lemma 4.1. We remark that
the operator (Q?, N?) is clearly elliptic and oblique, because it comes from (MFEGy).
Moreover, since A%, b, and B? and their derivatives are, respectively, continuous func-
tions of (x,1, z, p, s, 0) on the compact sets @T,K x [0,1] and 0Q 7,k X [0, 1], it follows
that there exist constants ur+x > 0, Ar+x > 0, independent of 0, satisfying (2.5) in
(T 4k, and (2.6), (4.1) in d0T,L+k, when the operators (Q, N) are replaced by
(0%, N?). Lemma 4.1 then yields constants C > 0, 0 < y < 1, independent of 6, such
that

[Du’], - < C. .
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With the help of this uniform estimate, the main theorem for the strictly elliptic prob-
lem may now be proved.

Proof of Theorem 1.1. The uniqueness part of the statement is an immediate consequence
of the standard Lasry-Lions monotonicity method, and will be omitted. We define the
Banach spaces

E=C>*(Qr), F=C"(Qr)xC>*0Qr),
and the continuously differentiable operator S: E x [0, 1] — F by
Su,0) = (0%, N%), (u,0) e Ex][0,1].

The partial Fréchet derivative of S with respect to the variable u at the point (u, 0) is

the corresponding linearization, for fixed 6, of the differential operator (Q?, N?), namely
1 2

(L(u,e), L(u’e)), where

L{, 6(w) = = Tr(A% (x, Du)D*w) — Dy Tr(A® (x, Du) D?u) - Dw
+ que(x, Du) - Dw,
—w; + DpyHO(x, Dyu) - Dyw ift =0,

L? (w) =
@) & (w, — DyH® - Dyw) +w  ifr =T,

For fixed (u, 6) € E x [0, 1], the linear operator Lgu 0) is uniformly elliptic and the lin-

ear boundary operator L%u o) is oblique. Moreover, the homogeneous problem (L %u oW

L?u,e)w) = (0, 0) has the form

—Tr(A(x,1)D*w) + 15(x, 1)-Dw=0in Qr, B(x,t)-Dw+ é(x,H)w =00nd0r,

where B-v >0,¢ >0, and é # 0, which implies that it has only the trivial solution
in C3*(Qr). Hence, by the standard Fredholm alternative for linear oblique problems
(see [9]), the operator (L %u,e), L%u,@)) is invertible in C>%(Q ). The infinite-dimensional
implicit function theorem then implies that the set

D = {9 € [0, 1] : the equation S(u, 6) = (0, 0) has a unique solution u € CS’“(E)}

is open in [0, 1].

The next step is to show that D is also closed. Let {6,} C D be a sequence such
that 8, — 6 € [0, 1], and let {u,} C E be the corresponding sequence of solutions to
S(un, 6,) = (0,0). By Lemma 4.2, there exist numbers C > 0, 0 < y < 1, independent
of n, such that

lunllcry@ry < C-

The Arzela—Ascoli theorem implies that, up to a subsequence, there exists u € C 1Y (0r)
such that u,, — u in C'(Q7). By Theorem 2.5, it follows that u € C>*(Q7), u, — u
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in C>%(Q7), and S(u, ) = 0. In particular, the u, are uniformly bounded in C%%(Q7).
Now, given i € {1,...,d}, differentiating the equation (Q% (u,), N% (u,)) = (0, 0)
yields, for w = Dy, u,,

L, 6w = Tr(A% (x. Duy) D?uy) — b (x, Duy).

L2 Dy (fe.mgr(x)) — Hir ift =0,
wn. )W =\ g 76n O T
f_m( Xi _fXj)+gxi e =1

Therefore, by Theorem 2.4, there exists C > 0, independent of n, such that
lwllc2e@ym = C,

implying that D,u, is bounded in C2%(Q7). In particular, u, lag; is bounded in
C3%(dQ7), and by the standard Schauder theory for the Dirichlet problem, u,, is there-
fore bounded in C3*(Q7). Consequently, u € C>*(Qr) and 6 € D, proving that D is
closed. Since 0 € D, it follows that D = [0, 1], which completes the proof. |

The next theorem is the corresponding variant of Theorem 1.2 for the case of a fast-
growing f, which follows from the estimates in Theorem 3.10.

Theorem 4.3. If condition (F2) is replaced by (HFX*), the conclusion of Theorem 1.1
holds.

Proof. All of the results in this section follow in this case by simply replacing the use of
Theorem 3.9 by Theorem 3.10. ]

5. Weak solutions

In this section we develop the theory of weak solutions, for the case where the strict ellip-
ticity condition (SE) fails to hold. We begin by stating the definition of weak solution that
will be used, which is in direct analogy with the one used in [2—4] to study the degenerate
case in which g,, = 0.

Definition 5.1 (Definition of weak solution). A pair (u,m) € BV(Qr) x LL(Qr) is
called a weak solution to (MFG) if the following conditions hold:

(i) DyuelLl*(Qr),uel®(Qr),meCo0,T};H " (T4),m(-,T)e L>(T?).
(i) u satisfies the HJ inequality
—ur + H(, Dyu) < f(om)in Qr, u(T) = g(.m(-T))in T,
in the distributional sense, with u(-, ') = g(-,m(:, T")) in the sense of traces.
(iii) m satisfies the continuity equation
m; —divimDp,H(-, Dxu)) =0in Qr, m(-,0) =mgin T4 5.1

in the distributional sense, with m(-, 0) = mg in H (T ?).
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(iv) The following identity holds:
// m(x,t)(H(x, Dyu) — DpH(x, Dxu) - Dyu — f(x,m))dxdt
or

= /;rd(m(x,T)g(x,m(x,T))—mo(x)u(x,O)) dx. 5.2)

The solutions to the degenerate elliptic problem will be obtained as a “vanishing vis-
cosity” limit of MFG systems satisfying (SE), in the following sense. Assuming that (DE)
holds, we consider, for € > 0, the system

{ —M? + H(v Dxue) = f('vmg) + 61()g(}716)’ M(', T) = g('vms('s T))s (MFGE)

m? — diV(merH(-, Dxue)) =0, mé(O) = my.

Since (MFGg) is strictly elliptic, by Theorem 1.1 it has a unique solution (u€, m€) €
C3(Qr1) x C*(Q7). The only missing ingredient necessary to obtain a solution as the
limit when € — 0 is the following minor modification of Lemma 3.8, which provides a
global, a priori upper bound for the density that is independent of the size of m

Lemma 5.2. Assume that (SE) holds. If (u,m) € C3(O7) x C*(Qr) is a solution to
(MFG), then

max f(-,m(.-)) < C,

or

where

1 1 +
€ = C(Co. T o 1= Il coggry maxm(T). fi (maxm(D))
/|

F

Proof. The argument is a simple variant of the proof of Lemma 3.8. Let v and # have
the same meaning as in said proof, with 0 < ¢; < 1 once more being a free parameter,
setv = —u;, +v=f+ %‘7712, and let (xg, #p) be a point where v achieves its maximum
value.

Case 1. If 7y € {0, T}, then

COT4x(1,00))] ”h“’”CO(TdX“’“)))'

U(xo0.10) = f(x0,m(x0,1)) + %1512 < max(fy(maxm(T)), fi(maxmo)) + C = C.

Case 2. Assume next that 0 < 7o < T. Without loss of generality, it may be assumed that
f = f(xo,m(x0,%)) > 1, because otherwise there would be nothing to prove. Therefore,
using (H3), since

|-u; + DpH - Dxu| > —u; + D,H - Dyu > f + H,

it follows, by (2.1), that

1

1
—u; + D,H -Dyul* > = |f]* + —
|—u: + Dp x|_2|f| 22

|Dul* —C. (5.3)
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Now, by Corollary 3.5, L,,(v) = Ly (v), so, as in (3.33), Lemma 3.7 yields
0 < Lu(@) < —|= Dty + DyHD2 u2 — % |D2 ul? — L |=u; + D, H - Dyu?
- ~ 2C, xx 202 2
C
— oo M1 D> + CO+ DauH o (1 [ D] ') 4 702 D ?
0
+ 1 £1(1 + [ Dxu|"FF) + [Dyul?| £ FD/2)
+ Cey (x| D2 ul* + |~Dxu; + D2 uD,H|?).

Thus, by (F2), (5.3), and the fact that f* > 1,
—1 2 12 X 2 2 ¢yl 4 2
0= 2—CO|—Dx“t + DpHDY ul” — ﬂleul - Z(C—OZ|DxM| + f )

c
= o AIDul® + U+ DT+ (14 /)1 + | Dyl ')
0
+ (1_I_f)(1+r)/2|Dxu|2+f(1+|Dxu|1+r) + |Dxu|2f(l+1:)/2)
+ Ccl()(|D)%xu|2 + |—=Dxu; + DiqupH|2).

. 1 .
Once more, as in Lemma 3.8, fix ¢; such that ¢; < IC, TGy where the constant C is
as in the previous line, obtaining

c1/ 1
(G Dsul* 4+ £7) = €O+ IDaul*™ + (14 1)1+ [ Dyl ')
0

+ U+ NYT2Dul + £+ [ Dul')

+ |Dxu|2f(1+r)/2)-
The left- and right-hand sides have, respectively, degree 4 and degree 3 + t < 4 in the
non-negative variables (| Dy u|, \/7 ), thus |Dxu|? + f < C, and, in particular, it follows

that
U(xo,10) < C. [

We now obtain several a priori bounds for (1€, m€) that are independent of €.

Lemma 5.3. Assume (DE), and let (u€,m€) € C>*(Qr) x C>*(Q7) be the solution to
(MFG,). Then there exist constants L, L1, C, and Cq, with

L =L(Ly g1 fy "(L1)l. g5 g1 /5 (L1)),
Ly = (Co. 7. |min /(. 0)|. |ming - 0)]).

C = C(Cy, fi(C))),

Ci = C Ll 1 1‘
1= 1( ’T’l—r’HX

CO(TdX[1+made f+(',0)300))’

o T xit-tmena £+ 00000 )-
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1
such that, for every € < ok

lullcoary = L. Imllcoop) + ||”t_’e||00(§) <C. (5.4)
luiliLicor) + I1Dxusllp2¢0,) + €lllogm®lpio,) < C. (5.5)

Proof. By replacing f, H with f — C, H — C, for C depending only on Cy, there is no
loss of generality in assuming f(-,0) < —1. It is readily seen that conditions (F2), (FX1),
(FX2), and (2.4) hold for f€ = f + €log(-), uniformly in €, up to increasing Cy by a
finite value. By Lemma 3.1, there exists L such that

o(f) N (=L1) — Li(emMT —el?y <uf < g1 (f) " (L1) + Li(elT — el

Now, (DE) implies that
—L — Ly(eM'T —el1ty < e,

On the other hand, if L; > fo(1), then fo~'(L1) > 1, hence
Jo(foTH (L) = L1 + elog(fy ' (L1) = Li,

which implies
gifo (L) = &1 (/)N (Ly). (5.6)

Consequently,
u < g1 fo N(L1) + Li(eM'T —elh),

which proves the first inequality in (5.4). Now, by Corollary 3.2 and (5.6),
mé(-,T) < L.
Thus, Lemma 5.2 implies that
fCm) +elogm®(-,-) = f<(,m) < C, (5.7

and (F1) yields, for C depending only on || % lco(rax[1,00)) @nd [ min f(-, 0)],

1
C log(m®(.)) = € = f(.m*(.)).

Therefore, by (5.7) we conclude that |[m®[|co(g;) < C for large enough C and small

enough €. The lower bound for u§ is simply a consequence of (5.7), the relation

—u§ + H = f¢, and the fact that H is bounded below. This completes the proof of (5.4).
Now, integrating the HJ equation for u€ yields

/Q H(.D u€)+//Q e(logm®)~

- / (fC.m) + e(logm®)*) + / WD) —u©).  (58)
or T4
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It then follows from (5.4) and (2.1) that || Dxu€||;2(g,) and €|[logm€||;1(o,) are bounded.

Finally,
' ,// U?
or

and since u¢ is bounded below, this proves (5.5). ]

<C,

= '/ u(T) —uc(0)
Td

After extracting a subsequence, Lemma 5.3 implies the existence of (u, m) €
BV(Qr) x LL(Qr) such that, as € — 0,

€ : 1 : : € _*\ : [e9)
u® - u in L (Qr) and pointwise a.e., m min L*°(Qr),
u€ =, in C°(07)*,  Dyu® — Dyuin L2(O7). (5.9)

We now show that, up to a further subsequence, this convergence can be strengthened.

Lemma 5.4. Assume that (DE) holds, let (u€,m€) € C3(Qr1) x C%(Qr) be the solution
to (MFGy), and let (u,m) € BV(Qr) x LL(Q71) be a subsequential limit. Then, up to
extracting a subsequence,

m€ — min C°([0,T], H " (T%)) and a.e. in Or, (5.10)
m<(,T) = m(-T), u(.T)— u(-,T)ae inT?, (5.11)
Dyu® — Dyuin L2 (Qr) and a.e. in {m > 0}, (5.12)
mé|Dyu¢|?> — m|Dxu|? in LY(Q71) and a.e. in O, '
elogm® — 0in L} (O7). (5.13)
Moreover, u(-,T) = g(-,m(-,T)) and m € CO’%([O, T], H~Y(T?)), with
[m]%,[o,r],H—l <|mDyH(, Dxu)”LZ(QT),
and, for almost every s € [0, T, including s = 0,
T
/ / m(x,t)(H(x, Dxyu) — Dy H(x, Dxu) - Dxu — f(x,m)) dx dt
s JTd
= / (m(x, T)g(x,m(x,T)) —m(x,s)u(x,s))dx. (5.14)
Td

Proof. Lete, e’ > 0. We employ the standard Lasry—Lions method with the pairs (1€, m¢)
and (u€, m¢). Namely, subtracting the HJ and continuity equations from each other,
¢ and m¢ — m<'. Multiplying the equations
¢ and u€ — ue/, and then

respectively, yields a new system for u€ — u
satisfied by u€ — u€ and m€ — m¢, respectively, by m¢ —m
integrating over Qr, leads to the identity

Me,e’ + Me/,e + Mg + Mf + K-

€,€’

+K; =K+ K, +KJ

€€’ € e’
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where

M€,€/=//QTm (HY — HS — D, H® - (Dyu — Dyuc)).
My = [ (eCm (.1 = glom () T) = T,
sy = [ em— rem o —m,

Kite, =// €' (logm®)*m¢, K:// —('logm® m€ + elogm®m®),
or or

and H¢ = H(-, Dxu®), D, H* = D, H(-, Dxu¢). By (5.4), and the fact that the map m —
m log m is bounded below, K — 0 as ¢, ¢/ — 0. Similarly, (5.4) implies that the quantity
log m€ m¢ is bounded above, and thus K: . — 0 as €, — 0. Since, by monotonicity
and convexity, each term on the left-hand side of the equation is non-negative, all of them
converge to zero. Every claim of a.e. convergence in what follows is tacitly meant to hold
after extracting a subsequence. Since My — 0, we have m® — m a.e. in Q7. Similarly,
since Mg — 0, there exists a function mr € L®(T?) such that m¢(T) — m7 a.e.in T<.
Now, using (H1), one obtains

1

_/ (m6 + mE/)|Dxu€ - Dxu€,|2 = Me,e’ + Me’,ea
2Co or

which implies (5.12). Finally, sending ¢’ — 0 first and then ¢ — 0, using the fact that
Ke_,,e — 0, yields (5.13).

Next we show the continuity properties of m, which in particular give a meaning to
the expression m(-, T). Integrating the equation for m¢ — m¢ over a cylinder T¢ x [0, 7]
against a test function ¢ € C°(T?) yields

t
/ (m® —m)¢ = —/ / (m*DypH(-, Dxu€) —m® DpH(-, Dxu®)) - D,
T4 0 JT4
which implies
sup [[m(.t) = m (.0l g-1zay
t€[0,T]
< NT|m¢DpH (-, Dxu€) —m Dy H(-, Dxu)||12(07)-
Consequently, (2.1) and (5.12) together imply that m€ — m in C°([0, T], H~'(T%)).
Similarly, testing ¢ against the continuity equation for m€ in a cylinder T¢ x [s, ¢] yields

/ (m€(x,t) —m(x,s)p(x)dx = —/t/ m¢DyH(x, Dxu€) - D¢(x) dx dt,
T4 s JTd

thus
M€, 1) =mC, ) | g-1(ray < vVt = slmDp H (-, Dxu)||L2(07)

and sending € — 0 produces the desired Holder estimate.
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Since m€(-, T) — mr a.e. in T4, and m€(., T) - m(-,T) in H’I(Td), it follows
thatmy = m(-,T), and thatu¢(-, T) = g(-,m<(-,T)) — g(-,m(-, T)) almost everywhere.
Moreover, (5.9) implies that u€(-, T') X u(-, T)in C%®°(T%)*, and therefore u(-, T) =

gm(-.T)).
It remains to show (5.14). For this purpose, performing once more the Lasry—Lions
computation, this time on the system for (1€, m€), and integrating on T¢ x [s, T] yields

T
/ fd mé(x,t)(H* — DpH® - Dyu® — f(x,m€) —elogm®) dx dt
s T
:/ m(x, T)g(x,m(x,T)) —m(x,s)u(x,s)) dx.
Td

By Fubini’s theorem, for a.e. s € [0, T], u¢(-, s) and m€(-, s) converge, respectively, to
u(-,s) € L°(T?) and m(-,s) € L>(T?) a.e. in T¢. Thus, for such s, using (5.12), one
obtains (5.14) after letting ¢ — 0. When s = 0, m€(s) = my, and thus the C > (T%)*-
convergence of u#€(0) is sufficient to conclude. |

We now prove the main result for the degenerate elliptic problem, Theorem 1.2.

Proof of Theorem 1.2. First we will establish that (u, m) is indeed a weak solution. By
Lemmas 5.3 and 5.4, (u, m) satisfies condition (i) of Definition 5.1. Next, by the HJ equa-
tion for u¢,

—us + HE = f(-,m) + elogm® < f(-,m€) + e(logm®) ™.

Integration against a non-negative function ¢ € C*°(Q ) then yields

|, T T) 4 0 0 +//Q s +[QT ey

5/ f(,m€)p + e(logm€) T . (5.15)
or

Using the convexity of H,

/ H(-,Dxu)¢ + DpH(-, Dxu) - (Dxu® — Dxu)¢p < / H(-, Dxu®)¢,
or or

and therefore, since Dyu¢ — D,u in L%(Q7),

/ H¢ < liminf// Hp.
or >0t Jog,

Letting € — 0in (5.15), Lemmas 5.3 and 5.4 and (5.9) thus yield

/Td(—u(.,T)ch, T)+u(.,0)¢>(-,0))—|—//QT u +/QT Hp < /QT 4.
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This completes the proof of condition (ii) in Definition 5.1. The third condition follows

immediately by testing the continuity equation of € against an arbitrary ¢ € C*®(Qr),
and appealing to Lemma 5.4 to let € — 0 in the equality

[ o ersery = mopeon— [| g+ [ meDyHe D) Dip =0
T4 or or
Finally, condition (iv) of Definition 5.1 has already been established in Lemma 5.4.

Next is the proof of uniqueness. Let (u’, m’) be another weak solution to (MFG). By

the fact that every non-negative distribution can be identified with a non-negative measure,
the HJ inequality for u’ may be written as

—uy + H(, Dyu') + = f(.m"),
where € C(Q7)* is a non-negative, finite measure on Q7. We carefully apply the
Lasry—Lions procedure to the (u€, m€) and (u’, m’) systems. Set v¢ = u€ —u/, w¢ =

m¢ — m’. Subtracting the two corresponding HJ equations for u/, u€, and integrating
against m€, we obtain

J|| s —momey 4[| man= [ mer-ro. a6
or or or
where H' = H(-, Dxu’), f' = f(-, m’). Integrating the HJ equation for u¢ against m’

gives
/ (_uiml + Heml) — // m/fé.
or or

Now subtracting the continuity equations for m€, m’ and testing against u€ yields
// (—usm® +uSm’)y + (m*DpyH¢ —m'DpH') - Dyu® = —/ v (Tm'(T), (5.17)
or T4
and integrating the continuity equation for m€ against —u’ we get
/ (mu’, —m*D,H*Dyxu') = / (mE(TYu'(T) — mou’ (0)). (5.18)
Oor T
Finally, by condition (iv) in Definition 5.1 and the fact that (u’, m’) is a weak solution,
// —m'(H'—DpH'-Dyu') = —// m' f’ —/ (m' (T)u'(T) — mou’(0)). (5.19)
or or T4

Adding (5.16), (5.17), (5.18), and (5.19) yields

Mg+ Mes+ Mge +Mpe + K. + Kie = Kae + K, (5.20)
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where

Meq = // m*(H'— H* — D, H' - (Dxu® — Dyu')),
or
M., = // m'(H* — H' — D,H¢ - (Dxu' — Dxu°)),
or
Mg,é = /]I‘d (me('v T) - m/('v T))(g(’me(v T)) - g(s m/(" T)))»

My, = f | JCm = gt =),

K :// e(logm®)m’, K. :/ médu, Ko =—/f elogmm®.
or or o

T
The only new term relative to the proof of Lemma 5.4 is K, which is clearly non-
negative. Thus, as before, each individual term on the left-hand side of (5.20) converges to
zero as € — 0. In particular, since My, — 0, it follows that m = m'’ a.e. A posteriori, since
M > — 0, (5.12) and the strict convexity of H imply that Dyu = Dyu’ a.e. in {m > 0}.
Moreover, My . — O implies m(-, T) = m'(-, T) a.e., and thus u(-, T) = g(-.m(-, T)) =
gC.m'(\T)) =u'(-,T)ae. in T,

It remains to show that u(s) = u/(s) a.e. in {m(s) > 0}, for a.e. s € [0, T'] includ-
ing the case s = 0. The function # = max(u, u’) is in BV(Q7) N L*°(Q7), and, since
Dyu, Dyu’ € L?(Qr), the chain rule yields Dyt = Dyu a.e. in {u > u'} and Dyii =
Dyu’ ae.in{u <u'}. In particular, Dyt = Dyu a.e. in {m > 0}. Following [4, Thm. 5.2],
through a mollification procedure, the theory of viscosity solutions implies that u is a dis-
tributional subsolution to the HJ equation. Therefore, testing the HJ inequality of # against
m€ in an interval [s, T'],

[ awmee)
T
< /Td u(T)m(T) +/S /Td(—miﬁ —m*H(x, Dyit)) +m* f(x,m)dx dt
=/ u(T)me (T)
Td
T
+ / / (—div(m* D, H®)u —m* H(x, Dxu) + m® f(x,m)) dx dt
s JTd

T
:/ u(T)me(T)—i—/ / m¢(Dp,H® - Dyti — H(x, Dxt1) + f(x,m))dx dt.
Td s JT4

Using Lemma 5.4 and the dominated convergence theorem to let € — 0,

/ u(s)m(s)
Td

T
< / u(T)m(T) +/ / m(DpH - Dyti — H(x, Dyut) + f(x,m))dx dt
Td s JTd
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T
= / u(T)m(T) + / / m(DpH - Dyu — H(x, Dxu) + f(x,m))dxdt
Td s Td

= / u(s)m(s)
Td

for a.e. s € [0, T], including s = 0, where (5.14) was used in the last equality. Given
that # > u, this implies #(s) = u(s) a.e. in {m(s) > O} for such s. At last, applying the
Lasry-Lions method to the system for (u€ — u’, m€), over an interval [s, T], yields

T T
[ f (H — H)m® + m*DyHE - (Dxu — Dyu')) + / / médu
s T4 s Td
T
[ mee= s [ e - mespton <o,
s Td Td
Since fST Jpamedp < foT médu = K; — 0, sending € — 0 results in

/Td m(T)(u(T) —u(T)) —m(s)(u(s) —u'(s)) =0,

that is,

/m(s)u(s):/ m(s)u’'(s).
Td Td

By the fact that u(s) = i(s) > u’(s) a.e. in {m(s) > 0}, one then concludes that u = u’
a.e.in {m > 0} and, since m¢o > 0, we have u(0) = 1’(0) a.e.in T?. |

Next we prove that when the data is independent of the space variable, the solution u
is Lipschitz continuous.

Theorem 5.5. Assume that (DE) holds, and let H, f, and g be independent of x. Then the
sequence u€ is uniformly bounded in C'(Qr) as € — 0. In particular, the weak solution
u = lime_,¢ u€ and the terminal condition m(-, T) are globally Lipschitz continuous.

Proof. There is no loss of generality in assuming f(0) < —1. By Remark 3.3,
minmgy < m€(-, T) < max myg. (5.21)
We set, for K > 0,

xEW) = (f)7 W) £ W), ke = Ve,

+ 115, |l co =k 00 -

B = I/ Nerqg xp + 18lerqg xp + Hf

CO([-K,00))

Then, in view of (DE), (5.21), and Lemma 3.8, there exist constants C and C;, with
C = C(Cl,ﬁecl) and C;, = C1(Co, T, T4, (1 — )7L, ””E”CO(E))’ such that

| Du® ||c0(§) <C.
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The only issue here is that the quantities

1

Kyie(=Cy) = H—e

X

may not be bounded independently of €. However, the proof of Lemma 3.8 shows that,

defining 7€ as in said proof, the gradient bound depends only on K ¢(a) and K; ¢(a),

where a € R is any number satisfying the following condition: for all small enough

0 < c¢; < 1, at any maximum point (xo, tp) of H(D,u¢) + %1(125)2, the inequality

f€(m(xp,t9)) > a holds. At such a point (xg, fp), for small enough € and c;, Corollary
3.5 yields

and K, (—Cy) = ||k 3
CO(~C1.00)) 2,(=C1) = My llco-cy .00

f€(m(xo.10)) = —uj + H(Dxu®) = f(minmo) — [|H(Dxu)llco + H(Dxuf)

. €1~ . . -
> f€(minmo) — 3|Iu5||2co = f(minmo) + €logminmo — c1[|i[Zo
1
> f(f minm()).

Thus, the condition is satisfied by a = f (% min myg). Since a > f(0), it follows from
(F1), (F2) that K; (@) and K3 ¢(a) are bounded uniformly as € — 0. The Arzela—Ascoli
theorem implies the result. ]

We finally note that, in the case d = 1, since there exists an a priori lower bound for
the density m in terms of its boundary values (obtained in [1, 11, 15]), the solutions are
seen to be smooth. However, when d > 1, even in the special case of Theorem 5.5, where
an a priori bound for the gradient was obtained, we do not know whether the solution to
the degenerate elliptic problem enjoys higher regularity.
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