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Anisotropy and stratification effects in the dynamics of
fast rotating compressible fluids

Edoardo Bocchi, Francesco Fanelli, and Christophe Prange

Abstract. The primary goal of this paper is to develop robust methods to handle two ubiquitous fea-
tures appearing in the modeling of geophysical flows: (i) the anisotropy of the viscous stress tensor
and (ii) stratification effects. We focus on the barotropic Navier—Stokes equations with Coriolis and
gravitational forces. Two results are the main contributions of the paper. Firstly, we establish a local
well-posedness result for finite-energy solutions, via a maximal regularity approach. This method
allows us to circumvent the use of the effective viscous flux, which plays a key role in the weak
solutions theories of Lions—Feireisl and Hoff, but seems to be restricted to isotropic viscous stress
tensors. Moreover, our approach is sturdy enough to take into account nonconstant reference den-
sity states; this is crucial when dealing with stratification effects. Secondly, we study the structure
of the solutions to the previous model in the regime when the Rossby, Mach and Froude numbers
are of the same order of magnitude. We prove an error estimate on the relative entropy between
actual solutions and their approximation by a large-scale quasi-geostrophic flow supplemented with
Ekman boundary layers. Our analysis holds for a large class of barotropic pressure laws.

1. Introduction

This paper is devoted to the study of a class of barotropic Navier—Stokes systems. Our
focus is on developing robust methods to handle two ubiquitous effects appearing in the
modeling of geophysical fluids: (i) the strong anisotropy of the viscous stress tensor and
(i) stratification effects. As for the first aspect, we consider systems with anisotropic
viscosity tensors

Ape = uAp + &3 = n(97 + 93) + €93, (1.1)

where the parameters (1 and ¢ are dimensionless numbers such that

u>0 and &>0, withe < pu.

Concerning the second point, we consider highly rotating fluids with a strong Corio-
lis force %63 x pu and a strong gravitational potential slz oVG = —eizpe3, where u =
u(x,t) € R3 denotes the velocity field of the fluid, p = p(x,?) € R represents the density
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of the fluid and e3 = (0,0, 1) is the unit vertical vector. We handle barotropic fluids, so
the pressure of the fluid is assumed to be a function of the density only, i.e. P = P(p); see
(1.10) for precise assumptions on the pressure law. We consider the simplest possible geo-
metrical setups and scalings enabling us to study nontrivial phenomena, such as boundary
layers and vertical stratification.

Our goal in this paper is twofold. The first part of the paper is concerned with the
existence and uniqueness of strong solutions for the barotropic Navier—Stokes equations
with potential force VG:

{atp+v-(pu)=o, (12)

0:(pu) + V- (pu ®u) + VP(p) = Ay u +AV(V-u) + pVG.

The term VG is responsible for stratification effects, thus the equilibrium density p of
the previous system becomes nonconstant. As a consequence, there are two main diffi-
culties in handling the well-posedness study for system (1.2): on the one hand, the strong
anisotropy of the viscous tensor (see (1.1)) and, on the other hand, the fact that p introduces
variable coefficients in the equations (see more details below). Our main result in this
direction is Theorem 1. We set system (1.2) in the simple space-time domain R x (0, T),
with T > 0; domains with boundaries, such as (R? x (0, 1)) x (0, T'), may be handled
by the same method, at the price of more technical difficulties. Here we work with fixed
values of the parameters (i, A, €), and do not keep track of how the estimates depend on
them: the existence of solutions to (1.2) is a challenge in itself. Our well-posedness result
still holds if one incorporates a Coriolis force pes x u on the left-hand side of (1.2).

The second part of the paper is devoted to the asymptotic analysis of the barotropic
Navier—Stokes equations in presence of fast rotation and gravitational stratification. We
consider the following system:

dtp+ V- (pu) =0,

3, (pu) +V - (pu @ u) + §e3 X U+ v;(”) = Al +AV(V - u) + Sﬁzvc;, 43

set on the strip (R? x (0, 1)) x (0, T'), with the no-slip boundary conditions
u=0 atxz3=0,1. (1.4)
Here G is the gravitational potential, i.e. G(x3) = —x3. We describe the structure of weak

solutions in the limit ¢ — 0 for well-prepared data, analyze the Ekman boundary layers
and their effect on the limit quasi-geostrophic flow and prove quantitative bounds based
on relative entropy estimates. Our main result in this direction is Theorem 2. Our results
hold for a large class of monotone pressure laws. Here our focus is on the asymptotic
behavior for a family of weak solutions, under the assumption that such global-in-time
weak solutions exist.

Let us emphasize a further aspect of the connection between the two parts of the paper.
The quantitative stability estimates obtained in the second part lay the ground for a large-
time well-posedness result for system (1.3) in the limit when ¢ — 0. Inspired by previous
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results for incompressible flows ([8,25,40,41]), we believe that strong solutions may be
constructed for large data close to the two-dimensional limit quasi-geostrophic flow, by
using a variation of the well-posedness result of the first part. In that perspective, our goal
with the first part of this work is to have a robust local well-posedness result that can be
adapted in subsequent works to handle the global existence for large data. In order to carry
out this program, there are a number of issues to deal with, notably the adjustment of the
local well-posedness result to the infinite slab R? x (0, 1). We give additional comments
about this problem above Theorem 1. Therefore, we leave this work for further studies.

1.1. Modeling of geophysical flows

We consider mid-latitude and high-latitude motions of fast rotating compressible fluids,
typically the Earth’s atmosphere or oceans. System (1.3) is a particular case of the general
nondimensional system

d:p+ V- (pu) =0,

1 1,1

1 1 1
— —VP(p) = —pVG.
+aoes X (pu) + a2 (p) 2P

As usual, the Reynolds number measures the ratio of inertial forces to viscous forces. Sys-
tem (1.5) modeling large-scale geophysical flows has, in particular, a horizontal Reynolds
number Rey, = (‘{—hL and a vertical Reynolds number Rez = l}f—f that may be of different
orders of magnitude; see below the comments about the anisotropy in the viscous stress
tensor. Here U represents the typical speed of the flow, L the typical length, vy, the hori-
zontal viscosity and v3 the vertical one. The Mach number is defined as Ma = %, where
the constant c is the propagation speed of acoustic waves. For strong jet streams near the
tropopause, U = 50m s~2, which corresponds to Ma = 0.15; see [30]. The Rossby number,
defined as Ro = %, measures the effect of the Earth’s rotation; here Q = 7.3 - 107> 5!
is the module of the Earth’s angular velocity. In the case of the Gulf Stream, the length
L = 100km and U = 1 ms~! are smaller than typical oceanic scales, and the Rossby
number is about 0.07. Notice that here we consider the f-plane approximation of the Cori-
olis force.

Stratification. The gravitational force deriving from the geopotential G = —gx3 tends
to raise regions of fluid with lower density and lower regions of fluid with higher density.
In the equilibrium configuration, the density profile decreases with respect to the vertical
direction. The Froude number is then defined as Fr = LH where g = 9.81 ms~2 is
the acceleration of gravity. It measures the ratio of inertial forces of a fluid element to its
weight. The centrifugal force also derives from a potential. It is often neglected in models
for the atmosphere ([12,20]), but in certain regimes it can have a dramatic effect. The
mathematical analysis of the centrifugal force poses different challenges that we do not
dwell upon in the present work.
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Anisotropy. In general, the horizontal and vertical viscosities are not equal, in particular
when dealing with large-scale motions of geophysical flows. For instance, in the ocean
the horizontal turbulent viscosity v, ranges from 10% to 108 cm?s™!, while the vertical
viscosity v3 is much smaller and ranges from 1 to 103 cm? s~!. A justification of this fact
can be seen in (i) the anisotropy between the horizontal and the vertical scales of the flows
and (ii) the stabilizing effect of the Coriolis force, which makes the large-scale motion
almost two-dimensional (see also Section 3). Hence, a frequent (and crude) modeling
assumption is to suppose that the diffusion in the vertical direction is much weaker than
the horizontal viscosity, which is enhanced by turbulent phenomena. For further insights
about the physics of anisotropic diffusion, we refer to [45], in particular to [39, (2.122),
Chapter 4], to [6] and [10].

Scaling. In (1.3), the dimensionless number ¢ denotes the Rossby number, which mea-
sures the strength of the rotation. We consider the scaling where the Rossby, the Mach and
the Froude numbers are of the same order of magnitude, i.e. Ro = Ma = Fr = ¢. This is the
richest scaling, since the effects due to the rotation are in balance with the compressible
and gravitational effects. Notice however that other scalings are considered in the physical
literature ([31]), for application to meteorology, as well as in the mathematical literature,
see e.g. [16,20].

Ekman layers. Ekman boundary layers are regions near horizontal boundaries with no-
slip boundary condition where viscous effects balance the Coriolis force. The thickness of
these boundary layers (see [11, Part I]) is

b= (2

which does not depend on the velocity. Note that the faster the rotation, the smaller is the
layer affected by viscosity. See also [12, Chapter 8].

Pressure laws. We consider barotropic flows, for which the pressure is a function of the
density only. A typical example is that of Boyle’s law P(p) = ap?, witha > O and y > 1.
For the precise definition of the pressure law, we refer to (1.10).

1.2. Mathematical challenges related to anisotropy and stratification

We outline here some aspects of the study of compressible viscous fluids. We focus on
two points in particular: (i) well-posedness and the difficulties related to the anisotropy in
the viscosity and (ii) asymptotic analysis in the presence of stratification.

Well-posedness. For fluids modeled by the incompressible Navier—Stokes equations, the
fact that the viscous stress tensor is isotropic or anisotropic does not affect the well-
posedness theory. One can prove the existence of weak (Leray—Hopf), mild or strong
solutions regardless of the structure of the viscous stress tensor.

For compressible fluids modeled by the compressible Navier—Stokes system though,
anisotropy represents a major hurdle. Interestingly, the obstacle has similar roots for sev-
eral well-posedness theories of weak solutions.
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In the isotropic case, u = ¢ in (1.2), one has a pointwise relation between the pressure
and the divergence of u. Indeed, applying the divergence to the momentum equation and
using the algebraic relation V - (VV - u) = AV -u = V - Au, one gets

A((w+A)V-u—P(p)+ P(1)) = V- (pdsu + pu - Vu). (1.6)
This suggests defining the quantity
F:=(Wu+A)V-u—P(p)+ P(1),
which is dubbed the effective viscous flux. According to (1.6), one obtains the relation
AF =V . (pdu + pu-Vu). 1.7)

Property (1.7) is key to the existence of global finite-energy weak solutions in the Lions
([32]) and Feireisl ([19, 38]) theory on the one hand, and to the existence of global weak
solutions with bounded density in the Hoff theory ([29]) (see also [13]).

In the anisotropic case u # ¢, the above analysis breaks down, and the relation between
V -u and P(p) becomes nonlocal. Indeed, (1.7) becomes

(Ape +AAV -u—AP =V - (pdsu + pu - Vu),
so that the definition of a modified effective flux should read
Funi = A7 (Ape + AA)V -u— P(p) + P(1).

The nonlocal operator A™'(A,, . + AA) changes the picture dramatically. In view of the
existence of Hoff-type solutions with bounded density ([13,29]), one of the major flaws of
Foi is the lack of boundedness of A™!'(A, . + AA) on L. Similarly, for the existence
of global finite-energy weak solutions, the nonlocality is a major obstacle to getting the
compactness of a sequence of approximate solutions; see [0, 7]. In the breakthrough work
of Bresch and Jabin ([7]), a totally new compactness criterion was proved that enables the
existence of global weak solutions to the compressible system (1.2) to be proved in the
anisotropic case. There remains a restriction that |u —¢] < A — % which is compatible
with the modeling of large-scale geophysical flows. A more important limitation of the
result in [7] is on the pressure law y > 2 + @, where y is defined in (1.10). On that
subject, Bresch and Burtea proved recently in [4] the global existence of weak solutions
for the quasi-stationary compressible Stokes equations and to the stationary compressible
Navier—Stokes system ([5]) with an anisotropic viscous tensor. Their approach is based on
the control of defect measures.

The anisotropy prompts us to consider the framework of strong solutions, in partic-
ular those with minimal regularity assumptions as in [13]. In that perspective, a further
challenge for the well-posedness theory is the presence of nonconstant reference density
states, due to the gravitational term. Indeed, the fact that the densities are perturbations of
a constant state plays a major role in the analysis of [13]. This question seems to remain
broadly unexplored in general. In our work we are able to incorporate nonconstant refer-
ence density states in the approach of [13].
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Asymptotic analysis. We review here some of the literature concerned with the quanti-
tative analysis of viscous barotropic fluids in high rotation (for an overview of this topic
for incompressible fluids, we refer to [11]). For systems of type (1.3), results on the com-
bined low Mach and low Rossby limits were obtained in several directions: well-prepared
data (data close to the kernel of the penalization operator; see (3.57) for what it means in
our context), ill-prepared data, slip or no-slip boundary data, with or without stratification
(centrifugal force or gravitational force), and different scaling regimes. We do not attempt
to be exhaustive here, but select some works that are relevant to our study here.

In the well-prepared case, [6] studies the limit for the same scaling as in (1.3), with
no-slip boundary conditions and G = 0. They study the Ekman layers and prove stability
estimates in the limit ¢ — 0 in the case of pressure laws with y = 2. As far as we know,
this seems to be the only work concerned with the study of Ekman layers for compressible
fluids. Extending it to more general pressure laws, and taking into account gravitational
stratification effect, is an obvious motivation for our present work. The analysis with a
gravitational potential was considered in [23], for fluids slipping on the boundary, using
the relative entropy method.

In the ill-prepared case, the fact that the initial data is away from the kernel of the
penalization operator is responsible for the propagation of high frequency acoustic-
Poincaré waves. Different scaling regimes of Ma and Ro were analyzed in [16, 17, 20,
35,37]. All of these works are concerned with fluids in the whole space or in an infinite
slab satisfying the slip boundary condition, hence no boundary layers are needed in the
asymptotic expansions. Let us point out that [16] manages to handle the centrifugal force.

1.3. Novelty of our results
We comment here on the main theorems of the paper.

Well-posedness of system (1.2): Theorem 1. We prove the short-time existence of finite-
energy solutions to system (1.2). We introduce a simple and sturdy method based on
a priori bounds obtained via maximal regularity estimates, following the approach of
[13,43]. However, our techniques are robust enough to deal with both effects mentioned
above: (i) the anisotropy in the viscous stress tensor and (ii) the presence of a noncon-
stant reference density state. Thus, our result represents a generalization of [13,43] in
both directions. However, as already explained in Section 1.2, the anisotropy makes it
impossible to use Hoff’s effective viscous flux as in [13], so we need to look for higher-
regularity estimates for the density, in order to get compactness for passing to the limit in
the pressure term. For this reason, we require some regularity on the initial data: roughly,
the initial density py, is sufficiently well localized around the reference profile p, namely
pin — p € H?, while the initial velocity uj, is taken in H /2% So the solutions that we con-
struct are strong solutions with finite energy; roughly, they are halfway between the Hoff
solutions ([13,29]) with bounded density and the strong solutions of Matsumura—Nishida
([34]) (which require p;, — 1 € H?).
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We emphasize that the initial density p;, can be taken close to an arbitrary reference
density profile p = p(x3) € W3 (R). Thus, setting G = G(x3) = H'(p(x3)), with H
defined in (1.11) below, we infer that p is a static state of system (1.2), namely p satisfies
the logistic equation

VP(p) = pVG. (1.8)

However, the smallness condition rests only on the quantity ||p;, — pllz~, and not on
higher-order derivatives. Finally, we point out that the assumption p = p(x3) is made only
for modeling purposes (we have in mind the case when G is the gravitational potential),
but our method works also in the more general situation p = p(x), x € R3. So our theorem
opens the way to achieving the well-posedness of systems with stratification effects, such
as (1.3), in the strip R? x (0, 1) with the physical gravitational potential G = —x3.

Asymptotic analysis of system (1.3): Theorem 2. We build an asymptotic expansion for
the solutions of the compressible system (1.3) when ¢ — 0 and prove quantitative esti-
mates on the errors. We consider well-prepared initial data, i.e. close to the kernel of the
penalization operator. The scaling Ro = Ma = Fr = ¢ which is considered in (1.3) is the
richest scaling, in the sense that the Coriolis force, the pressure and the gravitational force
balance each other. In addition, we analyze the effect of boundary layers on the limiting
two-dimensional quasi-geostrophic equation. This limit equation, see (3.36) below, rep-
resents the large-scale dynamics of the bulk flow. It is a two-dimensional incompressible
Navier—Stokes equation written in terms of the stream function Q, where u = V+Q is
the limit velocity. Frictional effects dissipate energy in the Ekman boundary layer flow, so
a damping term appears in (3.36). Such effects have been pointed out for incompressible
([10,11,26,33]) or compressible ([6]) fluids in high rotation.

As far as we know, [6] is the only work dealing with the asymptotic analysis of com-
pressible fluids in high rotation in the presence of Ekman layers. Our result extends the
state of the art in two main directions: (i) we take into account stratification effects due
to gravitation, hence we handle nonconstant reference density states, and (ii) we consider
general pressure laws P(p) ~ p?, with y > % (see (1.10) below). Concerning (i), let us
stress that our work seems to be the first one able to tackle the combined effect of the grav-
itational force and boundary layers. As for (ii), [6] handles the case y = 2. Incidentally,
the threshold % for the number y is the same as that for the Lions—Feireisl theory of weak
solutions.

Our approach is based on relative entropy estimates for system (1.3); see [18,22,23,
27]. The progress achieved in this paper is made possible thanks to the introduction of a
simple tool, which seems to be new in this context: we rely on anisotropic Sobolev embed-
dings; see Lemma 3.12 below. This enables us to compensate for the lack of coercivity for
d3uy, due to the strong anisotropy in the Lamé operator (1.9). Doing so, we are able to
extend the range of values for the parameter y, and also to improve the quantitative error
bounds.
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1.4. Outline of the paper

The paper consists of two parts. The first one, treated in Section 2, is devoted to the proof
of the well-posedness result for system (1.2). The main result is Theorem 1. The proof
relies on maximal regularity estimates for a parabolic equation related to an anisotropic
and variable coefficient Lamé operator; see Proposition 2.3. The second part, which is the
matter of Section 3, is concerned with the proof of the quantitative estimates for (1.3) in the
limit ¢ — 0. We first build an expansion based on a formal multi-scale analysis. Second,
we derive a relative entropy inequality. Finally, we carry out the quantitative estimates,
using in particular the anisotropic Sobolev embeddings of Lemma 3.12.

1.5. Main notation and definitions

Since our interest is in real fluid flows, the whole paper is written in space dimension d =
3. Notice though that some results, in particular those of Section 2 such as the maximal
regularity statement, can easily be extended to higher-dimensional systems. The domain
Q denotes an open set, usually 2 = R3 or R? x (0, 1) in this paper.

When appropriate, we use Einstein’s convention on repeated indices for summation.

Given a two-dimensional vector v = (vy, v2), we define v1 := (—v5, v;). Given a
vector field v € R3, we will often use the notation V - v and V x v to denote respectively
div v and curl v. For a vector x € R3, we often use the notation x = (xz, x3) € R3 to
denote the horizontal component x;, € R? and the vertical component x3 € R. According
to this decomposition, we define the horizontal differential operators Vj, Ay and V- as
usual; we also set Vhl := (—03, d1). These operators act just on the x;, variables. Notice
that the third component of the vector V x v is d;v, — dpvy: this quantity will be denoted
by Vﬁ- - Vp.

We introduce A, . as in (1.1). Similarly, we define the modified gradient operator
Ve := (VI 01, /I 02, /€ 03). The anisotropic Lamé operator £ is defined by

Lu=—-A,u—AVV . u. (1.9

Throughout this paper, given a Banach space X and a sequence (a®). of elements
of X, the notation (a®), € X is to be understood as the fact that the sequence (a®),
is uniformly bounded in X. We will often denote, for any p € [1, oo] and any Banach
space X, L‘;(X) = LP((0,T); X(2)). When T = +o00, we will simply write L?(X).

For the definition and basic properties of Besov spaces, we refer to [2, Chapter 2] or
to [13, Sections 2.2 and 2.3].

Pressure law. We consider barotropic flows, for which the pressure P is supposed to
be a smooth function of the density only. We assume (see e.g. [17, 18,20,22]) that P €
€([0, 00)) N 'E3((0, 00)) enjoys

P/
P(0)=0, P'(p)>0Vp>0, lim (p) _

Jim = a> 0, (1.10)
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for some y > 1. Given P, we define the internal energy function H by the formula

0
H(p) = p[l Pz(f) dz forall p € (0, 00). (1.11)

Notice that the relation pH"” (p) = P’(p) holds for all p > 0.

2. A well-posedness result in the presence of a strongly anisotropic
viscous stress tensor and stratification

In this section we show a well-posedness result for the barotropic Navier—Stokes system
(1.2). As explained in Section 1.2, there are two main difficulties. The first one is to handle
the anisotropy of the viscous stress tensor. It prevents one from using classical compact-
ness techniques to prove the existence of weak solutions having finite energy (see e.g.
[21,32,38] and the comments in [6,7]). It is also a major obstacle to the use of the effec-
tive flux (1.6) as in [13,29]. The second one is the nonconstant reference density state p,
due to the potential force VG.

Our approach is reminiscent of [13,43]. It is based on maximal regularity estimates for
the velocity field. This approach enables us to fully exploit the parabolic gain of regularity
due to the momentum equation, and to use it in the mass equation in order to transport
higher-order Sobolev norms of the density function. Moreover, it allows us to consider
nonconstant density reference states, which is crucial in view of studying stratification
effects; see system (1.3) and Section 3.

It is not clear whether or not the whole method of [13] works in the presence of an
anisotropic Lamé operator, since it makes substantial use of Hoff’s effective flux (1.6)
and algebraic cancellations appearing in its equation, see (1.7). Thus, compared to [13],
we will work with solutions in the energy space, so with less integrability, but with more
regularity. We are also able to deal with parabolic operators with variable coefficients
when applying the maximal regularity results.

Our main result in this direction is the following statement. Our aim is to give a stream-
lined method for well-posedness, appropriate for proving the existence and uniqueness of
finite-energy solutions in the presence of (i) an anisotropic viscous stress tensor given by
(1.1) and (ii) nonconstant reference density states. A small compromise consists, on the
one hand, in the fact that we do not strive for optimality in the assumptions of the theorem
and, on the other hand, in the fact that we work in the space domain 2 = R3. We believe
that our strategy is robust enough to be adapted to problems in bounded domains. There
are however a number of technical difficulties. One is related to the technique that we use
in the whole space case. Indeed, since we do not have maximal regularity estimates for
the Lamé operator in domains, we carry out the study of maximal regularity estimates for
the divergence-free and potential parts of the solutions. This approach does not seem to
be directly applicable to the case of a bounded domain, because it is unclear which would
be the right boundary conditions for the two parabolic problems.
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We remark also that we fix reference density profiles p = p(x3) depending only on the
vertical variable, since this corresponds to the physically relevant case where the external
force G is the gravity. As a matter of fact, our analysis works exactly the same for more
general profiles p depending on all the variables, at the price of dealing with more com-
plicated commutator terms.

Theorem 1. Lety > 1. Let p = p(x3) € WP (R). Assume that p is uniformly bounded
from below, i.e. p > k > 0. We define the potential by G = H'(p), where H is defined by
(1.11). Then for any n > 0 which verifies

1 «

< min —, =), 2.1
= (SCO 8) @b
where Cy is the constant given by Proposition 2.3, the property below holds.

Consider system (1.2), supplemented with the initial datum (p, u)|;=o = (Pin, Uin). For

3/2 and such that

any (pin, Uin), With pin — p € H? and Uin € Bz 4/3

loin — pllLee <,

there exist a time T*(y, b, &, A, ||pllw3.eos K, ||uin||323’/42/3, lloin — Pllg2) > 0 and a unique
solution (p,u) to (1.2) on [0, T*] x Q, such that
(1) p—p € Cr«(H?), with | p — pllLg, (zy < 411
(2) u € LP(L?) N L%, (L), with in addition Vu € L3.(L*) N L2, (L*), V?u €
L4.(L2), V3u € LY2(L?) and 8,u € LY2(HY);
(3) (p,u) satisfies the classical energy inequality (see estimate (3.42) below).

Remark 2.1. Notice that we have some freedom in the regularity of the initial datum. In

this sense, we take 323 / 42/3 regularity for u for simplicity of presentation, but this condition

can be somehow weakened.

Notice also that HS < B3/2

2,4/3

for any s > %

Remark 2.2. Going along the lines of the proof of Theorem 1, it is possible to see that our
estimates, applied to the rescaled system (1.3), are not uniform in the small parameter ¢
because of the presence of the Coriolis term (and possible remainders arising from the
pressure term, when looking at higher-order estimates). Thus, the solutions exist on small

time intervals [0, T,), with T,—0% when e — 0.

The rest of this section is devoted to the proof of Theorem 1. The proof is based only
on elementary methods, namely energy estimates and maximal regularity. We will limit
ourselves to showing a priori estimates for smooth solutions to system (1.2). The proof
of existence by an approximation scheme is rather standard; see e.g. [13] and references
therein.
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2.1. Maximal regularity for an anisotropic Lamé operator

Here we prove the following maximal regularity result for a parabolic equation with an
anisotropic Lamé operator and vertical stratification due to the coefficient p. Pay attention
to the fact that, in the definition of szz’,lrz below, the indices for space and time are in
reverse order, in order to stick to the classical definition (see e.g. [42]).

Proposition 2.3. Let p € W1°(R). Assume that p is uniformly bounded from below, i.e.
p=k>0.Let ((pj,rj))j=0,1,2 satisfy | < pa,ry <400, r; <19 < 400, Iy <rp < +00,
Do = P2, P1 = P2, together with the relations

2 3 2 3 2 3 2 3

S+ =l4+=4+=— and —+-—=2+4+—"+—.
. p2 ro p . p2 )

Let h;, be in B;i,rz with s, 1= 2 — %, and let f bein L2, (Ry; LP2(R9)).

Then there exists a constant Cy = Co(L, &, A, ro, Po, 71, P1,72, P2, |pllwiee, k) > 0
such that, forall T > 0 and all h € L;? (WLP2) with h a solution to the Lamé system

0(x3)d:h + £h = f,

{p( Dch + Lh = J. 22

h\t=0 = hin,

where L is defined by (1.9), one has the properties h € L™ ([0, T]; L?°) and Vh €
L™ ([0, TY; LPY), together with the estimate

”hHL%"(B;%,,z) + ”hHL?(Lpo) + ”VhHL’Tl (LP1) + ”(ath’ V2h)”L’TZ(LPz)
= CO(”hin”B;%’rZ + ”f”LrTZ(LI’Z) + ”h”LrTz(LPZ) + ||Vh||L’T2(Lp2))~ (2.3)

To prove this result, we follow the idea of [13]. We apply the Leray projector P to
system (2.2) and rely on the maximal regularity for a divergence-form parabolic equation.
Because of the stratification, additional commutators involving P and the reference den-
sity p have to be analyzed. We do not strive for making the dependence of Cy explicit in
&, Iy A, ||pllw1. and k, because our aim is to obtain a well-posedness theorem for a fixed
set of parameters; see Theorem 1.

Remark 2.4. Notice that the two last terms on the right-hand side of estimate (2.3) can-
not be got rid of. Their appearance is due to the commutator terms involving the Leray
projector. It is not possible to swallow them in the left-hand side of (2.3). In spite of this,
estimate (2.3) can be used as such to prove the well-posedness result stated in Theorem
1. Indeed, the terms ||/ ||LrTz(L,,2) and |Vh ”L’Tz(u’z) are of lower order and can be handled
by interpolating with the finite energy. Such an analysis will also be done for the source
term f, which contains in particular the nonlinear term pu - Vu; see below in Section 2.4.

Proof of Proposition 2.3. We proceed in several steps.
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Step 1: reduction to the heat equation. We first rewrite system (2.2) in divergence form:
we have

h — Ve - ( e gh) —w(ﬁ(mv : h) =F, 2.4)
where, for simplicity of notation, we have defined
1 p'(x3) p'(x3)
= — NEPSSEIL Wy R Y V-h 2.5)
s’ Tt e e

As in [13], we apply the Leray projector P on the equation. The difference compared to
[13] is that we now have commutator terms appearing. Recall that

=1d-Q, Q:=-V(-A)lv, (2.6)

where the formulas have to be interpreted in the sense of Fourier multipliers. Applying P

to (2.4) we get
1

p(x3)

where the commutator term C is defined by

0 Ph = Ve (=— Vi, SIP’h) =PF +C, .7

Ci=—V,.- ([/ﬁ»ﬂ’)]%,eh)- 2.8)

Here above, the symbol [4, B] := AB — BA denotes the commutator between two oper-
ators A and B.
We now compute the equation for Qi = h — Ph. Notice that, using (2.6), we have

VV-h=VV.-Qh = AQh.
Therefore, rewriting (2.4) in the form

1

—Vie EY/)
plz) ’

h)—/x;vv-hz L P

8th_ e " —
Vi S 3 B

and taking the difference of this equation with (2.7), we immediately find

1
0:Qh — Vi eta- (mvuﬂ,sw\@h)

_ 1 p'(x3) p'(x3)
=0 7) P (et 5 ¥ )

—C+)L'?( 3183(@}1. 2.9)
p(x3)
Both equations (2.7) and (2.9) are heat-type equations with a variable coefficient. The next

step will show that all the quantities appearing in their right-hand sides are of lower order
in h.
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Step 2: computation of the commutators. Our goal is now to compute the commutator

term C, defined by (2.8). Owing to (2.6) and switching the position of the constant factors,
we have

Ci=—V,,- ([@,P]th) =V. ([ﬁ,@]w,ﬁh)

Recall the definition of QQ in (2.6). We start by applying the divergence operator to the
various quantities: after observing that V- V2 .o = A, ¢, we find

[; Q] uzazh———V( A TAh +V(=A)TIV. (/1) M2€2h>

Therefore, we find

c=V. ([@,Q]Vw,am)

=—V-(ﬁ(x3)V(—A)_1AM,gh)+V-(V(—A)‘1V-( . Mzezh))
p'(x3) 1 1
= g(x’;;za (A Ash + =B = V-(mvuz,azh),

which in the end leads us to

p'(x3)
p(x3)?
Since the operator (—A)~'A w,e 18 a singular integral operator, whose symbol is homoge-

neous of degree 0, the previous computations show that C is indeed a lower-order term,
as claimed.

C= (03(=A) ' A ch + ed3h). (2.10)

Step 3: estimates via maximal regularity. We apply the maximal regularity estimates
of [28] for the divergence-form parabolic operator

3 () = Ve (57" Vye() (2.11)
to equation (2.7). We obtain

[[(0:Ph, V2Ph)||L’TZ(Lpz) = C(”Phin”)_!';;g,rz + IPF + C||L’TZ(Lpz))~

Using the continuity of P and (—A)™'A, ; on LP2 (since | < py < +00) and keeping in
mind definition (2.5) of F and (2.10), it is easy to bound

IPF + C”L’TZ(Lpz) = C(”f”L’TZ(Lpz) + ||Vh||L’TZ(Lpz))-
So, in the end we find

“(az‘Pha VZ]P)h)”L’TZ(Lpz) = CO(”Phin”B;%,rz + ”f”LrTZ(LPZ) + ”Vh”L’TZ(Lpz))' (2.12)
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Next, thanks to the Gaussian bounds on the fundamental solution of the parabolic equation
(2.11) (see [1,36]), arguing as in [13, Lemma 2.4] we infer that

IPAl o proy < CoUPhall gz + 1 Nzwnmy + IVRI2my)- (213)

Thus, in order to complete the proof, it remains for us to bound the L7} (L?') norm of
VPh. This is the goal of the next step.

Step 4: a functional inequality. We claim that, for any w € Wy, (R? x (0, T)), one
has the estimate

”Vw”LrTl (LP1) =< C(||V2W||L;szz(Rsx(0,T)) + Halw”L'TzLPZ(Rl*x(o,T)))' (2.14)

In fact, estimate (2.14) is a functional inequality, which does not use the parabolic equa-
tion. We are going to deduce it from the corresponding inequality in a bounded domain;
see in particular [44, Proposition 2.1].

In order to prove (2.14), we take ¢ € C°(B(0, 1)) such that ¢ = 1 on B(0, %) For
k € N, we consider wy := ¢(z)w. Notice that wy is supported in B(0, k). Then we
consider the rescaled function w,é for A > k, according to the parabolic scaling

wi = we(AA2) = p(2)w(r-, A2).

Notice that w,’i is supported in B(0, 1). By the mixed norm parabolic Sobolev embedding
in the bounded domain B(0, 1), we have

A A
IVwg ||L'T1 L7 (BO,)x(0,7/22)) = Cllwi ||Wp22v},2 (B(0,1)x(0,T/A2))’

where C is a constant independent of 7. Then, by rescaling, we obtain
3.2 ”Vwk”L’T1 LP1(B(0,k)x(0,T))
P n

1
<C{—— r -~ ;
=< C( EWE) lwicllzz2 Los B0.a)x(0.1)) T Jp: INVwicll 22 2 B0 o x (0,7
2 2

2 —_— r
+ %_’_% ”V wk||LT2L1’2(B(0,k)><(0,T)) + /\732+% ”alwk”LTZLPZ(B(O,]()X(O,T)))’

and letting A — oo we deduce

I'Vwg ||L’Tl LP1(R3x(0,T))
2
< C([[Vwg ||L’T2Lpz (R3%(0,T)) + 10, wi ||L'T2LP2(R3X(0,T)))' (2.15)
From estimate (2.15) and the fact that w € szz’,lrz, we get that Vwy is a Cauchy sequence
in LrT1 (LP1). Hence we can pass to the limit in (2.15): thus, we obtain (2.14), as claimed.
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Step 5: end of the proof. Owing to the fact that 1 < p, < +o00 and to (2.12), we have that
Pk belongs to szz’,lrz (R3 x (0, T)). Therefore, we can apply inequality (2.14) to w = Ph.
We find

”VPh”L’Tl (LP1) = CO(”Phin”B;%,rz + ”f”LrTZ(LPZ) + ||Vh||L’TZ(Lp2))~ (2.16)

for a possibly new constant Cy > 0. In addition, since Q% solves equation (2.9), which is
analogous to (2.7), estimates similar to (2.12), (2.13) and (2.16) hold true for Q# and its
derivatives. Then writing h = Ph + Q& completes the proof of the proposition. |

2.2. Basic energy estimates

Let us take a smooth solution (p, u) to system (1.2), such that p — p and u decay suffi-
ciently fast at space infinity. We want to find a priori estimates in suitable norms. For this,
we are going to work with the variables

r(t):=p(t)—p and u.
In the same way, we set ri, = pin — p. Recall that
[IFinllLe < 1. (2.17)

We start by performing classical energy estimates, which provides us with a bound for
the low frequencies of the velocity field. Namely, by multiplying the momentum equation
in (1.2) by u and integrating by parts we get, in a standard way, the control

”«/ﬁu”LN(LZ) + ”VM”LZ(LZ) = Cenergy‘ (2.18)

See Section 3.2 for similar bounds. Of course, the constant Cepergy depends also on the
(fixed) values of the coefficients (i, &, A). From this control and

//5|u|2=/ p|u|2—/ rlul?,
Q Q Q

we infer that, for any 7' > 0,
”u”L‘]’?(LZ) = K_I(Cenergy + ”r”L%O(LOO)”u”L‘;-O(LZ))a (2.19)
where we recall that « is a lower bound for p. Hence, if T > 0 is such that
K
Irllzge ey = 4n < 3. (2.20)
where 1 > 0 is the size of the initial datum in the L°° norm (recall (2.17)) we deduce
lullLso(2y < 2Cenergyk ™" (2.21)

The next goal is to exhibit a control on the density variation function r. We will work
in higher Sobolev norms, namely in H?2. However, we are going to bound its L norm
independently (i.e. without using Sobolev embeddings), in order to get, in view of (2.20),
a smallness condition only on ||y, ||z, and not on the higher-order norm of ry,.
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2.3. Estimates for the density function

In this subsection we find transport estimates for the density variation function r. First of
all, from the mass equation in (1.2) we find that r fulfills

9r +u-Vr+rV-u=—u3p —pv-u. (2.22)

A basic L? estimate for this equation gives, for any ¢ > 0,
1 t
IrOlle < e + (1= ) | 1@l 1V - uo e~ av
0

+/ 16 oo (lus (@ llLe + IV -u(@)lLr) dr.
0

On the one hand, in the case p = 2, we get

1 T
Irlzan < Wralle + 5 [ IrlzalV -ull= dv
0

T
+/0 18" oo (lus (@2 + IV - u(@)llz2) d T (2.23)

for any time 7" > 0. In turn, Gronwall’s lemma gives the bound

T
||”||L<;°(L2) < eJo IVu@llLeo de

T
x (||r1n||L2 +/0 16"l oo (llus (@)l 2 + ||V-u(T)IIL2)dT)- (2.24)

On the other hand, by letting p — 400, from Grénwall’s lemma again we deduce

T
Irllpesey < e IV luoe e

(it 4 [ 1 ustolas + 19 ). 229
We now define the time 7" > 0 as
T :=suplt > 0] fy 15/ l=ua(@) = d e
+ o1+ 1) IV - u(@) [ d < mingn.log2}),  (226)
where 1 > 0 is as in (2.17). From the previous bound we gather then
I llsecroey < 207l + 21 < 4n. (2.27)

We now differentiate equation (2.22) with respect to x;, for any j € {1,2,3}. We get
that d;r verifies

0:,0;r +u-Vojr +09;rV-u=—-0;u-Vr —rV.0o;u
—Bju3,6’—u33j,6’—8jﬁv-u—/SV-aju. (2.28)
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The same L? energy estimate for the continuity equation as above yields
1 t
07 ll2 = 19;7inll2 + 5/0 10;rllL2IV - ullL dz

+ fot(llrlleIIV ~0jullrz + IVrlg2l0jullLe + 11050 | oo lusll L2
+ 12 lLeell0jusliLz + 19; ol IV - ullpz + 1AL IV - 0jullL2) d,
for any # > 0. Hence, for all # > 0 one has
[Vr@lzz < |VrinllL2 (2.29)

t
+ C[ (IrlzeeIV2ullL2 + IVFl 221 VillLoe + [Ipllwzeollull2) d e
0

We do not apply Gronwall’s lemma directly on this inequality. It is better to first bound the
second-order derivatives of r. For this, let us differentiate equation (2.28) with respect to
Xk, forany k € {1,2,3}. We deduce the following equation for the quantity r;; := aijr:

0irjic +u-Vrjg +1rjxV-u = _(8,;2'k“ ~Vr 4+ 0ju-Vogr + 0gr - Voju—rV- 8,2€ju)
— ak(a_,-u3/3' + M38_/,5/ + BJﬁV -u+pV- 3,”)

Performing another energy estimate, we infer, for any ¢ > 0, the inequality
1 t
Irie @2 = lIrinjxllz2 + 5/ Irixll L2 IV - ullze d e
0

t
+/ (IVrliLalV2ullzs + [ Vullze | V27| L2
0
+ 7z V3ullzz + 1pllwse lullg3) d.

where we have defined ri, i := sz.k Fin- After using the interpolation inequality

I¢le < lo15 117" (230)
together with the Sobolev embedding H'(R3) < L%(R?), we obtain

2 1/4 2 3/4 2 1/4 3 3/4
IVrIlLeIV2ulle < 1970 V2 IRV 2ul V) 2

< (IVriez + 1V2r 1) (IV?ull L2 + [V ull2).
In view of this inequality, the previous bound on 7 yields, on the time interval [0, T'],
||V2r||L<;°(L2) < |V?rinll2 (2.31)
t
+C/O (7o 1V2ullL2 + 1Al waoolluell a3

+ IVl + 1V2rll2) (1 Vullze + [V2ullz + (1V3u]2)) d.
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Let us now introduce the notation

R(@) = |IrlLeecmzy + IrllLgewe)-
Summing (2.24), (2.27), (2.29) and (2.31) we deduce the following bound:

T
R(T) < C(||Vin||H2 + /0 (1Blwsee + ROVl + ||u||Hs>dr). (2.32)

To end this part, we observe that, for almost all € [0, 7] and x € R3, |r(x,t)| < 4n.
So, by assumptions (1.10) on the pressure, there exists a constant C > 0, depending on
the function P and ||p|| L, such that, for any parameter s € [0, 1], on [0, 7] x R> one has

[P(p+rs)|+ P (p+rs)+|P"(p+rs)+|P"(p+rs) <C. (2.33)

2.4. Maximal regularity estimates for the velocity field

It remains to find a bound on u. For this, we mimic an approach used in [13], based on the
maximal regularity estimates of Section 2.1. To begin with, we recast the equation for u
as

posu + Lu = —rdu — f, (2.34)
where the anisotropic Lamé operator £ is defined by (1.9), and where we have set
f=@+ru-Vu+VP(p)—pVG. (2.35)

In the computations below, when convenient, we will resort to the notation p + r = p, and
use the bounds (2.18) and (2.27) for ,/pu and ,/p respectively.

In view of (2.32) above, we are interested in H > bounds for u: for this, we will apply
Proposition 2.3 to both u and Vu. To this end, we fix the following values of the parame-
ters:

(P2.12) = (2.3).  (po.r0) = (+00.2).  (p1.711) = (2.4). (2.36)
With these choices, all the hypotheses in Proposition 2.3 are satisfied. Indeed, thanks to
the energy estimates (2.18) and (2.21) and maximal regularity (2.12), one can easily verify
that, a priori, both ¥ and Vu belong to the space WZZ,Z‘IB. We choose pg = +o00 in order
to have, thanks to (3.53) above, a control on u in any L?, p € [2, +00]. Notice also that
we have some freedom for the values of r, and p;, which then determine r and r;. Here
we take the simple choice r, = % and p; = 2. This implies s, = %
For ¢ > 0, let us introduce the quantity

‘L{(Z) = ”u“L?o(Lz)ﬂL?(Lw) + ”vu”L;‘(LZ)ﬂL%(LOO)

+IV2ull a2y + ||V3u||L?/3(L2) el a3 -

On [0, T], where T > 0 is the time defined in (2.26), we have
U(T) = Co(lluinll g2+ Vil g1/2 (2.37)
2,4/3 2,4/3

2
+ [lrdru + f||L;/3(H1) + ||M||L;/3(L2) + ||Vu||Lz}/3(L2) + IV ””L4T/3(L2))’
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where f is defined in (2.35). Notice that
U: . + Vu: . < ||u; . . < ||u; y
| 1n||321{‘12/3 | nn||321(f/3 = 1n||321’/42/30323’/42/3 = 1“||B§ff/3

where the last inequality holds in view of the fact that B, . = B;,,, N L? for any s > 0;
see also [2, Chapter 2].
Next we bound the term containing the time derivative. Notice that for any j € {1,2, 3}
we have
0 (rdsu) = rosdju + 0;rodu.

Therefore we have

||r8tu||Lz;/3 + ||r8tVu||L;/3(L2) < 4n||8tu||L;/3

(L?) (H'y

so this term can be absorbed into the left-hand side of (2.37), if n > 0 is fixed so that
condition (2.1) is fulfilled. As for the remaining term 9;r9;u, we notice first of all that
from (2.27), the lower bound for p, the momentum equation in (1.2) and (2.18), we can
bound

0:ullp2 12y = Cllodeull 2 12y < CllLu + pu-Vu + VP — pVG|| 12 12
At this point, we obviously have

< CTY*W(T).

ILullzz 2y < TV~ D) Lull g (12
In addition, one has
low - Vullpa 2y < CTYPC2 | Jpull Lo 12| Vit 12 1oy < CUT). (2.38)
Let us now turn to the pressure and potential force terms. In view of (1.8) we have
VP(p) —pVG = V(P(p) — P(p)) — (p— p)VG = V(P'(p + sr)r) —rVG, (2.39)

for some s € ]0, 1[. On the one hand, since G = H’(p), G is bounded; so, for a constant
C > 0 depending on || p|| 1.0 and on the function P, we have

IrVGllLz 2y = CT1/2||V||L‘;°(L2)-
On the other hand, by writing
V(P'(p+sr)r)=P(p+sr)Vr + P"(p+sr)rVp+sP"(p+ sr)rVr  (2.40)
and making use of (2.33) and (2.27), direct computations show that
V(P (p + SV)”)||L2T(L2) = CTI/z“’"”L;’?(Hl)'

Here, the constant C > 0 depends on the constant appearing in (2.33), on 7 and ||p|| 1.0
Assuming without loss of generality that 7 < 1, we have thus proved that

10:ull 212y < CR(T) + UCT)). (2.41)
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With this control at hand, let us return to the bound of d;rd;u in L;/ 3 (L?), for j €
{1, 2, 3}. By resorting again to the interpolation inequality (2.30), in view of the Sobolev
embedding H' < LS and of Young’s inequality we get

1/4 3/4 1/4 3/4
10; 79010l a2y = IV ) V271258 oy N0l g o 10 V0

3/4)—(1/2 1/4 3/4
< CR(T)(TE" ‘”uatuny(m))/ 19Vl s .

< CTYR(T)(R(T) + U(T))V*(U(T))>*
< CTY'(R(T) + W(T))>%.

Inserting all the previous bounds in (2.37), under condition (2.1) we deduce that

&)
(2.42)

UT) = C (il gz + THRT) + WD) + 1S a0 g,

+ lul 5
S C(||Min||Bz3/f/3 + T1/16(1 + R(T) + u(T))z + ||f||L;~/3(H1))

Our next goal is to bound f in the L;/ 3(H 1) norm. First of all, let us focus on the

L;t/ ? (L?) norm. Repeating the computations which led to (2.41), we easily find that
11,473 g2y < CT¥AR(T) + TVAUT)) < CTYHR(T) + UT)).

where again, without loss of generality, we have assumed that 7 < 1. Next, for j €
{1, 2, 3}, from the definition (2.35) of f, we get

d; f = 0djpu-Vu + pdju-Vu + pu-Voju + 3;(VP(p) — pVG). (2.43)

We first bound the convective terms in (2.43). By (2.27), interpolation between Lebesgue
spaces and (2.30), we have

o - Vjul Ly < CTG/H- (1/2)“””L4 whlv? ullpg zs)
1/2 1/2 1/4 3/4
< CTV* lull 2 gy 1l ey VP ) 1V o

< CTVHU(T)).
Arguing in a similar way, we obtain

< CcTB/4H-01/2) ||Vu||

||Ioa]u 'Vu”L‘]‘ﬁ(Lz) LA(L%

1/4 1/4 2..113/4 2 1/4 2
< CT VUl IVl 27 = CT A U(),
Finally, writing p = p + r, we split the term d;pu - Vu = djpu - Vu + d;ru - Vu. We
estimate on the one hand, similarly to (2.38),

1861 - Vel g3y < CT#UCT),
T

(L)
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and on the other hand,

1072Vl a3 0 = CTC O™V ooy [ Vutll g ) ] s
T

(L?) — (L12)

1/4 3/4
< CTY2 IVl 2 o) IVPr I 2y

5/6
XNVl ey gy 155

< CTVR(T)(U(T))*,
We now turn to the last term in (2.43). Thanks to (2.39) and (2.40) we have

3;(VP(p) —pVG) = P"(3jp+s3;r)Vr + P'd;Vr + P"(9;p + sd;r)rVp
+ P"9;rVp+ P"rojVp+ sP"(@;p + sd;r)rVr
+sP"3;rVr +sP"rdjVr —9,rVG —rd; VG,

where all the functions P’, P” and P are computed at the point p + sr. Making repeated
use of (2.33), (2.27) and (2.30),

10;(VP(0) = pV )l a3 .2y = CTH(R(T) + (R(T))?),

(L?)

where C = C(P, ||p||lw3.) > 0.
Putting all those bounds together, assuming again 7' < 1, we deduce that

IV sy = CTY2(1 4+ R(T) + W(T))*,
which in turn implies that
10y = €TI0+ R(T) + W(T))’. (2.44)
In the end, inserting (2.44) into (2.42), we find
U(T) < c(||uin||stff/3 + TV + R(T) + U(T))?). (2.45)
On the other hand, the integral term in (2.32) can be bounded by
(1Bllwace + RDNT 2Vl 3 ooy + T Nl g a2y + TV a3 1)
which implies that
R(T) < C(Irnllg> + TY4(1 + R(T) + W(T))?). (2.46)
Define now, for all ¢ > 0, the quantity
N(t):= R(@) + U().
Summing estimates (2.45) and (2.46), we infer that

N(T) = C Il g2+ Il + TYS(1+ N (T))%).
2,4/3
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From this inequality, it is a standard matter to deduce the existence of a time 7*(y, i, &, A,
[llwaco, k. 1uinll g372 . [I7inllg2) > 0, with 7* < min{1, 7'}, such that
2,4/3

N(T™) = 2C([uinll gz + lI7inllzr2).
2,4/3
The a priori estimates are hence proved in the interval [0, T*].

2.5. Uniqueness

The uniqueness of solutions, claimed in Theorem 1, is a consequence of the following
statement.

Proposition 2.5. Lety > 1. Let p € W3®(R). Assume that p is uniformly bounded from
below, i.e. p > k > 0. We define the potential by G = H'(p), where H is defined by (1.11).
Let (pin, Uin) be such that pi, — p € H? and u;, € 323’/42/3, with || pin — pllLe < 1, for some
n > 0 satisfying (2.1). Assume that (o', u') and (p?,u?) are two solutions to system (1.2),

related to the same initial datum (pin, Uin) and belonging to the space
X7 = {(p, u) € LP(L™) x L°T°(L2) | Properties (1)—~(2) of Theorem 1 hold true},

for some T > 0.
Then p' = p? and u' = u? almost everywhere in [0, T] x Q.

First we show a simple lemma.

Lemma 2.6. Let (py, Uin) be as in Proposition 2.5 above, and let (p,u) be a solution
to system (1.2), related to the initial datum (pi, Uin) and belonging to the space X, for
some T > 0.

Then p € €([0,T] x Q) and u € €([0, T]; H'(RQ)). In addition, the following estimate
holds true, for a “universal” constant C > 0:

Iy = Cnllhye + Woetlig anluleg )
Proof of Lemma 2.6. By definition of the space X7, we know that r := p — p belongs
to €7 (H?), which, by Sobolev embeddings, is continuously embedded in €7 (€ N L>).
Thus p = p + r is continuous with respect to both x and ¢.

Next let us consider . We showed in (2.41) above that d,u € LZT(LZ) and that u €
L2T (H?). From these properties, one easily derives (see e.g. [15, Section 5.9]) that u €
©r(H"'). The quantitative estimate is a simple consequence of the bound given in [15,
Theorem 3, p.305], combined with the embedding B 32 . H 1. The lemma is hence

2,4/3
proved. ]

We can now prove uniqueness.

Proof of Proposition 2.5. For j = 1,2, let us define 7/ := p/ — . We also set

Sro=r'—r*=p"—p? and Su:=u'-—u’
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Let us deal with §r first. Its equation reads as follows:
3:8r +ul -V8r +8rvV-ul = —(pV - Su + Suszp + 8u-Vr? + r2V - 8u).

An L? estimate for this equation (see the beginning of Section 2.3 above) yields, for all
t € [0, T], the bound

1 t
187 ll2 < 18rmllL2 + 5/0 187020V - utllze d e
t
+/0 (2 llzeellV - Sullzz + 18ull Ll Vr?||L2) d

t
+[O (12" Lo lIusll L2 + 1Pl IV - Sullz2) d.

We also look for an L? bound on V§r. To this end, we differentiate the equation for §r
with respect to the space variables and we perform an energy estimate. We get

1 t
IV8r(@)ll2 < IV8rinllL2 + Efo IVSrllL2lIV - u' L d T

t
+/ (IVul Lo | V8rllzz + V'V - ul[|La]|67]| e
0

+ VY- Sullp2r? Lo + VUl Lo ]| Vr Lo
+ [18ullL V2?22 + Pl w2eo I8ullr2) d e (2.47)

Using the embedding H ' (R3) < L*(R3) (see (2.30) above), and summing the previous
estimate with (2.47), we finally get

t
I18r @l = 187inll gt + C/O 187 1z 1V oo + V20! [ L4) d T

t
+ C/O ((Ir2flzee + IVP2 (L) (IVull L2 + [ V?6ull12)
+ [18ull V22 L2 + 1 pllw2oo [l 52) d . (2.48)

Observe that, by definition of the space X7, we have Vu' € L (L®). In addition, from
the control (2.30) applied to ||V?u'||;+ and Young’s inequality, we infer that V2u! €
L;‘/3 (L*). By the same token we get Vr? € L$°(L*), while we already know that r? €
LP(L*®)N LPH 2). Hence, estimate (2.48) above tells us that the quantity

0(r) :== sup [|6r(7)|m
t€[0,¢]

verifies the following bound, for a suitable exponent & > 0:

t
0(t) < C(t"‘@(t) +/ (||6u || g2 + ||8u||Loo)dr) (2.49)
0

for all ¢ € [0, min{7’, 1}]. Notice that here we used the fact that §ry,, = 0.



E. Bocchi, F. Fanelli, and C. Prange 24

We now turn to velocity estimates. Taking the difference of the equations for u! and
u? yields the following equation for §u:
01 9,8u 4+ plul - Véu + £8u
= —8rdu®> —V(P(p') — P(p%)) + 8rVG — (p'u' — p*u?)-Vu?.  (2.50)

‘We observe that
(p'u! — pPu?) - Vu = pléu - Vu? + §ru - Vu?,
V(P(p') — P(p?) = P'(p")V8r + P"()8rV (5 + r?),

for some ¢ = ¢ (x, ) in between the values of p! (x,) and p?(x,t). A basic energy estimate
for the equation then gives, for any ¢ € [0, T], the bound

%%”\/ﬁsunjz +/SZ|VM,38u|2+)L/Q|V-8u|2
< 8ull L2 (87 19wl e + Nlp" oo l1Sull 2 [ Vu? || oo
+ 187 lLe e IVu? Lo + ClIVEr |l 2 + C 187l
+ Cl8rlLalVr2liLe),
where we have also used the L(L>°) boundedness of p! and p? in order to control
the terms involving derivatives of the pressure function. Let us forget about the viscosity

terms for a while. A simple argument allows one to deduce the following control, for any
tel0,T]:

t
18ullzoqzz) < C / (18|22 Ve |
0

+ 0@+ 19 | + [P || VP |z + V2| L4)) d e,

where we have used the fact that §u;, = 0. At this point, we observe that u? and Vu?
both belong to L%(L‘X’). Moreover, by (2.30) and the fact that u? € L‘;?(LZ) and Vu? e
L?%.(L?), one gathers that u? € L1T6/3(L4). Finally, d,u? € L‘}/Z’(Hl). In the end, similarly
to what is done in (2.49), we deduce the existence of a positive exponent, that we keep
calling o without loss of generality, such that

8ullLeerzy = Cr¥(0(1) + |8ullLge(r2)) (2.51)

for all z € [0, min{T, 1}].
As a last step, we rewrite equation (2.50) in the form

00:6u + Léu = —(rla,Su +8rd,u’ + 8f), (2.52)
where we have defined

8f = p'u' - Vou + p'Su - Vu® + §ru® - Vu?
+ P'(pY)Vr + P"(5)8rV(p + r?) —8rVG.
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Applying Proposition 2.3 to equation (2.52), with the choice (2.36) of the parameters, and
using the smallness condition (2.1), we get, for any ¢ € [0, T'], the inequality

180l 2¢p00y + VUl L3¢r2) + [1(0:6u, V25M)||L;‘/3(L2)

< Cl8ull gy + 183000 3152y + 18 0

(L?) (L?)

(2.53)

(Lz))'

+ ||8u||L‘7t/3(L2)

Vé
+ IV6ul 4

Recall that d,u® € L2 (LZ) by virtue of (2.41) and 9,Vu? € L4/3(L2) by definition of
X7. Hence, using Sobolev embedding and interpolation (2.30), we deduce that 9,u? €

L1T6/ 1 (L*). Therefore, we can bound
18700l ass 2y < 4O oy 19062 om0
1/16 2 1/4 u? 3/4 1/16
< 1S g 1900 ) 100V ) < €000,

Next we are going to bound §f in L?/ ?(L?). This has already been done for the energy
estimate (2.51) above, but here we have to take special care of the integrability in time.
For the pressure terms and the potential force term we have

IP"(§)8rV(p + r2)||L4/3(L2) < Cr (87 [l Loy VPl Lsp o)
+ ||5V||L§>°(L4)||V72||L°T°(L4)) < 30,
1P (P)Vrl| a3 12y < CEHIVEF [ILgo a2y < Cr2*0(0),

L2 =
167 VGl < Cr3*0(r).

L2 —

Thus, it remains for us to bound the convective terms. First of all, recall that we showed

above that ||u?||4||Vu?||L~ belongs to L16/11 Therefore,

187 - VP | ass gy < 1 GO 1§ oo f 4y 0 - Vu2||L1T6/11 < Cr''%4(r).

(L%
In addition, we have
lp" 8u - VMZHL;t/s(Lz) < (B/9=0/2p! lzge o) 18ullge 22y V1 [ 12 (1.00)
< CtV*18u oo 12

Finally, for the last term we use the following Gagliardo—Nirenberg-type inequality (see

e.g. [24, Lemma II 33D: |lullpe < ||u||1/4||V2 ||3/4. This, combined with Young’s
inequality, implies u? € L% 7 (L) (recall the definition of the space X7). Using this bound,
we can estimate

1,,1 3/4)—(1/2 1 1
lotut - V8ull s 2y < 19D 11| Lge ro0) 10 | 3 o | VU L3 12)

< Cll/4||V5M||L;‘(L2)~
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Putting all the previous estimates into (2.53), we have shown that there exists a positive
exponent o > 0 for which, for all ¢ € [0, min{1, T'}], one has

81l z2(z00y + IVl 312y + [1(3:8u, V25u)||L§/3(Lz)
< Ct*(0(t) + I6ullpeo(z2y + ||V8u||L;t(Lz)). (2.54)

Let us now introduce the quantity
D(1) = [|8ullLery + [8ull 2oy + VUl 312y + ||(3t5u,V25“)||L?/3(L2)-

Summing inequalities (2.49), (2.51) and (2.54), we finally deduce that, for all ¢ €
[0, min{1, T'}], we have

0@) + D) < Ct*(O(t) + D(1)),

for a suitable exponent o > 0. Therefore, if ¢ is now small enough, we can absorb the
right-hand side into the left-hand side, deducing that both 6(¢) and D (¢) have to be 0. In
particular, we deduce that p! = p? and u! = u? almost everywhere on [0, t] x . In this
way, we also infer that

IV8ul| 1200y + (V380 0 VW) || 4132y = 0.

(L?)

from which we deduce that
[6ullLeo a1y = 0,

where we have also used (2.41) and the estimate in Lemma 2.6.
To complete the argument, let us define the set

Li={t€[0,T]|]p'(®) = p*(@llgr + [u'(x) —u*(@) g1 = 0 V7 € [0,7]}.

Of course, I # @, since 0 € /. In addition, the previous argument, combined with Lemma
2.6, shows that I is open. On the other hand, by continuity in time of the norms appearing
in the definition of the space X7 (again see Lemma 2.6 above), we infer that / is also
closed. Then, by connectedness, we must have / = [0, T']. This completes the proof of the
proposition. |

3. Quantitative asymptotic analysis with stratification effects and
anisotropic diffusion

The goal of this section is to analyze the structure of the solutions to the highly rotat-
ing compressible system (1.3) with vertical stratification. The main result of this part is
contained in Theorem 2 (see Section 3.3): there we derive an asymptotic expansion and
quantify the error in terms of the parameter . This stability result relies on relative entropy
estimates.
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3.1. Formal asymptotic expansion

In this section we perform formal computations in order to have a grasp on the structure of
the solutions to system (1.3). Because of the no-slip boundary conditions (1.4), boundary
layers appear in the limit & — 0 both in the vicinity of the top boundary R? x {1} and of
the bottom boundary R? x {0}.

We will specify later the precise hypotheses on the initial conditions

Plt=0 = Pin  and  Ujp—¢ = Uin

at time ¢ = 0. For the purpose of the formal analysis, let us say in a loose way that we
impose the following far field conditions, for |x| — oo:

pin(x) = p(x3) and  wuipn(x) — 0,
where p is a strictly positive function satisfying the logistic equation
VP(p) = pVG. 3.1

In addition, the initial densities are assumed to be far away from vacuum. Moreover, we
focus on well-prepared initial data, in the sense specified in Section 3.3 below.

3.1.1. Construction of the ansatz. We start by expanding the solution (u*, pf) to (1.3)
as

u® = ug(xp, x3,1) +u0b(xh,x3 l) +M31,,(th 1—;3,[)

+ e(u1(xp, x3,1) + uy b(xh, 1) + utl’l,t(xh, 1_x3,t)) + 0(£?),
1—x3

&
IO = po(Xh )C3,l‘)+P0b(xh’X3 t) +p81,t(xh’ ;x ’t)
+ &1 (e, x3,0) + Pty (ons 2, 1) + plL (on, 22, 1))
+ e2(o2 (v x3. ) + o8y (v 2 0) + o8, (. 201)) + O(Y). (B2)

The superscript bl stands for “boundary layer”, while the subscripts b and ¢ stand for
“bottom” and “top” respectively. For simplicity of presentation, in the next computations
we are going to consider only the boundary layer near the bottom, since the terms related
to the top boundary layer are dealt with in the exact same way. Therefore, from now on
we omit the subscript b for the boundary layer terms. However, when needed, we will
explicitly write ¢ or b subscripts to avoid confusion.

Below we denote by ¢ = xf the fast vertical variable in the boundary layer. The bound-
ary layer profiles are supposed to decay to O at an exponential rate when ¢ — oo, since
their effect is almost negligible in the interior of the domain: we will use this fact repeat-
edly in the following computations.

We remark that, at this level, (3.2) is just a formal ansatz. As is usual, we will first
formally derive the equations for the profiles: this is the purpose of the present section.
After that, we will prove quantitative estimates for the difference between the solution and
the profiles we have constructed, using the relative entropy method: this will be done in
Section 3.
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Identification of the profiles. In order to identify the profiles, we plug the ansatz (3.2)
into (1.3) and identify the terms of the same order of magnitude in . We immediately
notice that the highest-order term is of order £, which appears in the third component
of the momentum equation:

P'(po + pg)dzpg = 0.

We assume that pg + pgl stays bounded away from zero. This hypothesis is fully justified
here below. In view of hypothesis (1.10) on the pressure and the fact that p has to vanish
for { — oo, we immediately deduce that ,o(b)1 = 0. Thanks to that property, and ignoring
terms of order O(g?), which have been neglected in (3.2) in the expansion of the velocity
fields, we find the following cascade of equations: from the conservation of mass equation,
we get

p08;u'81,3 =0, (mass-¢1)
drpo + Vi - (po(uo,p + uB‘,h)) + 03(pouo,3) + 3300”'31,3
+ p10gug s + 0¢ () ug 5) + 0 pY 0,3 + podeul s =0, (mass-¢°)

and from the momentum equation we get

VP(,O()) + (P,(PO(;ag,Oll)]) = (/\3543{3) =+ poVG, (mom-g_z)
po(uo,3 +ug3) - deug + e3 x po(uo + ug)
( Vi(P'(po)(p1 + i) )
33(P"(po)p1) + d3(P'(p0)) 5 + P (po)p§'de o} + P’ (po)de o5

" Vadeug 5
=92 0h) 42 ’ + (p1 + PP VG. mom-g~!
¢ ( 0 ) A '”g]h + 3?14‘{"3 (o1 + p7) ( )

We will examine the equation of order O(g®) coming from the momentum equation
later. Let us first infer some properties for the profiles.

The terms in the interior. Recall that the boundary layer profiles are expected to go to
zero when { — oo. Therefore, it follows from (mom-£~2) that

VP(po) = poVG, (3.3)
which yields, by using (1.10), the properties
H'(po) =G +c(t) and Vjpe = 0. (3.4)
Hence py is independent of xj, namely py = po(x3,?), and satisfies the ODE

P’(00)d3p0 = —po. (3.5)
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Since P’ € €1((0, 00)) and is nonzero, we can use the Cauchy-Lipschitz theorem to get
that po(t) € €1((0, 1)), and is hence bounded. Moreover, from (mom-£~') we infer

Uy, P'(00)Vrp1
) 4 = p1VG.
”°(0> (83(P’(po)p1)) .

This equation is called geostrophic balance; it implies the Taylor—Proudman theorem (see
Section 1). In particular, its third component reads

33(P'(po)p1) = —p1.

Using the previous relation together with (3.3), we get

83(P;E:0)p1) =0, (3.6)

hence the quantity

P’ (po)
Po

0 :=

p1 verifies Q = Q(¢, xp), 3.7

i.e. Q is independent of the vertical variable. From the horizontal component, instead we
get (recall that Vi po = 0)

P/
uos = Vi (=2 p) = V. (3.8)
In particular, we deduce that 1 ;, = ug 5 (xp,t), which justifies the introduction of bound-
ary layer terms in order to enforce the no-slip boundary conditions on x3 = 0, 1. In
addition, applying the horizontal divergence we obtain

P’(po)
Vh'uo,h=Vh'VhL( ,01)=0,
so that ug ; is a two-dimensional horizontal divergence-free vector field.
We now exploit (mass-£°): considering it in the interior of the domain (i.e. neglecting
the boundary terms) and using the inequalities just proved, after an integration in the
vertical variable we infer that

1 1
/ 0rpo dxs = —/ 03(poug,3) dx3 = 0. (3.9
0 0

By taking the time derivative of (3.4) and using (1.10) we have

8tc

0 = —
00 = 1 (py)

We integrate in the vertical variable and, from (3.9), we get d;c = 0, hence d;py = 0.
This implies that py has to be independent of time also, and hence it is equal to a positive
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function p(x3), solution of (3.3), or equivalently (3.1). Thanks to this fact, we now have
that d3(pottg,3) = 0. Using the no-slip boundary condition and the positivity of po = p,
we find ug 3 = 0.

From now on p denotes pgy. Let us now consider the equations outside the boundary
layers: at order O(g) in the mass equation,

drp1 + V- (pu1) + Vi - (p1uon) = 0, (mass-¢")
and at order O(&°) in the momentum equation,
pdiuo + V- (puo ® uo) + e3 x (p1uo + pu1)

P// P
. v(%;ﬁ + P'(5)p2) = ndtto + AV(Y -uo) + p2VG.  (mom-°)

Recall that ug = (ug (¢, x1),0). Taking the curl of the horizontal component in (mom-£?),
we obtain an equation for the horizontal vorticity wy = Vfl- “UQ R

pdrwo + puop - Vawo + Vi - (p1uto,n) + Vi - (pur1,p) — pApwo = 0.
Notice that, by (3.8), we get
wo = wo(t,xp) = ApQ,
where Q is defined in (3.7); from the previous relation it follows that
P AR Q + pVjr Q - Vi Ay Q + Vi - (purp) — pAjQ =0, (3.10)
where we have used the cancellation
Vi (0 Vikon) = 3 Vi) = 0 (3.11)

in order to get rid of the term V}, - (01u¢,). In order to compute the term Vp, - (puy,p) in
(3.10), we use equation (mass-£') and cancellation (3.11) again: we find

Vi (pu1,p) = =001 — Vi - (prug,p) — 03(pu1,3) = —0,01 — 03(pur3).  (3.12)

After integrating both (3.10) and (3.12) in x3 and summing the resulting expressions, we
eventually obtain

%((A10 ~(5/5)0) +AIVi - Vaan0 — naj0
= ﬁ(l)u1,3(-xhv 1, l) - ﬁ(o)ul,ﬁi(xhs 09t)v (313)

where (f) = fol f(x3) dx3 denotes the vertical mean of f.



Anisotropy and stratification in compressible fluids 31

Boundary layer terms. We now consider the boundary layer terms. These terms are
crucial to compute the right-hand side of (3.13): indeed

)y (xn, 0,1) = =1 3(xp,0,2) and  uls, (xp,0,1) = —ujz(xp, 1,1)  (3.14)

for j = 0,1, in order to enforce the no-slip boundary condition on the bottom and top
boundaries.
First of all, (mass-¢~") yields u§ 5 = uf' 5 (xp. 1), and hence

ull, =0, (3.15)
Using (3.15), we obtain from (mom-&~2) that
P'(p)0¢p) = AB?MBB =0.

Hence, thanks to (1.10), ,o1 = p}(xp, 1) is constant in the boundary layer and goes to zero
when ¢ — oo, therefore pi' = 0. Taking into account this last equality and reading the
horizontal component of (mom-¢~"), one has

plug )t = d7up,. (3.16)

Notice that, in (3.16), xp, is a parameter. We use the Taylor formula of first order

1
A(xs) = 5(0) + x3 /0 835(sx3) ds

to write (3.16) as

POy )t + (x3 /01 agﬁ(sx3)ds) (uf ) = d7ub . (3.17)
Let us now consider the equation
pO)up )" = dzup . (3.18)
supplemented with the boundary condition
uoh(xh,O t) = —ugp(xp,t) (3.19)

at ¢ = 0, in view of (1.4) and (3.14). We remark that the system of ODEs (3.18)—(3.19) is
the same (here in general p(0) # 1) as in the incompressible case; see e.g. [11, Chapter 7]
and references therein. Its solutions are exponentially decaying and have a spiral structure.
Indeed, we have the following formula:

ugl’h,b(xh»é’t)
otV [u01(xh t)coS(§ )+u02(xh 2 s1n(§ p(o )]
¢y [_Mo,l(xh,t) sin<§ e >+u02(xh I)COS(Z = )]
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Let us move further. The vertical component in (mom-g~ ') is
0 = A3 Vi - uq, + 9gul3) + P'(5)dep3. (3.20)
Equation (mass-£”), together with the fact the f is strictly positive, yields
Vh-u —I—E);u” =0. (3.21)

Hence P'(p)0; p = 0 and, 51m11arly to the argument used for pl , we get pgl = 0. The
previous equality (3.21) determines u1’3 up to a constant in ¢, which we take so that u?lﬁ
converges to zero when { — co:

b0)
(i £1) = = e; s (os(6V )+ sin6 B ) Vi ot

Similar computations can be done for the top boundary layers. Indeed, denoting by n =
1_—;63 the fast vertical variable in the upper boundary layer, we use the Taylor formula at
first order

pss) = () = (1 =) | 9a(1 —s(1 — ) ds (322)
to define ug), , as the solution to the equation
P, )= 2up . (3.23)
supplemented with the boundary condition
oo (X 0.1) = —to (X, 1) (3.24)

at n = 0; recall (3.14). We have

bl
uO,h,t (xhv n, Z)

_p 2D p i £Q1)

e [ 1) cos (/222 )+ w01 sin(ny 220 ) |
. [0 . p(1)
e ”\/?[_uo,l(xh,t)sm@ (21 )-l—uoz(xh 1)005( Vp(21)>]

and, from (3.21) with d; replaced by —d,,,

_p. )P0
ull, (xp.m. 1) = A cos(ny/ 52 2 4 sin(ny/ 2L )Y Vik - ug 4 (xp 1)
1,3t Xh, 1], 2501 n n = ot Uon(Xp,1).

Hence, using (3.14), one can now compute the right-hand side of equation (3.13):

p(Dur3(xp. 1.1) — p(O)ur 3(xp. 0.1) = —p(Duf 5, (xp. 0. 1) + p(0)uf 5 , (xp. 0,1)
VPO0) + vp(1) p(l
2
——V’O(O)j/rz Vp(l)AhQ. (3.25)
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This is the so-called Ekman pumping term, which represents the secondary (global) circu-
lation created by the boundary layer. It appears as a damping term for the quasi-
geostrophic dynamics, described by equation (3.13).

Final choices for correctors. It remains to choose the functions p,, u; and ut{"h. These
terms are auxiliary terms which do not appear in the final result.

We choose the interior terms in order to make the terms of order O(¢) in the mass equa-
tion and the terms of order O(¢°) in the momentum equation vanish identically. Notice
that (mom-¢°) determines Uy, in terms of ug, p1 and p,, and hence, through relation
(3.8), in terms of p; and p; only. Specifically,

1 _
Upp = 5( — MAhuol,h + ,oB,uOl,h

- 1 1 = P”(lé) 2
+ Puo,p - Vh”o,h —ugnp1 + Vi ( P (p)p2 + ) P1 ) (3.26)

Next, the vertical component of (mom-¢°) reads

_ P//( =
d3 (P/(P)Pz + 2p) P%) = —p2, (3.27)
where we have used that ug 3 = 0. Since, by (1.10), P'(p) > 0, p can be defined as the
solution of the ODE

d3(P'(p)) + 1p2 _ (P "(p)pD)
P’(p) 2P'(p)
up to an arbitrary constant c(xj, t), that we take equal to zero for simplicity. We remark
that this choice does not affect the choice of the other quantities since p, appears only in
(mom-£°) or higher-order equations. Moreover, since p; and V p; are bounded in time and

space (Q, defined in (3.7), satisfies the quasi-geostrophic equation (3.13), which admits
regular solutions; see Lemma 3.3 later), p, and V p, are also bounded in time and space.

0302 + , (3.28)

Next, equation (mass-¢') determines u1,3 up to a constant in x3, which we take equal
to —ulf13 (x#,0, 1) in order to enforce the no-slip boundary condition for the vertical com-
ponent at order O(¢e). Therefore, thanks to (3.12) we get

X3
p(x3)ur3(xn, x3,1) = —p(O)uf 5 (xp, 0,1) — f (01 + PV -urp)dz.  (3.29)
0

Differently from the case without the gravitational potential, this term does not have an
affine structure as in the incompressible case (see again [11, Chapter 7]), since u; j does
not depend only on xj,.

In order to enforce the no-slip boundary condition at order O(g) for the horizontal
component also, we impose

ul'y (xn. 0.1) = —uy 5y (x5, 0.1) (3.30)
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at ¢ = 0. It remains to choose the boundary layer term ubl The specifications for the

boundary layer term »"!

1., are that itis exponentlally decaymg to 0 for { — oo and satisfies
(3.30) at the boundary ¢ = 0. Hence, we define u" in the following way: for all ¢ €
y 1 b g way:
[0,00) and xp, € R2,
bl —¢ 2R
Uy pp(xn, 8 1) == —uy p(xp, 0,1)e 2,

Analogously, %', is defined for all n € [0, c0) and x;, € R? by

—p,/ D
ulh[(-xh UB [) z_ul,h(-x}hlvt)e AAEIS

Remark 3.1. Contrary to the interior terms, it is not possible to make the terms of order
O(¢) in the mass equation and the terms of order O(&°) in the momentum equation vanish
identically. Indeed that would come down to imposing

= bl bl = bl
oVh - Ui ph =— Vipi - Ugp — 83)0”1,3,

(3.31)
A (Vi -l ) = — 9gul 5 = 9 (Vi - ugy),

which is overdetermined. This fact is due to the lack of higher-order correctors, since we
truncate the expansion at order 1 in €.

Notice that, due to exponential decay to zero in the interior of the domain, the bound-
ary layer terms are small. Moreover, we can exploit their decay by relying on Hardy’s
inequality (see the computations in Section 3.3.3). The final stability estimate, though,
will be worse than in the absence of boundary layer phenomena (as e.g. for complete
slip boundary conditions). Improving this estimate would require considering higher-order
correctors in the ansatz (3.2).

Notice also that, using (3.14), we have at the bottom x3 = 0,

1
uo,h(xp, 1) +”ohb(xfu() 1) +”0ht(xh’ oo 1) = uy, (xn 50 1),

| (3.32)
uy(xp,0,1) +u (xh 0,1) —i—ul,(xh, = t) = u?lt(xh,—,t),
and at the top x3 = 1,
1 1
uo,n(Xp. 1) + uglh p (X, "f) + uglh +(Xn,0,1) = “g]h 5 (X _’t)’ (3.33)

uy (e, 1,0) + uf b(xh, ) 4 ul (xp.0,0) =l b(xh, .1).

It means that we have an (exponentially small, but still nonzero) trace of the top bound-
ary layer on the bottom boundary and vice versa. Hence, we will add corrector terms in
the ansatz (3.34) below, in order to keep homogeneous boundary conditions. This is a
technical point, but needed to apply Hardy’s inequality later.
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The ansatz. To put it in a nutshell, we have obtained the following ansatz for the structure
of the solutions to (1.3)—(1.4):

Pop (X X3.1) = p(x3) + £p1 (Xp. X3.1) + € pa(xp. X3, 1),
Ugpp (Xhs X3, 6,1, 1) (3.34)

_ ( O, 1) +uby  (xn, & 1) + g, (xn,n,1) — B{h,l/e(xh,m,t))
0

uy,n(Xn, X3, t)+” b(xh €t)+u1h,(Xh n.t) — ?lh 1/8(xh x3,1)
&
Ui, S(Xh X3,[) + ul 3, b(xh é‘ t) + ul .3, t(xh Tl,f) Ml 3 1/s(xh X3,l)

with Q defined in (3.7) and

uoh l/s(xh x3,1) = x3”0hb(xh’ ’ ) +( _x3)”ohz(xh’ l’[)v

(3.35)
”1,1/s(xh’x3’t) = x3”1,b(xh* Z’[) + (1 - X3)u1,,(xh, E’l)‘
In addition, it follows from (3.13) that
p B
% ((575)2 ~ PAR0) ~ (DY Q- Vadi0 + uajo
_ vp0) + \/p(l)AhQ _o. (3.36)

V2

This is the quasi-geostrophic equation. Similar limit equations without damping term have
been shown in e.g. [14], [17] and [23], where the boundary layers do not appear due to
the complete slip condition. Notice that in [23] the parabolic term disappears, since the
authors also consider the inviscid limit. We state here the well-posedness and the regularity
results for the quasi-geostrophic equation (3.36), whose detailed proofs are given in [3].

Proposition 3.2. Let Qi, € H'(R?). Then there exists a unique global weak solution Q
to the quasi-geostrophic equation (3.36) with initial datum Qjiy, such that

0 € C(Ry; H'(R?) N LO(Ry; H'(R?) and V,Q € LA(Ry; H' (R?)).

Lemma 3.3. Let n > 1 be an integer and Qi, € H "(]Riz). Then, there exists a constant
Cu—1 > 0 such that any weak solution to (3.36) with initial datum Qi satisfies the follow-
ing inequality for all t > 0:

SV 0 + 197 02 + Z( / 19 01 + ||v1“Q||L2)

j=0

IA

Co—1 Z(HV,{ Qinllzz + V] Qunl2). (3.37)
Jj=0

where Co = C; = 1 and Cy—1 = Cy—1(|| Ol gn-1) forn — 1 > 2.
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The boundary layer profiles u? 0 hb and u® 0 p Are solutions of the systems (3.18)—(3.19)
and (3.23)—(3.24) respectively. We refer to the previous computations for the precise defi-
nitions of the higher-order terms.

We conclude this part by remarking that, according to the previous computations, we

have that (pg,,. Uy,,) solves the following system:

app

1pop + V- (fpptitny) = ER™ + £*RE,

Ll 1
pappa’udpp + pdpp dpp V” e3 X pippuipp + g_zvp(pipp)
1 X _
= 3PwVG + —3/ 03p(sx3) ds es X ug (3.38)
1-— X3

/ d3p(1 —s(1 —x3))ds ez x “oh /
+AV(V - uf,) + S + &8¢

+AM Euapp

in the slab © with no-slip boundary conditions (1.4). The remainder terms R® and S¢ are
of the form

R = R, 2 0520) and 57 = S5 (o, 5150

while the boundary layer terms are

Rbl(xh,x3, xf, 1—;@ ) = pVp- (”1 npt ”1 e
+ Vipr - (ug g +ud ) + 035y 5, +uls ),

S (xp. x3. 72, 1—£x3’t) = pd:(uf  + ug.,) + prton - Vi(ug, + ug,
+ P, 4+ uf,) - Viuo + plug , +ug ) - Vilug, + ug,

+p(ur3 + M?l3 » T ”?13 )0y (”glb + ”0,t

_MAh(%t +”0b) _az(ulb +”11

3 0
Iy Vi - (' +uly )

+ e3 X (Pl(”ob +u0t) +p(u1 b +”1t))

The remainders &2 and eS ¢ also contain the terms of order O(e~'/¢) coming from the
1 1/e? defined in (3.35). Notice that S® appears at order 0(1),
but has fast, exponential, decay inside £2: more precisely, we have ||S?||.» < C e for all
p € [1,00].

The choice of the regularity of the initial datum Qj, guarantees enough regularity
for the approximate solution (pg,,., Uz,,) in order to derive the stability estimates later in
Section 3.3. This is stated in the following lemma, which is a straightforward consequence
of Lemma 3.3 above.

correctors MO h1/e and u
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Lemma 3.4. The approximated density papp and velocity field u¢ app Can be written as

Plapp (X X3, 1) = plx3) + Q(t. xh) 55 PG )(X3) + 01, xp)l (x3),

U (X, X3, 8,1 1) = Z i (2, x1)gi (x3)hi (O)w; (1),
i=1
for some N > 1, with p,1, g; € C1([0,1]) and h;, w; € C®(R). In addition, for Qj, €
H>(R?), we have

0 € L®(Ry; H3(R?),  f; € L®Ry; HY(R?)) with k; > 1.

3.1.2. Large-scale quasi-geostrophic equation. We recover here the equation for u
from (3.36). For this we need the following standard lemma, which gives the Helmholtz
decomposition for two-dimensional vector fields.

Lemma 3.5. Let p € (1,00). Let a and b be two scalar fields in L? (R?).
Then there exists a unique vector field F, belonging to the homogeneous Sobolev space
W L2 (R2;R?), which solves the system

Vﬁ' -F =a,
(3.39)
Vy-F =b.
Moreover, the following formula holds:

F = —Vir(=Ap)la — Vi(=Ap)""b.

The previous result being classical, we do not give the proof here: rather, we refer to
[9, Sections 1.2 and 1.3] and [19, Section 10.6] for details. We just give some explanation
about the uniqueness, which will be needed below. By linearity, let us suppose that F
solves (3.39) with @ = b = 0. In particular, V x F = 0, hence (see [9, Corollary 1.2.1])
F = Vh, forsome h € L?. But from V - F = 0, we deduce that —A/ = 0, which admits
the only solution 2 = 0 in L?.

Now, let 7 € H'! (R?) be the (unique, up to additive constants) solution to

— Apr = (p) Vi - (wo,n - Vato,n) = (P)Vaton * Vilop- (3.40)
We then define F (-, 1) € L?(R?;R?) for almost every ¢ > 0 by the formula

p(0) + v/p(1)
2

Notice that, thanks to equations (3.40) and (3.36) and the divergence-free condition
Vi - up,, = 0, we have

F := (p)0ruon + (p)uon - Vatlon — WARUY uop + Vi

T F =
v} F_<P,(ﬁ)>3,Q and V- F = 0.
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Therefore, the uniqueness part of Lemma 3.5 implies that

F = Vi e )0 = (= oe(an o,

p
P'(p)

where we have also used (3.8). Eventually, we find that u 5 solves the system

0u(15) = (A Yt
p(0) + /p(1)

+{p)uo,n - Vion — Apuop + 5 ugp + Vpmr =0,

(3.41)

Vi -ugp =0,

in R2. The second term appearing in the time derivative is a consequence of the combi-
nation of the effects due to density stratification and fast rotation. Notice that both (3.13)
and (3.41) are averaged (in x3) versions of (mom-&?).

3.2. Weak solutions and uniform a priori bounds

We recall here some basics about finite energy weak solutions to system (1.3). We refer
e.g. to [32], [38] and [19] for details.

Definition 3.6. Let p > 0 be the solution to the logistic equation (3.1), and let (o, Uiy)
verify

1 1 _
/Q(Epin|uin|2 + ;E(Pin70)> dx < oo.

A couple (p, u) is a finite-energy weak solution to system (1.3) on [0, T] x €2, related to

the initial datum (py,, ¥y ), if the following conditions are satisfied:

« p>0,withp—pe L*®((0,T);(L*+ LY)(RQ)), with y > 1 appearing in (1.10), and
u € L2((0.7): H' (Q: RY));

» the mass equation is satisfied in the weak sense: namely, for any test function ¢ €
€5°([0,T) x ), one has

T
- / / (e + pu - Vo) dx di = / P (0) dx:
0 Q Q

e P(p) € L. .((0,T) x ), and the momentum equation is verified in the weak sense:
forany ¥ € €5°([0,T) x ; R3), one has

r 1 1
[ [ (=puety—pusu: vyt e x o)y = S POV -0
0 Q & &

1
+ Vet Ve + AV -uV-fy — —pVG - W) dxdt = / Pinttin * ¥ (0);
3 Q
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» the following energy inequality holds true for almost every ¢ € (0, T):
1 , 1 _
(5POMOP + 5 E(p).p) dx
Q &
t
* / / (IVhul* + eld3ul® + AV - u|*)dx dt
0 JQ

1 1 _
< / <§pin|uin|2 + —2E(pm,p)) dx, (3.42)
Q &
where we have defined the relative energy functional

E(p,p) := H(p) — H(p) — H'(p)(p — p). (3.43)
The solution is said to be global if the previous conditions hold true for all 7 > 0.

Consider now a family of global-in-time finite-energy weak solutions (p%, u?), to sys-
tem (1.3). Recall that the existence of such a family is only assumed here, but open in
general, because of anisotropy of the viscous stress tensor. We collect here some uniform
bounds verified by that family. These bounds will be important in the next subsection,
when proving stability estimates.

By assumption, for any ¢ € (0, 1] the energy inequality

L(ronor + 5e60.p) + [ [ G + el P+ 219 )

- (pfn|ufn|2+8—2E(pfn,ﬁ>) (3.44)

holds for almost every ¢ > 0. According to [22, inequality (4.15)], we have the following
control, which holds for any positive scalar functions p(x,?) and r(x,?), with 0 < r_ <
r(x,t) < ry, for some real numbers r_, r: there exist constants cq, ¢, > 0 such that, for
almost all (x,7) € Q x R4, one has

cr(lpGe.t) = r(x, 0P p—rin<1y + G 1) = 1 (6 O Lgori(y=1))
< E(p(x,0).r(x.1))
< e2(|p0x, 1) = r (X, D P p—ricn <y + [0 1) = 1 (D Upri(.nyz1), (3:45)
where the notation {|p — r|(-,¢) < 1} stands for the set of x € Q such that |p(x, ) —
r(x,t)| < 1 (and analogously for the > symbol) and 14 denotes the characteristic function
of a set A C Q2. Notice that the same inequalities hold if we replace 1 by any constant
M > 0, up to changing the value of the constants ¢ and c;.

Now, following [19, Chapters 4 and 5], let us introduce the essential set and the resid-
ual set as follows: for almost every ¢ > 0, we set

Qess(t) 1= {x € @ [ [p°(x.1) = p(x3)| <0} and Ques(t) 1= @\ Qess (), (3.46)
for some o (to be fixed later) such that

0 <o < inf p.
((8Y)
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Accordingly, given any function &, we define its essential part and residual part as

[Aless := hlg and  [h]wes 1= hlq,, = h — [M]ess-

ess res

Keep in mind that such a decomposition depends on p®.

After this preparation, let us establish uniform bounds for (p?, u®). First of all, in
view of the assumptions we will fix on the initial data (of,, us, ). in the next subsection, we
can assume that the right-hand side of (3.44) is uniformly bounded for & € (0, 1]. Then,
using (3.45), we deduce the existence of a constant C > 0 such that, for all 7 > 0 fixed
and all 0 < & < 1, one has

VP ull Loy < € (3.47)
1 _
=Np° = Plessllzger2) = C, (3.48)
&
sup L(Qres(t)) + ”[pa]res”{%oa‘y) = ngs (3.49)

t€[0,7T]

where £(A) denotes the Lebesgue measure of a set A C Q. We refer to [17, Section 2]
and [20, Section 4] for details.

Next, let us consider the viscosity terms: recalling that & > 0 and A > 0, from (3.44)
we immediately get

||th8||L§(L2) + V- "‘EHL%(LZ) <C, (3.50)
Ve lldsujll 2.2 < C. (3.51)

for some universal constant C > 0 independent of ¢ and of the fixed time 7" > 0. In
addition, owing to the identity

d3ui =V-u®—Vy-uj,

we also deduce that
19351 22, (12) < C- (3.52)

Finally, arguing exactly as in [17, Section 2], we deduce that there exists a constant
C > O such that, forall ¢ > 0 and all T > 0, one has

lu®ll2 22y < C- (3.53)

3.3. Stability estimates

This section is devoted to estimating the error between weak solutions to (1.3) and their
smooth approximation built in Section 3.1. We consider well-prepared initial data. Specifi-
cally, the initial density (pf), and velocity fields (u{, ) satisfy the following requirements:

o forall ¢ € (0, 1], one has

of = p+erf, with (rf), € (L? N L®)(Q); (3.54)
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« wehave (uf). € L3(Q);
 there exists Qi, € H’(R?) such that, after defining
K

Fin ' = ——Qin and Uiy := (=02Qin, 91 Qin, 0), (3.55)
P'(p)

we have the strong convergence properties
ré =i and uf — uy,  in L3(Q). (3.56)

Remark 3.7. Condition (3.55) implies in particular that

_(ut P’ (p)Vprin
Ui
i | 4 =rnVG. 3.57
p( 0 ) (33” /(:a)rin)) ' 37

Remark 3.8. Our analysis does not hold for ill-prepared initial data. In this case, in fact,
a careful analysis of the fast time oscillations of the solutions must be performed. This
would correspond to adding a fast variable % with respect to time in the asymptotic expan-
sion of the approximated profiles.

In the incompressible case, a key point of the analysis for ill-prepared data (see e.g.
[11]) is to show that dispersive effects linked to Strichartz estimates are not destroyed by
the presence of the boundary layer. In the compressible case, dispersive estimates are less
precise (see e.g. [17]), which makes the problem harder.

From the uniform bounds in Section 3.2, it is classical to derive that, up to extraction
of a suitable subsequence, weak solutions (p®, u®), converge to a limit state (p, 1) which
belongs to the kernel of the singular perturbation operator. We refer to e.g. [16, 17, 20]
for details. The goal of the present subsection is to make this convergence quantitative,
to show the general structure of the solutions and to take into account the correctors due
to Ekman boundary layers. We aim to prove the following result. Recall that the relative
entropy E is defined in (3.43).

Theorem 2. For y > % suppose that there exists a finite-energy weak solution (p%, u®).
to (1.3) with well-prepared initial data (pf,, u ), € L x L? verifying hypotheses (3.54),
(3.55) and (3.56). Let (pgpp, ujpp)g be defined as in (3.34), and define Su® = u® — ujpp.
Then there exist functions Cy(t), Co(t) € L'([0, T)) for all T > 0, and constants C > 0
and &g € (0, 1) such that, for all € € (0, &9), the following estimate holds, for almost every

t>0:
1
[ P ax+ 5 [ EG O 0) dx
Q & Q
t
+/ /(uth8us|2 + e|058u° 2 + A|V - Suf?) dix
0 JQ

t 1 t
< Ce2hC19)ds (/Q of [8ul 1> dx + = /Q E(0fs Pinapp) d* + 8/0 Ca(7) d‘L’).
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Remark 3.9. The lower bound for the exponent y comes from the control of the source
term in the relative entropy inequality (3.64): in particular, in (3.83) we need y > % to
apply Holder’s inequality and get estimate (3.84).

In order to prove the previous result, we resort to the technique of the relative entropy/
relative energy inequality; see e.g. [18, 20,22,23,27]. The relative entropy estimate of
these works is directly applicable in our framework, but it is not immediately clear how to
take advantage of the small remainders in (3.38). Instead, we directly derive the entropy
inequality on the system for (§p°, u®) and take into account from the beginning that
(Papp» Uapp) 18 almost a solution to (1.3). On the contrary, the relative entropy inequality of
e.g. [20] holds for a much wider class of smooth functions.

3.3.1. The relative entropy inequality. We set

&

8p° 1= p° — pgp and Su°:i=u

3 &
uapp'

From systems (1.3) and (3.38), it is easy to find an equation for §p° and Ju®: after setting
8P* 1= P(p°) — P(pgpp), We get

3:8p° + V - (G, 80°) = —V - (p°6u®) — eR™ — £* R®, (3.58)
1 1

pf0:8u’ + p*u - Véu® + —e3 x p°u’ + 5 VSP* — Ay 6u® —AVV - Su®
& &

1
= —8p°VG = 8p°0sugy,, + (Pappthap, — P°U°) - Vg,

e pp

1

1

X3 _

_ 563 x (Slosuipp —Sb g ?/ d3p(sx3) ds e3 X ugl,h,b
0

1—
&

+

1
x3/ 33p(1 —s(1 —x3)) ds es x ul), . (3.59)
0

From the point of view of energy estimates, the main term to work on is the difference
of the pressure terms. Testing it against §u® yields

/ VéP? - 6u®dx = / VP(p®) -u®dx — / VP (pgpp) * Ugpp dX
Q Q Q
+ [Q Vug, 6P°dx — /Q V P(pg,p) - Su® dx. (3.60)
By standard computations, using the mass equation in (1.3), we get
d
/ VP(°) -u®dx = / V(H'(p%)) - pfuf dx = —/ H(p®) dx.
Q Q dt Q

Similarly, from the first equation in (3.38) we gather

d
VPl uspdx = — | H(pl)dx —e | H'(pf,)(R™ + eR®) dx.
9P gy = o [ GG e [ H Gl (R + R d
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In identity (3.60), we now add and subtract the term % [ H (Papp)3p® dx, in order to

make the relative entropy E(p®(?), py,,(¢)) appear. Then, from (3.60) and the previous
computations, we infer

& & d & & & & & &
/QVSP -Sufdx = E/QE(/O ,papp)dx~|—/QV-uapp5P dx—/QVP(papp)-M dx

d
+ EAH/(pipp)gps dx +8/Q H/(pgpp)(Rbl +€RE) dx.

Using the mass equations in (1.3) and (3.38) again, we get
d
T /Q H'(05,,)80° dx = /Q 3¢ H' (pgpp)8p° dx + /Q H'(05,,)9:8p° dx
— / /
= [ ot 00" dx [ VH ) (0 = i) d

—¢ / H'(p5,,)(R™ + eR®) dx.
Q

This relation yields
d
/ V§P® - §ufdx = —/ E(p®, p%,) dx —/ VP(pf,) su®dx +1, (3.61)
o dt Jo pp o pp
where we have defined
I:= /;2 V- ug, 8P dx + /Q 3¢ H' (p5p)8p° dx + /Q VH'(pg,p) - (0°U° — pippttapy) dX.
Let us work on this term for a while. We use the Taylor expansion
P(p°, pipp) := P(p°) — P(p,,) — P’ (05pp)80°
1 1
= E((S/()“T)zf (1 =5)P"(pg,, + 580°) ds, (3.62)
0
and the fact that H”(z) = @ according to (1.11), to obtain the next series of equalities:
I = /;2 V - ug, P (05p,)80° dx + /gz Vug P(0°, popp) dx
b [ H g it 80° dx [ H )Vl (0 = gty d
N /sz V- ugy P () 0% dox — /Q H" (pp) PV - UppS0° dx
[ H ) 0ublyy + V- Wiy ds
+ /Q H" (p3p) V oy, - Su°p° dx + /Q Vg, P (0%, popp) dx
= /Q H" () V Py - Su°p° dox + S/Q H”(/ogpp)&o‘E(Rbl + eR®) dx

+/QV-u§ppP(p8,p§pP)dx.
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The last two terms in the above identity are small (in a sense to be made precise later). So
let us focus on the first term on the right-hand side: we have

/ H"(055p)V Py - Su°0° dx — [ VP (05, - 6u®dx = / H" (05pp)V Oy - SUu°8p° dx.
Q Q Q

Inserting this expression into the last equality for /, from (3.61) we finally find
d "
[ speesutar = 5 [ B ot dx [ ) Vi - bu3p" d

+e f H" (05,,)80° (R™ + eR®) dx + / Vul, P(o°. pf,p) dx. (3.63)
Q Q

At this point, we can perform energy estimates directly on equations (3.58)—(3.59). Using
(3.63) above, we obtain

d 1 £ £12 1 £ &
5 L Gron? + S piy) dv

+ ,u[ |Vidué|? dx + 8[ |038u|* dx + )&[ |V - 8u|? dx

Q Q Q
1 1 .
< fg $FVG - u dx — [Q H' (0 )V - B1°80° dx
1 1
T [Q H//(Pipp)S'Og(Rbl + eR®) dx — 2 /Q V- ”ippP(Pe»ngP) dx

1
— ;/ e3 X 8p°ug,, - Su dx — /Q 8p°rugy, - Su’ dx

Q
+ /Q(prpujpp — pfuf) - Vug, - duf dx — /

Sbl-Suedx—s/ S€.8ufdx
Q

Q

1 1
- - / X3 / 33p(sx3) ds (g, ;)" - Suf, dx
& Jq 0

1 1 . 11
+ - /9(1 - x3)/0 03p(1 — (1 — x3))ds (ul) , )" - Sufydx = 1. (3.64)
j=1
Remark 3.10. In order to rigorously justify the relative entropy inequality (3.64), where
the equality holds if the solutions are regular enough, one may either proceed as in [18],

or use a regularization argument (see for instance [22] and [27]).

Our next goal is to bound each term appearing in the sum 2}1:1 I; on the right-hand
side of (3.64). Before doing that, let us remark that, since py, p» € L*°(2 x R4), up to
restricting our attention to all & < o, with &9 depending on |[p1 [|¢e, and [|p2]| g, . we can
assume that — < gp1 + e ps < $ with o > 0 as in (3.46). Consequently, we can suppose
that

0 < Papp = Papp(X,7) = p;p for all & > 0,
with p,,, = inf(o,1) p — 0 and p;;p = sup(g,1) 0 + 0. Then, in view of (3.45), we have the
following control:

E(p®, i) (x,1) = c(18p° (0, 1) P Agspeiny<ny + 180° (6, O Lyispeiayz1y)- (3.65)
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Resorting to definitions (3.46), from (3.65) we derive the following lower bound.

Lemma 3.11. There exist o > 0 small enough (depending on inf(o 1y p) and a positive
constant ¢ > 0, independent of ¢ € 0, &¢], such that, for almost all (x,t) € Q x Ry, the
following bound holds:

E(p*(x,1), plop(x. 1)) = (8972 (x. 1) + 1@ 6y (X))- (3.66)

Proof. We divide the proof of the inequality into two steps. First we show that

E(log(xs t)v pipp(xs Z)) Z C|5,0s(x, Z)|21{|5p8(x,t)|<1}

implies the lower bound

E(p*(x.1). plgy(x. 1)) = c[8p°I2, (x. 1), (3.67)

For this, we just need to show that Q. (¢) C {|6p%(x,1)| < 1}. Let x € Q¢s(¢); then

3 3
_EO S —0 _Spl(x,l) _Szpz(x»t) < SIOS(X,Z) < _gpl(x5t) _82/)2(3(71) +o S 56»

where we have used that —% < gpy(x, 1) + ep2(x, 1) < . By choosing o such that

o< min(%, inf(o,1) ), we deduce that |§0°(x, )| < 1. Thus, (3.67) is proved.
Afterwards, we prove that, for x € Q,(¢), one has

E(p®(x,1), papp(x, 1)) = ¢, (3.68)
where c is a positive constant independent of ¢, ¢ and x. By the definition of Q,(?), either

pf(x, 1) = p(x3) — o or p°(x,t) = p(x3) + 0. Hence, since E(-, p,,(x, 7)) is strictly
decreasing before pg,,(x, ) and strictly increasing after pg,,(x, 1), we get

E(pf (3,1, plyp (3, 1) = E(B(x3) — 0, ply (. 1)

if pf(x,t) < p(x3) — 0, and

E(p° (5,1), plgp (1)) = E(5(x3) + 0, plpp(x,1))

if pf(x,t) > p(x3) + 0. Now, by Taylor’s formula, up to taking a smaller o (which
amounts to choosing a smaller g¢), we have
_ H" (pfpp (X, 1))
E(p(x?i) — 0, pipp(xa Z)) z +(_U - 8101 (xv l) - 82102()5» t))z
_ H(pp(x.1))0”
- 16
_ H" (p5pp(x. 1))
E(p(x3) + 0, plpp(x, 1) = ——————(0 —ep1(x,1) —&*p>(x. 1))
_ H(plp(x.0)0
- 16
Then, using the uniform boundedness in time and space of p,, and hypothesis (1.10), we
get (3.68). The lemma is proved. ]

)
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Notice that [|60°|]ess is uniformly bounded. Next we claim that there exists a constant
C > 0O such that, for all 7" > 0 fixed, one has

1180°Tees 5o (zry < C*'P Vp e[l y]. (3.69)

Indeed, by Holder’s inequality, the L>° control on pg,, and (3.49), we deduce

[ 1651l = [ 1+ [ [l
Q Q Q
1/y ,
= (/ (pa)”lszm) (L Q)" + CL(Ques) < C&7,
Q
which yields (3.69) for p = 1. As for the L? norm, we write
Q(1) = {O < p®(x,1) < p(x3) — o} U {,os(x,t) > o(x3) + 0}. (3.70)

For the first set, we just apply (3.49) again, since p° is bounded therein. For the second
set, we use the fact that, fora > § and b > 0, with b < b*, one has |a —b|” < (a + b)Y <
Cs.p+(a” + 1). The case 1 < p < y follows from interpolation.

3.3.2. Anisotropic Sobolev embedding. We introduce an anisotropic version of the stan-
dard Sobolev embedding H! < LS. This estimate enables us to handle the anisotropy of
the viscosity in the stability estimates below; see in particular the treatment of /5.

Lemma 3.12 (Anisotropic Sobolev embedding). Let Q = R? x (0, 1). There exists a uni-
versal constant C > 0 such that, for all k > 0 and all u € HO1 (R2), one has

_1
lulls) < Cc™ 2| Vaullp2() + kll9sull2(@))- (3.71)

Proof. Letk > 0 and u € Hy (). We first extend u by zero on R* \ © and still denote
the extended function by u. Now u € H'(R3). We then consider the rescaled function

Yh
UK(J’hJ’S):u(_l,K)@), (YhaYB)€R3
K2

By Sobolev’s inequality [24, estimate (I1.3.7)] for the whole space, there exists a universal
constant C € (0, oo) such that

luellLorsy < ClIVuellLzws)-

Estimate (3.71) then follows by a change of variables and the fact that u is zero outside
the strip R? x (0, 1),

lucllzews)y = lullzs)

_1
[Vuellzzwsy = 2 [|Vhull 2@y + «l03ull12)-

This concludes the proof. ]
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3.3.3. Conclusion of the stability estimates. Below we estimate every source term /;
appearing in (3.64), for 0 < ¢ < g¢ (&g is given by Lemma 3.11). For the terms 11, I5, I3,
15 and I¢ we need to treat the cases y > 2 and % <y < 2 separately, since we use different
estimates, whereas the terms 14, I3, I9, I19 and /7, can be controlled in the same way for
any y > % Term [7 is more intricate; it is written as the sum of five terms: for some of
them, again we need to distinguish the cases y > 2 and % <y<?2.

The easiest terms to handle are /3, 14, I¢ and I9. Terms I; and I, are combined with
the Coriolis term Is; For the remaining part of /5, we rely on Hardy’s inequality, which
is also useful for dealing with I, Ig, 110 and I;;. The basic idea, borrowed from [6], is
that whenever there is a boundary layer term Gbl(’%) we gain one additional ¢ by using
the decay of G in ¢. The price to pay is a d3 derivative on §u®, which however can be
swallowed by the third term on the left-hand side of (3.64).

For every term, we decompose u,, according to (3.34). The terms which require more
care are those of order O(1), which involve in general u, j and u'al, 5 €XCEpt for 17 where
the product uz,, - Vug, also involves uy,3 and u?1,3 at order O(1). For the terms which are
not of order O(1) the analysis can be always reduced to the cases /3, I4, I¢, I9, and the
same estimates are used.

For every term involving a boundary layer, one has to consider the top and bottom
boundary layers equally; again, for simplicity, we focus on the boundary layer at the bot-
tom only. In the computations below, U and U" generically denote remainder terms in the
expansion for ugpp or its derivatives. The definitions of these remainder terms may change
from the estimate of one /; to another /;.

First, we deal with the terms for which estimates hold for any y.

Term I4. We start by considering /4, when restricted to the essential set. Using (3.62),
the assumptions on the pressure function and the fact that [|§0°|]css is uniformly bounded,
we can estimate

1 1
5_2 /S\2 V : ugpp[P(ps» pgpp)]ess S 8_2||V : Mﬁpp”LOo ||[8p8]ess||%2

1
= Ceg—Z/QE(PS,ngp),

where we have also used that V- ug,, = &(V-uy + Vj, - u?l,h).

Let us consider the integral over the residual set. By (3.62) again, we have [P].s =
[P (p*) — P(p5pp)lies — P’ (Pgpp) [00°]res- The second term can be easily controlled, in view
of the uniform boundedness of ngp and the L! estimate in (3.69). For the first term, we
use decomposition (3.70): when p® is bounded, the same argument as above applies. On
the set {p® > p + o}, instead we use hypothesis (1.10), the uniform boundedness of pg,

and the controls in (3.49) to get

IA

1 C
55 |19 el 1PGA) = PG lirspie) = T [ 1POD) = POy 1ipragia)

IA

C 3
?(”[,0 ]res”]}iy + Cf(Qres)) <Ce.
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Putting everything together, we finally infer that

sl = Ce+ Cog [ EG i), (672)
where the last term will be handled by Gronwall’s lemma.
Term I9. The control of Iy is direct, as no p° or §p° enters into play. We get
[lo| < el S®NL2118u[l2 < CeKa (1), (3.73)

where the function K5 (1) = [[u®()||z2 + [|ué (t)||L> belongs to L*([0, T)) forall T > 0.

pp

Terms Ig, I19 and I11. We deal with /g using Hardy’s inequality. This gives

8 &
L2 ()

< Csel|lZS™||7, + 8e]|038u°|7, < Cse® + 8e|938u°]|3,, (3.74)

|Ig| = ¢

for some small § > 0 to be chosen later. The same holds for /19 and /;1: since d3p is
uniformly bounded we have

2 1 Sut
X u
Iol=¢| | = d3p(sxz)ds | (b, )t —
| 10| /;2 o2 (/(; 310( 3) )( O,h,b) X3
< Csell¢Pug y 172 + Sell038uf |72 < Cse? + 8103657 - (3.75)
(1—x3)% b Suf
[l =¢ /Q =\, 93p(1 — s(1 = x3)) ds | (uy, )" - ; _})’63
< C58||772”1())1,h,b”12,2 + 58”835112”%2 < Cse? + 5s||835u2||i2. (3.76)
In the estimates above, we have used the fact that the terms ||¢ S| iz, I 2”81, b ||i2 and
72wt 12 are O(e2).

Now we consider the terms whose bounds must be treated differently if y > 2 or
3

Term I3. First of all, observe that ||Rb1(x?3)||i)Zc = O(e). Thus, we can estimate

1 1
g' [ H o BB+ 6R%)| = CLIRY + R 281

C
=< Ce + 8_2 /Q E(pg’ pgpp)v

where we have used also (3.66). As for the residual part, in view of (3.69), we can argue in
exactly the same way if y > 2. If % <y < 2, instead we put the L° norm on the remainder
terms and use the L' bound of (3.69) to get

1
- < Ce.
£

| H G B9 T R R
Q

In any case, in the end we arrive at the bound

C
3] < Ce + 8—2/9 E (0%, papp)- (3.77)
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Term I¢. Once again, we use the decomposition of §p° into essential and residual parts.
For the term involving the essential part, thanks to Young’s inequality and to the controls
(3.53) and (3.66), one has

‘/Q[Spe]essatuipp'SME < (80 essll 2 10wy ll oo |04 2

1
< CeKy(1) + B0 o).

where the function Ky = [[u®7, + ||uapp||L2 belongs to L' ([0, T')) for all T > 0.
Next let us consider the term involving the residual part: when y > 2, we can argue
exactly as above, in view of (3.69). If instead % <y < 2, we start by writing

8p%Jres0r 1t .&ﬁ:/ resOr 1S -SMS—/ e lresOrul - Su’.
/Q[p] s [ 1ty [ gty

For the second term, we use the uniform boundedness of pgpp and estimate (3.49) to gather,
for some function K, € L2([0, T)) for all T > 0, the inequality

/ [pjpp]resatuipp - 8u®
Q

For the term involving [0f] s, We use decomposition (3.70) for the residual set. The inte-
gral over the first set can be treated exactly as just done for pjpp (because p® is uniformly
bounded therein). Concerning the integral over the second set, we have

1/2
< CVF sl ( [ F1isina)
< C|| \/E&f”iz + Cé?,

since the last integral in the first line can be bounded by the integral over the residual set,
for which we can use (3.49).

Let us introduce the following notation: we set 8- (y) = 1 if % <y<2,6-(y)=0
otherwise. In the end, from the previous computations we get

[g] < Ce(eKy(t) + 82-(y)Ka(t) + 82-(y)e)

1
+ C(;z /Q E(p®. pipp) + 82()/)H\/;75u8|\iz). (3.78)

Terms 11, I and Is. Terms I;, I, and I5 have to be combined, enabling us to see a
cancellation at the highest order in e. Such a cancellation is a key point in [20]. After
setting U = ug,, — (uo,n + u(b)lh, 0), we can write

< C|18u®|| 12 (L(2res)) /? < CeKa(1).

‘/ pel{PSZﬁ-i-U}atugpp - Su®
Q

1 1 _
L+L+1s= 2 /Q 8p°VG - Su® — 2 fQ H”(pipp)33p8u§8p8

1 P
2 [ e sutet = - [ s T o
& Jq

1 1-
—2 ./gz b’pe(ugl,h)l - Suf — /Q 8p°es x U(xh,x3, % ;3,[) - Suf.
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Notice that H"(p) = £ and (Vip1)t = =V, p1. Moreover, from (3.1) we get
p 7 WP hP g
pVG = P'(p)Vp.
Therefore, we find
1 _ _ 1 _
h+DL+1s=- —2/ (H"(p5p) — H" (p))93p5u58p° — —/ H"(p)d3p18u380°
1
2 ) = G0V sutset - [ )t o
1—

- fg 8p U (xnox3, 2 220 1) - Suj = Ty + o+ T3 + Ja + Us.

Using a Taylor expansion for s(z) = H"(z) with integral remainder, we can write
1
BTy = fQ (K (P)p195 + h(5)d3p1)Susbp’
1
- [ s ( [ =+ sepn ds)azﬁw%&ps

1
- pf( / (1—s)h"(ﬁ+sep1)ds)asﬁ8u§8p*’,
Q 0

where we have used (3.6) in the last equality. Since p1, p and d3p are L33, in view of
(1.10) the control of J; + J, becomes similar to that exhibited for /. In the same way,
after noticing that V;,p; and e~ (H"” (p5pp) — H"(p)) are uniformly bounded in time and
space, the control of J3 is obtained. Then J; + J» and J3 verify estimate (3.78). The same
can be said about Js, because in addition Uj, belongs to L;’f’x

Therefore, it remains to deal with J4, for which we rely on Hardy’s inequality. More
precisely, let us start, as usual, by dealing with the essential part: we have

X Sut
‘ [ 1 a2
X3

I1[60°Jess|l 2.2 ||§Mo,h (. xn, Oz,  N938up |2

C
G || EGF o)+ CEN e 1030051

2 [ okttt o0 -

IA

IA

Notice that, for ¢ small enough, the second term can be swallowed by the third term on
the left-hand side of (3.64). As for the control of the residual part, suppose that y > 2 for
a while: in this case, we can argue in the exact same way and obtain, in view of (3.69),
that

A

1
'g /Q (80 ees ) - 05| < 1180 e 21l 25, 193605 .2

IA

C
G | B o)+ CE e 103005
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The case % <y < 2 is slightly more involved. The control over {0 < p® < p — o} does
not present any special difficulty, since we have uniform bounds for p, (and obviously for
pgpp) on that set: then we can argue as for controlling the essential part. Hence, let us focus

on {pf > p + o}. First of all, using that ~/a + b < /a + /b, we notice that

1
'g/;z[spa]res(ugl,h)l 8”2

1
e R T AN
1
+g[\/5p8 Lipespraylug pl /PG 18U (3.79)

For the first term on the right-hand side of (3.79), we proceed in the following way:
| R AN
< 1080 sl 3 a0 1 /e 81 12 (£ (Rues))
where 5 + 3 + & = 1. Using (3.65) and (3.66), we deduce that

1
o R T AN

71 1/2y)+1/q
< RSB 05y Juep e /o 80

1 1/2
= (FE@ pi) byl s 81t 2.

After applying Young’s inequality, this term can be controlled by Gronwall’s lemma in the
final estimate. For the last term in (3.79), we argue in the following way:

Sut

/ v ép® 1{P£>ﬂ+0}|u0 0V Pipp 1810 = 5[ v ép° 1{p€>p+0} ”0 h‘v Pipp ‘ b
X3 X3 1

/(V 1{05>P+0} uO h‘ \% pdpp ‘ ‘ + pappl{Ps>P+U} o ‘ ‘ $

”o h
< 8||335uh||L2||§u ||L°°
x (10 2 110 Tres 152 (L (Rres) M A 1195 L (L£(Rues)) V2).

where ¢ is defined as above. Notice that, in view of (3.49), we have ||[0°];es||Ly = O(2/7)
and £(Qres) = O(?). Therefore, we finally find

&
Up

)

1
E/ v 8pt l{pszﬁ+g)|ugl,h|\/p§pp |6uj| < Cse + 88||838u2||i2.
In the end, we deduce the following control:

C
|Il + ]2 + ]5| = ;/SZE(pgspgpp) + CSZ’(J/)”\/ESMZHiZ

+ Ce(eKi(t) + 02— (Y) Ka(t) + 82-(y))
+ (C&? + 82-(y)82)1038u |17 2. (3.80)
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where the last term on the right-hand side can be absorbed into the left-hand side of the
relative entropy inequality (3.64).
Finally, let us deal with /5.

Term I7. We start by considering the following decomposition:
1 bl (X
I; = — /Q Spfugy, - Vg, - 6u® — - /Q p€5u§8;u0,h(f) - 8uj,
- /Q p%u%i);u?(%) -6uf — /Q pEéuy, - Vi (uon + ugl,h) - 8uj,

—8/ p%éu® - U - Su®
Q
=Jo+ J7 4+ Jg + Jo + Jio,

€

where eU = ¢(Vu, + (Voh)utl’l) is the remainder term in the expansion for Vug, .

The first term Jg can be handled as done with /¢. Indeed, one has

sy - Vs, = (o +ugy) - VaQuos +ug ) + (s +uf 3)deug , (32) + hot.,

where h.o.t. represents higher-order terms in &. Then ug,, - Vug,, is uniformly bounded in
L‘t’f’x. Therefore, Jg verifies an inequality similar to (3.78) above.

Terms Jg, Jo9 and J1¢ can be simply bounded as

[Js] < Cllgut llzgs 1V pf Su®llZs,
[Jo] < C|Viluon + ug )l 1V 0° u®llZs,
[J10] < CellUllge Vo 8ul7.

We remark that these estimates hold for y > %

We now focus on the remaining term J-, which is the most difficult one to deal with.
The difficulties come from the need to gain smallness in ¢ (by using Hardy’s inequality
as above) from the low integrability of the residual part and from the fact that this term is
quadratic in 6u®. We first decompose

p° = [8pess + [80%Tres + Pipp- (3.81)

The essential part is easy to bound: owing to the boundedness of p° on that set and to an
application of Hardy’s inequality, we get
Sus

X3

1 Sut
;‘/Q[‘Sps]esﬁ"?awﬁih(’f—:) LS| < Cell P20y, s —

< Cel|038u5]lL2]1938uj, | 2

< C&¥2|336us |2, + Ce'/2|038u5)2,.

L2l x3 IIL?
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The control of the part involving py, is similar, so let us turn to the residual part. Two
different estimates are computed if y is larger or smaller than the critical exponent 2. For
y > 2, we write, for « € (0, 1) to be chosen later on,

& & — (Sue)a o
Su§ = (8u3)1 —x‘?‘ X3
3

and then apply Sobolev’s and Hardy’s inequalities: this yields
(Suj)®
X3

16u5)'~1, s, = CIVSUSIE" and |

L2 SCloadusle. (3.82)

We use the same technique for §uj with 8 € (0,1). Then, choosing o, f such thata + 8 =

;, we have, for all § > 0 to be chosen later,

1
| [ et (2) 0

Sus)e X
/[Sps] res (u5) '~ ! ug) cath 3¢”bl () - Guj)'™

< &2 [8p% sl L2 1 VUG | 132 183805 12 | Vus |1 57
x 1938u 17, 164 P agub Lo

:a+/31

5 (Suf)P
B

X3

IA

1 1/2
Ce'?( 5 [ EGhpt)) 19BNV 1o
Czs

SYNG / E(o°. 05,) + 86l| Vadus |2, + Sell 560 |2,

where K1 () = [Vu§(0)7, + [IVug,, 3(1)[7 . belongs to L' ([0, T)) for all T > 0. In the
second inequality we have used the lower bound

E(p°(x,1), plpp(x. 1)) = ¢|8p°(x, 1)[?,

which comes from (3.65) when y > 2.

For % <y < 2, we use the same argument as in the case y > 2 for §u§. The control of
duj, is instead done via the anisotropic Sobolev embedding given in Lemma 3.12. Hence,
for & € [0, 1] such that 2 — % = o, Holder’s inequality gives, using (3.82) for §uf§ and

(3.71) for 8u’ with ke = 6727+,

1
E'/Q[(Spg]resfgugaiugl,h (X_;) : 8“2
(buf)® x§
/ [Slos]res((S )1 * 3 82 afug],h(XS) 8”2
3
< Ce* 1||[5,0£]res||u||V5u3||i20‘||<3’35M‘§||Zz
X (K72 | Vaduf | L2 + (10385 | L2) 118 Bgug. | oo

_al
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< Ce' V| VUS| 2 (2 | Vaduf 2 + k]| 938uf1.2)

DD | V8§12, + C (1 A2 (¢ Tadug 2 + k2 )1038u5 12,)
mm(u D 1vsus ]2, + Clu, eGP Vasus 12,

- e a2 (389

I/\

| /\

Hence we can swallow the whole right-hand side on the conditions that y > g (which is
the case, since y > %) and ¢ is sufficiently small.
To put it in a nutshell, we obtain the following bound on J7:

C 35 &
7l = 2 Ki0) /Q E(oF. piy) + (86 + Ce3 + 65 () M)et) 838152

5.3
+ (82 + 82- () C (s D7) [ Vi 7
+ (8- () A2 4 Ce?) [ Vsus 2.
Therefore, we finally get the following estimate for /7:

C + CsKq(2)
— /Q E(p%, p5pp)

|17] < Ce(eK(t) + 62-(Y)Ka(t) + 62-(y)e) +
+ (62-(Y)C + C1 + C28)||V/p? 8u°) 7.
+ (88 + Co? + 8- (y)C(1e, M)e" ) |938u5 |12,
+ (82 + 80~ (1) C(, MG~ [ Vybu8 |12,
+ (8- () MNEA 4 ot ||V 12.. (3.84)

Remark 3.13. The anisotropic Sobolev embedding in Lemma 3.12 can be used to provide
better estimates only for y small. For instance, in (3.79), using Lemma 3.12 we get a

remainder term of order &%, with 0 < & < 1for 3 <y <2and « > 1 only for y < 12,

while by using the smallness of the Lebesgue measure of Qs we get a remainder term of
order & for 2 <y < 2.

In the end, summing our estimates, we get from (3.64) the following differential
inequality: there exist functions C;(t), C>(¢) € L'([0, T)), and constants C3 > 0 and
go € (0, 1), such that, for all € € (0, g¢), all ¢ € (0, T) and all § > 0, one has

d (1
dt( / &15u’|? dx—l——/ E(p°, ,oapp)dx) (3.85)
-}-/,L/ |Vh8u6|2dx+s/ |338u8|2dx+)t/ |V - 8uf|? dx
Q Q Q

1
sao( [ P a5 [ B dx) +ecan
e” Ja
+ (M) oG [ V,8uC 12, + Ca(Be + 8') 13360 |2,
4 (MLD) y e)938u5 12 (3.86)
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Let us stress that Cy(t), C»(¢), C3 and &g do not depend on &. The quantities these con-
stants depend on have been written explicitly in the computations above; in particular,
C1(t) and C,(t) contain the functions K (¢) and K,(?).

Choosing § small enough and using the identity d36u3 = V - §u® — Vj, - duj, the last
three terms in (3.86) can be swallowed in the left-hand side. The estimate in Theorem 2
follows from Gronwall’s lemma.
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