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On Termination of 4-fold Semi-stable Log Flips
By

Osamu Fujino∗

Abstract

In this paper, we prove the termination of 4-fold semi-stable log ﬂips under the
assumption that there always exist 4-fold (semi-stable) log ﬂips.

§1.

Introduction

One of the most important conjectures in the (log) minimal model program
((log) MMP, for short) is (log) Flip Conjecture II. It claims that any sequence
of (log) ﬂips:
(X0 , B0 )  (X1 , B1 )  (X2 , B2 )  · · ·

 

Z0
Z1
,
has to terminate after ﬁnitely many steps. In the non-log case, the conjecture
in dimension 4 was proved for the terminal ﬂips by Kawamata in [KMM], and
for the terminal ﬂops by Matsuki in [M1]. For the log case, we proved it for 4fold canonical ﬂips in [F2], which is a ﬁrst step to prove the log Flip Conjecture
II in dimension 4. We note that the main theorem of [F2] contains the above
mentioned results of Kawamata and Matsuki. See also [F3].
Recently, Shokurov treats the log Flip Conjecture II in a much more general
setting. For the details, see [S2] and [S3].
The main purpose of this paper is to prove the following theorem, which
is a 4-dimensional analogue of [KM, Theorem 7.7], under the assumption that
there always exist 4-fold (semi-stable) log ﬂips (see Assumption 1.1 below). We
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will prove it by the crepant descent technique by Kawamata and Kollár (see
[Ka1], [Ka3], [Ko], and [K+ , Chapter 6]). For the details of the (log) semi-stable
MMP, see [KM, §7.1]. Roughly speaking, (n + 1)-dimensional log semi-stable
MMP is a kind of n-dimensional log MMP in families. So, it will play important
roles in the study of the moduli of n-dimensional varieties.
We will work over C, the complex number ﬁeld, throughout this paper.
Theorem 1.1 (Termination of 4-fold semi-stable log ﬂips).
Let (X, B)
be a Q-factorial projective 4-dimensional dlt pair, µ : X −→ Y a projective
surjective morphism and ν : Y −→ C a ﬂat morphism to a non-singular curve
C such that f := ν ◦µ : (X, B) −→ C is a dlt morphism (for the deﬁnition of dlt
morphisms, see Deﬁnition 2.2 below). Then an arbitrary sequence of extremal
(KX + B)-ﬂips over Y is ﬁnite.
In the proof of Theorem 1.1, we need the following assumption: Assumption 1.1.
Assumption 1.1.
Let (X, B) be a 4-dimensional klt pair and f : X −→
Z a ﬂipping contraction with respect to KX + B. Then f has a ﬂip.
We note that all the ﬂips we need here are 4-fold semi-stable (log) ﬂips,
which are special ones of klt ﬂips in Assumption 1.1 (see Deﬁnition 2.3 and §5
Appendix). In Section 5, we will slightly generalize Theorem 1.1. We omit the
details here since it is technical. Recently, Shokurov announced a proof of the
existence of 4-fold log ﬂips in [S1]. So, this assumption seems to be reasonable.
We recommend the readers to see [S1].
For the proof of Theorem 1.1, we need the following two theorems. First,
we recall the special termination theorem. For the details, see [S1, Section 2]
and [F1].
Theorem 1.2 (4-dimensional special termination).
Let (X, B) be a Qfactorial dlt 4-fold. Consider a sequence of extremal (KXi + Bi )-ﬂips starting
from (X, B) = (X0 , B0 ):
(X0 , B0 )  (X1 , B1 )  (X2 , B2 )  · · ·

 

Z0
Z1
.
Then after ﬁnitely many ﬂips, ﬂipping locus (and thus the ﬂipped locus) is
disjoint from Bi .
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Next, the following theorem is contained in [F2]. See also [F3, §5].
Theorem 1.3 (Termination of 4-fold terminal ﬂips).
Let X be a normal projective 4-fold and B an eﬀective Q-divisor such that (X, B) is terminal,
that is, discrep(X, B) > 0. Consider a sequence of (KXi + Bi )-ﬂips starting
from (X, B) = (X0 , B0 ):
(X0 , B0 )  (X1 , B1 )  (X2 , B2 )  · · ·

 

Z0
Z1
.
Then this sequence terminates after ﬁnitely many steps.
We note that we do not need Assumption 1.1 in the proofs of Theorems 1.2
and 1.3.
We summarize the contents of this paper: In Section 2, we recall some
basic deﬁnitions and introduce a new notion: plt morphism. Section 3 is the
preparation for the main theorem. We deﬁne a couple of invariants for plt
morphisms. Section 4 is devoted to the proof of the main theorem: Theorem 1.1.
Finally, Section 5 is an appendix, where we slightly generalize Theorem 1.1.
Notation.
Let Z>0 (resp. Z≥0 ) be a set of positive (resp. non-negative)
integers. For d ∈ Q, let d = max{t ∈ Z | t ≤ d} and {d} = d − d. Let

D=
di Di be a Q-divisor such that all the Di ’s are distinct prime divisors.


We put D = di Di (the round down of D) and {D} = {di }Di (the
fractional part of D).
§2.

Preliminaries

In this section, we collect basic properties and deﬁnitions.
2.1.
of pairs.

First, let us recall the deﬁnitions of discrepancies and singularities

Deﬁnition 2.1 (Discrepancies and singularities for pairs). Let X be a

normal variety and D =
di Di a Q-divisor on X, where Di is irreducible for
every i and Di = Dj for i = j, such that KX + D is Q-Cartier. Let f : Y −→ X
be a proper birational morphism from a normal variety Y . Then we can write

KY = f ∗ (KX + D) +
a(E, X, D)E,
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where the sum runs over all the distinct prime divisors E ⊂ Y , and a(E, X, D)
∈ Q. This a(E, X, D) is called the discrepancy of E with respect to (X, D).
We deﬁne
discrep(X, D) := inf {a(E, X, D) | E is exceptional over X}.
E

From now on, we assume that 0 ≤ di ≤ 1


terminal






canonical
if discrep(X, D)
klt



plt




lc

for every i. We say that (X, D) is


> 0,






≥ 0,
> −1 and D = 0,




> −1,




≥ −1.

Here klt is short for Kawamata log terminal, plt for purely log terminal, and lc
for log canonical.
If there exists a log resolution f : Y −→ X of (X, D), that is, Y is nonsingular, the exceptional locus Exc(f ) is a divisor, and Exc(f ) ∪ f −1 (SuppD)
is a simple normal crossing divisor, such that a(Ei , X, D) > −1 for every exceptional divisor Ei on Y , then the pair (X, D) is called dlt. Here, dlt is short
for divisorial log terminal.
2.2.
Next, let us recall the deﬁnition of dlt morphisms and deﬁne plt
morphisms.
Deﬁnition 2.2 ([KM, Deﬁnition 7.1]). Let X be a normal variety, B
an eﬀective Q-divisor on X and f : X −→ C a non-constant morphism to
a non-singular curve C. We say that f : (X, B) −→ C is dlt (resp. plt) if
(X, B + f ∗ P ) is dlt (resp. plt) for every closed point P ∈ C. We note that if
(X, B) −→ C is plt, then (X, B) is klt.
The following lemma is a variant of adjunction and the inversion of adjunction. For the proof, see [KM, Theorem 5.50 (1), Proposition 5.51].
Lemma 2.1.
Let (X, B) be a klt pair and f : (X, B) −→ C a dlt morphism. Then the following four conditions are equivalent.
(1) f : (X, B) −→ C is a plt morphism.
(2) every connected component of any ﬁber is irreducible.
(3) (F, B|F ) is a klt pair for any ﬁber F .
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(4) all the ﬁbers of f are normal.
The next lemma is an analogue of [KM, Lemma 7.2 (4)]. It easily follows
from the deﬁnition of dlt pairs (see [KM, Deﬁnition 2.37]). We leave the details
to the readers.
Lemma 2.2.
Let (X, B) be a klt pair and f : (X, B) −→ C a dlt morphism. If E is an exceptional divisor over X such that the center of E on X
is contained in a ﬁber, then the discrepancy a(E, X, B) > 0.
We note the following properties, which is an easy consequence of the
negativity lemma (cf. [KM, Lemma 3.38]).
Lemma 2.3 (cf. [KM, Corollary 3.44]).
Let φ : (X, B)  (X + , B + )
be either a (KX + B)-ﬂip over Y or a divisorial contraction of a (KX + B)negative extremal ray over Y , f : Y −→ C a ﬂat morphism onto a non-singular
curve C, and h := f ◦ g : (X, B) −→ C a dlt (resp. plt) morphism. Then
h+ : (X + , B + ) −→ C is also a dlt (resp. plt) morphism.
2.3.

Finally, we deﬁne semi-stable log ﬂips (cf. [KM, Theorem 7.8]).

Deﬁnition 2.3.
Let (X, B) be a dlt pair and f : X −→ W a ﬂipping
contraction with respect to KX + B, that is, f is small and −(KX + B) is
f -ample. We assume that f is extremal, where “extremal” means that X is
Q-factorial and the relative Picard number ρ(X/W ) = 1. Assume that there
exists a ﬂat morphism g : W −→ C to a smooth curve such that h := g ◦ f is
dlt. Then the ﬂip f + : X + −→ W of f :


X


X+


W
that is,
(i) f + is small,
(ii) KX + + B + is f + -ample, where B + is the strict transform of B,
is called a semi-stable (log) ﬂip of f . Furthermore, if (X, B) is terminal, that
is, discrep(X, B) > 0, then we call f + a semi-stable terminal ﬂip of f .
We treat only two examples here.
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Example 1 (4-fold semi-stable ﬂip).
Q-factorial terminal singularities and

Let V be a projective 3-fold with



V


V+


Z
an extremal KV -ﬂip. We deﬁne X := V ×P1 , X + := V + ×P1 , and W := Z ×P1 .
We put Y := C := P1 . Then


X


X+


W
is an extremal 4-fold semi-stable ﬂip over Y . We note that the second projection
X −→ C is a plt morphism. It is not diﬃcult to see that ρ(X/W ) = 1 and X
is Q-factorial. In this case, the ﬂipping and ﬂipped loci are dominant onto C.
The following example is a 4-fold toric ﬂip. We quote it from [M2, ExampleClaim 14-2-8].
Example 2 (Toric 4-dimensional ﬂip).

Let N1 = Z4 and N2 = Z. We

put
v1 = (1, 0, 0, 0)
v2 = (0, 1, 0, 0)
v3 = (0, 0, 1, 0)
v4 = (0, 0, 0, 1)
v5 = (1, 1, −1, −1)
and consider the following two cones,
τ5 = v1 , v2 , v3 , v4 , τ4 = v1 , v2 , v3 , v5 .
We deﬁne the two fans,
∆ = {τ4 , τ5 , and their faces},
∆ = { v1 , v2 , v3 , v4 , v5 , and its faces}.
We consider the toric morphism g : X(∆) −→ X(∆ ). This is a ﬂipping
contraction. We consider the ﬁrst projection p : N1 −→ N2 . This p induces
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f : X(∆ ) −→ A1 = X( e ), where e = 1 ∈ N2 . By this morphism, X(∆) −→
X(∆ ) is a semi-stable ﬂipping contraction. We can construct the ﬂip of g and
determine the exceptional locus of g and so on. Note that Exc(g) = V ( v1 , v2 )
and (f ◦ g)−1 (0) = V ( v1 ) ∪ V ( v5 ). So, this ﬂip is of type (B) in [Kc, Main
Theorem 0.5]. For the details, see [M2, Example-Claim 14-2-8, Remark 14-2-9].
The related topics of Example 2 are [Ka2], [T1], and [T2].
§3.

Preparation

In this section, we make preparations for the proof of the main theorem:
Theorem 1.1.
3.1.

We write a sequence of 4-fold semi-stable ﬂips over Y as follows:
(X, B) =: (X0 , B0 )  (X1 , B1 )  (X2 , B2 )  · · ·

 

W0
W1
,

where φi : Xi −→ Wi is an extremal ﬂipping contraction with respect to
KXi + Bi over Y and φ+
i : Xi+1 −→ Wi is the ﬂip of φi for every i.
By the special termination theorem: Theorem 1.2, all the ﬂipping and
ﬂipped loci are disjoint from Bi  after ﬁnitely many ﬂips. Therefore, we can
assume that all the ﬂipping and ﬂipped loci are disjoint from Bi  for every i
by shifting the index i. So, we can replace Bi with its fractional part {Bi } and
assume that (Xi , Bi ) is klt. From now on, we assume that (Xi , Bi ) is klt for
every i.
Let us recall the following deﬁnition.
Deﬁnition 3.1 ([K+ , 6.6 Deﬁnition]). Let (X, B) be a klt n-fold. By
[KM, Proposition 2.3.6], there are only ﬁnitely many exceptional divisors with
non-positive discrepancies. The number of these divisors is denoted by e(X, B).
Thus (X, B) is terminal if and only if e(X, B) = 0 by the deﬁnition of terminal
pairs.
3.2. We prove Theorem 1.1 by induction on e(X, B).
If e(X, B) = 0, then (X, B) is terminal. Thus a sequence of ﬂips always
terminates by Theorem 1.3. Therefore, we assume that the theorem holds for
e(X, B) ≤ e − 1, and prove it in case e(X, B) = e. We note that e(Xi , Bi ) ≥
e(Xi+1 , Bi+1 ) for all i by the negativity lemma (cf. [KM, Lemma 3.38]).
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3.3.
First, we add f ∗ P to B, where P is a closed point of C. We may
regard the (KX + B)-ﬂips as the (KX + B + f ∗ P )-ﬂip. Then by Theorem 1.2,
we can assume that all the ﬂipping and ﬂipped loci are not dominant onto C
after ﬁnitely many ﬂips. Thus, by shifting the index i we can assume that all
the ﬂipping and ﬂipped loci are contained in some ﬁbers.
So, we can assume that there are no semi-stable ﬂips like Example 1.

3.4.
Next, we add P f ∗ P to B, where P runs through all the closed
points of C such that f ∗ P is not normal. By Theorem 1.2 again, we can assume
that all the ﬂipping and ﬂipped loci are disjoint from non-normal ﬁbers. We
note that the normality of ﬁbers are preserved by ﬂips (see Lemmas 2.1 and 2.3).
Therefore, we can assume that there exists a non-empty Zariski open set U of
C such that all the ﬂips occur over this open set U and (Xi , Bi ) −→ C is a plt
morphism over U (see Deﬁnition 2.2).
We recall the deﬁnition of r(X, B).
Deﬁnition 3.2 ([K+ , 6.9.8 Deﬁnition]).

Let (X, B) be a klt n-fold. We

put
s(X, B) := min{a(E, X, B) > 0 | E is exceptional over X}.
Then we deﬁne
r(X, B) := (4s(X, B)−1 )! ∈ Z>0 .
We generalize the invariants e(X, B), r(X, B), and discrep(X, B) for plt
morphisms. By Lemma 2.1 (3), a plt morphism is a family of klt pairs. So, the
following deﬁnition is natural.
Lemma-Deﬁnition 3.1.
Let f : (X, B) −→ C be a plt morphism.
Then
0 ≤ max e(F, B|F ) < ∞,
F

max r(F, B|F ) ∈ Z>0 , and
F

−1 < min discrep(F, B|F ) ≤ 1,
F

where F runs through all the ﬁbers of f . We deﬁne
e(f ; (X, B)) := max e(F, B|F ),
F

r(f ; (X, B)) := max r(F, B|F ), and
F

discrep(f ; (X, B)) := min discrep(F, B|F ).
F
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Proof. We note that KF + B|F := (KX + B + F )|F is klt by adjunction
(see Lemma 2.1). Take a log resolution g : Z −→ X of the pair (X, B) as in
[KM, Proposition 2.36 (1)]. We write
KZ + D − E = g ∗ (KX + B),


where D =
ai Di and E =
bj Ej are both eﬀective and have no common

irreducible component. Let G =
Gk be the g-exceptional divisor such that
a(Gk , X, B) = 0 for every k. We can assume that Supp(D ∪ G) is non-singular.
There exists a non-empty Zariski open set U ⊂ C such that f ◦ g is smooth
and Supp(D ∪ E ∪ G) is relatively normal crossing over U . We can assume
that g(Di ) −→ C, g(Ej ) −→ C, and g(Gk ) −→ C are ﬂat over U for every
i, j, and k after shrinking U . Over this open set U , e(F, B|F ), r(F, B|F )
(more precisely, s(F, B|F )), and discrep(F, B|F ) are constant. Thus, we can
check the claim. Therefore, e(f ; (X, B)), r(f ; (X, B)), and discrep(f ; (X, B))
are well-deﬁned.
The next proposition will play crucial roles in the proof of the main theorem.
Proposition 3.1.
Let f : (X, B) −→ C be a plt morphism and D a
Q-Cartier Weil divisor on X. Then mD is Cartier if and only if so is mD|F
for every ﬁber F . In particular, if KX is Q-Cartier, then mKX is Cartier if
and only if so is mKF for every ﬁber F .
Proof. See, for example, [HL, Lemma 2.1.7]. We note that (X, B + F ) is
plt and F is Cartier. Thus, in a neighborhood of F , codimX (SingX ∩ F ) ≥ 3,
where SingX is the singular locus of X. So, OX (mD)|F  OF (mD|F ) and
OX (m(KX + F ))|F  OF (mKF ) for every m ∈ Z≥0 (cf. [KM, Proposition
5.26]).
We recall the result in [K+ , 6.11 Theorem].
(6.11.5)].

For the proof, see [K+ ,

Theorem 3.1.
Let (V, ∆) be a klt 3-fold and E a Q-Cartier Weil divisor
on V . Then mE is Cartier for some

1 ≤ m ≤ r(V, ∆)

2e(V,∆)

2e(V,∆) −1
3
.
1 + discrep(V, ∆)
















290

Osamu Fujino

Theorem 3.2.
Let (X, B) be a klt 4-fold and f : (X, B) −→ C a plt
morphism. Let E be a Q-Cartier Weil divisor on X. Then M E is Cartier for
M := M (f ; (X, B)) := (ϕ(f ; (X, B)))! ∈ Z>0 ,
where

e(f ;(X,B))

ϕ(f ; (X, B)) := r(f ; (X, B))2

3
1 + discrep(f ; (X, B))

2e(f ;(X,B)) −1
.

Let U be a non-empty Zariski open subset of C. Then the restriction
f |f −1 (U) : (X, B)|f −1 (U) −→ U
is a plt morphism and M (f |f −1 (U) ; (X, B)|f −1 (U) ) divides M (f ; (X, B)).
Proof. It is obvious by Theorem 3.1. We note that if E is not dominant
onto C, then E is Cartier (see Lemma 2.1). The latter statement directly
follows from the deﬁnition of M .
§4.

Proof of the Main Theorem

We go back to the proof of the main theorem: Theorem 1.1. Our proof is
similar to that of [K+ , 6.11 Theorem].
Proof of Theorem 1.1. We start the proof of the main theorem.
Step 1.

First, we take a log resolution of (X, B). We write p : Z −→ X

and
∗
KZ + p−1
∗ B = p (KX + B) + E − F,

where E and
F :=



ai F i

ai ≥0

are eﬀective exceptional divisors and have no common irreducible components.

If necessary, we further blow up Z. Then we can assume that ai ≥0 Fi contains
all the exceptional divisors whose discrepancies are non-positive, Supp(p−1
∗ B∪


−1
∗
Fi ) is smooth and Supp(p∗ B ∪ Fi ∪ (f ◦ p) P ) is simple normal crossing
for every P ∈ C. We note that Fi is dominant onto C for every i by Lemma 2.2.

By 3.2, we can assume that
Fi = 0, that is, e = e(X, B) > 0. We consider

f ◦ p : (Z, Dε ) := (Z, p−1
Fi ) −→ C.
∗ B+F +ε
i=0
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It is easy to check that (Z, Dε ) is terminal and f ◦ p : (Z, Dε ) −→ C is a
dlt morphism for 0 < ε  1. Run the log MMP over X. Then we obtain a
sequence of ﬂips and divisorial contractions over X:
(Z, Dε ) := (Z0 , D0ε )  (Z1 , D1ε )  · · ·  (Zk , Dkε )  · · · .
By Assumption 1.1, ﬂips exist and by induction, any sequence of ﬂips terminates
since e(Zk , Dkε ) < e = e(X, B) for every k (see Remark below). Note that each
ﬂip in the above process is a semi-stable log ﬂip. Then we obtain a relative log
minimal model q : (Z  , B  ) −→ X, which satisﬁes the following conditions:
(1) f ◦ q : (Z  , B  ) −→ C is a dlt morphism.
(2) f ◦ q : (Z  , B  ) −→ C is a plt morphism over U (see 3.4).
(3) e(Z  , B  ) = e(X, B) − 1.
(4) (Z  , B  ) is a Q-factorial klt pair.
(5) KZ  + B  = q ∗ (KX + B), that is, q is a log crepant morphism.
(6) the relative Picard numbers ρ(Z  /X) = 1 and ρ(Z  /W0 ) = 2.
We note that α : Z  Z  is an isomorphism at the generic point of F0 and

contracts E + i=0 Fi .
Step 2.
We put p0 : (Z00 , B00 ) := (Z  , B  ) −→ X =: X0 . We construct a
sequence of ﬂips  Zij  Zij+1  over Xi  Xi+1 for every i. We assume
that we already have pi : (Zi0 , Bi0 ) −→ Xi . Run the log MMP to (Zi0 , Bi0 ) over
Wi . We obtain a sequence of ﬂips and divisorial contractions over Wi :
Zi0  Zi1  · · ·  Ziki ,
and a log minimal model (Ziki , Biki ) for (Zi0 , Bi0 ) over Wi . This is a so-called
2 ray games. Note that each ﬂip in the above process is a semi-stable log ﬂip.
Since (Xi+1 , Bi+1 ) is the log canonical model of (Zi0 , Bi0 ) over Wi , there exists
a morphism qi : Ziki −→ Xi+1 .
Case A.
If all the steps in the above log MMP are ﬂips, then we have
ki
∗
0
0
, Bi+1
) := (Ziki , Biki )
KZ ki + Bi = qi (KXi+1 + Bi+1 ). We deﬁne pi+1 : (Zi+1
i
−→ Xi+1 . We put ci+1 = 0 in this case.
Case B. If a divisorial contraction occurs in the above log MMP, then
it is not diﬃcult to see that the ﬁnal step β : Ziki −1  Ziki is a divisorial
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contraction and qi : Ziki −→ Xi+1 is an isomorphism (cf. [KM, Lemma 6.39]
and [K+ , 6.5.5 Proposition]). We note that other steps in the above log MMP
are all ﬂips. We also note that
KZ ki −1 + Biki −1 = (qi ◦ β)∗ (KXi+1 + Bi+1 ) + ci+1 F0
i

for ci+1 > 0, where F0 is the proper transform of F0 on Ziki −1 . Then we put
0
0
pi+1 : (Zi+1
, Bi+1
) := (Ziki −1 , Biki −1 − ci+1 F0 ) −→ Xi+1 .
0
0
, Bi+1
) −→ C is a dlt morphism. So, (Zij , Bij ) −→ C is dlt
Note that (Zi+1
for every i, j.

Step 3.

We assume that the sequence
X0  X1  X2  · · ·  Xi 

is inﬁnite. If Case B occurs only ﬁnitely many times, then we can assume
that all the steps are Case A. Then we obtain an inﬁnite sequence of ﬂips with
respect to KZ j + Bij . Since e(Zij , Bij ) < e(X, B), it is impossible. So, Case B
i
0
, where F0 is the
occurs inﬁnitely many times. The coeﬃcient of F0 in Bi+1
0
proper transform of F0 on Zi+1 , is

a0 −
cj+1 ,
0≤j≤i

where a0 := −a(F0 , X, B) ≥ 0, that is, a(F0 , X, B) ≤ 0. Let Ui+1 be a nonempty Zariski open set of U such that ﬂips (Xj , Bj )  (Xj+1 , Bj+1 ) occur
over U \ Ui+1 for 0 ≤ j ≤ i. We note that it is suﬃcient to consider the
coeﬃcient of F0 over Ui+1 since F0 is irreducible and dominant onto C. Let
N be a positive integer such that N B0 is a Weil divisor. Then N Bi is also a
Weil divisor for every i. By Theorem 3.2, M N (KXi + Bi ) is a Cartier divisor
over Ui for every i, where M := M (h|(h)−1 (U) ; (X, B)|(h)−1 (U) ). We note that
M (h|(h)−1 (Ui ) ; (X, B)|(h)−1 (Ui ) ) divides M by Lemma 2.3 and that (Xi , Bi ) is
isomorphic to (X, B) over Ui . Thus M N Bi0 is a Weil divisor over Ui for every i. So, we have that M N cj ∈ Z≥0 for every j. Therefore, after ﬁnitely
0
many steps, the coeﬃcient of F0 in Bi+1
is negative, that is, the discrepancy
a(F0 , Xi+1 , Bi+1 ) > 0. Thus, e(Xi+1 , Bi+1 ) < e = e(X, B). So, a sequence of
ﬂips terminates by the induction on e(X, B). This is a contradiction.
We complete the proof of Theorem 1.1.
Remark. Note that for the proof of the termination in case e(X, B) =
e, we use the existence and the termination of semi-stable log ﬂips only for
e(∗, ∗) ≤ e − 1.
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Appendix

It is not diﬃcult to see that the existence of 4-dimensional semi-stable
terminal ﬂips implies that of all the 4-dimensional semi-stable log ﬂips. It is
essentially proved in the proof of Theorem 1.1.
We assume the existence of 4-dimensional semi-stable terminal ﬂips as
follows.
Assumption 5.1.
Let (X, B) be a 4-dimensional terminal pair and f :
X −→ Z an extremal ﬂipping contraction with respect to KX + B. Assume that
there exists a ﬂat morphism g : Z −→ C to a smooth curve such that h := g ◦ f
is dlt. Then f has a semi-stable terminal ﬂip.
As mentioned above, Assumption 5.1 implies the existence of all the 4dimensional semi-stable log ﬂips (cf. [K+ , 6.4, 6.5, 6.11 Theorem]).
Proposition 5.1.
Let (X, B) be a Q-factorial projective 4-dimensional
dlt pair and f : X −→ W an extremal ﬂipping contraction. Assume that there
exists a ﬂat morphism g : W −→ C to a smooth curve such that h := g ◦ f is
dlt. Then Assumption 5.1 implies that the semi-stable log ﬂip of f exists.
Proof. We can assume that (X, B) is klt by replacing B with (1 − ε)B for
0 < ε  1. If e(X, B) = 0, then the ﬂip exists by Assumption 5.1. Therefore,
we assume that semi-stable log ﬂips exist and any sequence of them terminates
for e(∗, ∗) ≤ e − 1, and prove the existence of the ﬂip in case e(X, B) = e (see
also Remark in § 4). On this assumption, Step 1 in the proof of Theorem 1.1
works without any changes. So, we obtain q : Z  −→ X as in the proof of
Theorem 1.1. Run the log MMP to (Z  , B  ) over W . We obtain a log minimal
model (Z  , B  ) for (Z  , B  ) over W (see Step 2 in the proof of Theorem 1.1).
Note that if a divisorial contraction occurs, then it is the ﬁnal step of the
above log MMP (see Case B in Step 2), and any sequence of ﬂips in this
process terminates by the assumption. Since (Z  , B  ) is klt, we obtain the log
canonical model (X + , B + ) for (Z  , B  ) over W by the relative base point free
theorem. It is well-known that (X + , B + ) is the required ﬂip.
Remark. Note that for the proof of the existence of semi-stable log ﬂips
in case e(X, B) = e, we use the existence and the termination of semi-stable
log ﬂips only for e(∗, ∗) ≤ e − 1.
So, by Proposition 5.1, we can generalize Theorem 1.1 slightly. Note Remarks in § 4 and § 5.
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Corollary 5.1.

Assumption 5.1 implies Theorem 1.1.
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