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Abstract

We summarize recent work on heat kernel estimates and parabolic Harnack inequalities for graphs, where the time scale is the β-th power of the space scale for some
β ≥ 2. We then discuss self-adjoint operators induced by resistance forms. Using a
resistance metric, we give a simple condition for detailed heat kernel estimates and
parabolic Harnack inequalities. As an application, we show that on trees a detailed
two-sided heat kernel estimate is equivalent to some volume growth condition.

§1.

Introduction: History in Brief

There is a long history of the study of detailed heat kernel estimates. For
n
∂
∂
(aij (x) ∂x
) on Rn satisfying a uniform
any divergence operator L = i,j=1 ∂x
i
j
elliptic condition, Aronson [1] proved that the heat kernel pt (x, y) satisﬁes the
two-sided Gaussian bound




d(x, y)2
d(x, y)2
(1.1) c1 t−n/2 exp −
≤ pt (x, y) ≤ c2 t−n/2 exp −
c1 t
c2 t
where d is the Euclidean metric. Later in the 20th century, there were various
outstanding results in the ﬁeld of global analysis on manifolds. Let ∆ be the
Laplace-Beltrami operator on a complete Riemannian manifold M with the
Riemannian metric d and with the Riemannian measure µ. Li-Yau [41] proved
a remarkable fact that if M has non-negative Ricci curvature, then the heat
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kernel pt (x, y) satisﬁes
(1.2)



c3
d(x, y)2
exp −
≤ pt (x, y)
c3 t
µ(B(x, t1/2 ))


c4
d(x, y)2
≤
exp −
.
c4 t
µ(B(x, t1/2 ))

A few years later, Grigor’yan [23] and Saloﬀ-Coste [46] elegantly reﬁned the
result and proved, in conjunction with the results by Fabes-Stroock [20] and
Kusuoka-Stroock [39], that (1.2) is equivalent to a volume doubling condition (VD) plus Poincaré inequalities (PI(2)) – see §2.2 for deﬁnitions in the
graph setting. The results were then extended to the framework of Dirichlet
forms by Sturm [50, 51] and Biroli-Mosco [14], to the framework of graphs by
Delmotte [19].
In fact, detailed heat kernel estimates are strongly related to the control
of harmonic functions, i.e. elliptic and parabolic Harnack inequalities (EHI),
(PHI(2)) on M. The origin of ideas and techniques used in this ﬁeld go back to
Nash [45], Moser [43, 44] and there are many other signiﬁcant works in this area
(see [13, 18, 47] etc. for details). Summarizing, the following equivalence holds.
(1.3)

(1.2) ⇔ (V D) + (P I(2)) ⇔ (P HI(2)).

An important corollary of this fact is, as (VD) and (PI(2)) are stable under
certain perturbations of the operator, (1.2) and (PHI(2)) are also stable under
these perturbations.
Since the late 1980’s, there has been a lot of development in the mathematical study of diﬀusion processes and corresponding Laplace operators on
fractals. The motivation behind this area comes originally from the work of
mathematical physicists on heat decays for disordered media such as polymers
and networks [29]. They found some kind of self-similar structures in the models
and made various computations on “ideal” disordered media such as Sierpinski
gaskets, that have exact self-similarity and nice symmetry.
Through the mathematical study of analysis on fractals, it turns out that
for some class of “nice” fractals (for example the Sierpinski gasket), the Laplace
operator is suitably deﬁned and the heat kernel satisﬁes the following subGaussian bound,
 


β 1/(β−1)
d(x,
y)
c5 t−α/β exp −
(1.4)
≤ pt (x, y)
c5 t
 
1/(β−1) 
d(x, y)β
−α/β
≤ c6 t
exp −
,
c6 t
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where α is a Hausdorﬀ dimension and β ≥ 2 is called a walk dimension
on the fractal. For the case of the Sierpinski gasket, α = log 3/ log 2 and
β = log 5/ log 2. In a sense, the Laplace operator of the fractal is a “β-th order” operator instead of second order. Rigorously speaking, the domain of the
corresponding Dirichlet form (quadratic form) is a Besov space of order β/2,
instead of the Sobolev space of order 1. Thus, some of the important classical
methods of analysing heat kernels (such as the Davies method, the Moser’s iteration) do not work and new methods are needed to analyse them. In addition,
there are various properties of diﬀusion processes/Laplace operators on fractals
which diﬀer completely from those on the Euclidean spaces (see [2, 4, 35, 38, 49]
etc. for details).
Thus, it is natural and important to search for conditions equivalent to
(1.4), especially conditions which are stable under perturbations. This direction of research was developed quite recently. At this stage, most of the
results are on graphs and general measure metric space versions are in preparations. In this paper, we will give a survey of the work in section 2 and we
will give some new equivalence conditions under the framework of resistance
forms in section 3. Especially, on trees we show that detailed two-sided heat
kernel estimate is equivalent to some volume growth condition (Proposition
5.1).
We believe that the detailed study of sub-Gaussian heat kernel estimates
and parabolic Harnack inequalities is relevant to global analysis on manifolds
and measure metric spaces. Further, it is also relevant to the study of heat
transfer on stochastic models such as percolation clusters.
Throughout the paper, f  g means that there exists c1 , c2 > 0 such that
c1 f (x) ≤ g(x) ≤ c2 g(x) for all x.
§2.

Heat Kernel Estimates and Harnack Inequalities on Graphs

In this section, we summarize recent work on heat kernel estimates and
parabolic Harnack inequalities on graphs.
§2.1.

Framework

Let Γ be a inﬁnite connected locally ﬁnite graph. Assume that the graph Γ
is endowed with a weight (conductance) µxy , which is a symmetric nonnegative
function on Γ × Γ such that µxy > 0 if and only if x and y are connected by a
bond (in which case we write x ∼ y). We call the pair (Γ, µ) a weighted graph.
We can regard it as an electrical network.
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We deﬁne a quadratic form on (Γ, µ) as follows. For each f, g ∈ RΓ := {h :
h is a function on Γ}, we set
1 
E(f, g) =
(2.1)
(f (x) − f (y))(g(x) − g(y))µxy .
2 x,y∈Γ
x∼y



We say (Γ, µ ) is a bounded perturbation of (Γ, µ) if µxy  µxy for all x ∼ y.


Now, deﬁne µx =
y∈Γ µxy for each x ∈ Γ. Set µ(A) =
x∈A µx for
each A ⊂ Γ; µ is then a measure on Γ. For each x ∼ y, deﬁne P (x, y) =
µxy /µx , which is then the transition probability matrix of the Markov chain
corresponding to E. To be precise, the Markov chain corresponding to E is a
continuous time Markov chain in which jumps occur along edge {x, y} at rate
µxy . In this section, we will consider instead the induced random walk, the
discrete time Markov chain which moves at unit time intervals to any vertex y
in the neighbourhood of x with probabilities given by {P (x, y)}, since its long
time asymptotic behaviour is similar to that of the continuous time Markov
chain. We denote the induced random walk by {Xn }n≥0 . The random walk is
reversible with respect to µ, indeed,
P (x, y)µx = µxy = µyx = P (y, x)µy .
The discrete Laplace operator corresponding to the random walk is

1 
P (x, y)f (y) − f (x) =
(f (y) − f (x))µxy .
Lf (x) =
µx y
y
Let Pn (x, y) be the transition function of the random walk Xn , i.e.
Pn (x, y) = Px (Xn = y).
Deﬁne the heat kernel of L (transition density of Xn ) by pn (x, y) := Pn (x, y)/µy .
Clearly, pn (x, y) = pn (y, x).
The natural metric on the graph obtained by counting the number of steps
in the shortest path between points is written d(x, y) for x, y ∈ Γ.
§2.2.

Recent results on heat kernel estimates and parabolic
Harnack inequalities on graphs

In this subsection, we will explain the results in [8, 12, 24, 25, 28]. Throughout this and the next subsections, we use the graph distance d(·, ·) and denote
B(x, r) = {y ∈ Γ : d(x, y) < r}, V (x, r) = µ(B(x, r)). We note that there are
also related recent work for heat kernel estimates on graphs with sub-Gaussian
heat transfer (cf. [3, 9, 31, 52, 53] etc.).
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Deﬁnition 2.1.
Let (Γ, µ) be a weighted graph and let β > 0.
(1) We say (Γ, µ) satisﬁes a (p0 ) condition if there exists p0 > 0 such that
pxy = µxy /µx ≥ p0

for all {x, y} ∈ B.

(2) We say (Γ, µ) satisﬁes a volume doubling condition (V D) if there exists
C1 > 1 such that
(2.2)

V (x, 2R) ≤ C1 V (x, R)

for all x ∈ Γ, R ≥ 1.

(3) We say (Γ, µ) has walk dimension β and (Γ, µ) satisﬁes (Eβ ) if
E x [TB(x,R) ]  Rβ ,

for all R ∈ [1, ∞), x ∈ Γ,

where TB(x,R) := inf{n ≥ 0 : Xn ∈
/ B(x, R)}.
(4) We say (Γ, µ) satisﬁes an elliptic Harnack inequality (EHI) if there exists
C1 > 0 such that, whenever x ∈ Γ, R ≥ 1 and h : Γ → R is non-negative and
harmonic in B(x, 2R),
sup

h(y) ≤ C1

y∈B(x,R)

inf

y∈B(x,R)

h(y).

(5) We say (Γ, µ) has resistance exponent β and (Γ, µ) satisﬁes (Rβ ) if
R(B(x, R), B(x, 2R)c ) 

Rβ
,
V (x, R)

for all R ≥ 1,

where resistance between disjoint sets A, B ⊂ X is deﬁned as follows.
(2.3)

R(A, B)−1 = inf{E(f, f ) : f ∈ RΓ , f |A = 1, f |B = 0}.

(6) We say (Γ, µ) satisﬁes (P HI(β)), a parabolic Harnack inequality of order
β if whenever u(n, x) ≥ 0 is deﬁned on [0, 4N ] × B̄(y, 2R) and satisﬁes
u(n + 1, x) − u(n, x) = Lu(n, x),
then
(2.4)

max u(n, x) ≤ C1

N ≤n≤2N
x∈B(y,R)

where N ≥ 2R and N

(n, x) ∈ [0, 4N ] × B(y, 2R),

min (u(n, x) + u(n + 1, x)),

3N ≤n≤4N
x∈B(y,R)

Rβ .

Theorem 2.1 ([25]).
Let (Γ, µ) be a weighted graph satisfying the (p0 )
condition. Then the following are equivalent.
(a) (Γ, µ) satisﬁes P HI(β).
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(b) (Γ, µ) satisﬁes (V D), (EHI) and (Eβ ).
(c) For x, y ∈ Γ, n ≥ d(x, y), the transition density of {Xn }n on (Γ, µ) satisﬁes
 
1/(β−1) 
d(x, y)β
C1
,
(U E(β))
pn (x, y) ≤
exp −
C1 n
V (x, n1/β )
 
1/(β−1) 
d(x, y)β
C2
pn (x, y) + pn+1 (x, y) ≥
. (LE(β))
exp −
C2 n
V (x, n1/β )
(d) (Γ, µ) satisﬁes (V D), (EHI) and (Rβ ).
Remark 1.
1) The graphs of pre-Sierpinski gaskets, pre-Sierpinski carpets and pre-nested fractals satisfy the above conditions (cf. [4, 9, 28, 31]).
2) When the above conditions hold, then β ≥ 2 (see [3] Lemma 1.1).
These equivalence conditions are very useful. But it is not clear whether
these conditions are stable under bounded perturbation of forms or not. (Especially, it is still a big open problem whether (EHI) is stable under bounded
perturbation or not (cf. [5, 48])).
Recently, equivalent conditions to the parabolic Harnack inequality which
are stable under bounded perturbation are given by Barlow-Bass [8].
Deﬁnition 2.2.
(1) We say (Γ, µ) satisﬁes (P I(β)), a scaled Poincaré
inequality with parameter β ≥ 2, if there exists a constants C1 > 0 such that
for any ball B = B(x0 , R) ⊂ Γ with R ≥ 1 and f : B → R,


(2.5)
(f (x) − f¯B )2 µx ≤ C1 Rβ
µxy (f (x) − f (y))2 ,
x∈B


−1

x,y∈B

where f¯B = µ(B)
y∈B f (y)µy .
(2) Let β ≥ 2 and θ ∈ (0, 1]. We say (Γ, µ) satisﬁes (CS(β, θ)), a cut-oﬀ Sobolev
inequality with exponents β and θ, if there exist constants C1 , C2 > 0 such that
for every x0 ∈ Γ, R ≥ 1, there exists a cut-oﬀ function ϕ(= ϕx0 ,R ) satisfying
the following properties.
(a) ϕ(x) ≥ 1 for x ∈ B(x0 , R/2).
(b) ϕ(x) = 0 for x ∈ B(x0 , R)c .
(c) |ϕ(x) − ϕ(y)| ≤ C1 (d(x, y)/R)θ for all x, y ∈ Γ.
(d) For any ball B(x0 , s) with 1 ≤ s ≤ R and f : B(x0 , 2s) → R,


(2.6)
f (x)2
µxy |ϕ(x) − ϕ(y)|2
x∈B(x0 ,s)



≤ C2 (s/R)2θ 

y∈Γ



x,y∈B(x0 ,2s)

µxy |f (x) − f (y)|2 + s−β




f (y)2 µy  .

y∈B(x0 ,2s)
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Theorem 2.2 ([8]).
Let (Γ, µ) be a weighted graph satisfying the (p0 )
condition. Then the following are equivalent.
(1) There exists θ ∈ (0, 1] such that (Γ, µ) satisﬁes (V D), (P I(β)) and
(CS(β, θ)).
(2) (Γ, µ) satisﬁes (P HI(β)).
Remark 2. Note that (CS(2, 1)) always holds. Indeed, essentially one
can take ϕ(x) = 2d(x, B(x0 , R)c )/R, then |ϕ(x) − ϕ(y)| ≤ 2/R if µxy > 0, and
(2.6) follows easily. Thus Theorem 2.2 is a nice extension of (1.3) to the cases
of β > 2.
Clearly, (V D), (P I(β)) and (CS(β, θ)) are stable under bounded perturbation of Dirichlet forms. Moreover, the conditions are stable under rough
isometries, as we will discuss in the next subsection.
On the other hand, in general it is not easy to check (CS(β, θ)). Very
recently, simpler equivalent conditions are given by Barlow-Coulhon-Kumagai
[12] under a stronger volume growth condition ((V G(β)) in Deﬁnition 2.3).
In order to state the results, we deﬁne the eﬀective resistance between
x = y ∈ Γ, which is a special case of (2.3), as follows.
(2.7)

R(x, y)−1 = inf{E(f, f ) : f ∈ RΓ , f (x) = 1, f (y) = 0}.

We deﬁne R(x, x) = 0 for each x ∈ Γ. For any x = y ∈ Γ, R(x, y) is positive
and ﬁnite (see Proposition 3.1). It can be shown that R(·, ·) is a metric on Γ.
Deﬁnition 2.3.
(1) We say (Γ, µ) satisﬁes a volume growth condition
(V G(β)) if there exist K > 1, C1 > 0 with α = log C1 / log K < β such that
V (x, KR) ≤ C1 V (x, R),

x ∈ Γ,

R ≥ 1.

(2) We say (Γ, µ) satisﬁes a resistance upper and lower bound of order β
(RU E(β)), (RLE(β)) if there exists C1 , C2 > 0 such that for all x, y ∈ Γ,
R(x, y) ≤ C1

d(x, y)β
,
V (x, d(x, y))

(RU E(β))

R(x, y) ≥ C2

d(x, y)β
.
V (x, d(x, y))

(RLE(β))

Note that (V G(β)) is stronger than (V D) and implies, for θ > 1
V (x, θR) ≤ c1 θ α V (x, R).
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Theorem 2.3 ([12]).
Let (Γ, µ) be a weighted graph satisfying the (p0 )
condition and assume (V G(β)). Then the following are equivalent.
(1) (Γ, µ) satisﬁes (U E(β)) and (LE(β)).
(2) (Γ, µ) satisﬁes (RU E(β)) and (RLE(β)).
When the above conditions hold, then the Markov chain is recurrent.
In the next section, we will discuss a resistance form version (see Deﬁnition
3.1) of this theorem using the resistance metric directly.
We note that measure metric space versions of [8, 24, 25] are being prepared
[6, 10, 26]. There is also a paper which mentions relations between two-sided
heat kernel estimates and parabolic Harnack inequalities on general measure
metric spaces [30].
§2.3.

Stability under rough isometries

In this subsection, we will discuss stability of parabolic Harnack inequalities under rough isometries.
Deﬁnition 2.4.
Let (Γ(1) , µ(1) ), (Γ(2) , µ(2) ) be weighted graphs satisfying the (p0 ) condition.
(1) A map T : Γ(1) → Γ(2) is called a rough isometry if the following holds.
There exist positive constants a, c > 1, b > 0 and M > 0 such that
(2.8) a−1 d(1) (x, y) − b ≤ d(2) (T (x), T (y)) ≤ ad(1) (x, y) + b
(2.9)
(2.10)

∀x, y ∈ Γ(1) ,

d(2) (T (Γ(1) ), y  ) ≤ M

∀y  ∈ Γ(2) ,

(1)
c−1 µ(1)
x ≤ µT (x) ≤ cµx

∀x ∈ Γ(1) ,

(2)

where µ(i) and d(i) (·, ·) are the measure and the graph distance of (Γ(i) , µ(i) )
respectively for i = 1, 2.
(2) (Γ(1) , µ(1) ), (Γ(2) , µ(2) ) are said to be roughly isometric if there is a rough
isometry between them.
The notion of rough isometry was ﬁrst introduced by M. Kanai ([32, 33]).
As the work was mainly concerned with Riemannian manifolds, the deﬁnition
of the rough isometry included only (2.8), (2.9). A deﬁnition equivalent to
Deﬁnition 2.4 is given in [17].
P HI(β) is stable under rough isometries.
Theorem 2.4 ([28]).
Let (Γ(1) , µ(1) ), (Γ(2) , µ(2) ) be weighted graphs
satisfying the (p0 ) condition. If (Γ(1) , µ(1) ) satisﬁes (P HI(β)) with respect to
















Heat Kernels and Harnack Inequalities

801

the graph distance and (Γ(1) , µ(1) ), (Γ(2) , µ(2) ) are roughly isometric, then (Γ(2) ,
µ(2) ) also satisﬁes (P HI(β)) with respect to the graph distance.
§3.

Results on Resistance Forms

In this section, we will discuss a resistance form version of Theorem 2.3.
We use the resistance metric directly and the time scale function is generalized
from r β to h(r) = rV (r) for some increasing function V with doubling property.
We ﬁrst deﬁne resistance forms, introduced by Kigami in [34, 35].
Deﬁnition 3.1.
Let X be a set. A pair (E, F̂ ) is called a resistance
form on X if it satisﬁes the following.
(1) E is a non-negative symmetric quadratic form and F̂ := {f ∈ RX : E(f, f ) <
∞}. E(u, u) = 0 if and only if u is constant on X.
(2) Let ∼ be an equivalent relation on F̂ deﬁned by u ∼ v if and only if u − v
is constant on X. Then, (F̂ / ∼, E) is a Hilbert space.
(3) For any ﬁnite subset V ⊂ X and for any v ∈ RV , there exists u ∈ F̂ such
that u|V = v.
(4) For any p, q ∈ X,

|u(p) − u(q)|2
sup
: u ∈ F̂, E(u, u) > 0 < ∞.
(3.1)
E(u, u)
(5) (Markov property): If u ∈ F̂ , then ū ∈ F̂ and E(ū, ū) ≤ E(u, u), where
ū := (0 ∨ u) ∧ 1.
Note that (1) is slightly modiﬁed from the original deﬁnition in [34, 35].
Electric networks of weighted graphs are resistance forms.
Proposition 3.1.
Let (Γ, µ) be a weighted graph satisfying the (p0 ) condition. Deﬁne E as in (2.1) and F̂ := {f ∈ RΓ : E(f, f ) < ∞}. Then (E, F̂ ) is
a resistance form.
Proof. (1), (2), (3), (5) of Deﬁnition 3.1 are easy by deﬁnition of the
weighted graph. So, we will prove (4). Denote the left hand side of (3.1) as
M (p, q). Note that, for each u ∈ F̂ which is not a constant function, we can
take α, β ∈ R so that v = αu + β satisﬁes v(p) = 1, v(q) = 0. Thus
M (p, q) = sup{E(v, v)−1 : v ∈ F̂ , v(p) = 1, v(q) = 0}
= (inf{E(v, v) : v ∈ F̂, v(p) = 1, v(q) = 0})−1 .
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Now take a shortest step p = x0 , x1 , . . . , xn−1 , xn = q such that xi ∼ xi+1
(0 ≤ i ≤ n − 1). Then we have
 n−1

1
−1
2
(v(xi ) − v(xi+1 )) µxi xi+1 : v(x) = 1, v(y) = 0 .
M (p, q) ≥ inf
2 i=0
Using the (p0 ) condition and Jensen’s inequality, the right hand side is greater
than or equal to c1 /n > 0 for some c1 > 0.
We note that we can also prove M (p, q) > 0 for p = q. Indeed, by taking
h ∈ RΓ so that h(p) = 1 and h(z) = 0 for all z = p, we have M (p, q)−1 ≤

y:y∼p µpy /2 = µp /2 < ∞.
Let (E, F̂ ) be a resistance form on a set X. We deﬁne the eﬀective resistance between points by the left hand side of (3.1) (which is equal to (2.7), with
f ∈ F̂ instead of f ∈ RΓ ). Then the following is proved in section 2.3 of [35].
Lemma 3.1.
1) The function R(·, ·) is a metric on X.
2) For all f ∈ L2 (X, µ) and x, y ∈ X,
(3.2)

|f (x) − f (y)|2 ≤ R(x, y)E(f, f ).

Further, for each x, y ∈ X, there exists f so that the equality holds in (3.2).
Using this lemma, we may take a completion of X. Then, one can prove
that (E, F̂ ) is a resistance form on the completion of X and the resistance
metric can be naturally extended (see Theorem 2.3.10 in [35]). Thus, we may
and will assume that (X, R) is complete.
We note the deﬁnition of R can be generalized for arbitrary disjoint A, B ⊂
X as in (2.3), with f ∈ F̂ instead of f ∈ RΓ .
Now, let (X, d, µ) be a measure metric space. Throughout the paper, we
assume that X is a locally compact separable connected metric space, µ is a
non-negative σ-ﬁnite Borel measure on X, ﬁnite on compact sets and strictly
positive on non-empty open sets and d is a metric on X. We assume (E, F̂)
is a resistance form on X and the topology induced by the resistance metric
is compatible with the topology induced by d. Further, we assume that E is
local, i.e. for each u, v ∈ F̂ where Supp u and Supp v are disjoint compact sets,
E(u, v) = 0. Then, F̂ ∩ C0 (X) is closable where C0 (X) is a space of compact
supported continuous functions on X with respect to d. Denoting its E 1 -closure
as F , we can prove that (E, F) is a local regular Dirichlet form on L2 (X, µ)
(see [22] for details on Dirichlet forms). We denote −L the corresponding
non-negative self-adjoint operator. Note that due to (3.2), elements in F are
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Hölder continuous with respect to the resistance metric. Since the topology
induced by d and by the resistance metric are compatible, F ⊂ C(X). Thus
the corresponding diﬀusion is determined without any ambiguity of starting
points and the corresponding semigroup Pt is Feller, i.e. Pt (Cb (X)) ⊂ Cb (X).
Using the fact F ⊂ C(X), we can also prove that there exists a version of the
transition density (heat kernel) pt (x, y) for each (t, x, y) ∈ (0, ∞) × X × X.
From now on, B(x, r) and V (x, r) will be deﬁned with respect to the
resistance metric as follows; let B̂(x, r) := {y ∈ X : R(x, y) < r} and B(x, r) be
the connected component of B̂(x, r) containing x, V (x, r) := µ(B(x, r)). Note
that B̂(x, r) is not necessarily connected (see Remark 7.19 of [2]).
Throughout this paper, let V : [0, RX ) → [0, ∞) be a strictly increasing
function with V (0) = 0 and V (2r) ≤ C1 V (r) for all r ∈ [0, RX ), where RX
is the diameter of X with respect to the resistance metric. Note that V (r)
is diﬀerent from V (x, r). We set h(r) := rV (r). V will be used as a volume
growth function and h as a time scale function.
We now give several notions which will be used.
• Uniform volume growth with volume doubling condition: there exist
C1 , C2 > 0 such that
C1 V (r) ≤ V (x, r) ≤ C2 V (r)

for all x ∈ X, r ∈ [0, RX ).

(U V D)

Remark 3. 1) When (Γ, µ) is a weighted graph satisfying the (p0 ) condition, (E, F̂ ∩ L2 (X, µ)) is a local regular Dirichlet form on L2 (X, µ), where
(E, F̂) is given in Proposition 3.1. But (E, F̂ ∩L2 (X, µ)) does not satisfy (U V D)
for very small r. A relevant condition for such discrete examples is that (U V D)


holds for r ∈ [RX
, RX ) where 0 ≤ RX
< RX instead of r ∈ [0, RX ) (we denote

this modiﬁed condition as (U V D )).
2) The weighted graph on Zd (d ≥ 2) with µxy ≡ 1 for x ∼ y does not satisfy
(U V D ). Indeed, V (x, r) = ∞ if r is large for d ≥ 3, and V (r) = exp(c1 r) for
d = 2.
• Upper and lower heat kernel estimates: there exist C1 , C2 > 0 such that
the following holds for all x, y ∈ X, t ∈ (0, TX ), r ∈ [0, RX ).


R(x, y)
C1 h−1 (t)
pt (x, y) ≤
exp −
,
(U E(h))
t
C1 V −1 (t/R(x, y))


R(x, y)
C2 h−1 (t)
exp −
pt (x, y) ≥
.
(LE(h))
t
C2 V −1 (t/R(x, y))
Here TX > 0 is a constant depending only on X, such that TX < ∞ if diamX <
∞ and TX = ∞ if diamX = ∞.
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Note that h−1 (t)/t = 1/V (h−1 (t)). We will sometimes express the pair of
estimates (U E(h)), (LE(h)) as


R(x, y)
C1 h−1 (t)
exp −
pt (x, y) 
(3.3)
.
t
C1 V −1 (t/R(x, y))
• There exist C2 , C3 > 0 such that
pt (x, y) ≥

C2 h−1 (t)
t

if

h(C3 R(x, y)) ≤ t.

(N LE(h))

• For A ⊂ X, let TA be the ﬁrst exit time from A, i.e. TA = min{t ≥ 0 :
Xt ∈
/ A}. Then the following holds for all x ∈ X, t ∈ (0, TX ), r ∈ [0, RX ).
Ex [TB(x,r) ]  h(r),

(Eh )


Ψt (x, r) := Px (TB(x,r) ≤ t) ≤ C1 exp −

C2 r
−1
V (t/r)


.

(Ψ)

• Parabolic Harnack inequality of order h:
for some 0 < γ1 < γ2 <
γ3 < γ4 , 0 < δ < 1 and for any s ∈ (0, TX ), r ∈ [0, RX ), x ∈ X, set Q =
(s, s + γ4 h(r)) × B(x, r) and
Q− : = (s + γ1 h(r), s + γ2 h(r)) × B(x, δr),
Q+ : = (s + γ3 h(r), s + γ4 h(r)) × B(x, δr).
Let u(t, x) ≥ 0 be deﬁned on Q and satisfy
∂u(t, x)
= Lu(t, x),
∂t

(t, x) ∈ Q.

Then,
sup
(t,x)∈Q−

u(t, x) ≤ C1

inf

(t,x)∈Q+

u(t, x).

Let (X, d, µ) be a measure metric space. Our main theorem is the following.
Theorem 3.1.
Let (E, F̂) be a resistance form on X and assume that
the topology induced by the resistance metric is compatible with the topology
induced by d. Assume further that E is local and let F be the E 1 -closure of
F̂ ∩ C0 (X). Then the following are equivalent.
(1) (E, F ) satisﬁes (U V D).
(2) (E, F ) satisﬁes (U E(h)) and (N LE(h)).
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If we further assume the following, we can obtain an equivalence to the
full two-sided heat kernel estimate.
• Chain condition: there exists C1 > 0 such that for all x, y ∈ X and all
n ∈ N, there exists {x0 , x1 , . . . , xn } ⊂ X with x0 = x, xn = y such that
R(xi , xi+1 ) ≤ C1 R(x, y)/n

for all 0 ≤ i ≤ n − 1.

(CC)

Corollary 3.1.
Let (E, F) be as in Theorem 3.1 and assume that (CC)
holds. Then the following are equivalent.
(1) (E, F) satisﬁes (U V D).
(2) (E, F) satisﬁes (U E(h)) and (LE(h)).
Remark 4. In fact, (CC) “seldom” holds; even for the Dirichlet form
corresponding to Brownian motion on the Sierpinski gasket, (CC) does not
hold (see Example 2 in §5). However, when X is a tree, (CC) holds (Example
1 in §5).
Under (U V D), we always have (P HI(h)).
Proposition 3.2.
Let (E, F ) be as in Theorem 3.1 and assume that
(U V D) holds. Then, (E, F) satisﬁes (P HI(h)).
Remark 5. Note that these results can be generalized (by essentially the
same proof) under the volume doubling condition. Let hx (r) = rV (x, r). Then,
(V D) implies (U E(hx )), (N LE(hx )) and (P HI(hx )) for all x ∈ X. Assume in
addition (CC), then (LE(hx )) holds for all x ∈ X.
Finally, we note that (P HI(h)) implies slightly weaker heat kernel estimates. The next proposition is a modiﬁcation of a result in [30]. Here we do
not need to assume the Dirichlet form to be a resistance form.
Proposition 3.3.
Let (E, F ) be a local regular Dirichlet form on
L2 (X, µ) and assume that (P HI(h)) holds for some h : R+ → R+ where
V (r) := h(r)/r is an increasing function with V (2r) ≤ C1 V (r) for all r ∈
[0, RX ). Then, there exists a heat kernel of (E, F) with the following estimates.


R(x, y)
C1
exp −
pt (x, y) ≤
,
V (x, h−1 (t))
C1 V −1 (t/R(x, y))
C2
for h(C3 R(x, y)) ≤ t.
pt (x, y) ≥
V (x, h−1 (t))
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Remark 6.
As mentioned in Remark 3, discrete examples such as weighted graphs do not satisfy (U V D) so the assertions here do not include them.
By modifying the conditions (for example (U V D ) instead of (U V D)), we may
give statements that include such cases, but we do not discuss them here.
§4.

Proof

In this section, we will give the proof of the results in section 3. We note
that most of the proof in §4.1 and §4.2 is based on the proof in [12].
§4.1.

Proof of theorem 3.1 (1) ⇒ (2): upper bound

We begin with the on-diagonal upper bound.
Proposition 4.1.
pt (x, y) ≤

Assume (U V D). Then, there exists C1 > 0 such that

C1 h−1 (t)
,
t

for all x ∈ X, t ∈ (0, TX ).

(DU E(h))

Proof. We follow the proof in [12]. Let ft (y) = pt (x, y) and
ψ(t) = ||ft ||22 = p2t (x, x) = f2t (x).

Since B(x,r) ft dµ ≤ 1 for r > 0, there exists y = y(t, r) ∈ B(x, r) with ft (y) ≤
V (x, r)−1 ≤ c1 V (r)−1 . Using (3.2),
c21
1
ft (x)2 ≤ ft (y)2 + |ft (x) − ft (y)|2 ≤
+ E(ft , ft )R(x, y).
2
V (r)2
Since R(x, y) < r, it follows that
rE(ft , ft ) ≥

1
c21
ψ(t/2)2 −
.
2
V (r)2

Hence

2c21 V (r)−2 − ψ(t/2)2
.
r
Now ψ  (t) = 4(Lft , Lft ) ≥ 0, so ψ  (t/2) ≤ ψ  (t). We thus obtain
ψ  (t) = −2E(ft , ft ) ≤

ψ  (t) ≤ ψ  (2t) ≤

2c21 V (r)−2 − ψ(t)2
.
r

Set ϕ(t) = 2/ψ(t), then ϕ is increasing and
1
2 − c21 ϕ(t)2 V (r)−2
.
ϕ (t) = − ϕ(t)2 ψ  (t) ≥
2
r
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So, if r = r(t) is chosen so that ϕ(t) ≤ V (r(t))/c1, then ϕ (t) ≥ r(t)−1 .
Choose r so that V (r(t)) = c1 ϕ(t); then r is increasing. Hence r  (t)V  (r(t))
= c1 ϕ (t) ≥ c1 r(t)−1 and we have
 t
r(s)(V (r(s))) ds ≤ r(t)V (r(t)).
c1 t ≤
0

Let R > 0, and choose s so that r(s) = R. Then c1 s ≤ r(s)V (r(s)) = RV (R),
so ϕ(RV (R)/c1 ) ≥ ϕ(s) = V (r(s))/c1 = V (R)/c1 . Noting that h(R) = RV (R),
we have p2h(R)/c1 (x, x) ≤ 2c1 Rh(R)−1 . Rearranging, we obtain (DU E(h)).
Lemma 4.1.
(4.1)

Under (U V D), the following holds.

C1 r ≤ R(x, B(x, r)c ) ≤ r

for all r ≥ 0, x ∈ X.

Proof. Take y, z ∈ B(x, r) with R(y, z) = λr, λ ≤ 1. We have by (3.2),
(4.2)

|f (y) − f (z)|2 ≤ R(y, z)E(f, f ) = λrE(f, f ),

for all f ∈ F.

Let z ∈ X be such that c1 r ≤ R(x, z) ≤ r for some c1 < 1. If hz is the harmonic
function on X \ {x, z} with hz (z) = 0, hz (x) = 1 then E(hz , hz ) = R(x, z)−1 .
Applying (4.2), we have, if R(y, z) = λr,
|hz (y)|2 = |hz (y) − hz (z)|2 ≤

λ
λr
≤ .
R(x, z)
c1

So there exists a constant λ1 such that R(y, z) ≤ λ1 r implies that hz (y) ≤ 12 .
Now use (U V D) to cover B(x, r)\B(x, c1r) by balls B(zi , λ1 r), 1 ≤ i ≤ M ,
with c1 r ≤ R(x, zi ) ≤ r. (Volume doubling condition is enough to do this and
M depends only on the volume doubling constant.) Let g = min hzi , and
h = 2(g − 12 )+ · 1B(x,r) . Then h(x) = 1, and h = 0 on B(x, c1 r)c , so that

R(x, B(x, r)c )−1 ≤ E(h, h) ≤ 4
E(hzi , hzi ) ≤ 4M (min R(x, zi ))−1 ≤ c2 r −1 .
i

i

We thus obtain the ﬁrst inequality of (4.1). The second inequality of (4.1) is
clear because R(x, B(x, r)c ) ≤ R(x, y) for all y ∈ ∂B(x, r).
From this lemma, we see that B̂(x, C1 r) ⊂ B(x, r).
Proposition 4.2.
Assume (U V D). Then there exist C1 , C2 > 0 such
that the following holds for all r ≥ 0 and x0 , x ∈ X.
(4.3)

Ex0 [TB(x0 ,r) ] ≥ C1 h(r),

Ex [TB(x0 ,r) ] ≤ C2 h(r).

In particular, (Eh ) holds.
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Proof. Denote B := B(x0 , r) and let (E B , F B ) be the part of the Dirichlet
form in the sense of [22] section 4.4. By Theorem 4.4.3 of [22], it is a regular
Dirichlet form on L2 (B, µ) with F B ⊂ {f ∈ F : f (x) = 0 on x ∈ B c }. Let XtB
be the corresponding Hunt process, which is a process with the killing condition
outside B. Using (3.2), we have
sup |f (x)|2 ≤ rE(f, f )

(4.4)

for all f ∈ F B .

x∈B

Thus, (E B , F B ) is a transient Dirichlet form so that the extended Dirichlet
space (E B , (F B )e ) is a Hilbert space (Theorem 1.5.3 in [22]). Using (4.4) and
the Riesz representation theorem, there exists a Green kernel gB (·, ·) with the
reproducing property; E(gB (x, ·), f ) = f (x) for all f ∈ F B . Using the reproducing property and Deﬁnition 3.1 (1), gB (x, y) = gB (y, x) and gB (x, x) > 0
for all x, y ∈ B. Set px (y) := gB (x, y)/gB (x, x). Then px is an equilibrium
potential for R(x, B c ) and we have
R(x, B c )−1 = E(px , px ) = gB (x, x)−1 .

(4.5)

Since px (y) ≤ 1 for all y ∈ X,
gB (x, y) ≤ gB (x, x)

(4.6)

for all x, y ∈ X.

On the other hand, by the deﬁnition of the resistance,
R(x, B c ) ≤ R(x, y)

for all x, y ∈ X, y ∈ B c ,

so that gB (x, x) ≤ r. Now, since

E [TB(x0 ,r) ] =
x

(4.7)

gB (x, y)dµ(y),
B

we have
Ex [TB(x0 ,r) ] ≤ rV (x0 , r) ≤ c1 h(r),
where we use (4.6) and (U V D). We thus obtain the second inequality of (4.3).
Next, by (3.2) and the reproducing property of gB , we have for y ∈ B,
|gB (x0 , x0 ) − gB (x0 , y)|2 ≤ E(gB , gB )R(x0 , y) = gB (x0 , x0 )R(x0 , y).
Thus, by (4.5) we have
|1 − px0 (y)|2 ≤

R(x0 , y)
.
R(x0 , B c )
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Now using Lemma 4.1, we see that there exists δ > 0 such that
(4.8)

px0 (y) =

gB (x0 , y)
≥ 1/2
gB (x0 , x0 )

for all y ∈ B(x0 , δr).

On the other hand, by (4.5) and Lemma 4.1, we have gB (x0 , x0 ) = R(x0 , B c ) ≥
c2 r. Combining this with (4.8), we have
gB (x0 , y) ≥ c3 r,

for all y ∈ B(x0 , δr).

Using this with (4.7) and (U V D), we have

Ex0 [TB(x0 ,r) ] =
gB (x0 , y)dµ(y) ≥ c4 rV (x0 , δr) ≥ c5 h(r),
B

where c5 > 0 depends on δ. We thus obtain the ﬁrst inequality of (4.3).
The next lemma is known when h(r) = r β for some β ≥ 2. The following
proof is a modiﬁcation of the known proof.
Lemma 4.2.

(4.3) ⇒ (Ψ).

Proof. We ﬁrst prove that there exists 0 < c1 < 1 and c2 > 0 such that
(4.9)

Px (TB(x,r) ≤ s) ≤ 1 − c1 + c2 s/h(r)

for all x ∈ X, s ≥ 0.

Indeed, by the Markov property, for each x ∈ X we have
Ex TB(x,r) ≤ s + Ex [1{TB(x,r) >s} EXs TB(x,r) ].
Applying (4.3), we have
c3 h(r) ≤ s + c4 h(r)Px (TB(x,r) > s) = s + c4 h(r)(1 − Px (TB(x,r) ≤ s)).
Rearranging gives (4.9).
Next, let l ≥ 1, b = r/l, and deﬁne stopping times σi , i ≥ 0 by
σ0 = 0, σi+1 = inf{t ≥ σi : R(Xσi , Xt ) ≥ b}.
Let ξi = σi − σi−1 , i ≥ 1. Let F t be the ﬁltration generated by {Xs : s ≤ t}
and let G m = F σm . We have by (4.9)
Px (ξi+1 ≤ t|G i ) = PXσi (TB(Xσi ,b) ≤ t) ≤ p + c2 t/h(b),
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where 0 < p < 1. As R(Xσi , Xσi+1 ) = b, we have R(X0 , Xσl ) ≤ r, so that

σl = li=1 ξi ≤ TB(X0 ,r) . So, by Lemma 3.14 in [2],


log Px TB(x,r) ≤ t ≤ 2p−1/2



c2 lt
h(r/l)



1/2
− l log(1/p) = c5

lt
h(r/l)

1/2
− c6 l.

Now take l0 ∈ N the largest integer l that satisﬁes

1/2
lt
c6 l/2 > c5
(4.10)
.
h(r/l)
This is equivalent to r/l > V −1 (c7 t/r) where c7 = 4c25 /c26 . Note that if r ≤
V −1 (c7 t/r), then (Ψ) clearly holds by taking C1 > 0 large, so we may assume
that (4.10) holds for small l ∈ N. Then
l0 <

r
≤ l0 + 1,
V −1 (c7 t/r)

and

log Px (TB(x,r) ≤ n) ≤ −c6 l0 /2.

We thus obtain (Ψ).
Remark 7.

When h(r) = r β , (Ψ) turns out to be the following.
Px (TB(x,r) ≤ t) ≤ C exp(−c(r β /t)1/(β−1) ).

In order to show (U E(h)), all we need now is to prove (U V D)+(DU E(h))+
(Ψ) ⇒ (U E(h)). Since the proof is standard, we omit it (see, for example,
Theorem 3.11 in [2]).
§4.2.

Proof of theorem 3.1 (1) ⇒ (2): lower bound

We ﬁrst give an upper estimate for the time derivative of the heat kernel,
which will be used later. Since it is well-known, we omit the proof (see, for
example, Proposition 4.16 in [2]).
Lemma 4.3.
Assume that (U V D) and (DU E(h)) holds. Then,


 ∂t

C1 h−1 (t)
(4.11)  pt (x, x) = E(pt/2 (·, x), pt/2 (·, x)) ≤
, ∀x, y ∈ X, t > 0.
∂t
t2
We now start proving (N LE(h)). To begin with, we will obtain the ondiagonal lower estimate.
Proposition 4.3.
such that for all t > 0,

Assume (U V D) and (Eh ). Then, there exists C1 > 0
pt (x,x) ≥

C1 h−1 (t)
.
t

(DLE(h))
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Proof. The proof is standard. Using (4.9) we have that
/ B(x, r)) ≤ P(TB(x,r) ≤ t) ≤ 1 − c1 + c2 t/h(r).
Px (Xt ∈
Hence by choosing r such that c3 h(r) < t < c1 h(r)/(2c2 ) for some c3 > 0, we
have
Px (Xt ∈
/ B(x, r)) ≤ c4 < 1.
Thus Px (Xt ∈ B(x, r)) ≥ 1 − c4 > 0. By Cauchy-Schwarz,


2

(1 − c4 ) ≤ P (Xt ∈ B(x, r)) =
2

x

2

≤ V (x, r)p2t (x, x).

pt (x, z)dµ(z)
B(x,r)

Now, using the lower bound on our choice of t and (U V D), we obtain
p2t (x, x) ≥

c5 h−1 (t)
.
t

Rewriting in terms of t and adjusting, we have the result.
We next prove a near-diagonal lower estimate.
Lemma 4.4.
Assume (U V D), (DU E(h)) and (DLE(h)). Then, there
exist C2 , C3 > 0 such that
pt (x, y) ≥

C2 h−1 (t)
t

if

h(C3 R(x, y)) ≤ t.

(N LE(h))

Proof. First, using (3.2) and Lemma 4.3, we have
|pt (x, y) − pt (x, y  )|2 ≤ R(y, y  )E(pt (·, x), pt (·, x)) ≤

c1 h−1 (t)
R(y, y  ).
t2

Using this and (DLE(h)),
(4.12)

pt (x, y) ≥ pt (x, x) − |pt (x, x) − pt (x, y)|
c2 h−1 (t)
≥
−
t
=

c1 h−1 (t)
R(x, y)
t2

1/2


c2 h−1 (t)1/2  −1 1/2
h (t) − c3 R(x, y)1/2 .
t

Now, taking C3 large enough, we have h−1 (t)1/2 /2 ≥ c3 R(x, y)1/2 if h(C3
R(x, y)) ≤ t holds. We thus obtain the result.
















812

Takashi Kumagai

§4.3.

Proof of the rest

The rest of the proof in Theorem 3.1 and the proof of Corollary 3.1 is
standard. So we will just mention references.
The proof (2) ⇒ (1) in Theorem 3.1 goes by simple modiﬁcations of [24]
Proposition 15.1. Under (CC), we can apply the standard chain argument to
deduce (LE(h)) from (N LE(h)) and (U V D) (see, for example, Theorem 3.11
in [2]). Thus Corollary 3.1 holds.
For the proof of Proposition 3.2, the following lemma is important.
Lemma 4.5.
Let x0 ∈ X, B := B(x0 , r) and let pB
t (x, y) be the transition density of the process killed at B c . Suppose (U E(h)) and (N LE(h)) hold.
Then, there exist C1 , C2 , C3 > 0 and 0 < δ < 1 such that the following holds.


C2
C1 h−1 (t)
B
≥
∀x, y ∈ B(x0 , δr), h(C3 δr) ≤ ∀t ≤ h(2C3 δr).
pt (x, y) ≥
t
V (δr)
Proof. We will use the following Dynkin-Hunt formula,
(4.13)

x
pB
t (x, y) = pt (x, y) − E [1{TB ≤t} pt−TB (XTB , y)].

First, by taking C3 as 2C3 in Lemma 4.4, we can estimate pt (x, y) from below
using (N LE(h)).
Denote δ  = C3 δ. If ξ ∈ ∂B and t ≤ t, then R(ξ, y) ≥ (1 − δ)r. Thus,
taking = r,t ∈ (0, 1] such that h( δ  r) ≤ t ≤ h(2 δ  r), we have by (U E(h)),
 

(1 − δ)r
C1 h−1 (t )
pt (ξ, y) ≤
exp −
t
C1 V −1 (t /((1 − δ)r))




−1
−1 
C2 h (t) 2C1 h (t )/t
(1 − δ)r
≤
exp
−
2t
C2 h−1 (t)/t
C2 V −1 (t /((1 − δ)r))


(1 − δ)r
C2 h−1 (t)
h(δ  r)
· c3
exp
−
≤
2t
h( δ  r)
c4 V −1 ( δ  V ( δ  r)/(1 − δ))


c5
1−δ
C2 h−1 (t)
· α−1 exp −
.
≤
2t
c4 δ 
Here we use the fact h(2r) ≤ c6 h(r) (we then set α = log c6 / log 2) and
V −1 ( δ  V ( δ  r)/(1 − δ)) ≤ V −1 (V ( δ  r)) = δ  r (here we take δ small so that
δ  /(1 − δ) ≤ 1) in the last inequality. By taking δ small enough, the last term is
smaller than C2 h−1 (t)/(2t). Putting this and (N LE(h)) into (4.13), we obtain
the desired estimate.
Using this lemma, the proof of Proposition 3.2 goes by simple modiﬁcations
of [20] section 3. See also section 5 of [30] and section 3.3 of [19]. Proposition
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3.3 is a special case of Theorem 5.3 in [30]. Indeed, h−1 corresponds to ρ in [30]
and it satisﬁes conditions (R1)’, (R2) in the paper. r/V −1 (t/r) corresponds to
G(t, r) in the paper. Note that we cannot obtain the oﬀ-diagonal lower heat
kernel estimate because the resistance metric is not a geodesic in general.
§5.

Examples

In this section, we give examples where (U E(h)) and (N LE(h)) holds.
Example 1: Trees
Let (X, d, µ) be a measure metric space. d is called a geodesic if for any two
points x, y ∈ X, there exists a continuous map γ : [0, d(x, y)] → X such that
d(γ(s), γ(t)) = t − s for all 0 ≤ s ≤ t ≤ d(x, y). (X, d, µ) is called a tree if it
is the geodesic measure metric space and {γ(t) : 0 ≤ t ≤ d(x, y)} is uniquely
determined (independent of the choice of γ). In other word, tree is a loopless
geodesic space.
Assume that (X, d, µ) is a tree. Then, it is a dendrite in the sense of
Kigami [34]. Thus, by Theorem 5.4 in [34] there exists a resistance form (E, F̂ )
on X associated to (X, d) such that (E, F̂ ∩L2 (X, µ)) is a local regular Dirichlet
form on L2 (X, µ). The resistance metric for (E, F̂) is equal to d so that it is a
geodesic. By Theorem 3.1 and Corollary 3.1, we have the following.
Proposition 5.1.
Let (X, d, µ) is a tree and assume (E, F) is an associated local regular Dirichlet form on L2 (X, µ). Then, (U V D) with respect to
d is equivalent to (U E(h)) + (LE(h)) with respect to d.
Proposition 5.1 generalizes the result in [16], where trees with V (r) = r
are treated.
Example 2: P.c.f. self-similar sets
P.c.f. self-similar sets (cf. [35]) are a class of ﬁnitely ramiﬁed fractals introduced
by Kigami.
Let X be a compact metrizable space with S = {1, 2, . . . , N } and continuous injections Fi : X → X (1 ≤ i ≤ N ). L = (X, S, {Fs }s∈S ) is called a post
critically ﬁnite (p.c.f.) self-similar set if L satisﬁes the following.
1) There exists continuous surjection π : S N → X such that π ◦ σ̃s = Fs ◦ π for
all s ∈ S. Here σ̃s : S N → S N is a map such that σ̃s (w1 w2 · · ·) = sw1 w2 · · ·.
2) Let P (L) = ∪n≥1 σ n (π −1 (∪s,t∈S,s=t (Fs (X) ∩ Ft (X)))), where σ(w1 w2 · · ·) =
w2 w3 · · ·. Then P (L) < ∞.
One of the typical examples of p.c.f. self-similar sets is the Sierpinski gasket.
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The (2-dimensional) Sierpinski gasket is a unique non-void compact set X ⊂ R2
that satisﬁes X = ∪i∈S Fi (X) where S = {1, 2, 3} and Fi : R2 → R2 is given by
√
Fi (x) = (x + ai )/2 with a1 = (0, 0), a2 = (1, 0) and a3 = (1/2, 3/2).
We will consider connected p.c.f. self-similar sets. Denote Fw = Fw1 ◦
· · · ◦ Fwm for w = w1 · · · wm and let V0 = π(P ), Vm = ∪w∈S m Fw (V0 ), V∗ =
∪m≥0 Vm . Let D : RV0 → RV0 be a symmetric irreducible linear map so that

Dpp < 0, Dpq ≥ 0, p = q, q∈V0 Dpq = 0, p ∈ V0 , and let r = (r1 , . . . , rN )
be ri > 
0 (i ∈ S). 
The simplest example of (D, r) for the Sierpinski gasket
−2 1 1


is D =  1 −2 1  , r = (1, 1, 1). For w ∈ S m , let Rw : RVm → RV0 be
1 1 −2
as Rw (u) = u ◦ Fw and let rw = rw1 · · · rwm . We deﬁne a diﬀerence operator
Hm : RVm → RVm as follows,



Tm t Jm
−1 t
rw Rw DRw =
Hm =
,
Jm Km
w∈S m
where Tm : RV0 → RV0 , Jm : RV0 → RVm \V0 and Km : RVm \V0 → RVm \V0 . We
assume the following for (D, r).
Assumption. 1) There exists λ > 0 such that T1 − t J1 K1−1 J1 = λ−1 D.
2) rs < λ for all s ∈ S.
For u, v ∈ RVm , deﬁne a quadratic form E m as E m (u, v) = −λm t uHm v.
Under Assumption 1),
(5.1)

inf{E m+1 (u, u), u|Vm = v} = E m (v, v),

for all v ∈ RVm

so that E m (u|Vm , u|Vm ) ≤ E m+1 (u, u) for u ∈ RVm+1 . Thus, letting


F ∗ = f ∈ RV∗ : lim E m (f, f ) < ∞ , E(f, g) = lim E m (f, g) ∀f, g ∈ F ∗ ,
m→∞

m→∞

we have a quadratic form on V∗ . Under Assumption 2), one can deﬁne the
resistance metric on V∗ and all the elements in F ∗ can be extended continuously
to X. We denote the set of the extended functions as F .

Now, for µi > 0 with i∈S µi = 1, let µ be a Bernoulli measure on X so
that µ(Fw1 ···wm (X)) = µw1 · · · µwm . Note that F ⊂ C(X) ⊂ L2 (X, µ).
Theorem 5.1 ([35]).
1) (E, F) is a local regular Dirichlet form on
L2 (X, µ). It satisﬁes Lemma 3.1 and the following holds with ρi := λ/ri > 1.

E(f, g) =
ρi E(f ◦ Fi , g ◦ Fi )
for all f, g ∈ F.
i∈S
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2) Let ∆µ be the corresponding self-adjoint operator on L2 (X, µ). Then −∆µ
has the compact resolvent. Deﬁne nµ (x) = {λ|λ is an eigenvalue of −∆µ ≤ x.}

and let ds (µ) > 0 be the unique number which satisﬁes i∈S (µi /ρi )ds (µ)/2 = 1.
Then,
(5.2)

0 < lim inf nµ (x)/xds (µ)/2 ≤ lim sup nµ (x)/xds (µ)/2 < ∞.
x→∞

x→∞

3) Let S > 0 be the unique number which satisﬁes
(5.3)


i∈S

ρ−S
= 1. Then,
i

max{ds (µ) : µ is a Bernoulli measure on X.} =

2S
.
S+1

Further, maximum is attained by µ with µi = ρ−S
for all i ∈ S.
i
The former example of (D, r) on the Sierpinski gasket satisﬁes Assumption
1), 2) with λ = 5/3. For the case, µ is µ(Fw1 ···wn (X)) = 1/3n and the middle
inequality of (5.2) turns out to be a strict inequality. It is known that for
(aﬃne) nested fractals, which is a subclass of p.c.f. self-similar sets with strong
symmetry, there exists (D, r) which satisﬁes Assumption 1), 2) (cf. [21, 37, 42]).
Note that the Sierpinski gasket is an example of an (aﬃne) nested fractal.
We consider µ with µi = ρ−S
i , i ∈ S. This case is in the framework of
section 3 and (U V D) holds with V (r) = r S . Thus, by Theorem 3.1, we have
(U E(h)) and (N LE(h)). In fact, detailed heat kernel estimates are obtained
in [27].
Theorem 5.2 ([27]).
There exists a jointly continuous version of the
transition density pt (x, y) such that the following estimate holds.
pt (x, y)  C1 t

−ds /2


 
dc
(x,y)/(S+1−dck(m,t) (x,y))
R(x, y)S+1 k(m,t)
,
exp −
C1 t

for all x, y ∈ X, 0 < t ≤ 1, with the notation of  as in (3.3). Here dck (x, y) =
1
k log Nm+k (x, y), Nm (x, y) is the shortest path counting function for the resistance metric at level m, and
k = k(m, t) := inf{j : Nm+j (x, y)e−(S+1)(m+j) < t}.
See [27] for details. Note that in general we cannot obtain uniform estimates for dck (x, y) as shown in [27] section 6. Thus, we cannot get (LE(h)) in
general as mentioned in section 3.
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For (aﬃne) nested fractals, it is known that there exists a geodesic d such
that R(x, y)  d(x, y)θ holds for some θ ≤ 1 and
 
dr /(S+1−drc ) 
R(x, y)S+1 c
−S/(S+1)
pt (x, y)  C1 t
exp −
,
C1 t
for all x, y ∈ X, 0 < t ≤ 1 where drc = 1/θ (see [21, 37]). When θ < 1, this
estimate is diﬀerent from (U E(h)) + (LE(h)) with V (r) = r S . This means,
(LE(h)) and (CC) do not hold and (U E(h)) is not the best estimate when
θ < 1. For the case of Brownian motion on the Sierpinski gasket, which is
constructed from the former example of (D, r), θ = log(5/3)/ log 2 < 1.
By these results, we see that geodesic is needed in order to obtain two-sided
heat kernel estimates, whereas for parabolic Harnack inequalities resistance
metric seems to be more useful when it is properly deﬁned.
We note that the 2-dimensional Sierpinski carpet (which is not a p.c.f.
self-similar set, cf. [7, 40]) is also an example that we can apply our results.
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