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Analytic maps of parabolic and elliptic type with trivial
centralisers

Artur Avila, Davoud Cheraghi, and Alexander Eliad

Abstract. We prove that for a dense set of irrational numbers ¢, the analytic centraliser of the

map e27i%z 4 72 pear 0 is trivial. We also prove that some analytic circle diffeomorphisms in the

Arnol’d family, with irrational rotation numbers, have trivial centralisers. These provide the first
examples of such maps with trivial centralisers.

1. Introduction

For o € R, let # denote the set of germs of holomorphic diffeomorphisms of (C, 0) of
the form
h(z) = e®™%z + 0(z?),

defined near 0. We also consider the class €F of orientation-preserving analytic dif-
feomorphisms of the circle R/Z with rotation number o. Let H® = | J,cg K and
€% = Upep €.

The analytic centraliser of an element & € J2, denoted by Cent(h), is the set of
elements of H“ which commute with /4 near 0. From a dynamical point of view, any
element of Cent(h) is a conformal symmetry of the dynamics of /4, that is, the conformal
change of coordinates g which conjugate & to itself, g~ o h o g = h. Evidently, Cent(h)
forms a group, where the action is the composition of the elements. For every k € Z, a
suitable restriction of the k-fold composition 4°¥ is defined near 0 and belongs to Cent (/).
If the only elements of Cent(/1) are of the form 4°F for some k € Z, it is said that & has a
trivial centraliser. In the same fashion, for 1 € €%, the collection Cent(/) of elements of
€% which commute with / enjoys the same features.

Theorem 1.1. There is a dense set of a € R \ Q such that Cent(e*™'*z + z2) is trivial.

The above theorem is proved using a successive perturbation argument and the fol-
lowing statement for parabolic maps which we prove in this paper.

Theorem 1.2. For every p/q € Q, Cent(e2™:P/9z + 22 is trivial.
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The main idea we employ to prove the above theorems also allows us to deal with
analytic circle diffeomorphisms in the Arnol’d family,

Sap(x) =x +a+ bsin(2rx),

fora e Rand b € (0,1/(2n)).

Theorem 1.3. Forevery b € (0,1/(2m)) there is a € R such that Cent(S, p) is trivial and
the rotation number of S, p belongs to R \ Q.

Indeed, we prove that for each fixed » € (0, 1/(27)), the set of rotation numbers of the
maps S, which have an irrational rotation number and a trivial centraliser is dense in R.
The above theorem is obtained from a successive perturbation argument and the analogue
of Theorem 1.2 for maps S, 5 with a parabolic cycle.

The main tool used to deal with parabolic maps is Ecalle cylinders and horn maps,
first studied and applied by Douady—Hubbard ([9]) and Lavaurs ([22]). Ecalle ([10]) and
Voronin ([31]) have shown that generic germs of analytic maps with a parabolic fixed
point have a trivial local analytic centraliser at the fixed point. However, this argument
does not apply to a specific map with a parabolic fixed point, and in particular, does not
imply Theorem 1.2. Theorem 1.2 is proved in Section 2.

To our knowledge, Theorems 1.1 and 1.3 provide the first examples in #® and €%
with irrational rotation numbers and trivial analytic centralisers. Below we briefly explain
how these results fit in the frame of the dynamics of such analytic diffeomorphisms.

When an element 2 € #, foro € R \ Q, is locally conformally conjugate to its lin-
ear part near 0, Cent(/) is a large set. That is, if ¢~ o & o ¢p(w) = > **w near 0, for
some ¢ € K, then for any u € C \ {0}, h commutes with the map z — ¢(ug~1(2)).
Indeed, here, Cent(%) is isomorphic to C \ {0}. In some methods, the problem of under-
standing Cent (/) precedes the problem of local conjugation of 4 to its linear part. That is
because, the space of solutions for the conjugation problem is the right-cosets of Cent(/);
if ¢ is a solution of the conjugation problem, and g € Cent(h), g o ¢ is also a solu-
tion of the conjugation problem. In this spirit, the size of Cent(%) may be thought of as
a measure of linearisability of i near 0. The same argument applies to analytic circle
diffeomorphisms.

For h € #“, Cent(h) projects onto a subgroup of R/Z through g — log g’(0)/ (27 i).
Similarly, for & € €%, one maps g € Cent(h) to its rotation number. Let §(h) C R/Z
denote the image of this projection.

By remarkable results of Herman and Siegel ([17,29]) there is a full-measure set C C
R \ Q such that for every « € C, any h € #H$ U €2 is analytically linearisable. But,
for a generic choice of «, there are h € H? and h € € which are not linearisable ([1,
5]). We note that if f and g commute, and one of them is linearisable at 0, then the
other one must also be linearisable through the same map. This implies that if # € H2 U
€2 is not linearisable, then § (k) C (R \ C)/Z. However, by a profound result of Moser
([24]), §(h) may not be an arbitrary subgroup of that set. That is because there is an
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arithmetic restriction on the rotation numbers of commuting non-linearisable maps. The
optimal arithmetic condition for the linearisation of commuting maps in #Z, and in €2,
remains open. This complication is due to the rich structure of the local dynamics of such
maps near 0; see [4,27] and the references therein. However, a complete solution for
smooth circle diffeomorphisms is presented in [14].

In [17,32,33], Herman and Yoccoz carried out a groundbreaking study of the cent-
raliser and conjugation problem for circle diffeomorphisms and germs of holomorphic
diffeomorphisms of (C, 0). In particular, Herman proved the existence of C°° circle
diffeomorphisms with irrational rotation number having uncountably many C*° sym-
metries, and Yoccoz proved the existence of C*° circle diffeomorphisms with irrational
rotation numbers and trivial centralisers. Pérez Marco in [27] elaborated a construction of
Yoccoz to build elements & € ¥ and h € €%, with irrational rotation number, such that
G (h) is uncountable. His construction provides remarkable examples where & (/) contains
infinitely many elements of finite order. In this paper we close the problem of the existence
of maps in H® and € with irrational rotation number and trivial centraliser. In light of
the above discussions, our result shows that quadratic polynomials and the Arnol’d family
provide the least linearisable elements in #“ and €%, respectively. This is consistent with
the spirit of Yoccoz’s argument in [32], that is, if some 27 iz 4 72 ig linearisable, then
any element of #2 is linearisable.

It is worth noting that the commutation problem for (the globally defined) rational
functions of the Riemann sphere was studied by Fatou and Julia in the 1920s ([13, 18])
using iteration methods. A complete classification of such pairs was successfully obtained
by Ritt ([28]), using topological and analytic methods, and was re-proved by Erémenko
([11]) using modern iteration techniques. If iterates of g and / are not identical, modulo
conjugation, they are either power maps, Chebyshev polynomials, or Lattes maps. The
global commutation problem for entire functions of the complex plane still remains open,
although substantial progress has been made so far; see for instance [2, 3, 15, 21, 25].
The global commutation problem on higher-dimensional complex spaces has been widely
studied using iteration methods in recent years; see [6,7, 19] and the references therein.
For an extensive discussion on the centraliser and conjugation problems in low dimensions
one may refer to [20,30] and the more recent survey article [26].

2. Parabolic case

Fora € R, let
Qq(z) = *™1%; 4 22,

Fix an arbitrary rational number p/q € Q with (p,q) = 1. Also fix an arbitrary g in

Cent(Qp/q)-
The map F = Q;‘;7 q has a parabolic fixed point at 0 with multiplier 41, and there are

q attracting directions. It follows that the parabolic fixed point of F' at 0 has multiplicity
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q + 1. That is, the Taylor series expansion of F near 0 is of the form

24
Fe) =04 G =z+ Y at, ¢))

k=q+1
with ag41 # 0.

Lemma 2.1. We have g’'(0)4 = 1.

Proof. Letg(z) =Y pey bk z¥ denote the Taylor series expansion of g about 0. Note that
F o g = g o F near 0. We may identify the coefficients of z¢™! in the power series expan-
sions of F o g and g o F, which gives us by4; + b‘f“aqﬂ = by41 + b1ag4+1. Using
ag+1 # 0, we conclude that b’fﬂ = by, and using b; # 0, since g is a local diffeomorph-
ism, we must have b{ = 1. n

By Lemma 2.1, there is an integer j with 0 < j < ¢ — 1 such that (Q;jq 0g)'(0)=1.
Consider the holomorphic map

G(z)= Q3. og. @)
which is defined near 0 and commutes with F'.

Lemma 2.2. The multiplicity of the fixed point of G at 0 is g + 1. That is, G(z) = z +
> 1 bizt, with by # 0.

Proof. Assume that G(z) = z 4 by 12" ! + b, 122" T2 4+ -+ is a convergent Taylor
series with b, +1 7 0. Observe that

FoG(z)=(z+ bn+1Z"+1 + bn+22"+2 +-0)
+ aq+1(Z + bn-i—lzn_i_1 + bn+22n+2 + .. .)l]-’rl

tag4j(Z + bug12" T+ byypz" T 4 )T

= (Z 4 bug12"T b2z 4 0)
+agr1 T+ byyi(q + Dz 4

+agy (27 + baa(qg + )2 4

The coefficient of z4+"*1 in the above expansion is

bg+n+1 + ag+1but1(g + 1) + agin+1.

n+q+1

Similarly, the coefficient of z in the expansion of G o F is

Agin+1 + bpy1agr1(n + 1) + bgyny1.
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Since F o G = G o F near 0, the above values must be the same. Using a4+ # 0 and
bn+1 # 0, we conclude that g = n. L]

We shall use the theory of Leau—Fatou flowers, Fatou coordinates, and horn maps
to exploit the local dynamics of F near 0. One may refer to [23] and [8] for the basic
definitions and constructions we present below, although conventions may be different.

For s > 0, define the open sets

att—{é‘e(C|Re§>s—|Im§|} QS {§€C|Re§<—s+|lm§|}

rep

Also, consider the map 7: C \ {0} — C \ {0},
-1

qag+1z9

I(z) =

For s > 0 there are holomorphic and injective branches of /=1 defined on Q2 and Q
Consider two complex numbers vy and vy, such that

q __ _ i
qag1vd = —1, vy = e Ty, 3)

Evidently, I (vy:) = +1 and I (vrp) = —1. For s > 0, there is an injective and holomorphic

branch of 77! defined on Q¥ such that 171(25,) contains gvy, for sufficiently small

& > 0. Similarly, there is an injective branch of /! defined on Qf, such that 7~ L@

contains £vyp, for sufficiently small € > 0. From now on, we shall fix these choices of

rep)

inverse branches for /=1 on Q$, and 5, »- The choice of the inverse branch near infinity
is independent of s > 0.
Let

W = {Z € C\ {0} | |arg(z/vaw)| < JT/Q}’
Wiep = {z € C\ {0} | |arg(z/viep)| < 7/q},
Wae = {1z € C\{0} | |arg(z/va)| < 7/q — 7/ (4q)},
Weey = {2 € C\{0} | |arg(z/viep)| < 7/q — 7/ (4q)},

where arg denotes a branch of argument with values in [—7, 47].
Let U be a Jordan neighbourhood of 0 such that G is defined on U and both G and F
are injective on U. Since F’(0) = 1 and G'(0) = 1, there is § > 0 such that B(0,8) C U

and

F(Wy 0 B(0.8)) C Wa, N B(0,8)) C Wiep,

( rep

“)
G(W}, N B(©0.8)) C Wae  GWLy N B(0,8)) C W
We may choose r > 0 such that
171(Qf) C Wi N B0.8),  17(RQ,) C Wi, N B(0,5). 5)

Now we may lift F: Wy, N B(0,8) — Wy and F: Wi, N B(0,8) — W via the change

of coordinate /(z) = ¢ to define injective holomorphic maps

Fu: Q5 — C and  Fr: Qf, — C.
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Straightforward calculations show that these maps are of the form

Fu©) = ¢+ 14 00/121V9),  Fep(@) =+ 1+ 0(1/[¢|V9),
as |¢| — 4o0. There is s > 0 such that,

|Fa©) — C+ D] < 1/4 Vi e QS
|Frep(@) — €+ D] < 1/4 Vi Q.

There are injective holomorphic maps
Qs 25 = C, Dy Qfep — C,
such that

Dy 0 Fvan =®u+1 onQ,
quep o F}ep = (Drep + l on ﬁ_l(Qs )

rep rep

It is known that

[t (£)/C— 1] -0 asRel — +oo, (6)
|Prep($)/ =1 — 0 asRel — —oo. @)

Let us define
P = 1_1(Q§n), PS = I_I(QS ).

att rep rep

Then the injective holomorphic maps

Par = Pa o [: Py > C,  prep = Prepo I P, > C

att rep

satisfy
Qa0 F = o + 1 on Py,

Grep O F = ¢rep + 1 on F_l(!/)rip).
The map ¢ is an attracting Fatou coordinate for F, and ¢y, is a repelling Fatou coordin-

ate for F.
Let

®)

W= bgt1/ag+i.
Also, for ¢ € C, let T,: C — C denote the translation by ¢; T.(z) = z + c.

Lemma 2.3. There ist > 0 such that
() G(z) = ¢l 0 Ty 0 puy(2) forall z € P,
(i) G(z) = ¢t 0 T}y 0 ¢rep(2) forall z € P

rep rep*
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Proof. Part (i): By equations (4) and (5), we may lift G: W, N B(0,§) — Wy via the
change of coordinate /(z) = ¢ to define an injective holomorphic map G,: Q2F, — C. We
note that G, is of the form

~ o bg 1
Gun®) = £+ 252+ 0(1g) a5 el = oo

In particular, if || is large enough, |5an(§ ) — (¢ + )| < 1. This implies that there is ¢ >
such that
Gatt(Q;tt) C Q;UL‘
Let
V= (Datt(Qfm)-

Note that since Fy(R2%,) C Q4 V + 1 C V. By equation (6), if Re ¢ is large enough,

|Da (&) — | < |¢|/3. This implies that V' contains some right half-plane, and hence
V/Z =C/Z.
Consider the injective holomorphic map
Gt = Py 0 Goy 0 ®: V — C.

Since F commutes with G near 0, Fm commutes with éan on the common domain of
definition 2!, Therefore, for w € V, we have

Gatl o T (w) = Py 0 Gatt o (D;tl o T1(w)

= Py 0 Gatt o ﬁatt o q’;[l (w)

= Py 0 ﬁan o éatt o CD;tl (w)

=Tio®Pyu0 @att © (D;tl (w)y="Tio éatt(w)~
Since V/Z = C/Z, the above relation implies that Gau induces a well-defined injective
holomorphic map from C/Z to C/Z. Thus, G, is a translation on V/Z, and hence, G
is a translation on V, say Tr. However, since ®({) — +1, as Re{ — 400, Aand G (0)
is asymptotically a translation by p near 4+-co, we must have 7 = p. Thatis, Gy = T,.

For z € $},, we have
G © Ty opau = 17" 0 @yl 0 Tyyo Dol

att

=I_locb;lloéano¢anol=I_loéatt01=G.

Part (ii): As in the previous part, we may lift G: ercp N B(0,8) — Wyp to obtain an

injective holomorphic map Grep: Qfep = C of the form Grep ={+u+o(l)as|l| — +oo.
Then one may repeat the argument in part (i) with ﬁep and Q. [
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Let B denote the set of z € C such that F°" uniformly converges to 0 on a neigh-
bourhood of z as n — +4-oc. Evidently, 3, is a connected open set and is contained in
B. Let By denote the connected component of B which contains #3,. That is, Bj is the
immediate basin of attraction of O in the direction of v,;. The set B is a Jordan domain.
For every z € By, there is k € N with F°*(z) € £3,.
simply connected subset of C. We may employ the functional relation in equation (8), to
extend ¢y: P, — C to a holomorphic map

By the maximum principle, Bj is a

Ga: B1 — C,

such that ¢, © F = ¢ + 1 over all of Bj.
By equation (7), if Re ¢ is small enough, we have |®,({) — ¢| < |£|/3. This implies

that ®ep (€27, contains a left half-plane. Let us choose r > 0 such that

O={weC|—r—|ul—1<Rew < —r} C Prp(Q,,,).

rep

It follows that for all w € IT with Im w sufficiently large, CDr_eg (w) € Q3. Therefore,
because of our choice of consecutive attracting and repelling directions in equation (3),
for all such w € T, ¢} (w) € By. However, for some w € I, ¢} (w) ¢ By, which is
because ¢r;l} (IT) crosses a repelling direction at the 0 fixed point.

Let IT’ denote the connected component of the set {w € IT | ¢-!(w) € By} which

rep
contains the top end of I1. We may consider the map
h = ¢att0¢r;pl:n/ — C.

This is a horn map of F. By the functional equations for ¢, and ¢rp, we must have
h(¢ 4+ 1) = h(¢) + 1, whenever both sides of the equation are defined. This relation can
be used to extend /4 onto the set [T’ 4 Z, which is the natural maximal domain of definition
of this map (it cannot be extended across any point on the boundary). The map & projects
down to a holomorphic map

H:Dom H — C,

on a punctured neighbourhood of 0 so that H(e27%) = 27 As both maps @y and
.., map infinity to infinity, we have Im2({) — +o00 as Im{ — 4-oco. This implies that
H has a removable singularity at 0. That is, Dom H contains a neighbourhood of 0. In the
same fashion, A has a natural maximal domain of definition which is a Jordan neighbour-
hood of 0. It is obtained from projecting the maximal domain of definition of /.’

Lemma 2.4. The map H has infinitely many critical points, all mapped to the same value.

Proof. Let ¢ denote the unique critical point of F' within B;. The map ¢, has a simple
critical point at c;. It follows from equation (8) that any z € B; which is mapped to ¢

'"The map H is only unique modulo pre-composition and post-composition by linear maps of the form
w > Aw. This is due to the freedom in the choice of ¢, and ¢y, up to post-compositions with translations.
However, we are not concerned with those choices here.
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under some iterate of F is a critical point of ¢,¢. The set of accumulation points of such
points is equal to the boundary of Bj. In particular, there are infinitely many such points
near any point in dB;. Since ¢rep is conformal on IT’, it follows that 4 has infinitely many
critical points near any point in (TT" + Z).

On the other hand, by equation (8), those critical points of ¢, are mapped to @y(c1),

Pa(c1) — 1, ay(c1) — .. Again, since qﬁrep is conformal on IT’, we conclude that the
only critical values of h are at ¢y (c1), Pan(c1) — 1, Paw(c1) — 2, . ... Evidently, all those
points project to the same value in the range of H. ]

Lemma 2.5. The map H commutes with £ — e>™'*& near 0.

Proof. By Lemma 2.3, G = ¢!
Thus,

0 Ty 0 dpur on Pl and G = ¢} 0 Ty © rep ON P

att rep

¢;tl ° Tu O Pyt = ‘l"r;[} o TM © ¢rep
N PL rep Where both sides of the equation are defined. Equivalently,
T o ¢dlt © ¢rep - ¢d[l ¢rep TM’

whenever both sides of the equation are defined. We note that 7}, Y1) n 1’ is a non-
empty open set, where both sides of the above equation are defined. This implies that the
horn map & commutes with T},. Hence, H commutes with the map § — e2TIE, ]

at any point in 5} att

Lemma 2.6. The constant | belongs to 7.

Proof. First note that Dom H is invariant under multiplication by e?7*. Let ¢ denote a
critical point of H. Differentiating H (e27*£) = e2™* H(£) at ¢, we note that e?™'#¢
is a critical point of H. However, H(e?"*c) = ¢?™* H(c) is a critical value of H. By
Lemma 2.4, we must have H(c) = e*™*H(c), and using H(c) # 0, we conclude that
ne . |

Proof of Theorem 1.2. By Lemma 2.3, G = ¢!
i is an integer. Thus, on P}

0 Ty 0 o ON F m, and by Lemma 2.6,

att

att?

G =g o T 0 u = (' © T 0 ) © (P © Ty 0 Pa) 0+ 0 (P © Ty 0 put) = F°H.
As PL

att

Looking back at definitions (1) and (2), we conclude that (Q° Iy q)°“ = Q;; 408 ona

o(gu—j)
plq

is a non-empty open set, we must have G = F°* on a neighbourhood of 0.

neighbourhood of 0, for some 0 < j < g — 1. Thus, g = Q near 0. ]

3. Elliptic case

Let g(z) = Y pey gkz® € Cent(Qy). It is easy to see that |g;| = 1. Let us say that g
is r-good, if |gx| < r17% for all k > 1. Note that if g is r-good, then it is defined and
holomorphic on the disk |z| < r. Moreover, the set of r-good maps forms a closed set
with respect to the topology of uniform convergence on compact subsets of |z| < r.
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Lemma 3.1. For every p/q € Q and every r > 0, Q;I/‘q is r-good for only finitely many
values of k € Z.

Proof. As Qp/4 has a parabolic fixed point at 0, the family of iterates {Q;’/‘q}kzo and
{Q;Z‘ }k>0 have no uniformly convergent subsequence on any neighbourhood of 0.  m

We let
K(p/q.r) = {k € Z; Q;I/‘q is r-good}.
By the above lemma, K(p/q, r) is a finite set.

Lemma 3.2. Forevery p/q € Q and every r > 0, there exists §(p/q,r) > 0 such that for
every p'/q" € Qwith |p'/q" — p/q| < 8(p/q.r) we have K(p'/q".r) S K(p/q.7).

Proof. Because the set of r-good holomorphic maps is closed, there is N(r) such that any
r-good map has less than N(r) critical points in the disk |z| < r/2.

As L tends to +o00, the set of the critical points of Q;/Lq increases, and accumulates
on 0. Let L € N be such that Q;I/‘q has at least N(r) critical points in the open disk
|z| < r/2.1f p’/q’ is close enough to p/q, then Q;,L/q, has at least N (r) critical points in
the open disk |z| < r/2.For/ > L, Q;{/q, has at least all those critical points, so it is not
r-good.

Let M € N be such that Q;/_;” , and hence Q;Z” for any m > M, does not extend to
the open disk |z| < r. Then the same is true for p’/q’ close to p/q.

Finally, ifk ¢ K(p/q,r)and —M <k < L, Q°{‘/q, is not r-good if p’/q’ is too close

p
to p/q, because otherwise one could take limits to conclude that Q;I/‘ 4 is r-good. ]

Lemma 3.3. Forevery p/q €Q, everyr >0, and every € > 0, there exists k(p/q,r,€) >0
which satisfies the following. For every a € R\ Q with |@ — p/q| < k(p/q.r, €), and
every g(z) = 2Bz + O(22) which commutes with Qy and is r-good, there exists k €
K(p/q,r) such that |8 —kp/q| < e mod Z.”

Proof. If the result does not hold, we may take a sequence o, — p/q and r-good maps
gn(z) = e*™Prz 4+ 0(z%) which commute with Q. By the closedness of the set of -
good maps, we may choose a convergent subsequence of the g, converging to a limit g
which is r-good and commutes with Q,/,. Then g will not be of the form Q;]/‘q for some
k € K(p/q,r). This contradicts Theorem 1.2 and Lemma 3.1. |

Lemma 3.4. For every a € R\ Q, if a holomorphic germ of the form g(z) = e*™k®z 4
0(z?), for some k € 7, commutes with Q, then g = ng near 0.

Proof. By considering Qg_k o g instead, we may assume that k = 0. Then, by an induct-
ive argument, one may show that the coefficients of the Taylor series expansion of g,
except the first term, must be 0. That is, g(z) = z. [

2By the inequality |x — y| < r mod Z we mean the length of the shortest arc on R/Z from x/Z to
y/Z is less than r.
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Proof of Theorem 1.1. Start with any rational number p;/q;. We inductively define a
strictly increasing sequence of rational numbers p,/q,, for n > 1, so that for all 1 <
[ < j < n we have

|pn/gn — pj/q;il < 8(pji/qi-1/)), )
|Pn/an — pi/qil < x(pj/qi, 1/1,1/)), (10)
|Pn/an — pilajl < 1/q; (11)

Let ¢ = limy,—o0 Pn/qn- Since the sequence p,/qy, is strictly increasing, it follows
from equation (11) that g, — coasn — oo, and @ € R \ Q.

Taking the limit as n — oo in equation (10), we note that |« — p;j /q;| <k (p;/q;.1/1,
1/j) forevery 1 <[ < j.

Assume that g(z) = e2"# 7 + 0(z2) isa germ of a holomorphic map which commutes
with Q4. Then there is / > 1 such that g is (1//)-good.

By equation (9) and Lemma 3.2, we obtain K(p;/q;,1/1) € K(p;/q;,1/1) for 1 <
[ <j.

By Lemma 3.3, for every j > [, there exists k € Z with k € K(pj/q;,1/1) €
K(pi1/q1,1/1) such that |8 — kpj/q;| < 1/j mod Z. Taking limits of the latter inequal-
ity, as j — oo, we obtain 8 = ko, for some k in the same range. Combining this with

Lemma 3.4, we conclude that g = ;k near 0. [

4. Circle maps

We shall employ techniques from complex dynamics to study the analytic symmetries
of the maps S, 5. So we consider the complexified family of maps S, 5(z) =z + a +
bsin(2mz), for z € C, but for real values of @ and b. Using the projection z > 2% from
C to C* = C\ {0}, S, induces the holomorphic map

fa,b (LU) — eZniawenb(wfl/w)

from C* to C*. Evidently, f, 5 preserves the unit circle T = {w € C;|w| = 1}. Since the
map S, » commutes with the complex conjugation map, the map f, » commutes with the
map t(w) = 1/w.Fora e Rand b € (0,1/(2n)), fa,p is a diffeomorphism of T . We first
aim to prove the analogue of Theorem 1.2 for the maps f p, that is, Theorem 4.3 stated
below.

Let us fix an arbitrary f, 5, with a € R and b € (0, 1/(27)), which has a parabolic
cycle on T, say {w;}7_;, of period n > 1. By relabelling if necessary, we may assume
that f, 5 (w;) = wj41, with the subscripts calculated modulo n.* Consider the map

Fap = f3:C* — C*,

3We will use this convention in relation to indices and iterates, in similar situations.
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Each w; is a parabolic fixed point of F, 5 with multiplier +1. For1 < j <n,letU; C C*
denote the immediate basin of attraction of w; for the iterates of Fj ;. That is, U; is the
union of the connected components of the basin of attraction of w; which contain w; on
their boundary. A priori, each U; may have several components. However, we shall show
in a moment that there is a rather simple scenario here. The following lemma is a special
case of a more general result by Geyer ([16, Thm 4.4]).

Lemma 4.1. For every 1 < j < n, U; consists of a single connected component, which
is invariant under t, and contains precisely two distinct critical points of F, p. Moreover,

U?:l UJ =T.

Proof. The critical points of f, 5 are the solutions of the equation

fap(w) = T4 @V (A 4 7h(w + 1/w)) = 0.

a

Evidently, if w is a solution of this equation, then w, 1/w, and 1/w are also solutions of the
above equation. However, because f; ; has no critical points on T, for b € (0, 1/(2x)),
and the above equation has two distinct solutions, we must have w = w. As b > 0, it
follows that the distinct solutions of the above equation are of the form ¢, and ¢, = 7(cy),
for some ¢ € (—1,0).

Since F,j; commutes with 7 and t(w;) = wj, it follows that T(U;) = U; for all
1 < j < n. By a classical result of Fatou, see [23], the immediate basin of attraction of
the parabolic cycle {w; ;’=1, which is U;‘l=1 Uj, contains at least one critical point of
Ja.b- Thus, there is k in {1,2, ..., n} such that ¢; or ¢ belongs to Ug. Then, since Uy is
invariant under 7 and {cy, ¢} is also invariant under t, we conclude that both ¢; and ¢,
belong to Uy. Moreover, because f; , has only two critical points, ¢; and ¢, are the only
critical points of f, 5 in U, and there are no critical points of f; ; in the other domains
U; for j # k.

By the maximum principle, every connected component of each U; is a simply con-
nected region, and f, 5 maps each connected component of U; to a connected component
of Uj 4. Since f; p has only two critical points, and those belong to U, the map f:U; —
U, +1 is conformal, unless j = k. Because the critical points of F, ; are some pre-images
of the critical points of f, p, it follows that each U; contains exactly two distinct critical
points of Fy 5.

Because F ‘; »(w;j) = 1for all j, every connected component of each Uj is invariant
under F, . Thus, each component of U; contains at least one critical point of Fy 5. As
U; contains precisely two critical points of F, 5, we conclude that each U; consists of at
most two connected components.

Because T is invariant under F, j, the two tangent directions to T at wg must be
either attraction or repulsion directions for the Leau—Fatou flowers at wy. There are three
possibilities:

(i) both of those directions at wy, are repelling;

(i) both of those directions at wy are attracting;

(iii) one of those directions at wy is attracting and the other one is repelling.
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Case (i) cannot occur. If both of those directions at wy are repelling, then both tangent
directions to T at any other w; must be repelling, due to the existence of a local conjugacy
by a suitable iterate of f, ;. Consider an arc of T cut off by wx and wg ., which does not
contain any other w;. This arc is invariant under Fy 3, and the orbits near each end of the
arc are moved away from that end. This implies that there is another fixed point of Fy 4 in
the interior of that arc, which is either attracting or parabolic. This is a contradiction since
such a cycle of f, ; requires its own critical points distinct from the grand orbit of ¢; and
c5, which does not exist.

Case (ii) cannot occur as well. If both of those directions at wy are attracting, then
there are two distinct components of U which both meet T. Each of those components
contains at least one critical point of F, ; and is invariant under = (z acts as the identity
map on T). Since the critical points of F,j are not on T and are invariant under 7, it
follows that each of those components of Uy contains at least two critical points of Fy .
Therefore, there must be at least four critical points of F, j in Uy, which is a contradiction.

In case (iii), there is a connected component of U which meets T. Since t acts as
the identity map on T, and Uy is invariant under 7, that connected component of Uy must
be invariant under 7. In particular, that component of U contains two critical points of
F, ». Combining with the above paragraphs, we conclude that Uy has a single connected
component. Since each U; is conformally mapped to Uy by a suitable iterate of f, p, each
U; consists of a single component, containing precisely two critical points of Fy .

From case (iii) we can also note that U_;’=1 U; = T. In this case, at each w; one
tangent direction to T is attracting, and one tangent direction to T is repelling. Fix an
arbitrary w;, and let £; be the arc of T cut off by w; and w;4; which does not contain
any other w;. This arc is invariant under Fj 3, and all orbits in this arc must tend to the
same end point of £;. Otherwise, there must be a fixed point of F, ; in the interior of {;,
which is either attracting or parabolic. As in case (i), this is a contradiction. ]

By relabelling the points w;, and U; accordingly, we may assume that U; contains the
critical points c; and ¢ of f, 5 (the integer k in the proof of Lemma 4.1 is 1).

Since the immediate parabolic basin of Fj ; at wy, Uy, has a single connected com-
ponent, it follows that the multiplicity of the parabolic fixed point at w; is equal to 42.
As in the previous section, there are attracting and repelling Fatou coordinates

Gait: P = C, ¢rep:¢7)rep - C,
satisfying the functional equations
QPan © Fa,b = Qo + 1, d)rep O l'gp = ¢rep +1,

with @a(Par) = Q3 and @rep(Prep) = Qfep for some s > 0, F;Jb converges to w; uni-

formly on compact subsets of P, as j — +00, and the local inverse maps F ; ;j converge
to w uniformly on compact subsets of $rp as j — oo. The attracting coordinate may be
extended to a holomorphic map ¢,: Uy — C using the above functional equation.
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The map
h = a0 ¢;;

has a maximal domain of definition, which is ¢, (U1) + Z. As in Section 2, this induces
a holomorphic map H defined on a neighbourhood of 0, with H(0) = 0.

Lemma 4.2. The horn map H has infinitely many critical points, which are mapped to
critical values vy and v, satisfying arg v, = arg v,.

Proof. The pre-images of c¢; and ¢, under iterates of F, »: U; — Uy are critical points of
¢a- The set of the accumulation points of those pre-images is equal to the boundary of
U; (which is contained in the Julia set of F, 3). By the functional equation for @u, Pa
maps those critical points into the set ¢ny(c1) + Z or ¢u(c2) + Z. On the other hand,
¢r;} is conformal on Qf . This implies that the only critical values of & are contained
in (@a(c1) + Z) U (pau(c2) + Z). Also, h has infinitely many critical points near any
point on the boundary of its domain of definition. This implies that near any point on the
boundary of definition of H there are infinitely many critical points of H.

Since Fy p is T-symmetric, both ¢, and ¢y, are T-symmetric. That is, by a suitable
choice of normalisation for @,y and ¢rep, We have ¢y © T = oy and ¢yep © T = Piep. This
is due to the uniqueness of Fatou coordinates up to translations by constants. Combining
with the above paragraph, we conclude that ¢, (c1) = ¢a(c2). This implies that the crit-
ical values of /& are complex conjugate, and hence, the critical values of H have the same
argument. L]

Theorem 4.3. Assume that f,p has a parabolic cycle on T, for some a € R and b €
(0,1/(2m)). Then Cent( f, p) is trivial.

Proof. Fix an arbitrary f, , with a parabolic cycle {w; }7=1 of period n > 1. Let us also
fix an arbitrary g € Cent(f,5). The commutation implies that g(w) is a periodic point
of period n for f, 5, which lies on T. By Lemma 4.1, f, 5 has a unique periodic cycle on
T, which is {w; %=1 Therefore, there is an integer k > 1 such that fa"”g og(wy) = w;.
Let us define the analytic map

G:fa"”,;og:TeT.

As Fup = [} commutes with G, Fyp(wi) = wy, F,,(wy) = 1, we may repeat
Lemma 2.1 to conclude that G’(w;) = 1. On the other hand, since the multiplicity of
the fixed point of F, ; at wy is equal to +2, we may repeat Lemma 2.2 to conclude that

the multiplicity of the fixed point of G at w; is also equal to +2. That is, G is of the form
G(w) = G(w1) + (w—wy) + ba(w — wy)* + -+

near 0, with b, # 0. As in the previous section, we must have G = ¢! o T}, o ¢y ON
Pur and G = ¢, }} 0 Ty © $rep ON Prep, Where = 2b,/ F/, (0). Repeating Lemma 2.5,
we conclude that H must commute with the rotation & > e2"/*£ near 0. Now, as in the

proof of Lemma 2.6, we use Lemma 4.2 instead of Lemma 2.4, to say that if ¢ is a critical
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point of H, then we must have arg H(c) = arg(e?>*** H(c)). This implies that Re y € Z.
On the other hand, if Im p # 0, since the domain of definition of H is invariant under
£~ e2™il we conclude that H is defined over all of C. But this is a contraction since H
has infinitely many critical points in a bounded region of the plane. Therefore, i € Z, and
hence G = F ao ’Z This completes the proof of Theorem 4.3 ]

Given r > 1, we say that an analytic map g: T — T is r-good if g is holomorphic
on the annulus 1/r < |z| < r and maps that annulus into the annulus 1/2 < |z| < 2. By
the Schwarz—Pick lemma, for every r > 1 the class of r-good analytic maps of T forms
a closed set of maps, in the topology of uniform convergence on compact subsets of the
annulus 1/r < |z| < r. Evidently, every analytic homeomorphism of 7 is r-good for some
r>1.

Fora e R and b € (0, 1/(27)), fap: T — T is a homeomorphism. By the clas-
sic work of Poincaré on circle maps, f,, has a well-defined rotation number p( f,5)
which describes the asymptotic rate of rotation of orbits of f, ; around T. For any b €
(0, 1/(2m)), the map a — p(f,.p) is an increasing and continuous function of a € R.
However, this map takes any rational value on a closed interval with non-empty interior.

By the classic work of Arnol’d ([1]), the parameter space R x (0, 1/(2m)) of the family
Ja.b is well understood in terms of these rotation numbers. We briefly explain the relevant
bits below. For every r € Q, the set of (a,b) € R x (0, 1/(2x)) such that p(f; ) = r is
known as an Arnol’d tongue. Let us denote the union of all those tongues by

L ={(a,b) € R x(0,1/2n)) | p(fap) € Q}.

Each component of L has non-empty interior, and is bounded by two disjoint arcs, each
one connecting the horizontal line b = 0 to the horizontal line » = 1/(27). The boundary
arcs of each component of L land at the same point on the horizontal line » = 0 (which
is the tip of that tongue). Let us consider the union of all those pairs of boundary curves,
that is,

P = {(a,b) eL|(ab)e BL}.

In particular, each component of P is an arc connecting the horizontal line b = 0 to
the horizontal line b = 1/(27). Indeed, each such arc is the graph of a function of b €
(0,1/(2m)). We may naturally decompose the set P as

P=rlurp’,

where P! consists of all arc components of P which lie on the left-hand side of the corres-
ponding component of L. Similarly, P" consists of all arc components of P which lie on
the right-hand side of the corresponding component of L. Any component of P! is accu-
mulated from the left-hand side by components of P’ and P”. Similarly, any component
of P” is accumulated from the right-hand side by components of P’ and P’ .

For (a,b) € L, f,5 has an attracting or parabolic periodic cycle on T. When
(a,b) € P the unique periodic cycle of f, 5 on T is parabolic. For a more detailed descrip-
tion of the dynamics of f,, on C* one may refer to [12] and the references therein.
However, we do not need further information about the dynamics of these maps.
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For a fixed b, the map a — p( f,,5) is locally strictly increasing at irrational values,
that is, if p(fz5) € R\ Q for some a, then for all a’ > a, p(farp) > p(fa.p). It follows
that when r € R \ Q, the set of (a,b) € R x (0, 1/(2n)) such that p( f; ) = r is a simple
curve connecting the horizontal line b = 0 to the horizontal line » = 1/(2x). Also, each
such arc is the graph of a function of b € (0, 1/(27)).

Lemma 4.4. For every (a,b) € P and everyr > 1, f°} is r-good for only finitely many
values of k.

Proof. For (a,b) € P, f,p has a parabolic cycle on T, say {w; };lzl for some n > 1. The

family of iterates { f;lf,}kzo and { f;;k}kzo have no uniformly convergent subsequence
on any neighbourhood of wj. ]

For (a,b) € P and r > 1, we define
K'(a,b,r) = {k eZ; fa°ll‘; is r—good}.

Lemma 4.5. For every (a,b) € P and every r > 1, there exists §'(a, b, r) > 0 such that
forevery (a’,b) € P with |a’ —a| < 6'(a,b,r) we have

K'(a',b,r) € K'(a,b,r).
Proof. This is the same as the proof of Lemma 3.2. |

Note that the set of (a’, b) satisfying the conditions in the above lemma is not empty,
regardless of the relation between 8'(a, b, r) and the width of the component of L contain-
ing (a, b). That is because, as we mentioned above, if (a, b) € P!, then (a, b) is accumu-
lated from the left-hand side by elements (a’, b) € P! and also by elements (a’,b) € P".
Similarly, if (a,b) € P, then (a, b) is accumulated from the right-hand side by elements
(a’,b) € P”, and also by elements (a’, b) € P'.

Lemma4.6. Forevery (a,b) € P, everyr >0, and every & > 0, there exists k' (a,b,r, &) >
0 which satisfies the following. For every a’ € R satisfying |a’ — a| < «'(a, b, r, &) and
p(farp) € R\ Q, and every r-good map g which commutes with fu p, there exists k €
K'(a, b, r) such that

lp(g) — kp(fap)| < & mod Z.

Proof. The proof is identical to the one for Lemma 3.3. Here one uses the continuity of
the map x +— p(fyp), forx € R. |

Lemma 4.7. Assume that p(f,5) € R\ Q. If g: T — T is an analytic map which com-
mutes with fy p and p(g) = kp(f) for some k € Z, then g = f°konT.

Proof. By considering f a‘tgk o g instead, we may assume that p(g) = 0. By Poincaré’s
theorem, g has a fixed point, and then by the commutation of f, , and g, any iterate of
that fixed point by f; , must be a fixed point of g. Since the orbit of any point in T by
Jap isdense on T, g has a dense set of fixed points. Thus, g is the identity mapon T. m
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Proof of Theorem 1.3. The proof is similar to the one for Theorem 1.1, using Theorem 4.3
instead of Theorem 1.2. Fix an arbitrary b € (0, 1/(27)), and start with an arbitrary a; € R
such that (a1,b) € P". We inductively define a strictly increasing sequence of parameters
an € R,forn > 1,such thatforall 1 </ < j <n we have

(an,b) € P", (12)

lan —ay| < 8'(a;, b, 1 +1/1), (13)
lan —aj| < «k'(aj,b,1 +1/1,1/j), (14)
|p(fanp) = P(fay 6)| < 1/}, (15)

where pj/qj = p(fa;p) € Qand (p;.q;) = 1.

Because the sequence a, is increasing and bounded, a = lim,_ a, exists and
belongs to R. Also since the sequence a, is strictly increasing, and belongs to P”, the
sequence p,/q, must be strictly increasing. It follows from equation (15) that g, — oo
asn — oo, and p(fzp) € R\ Q.

Taking the limit as n — oo in equation (14), we note that

la —aj| <«'(aj,b,1+1/1,1/j)

forevery 1 <[ < j.

Assume that g is an orientation-preserving analytic homeomorphism of T which com-
mutes with f, p. There is [ > 1 such that g is (1 + 1//)-good.

By equation (13) and Lemma 4.5, we obtain K'(a;,b, 1+ 1/1) € K'(a;,b,1 + 1/1)
forl <[ <j.

Applying Lemma 4.6 (with (a,b) = (aj,b),r =1+ 1/l,e =1/j,and a’ = a) we
conclude that for every j > [, there exists an integer k € K'(a;,b,1 +1/1) € K'(a;,b,1 +
1/1) suchthat|p(g) —kpj/q;| <1/j mod Z. Taking limits of the latter inequality, as j —
0o, we obtain p(g) = kp( fz,p) for some k in the same range. Combining with Lemma 4.7,
we conclude that g = f a°][§ onT.

In a similar fashion, for every b € (0, 1/(27)), one can use a decreasing sequence of
parameters a, € R with (a,,b) € P’, to build limiting parameters a such that f; ; has a
trivial centraliser. ]
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