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Unbounded growth of the energy density associated to the
Schrodinger map and the binormal flow

Valeria Banica and Luis Vega

Abstract. We consider the binormal flow equation, which is a model for the dynamics of vortex
filaments in Euler equations. Geometrically, it is a flow of curves in three dimensions, explicitly
connected to the one-dimensional Schrodinger map with values on the two-dimensional sphere,
and to the one-dimensional cubic Schrodinger equation. Although these equations are completely
integrable, we show the existence of an unbounded growth of the energy density. The density is given
by the amplitude of the high frequencies of the derivative of the tangent vectors of the curves, thus
giving information about oscillation at small scales. In the setting of vortex filaments, the variation
of the tangent vectors is related to the derivative of the direction of the vorticity, which according to
the Constantin—Fefferman—Majda criterion is relevant in the possible development of singularities
for the Euler equations.

1. Introduction

In this paper we show the existence of an unbounded flux of the energy density of the
solutions of two related partial differential equations which are completely integrable and
have a connection with fluid mechanics. The first equation is the Schrodinger map in one
dimension with values on the two-dimensional sphere, known in the physics literature as
the classical continuous Heisenberg chain model in ferromagnetism:

Ty =T x Ty (1

Here ¢ will represent time and x the spatial variable. Equation (1) can be also written in
divergence form. This is due to the fact that (1) can be obtained by simple differentiation
in the spatial variable from the following second equation on curves (t, x) in R3:

Xt = Xx X Xxx» Xx=T,|T|=1. 2)

This latter equation, known as the localized induction approximation (LIA), and also as
the vortex filament equation (VFE) and as the binormal flow (BF), appears naturally as a
formal approximation (see [2, 8, 14, 39]), after a renormalization of time, of the location
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evolution of vortex filaments that move according to the Euler equations. This model is
conjectured to give the right dynamics of vortex filaments in certain situations (see [28]
and the references therein). Through this model, at any given time ¢, the curve y(z,-)
represents the location of the vortex filament, and the tangent vector to the curve T = y,
represents the direction of the vorticity.

A simple use of the Frenet equations immediately gives that (2) can be written as

Xt =cb, (3)
which explains the binormal flow name, and that
T, = cn, “4)

where # is the normal vector, b the binormal vector, and ¢ the curvature. It is also easy to
see that ¢2(t, x) dx is an energy density that from (3) describes the kinetic energy of the
filament and from (4) the interaction energy of the chain. More precisely,

/|xt(t,x)|2dx=/|Tx(z,x>|2dx=/c2(t,x)dx, )

and for smooth solutions these quantities are conserved in time if they are finite.

Instead of the classical Frenet frame given by the tangent, normal, and the binormal
vectors, for analytical reasons it is much more convenient to use the one given by parallel
frames (7, ey, ;) constructed as solutions of

Ty = aey + Pes,
e1x = —aT, (6)
€rx = —/3T.

Above, o and § are real scalars. A further simplification can be made defining the complex
vector N = e; +ie; € S +iS? and the complex scalar

to obtain
Ty = N(uN),
X (uN) @®)
Ny = —uT.

It was proved in [27] that in order for the constraint Ty; = Ty, to hold, u has to solve the
one-dimensional focusing non-linear Schrodinger equation (NLS)

1
iy + e + S (Ul —aO)u =0, 9)

with a(t) a real scalar, and the tangent and normal vector have to satisfy the linear system

Ty = J(uxN),
, i (10)
Ny = —iu,T + §(|u| —a(t))N.
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Finally, (2) can be written
Xt = J(UN). (11

It is a well-known fact that equation (9) is completely integrable and belongs to the so-
called AKNS-ZS hierarchy ([1,46,47]; for (1) see [43,48]). The geometric meaning of u
is clarified when we write (7) in polar form,

u(t, x) = p(t, x)e >, (12)

as p(t) and 6, (¢) are the curvature and the torsion respectively of the curve y(¢) ([27]).

Conversely, given a solution u of (9), fg, xo € R, and 8 an orthonormal basis of R3,
one can construct a solution of (1) by imposing {7, RN, IN }(%o, xo) = B and solving
(10) for (t, xo) and then (6) for (¢, x). Then, given a point P € R3, a solution of (2) is
constructed by imposing y(f, xo) = P and solving y; = T A Ty for (¢, x¢) and then
xx = T for (¢, x). We shall call this way of constructing a solution of (1)—(2) from a
solution of (9) Hasimoto’s method.

For x either in the real line R or in the torus T, the well-posedness theory of the initial
value problem associated to (9) was established in the function spaces L?(R) in [44] and
L?(T) in [6]. Observe that (9) is invariant under the scaling u (¢, x) := Au(A?t, Ax), and
that according to this scaling L2(R) is subcritical. Moreover, among the homogeneous
Sobolev spaces, H =2 is the one invariant with respect to the scaling, thus there is a gap
of 1/2 derivative between L? and the critical space H -3, Beginning with [45], a lot of
attention has been devoted to extend the well-posedness theory to function and distribution
spaces, not necessarily given by the Sobolev class, to make this gap as small as possible.
As observed in [18], a good choice is to consider the so-called Fourier-Lebesgue spaces
that are defined using the L? norm of the Fourier transform of the solution. Therefore,
they are invariant under translation in phase space or, equivalently, under the so-called
Galilean symmetries. The Fourier—Lebesgue space of functions with Fourier transform in
L is also invariant with respect to the scaling. Several results about ill-posedness, either
in the sense that the map datum—solution is not uniformly continuous, or showing what
is known as the norm inflation phenomena, have been proved ([9, 11,30, 32,40]). On the
other hand, (local) well-posedness holds for data with Fourier transform in L? spaces, for
all 2 < p < 400 ([10, 18, 19]). This result can be proved using perturbation techniques
and a fixed point argument. Making strong use of the complete integrability, the gap to
the critical space has been also reduced, even in the quite remarkable case of the non-
homogeneous Sobolev class and for global well-posedness, as recently proved in [26], to
all the subcritical cases; see also [31,34,41] for the global-in-time result in the Fourier—
Lebesgue class. As a consequence, no possible unbounded flux in the size of the Fourier
transform of the solution can happen in this subcritical regime. In this paper we focus our
attention on the critical case.

Geometrically, critical regularity for (2) means the possibility of having either corners
or logarithmic spirals. We will concentrate on the particular case of corners, which implies
the existence of jumps for the corresponding tangent vectors. The case of logarithmic
spirals has been considered in [22,23,37,38] and is poorly understood. Nevertheless, we
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think that the extent to which the results shown in this work can be extended to logarithmic
spirals is a relevant question.

The simplest way of obtaining a corner is to look for self-similar solutions of (2), that
is to say, solutions that can be written as y(¢, x) = /G (x/+/t) for some well-chosen G.
A simple computation gives that such a curve G has to solve the non-linear ODE

1

~6-26'"=6'xG". (13)
2 2

In [7,35,36] it is proved that a solution of (13) is characterized by the property that the
curvature has to be a constant ¢ = «, and the torsion 7 has to be t(y) = y/2. Thanks to

(12) this amounts to saying that
o a2
Ug(t,x) = —e'47.
Ol( ﬁ
2
As a consequence, if in (9) we take a(t) = % we observe that u,, solves (9) with initial

condition

ug (0, x) = Viad(x).

Here § is the Dirac-§ function located at the origin.

Observe that (2) is invariant under rotations. Therefore, it is enough to give the Frenet
frame of the curve given by G at say x = 0 to construct all the solutions of (13). Take this
frame, {T(0), n(0), b(0)}, to be the canonical orthonormal basis of R3, and call G, the
corresponding solution. It was proved in [21] that if

Kalt:) = ViGo2).

then yo solves (2) for ¢ > 0 and there exists y(0, x) such that
[xa(t, x) — xa(0,x)| < 2a+/t, t>0.

Moreover, x4 (0, x) is given by two half-lines joined at a corner at the origin. Calling 6,
the corresponding interior angle, it is proved in [21] that

6

in 2 = ¢zl 14
sin > e . (14)

In our previous works we considered two different scenarios for finding a functional
setting that includes this example and such that at least a local well-posedness result can
be established for the corresponding initial value problem.

The first scenario is when the polygonal line given by y4(0, x) is perturbed in such a
way that the angle remains 6, but outside the corner location the curve is smooth and tends
to two, possibly different, lines at infinity. To find these solutions we study first (9) with
a(t) = %, then we use Hasimoto’s method for positive times, and eventually we deal
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with the limit curves at # = 0. Regarding (9) we use the pseudo-conformal transformation.
More concretely, we look for v with u = 7 (v) where

S}

X

L7 1
T ()(t, x) = eﬁ 5(;, ;) (15)

Observe that above we also make a change of variables so that the time interval (0, 1)
becomes (1, 00). A standard calculation gives that v has to solve

. 1 - . 1 /1
v+ e+ 5 (WP —aOw =0, a0) = ~a(7) =leP (16)
Solutions of the above equation (16) formally preserve the L2 norm
/ [v]? dx, (17)
and | |
E)0 =5 [P dr = 4 [ (ol =~ la? dx (13)
satisfies 1
BEWO) = 15 [ (o ~ ) dx.
Finally,

3 / XUxUdx

is also a conserved quantity. We could also consider any of the infinitely many conserved
quantities of (9) but observe that from the definition of (15) it would be necessary to
assume regularity and decay on v for these quantities to be finite.

Notice that vy (¢, x) := « is a particular solution of (16), and the corresponding binor-
mal flow solution is y. In a series of papers (see the introduction of [3] for a survey of the
results), we prove well-posedness and small-data modified scattering results for v — v,
t > 1, in some appropriate function spaces such that E(¢) given in (18) is finite.

The second scenario was started in [4] and considers solutions of (2) that at time ¢t = 0
are given by a skew polygonal line yo(x) that tends to two lines when x — £oo. The
corners are all located at integers j € Z. We use Hasimoto’s method, and at the level of
(9) this problem is related to considering data

D aidx - j)
J

with some appropriate conditions on the size of «; . Following [33]," we look for solutions
of (9) witha(r) = M/t, where M =}, |o; |2, for t > 0, of the type

x=i)?

4t
/\/; 9

el

u(t.x) =Y A;(t) (19)
J

'The authors acknowledge Tohru Ozawa for having pointed them to this article.
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with
Aj(r) = e eP=Me Vi (g 1 R (1)), (20)

and R; () satisfying decay properties as ¢ goes to zero. The construction is performed for
{osj } such that

Y il ley? < oo fors > 1/2. (21)

J

Using Hasimoto’s method we construct a solution of the binormal flow for # > 0 such
that we recover at time ¢ = 0 the curve yo, provided that we choose «; in a precise way
determined by the curvature and torsion angles of yo at x = j. In particular, as (14) for
self-similar solutions, we choose

9' b4
sin E] = ezl (22)

The need of weights in (21) comes from integrating (10) because the coefficients of that
system involve u,. Notice that making the expansion of the square phases in (19) one
immediately computes which is the pseudo-conformal transformation (15) of u. Indeed,
we can write ¥ = 7 (v) with v the 27 -periodic function in the x-variable:

1 o
v(t,x) = ZAj <?)e—1t12+ljx,
J

a solution of (16) with @(¢) = M. Observe that (17), the L? conservation law of (16), and
(20) give that for t > 0,

D40 =M. (23)
J

Recall that from (6),

5 , 1 1 x\|2
e )P = e )P = o5 5]
Hence, for any ¢ > 0 the function | T (¢, x)|? is a 27 ¢-periodic function in the x-variable
and by (23) the integral on each of the periods is M . Nevertheless, this “conservation law”
does not give any information about T;, the Fourier transform of 7. We proved in [5] that
(23) can be also understood as a kind of scattering energy of T; for the solutions of (1)
and (2) that we constructed in [4]. More precisely, if

k+1
B @)= jim [ To)P de. (24)
k—o0 Jk
then for > 0 we have the conservation law

E(T(1) = 4m ) |yl (25)
J

It was also proved in [5] that there is a jump discontinuity of E(7'(¢)) atz = 0. From (24)
we can see | Ty (¢, £)|? d§ as an asymptotic energy density in phase space. The main result
of this paper is to prove that this energy density can grow in time at specific Fourier modes.
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The procedure used in [4] to construct the solution u with the shape given in (19) is to
solve the infinite-dimensional non-homogeneous dynamical system generated by A; (¢).
The choice (23) kills all the resonant frequencies except those generated by the interaction
of any mode j with itself. This interaction is easily absorbed by a logarithmic modification
of the phase of 4;(¢) that has already been incorporated in (20). Hence, a fixed point
argument can be performed to solve the system and to obtain the decay properties of
R; (t) mentioned above. As a consequence, there is no possible growth for 4; (¢).

The appearance of the logarithmic correction in the phases mentioned above is analo-
gous to the long-range modified scattering that smooth small solutions of (9) satisfy ([42]).
This modified scattering is behind the growth results of high Sobolev norms proved in [25]
for the scalar cubic NLS on R x T¢ with d > 2. In that setting, which is a mixture of peri-
odic and continuous variables, the authors prove a loglog growth in time of the amplitudes
of the Fourier modes. The key ingredient for this growth is that, differently to what hap-
pens in one dimension, for d > 2 the corresponding infinite-dimensional system has a
non-trivial resonant subsystem that generates solutions whose high Sobolev norms grow
in time — see [12,20, 24]. All of these equations are not integrable. For this purpose we
recall that growth of Sobolev norms for an integrable equation was proved in the case of
the cubic Szegd equation ([16]; see also [17]).

In Theorem 1.1 below we obtain a precise logarithmic growth in time for 7":, where
T is a solution of (1) and the tangent vector of a curve that evolves according to (2).
This curve at time ¢ = 0 is a polygonal line with just two corners of the same angle that
are located at x = 1 and x = —1. Recall that T, represents the variation of the direction
of the vorticity that, as proved in [13], plays a crucial role in the possible formation of
singularities of the Euler equations.

Theorem 1.1. Consider a polygonal line yo(x) with two corners of angle 0 located at
x € {—1,1}. Let x(t, x) be its evolution by the binormal flow (2) as explained above and
let T(t, x) be its tangent vector.

There exist tg,tg € (0,1) and ng € N such that forn € N,n > ng, t € (nzll;%, 2—02),

and & satisfying either |& — 2—71rt| < ,ll or & + 2—71rt| < rll the following growth holds:

—~ 1
[Te(e.8) ~ Vlogn| < 5|V|logn. (26)

where V is the non-null vector i(—%) log(sin %)(T_Oo — 279 + T%), and the vectors
T=°, T°, and T+ are the directions of the polygonal line yo(x) onx < —1, —1 <x <1,
and 1 < x respectively.

As a consequence, fort € (0, 2—%) there exists Cy > 0 such that

sup | T (t.£)| = Cylogt. 27)
&

Finally, for & satisfying |&§ — ﬁ| > 83’7 and |& + ﬁ| > % andt € (0, #) we have

an upper bound of |T;(t, £)| depending only on 0.
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Let us first note that our result concerns the growth of || 7y ||oo, the L norm of the
Fourier transform of T, and therefore we are looking at a critical norm in the class of
Fourier-Lebesgue spaces.

The proof of Theorem 1.1, which is given in Section 2, is based on the computation of
T;(é) using (8) with u = « + i satisfying (19). This generates a first sum in j with the
corresponding /T, and their quadratic phases. Then, we use (8) again to integrate by parts,
and a second sum appears with some new amplitudes A4, and new quadratic phases. It was
observed in [5] that a resonance can happen if j — r € Z is properly chosen. It is easy to
obtain a logarithmic upper bound for this resonance. It involves a small set of frequencies
¢ which do not prevent (24) from holding. Our purpose in this paper is to obtain a lower
bound.

In Section 3 we prove the extension of Theorem 1.1 to the case of polygonal lines with
many corners. The exhibited logarithmic growth is a hint that the numerical computations
given in [15] about the unboundedness of ||7‘;||oo are correct — see [15, equation (8) in
§5]. In that case the initial condition of (2) is a planar regular polygon. The dynamics then
also becomes periodic in time and exhibits a Talbot effect, in the sense that at rational p /g
multiples of the time period, skew polygons emerge with typically as many sides as gq;
see [29]. So this (numerical) logarithmic growth also happens at these rational times. A
rigorous proof of this fact is a very challenging question that we propose to address in the
future.

We shall denote systematically by C(||4;(¢)];1) constants depending only on univer-
sal constants and on a finite number of positive powers of ||4; (¢)||;1.

2. Proof of Theorem 1.1

Let n € N*. First we recall that for s > % 0 < y < 1, it was proved in [4] that

1 e |?
iu,+uxx+§(|u|2—z’|f’l)u =0 (28)
has an unique local solution for ¢ € (0, 77) of type
e,-(x—j)2
u(e,x) = e WP (@ 1 R (1) , (29)
: Vi
JEZ
with
sup 17V R (O)llp2s + 1] R (1)l 12.5 < C)llets |17 (30)

0<t<T
The time of existence 7 is in terms of s, y, [|&j [|;2.5.
As explained in the introduction, the evolution y(#) of yo on (0, 7) is constructed by
Hasimoto’s method from the solution (29) of (28) with, in view of (22),

2 0
o = \/(—;) log(sin 5) =:« for j € {£1}, «; =0 otherwise. (31)
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2.1. A general analysis on locating possible growth scenarios

We shall start with a lemma that highlights the part of T;(t, &) that can grow for small
times, in general cases of polygonal lines.

n
Lemma 2.1. Let {a;} € 123 and let x(t) be the evolution through the binormal flow of
the corresponding polygonal line. Fort € (0, #) and & € R, the tangent vector of x(t)
satisfies

Leo-i Y. AOA0 T

|j—r+4mté|<2nt

; xU=rtamts) ( 1
e 2

— T(t,x)d
x—j—4mté x—r+47rt$) (t.x)dx

|x—j—4meEl>1,
|x—r+4mwtg]>1
_ Cdi4; @l
— nf .

Proof. From (8) we have Ty (t,x) = R(uN)(¢, x) so

Te(t, &) = /_Oo TERGIN) (1, x) dx

g J)

=[°° ’2”5%(2/1 nE—_ 7 N(t, x))

o0
Zeizn_/fAj(t)/ e e N(t,x)dx
j —00

e : X xmjtamie)?
4+ — 2 A (¢ / e’ @ N(t,x)dx.
NG ; o )

We start by removing bounded pieces of the integral centered in j+4mt£, by using a
cutoff function ,, vanishing on B(0, ln) and valued 1 on “B(0, ln). These pieces are

. Aj . .
easy to estimate by C % , as the integrants are of constant modulus. On the remaining
pieces we integrate by parts:

00 , .
Tt £) + i\/;ei4ﬂ2t§22ei2ﬂjglr(l‘)/ o1 OO (N(t,x)wn(x—] _47”&)) dx
- —00 x
j

x—j—4mtE

0 . 2 N{F o\ .
e A N i2njE i aitante? ( N(1, X) Y (x—j +4718)
ite ;e Aj (1) /_Ooe 4 ( ]t )xdx
c 14Ol
N
When the derivative falls on v, and on the denominator we get terms bounded by
Cn/t|{A4;(®)}|;1, and n/t < %ﬁ as 1 € (0, :-5). We are left with the part from
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Ny = —uT. Then we get

. x(j—r+4nt§) L j2—r2
Ay 2t T
Ta, E)—IZA © / >, (l)e - 4m§e e Ay
x(r—j+amtg) o j2-r?
Ar T ettE
+iZAj(l) /_Oo > ([))ce - e e i
||A @l
= nf .

For |W| > n we perform an integration by parts using the linear phase and
get terms bounded by C||A4;(¢) ||121 when the derivative falls on v, and on the denomi-
nator. When the derivative falls on T we get 3% (uN) which yields a quadratic phase. We
complete to a quadratic phase incorporating the linear one and the terms to estimate are of
the type

j Gt k amt€)?

f T o4, Aol [~ N e e |

We first note that we can add in the integral the cutoff v, centered where the quadratic
phase cancels. Indeed, as the function to integrate is upper-bounded by Cn the contribu-
tion of 1—y, (x—j+r—k—4mt§) is upper-bounded by n%/; I|A; (t)||;’1. Then we perform
an integration by parts from the quadratic phase and get

O (x—jtr—k—antt)?
el 4t
—00

N (N(t, XY (x—j +4mtE)Yn(x—j +r—k—4nt§)> dx‘
(x—j+4mt&)(x—j+r—k—amwt§) x|

241 > 14 (A A ()]

Jorik

When the derivative falls on N, as N, = —uT we can perform a Cauchy—Schwarz inequal-

ity separating the factors in the denominator to get a C || 4; (¢) ||?l upper bound. When the

derivative falls on a term other than N we get directly a Cn/7||4; (¢) ||;’1 upper bound.
Summarizing, we have obtained for all £ € R,

TwH—-i Y. AOAOITCE )

|j—r+4mté|<2nt

+i > Aj AT (.8, j.r)| <

|=(j—r)+4mtE|<2nt

C(|A4; @)
nJt o

where

i x(£(j—r)+4nt§)
2,

L j2—r2 e t
I:t(t,ég‘,j,r) =T w / —T(t,x)dx.
|x—jFanté|>L X—J Fani§
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For simplicity, in the integrals we have replaced the cutoff function 1, by the character-
istic function of B(0, %) Indeed, the functions to integrate are upper-bounded by n so
the error term, which comes from integrating on a domain of size % is upper-bounded
by C(||A;(t)]];1). The first discrete summation holds for (j, r) if and only if the second
discrete summation holds for (7, j), so

ReoH-i Y AOAOETCE L~k )| = S,

|j—r+amté|<2nt

By the same argument above we can remove from the integrals in I7(z, £, j, r) and
I~ (¢, &, r, j) the domains of integration {|x—r+4mt§| < %} and {|x—j—4nt€| < %}
respectively to get

L&) —i Y LA (e 5

|j—r+4nté|<2nt

eiwirlt“@ ( ! — ! )T(t, x)dx
x—j—4nté x—r+4nté

X .
|x—j—4mtE|>L,
1
|x—r+amt|>

~ CUAOln)
<=

2.2. An analysis on locating particular solutions that can exhibit growth

To get the logarithmic growth of the theorem we shall restrict to a particular class of
polygonal lines and we shall look for values of &, such that |47 n’—zé,,| is close to the dis-
tance between the corners. We note that in the case of a single corner we have
ajoe—; = 0, so the following lemma ensures that T;(nt—z, &,) is bounded. Therefore the
logarithmic growth comes from the interaction of several corners.

Lemma 2.2. Let {«;} be such that
aj =0 for|j|> 1 (32)

We have for all t € (0, #) and |§| < }1,

—~ 1 . 2 2 1 1
T (t, — 8) —iazjay et (a1l )IOgt/ (_ — —)T 1,x)dx
U omr + -1 ||jc:11||i%l’, x—1  x+1 (t,x)
x|<2"

- CUAOln)
s Iz

A similar estimate holds at —# + 6.

(33)

Proof. Denoting § = 217 + § implies 4t = 2 + 47t6, so we have

1
|j—r+4nté| <2nt < — < r=j +2,
2mn
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and Lemma 2.1 gives us

27j2

—~ . — ; Ut2)
Te(t.6) =iy A (O Ajr2(0)e’ o
J

eixz’r‘s( : — ] )T(t, x)dx
x—j—2—4xt§ x—j+4ntd

|x—j—2—4mt8|>1,
[x—j+4mt§|>1

C(l4;®) i)
S—nﬁ . (34)

First we note that, as |[47t§| < 3 , we obtain by Cauchy—Schwarz,

1 1
; — - dx
N\ x—j—2—4mts x—j+4mts

: 1
[x—j—2—4ntd|>
|x—j+4nt8|>%,

|x—j—1]>2
f 2+ 8xtd <C
ly—1— 47r15|>n, .
ti4amsiot ] Y71 4m§)(y+1+4nt8)
[y|>2

Thus we can reduce the integration in (34) to |[x—j —1| < 2. In the remaining integrals the
functions to integrate are upper- bounded by Cn on the domain of integration and also —5 1
far from it. Then, as |47wt4| < 3, we can shift the domain of integration and remove the
476 factors from the denommators to obtain

27j2

—~ . _— - (+2)
Te(t.§) =iy Aj()Aja(t)e 5
J

lx—j—2l>1, e!¥2me <—2 - —.)T(l,x) dx| < Cdi4; Ol )”“).
x—jl=1, Xmjme X nyt
[x—j—1|<2

Now, using the fact that «; = O for |j| > 1 and that the integrals are upper-bounded by
C logn, we have

— . . 1 1
Te(t.§) — iaqoy e/ lom1Ploa)loes [x—uﬁ, e (— - ?)T(r x) dx
[x+1]>1,
[x|<2
_ CU4; 0l
+ Y oyl IRjp2(dllogn + > |R;(0)] |aj+2|logn

n
o ljl<1 lji+21<1

+ Y IR (D) [Rj42(1)| logn.

Since |x276| € (0, 47”) and the functions to integrate are upper-bounded by »n and the
integration domain is bounded, the factors ¢’*27% can be neglected. By using the decay
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(30) of R;(¢) with y >

939
1
5, we get
IR D] < | Re (D) lr2e = C Nl llj2s = — Nkl 2s 35)
thus the conclusion (33) of the lemma. For £ = —m + & we proceed in the same way. =
2.3. Proof of the logarithmic growth

Lemma 2.2 and (31)” ensure that for &, = 2"—7:[ + 8 with ¢ € (0, 4ﬂ) and [§] < ;- we have
1 1 1 t C(l4; Gli)
(5 80) =il [y (= )T(_z,x)dx\ < S04 G
n 1oL, x—1  x+l1 n Jt

|x|<2

Now we note that we can further reduce to

Py - 11
T"(;TZ’S")_"“' /{%>|x o (

¢ C(|4; (<
Y0 () ar| < COAGEND
x—1  x+1 n2
U{3>[x+1]>1}

NG
We recall also that from [4, Lemma 4.1] we have the convergence

1
17) + d(x,Z))’

7(55.x) T(o,x>)5c<||a,»||zl,1>(1+|x|>\/,j:2 T
SO

1

(NERART

{3>x— 1|>1}
Ul

-

1% 1)2(0 x)dx
{3 |x+1|> }

< C(”Aj(nzz)”ll)

< + Cla|?Vr.
N ||

As yo is a polygonal line with 77°°, T9 and 7" the directionson x < —1,—1 <x < 1
and 1 < x respectively,

1 1
ooty (527 = 537) TO 9
U{l>x+11>1}

—1|7-1-1
=T~ [log < |]
|x

+ T+°°[lo

F g 7°[log |x_1|]1_l
—141

|x+1|

2
3

2Just for simplicity we imposed «_; = a; = «, i.e. the corners of the curve yo have the same angles
The computations go the same in the general case with & Toeille—t

2_ 2 .
—1P=lea ) logt jpgtead of |a|?
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and logarithmic growth in 7 comes from the boundary terms at —1 — %, -1+ %, 11— %,
and 1 + % Therefore we obtain

CUI4; Gl

(1 A 2(T—00 _ A0 +oo 3
Tx(nz,én) ila|*(T 2T + T7)logn| < NG + Cla*Vr.
Now we compute
[T~ —2T% + TT°| = 2(1 — cos(r — 0)). (36)

The smallest values of this modulus appear for 6 close to 7, equivalent to « close to zero
in view of (22):

. (7T — 9)2 0—>m T—0 .0 —Z|af? a—>0

7
1 A COS =sin- =e ~ 11— ol
8 2 2

thus
1T~ — 2T 4 T+%| = 2(1 — cos(r — 8)) *X" (7 — 6)% ~ dr|al.
We then choose ¢ small enough that
ClaPVt < é|a|2|T_°° —2T°% + T**°|logn,

which reduces to
Vit < Cla|logn,
and large enough that
CUl4;G)ln)
Vi
which is implied, in view of (35), by
loe|®
Clle] + 55)
|a|* log n

1
< §|a|2|T_°° —2T7°% + TT®|logn,

< W/t
Therefore the conditions on ¢ and n with respect to « are

lee|?
% < \/7<min{C|oz|logn,ﬁ}. (37)
We note that the upper and lower conditions on ¢ imply that n has to be chosen large with
respect to .
Summarizing, we have obtained the existence of 7y, g € (0,1) and ng € N such that

forn e N,n > ng,andt € (10;—3”, ty) the following growth holds:
T\( t n?
"\n2’ 2nt

1 1
< §|a|2|T_°° —2T% + TT®°|log(n) V$,|8| < -

+ 8) —iaA(T® = 2T° + T+%®) log n)

This yields (26) in Theorem 1.1. For the analysis at —2"—; + & we proceed in the same way.
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As a consequence we get the existence of Cg > 0 such thatforn > ng and ¢ € (n2 , n2)
we have
sup | T (¢, €)| = Cg logn.
3

We can choose ng large enough that for all T € (fg, tg),

1 g 1 T
|log 7| < E‘logn—z‘ < E‘logn—z‘.
6 0

~

Then, forr = 5 € (5%, %),

§~|<°

—~ Co Co
Sl;plTx(t,é)l = — ([logt| —[logz]) = —~ log?.

Moreover, by choosing ng large enough that

7] - fg
(n+ 12" n%’

we have (0, "l—%) = Un>n6(n2, n2) 0 (27) holds.

2.4. Bounds away from the growth zone

Finally, we consider for n € N* those £ such that |§ — 2m| > 2m > and |§ + m| > 2m’
which means |47 LE-2/>2 and |47 LE42|>2 3 .Wedenoteby m € 5 andd € [—
the numbers such that 47 nzé =2m + d which in pamcular implies m ¢ {£1}. Then

t t
‘j—r+4n—2§‘ <2n— <= r=j+2m,
n n

and Lemma 2.1 gives us for ¢ € (0, 2= i

e >is;\Af<;7>\1Af+zm<;7>\

1 1 C(14; G ll)
- dx + ——&F——,
x—j—2m—d x—j+d NG

|x—j—2m— d\>—
[x— 1+d|>—

The piece of integration |[x—j—m| > 4m is bounded and the remaining part is upper-
bounded by C log(max{({m),n}). Since m ¢ {1} then

u NN [PEA)
<X el on() = 3[R

l7l=1 [j+2m|<1

# IR ()] [Rivan (52
J
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=|a|()R—1+2m(nt—2>)+‘Rl+2m< o R L e | L )D
) ()

From (30) we have

soforall j € Z,

Thus
72(5.€)] = C@) togtmax{ (). np)——— + <&
2ot = HE e T T
Therefore, for £ such that |§ — 2"—7; > ;Lm and |& + 2m| > ;Zr and t € (0, 2) We obtain
—~/t C(a)
Gaol=F

and the proof of Theorem 1.1 is complete.

3. Several corners
Instead of 2 corners, we consider a planar polygonal line with 2N corners located at

—2N +1,...,2N — 1, with the same angle 6. Let m € {1, ..., N}. Proceeding similarly
to the proof of Lemma 2.2, we obtain (with constants that can depend on N) for |§| < %,

T 5 +)

; Grem)?2-j2 1

1
—ila? E e v L (f 1( - - .)T(t,x)dx
g <lx=G+2m)l<3.\ x_ —
JE{(=2N+1),..., 1 jxmjl<1 pAx—(j+2m) x—j
@N—-2m—1)}
_ CUAGDI)
= 7 .

Now we restrict to ¢ and n such that # € 8Z to get rid of the phases in front of the
integrals. Arguing as for the end of the proof of Theorem 1.1 in Section 2.3, we get

7 (T 4 8) — iptoga] = CUAOID

+ Cla|* vt logn,
iy i la|> V1 logn
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where

Vin = i(—%) log(sin g)

x Yo (TG -TGH =T +2m)7) + T((j+2m)T))

Jjel(=2N+1),...,
(2N—2m—1)}

= i(—%) log(sin g) (38)

X (T((—2N+1)_) —T((=2N+142m)7) = T((2N—-1-2m)*) + T((2N—1)+)).

For N = 1 we recover the vector V in Theorem 1.1 as

V= i(—%) log(sin g)
x (T((=2N+1)7) = T((-2N+1)") = T(2N-1)7) + T(2N-1)T)).

We note that for at least one m € {1,..., N} we have V},, # 0.
Continuing similarly to Sections 2.3-2.4 we obtain the following result.

Theorem 3.1. Consider a polygonal line yo(x) with 2N corners of angle 0 located at
x € {—=2N +1,...,2N — 1}. Let x(t, x) be its evolution by the binormal flow by the
Hasimoto method and denote T (t, x) the tangent vector.

There exists tg y,to.n € (0,1) and ng y € N such that for n € N, n > ng y, for

te( te,N tezv) satisfying 1 ; € 8nZ, form € {1,..., N}, and for & satisfying either

n2 log

€ — 5| < Z orl§+ 5| < n, the following holds:

—~ 1
x\U,8) — Vmlogn)| = ~|Vm|logn,
|Tx(2,8) — Vi log(n)| < 2|V |1 (39)

where Vy, is defined in (38).
As a consequence, fort € (0, 2‘92—1\’) there exists Cg > 0 such that
o.N

sup | Tx (2, )| > Co,y logt. (40)
&

Finally, for § such that |§ — 57| > Sm and |§ + 5| > 8mforallm e{l,...,N},
andt € (0, é) we have an upper bound of | Te (t,&)| depending only on 6 and N.
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