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Regularity theory for nonlocal equations with
VMO coefficients

Simon Nowak

Abstract. We prove higher regularity for nonlinear nonlocal equations with possibly discontinu-
ous coefficients of VMO type in fractional Sobolev spaces. While for corresponding local elliptic
equations with VMO coefficients it is only possible to obtain higher integrability, in our nonlocal
setting we are able to also prove a substantial amount of higher differentiability, so that our result is
in some sense of purely nonlocal type. By embedding, we also obtain higher Holder regularity for
such nonlocal equations.

1. Introduction

1.1. Setting

In this work, we are dealing with nonlinear nonlocal integro-differential equations of the
form
L¥u=f inQcCR”, (1.1)

where 2 C R” is a domain (= open set) and f: Q2 — R is a given function, while 4: R” x
R™ — R is a coefficient and ®: R — R is a nonlinearity with properties to be specified
below. Moreover, for some fixed s € (0, 1) the nonlocal operator Lff is formally defined
by

A(x,y)

STy 20 —u))dy, x e Q. (1.2)

Lffu(x) = p.v.[]R

For the sake of simplicity, throughout the paper we assume that n > 2s. Moreover, we
assume that the coefficient A is measurable and that there exists a constant A > 1 such
that

A7l < A(x,y) <A foralmostall x, y € R". (1.3)

In addition, we require A to be symmetric, that is,

A(x,y) = A(y,x) foralmostall x,y € R”". (1.4)
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We define £¢(A) as the class of all such measurable coefficients A4 that satisfy conditions
(1.3) and (1.4). Furthermore, we require that the nonlinearity & satisfies ®(0) = 0 and the
following Lipschitz continuity and monotonicity assumptions, namely

|®(1) — ()| < Alt —1'| forallt,t’ eR (1.5)

and
(P(t) — Pt —1t) > A"t —1)? forallt,t’ € R, (1.6)

where for simplicity we use the same constant A > 1 as in (1.3). The above conditions are
for instance satisfied by any C! function ® with ®(0) = 0 such that the image of the first
derivative ®’ of ® is contained in [A™!, A]. Consider the fractional Sobolev space
_ 2
WH2R") = {u € L2R") | fan fan ME5H0E dy dx < oo)
and denote by W22 () the set of all functions that belong to W*2(R") and are compactly

supported in 2. We are now in a position to define weak solutions of equation (1.1) as
follows.

Definition. Given f € L"“s (R), we say that u € W52(R") is a weak solution of the

loc

equation L:I;u = fin Q, if

A
fRn /R x— - |nylzs D(u(x) —u(y)(@(x) — ¢(y)) dy dx
) / fods Vo & WeZ@) (1.7)
Q

We remark that the right-hand side of (1.7) is finite in view of using Holder’s inequal-
ity with Holder conjugates ni”zs and nz’;S and the fractional Sobolev embedding (see
Proposition 2.3).

In our main results, we require A to be of vanishing mean oscillation close to the
diagonal in the following sense.

Definition. Let§ > 0 and A € £o(A). We say that A is §-vanishing in a ball B C R” if,
for any r > 0 and all x¢, yo € B with B,(x9) C B and B,(yo) C B, we have

f f |A(.X, y) - /Ir,xo,yo| dy dx S 8’
By (x0) Y Br(y0)

where Ar.xo.v0 = f3.(x0) 18, (o) AX: ¥) dy dx.

Moreover, we say that A is (§, R)-BMO in a domain 2 C R” and for some R > 0, if
forany z € Q and any 0 < r < R with B,(z) € 2, A is §-vanishing in B, (z).

Finally, we say that A is VMO in €, if for any § > 0, there exists some R > 0 such
that A4 is (§, R)-BMO in 2.



Regularity theory for nonlocal equations with VMO coefficients 3

If A belongs to the classical space of functions with vanishing mean oscillation
VMO(R?") (see e.g. [30, Section 2.1.1], [15] or [39]), then A is also VMO in R” in
the above sense. Nevertheless, our assumption that A is VMO in €2 is more general, as
it roughly speaking only means that A is of vanishing mean oscillation in some arbitrar-
ily small open neighborhood of the diagonal in €2 x €2, while away from the diagonal in
Q x © and outside 2 x €2 the behavior of A is allowed to be more general. In particular,
if A is continuous in an open neighborhood of the diagonal in €2 x €2, then A is clearly
VMO in Q. Nevertheless, continuity close to the diagonal is not essential, as there are
plenty of VMO functions that are discontinuous. For example, assuming that 2 contains
the origin, if for some o € (0, 1) we have

sin([log(|x| + |yD|*) +2 ifx #0or 0,
A(x,y) = (\ g(|x] + [yl | ) . # y # (1.8)
0 ifx =y =0,
or
sin(log{log(|x| + +2 ifx#0or 0,
Ae.yy — | sintogliog(ixl + YD) 42 ifx £ 0ory .
0 ifx=y =0,

in an open neighborhood of diag(2 x €2), then A is VMO in Q. However, in both cases
A is discontinuous at x = y = 0.

1.2. Main results
Our first main result is concerned with Sobolev regularity.

Theorem 1.1. Let 2 C R” be a domain, s € (0, 1) and p € [2, 00). Moreover, fix some t
such that

2s<l . %) ifs <1/2

2—-2s .
l—— ifs>1/2
p

s§t<min{2s(l—é),l—2_pzs} =

=:tgp. (1.10)
If A e Lo(A) is VMO in Q and if ® satisfies conditions (1.5) and (1.6) with respect to A,
then for any weak solution u € WS2(R"™) of the equation

Liu=f inQ,
we have the implication

np
f el (Q) = ue W(Q).

loc

Remark 1.2. In fact, in order to arrive at the conclusion that u € ng’cp (R2) for some ¢ and
some p in Theorem 1.1, it is actually enough to assume that A is (§, R)-BMO in 2 for
some arbitrarily small R > 0 and some small enough § > 0 depending only on p, t, n, s
and A; see Theorem 9.1 below. This is in line with corresponding results for local elliptic
equations; see e.g. [6].
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Figure 1. Higher differentiability in relation to s and p.

An interesting feature of Theorem 1.1 is that the differentiability gain indicated by
the number £y, depends on the gain of integrability by relation (1.10). This relation is
visualized in the Figure 1.

In particular, on the one hand we observe that in the case when p is close to 2, that
is, in the case of a small gain of integrability, Theorem 1.1 also implies only a small gain
of differentiability. On the other hand, in the limit case when p — oo we obtain differen-
tiability in the whole range s < ¢t < min{2s, 1}, which we expect to be sharp in the case
when A is merely VMO. An interesting question is whether also in the case of smaller val-
ues of p the differentiability gain in Theorem 1.1 can be improved beyond £, to the full
range s <t < min{2s, 1}, or whether counterexamples that contradict such an improve-
ment can be constructed. This is because such an improved gain of differentiability was
in fact observed in the recent paper [32]. However, in [32] this improved regularity is
only proved in the linear case when ®(¢) = ¢ and under some Holder continuity assump-
tion on A, which in particular does not include many examples of discontinuous VMO
coefficients like (1.8) and (1.9); see Section 1.4 for more details.

In Theorem 1.1, we stated the result in terms of the higher integrability exponent p at
which we arrive, which has the advantage that the statement of Theorem 1.1 is relatively
clean. However, an interesting question is how much higher integrability and differen-
tiability we gain if we instead prescribe the integrability of the source function f. This
question leads to the following reformulation of Theorem 1.1.

Theorem 1.3. Let Q C R” be a domain, s € (0,1) and f € L (Q) for some q €

loc

(ni"zS, 00). In addition, assume that A € Lo(A) is VMO in Q and that © satisfies condi-

tions (1.5) and (1.6) with respect to A. Then for any weak solution u € W52(R") of the
equation Lffu = f in Q, the following is true. Fix some t such thats <t < 1:
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» Ift satisfies

n

25(1 — —— ifs <1/2,
L (1= Gr2m9) o=/ .
TGS, o290 g -2sq) (L1

1— lfs>1/2,

(n+2—-2s)g
then we have u € W27 (Q), wherepz%.
» Ift satisfies
r<2s— 2, (1.12)
q

then we have u € W2 (Q) for any p € (1, 00).

loc

Note that in the first case of Theorem 1.3 we always have % > 2, so that we
always gain integrability beyond the initial integrability exponent 2 as well as differentia-
bility beyond the initial differentiability parameter s.

Moreover, we note that in the case when 2s — g < 1, it is relatively easy to see that
we always have

n
2s(1——) ifs <1/2,
e (n +2s)q =l
S—_
2-2 2
¢ |, LZ290ta=259) oy,
(n+2-2s)q

so that in this case the range of 7 given by (1.11) is always nonempty.
Also, we remark that in the case when 25 — g > 1, Theorem 1.3 implies that u belongs

to W"7(Q) for any ¢ in the range s < ¢ < 1 and any p € (1, 00).

loc

By embedding, Theorem 1.3 also implies the following higher Holder regularity result.

Theorem 1.4. Let Q C R” be a domain, s € (0,1) and f € Lf]OC(Q) for some q > 3.
If A € £o(A) is VMO in Q and ® satisfies conditions (1.5) and (1.6) with respect to A,
then for any weak solution u € W*2(R") of the equation

LYu=f inQ,

we have
25—n
Cre () if2s =2 <1,
e Z (1.13)
Co(Q)Vae(0,1) if2s——=>1.
q

While, as mentioned, it is up to further investigation whether the differentiability gain
in Theorems 1.1 and 1.3 is optimal, we nevertheless expect the Holder regularity in Theo-
rem 1.4 to be sharp in the case of VMO coefficients or even continuous coefficients, since
even the mentioned improved gain of differentiability along the Sobolev scale in the range
s <t < {2s,1} would still only lead to the same amount of Holder regularity obtained in
Theorem 1.4.
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1.3. Local elliptic equations with VMO coefficients

For the sake of comparison, let us briefly discuss corresponding regularity results for local
elliptic equations in divergence form of the type

div(BVu) = f inQ, (1.14)

where the matrix of coefficients B = {b;;}; ;_, is assumed to be uniformly elliptic and
bounded. In the linear case when ®(¢) = ¢, equation (1.14) can in some sense be thought
of as a local analogue of the nonlocal equation (1.1) corresponding to the limit case
s = 1. For some rigorous results in this direction, we refer to [21]. It is known that if

the coefficients b;; i belong to VMO(R2) and f € Ll'(';c”’ (Q) for some p > 2, then weak
solutions u € W (Q) of equation (1.14) belong to W1 2(Q); see e.g. [6,15,23] and
also [1,2,17,26] for more general developments in this direction. This corresponds to our
Theorem 1.1 in the case when ¢ = 5. On the other hand, in order to gain any amount of
differentiability along the Sobolev scale in the context of local equations, a corresponding
amount of differentiability has to be imposed on the coefficients, so that in the case of
VMO coefficients in general no differentiability gain at all is attainable. Therefore, the
additional differentiability gain in Theorem 1.1 is in some sense a purely nonlocal phe-
nomenon.

This nonlocal differential stability effect is also visible in the context of Holder regu-
larity, although in this case it is somewhat more subtle to recognize it. In fact, embedding
the above W -7 regularity result implies that for any weak solution u € WI;C’Z(Q) of (1.14)
with f € L{ () for some ¢ > % we indeed have

loc

Croc ‘1(52) ifg <n,
u e
*(Q)Vae(0,1) ifg=>n,

loc

which at first sight directly corresponds to Theorem 1.4. However, there is an important
difference in the case when ¢ is large, which is due to the differentiability gain in Theo-
rem 1.3. In order to illustrate this difference, note that in the case when f € L (), for
any weak solution u € Vl/lééz(Q) of (1.14) we have C% (2) for any o € (0, 1). Since in
some sense the order of equation (1.1) is s times the order of equation (1.14), one might
therefore be tempted to guess that weak solutions u € W*2(R") of (1.1) should in gen-
eral not exceed C* regularity. However, Theorem 1.4 shows that any such weak solution
to (1.1) indeed belongs to C% () for any 0 < a < min {2s, 1} whenever f € L (),
exceeding C* regularity. In particular, in the case when s > 1/2, such weak solutions to
nonlocal equations with VMO coefficients and locally bounded right-hand side enjoy the
same amount of Holder regularity as weak solutions to corresponding local equations with
VMO coefficients, despite the fact that the order of such nonlocal equations is lower.
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1.4. Previous results

In recent years, the regularity theory for weak solutions to nonlocal equations of type (1.1)
has seen a great amount of progress, in particular concerning regularity results of purely
nonlocal type, in the sense that, as above, the obtained regularity is better than one might
expect when considering corresponding results for local elliptic equations.

Regarding such results for general coefficients A € £¢(A), in [28] and [40] it is
demonstrated that weak solutions to nonlocal equations of type (1.1) have slightly higher
differentiability and higher integrability along the scale of fractional Sobolev spaces,
which is a phenomenon not shared by local elliptic equations of type (1.14) with merely
measurable coefficients, where it is only possible to obtain higher integrability.

Concerning higher Sobolev regularity of purely nonlocal type, in [32] the authors in
particular show that in the linear case when ®(¢) = ¢, if Q@ = R” and if the mapping
x — A(x,y) is globally Holder continuous with some arbitrary Holder exponent, then the
statement of Theorem 1.1 holds for ¢ in the improved range s < ¢t < min{2s, 1}. As we
discussed briefly in Section 1.2, an interesting question is therefore whether the regularity
obtained in [32] can be replicated in our general setting of possibly nonlinear equations
with VMO coefficients posed on general domains 2 C R”, in particular since many exam-
ples of discontinuous VMO coefficients like (1.8) or (1.9) are not covered by the Holder
continuity assumption in [32].

On the other hand, regarding higher Holder regularity, by the Sobolev embedding the
mentioned Sobolev regularity result in [32] implies exactly the same amount of Holder
regularity given by (1.13) from Theorem 1.4 under the mentioned assumptions imposed
in [32]. In other words, although in comparison to [32] in general we obtain less differ-
entiability along the Sobolev scale, we nevertheless gain enough differentiability in order
to obtain the same amount of Holder regularity by embedding in our general setting. A
similar Holder regularity result was obtained in [19], again in the case of linear equa-
tions, but allowing for coefficients that are merely continuous. Concerning higher Holder
regularity for possibly nonlinear equations, in [35] it is in particular proved that if ® satis-
fies assumptions (1.5) and (1.6) and A is continuous in €2, then weak solutions u of (1.1)
belong to C%_(2) for any 0 < o < min{2s — %, 1} whenever f € L{ () for some g > 55
which almost matches the regularity (1.13) obtained in Theorem 1.4. In addition, while
in comparison with Theorem 1.4 the result in [35] does not include general discontinuous
coefficients of VMO type, it in fact holds for a slightly larger class of coefficients than
simply continuous ones, including in particular coefficients that are translation invariant
inside 2. Nevertheless, our approach can easily be modified in order to prove our main
results under the assumption on A from [35]; see Remark 9.3. In addition, the Holder reg-
ularity result in [35] holds for a slightly larger class of weak solutions called local weak
solutions, essentially only assuming that u € Wks)f(Q) and the finiteness of the nonlocal
tails of u; see [35]. While we believe that our approach can be modified in order to gen-
eralize our main results to this setting of local weak solutions, we decided not to insist on
this point, in particular since this would also require a revision of the previous work [28].
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Let us also mention that in [36] (see also [34]), Theorem 1.1 was proved in the case
when ¢ = s, that is, without the additional differentiability gain, under essentially the same
assumptions on A and @ as in [35].

More results concerning Sobolev regularity for nonlocal equations are for example
proved in [3,4, 12, 18,22, 25,31, 44], while some more results on Holder regularity are
proved in [5,7,9-11, 13, 14,20, 24,29, 38,41]. Furthermore, for various regularity results
regarding nonlocal equations similar to (1.1) in the more general setting of measure data,
we refer to [27].

1.5. Approach

Our approach is mainly influenced by techniques introduced in [8] and [28]. Namely, in
[8] techniques were developed allowing us to prove higher integrability of the gradient
Vu of weak solutions to local equations with VMO coefficients of type (1.14), which
corresponds to the W -2 regularity theory briefly discussed in Section 1.2.

The approach can be summarized as follows. The first step is to use the assumption
that the coefficients b;; are VMO in order to locally approximate the gradient of some
weak solution u of (1.14) by the gradient of a weak solution v to a suitable homogeneous
equation with constant coefficients. In order to include discontinuous coefficients of VMO
type into the analysis, one uses the fact that Vu is known to satisfy an Lﬁ:{y estimate
for some small y > 0, which can be proved in the general setting of merely bounded
measurable coefficients by means of so-called Gehring-type lemmas. One then exploits the
fact that the approximate solution v, which in the local case up to a change of coordinates
is simply a harmonic function, is already known to satisfy a local Lipschitz estimate in
order to transfer some regularity from v to u. This transfer of regularity is achieved by
covering the level sets of the Hardy-Littlewood maximal function of |Vu|? of the form
{M(|Vu|?) > A2} by dyadic cubes that are chosen by means of an exit time argument and
form a so-called Calderén—Zygmund covering, essentially meaning that the cubes in the
covering have in some sense good density properties with respect to the level set that is
covered by them. Combined with the fact that Vu can be approximated by the gradient
of a harmonic and therefore very regular function, these good density properties are then
exploited in order gain control of the measures of the cubes in the covering by means
of so-called good-A inequalities. By standard arguments from measure theory, this then
allows us to prove the desired higher integrability of Vu, which then implies the desired
ngc’p estimate.

Adapting this approach in order to prove higher Sobolev regularity for nonlocal equa-
tions of type (1.1) comes with a number of obstacles. In particular, a main challenge in
the nonlocal context is to find a suitable replacement for the gradient Vu which is used
in the local context. In [34] and [36], the above approach was executed for weak solu-
tions u to nonlocal equations of type (1.1) with the local gradient replaced by the nonlocal
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gradient-type operator

) )7 (115

Ve =
u(x) ( =y

In view of an alternative characterization of Bessel potential spaces, the obtained higher
integrability of V¥u then leads to Wloc regularity, which corresponds to the case of no
differentiability gain as in the setting of local equations. However, as no local higher inte-
grability estimate for small exponents is known for V¥u for weak solutions u to (1.1),
the main result in [36] does not include the case of VMO coefficients. In addition, while
this result corresponds to the W,;c’p estimate obtained in the setting of local equations,
considering the gradient-type operator (1.15) does not lead to any higher differentiability.

In order to also gain higher differentiability and include the case of VMO coefficients,
we instead use another nonlocal-type gradient operator which is inspired by [28]. Fix
some 6 € (0, %). We define a Borel measure . on R?" as follows. For any measurable set

E C R?" get
dx dy
E):= 1.16
R A= (1.16)
Moreover, for any function u: R” — R and (x, y) € R?" with x # y, we define the
function o) o)l
u(x) —u(y
Ulx,y) = ——— 1.17
(x.y) = ypio (1.17)

For any domain 2 C R”, we then clearly have u € W*2(Q) if and only if u € L?(Q)
and U € L?(Q x Q, ), so that U and y are in some sense in duality. Regarding larger
exponents, by a simple computation for any p > 2 and sg := s + 6(1 — %) > 5, we have

u e WP(Q) ifandonlyif we LP(Q)andU € LP(Q x 2, u). (1.18)

Therefore, in contrast to the gradient-type operator V¥, by proving higher integrability of
the gradient-type function U with respect to the measure (1, we do not only gain regularity
along the integrability scale of fractional Sobolev spaces, but also a substantial amount of
higher differentiability! However, proving this higher integrability of U in the case when A
is merely VMO in 2 comes with a number of additional difficulties. In order to accomplish
this, we combine nonlocal adaptations of the approximation and covering techniques from
[8] with adaptations of some further covering and combinatorial techniques from [28].

First of all, in order to include equations with VMO coefficients, we need a local
higher integrability result for U for small exponents, which is proved in [28] for 6 > 0
small enough, which is sufficient for our purposes.

Furthermore, in contrast to the functions Vu and VSu which are defined on R”, the
function U is defined on R2". In particular, the level sets of the maximal function with
respect to 4 of U2, that is, the sets of the form {M (U?) > A2}, are subsets of R?” instead
of R”™. Therefore, in this setting we need to run an exit time argument in R?” instead of R”
in order to cover the level set of U by Calderén—Zygmund cubes in R?”. In other words,
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every dyadic cube K in the corresponding Calderén—Zygmund covering is of the form
K = K; x K,, where K; and K> are dyadic cubes in R”. A major technical issue that
arises at this point is that for cubes K = K; x K, that are far away from the diagonal in the
sense that dist(K7, K>) is large, the information that u solves a nonlocal equation of type
(1.1) cannot be used effectively. For this reason, we additionally construct an auxiliary
diagonal cover consisting of diagonal balls 8 = B x B that once again have nice density
properties with respect to the level set {M(U?) > A2}. Since close to the diagonal the
information given by the equation can be used much more efficiently, we construct this
auxiliary cover in such a way that the exit time at which the balls are chosen is somewhat
smaller than the corresponding exit time at which the corresponding Calder6n—Zygmund
cubes are chosen, so that the balls in the auxiliary cover tend to be somewhat larger than
the corresponding Calderén—Zygmund cubes. All in all, roughly speaking we have

(MU?) >3 c|JBul X,

where the balls B are diagonal balls with good density properties and the cubes K are
Calder6n—Zygmund cubes that are far away from the diagonal.

The measures of the balls in the auxiliary diagonal cover can then be estimated by
approximating U by a corresponding function V' in small enough balls, which is given as
in (1.17) with u replaced by a weak solution v of a corresponding equation of the form
L%y = 0, where the coefficient A is locally replaced by a suitable constant, while the
global behavior of A has to be left unchanged, since our assumption that 4 is VMO is local
in nature. This leads to the issue that proving a strong enough estimate for v, enabling us
to transfer enough regularity to u, is much more difficult than in the setting of linear local
equations, where as mentioned, the approximate solution is effectively simply a harmonic
function. Nevertheless, in [35] it is proved that such weak solutions v to L?v = O satisfy a
CF9 estimate in the restricted range 0 < 6 < min{s, 1 — s}. This Holder estimate directly
implies that V' satisfies an L) estimate, which is sufficient in order to control the measures
of the balls in the auxiliary diagonal cover.

As already indicated, the task of controlling the measures of the off-diagonal
Calder6n—Zygmund cubes requires additional ideas, since far from the diagonal the infor-
mation provided by the equation is only of very limited use. In order to bypass this
problem in the context of proving higher integrability and differentiability of u for small
exponents, in [28, Lemma 5.3] it was noted that on cubes that are far away from the
diagonal, L2-reverse Holder-type inequalities hold for U without relying on the equation.
Since we want to prove higher integrability for large exponents as well, we overcome
this problem by noticing that such reverse Holder-type inequalities for off-diagonal cubes
also hold for larger exponents. However, as in [28, Lemma 5.3], these reverse Holder-type
inequalities come with additional diagonal correction terms involving diagonal cubes that
do not belong to the original Calderén—Zygmund covering, leading to serious difficul-
ties. These difficulties are bypassed by an involved combinatorial argument inspired by
a corresponding one in [28], enabling us to also control the measures of the off-diagonal
Calder6n—Zygmund cubes.
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By combining the estimates for the measures of the diagonal balls and off-diagonal
cubes, we are then able to estimate the measure of the level set { M (U?) > A2} for A large
enough, which by a standard application of Fubini’s theorem and standard properties of
the Hardy-Littlewood maximal function implies the desired L{;C estimate for U in the

form of an a priori estimate, which is then used in order to prove the desired regularity by
standard smoothing techniques based on mollifiers.

1.6. Outline of the paper

The paper is organized as follows. In Section 2 we formally introduce the fractional
Sobolev spaces W*? and mention some important results concerning these spaces.

In Section 3.1 we turn to discussing some simple properties of the measure w intro-
duced in the previous Section 1.5, while in Section 3.2 we define the Hardy-Littlewood
maximal function with respect to the measure  and mention some important properties
of it.

In Section 4 we then discuss some preliminary estimates for nonlocal equations which
are essentially known. More precisely, in Section 4.1 we briefly recall the mentioned
higher Holder regularity result from [35], while in Section 4.2 we recall the mentioned
Sobolev regularity result for small exponents contained in [28]. In Section 4.3 we then
state a result about H25:? estimates for the homogeneous Dirichlet problem involving the
fractional Poisson-type equation (—A)*g = f, where (—A)® is the fractional Laplacian.
This estimate allows us to focus on proving regularity for nonlocal equations of the type
Lg’u = (—A)®g instead of (1.1), since once we are able to transfer a sufficient amount of
regularity from g to u, Theorem 1.1 follows by first transferring the regularity from f to
some solution g of (—A)*g = f and then from g to weak solutions u of (1.1).

The rest of the paper is then devoted to the proof of our main results. Namely, in
Section 5 we prove a comparison estimate enabling us to carry out the approximation
argument and also the smoothing procedure mentioned in Section 1.5. Section 6 is devoted
to proving good-A inequalities, both at the diagonal and far away from the diagonal. In
Section 7 we then set up the mentioned covering argument and use the good-A inequalities
from Section 6 in order to estimate the measure of the level sets of M(U?). In Section 8,
this level set estimate is then used in order to prove the desired regularity in the form of
an a priori estimate. Finally, in Section 9 we then use smoothing techniques in order to
deduce our main results from the a priori estimates obtained in Section 8.

1.7. Some definitions and notation

For convenience, let us fix some notation which we use throughout the paper. By C, ¢ and
Ci, ci, i € Ny, we always denote positive constants, while dependences on parameters of
the constants will be shown in parentheses. As usual, by

By (xo) := {x e R" | |x — xo| < r}
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we denote the open euclidean ball with center xo € R” and radius r > 0. We also set
B, := B,(0). In addition, by

0,(x9) := {x e R" | [x — X000 < r/2}

we denote the open cube with center xo € R” and sidelength r > 0. Moreover, if £ C R”
is measurable, then by | E| we denote the n-dimensional Lebesgue measure of E. If 0 <
|E| < oo, then for any u € L (E) we define

1
Ug = ]{Eu(x)dx = m/;u(x)dx.

Throughout this paper, we often consider integrals and functions on R?” = R” x R”,
Instead of dealing with the usual euclidean balls in R2”, for this purpose it is more conve-
nient for us to use the balls generated by the norm

I(xo. yo)ll := max{|xol, |yol}. ~ (x0.0) € R*".

These balls with center (x¢. yo) € R?" and radius r > 0 are denoted by B, (xo. o) and
are of the form

By (x0, yo) := Br(xg) X Br(yo)-

In the case when xy = yo we also write 8, (xg) := By (xg, Xo), and we call such balls
diagonal balls. We also set B, := B, (0). Similarly, for xg, yo € R” and r > 0 we define
@, (x9,¥0) := Or(x9) X Or(y0) and @, (x9) := @, (x9, Xo) and also @, := @,(0).

2. Fractional Sobolev spaces

Definition. Let 2 C R” be a domain. For p € [1,00) and s € (0, 1) we define the fractional
Sobolev space

WP(Q) = {u € LP(Q) | [q [o = gy dx < oo}

|x_y‘n+sﬂ

with norm
lellwsr@) == 7 Q) + leny) s

_ P 1/p
U]ws.r(q) = (/Q o Mdy dx) .

=y

where

Moreover, we define the corresponding local fractional Sobolev spaces by

WEP(Q) = {ue Ll

loc

(Q) | u € W*P(Q') for any domain Q' € Q}.
Also, we define the space

Wo? (Q):={ue W>”R") |u=0 inR"\Q}.
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We use the following fractional Poincaré inequality; see [33, Section 4].

Lemma 2.1 (Fractional Poincaré inequality). Lets € (0,1), p € [1,00), r > 0 and x¢ €
R”™. For any u € WP (B(xg)) we have

_ p
/ [u(x) — g, (xp)|? dx < Cr”’/ / Mdydx,
By (x0) +(x0) /B (xo)  |X — p["TP

where C = C(s, p) > 0.
We also use another Poncaré-type inequality; see [35, Lemma 2.3].

Lemma 2.2 (Fractional Friedrichs—Poincaré inequality). Let s € (0, 1) and consider a
bounded domain Q C R". Forany u € WOS’Z(Q) we have

/ |u(x)|2dx<C|sz|*/ / '”(x)_”(y”zd dx, @.1)

|x — y|nt2s
where C = C(n,s) > 0.

For the following embedding results we refer to [16, Theorems 6.7, 6.10, 8.2].
Proposition 2.3. Let @ C R” be a Lipschitz domain, s € (0,1) and p € [1,00):
o Ifsp < n, then we have the continuous embedding

WSP(Q) > L (Q).
e Ifsp = n, then for any q € [1, 00) we have the continuous embedding
WP (Q) — L1(Q).
o Ifsp > n, then we have the continuous embedding
WP (Q) — Ccs 7 7 (Q2).

By combining Proposition 2.3 with Lemma 2.1 and a scaling argument, it is easy to
deduce the following result.

Lemma 2.4 (Fractional Sobolev—Poincaré inequality). Let s € (0,1), p € [1,00), r > 0
and xo € R". In addition, let

[1, "p ] ifsp <n,
n—sp

[1,00) if sp > n.

q <

Then for any u € W*P(B,(xg)) we have

1 _ P 1
(][ |u(x)—ﬁ3,(x0)|qu)q fCrS(]l / Mdydx)p,
B (x0) By (xo) JBr(xo) |X — y["TeP

where C = C(n,s, p,q) > 0.
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For p € (1,00) and s € (0, 2), denote by H*?(2) the standard Bessel potential spaces
on 2; see e.g. [34, Section 3]. The following embedding result follows from [43, Theorem
2.5], where it is given in the more general context of Besov and Triebel-Lizorkin spaces

Proposition 2.5. Let 1 < pg < p < p1 <00, 5 € (0,2), 59,51 € (0, 1) and assume that

Q C R” is a smooth domain. If s — % =5 — % =5 — le’ then

WS0Po(Q) <> HOP(Q) > WSTPH(Q).

Unlike the classical Sobolev spaces W1?(Q2) on a bounded domain Q C R”, the
fractional Sobolev spaces W*:P7(2) are not contained in each other as the integrability
exponent p decreases. Nevertheless, we have the following result, essentially stating that
the mentioned inclusions are almost true.

Proposition 2.6. Let 1 < py < p < 00, s € (0, 1) and assume that 2 C R”" is a smooth
bounded domain. Then for any 0 < ¢ < min{l — s, 27”, 2n(1 — ﬁ)} we have

WETEP(Q) s WP (Q).

Proof. By Proposition 2.5, we have W5+&2(Q) — HS1¢/2:7(Q), where p := n_’;‘;/z.
Now since for pgy := % we have 1 < pg < po < p < p, by [43, Theorem 2.85(ii)]
we have HST€/2:P(Q) < HS¢/2:00(Q). Since in addition by Proposition 2.5 we have
Hste/2:P0(Q) < WSPo(Q), the proof is finished by combining the above three embed-

dings. ]

3. The measure u

3.1. Basic properties of p
For the rest of this paper, we fix some s € (0, 1) along with some parameter 6 in the range
0 <60 <min{s, 1 —s} 3.D

and let the measure u be defined by (1.16). Moreover, for any function u: R”? — R, let
the function U be given by (1.17). The following relation can be deduced by a simple
computation.

Lemma 3.1. Let p > 2 and set sg := s + 6(1 — %)' Then we have
u € WP(Q) ifandonlyif ue LP(Q)andU € L?(Q x Q, u)
and
1U lr@x@.,dp) = [ulwso-r)-

The next proposition contains some further important properties of the measure u
which are straightforward to deduce by applying changes of variables. We will use these
properties frequently throughout the paper, usually without explicit reference.
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Proposition 3.2. (i) Forallr > 0and xog € R", we have

1(Br (x0)) = p(By) = cr"*?7,
where ¢ = c(n, ) > 0.

(ii)  (Volume doubling property). For any (xo, yo) € R?", any r > 0 and any M > 0,
we have

11(Barr (X0, y0)) = M" 20 11(B, (x0, ¥0)).

3.2. The Hardy-Littlewood maximal function

Another tool we use is the Hardy-Littlewood maximal function with respect to the mea-
sure /.

Definition. Let F € L (R?", j1). We define the Hardy-Littlewood maximal function

MF:R?" — [0, 00] of F by
MEN ) i=swp f - |Fldp.
p>0JB,(x,y)

where

1
|Fldp == ———— |F|dpu.
]{’Bp(x,y) w(Bo(x, ) J8,x.y)

Moreover, for any open set £ C R2" we define
MEg(F) = M(FxE),

where y g is the characteristic function of E. In addition, for any r > 0 we define

MZr(F>(x,y):=sup][ Fldp. Morg(F) = Mar(Fp).
By(x,y)

p=r

The following result shows that the Hardy—Littlewood maximal function behaves
nicely in the context of L? spaces. Since by Proposition 3.2, u is a doubling measure
with doubling constant 2"+29, the result follows directly from [42, Chapter 1, Section 3,
Theorem 1].

Proposition 3.3. Let E be an open subset of R*":

(1)  (Weak p—p estimates). If F € LP(E, ) for some p > 1 and A > 0, then

C
pllr € B | Me(F)w) > 4) < 55 [ 1FI17du,

where C depends only on n, 60 and p.
(ii)  (Strong p—p estimates). If F € LP(E, u) for some p € (1, 00], then

| ME(F)llLr,da) < CIFllLee,aw-

where C depends only on n, 6 and p.
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For the following result we also refer to [42, Chapter 1, Section 3].

Proposition 3.4 (Lebesgue differentiation theorem). If F € Ll (R?", ), then for almost

loc

every (x,y) € R?", we have

lim Fdu = F(x,y).
r=>0J8,(x,y)

An immediate corollary of the Lebesgue differentiation theorem is given as follows.

Corollary 3.5. Let F € L} (R*", ). Then for almost every (x, y) € R*" we have
|F(x,y)] < M(F)(x,y).
In addition, for any open set E C R?" and any p € [1, oo] we have

| FllLeg,an < IME(F)lLr(E,dw-

4. Some preliminary estimates

4.1. Higher Holder regularity

The following result on higher Holder regularity plays an essential role in our approach
and follows from [35, Theorem 1.1].

Theorem 4.1. Let Q@ C R" be a domain and let f € L{°(2). Consider a coefficient
A € £o(A) that is continuous in Q x Q and suppose that ® satisfies (1.5) and (1.6) with
respect to A. Moreover, assume that u € WS2(R") is a weak solution of the equation
L;Il’u = f in Q. Then for any 0 < a < min{2s, 1}, we have u € C_(2). Furthermore, for
all R > 0, xg € R” such that Br(x9) € Q and any o € (0, 1), we have

|u(y)]

"\ Br(xo) 1X0 — y["+28

C _n
[u]ce(B,g(xo)) = F(R 2 |ull2(Br(xo)) + RZS/R dy
+ RzS”f”L“’(BR(xo)))’

where C = C(n,s,A,a,0) > 0and

BMceBonteey (= SUD [u(x) —u(y)|
okixo x,y€ByR (x0) |x — y|*
x#y

Remark 4.2. In [35], Theorem 4.1 is proved in the more general context of so-called
local weak solutions; see [35, Section 1.1] for a precise definition. From [36, Lemma 3.5]
it follows that any local weak solution is a weak solution in our sense, so that Theorem 4.1
indeed follows from [35, Theorem 1.1]. Moreover, it is immediate from the definition of
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local weak solutions in [35, Section 1.1] that for any local weak solution u of the equation
Lfl’u = 0 in 2 and any constant ¢ € R, u — ¢ is also a local weak solution of the same
equation. Therefore, in the setting of Theorem 4.1 for any weak solution u € W$2(R")
of L;Il’u = 01in 2 and any ¢ € R, we have the estimate

M) ,)

C
] (Bynteny) < (R = clli2mpie + R /
(Bor(x0)) = RY (BRr(xo)) R\ B (x0) |xo — y|nt2s

where C = C(n,s,A,a,0) > 0.

4.2. Higher integrability of U for small exponents

For technical reasons, we also study equations with a more general right-hand side than in

(1.1).

Definition. Let 2, := -22-. Given f € L*(Q) and g € W52?(R"), we say that u €
W$2(R™) is a weak solution of the equation qu = (—A)’g+ finQif

A
/ﬂ;n /R - |nyl2s D(u(x) —u(»)(@(x) — @(»)) dy dx

- “/,,/,,g( 8wt —eondydx+ [ fudr Vo e W@,

Here (—A)’g is the fractional Laplacian of g (see Section 4.3) and C,  is a constant
depending on n and s whose exact value is not important for our purposes.

Throughout this work, whenever we deal with functions u and g as in the above defi-
nition, for (x, y) € R?" with x # y we define the functions

Iu(X) u(y)| _lgx) =gl

U(x ) - | |S+9 ) G(st) T Ix_y|s+9

The following higher integrability result is essentially given by [28, Theorem 6.1], where
it is stated under the stronger assumptions that the equation holds on the whole space R”"
and that g is higher differentiable and integrable in the whole R”. Nevertheless, in [28] the
equation in only used to prove the Caccioppoli-type inequality [28, Theorem 3.1], where
the equation is tested with test functions that are supported in the ball where the estimate
is proved. Therefore, it is enough to assume that the equation holds locally. Moreover, as
indicated by the estimate below, in comparison with [28] it is also sufficient to prescribe
the higher differentiability and integrability on g locally.

Theorem 4.3. Letr > 0, xg € R” and o¢ > 0. Moreover, consider a coefficient A € £o(A)
and assume that the Borel function ®: R — R satisfies

|®(t)] < At, D)t > A"'t? VieR. .1

In addition, assume that uw € W52(R"™) is a weak solution of the equation L;Il’u =(—A) g+
S in By (xo). Then there exist small enough positive constants y = y(n, s, A,09) € (0,3)
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ando = o(n,s, A, 0p) € (0,00) such that if f € L>*19(B,,(x¢)) and g € WS2(R") N
W3r-2190 (B, (x0)) for sy =5 + y(1 = 5752, then

2+ H%
(][ u,™ duy)
Br(x0)
. —k(s—y) 2 % 2+o0 ﬁ
<C)Y 2 V(][ Uyd,uy) +c(][ G; "duy)

k=1 Bk, (xo0) Bar (x0)

oo 1
+C ) 27k ( ][

]; Bk, (x0)

1
+ Crs—y (f F2*+UO d )2*+UO
/'L}/ ’
Bar(x0)

where C = C(n, s, A, 0g) > 0. Here we denote

Uy e,y = I Gy = S Py = o,

Gi dﬂy)

while the measure iy is defined on measurable sets E C R*" by

dxdy
(E) :=/ e
Hr £ x—y2

We note that the assumptions in (4.1) are clearly implied by the assumptions ®(0) = 0,
(1.5) and (1.6) which are used in our main results. Since working with the measure L,
and the functions U,, and G, is inconvenient for us, we note that the right-hand side of
the estimate from Theorem 4.3 can be rewritten in terms of the measure p and the func-
tions U and G. More precisely, by using the relevant definitions and taking into account
Lemma 3.1, it is straightforward to deduce from Theorem 4.3 the following version of the
estimate in Theorem 4.3 for a different C as in Theorem 4.3 depending only on n, s, A,
0, y and 0¢:

1

2to
(f Uy2+U d/"*y)
By (xo0)
i~ ey
< Cr@—y(z 2—k(s—9) (f U2 dﬂ) + (][ G2too d/,L)
k=1 Bk, (x0) Bar(x0)
o !
+ Y 27D ( ][ G? du) )
k=1 £2kr(x0)

1
s—y 24++00 20
+Cr f dx . (4.2)
B3, (x0)

NI—
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4.3. H?%P estimates for the fractional Laplacian

For any regular enough function u: R” — R and s € (0, 1), the fractional Laplacian of u
is formally defined by

u(x) —u(y)
n |x _ y|n+2s

(=A)Y’u(x) = Cys p.V./ ,
R
where, as in Section 4.2, C,, ¢ is a certain constant depending on n and s. In other words,
(—=A)’ corresponds to the operator L;If in the special case when ®(¢) =t and A = Cy, 4.
The following local regularity result for weak solutions of the Dirichlet problem asso-
ciated to the fractional Laplacian is essentially proved in [3]; see also [25]. The main idea
is to multiply the solution by an appropriate cutoff function in order to reduce the prob-
lem to a corresponding one which is posed on the whole space R”, for which the desired
estimate can be inferred by classical techniques from Fourier analysis; see [25, Lemma
3.5]. We note that while in [3] estimate (4.4) is not explicitly stated, it can be deduced by
keeping track of the estimates in the proofs in [3]. Also, for a formal definition of weak
solutions to nonlocal Dirichlet problems as considered below, we refer to [36, Section 4].

Theorem 4.4. Let @ C R” be a bounded domain, s € (0,1) and p € (ninzy o). If f €

LP(Q) N L2(R), then the unique weak solution u € W*2(R") of the Dirichlet problem

—A)Su = in 2,
A)yu=f in 4.3)
u=20 ae inR"\ Q,
belongs to Hl(zjz’p (). Moreover; for any open set Q' € Q, we have the estimate
lull 2@y = Cll fllLe)s (4.4)

where C = C(n,s, p,2',Q) > 0.

Also, for some more local and global regularity results for the fractional Laplacian,
we refer to [22,37].

5. Comparison estimates

The following lemma relates the nonlocal tail of a function u to the corresponding function
U.

Lemma 5.1. Let R > 0 and xo € R". For any function u € W52(R") we have

|u(y)_2’_lBR(X0)| —s+6 > —k(s—6
B 7 PBr&0)] gy, cRms+0 37 ok (s )][
/]R"\BR(xO) |xo — y|nt2s Z 3

k=1 2k g (X0)

U? du)z, (5.1

where C = C(n,s,0) > 0.
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Proof. First of all, splitting the integral on the left-hand side into annuli yields

|u(y)_ﬁBR(xo)| dv = i |u(y)_ﬁBR(x0)| d
Ixo — y|n+2s y= Ixo — y[nt2s Y
R"\Bg(xo) X0~ B,j+1x(x0)\B,j g(x0) 1X0 — Y

j=0
w .
=y | () = ey
j=0 B, j+1g(xo0)
w .
—ay R () — gy .
i=o B, j+15(x0)

where C; = C;(n). Using the Cauchy—Schwarz inequality, we deduce

f |u(Y)_aBR(x0)|dy
B2/+1R(x0)

J
= ][ () = 1 o) Y+ D 1B (o) — B )]
B, j+1p(x0)

k=0
J
=f M) =il dy 42 Y f () —ipy ., eyl dY
B, j+15(x0) k=0 Y Bok+1(x0)
j+1
<ty ][ () —in, oyl Y
k=1 szR(XO)
j+1 1

2
1 ~ 2
<ot Z(]{g RCCE R ] dy) .
k=1 2K R

In order to further estimate the right-hand side of the previous computation, we use the
fractional Poincaré inequality (Lemma 2.1) in order to obtain

_ 2
][ lu(y) — ﬁszR(xo)|2 dx < CZ(ZkR)zs / ][ % dy dx
B,k g (x0) Bk g(x0) /B, 5 (x0) [x =yl
— C3(2kR)2(S+9)f U2 d“v

B,k g (x0)
where C, and C3 depend only on 1, s and 6. Combining the previous two calculations
leads to

j+1

f () — gyl dy < Ca 3 (2K RYSH ( f Uzdu) ,
B, j+1g(x0) k=1 Bk g (*0)

(Sl
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where Cq4 = Cy4(n, s, 0) > 0. Next, combining the previous estimate with the first display
in this proof yields

|”(y)_ﬁBR(xo)| d
n+2s y
R"\Bg(xo) |X0— I
oo j+1

< CIC4R™TE Y ") " 7200k (46 ( ][ U? d,u) . (5.2)
B, g (x0)

Jj=0k=1

=

By reversing the order of summation, we obtain

oo j+1

Z Z =28 pk(s+6) (][ U2 du) 2
£2kR(x0)

Jj=0k=1

oo % oo
= 3 gk6H0) (][ U2 d,u) 3 229
k=1 B,k g (*0) j=k—1
o0
<425y 2k60) (][
8

1
2 .
Uzd,u) 302

k=1 2k g (*0) j=1

Since the sum Zjoil 27257 is finite, we conclude that

oo j+1 . 3 oo %
Y 2287 ks ) (][ U2 du) <05y k60 (][ U? du) ’
j=0k=1 £2kR(x0) k=1 £2kR(x0)

where Cs = Cs(s) > 0. Finally, by combining the last display with (5.2), we arrive at
(5.1). (]

A crucial tool for the proof of the higher integrability of U is given by the following
comparison estimate. Essentially, it will allow us to transfer some regularity from the
solution of a more well-behaved equation to the solution of the original equation.

Proposition 5.2. Let xo € R", r > 0, g € WS2(R") N W3:2T9(B,,(x0)), [ €
L2190 (B, (x9)), f € L%+ (B, (x9)) and A € £o(A). In addition, assume that ® sat-
isfies conditions (1.5) and (1.6). Moreover, let u € W52(R"™) be a weak solution of the
equation

L{u=(=Ayg+ [ inBar(xo), (5.3)

and let v € W52(R™) be the unique weak solution of the Dirichlet problem

@ _ ~ .
{L v = f in By (xg), (5.4)

u a.e. in R™ \ By, (xp),

>

v



S. Nowak 22

where A is another coefficient of class £o(A) such that A = A in R*" \ 8B, (xo). Then the
functionw :==u —v € WOS’Z(Bzr (x0)) satisfies

/ (w(x) —w(y))?
n Rn

|x _ y|n+2s dy dx

: S X
= Cott—drxoPru e (L2 (f vran))
2kr X0

k=1
2
~ Y 2+0g
+ Cw(A — A, 1, x0) ™ (B (x0)) (][ G?2too d/L)
Bar(x0)
y o 2
+C@=Arxo + nus (L0 c2an))
k=1 -sz,(xo)

2
- 2% +o0y
+ ColA — A, 1.x0) "7 12679 (B, (x0)) (Ji | fPtoo "x) 0

2r (X0)

# e Gan(f 17 FPar)”

2r (x0)

where C = C(n,s,0,A,o09) > 0and
w(A—A,r xp) = ][ ][ |A(x,y) — A(x, y)| dy dx.
r(X0) r(x0)
Proof. First of all, note that the function v that uniquely solves (5.4) exists by [36, Propo-

sition 4.1]. Using w as a test function in (5.4) and also in (5.3), using (1.6) and taking into
account that A(x, y) = A(x, y) whenever (x, y) ¢ B,(xo), we obtain

(w(x) — w(y))?
[n Rr X —y|Pt2s dy dx
() = u) = W) — o))’
S Du(x) —u(y) (wx) — w(y))
EAZ(/n/nA(x,y) X — s dy dx
~ / / ey QOO 00D @0) —wl) dx)
. n |x _ y|n+2s
o S ®(u(x) — u(y)Wx) — w(y))
—n( [ [ it - A T dy dx

b [ 4ty D ZHODD) )

|x _ y|n+ZS
— / f(x)w(x) dx)
B>y (x0)
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_ A2 i B Q) —u()Wx) —w®) ,
- A ([Brm) /Br(xo)(A(x’ Y7 A ) [x — y|rts dydx
=1,
() — ()W) —wly)) ,
+ Cus [n RN |x — y|nt2s
=1

s G- Feome dx).
B3, (x0)

=13

Leto =o(n,s,A,00) >0 and y = y(n,s, A, o) > 0 be given by Theorem 4.3. By
using (1.5), the Cauchy—Schwarz inequality and then Holder’s inequality with conjugated

exponents 2+° and HT", we estimate [; as

1

I sA( /ﬂ ( )(A(x,w—A(x,y»ZUf(x,y)duy)z

_ 2 3
(o 580
r(x0) JBr(xo)  1X — VI
fod 2 1
. pred 7% o 2
sai(([ v - el an ) (£ vpredn,) )
Br(x0) Br(x0)

(w(x) — w(y))>? :
X(/ o =y dydx)’

where C; = Cy(n, A, 0,y) > 0. By using Holder’s inequality with conjugated exponents

n—y n— y
N2y and , we obtain

- 4
/ A, y) — A ) [# 2 d,
Br(xo)

¥

~ n— n—y
< ( [ e - el 25 a4y dx)
r(x0) r(x0)
n—2y
(/ / dy dx ) n=y
+(x0) B, (xo) |X = 1"

Y
< <2A)3+2(f ][ Ax.y) — Ax. y)l dy dx) ’
r(x0) /' Br(x0)

x Cor?"ay B, =3
277 oy 2 (Br (X0)) "

< Ciw(A—A4,r, xo)" 7 pamy H O

n2y

where C, = Cy(n,s,y) > 0and C3 = Cz(n, s,y,0,A) > 0.
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By combining the last two displays with estimate (4.2) and the fact that

o (2)/ 2y)+2n+4y
2+0 240

+2(0—y) =n+26,

we arrive at

: oo 52
11sc4(w(A—A,r,xo)'ﬁw(ﬂr(xo))(Zz—k“—‘”(fﬁ ( )Uzdu) )
2k (X0

k=1
i s ey
+ (A — A, r,x0)"7 1u(Br(xo)) ( ][ G*too du)
Bar (x0)
o = e
o= Ars @ o) L0 (£ 6tan))
k=1 $2kr(x())

2
~ 2409
+o(A—Ar, xo)"z”m_mﬂ(a@r(m))(][ |12 dx) )
BZr(x(])

where C4 = Cy(n, s, y,0,0,00,A) > 0.
In order to estimate I, we set g1 := g — gB,, (x,) and split the integral as follows:

lg(x) — g w(x) —w(y)|
< dyd
b= /1;47()‘0) /B4r(x0) yax

|)C _ y|n+2s

+2/ / lg1(x) — gl(yJ)rlzlw(X)ld I
Bar(x0) JR?\ Byy (x0) |x — y|t2s

lg(x) — g [w(x) —w(y)]
= /B4r (xo0) /B4r(x0) dy dx

|x — y|r+2s

=l

+2/ / Igl(X)Ilwgs)I dy dx
Bar(x0) JRM\Buy(x) X — VI

=l

+2/ / Igl(y)llwg)ld Iy
Bar(x0) JR"\Buy(xg) X — y|"F2*

=3

By using the Cauchy—Schwarz inequality, we estimate /5 1 as

1 3 _ 2 1

where Cs = Cs(n,0) > 0. For any x € B;,(x9) and any y € R” \ By, (x¢) we have

o = I = Ixo = x| + x = y| < (=== +1)lx = |

2r
|x =yl
2r
=< (—+1)|x—y|=2|x—y|. (5.5)
2r
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Moreover, in view of integration in polar coordinates we have

d d C
/ e =/ = (5.6)
R7\ By, (xo) |X0 — y|"T2* R#\By, |V[*TZ S

where Cg = Cg(n, s) > 0. Therefore, by using (5.5), (5.6), the Cauchy—Schwarz inequal-
ity, the fractional Poincaré inequality (Lemma 2.1) and the fractional Friedrichs—Poincaré
inequality (Proposition 2.2), we obtain

b <2n+2&/ / Igl(x)IIwJ(r);)l dy dx
Bar(x0) JR™\Byy(xo) 1X0 — Y["T2S

_ / 1610 [w(x)] dx
2r(Xo

—2s 2 % 2 2
=G (»/Bzr(xo) |g1 (X)l dx) (/I;Zr(xo) |w(x>| dx)
) [w(o) = w)? )i

< Cgu(Br(x0)) (]{B‘Zr(xo) ) (/n/n Ix — y[n+2s dydx) ,

where all constants depend only on n, s, § and A. Next, by (5.5), the Cauchy—Schwarz
inequality, the fractional Friedrichs—Poincaré inequality (Proposition 2.2) and Lemma 5.1,
we obtain

I3 <22 ( / Lyﬂu dy) ( / |w(x)] dx)
R"\ By, (xg) | X0 — Y|"T2* Bar(x0)
= } 1 )
so(rmr (0 cran) Yimb ([ weora)
k=1 Bk, (x0) Boy (x0)

o :
< Ciop(Br (x9))? ( Y 2Hed ( ][ G? du) )
k=1 Bk, (x0)

[wx) —w)P 3
(// Ty @ dx)’

Cy and Cyq depend only on n, s and 6. Next, by Holder’s inequality and the fractional
Sobolev inequality (see [16, Theorem 6.5]), for /5 we get

n—2s

be(f rw-fwr )" ( /B G ar) "
- [w(x) — w(y) :
= Cll(/;2r(x0)|f(x)—f(x)|2 dx) (/n/n |x — y[ntas dy dx) ’

where C1; = Cy1(n,s) > 0. Combining all the above estimates along wigh squaring both
sides of the resulting inequality and then dividing by [g. [ga lw@=wWIE 7y, 7x on both

\x—y|'l+23
sides now finishes the proof. ]
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From now on, we fix some p € (2, 00), some A > 1 and some coefficient A € £¢(A)
that is §-vanishing in By, where § > 0 remains to be chosen small enough later. Moreover,
we fix another number ¢ € [2, p) and define

ng

if n > sq,
gri=q1—5¢q 5.7
2p ifn <sgq.

In addition, we choose the number o > 0 small enough that 2 + g9 < min{(¢ + ¢*)/2, p}
and set
qo := max{2 + 09, q} < min{(q +¢*)/2, p}. (5.8)

Furthermore, we fix some g € W*2(R") and a weak solution u € W*2(R") of the equa-
tion
L%u = (—A)*g in By, (5.9)

and set
< 4
AO = MO( Z 2—k(S—9) (f U2 d“’)

k=1 Bk an

[e%e) % 1
q,

4671y 27kEH (][ szu) + (][ G du) 0), (5.10)

k=1 B Ban

where My > 1 remains to be chosen large enough.

2k 4n

Lemma 5.3. Let M > 0, xo € B, r € (0, ‘/TE) and A > Ag. Moreover, consider the
2

coefficient

A(x,y)  if (x.y) ¢ Bsr(xo).

Then for any g > 0, there exists some small enough § = 6(eg,n,s,0, A, M) € (0, 1) such
that, under the assumptions made above along with

/I(x,y) - {/I?m,xo,xo if(x,y) € B3, (x0),

Mag,, (U*)(x0) < MA?, Mg, (G?)(xg) < MAPSL, (5.11)
for the unique weak solution v € W*2(R™) of the Dirichlet problem

(5.12)

L?v =0 in Ber(x0),
V=1u a.e. in R" \ Be,(xo),

and the function

_ [u(x) =) —u@y) + o)

W(x,y): P . (x,y) e R,
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we have
W2dp < €A% (B (xo)). (5.13)
RZn
Moreover, the function
[v(x) —v(y)| 2
V(ix,y) = ———, (x,y) e R™"
(x.y) Xy (x.y)

satisfies the estimate

IV oo (Bar (x0).dpe) < NoA (5.14)

for some constant Ny = No(n,s,0, A, M) > 0.

Proof. Fix xo € B sz and r € (0, ﬁ) and note that A = A in R2" \ B3, (xo). Moreover,

2
since A is §-vanishing in By,, we have
w(A—A,3r,x0) = ][ ][ |A(x, y) = A3rxgxo| dy dx < 6. (5.15)
B3, (x0) J B3r(x0)

First, we prove (5.13). Let m € N be determined by om=ly «  /n < 2™y note that m > 2.
Then for any k < m, by (5.11) we have

][ U?du < MA2,
B,k 5, (x0)

(5.16)
][ G40 d/,LfM/\qoqu.
Bk 5, (x0)

On the other hand, in view of (5.10) and the inclusions

szﬁ()Co) C Bokt+m-13,(x0) C £2k3ﬁ(x0) C Bokay»

we have

0 2
3 9okG=0) (][ U2 du)
k=m £2k3,(x0)

o0
_ - m=1)(s—0) N pk(s—6) (][
2 s

k=1 2ktm—13,(X0)

1

U? du)

IA

w( Bk ) J i,

o0
caen(f
k=1 B

o0
3 2 k6=0) ( P (Bokgn) U2 dl/«)
k=1

2
U? dﬂ) < CiAo.

2k 4n
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where C; = Cy(n, ) > 0. Together with (5.16) and the facts that < s and A > A, we
arrive at

o 2
3 kG8) (][ U2 du)
k=1 £2k3,(x0)

m—1 % 0o

3 k-0 (f U2 du) + 3 2 k60 (][ U2 d,u)
k=1 Bz, (x0) k=m Bk 5, (x0)

o0
M2 Y 27K 4 i < oA, (5.17)
k=1

A

IA

where C, = C,(n, s, 0, M) > 0. By similar reasoning to above, we have

%) % oo
Z —k(s—6) (][ G2 du) < Z y—k(s—6) (][
= By, (0) 3

k=1 2k 4n

2
G2 d,u) < CiAgb

and therefore along with Holder’s inequality,

o !
3 kG8) (][ G2 du)

k=1 B,k 5, (x0)

m—1 % fos)

Z 2—k(S—0) (f qu d/l/) + Z 2—k(s—9) (f G2 dﬂ/)
k=1 Bz, (x0) k=m Bk 5, (x0)

[o0)
< M8 275670 4 1206 < CA8. (5.18)
k=1
By combining (5.15), (5.16), (5.17) and (5.18) with Proposition 5.2, the fact that 2 + o <

qo and Holder’s inequality, we obtain

2, (w(x) —w(y))?
R2n v le/ o /n R”? |x — y|n+23 dy dx

) oo 52
< Co(A — A.3r, xo)/vu(ﬂr(xo))(z 2kG=6) ( ][ U? du) )
B,k 5, (x0)

k=1

IA
D=

2

+ Cro(d — A.3r, xo>n3w(£r<xo)>( ][ G du) "
B,

6r (X0)
o S he
+Catott = Aar s 4 (e con (L2 (f - arau))
k=1 B,k 3, (x0)

2y
< Caft(Br (x0))A%877 < &A% (B (x0)),

where C4 = Cy4(n, s, 0, A, M) > 0 and the last inequality was obtained by choosing §
sufficiently small. This proves (5.13).
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Let us now prove estimate (5.14). Since A is constant and therefore continuous in
B3r(x0), by Theorem 4.1 and Remark 4.2 with « = s + 6 € (0, min{2s, 1}) and ¢ =
UB,, (xy)> WE have

2
IV I Zoo (s (xo).die)

2
< [v]ce By, (xo))

Cs —n 2 ZS/ |U1(y)| 2
—— [ r7"||v +{r ——d
rz(s+9)( [ 1||L2(33r(X0)) R\ Bay (xo) | X0 — y[1F2S y

< _Ce (ru_n[v]z N (ru / 1) dy)z)
= 5,2 )
72(s+6) W$:2(B3r(x0)) R\ B3 (xo) |x0 _ y|n+2s

where v1 1= v — Vp,, (x,) and Cs and Cg depend only on 7, s and A. Here we also used
Lemma 2.1 in order to obtain the last inequality. By using (5.16) and (5.13), we further
estimate the first term on the right-hand side as

25—n 2 2s —n |u(x) - u()’)|2
rE T Vs By (ro)) = (/33 o /33 BT dy dx

. 2
L )
Bar(x0) IBsr(xo)  |1X — VI

225 (Azu(&r(xo)) + e 2u(8, (Xo))) < G220+,

where C; = C7(n, 8) > 0. Moreover, by taking into account that v = u in R” \ B3, (xy),
we split the tail term as

2
(rZS/ |U1(Y)|+2 dy)
R"\ B3, (x0) [0 — y["+2¢

— 2
o[ BTl
R"\Bs,(xo) |X0 — y["T%*

=:Jq

- - 2
+2 (r2s / |uB3r(x0) - vi32r(xo)| dy) )
R™\Bs, (xo) X0 — y["T%°

=:J2

In view of Lemma 5.1 and (5.17), for J; we have

00 N
Jl < Cs (rs+9 ZZ_k(S_G) (f U2 d/,l,)z) < C8)t2r2(s+0).
k=1 $2k3r(x0)

Moreover, by using (5.6), applying Jensen’s inequality twice, using the fractional Frie-
drichs—Poincaré inequality with respecttow = u —v € W, ’2(32r (x0)) and again taking
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into account (5.16) and (5.13), for J, we obtain

2
Jo=0Cy

][ (U(x) — 5y (xgy) dx
B3 (x0)

<G ][ 4(x) — By, |
Bj, (Xo)

scg][ ][ () — v(y) 2 dy dx
B3, (x0) J B3, (x0)

5zclo(r—2" / / () — ()| dy dx + " / |w(y)|2dy)
B3, (x0) J B3r(x0) B3, (x0)

2
ux)—u
< Cur® (/ / [ul) ~uIE 1y
B3, (x0) IBsr(xo) X — VI

[wx) —w®)
/”/n |x_ |n+2s dydx
< CppA2r20610),
where all the constants depend only on 7, s, 8, A and M. Combining the last five displays

now shows that estimate (5.14) holds for some Ny = Ny (n,s,0, A, M) > 0, which finishes
the proof. ]

6. Good-A inequalities

6.1. Diagonal good-A inequalities

The following result is a consequence of the above approximation lemma and roughly
speaking shows that if the set where the maximal function of U is very large has a large
enough density in a ball, then in this ball the maximal functions of U and G cannot be too
small.

Lemma 6.1. There is a constant Ny = Ng(n,s, 0, A) > 1, such that the following holds.
For any € > 0 and any k > 0 there exists some small enough § = §(¢,k,n,s,0,A) € (0,1),
such that for any A > Ag, any r € (0, ﬁ) and any point xg € Q1 with

w({(x,y) € By(xo) | Mg, (U>)(x,y) > NFA*}) = kep(Br(x0)).  (6.1)
we have

Br(x0) C {(x,y) € B,(x0) | Mg, (U*)(x,y) > 1%}
N{(x,y) € By(x0) | Mg,,(G%)(x,y) > 1787}, (6.2)

Proof. Leteg > 0and M > 0 be chosen and consider the corresponding § = 6(gg, 7, s, 0,
A, M) € (0,1) given by Lemma 5.3. Fix g,k > 0, r € (0, ‘/TE), Xo € Q1 and assume that
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(6.1) holds, but that (6.2) is false, so that there exists a point (x’, y') € 8B, (x¢) such that
Mg, (U, y) <27, Mg, (GP)(x',y') < 1957,

Therefore, for any p > 0 we have
][ X8, U2 dp < A2, ][ X By, GI0dp < 190890, (6.3)
Bp(x",y") Bp(x",y)

Note that for any p > r we have B,(xg) C Bap(x’, ¥") C B3,(xo). Together with (6.3),
this observation yields

U(Bap(x', ¥"))

18, Urdp < ——L2— ==

]{%'p(xo) ! w(Bp(x0))  J8,,(x,y1)
- 1 (B3p(x0))

- M(Bp(xo)) e(BZp(x/’y/)
< 3n+29/‘\(2

X8, U dp

X8, U dp

and similarly,
/ /
f y 5., GO dyt < W(Bap(x', y"))
B,(x0) (Bp(x0))  JBay(x',3)
- 1(B3p(x0))
T w(Bp(x0)) J 8oy

18, G du
X8, G du < 3n+26 3 90 590
so that U and G satisfy condition (5.11) with M = 37+2¢_ Therefore, by Lemma 5.3 the

unique weak solution v € W*2(R") of the Dirichlet problem

{ L?v =0 weakly in Bg,(xo),

vV=u a.e.in R" \ Bg,(xo),

satisfies

- W2 dp < egh® (B (xo)), (6.4)

where W is given as in Lemma 5.3. Moreover, by Lemma 5.3 there exists a constant
No = Ny(n,s, 6, A) > 0 such that

”V”%w(;gh(x())) =< NOZAZ- (6.5)
Next we define Ny := (max{4NZ2, 5"*20})1/2 > 1 and claim that

{(x,y) € B, (x0) | Ms,, (U (x,y) > N7A%}
C{(x.y) € Br(xo) | Ma,, (x) W) (x. y) > NgAZ}. (6.6)

To see this, assume that

(x1.31) € {x € B,(x0) | Mg, (x)(W)(x.y) < N§A?}. (6.7)
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For p < r, we have B,(x1, y1) C B,(x1, y1) C B2r(x¢), so that together with (6.7) and
(6.5) we deduce

][ Uzd,ugz][ (W2 +V?)dpu
Bp(x1,51) Bp(x1,¥1)

< 2][ W2du +2| V||1%W(£p(x1,y1))
Bp(x1,y1)
< 2M g, (o) WD) X1, ¥1D) + 20V [ 7o, () < 4NG A7

On the other hand, for p > r we have 8,(x1, y1) C B3,(x",y’) C Bsp(x1, y1), so that
(6.3) implies

Bsp(x,y)
][ o U dit < p(B3p(x", "))
Bp(x1,31) W(Bp(x1, 1)) J8s,x',y7)

< M85, y1)
T w(Bp(x1,¥1)) J 8,0y

Xu{B4n U2 d/"L
A Bar UZ d/.L < 5n+2012.

Thus, we have

(xls yl) € {(X, y) € *:Br(-x()v yO) | M34,,(U2)(x, y) = Njkz}v

which implies (6.6). Now using (6.6), the weak 1-1 estimate from Proposition 3.3 and
(6.4), we conclude that there exists some constant C = C(n, 8) > 0 such that

n({(x.y) € Br(xo) | M, (U*)(x.y) > NjA%})

< u({(x, ¥) € Br(x0) | My, (v) W) (x, ) > NgA%})
C

< —=— w2d
- NOZ)\,Z /]Rln M

< %u(ﬂr(xo))sé < e (B, (x0).
0

where the last inequality is obtained by choosing &¢ and thus also § sufficiently small. This
contradicts (6.1) and thus finishes our proof. [ ]

6.2. Off-diagonal reverse Holder inequalities

Our next goal is to prove an analogue of the above diagonal good-A inequality on balls that
are far away from the diagonal. In order to prove Lemma 6.1, the main tool was given by
the comparison estimates from Section 5. Unfortunately, far away from the diagonal the
equation cannot be used very efficiently, since the further away we are from the diagonal,
the less the estimates available reflect the scale we are working at. In particular, far away
from the diagonal no useful comparison estimates are available.
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In order to bypass this loss of information, we replace the comparison estimates used
in the diagonal setting by certain off-diagonal reverse Holder inequalities with diagonal
correction terms. Although such reverse Holder inequalities lead to, in some sense, weaker
good-A inequalities than comparison estimates, by using combinatorial techniques and an
iteration argument at the end we will nevertheless be able to deduce the desired regularity.

For this reason, from now on we assume that for any r > 0, xo € R” with B, (x¢) C
By, U satisfies an estimate of the form

1 00 1 1
2
T A e O
Br/2(x0) Bk, (x0) By (x0)

k=1
1

o0 2
+ ) 2kEH ( ][ G? d,u) ) (6.8)
k=1 ﬂzk,(xo)

where C,; depends only on g, 1, s, 6 and A.

Proposition 6.2. Let r > 0, xo, yo € R" and suppose that for some m € (0, 1] we have
dist(By(x9), Br(y0)) = mr. Then we have

1
*

(][ U d,bL) q
B (x0,¥0)
1
2
By (x0,¥0)
1

r s+6 o 2
+ Cra (= ( 2"‘“‘9)(][ U%d )
" (dISt(Br(xo),Br(yo))) ,; By, (x0) :
1
()’
Bar (x0)
s 3
+ Zz—"“—f’)(][ szu) )
k=1 $2kr(x0)
r s+6 e %
+ C d - ( 2—k(s—9) (f UZ d//l*)
" (dISt(Br(xo),Br()/o))) ,; Bor, (0

m
+ (][ G dpL)
:827(_)/0)
1

o 2
+ ) 27RO ( ][ szu) )
k=1 $2kr(y0)

where Cpg = Cpg(n,s,0,A,m,q, p) > 1 and q* is given by (5.7).
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Proof. Choose points x; € Br(xo) and y; € B,(yo) such that dist(B,(x¢), Br (o)) =
|x1 — y1|. For any (x, y) € B, (x0, yo), wWe obtain

[x —y| <|x1 =1l + |x1 — x|+ |y1 — ¥l
< dist(By(x0), Br(y0)) + 2r < 3dist(B,(x0), B, (y0))/m.

Together with the definition of dist(B,(x¢), Br(y0)), it follows that for any (x, y) €
By (x0, ¥o), we have
Ix =yl
~ dist(Br(xo). Br(yo0)) ~
Therefore, by taking into account the definition of the measure y, we conclude that

<3/m. (6.9)

ar” (B (X0, y0)) = G
At (B, (xo). By (yoyyn—20 — H{Ert0 700 = G B o). By (o) 20

(6.10)

where ¢y = ¢1(n,m,0) € (0,1) and C; = C;(n) > 1. By (6.10) and (6.9), we have

1

(o)
By (x0,¥0)

dist(B; (xo). B, (o))"’ Ju(x) —u()|?
= 2 oy ey AL
ar +(x0) I By (o) X — ¥ a
1

EczdiSt(Br(xo),Br(yo))(He)(][ ][ ) —u (" dy dx)q ,
Br(xo) Br(yO)

L
i

where C, = Cy(n,m, 8) > 1. By using Minkowski’s inequality, we further estimate the
integral on the right-hand side as

(][ ][ () — u ()" dydx)*
r(x0) (Vo)

1 1
< (][ 10(x) = i3, a7 dy dx) + (][ (x) — fig, oy ©” dy dx)
Br(XO) Br(y(])

=:1; =1

+ 1B, (xo) — UB, (yo)| -

=13

By using the fractional Sobolev—Poincaré inequality (Lemma 2.4) and then estimate (6.8),
for I; we obtain

1

_ q q

11§C3rs( / / ) ug_y)| dy dx)q
L (x0) JB,(xo)  |X — "

r Ju(x) —u(y)|9|x — y| @b )
Cyr’| ———— dyd
ar (M(:Br(xo)) /,(xo)/,(xo) |x _yln—29+q(s+0) ydx

Qe
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< Csr*tt (][ U dﬂ)q
Br(xo0)

oo 1 1
2
E CqC5rS+0( E 2—k(s—0) (f U2 d/./L) + (f qu du) q0
£2kr(xo) Bar(x0)

k=1

o )
+ Z 2—k(s—9) (f G2 d/"’) )’
= 5,0

where C3, C4 and C5 depend only on n, s and 6. In the same way, for I, we have

[ere} % qi
I, < CqurHe(ZZ_k(s_e) (f U? du) + (][ G du) ’
Bk, (vo) Bar(vo)

k=1

e %
Sren(f ea))
k=1 £2k,(y0)
Finally, by the Cauchy—Schwarz inequality, (6.10) and (6.9), for I3 we have

1

2

135(][ ][ |u(x>—u(y)|2dydx)
r(x0) (Vo)

Cy 5 )i
—~ dyd
: (diSt(Br(xO),Br(yo))”‘”u(o@’r(xO,yo)) / ,(xo)/ + (70) ) —un)Fdy dx

1
2
scﬁ(][ |u(x)—u(y)|2du)
By (x0,Y0)

< Cy dist(By (x0), B, (yo))**? ( ]{3

2
U? du) :
r(X0,%0)
where Cg = Cg(n,m,0) > 1 and C; = C7(n,m,60) > 1. The claim now follows by com-
bining the last five displays, so that the proof is finished. ]
6.3. Off-diagonal good-A inequalities

In what follows, fix some ¢ € (0, 1) to be chosen small enough and set

CraCsgNg10107

Neg =
&,q gl/qr

, (6.11)

where Ny = Ny(n,s,0,q,A) > 1is givenby Lemma 6.1, C, g = C,q(n,s,0,A,m,q) > 1
is given by Proposition 6.2 with m to be chosen and

o0
1<Copi=) 275079 < o0, (6.12)
k=1
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Moreover, for all r € (0, ﬁ) and all (xg, yo) € @ we define

r

. 6.13
dist(Bz (xo), Bz (o)) o

d(r, X0, yo) :=

Lemma 6.3. For any A > g, r € (0, “/Tﬁ) and any point (xo, yo) € @1 satisfying
X0 — Yol = (3/n + 1)r and

n({(x, ) € B3, (X0, yo) | Mg, (U?)(x,y) > N2,A%}) = epu(Br (x0, o)), (6.14)
we have
B: (x0.y0) C {(x.y) € Bz (x0.y0) | Mz, (U?)(x.y) > 1%}
U{(x,) € B (x0, Yo) | Msr.8,, (U (x, x) > 3" NZ(r, x0, yo) >ETP1%)
U {(x.y) € By (x0.0) | Msr 8, (U (y.y) > 3" NF(r. x0. yo) 20 TP22)
U{(x.y) € B (x0. o) | M>r.8,,(G%)(x,x) > 31205, xo,yo)_q"(”e))tq"}
U{(x.7) € By (x0.50) | Mr8,, (GL)(y.y) > 3"F20(r. xo. yo) 0 CHD30),

Proof. Assume that (6.14) holds, but that the conclusion is false, so that there exists a
point (x", y) € Bz (xo, yo) such that
Mz, (U (', y) <22,
My, 84, (UP) (X', x") < 3" NG(r, X0, y0) TN,
Mzr,2, (U, y') < 3"2ONGG(r, x0, o) 2CHON
My, 8, (GP)(x', x') < 3" 720 (r, xo, yo) 0C T+,

Msr.8,,(G1) (Y, y') < 3"T20B(r, xo, yo) 90T )20,

Therefore, for any p > r we have

f X8, U2 dp < A2, (6.15)
Bp(x',y")

][ X84, U2 dp < 3"29N2G(r, x0, yo) 26 TD22, (6.16)
Bo(x)

][ X84y GI0 dp < 320§ (r, xg, yo) T 0, (6.17)
Bp(x")

Of course, (6.16) and (6.17) hold also with x’ replaced by y’. Since for any p > r we have
B, (x0,y0) C Bap(x',y") C B3p(xo, yo), from (6.15) we deduce

c([')) l7 /
f X!&mUZ du < u( 2p(x )
B,(x0,70) w(Bp(x0. ¥0)) JBs(x)

< H(B3p(x0,70)) _ 3n420,2.
w(Bp(x0, ¥0))

X Bay U2 d/’L

(6.18)
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Note also that for any p > r we have B,(xo) C B2,(x’). Together with (6.16) this obser-
vation yields

P (B2p(x"))

X8, Urdp < ——>2—— X8, U dp
]{@p(xo) ! w(Bp(x0)) Jayxn """
< 6"T2IN2G(r, xo, yo) 26 TON2 (6.19)
and similarly
°{{3 !/
£ xm,Gmap <2200 ¥ 80 G dpt
B,(x0) w(Bp(x0)) J8,,0x
< 6" 204 (r, xo, yo) TIETO 140, (6.20)

By the same reasoning, (6.19) and (6.20) clearly also hold with x¢ replaced by y,. Next
we claim that

{(x.y) € B.ya, (%o, o) | Mg, (U (x.y) > N2 A}
C {(-x5 )’) € $§r(x0» J’O) | M!B3ﬁ (xo,yo)(Uz)(xs )’) > N{i‘qkz} (62])
==

To see this, assume that

()Cl,yl) [S {x € B#r(XQ,yo) ‘ MBM (xo’yo)(Uz)(x,y) < Nez’qkz}, (6.22)
2 r

For p < /nr, we have B,(x1, y1) C B far(x1,¥1) C IBMr(xo, Yo), so that together
with (6.22) we deduce ’

f o vrdus s, @) £ N2
Bp(x1,¥1) vl
On the other hand, for p > /nr we have B,(x1, y1) C B3,(x’, y") C Bsp(x1, y1), so

that (6.15) implies

£ 5
][ 1 U2 dp < u(Bsp(x1, y1))
B,(x1.31) W(Bp(x1, Y1) J 83,0737

Thus, we have
(x1.y1) € {(x,y) € Br(x0.0) | Mz, (U*)(x,y) < N2 ,A*},

which implies (6.21). As in the proof of Lemma 5.3, let m € N be determined by 2"~ !r <
/1 < 2™r; note that m > 2. Then for any k < m, by (6.19) and (6.20) we have

X Ban U?dp < 5n+20)2 < Niq)tz.

]{@ U?du < 6”+29N5A2¢~>(r, X0, yo)_z(HG),

Sk 3ﬁr(x0)
2

(6.23)

]{@ " G du < 6n+29kqo¢7,(r, Xo, yo)—qo(ﬁ-@)'
2k¥r xo
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Moreover, in view of (5.10), the inclusions i)’zk n(x0) C £2k+m 13, (x0) C By n (xo) C
Bk 4, and the fact that ¢(r, xo, yo) < 1, we have

1

OO 2
Z y—k(s—0) (][ U2 du)
ke=m B 3y (x0)

2

i k(s—e)(ﬂ(ﬁzun) U? d,u)
M(‘BZkﬂ) Bk

2K4n

I A

n
< 82

+“’Ao < 827000 (r, X0, o) 0. (6.24)

Together with (6.23) and the assumption that A > A4, we arrive at

Sk S“Z/Zr(XO)
m—1 1 o0 1
< 3 g kG-0) (][ U2 dﬂ) n Z y—k(s—0) (][ U2 dﬂ)
k=1 B i aym, (x0) k=m B i aym, (x0)
820C, g N2 (r. xo, y0) CTI1. (6.25)

By similar reasoning to above, we note that estimate (6.24) also holds with U replaced by
G . Therefore, along with Holder’s inequality we obtain

o0
Z o—k(s—6) (][ G2 d/L)
k=1 B aym (x0)
2
m—1 % )
< —k(s—8) Godu)” + Z —k(s—6)
8 8
ok ¥r(x0) k=m

=1

szu)
ok 3/n (x0)
72 r

k
< 8319C, 9d(r, x0, y0) CTON, (6.26)

Again, by the same arguments as above, (6.25) and (6.26) clearly also hold for x, replaced

by yo. Therefore, together with the weak %—% estimate for the Hardy-Littlewood max-

imal function, Proposition 6.2 with m = #ﬁ (6.18), (6.25), (6.20), (6.26) and (6.11), we
arrive at

n({(x.y) e Bz, (x0. o) | Mg, (U)(x.y) > N2gA%})

<u({(x.y) e o@gr(x(),yo) | Mz, 4 o) (UD(x,y) > N2 A%))
2 r

SN / U7 du
B3 m (x0,50)
2 r
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< N—‘I')k—q*:,'q*C:;/JL(ﬂ%zr(xoy Y0))

a
a*
2
X (][ U? d,u)
B3 /m (x0,50)
Tr
n ( 3./nr/2 )q*(s+9)

dist(Bsya (xo), Baya (¥0))
2 2

1

o) 1 1
2
x| Y o aTkemd ( ]l U? d,u) + ( ][ G d,u) °
k=1 B i aym, (x0) B3 i (x0)
2 r

*

oo % q
+ ) kD (][ szu) )
k=1 B aym, (x0)

( 3/nr/2 )q*(s+9)
diSt(B¥r (x0). B¥r(JJ0))

1

oo % 1
X ZZ_k(S_g)(][ U? du) + (][ G du)qo
k=1 "(szﬂ (vo) B3ﬁ,()’0)
2 r

*

00 % q
+ Z 2—k(s—9) (f G2 d“) ) :|
k=1 $2k¥r(YO)

< N A3 CLL (3/n)" 2 (B (xo, y0))
x (3(%+9)q*)tq*
+ 67 Om) T (1 xo. yo) IS CINT B(rxo. y0) 0 CTOAT)
< (B (xo, yo)).
which contradicts (6.14) and thus finishes the proof. ]

Since we are going to use a Calderén—Zygmund cube decomposition, we next prove a
version of the previous Lemma with balls replaced by cubes. For notational convenience,
in analogy to the quantity ¢ (r, xo, yo) defined in (6.13), for any r € (0, ﬁ) and all x¢, yo €
R” with |xo — yo| > +/nr, we define the quantity

I

dist(Q; (x0), Or(¥0))’

Note that since B,/2(xo) C Qr(x0) and B,»(y0) C Or(»0), the two quantities are related
by

(6.27)

¢(r, x0,y0) :=

o (1, x0, 0) < ¢(r, X0, yo). (6.28)
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Corollary 6.4. For any A > Ag, r € (0, ﬁ) and any point (xg, yo) € @ satisfying
|xo — yo| = (34/n + D)r and

,LL({()C, y) € @r(x()s J’O) | M£4n (UZ)(x7 y) > Ngz,qkz}) > SIL’L(QV(XO’ yO))v (629)

we have

(@ (x0, yo))
= (W2 (n({(x, ) €@ (x0, y0) | Mz, (U)(x, ) >2%})
+ ¢ (1, xo, yo)" 2
x w({(x.y) €@Qr(x0) | M, (U)(x.y)>Nip(r. xo, y0) 2@ +I1%})
+ (1, x0, yo)" %
x p({(e, 1) €Qr (o) | My, (U)(x,9)> Nid(r, xo, y0) 20 F92%})
+ ¢ (r.x0. yo)" %
x w({(x. 7)€@ (x0) | M, (GP)(x,y)>¢(r, xo, yo) " CT92%0})
+ (1, xo, yo)" 2
X ({6, 1) €@, (3o) | Mz, (GP)(x, 1) > B(r, xo, yo) @ E+I200})).

Proof. First of all, note that (xo. yo) € @ C B . By assumption (6.29) and the fact that
@r(x0. yo) C By (xo0.y0), we have 2
2

p({(x.y) e Bgr(xo,yo) | Ma,, (U)(x.y) > Nez,q})
> 1({(x,y) € @ (x0,y0) | Mg, (U*)(x,y) > N2 })
> g (@r(x0, yo)) = eu(Byr/2(x0, yo)).

Therefore, assumption (6.14) from Lemma 6.3 is satisfied, so that by the volume doubling
property of , Lemma 6.3 and the inclusion 8,2 (xo, yo) C @, (x0, o), we obtain

(@ (x0, y0)) < M(34r(xo, Y0))

< (V)" 1u(By2(x0. Yo))

= (VY2 (u({(x, ¥) €@ (0, o) | Ma,, (UP)(x, 1) >2%})
+ 1 ({(x, ¥) € Br/a(x0, y0) | Msr,2,, (U)(x, %) >3" 2 NGG(r, x0, yo) >0 +922})
+ n({(x. ) € Br2(x0. o) | Msr8,, (U (3. 9)>3" T2 N7 (r, x0, yo) 2O HI%})
+ u({(x. ) €Br/2(x0. o) | M=r.8,,(GL)(x. x)>3"20G(r, xq, yo) 90T 90})
+ 1)

{60 € B30, 30) | Mar,3,,(GP) (7, 3)> 321, %0, yo) @920} ).
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We proceed by further estimating the second term on the right-hand side of the last display
and note that the last three terms can be estimated similarly. Set
Fi:={x € Bya(x0) | Mzr.8,,(U)(x.x) > 3"2INGG(r, x0, yo) >0 FI2%}
We have

1({(x.y) € Brja(x0. ¥0) | M8y, (U?)(x.x) > 3" N2 (r, x0., yo) 2O T922})
= w(F1 x Brj2(yo))

/ / dy dx
F1 JB;/2(yo) lx = y"~ [x — y[n—=2f

< dist(By/2(x0), Br/2(30) ™" 2D | F1| | By 2(v0)]
= dist(B,2(x0), Br/2(0)) " 2?| Fy| | B, /2 (x0)|

< dist(B,5(xo). Br/2(yo))~ 72026 / /
= ¢(r. xo,yo)"_zou(Fl x By/2(x0))

= ¢(r, X0, yo)" %

x 1 ({(x, ) € Brja(x0) | Msr,g,, (UH(x,x)>3"T2I NI (r, xo, yo) 20T922}).

dy dx

Byjaeo) X — y[1=20

In order to further estimate the right-hand side, we claim that for all x, y € B,/»(xo) we
have

M1, (U?)(x, %) < 3" Mg, (U)(x, y). (6.30)
Indeed, for any p > r we have B,(x) C B2,(x, y) C B3,(x) and therefore

B
][ )(34”U2 du < W(B3zp(x))
B3 (x) /’L(Bp(x)) Bap(x,y)

which proves (6.30). By (6.30) and the display before that, we arrive at

1({(x.y) € Brpa(x0. yo) | Msr.8,, (U?)(x,x) > 3" NIG(r. x0. o) >0T9})
< ¢(r, xo, yo)"?*
x w({(x.y) € Brja(x0) | Mxr m,, (U (x.x) > 3" NZG(r. x0. yo) 2¢+9})
< ¢(r. xo0. yo)" 2
x w({(x.y) € Brja(x0) | M, (U*)(x,y) > Nid(r. xo, yo) > +})
< ¢(r, x0, yo)"2*

x u({(x,y) € @r(x0) | Mg, (U (x,y) > N2 (r.xo, yo) 20T9}),

where we used the inequality (6.28) and the inclusion B,/2(xo) C @,(xo) in order to
obtain the last inequality. As mentioned, by observing that the last three terms on the
right-hand side in the second display of the proof can be estimated similarly, the proof is
finished. ]

X8, U2 dp < 3" Mg, (U?)(x. ),
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7. A covering argument

In order to proceed, we split the unit cube Q; in R” into dyadic cubes as follows. First,
we split Q into 2" cubes of sidelength % Next we split each of the resulting cubes into
2" cubes of sidelength 2% = % and iterate this process. The resulting family of cubes are
called dyadic cubes. By using the same procedure with n replaced by 2n, we can also split
the unit cube @; = Q; x Q in R?” into a family of dyadic cubes. We observe that any
dyadic cube K C @, of the resulting dyadic cubes can be written as X = K; x K,, where
K, and K, are n-dimensional dyadic cubes contained in Q. By construction, any such
dyadic cube X has sidelength 2755 for some nonnegative integer k(X) > 0. Moreover,
for k > 1 any such dyadic cube KX with sidelength 27%(®) is contained in exactly one
dyadic cube K with sidelength 27¥F)+1; we call X the predecessor of K. We need
the following version of the Calder6n—Zygmund decomposition, which roughly speaking
shows that a subset of @; with small enough density can be covered by a sequence of
dyadic cubes with density properties that are desirable for our purposes. For a proof we
refer to [8, Lemma 1.1], where the result is proved with respect to the Lebesgue measure
instead of w. However, the proof also works for the doubling measure p by taking into
account that the Lebesgue differentiation theorem (see Proposition 3.4) also holds with
respect to L.

Lemma 7.1. Let E C @1 be a measurable set satisfying

0 < u(E) <eu(@y) forsomee e (0,1). 7.1

Then there exists a countable family U, of dyadic cubes obtained from @1 such that

;L(E\ U J<)=O (12)
KelU,

and such that for any KX € U, we have
R(E N XK) = epn(K) (7.3)

and B B
H(E N K) < eu(KX), (7.4)

where K denotes the predecessor of K.

Next, fix some A > A and consider the level set
E:={(x,y) € @ | Mg, (U>)(x.y) > N2,A*}. (7.5)

Provided that (7.1) is satisfied with respect to this £ and some & € (0, 1) which we will
choose later, by Lemma 7.1 there exists a countable family U, of dyadic cubes obtained
from @1, such that (7.2), (7.3) and (7.4) are satisfied with respect to E.
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In order to treat the cubes of the family U, which are in some sense close enough to
the diagonal, we also construct an auxiliary diagonal cover consisting of balls as follows.
For xo € Q1 and r > 0, consider the quantity

W; (x0.7) := u({(x.y) € Br(x0) N Q1 | Mg, (U)(x.y) > NJA*})
+ /L({(x,y) € Br(x0) N Qq \ Mg, (G1)(x,y) > Aqo}),

where g is given by (5.8). Observe that since Ny < Ng 4, for any xo € Q1 and any r > 0
we have

W(E N Br(x0)) = Wy (xo,7). (7.6)
Now fix ¥ € (0, 1) to be chosen later and consider the following subset of the diagonal in
Ql .

Dee :={(x.x) € Q1| sup Wp(x.r)>keu(B,(x))}.
0<r<./n/2

By the weak 1-1 estimate for the Hardy-Littlewood maximal function (see Proposition
3.3) as well as using that A > A, we obtain

p({(x.) € @1 | Mg, (UM (x.y) > NjA%})

+ /L({(x,y) € @, | Mg, (GI)(x,y) > )Lq"})

G

G
< —— U?dp + —/ G? du < kep(@y), (1.7)
N(?A’% /0:347! A’go £4n

where C; = Cy(n, s, 8) > 0 and the last inequality is obtained by choosing M, large
enough in (5.10). Since Ny < N4, (7.7) in particular implies condition (7.1) with respect
to the set £ defined in (7.5), so that the family U, of dyadic cubes as stated above indeed
exists.

Since by (7.7) for any x € Q1 and any r > /n/2 we have

Wi x.r) < u({(x.y) € @1 | Ma,, (U (x,y) > NjA%})
+u({(x, ) € @1 | Mg, (GT)(x,y) > A9})
< kep (@) < kep(Br) = ke (Br(x)), (7.8)

and by definition of D, for any (x, x) € Dy, there exists some 0 < r < /n/2 such that
Wa(x,r) = kep(Br(x)),

we see that for any (x, x) € D, there exists some exit radius r,, € (0, /n/2) such that
Wi (x.rx) = ke (Br, (x)) (7.9)

and
Wy (x,r) < keu(Br(x)) forallr > ry. (7.10)
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Now we consider the diagonal covering {8, (x) | (x, x) € Dy}. Since (R?", |-|) is a
separable metric space, by the Vitali covering lemma there exists a countable subset Jp
of Dy, such that the family of balls { B, (x)}(x,x)eJ, is disjoint and we have

) 8.wc |J 85 (7.11)

(x,x)€Dye (x,x)eJp

Next we classify the cubes from the family U, as follows. Let ‘L{i be the collection of all
cubes from U, that can be sucked up by the diagonal cover, that is,

US = {K € Up | X C Upvyen,, Bro (X)) (7.12)

Moreover, we define the family ‘L(”d = U, \ UY, so that U, is the disjoint union of ‘ud
and ‘U”d

The following lemma reduces the problem of estimating the measure of E with respect
to u to estimating the measures of the diagonal balls in the family Jp and the measures
of the off-diagonal cubes in the family ‘u;d.

Lemma 7.2. Let E be given by (7.5) and let ¢ € (0, 1). Then we have
B <ce(x Y uEwnen+ ¥ ope0). a1
(x,x)eJp Keund
where C = C(n,0) > 0.

Proof. Any K € ‘ll’/{d can be written as X = @, (x¢, yo) for some r > 0 and some xg, yg €
R”. Since K C @3, (x0, yo), we have

() = (@3 (x0, 30)) = (B sy, (x0, 50)) = Bv/N)" T2 (B (xo, 10))
< BVn)" T u(X). (7.14)
By (7.2), (7.11), (7.6), (7.10), (7.4), (7.14) and Lemma 3.2, we have

pey<u( U xnp)

KelU,

M( (JCﬂE))—l—,LL( g (JCmE))

Keud Keurd
"

@.mnp)+u( U xnm)

((x x)EDy¢ chuﬁd

g (BS,X(x)ﬂE)) ( g (JZmE))

(x.x)€Jp Keund

IA

<u
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< Y W@ ()NE)+ Y wKNE)

(x,x)eJp Keund

< ) WS+ Y, wKNE)

(x,x)€Jp Keud
< Y kep(Bs (D)) + Y eu(K)

(x,x)€Jp Keuyd

—o(e Y wE+ ¥ a)

(x,x)eJp Keurd

<e(ksvirre ¥ a@.mnen+ v ¥ a0).

(x,x)eJp Keuyd

where C; = Cy(n,6) > 1. Thus, (7.13) holds with C = (5/n)"**t2¢C;. n

7.1. Diagonal estimates

Our next goal is to use the results from Section 6 in order to further estimate the right-hand
side of (7.13). We start by estimating the first sum on the right-hand side of (7.13), i.e. we
are first dealing with the diagonal case, so that Lemma 6.1 is the crucial tool.

Lemma 7.3. Let § = §(e,k,n,s,0,A) € (0,1) be given by Lemma 6.1. Then we have
Y B Nnan

(x,x)€Jp

< u({(x.y) € Q1 | Mg, (U?)(x.y) > A?})
+ 27 e u({(x, y) € @1 | Mg, (GT)(x, y) > §7°19°}). (7.15)

Proof. Fix some (x, x) € Jp, so that by (7.9) for the corresponding exit radius r, at least
one of the following two inequalities must hold:

u({(r.y) € B N Q1 | Ma,, U 2) > NP2 = Su(B: (). (116)
p({(r.y) € Br(0) N Q1 | Mgy, (G™)(x.y) > A7) = Tp(Br (). (1D

If (7.16) is satisfied, then Lemma 6.1 with k replaced by «/2 implies
B, (x)Nn@; C {(x,y) € B, (x)N @, | M£4n(U2)(x,y) > )Lz}
U{(x,y) € By, (x) N Q1 | Mg, (G?)(x,y) > P17},  (7.18)
If on the other hand (7.17) is satisfied, then we directly obtain that
p(Br, (x) N Q1) < u(By, (x))
= 2K_18_1/,L({(x, y) € Br,(x)N Q4 | Mg, (GT)(x,y) > Aqo})
<2 e u({(x,y) € Br, (x) N @y | Mg, (GT)(x,y) > §7°27°}).  (7.19)
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Therefore, in view of (7.18) and (7.19), for any (x, x) € Jp we have

pu( By, (x) N Q1)
<u({(x.y) € Br,(x) N Q| Mg,,(U>)(x,y) > 1?})
+ 2 e u({(x. y) € Br (x) N Qy | Mag,, (GP)(x,y) > 8940},

Since the family of balls { B, (x)}(x,x)eJ, is disjoint, assertion (7.15) immediately follows
from the last display. |
7.2. Off-diagonal estimates

In order to estimate the measures of the off-diagonal cubes of class ‘u;d , we have ensure
that as our terminology suggests, such cubes are indeed sufficiently far away from the
diagonal in terms of their own sidelength.

Lemma 7.4. There exists k = «(n, 0) > 0 small enough, such that for any cube K =
Ky x K, € ‘Uﬁd of sidelength 2750 we have

dist(K1, K») > (3+/n + 1)27%5),

Proof. Let K = K1 x K5 € ‘Llﬁd and assume that dist(K 1, K») < (3/n 4+ 1)27%O Let
us show that in this case for ¥ small enough we have X € ‘L(f, leading to a contradiction.
Let x be the center of K7, y be the center of K and set z := (x + y)/2. Then for r :=
(5/m + 1)27%U9 we have K C B, (z). Moreover, we have

W(Br(2)) = cr"+?
— C(S\/ﬁ"‘ 1)n+20(2—k(JC))n+20
— (G + 1)n+20(2—k(J<))—(n—29)/ dx dy

dx dy
Jx— |20

< (5 + 120 (5 + 1) 20/ /K
2
= c(5v/n+1)*" u(X),
where ¢ = ¢(n, 0) > 0. Now we assume that
c M En+ 1), (7.20)
Together with (7.3) applied to the set E defined in (7.5), we obtain
Vi(z,r) > w(E N K) > eu(K) > ke (B (2)). (7.21)

In particular, (7.21) implies that r < /n/2, since otherwise we get a contradiction to (7.8).
Therefore, we have
sup W, (z,r) > keu(Br(2)),
O<r<i/n/2



Regularity theory for nonlocal equations with VMO coefficients 47

so that by definition of D,, we obtain that (z, z) € Dy.. Moreover, in view of (7.10) we
deduce that r <r,, where r; is the exit radius at the point z determined in (7.9) and (7.10).
We therefore have

XKCB@EcCB.:)c |J 8.0,

(x,x)€Dy,
so that X € ‘Uj{, which contradicts the assumption that KX € ‘L(ﬁd . [
In what follows, we set
K :=min{c ™! (5v/n + 1)72", (63/m) T2} (7.22)

where ¢ is given as in (7.20), so that in particular, Lemma 7.4 is at our disposal.
For any cube KX = K; x K € ‘UK”’, we write P1(K) := K; x Ky and P,(K) :=
K5 x K;. Furthermore, we write
2—k(=7()
K)yi=——,
(5O dist(K7, K3)

which matches the function ¢ (r, x¢, yo) introduced in (6.27).
In view of Corollary 6.4 and Lemma 7.4, for any cube X € ‘L(Xd we have

pu(K) = 1(Qr(xo0, yo))
= (V"2 (u({(x.9) € K | Ma,, (U, ) > 27))
+ @K pu({(x, ) € PLK | Ma,, (U)(x,y) > Njp(K)2OTI%)
+ @K u({(x, ) € PoK | Mg, (U)(x, ) > Njp(K)2OTI2%)
+ @K pu({(x, ) € PLK | Mg, (GP)(x,y) > ¢(K)~0OFTI0})
+ O P u({(x.7) € P2 | M, (G)(x, y) > §(J)C+30})). (7.23)

For h = 1, 2, for simplicity of notation we define
U,h .
ZIM(K) = {(x.y) € PuK | M, (U)(x.y) > N3A?)

and
ZPMH) = {(x.y) € Puk | Mg, (GP)(x.y) > 2%}

In order to handle the diagonal level sets on the right-hand side of (7.23), for h = 1,2 we
also define the subfamilies

g = (K e W | w(Z] M (K)) + (25" (H0) < en(Ph0))

and
N = K e W | w(Z)(K0)) + w(Z9M (X)) > en(Pr X))
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Moreover, set
G, :=6,Ng and N =N UNZ,
so that we clearly have ‘Uﬁd = §, U N,, where the union is disjoint.

The following lemma shows that if K € §;, then the diagonal terms on the right-hand
side of (7.23) can be treated in a fairly straightforward manner.

Lemma 7.5. For ¢ small enough, we have

D uX) < Cu({(x,y) € @ | Mz, (U(x,y) > A7}), (7.24)
Keg,

where C = C(n,0) > 0.

Proof. Since in view of Lemma 7.4 we have ¢(K) < 1, together with (7.23), using that
w(P1K) = p(PrK), for any K € G, we obtain

O = (VY2 (u({x.y) € X | Ma,, (U)(x.y) > 22)
+ (IO (2] () + iz ()
+ W(ZHI0) + w257 (X))
< (V)" ({0 y) € K | My, (UP)(x, y) > A2}) +26 ()" epu(P1K0)).

Note that we have X = @, (xg, yo) forr = 27k and x,, Yo € Q1. Inview of Lemma 7.4
we can argue in the same way as in (6.9) and (6.10) to obtain

2n+1 (r/2)2n
dist(Ky, K2)"=20 — dist(Br (xo), Bz (o))" ~2?
< 22" (Br (x0, ¥0)) < 22" p(K).

2—2nk(J)

Since also
p(PrK) < M(34r(x0)) = Cyr"+20 = ¢ 27 (KO

for some C; = Cy(n, ) > 1, we deduce that

p(K)
w(P1K)'

where C; = C,(n, 6) > 1. By connecting the previous display with the first one in the
proof and assuming that

P(K)" < ¢, (7.25)

1

NI (720

we arrive at

IO = (VY2 (u({(x. ) € X | Ma,, (UP)(x, 9) > 22)) +2C;en(X) )

p(K)

< (V)" u({(x.y) € X | Mg, (U (x.y) > A%}) + 5
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which by reabsorbing the last term on the right-hand side into the left-hand side implies

1K) <2V pu({(x.y) € X | Mag,, (U (x.y) > A2}).

Summing over K € §, and using that all cubes in the family U, and therefore also
all cubes in G, are disjoint and contained in @;, we see that (7.24) holds with C =
2(/n)"*2%  This finishes the proof. [

From now on, we will always assume that the restriction (7.26) on ¢ holds, so that
estimate (7.24) from Lemma 7.5 holds.

It remains to also control the last four terms on the right-hand side of (7.23) in the more
involved case when K € N, which requires a delicate combinatorial argument inspired
by [28]. In order to accomplish this, for # = 1,2 we define the families

PNy = {PyK | K € N}

Since PN, U PN, is a family of dyadic cubes, clearly there is a disjoint subfamily
P N of Py Ny U Py N, such that

| #= U X. (7.27)
HePN, HKePINyUPr N,

In other words, any cube in Py N, U P>V, is contained in exactly one cube J# € P N).
The following lemma plays a crucial role in the mentioned combinatorial argument. It
shows that a cube of class V), is not only far away from the diagonal in terms of its own
sidelength as shown in Lemma 7.4, but also in terms of the sidelength of the larger cube
J# € PN, in which its projection onto the diagonal is contained.

Lemma 7.6. Let X = K1 X K € Ny, so that for some h € {1,2}, Py K belongs to Py N).
Moreover, let H = H x H be the unique cube that belongs to P N) and contains Py K.
Then we have dist(Ky, K3) > 2~k (),

Proof. Without loss of generality we can assume that 7 = 1, since the case when h = 2
can be treated in the same way. We prove by contradiction. Assume that

dist(K1, K») < 27+00 (7.28)

and denote by x g the center of the cube H. Choose points x; € H and y; € K, such that
dist(H, K») = |x1 — y1| and denote by yq the center of K,. Then for any y € K5, we
have

Ixge — y1 = Ix1 = y1l + [x3e — x|+ [y1 — yol + [yo — y|
< 27RO 4 ‘/_ﬁz—k(ﬂ) + /27RO < 3 k0
2 J— b
so that Ky C B3 /5-k(30) (xg¢). Since by assumption K1 C H, we arrive at

K C £3ﬁ2—k(J€) (xge). (7.29)
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Since J belongs to PN, and thus to Py N; U PN, we have

p({(x.y) e H | Mg,,(U)(x.y) > NA*})
+u({(x, ) € H | Mg, (GT)(x,y) > AT}) > ep(JH). (7.30)

Inequality (7.30) implies

W (xg, 33275 0) = u({(x, y) € By ymp-kis (x3¢) | Mz, (U)(x,y) > NjA})
+ u({(x, ) € Bs ko (x3) | M, (G)(x,y) > A7})
> pu({(x.y) € H | Mg, (U)(x,y) > N7A*})
+ u({(x.y) € H | Mg,,(GT)(x,y) > 19})
> e (H) > epu(By—worin (xz))

1
> W&‘M(ﬂgﬁﬂm) (x50)) = kep (B3 sma—kwe) (X)),

where we also used (7.22) in order to obtain the last inequality. Therefore, in view of (7.9)
and (7.10) we have 3ﬁ2_k(‘7€) < Fxy» Where 1y, is the exit radius at the point xg. In
particular, we have

B3 Jma-kw0 (X3) C Br,, (x3e),

Tx 3¢

which together with (7.29) implies
K C JBrW (xg).

But then by definition of ‘u% (see (7.12)), we obtain that X € UZ, which is a contradiction
since K € N, C ‘U'I{d and ‘L(g N ‘ugd = . Thus, the proof is finished. [

We now estimate the measures of the cubes of class NV, . The main tools are (7.23) and
the above Lemma 7.6, which allow the projected diagonal cubes to be classified in a way
that enables us to control the diagonal terms in (7.23).

Lemma 7.7. We have
c 2
D MK =5 M, (U) dp
KeN, Q@in{M g,, U2)>22}
C

—f M, (G2) dp, (7.31)
Ado Q@1n{Mg,, (G10)>)40}

where C = C(n,s,0) > 0.

Proof. Step 1: A combinatorial argument. For any # € PN, and h € {1, 2}, we define
the family of cubes
N H) = {K e Ny | PpK C H).
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Since the family P N} is a disjoint covering of the family P;N; U P,N,, we can decom-
pose N /{’ into mutually disjoint subfamilies as

M= Mz, (7.32)
HePN,

in the sense that we have JV/{‘ (#1) N N/{’ (#2) = @ whenever #1 # H,. Since for any
H#H € PN, and any K € N)f’(]() we have k(K) = k(P1K) > k(J), we can decompose
:A/Ah (#) into the classes

[N (FO); == {K € N () | k(K) =i +k(FH)}, ieNo, he{l2.
More precisely, we have the decomposition into mutually disjoint subfamilies
Nt (36) = | JIN2 (IO (7.33)
i>0
in the sense that [N/{’ (01 N [:A//{’ (#)]; = @ wheneveri # j.
Next, for 4 € {1,2} and i, j € Ny we define further subfamilies by
[N (JO)i,; = {K = K1 x Ko € [N (HO)); | 2775 < dist(K. Kp) < 2/H1 KGO

Since by Lemma 7.6 for any X = K; x K, € ,/V/{‘(J(’) we have 27k < dist(Kq, K»),
we have the disjoint decomposition

N = U IV 0L (7.34)
i,j>0
in the sense that [Nf(&‘f)]il,h N [:/V/{’(Jf)]iz,jz = @ whenever (i1, j1) # (i2, j2)-

Therefore, by combining (7.32) and (7.34), we arrive at the following decomposition
of mutually disjoint subfamilies:

M= U ML, (7.35)

HePN,i,j>0

Now fix some # = H x H € PN,. Our next goal is to prove that for & € {1, 2} the
following inequality holds:

> )" P u({(x.y) € PuK | Mg, (U)(x.y) > Njp(K)>CT9)2})
KEeN] (I

+ Y IO u({(x,y) € PaK | M, (GP)(x,y) > ¢(J)0EFIAD})
KeN ()

1
< Co(p f Ma,, (U?) du
(Mg, (UD)>A2)

1

+ T Mg,, (G1) d,u), (7.36)

/Jé’ﬁ{M$4n (G10)> A0}
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where Cy = Co(n, s) > 0. By definition of the class [N)f’(e%)]i,j, forany X = Ky x K €
[:N)f’ (#0)]i,; we have
2=k () 1 27k 1

J{ =
¢( ) diSt(Kl, Kz) 2’ dlSt(Kl y Kz) 2’+J

By using Chebychev’s inequality, (7.34) and then the last display, we obtain

> ()" P u({(x.y) € PuK | Mag,, (U (x.y) > Nigp(K)209)2})
KenNt(t)
1
it

=

> (xR / Mz, (U?)dp

2 292
JCEN{'(J{) PhJCﬁ{M£4n(U )>Ndl }

1
<= > Y o f M, (U dp
ij= OJCE[Nh(J()],-,j PhKﬂ{M$4n (U?)>A2%}

=

= % Z (#)””S Z /P Msg,, (U du (71.37)

2 2
i,j=0 '/v/{ (Jé’)], ; hJ{ﬂ{MiLm (U )>/l }

and similarly by additionally using that n + (g0 — 2)6 + gos > n + 2s,

Y d(FO)" P u({(x.y) € PuK | Mg, (G)(x.y) > ¢(K)20T9)2})
KeNt ()

1

- a0 Z ¢(K)n+(q0_2)0+q0s/ N 14 Mg, (GP)du
KenNt () PyKN{Mg,, (G10)>A%0)

1 (o)

St L X guorra e | o (G
a q
1,j=0 xe[ ‘NA J0;,; Py KN{Mg,, (GI0)>2490}

1 i e Z M (GQO)d 38
" . (7.38)
- )40 (21+]> / 3., "

i,j=0 KG[N IO PpKN{Mg,, (GI0)>A%0}

In order to proceed, we need to further decompose the families [N )f’ (#)];,j.Foranyi >0,
J contains exactly 2"’ disjoint diagonal cubes X = H™ x H™ ,m € {1,...,2""}, with
sidelength 277 =%(*) _In particular, the disjointness of these cubes implies

2nl

>J,

and

Mg, (U?) dp 5/ Mg, (U du (7.39)

KM g, UD>A2) HO{Mp,, (U2)>22}

2nl

Zf «an(Gq")dui/ Mg, (G1)du. (7.40)
H" (M z,, (GI10)>A90} HO{M g,, (G10)>A%0}
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For h € {1,2},i,j > 0andm € {1,...,2""}, define the families
[N i jm = {K € N (IO | PodK = 3"}
and observe that we have the disjoint decomposition

oni

[V TOL,; = | N (IO, jm- (7.41)

m=1

For a moment, let us focus on the case when 4 = 1. Note that since N Al is a family of
dyadic cubes, we have P, K; N P, K, = @ for all cubes K, K, € [:/\f)L1 (#0)];i,j,m with
K1 # Ka, since otherwise K1 and K, would coincide Therefore, we observe that the
cubes in [J\/ (#))i,j,m are all contained in the family F; j . (F) consisting of all distinct

dyadic cubes of the form K = H” x K with K C @, and sidelength 271=k(F) that
additionally satisfy
217K < dist(H", K) < 2/ T17K0U0, (7.42)

Then in view of a combinatorial consideration, we have the estimate
HNL (FOijum < #F () < C270HD, (7.43)

where C; = Cy(n) > 0. Thus, in view of (7.41), (7.43), (7.39) and (7.40), we obtain

Z /;)h Mg, (Uz) dp

KNiMg,, (U2)>A2}

KelN (IO,
2m
- > [ Mo U)di
m=1xce[wi o), " M B UD>A7
2nl
< € 2"0HD) Z Mz, (U?)dp
-1/ Hr Mg, (U2)>A2}
< C;2"C+)) f Mg, (U?)du
H{Mz,, (U2)>A}

and by the same reasoning,

> Mz, (G) dp

J’Ce[,/\//l (J0)]:.; PN {Mg,, (GI0)>Ad%0}

< clzn("ﬂ)/ Mg, (G1) dp.
H{Mg,, (GI0)>1%0}
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In addition, by arguing similarly, the last two displays clearly also hold for [N Al (F)];,;
replaced by [N f (#0)];, ;- Therefore, for i € {1,2} we deduce

i (%)nm > /P Mg, (U?) dp

i,j=0 Kewlo, " R Ba (UD=13
o0
1 2s
5 Cl (—) / Mﬂn(Uz) d,bL
,-,,-20 21+ HOUMp, UD=32}

< c(,/ Mg, (U?) du,
H{Mg,, (U2)>A2}

where Cy = C; (1_2;,25)2 < 0o. Similarly, we also have

i (%)nﬂs ) /P Mg, (G*) du

= FHKN{M G90)>A90
i,j=0 JCE[:N‘;{’(J{)]I’] h { $4n( )> }

< Co / Mz, (GL)dp.
FHN{Mg,, (GI0)>2190}

By combining the last two displays with (7.37) and (7.38), we finally arrive at estimate
(7.36) with respect to Cy.

Step 2: Summation. For any K € N, we either have K € EM)IL N Nf, K e EM)% N e/\//ll or
K e e/\/kl N Nf. If X e 'M/ll N Nf, then in a similar way to the proof of Lemma 7.5, by
using (7.23) and taking into account (7.25), we have

1(K) < (Vnyrt28
X (M({(XJ’) e X | Mg,,(U*)(x,y) > /\2}) + Crep(K)
+ oK) u({(x.y) e PK | Mg, (U (x,y)>NZp(K)20FT9)2})
+FO)" P u({x. ) P2 X | Ms,, (GqO)(x,y)>¢(J<)*qo<9+S>xqo})),

so that in view of the restriction (7.26) imposed on ¢, reabsorbing the second term on the
right-hand side into the left-hand side of the previous display yields

0 = G (r({x,y) € X | Ma, (UDE,y) > 22)
+ oK) 1u({(x. y) € P2K | Mg, (UD(x,y)>NZp(K) 2EFT922})

+ O P u({(r, 1) € P | Ma,, (GT0)(x. ) > (J) 0+ 3001)),
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where C3 = C3(n,0) > 0. By a similar argument, we also obtain that for any X € ‘szl N
N Al , we have

0 = G (r({x.y) € X | Ma, (U, y) > 22)
+ oK) u({(x.y) e PLK | Mg, (UH(x,y)>NZp(K)20T922})

+ IO P u({(r, 7)€ PLIC | Ma,, (G0)(x. ) > (J) 0+ 3004)).

By combining the last two displays with the fact that for any X € N /\1 NN f we have
estimate (7.23), we arrive at

Y X

JeN,,

< C4( > u({x.y) € X | Mg, (U (x.y) > A2})

JKeN),

2
+ Z ( Z ¢(J<)n_29
h

=1 " Kew}

< in({(x ) € PoK | Mg, (UP)(x. y>>N5¢(J<)—2<9+“x2}))

2
+ 2 ( X e

h=1 " xenh

x p({(x.y) € PuX | M, (GP)(x, y>>¢(<7<>q°‘9“’k‘f°})))»

where C4 = C4(n, s,0) > 0. Using the disjointness of the cubes X € N and then Cheby-
chev’s inequality, for the first term on the right-hand side of the previous display, we
deduce

> u({xy) € X | M, (U)(x,y) > A?})
JCEJV)L
< p({(x.y) € Q1 | Mg, (U*)(x,y) > A*})
1
S JE—
A JainiMs,, U)>12)
Moreover, in view of (7.32), (7.36) and the disjointness of the cubes # € PN, for h €
{1, 2}, we obtain that

Y dK) P u({(x.y) € PukK | Mg, (U (x.y) > Njg(K)20+922})
KeN!

+ Z (K" 2 1 ({(x.y) € PpK | Mg, (GP)(x,y) > ¢(K) ?EFT)2})
KeNt

€A/(:B4n (Uz) dl'l“
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= 2 >

HEP N, KeNh(3)
< u({(x.y) € PuK | Mg, (U)(x,y) > N3p(K)"20+922})

2D DD DR 1.0

HEP N, KeN(J)
P ({0 ) € PuK | Mg, (GT0)(x, ) > p(K) 00+ p0))
1
3 (G
‘%;NA A% Jgerimz,, U2)>22)

1
+M

Mz, (U?) dp

/ M, (G) du)
HO (Mg, (G10)>A90}

1
:Co(ﬁ/ eMi-}4n(U2)d/L
@1D{M£4n (U2)>A2}

1
o Mg,y (G) du)
A J@,niM z,, (G10)>110}

The estimate (7.31) now follows directly by combining the last three displays. |
7.3. Level set estimate

By combining the above results, we are finally able to estimate the measure of the level
set of M g,, (U?) in the whole cube @;.

Corollary 7.8. Under all the assumptions made above, for any A > Loy we have

/L({(x,y) e @ \ M34n(U2)(x,y) > Ns%qkz})

<c (% [ M, (U?) dp
A% Jainims,, 02)>12)

i .
+ Mg, (G?) dﬂ),
5490 )90 QiN{M g, (GI0)>§9090} ¢
where C = C(n,s,0) >0and § = 6(e,n,s,0,A) € (0,1) is given by Lemma 6.1.
Proof. In view of Lemmas 7.2, 7.3, 7.5, 7.7 and Chebychev’s inequality, we obtain

p({(x.y) € Q1 | Mg, (U?)(x,y) > Niqkz})

(e ¥ u@Ewnan+ ¥ auo+ ¥ )

(x,x)eJp Ke§, JHeN,

<C (%/ Mg, (U?) du
A% JainiMs,, 02)>22}

: /
- M£ . (GqO) d ) ,
590 )90 @1n{Mg,, (G10)>§90 A90} * °

where all constants depend only on n, s and 6. This finishes the proof. ]
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8. L? estimates for U

We first prove the estimate we are interested in on a fixed scale in the form of an a priori
estimate and under the additional assumption that U satisfies estimate (6.8). In order to
do this, we use the following standard alternative characterization of the L? norm which
follows from Fubini’s theorem in a straightforward way.

Lemma 8.1. Let v be a o-finite measure on R" and let h: Q2 — [0, +00] be a v-measurable
function in a domain Q C R”. Then for any 0 < B < 0o we have

/ W dv = ,B/oo)tﬂ_lv({x € Q| h(x) > A})dA.
Q 0

Proposition 8.2. Let g € [2, p) and G € (qo,q™*), where qq is given by (5.8). Then there
exists some small enough § = §(n,s,0,A,q,q) > 0 such that if A € Lo(A) is §-vanishing
in Ban and g € WH2(R") satisfies G € LI(Ban, jt), then for any weak solution u €
WS2(R™) of the equation L;Ifu = (—=A)’g in Bay that satisfies U € L1(Byy,, j1) and
estimate (6.8) in any ball contained in B4y, with respect to q, we have

) se(Ere(]
(‘{81/2 ]; Bok 4
1 0o
" (][ Gi du)q £y k) (][
Bun et 3

where C = C(n,s,0,A,q,4, p) > 0.

Qi

%
U? d,u)

%
ca))

Proof. Let € be chosen small enough and consider the corresponding § = 6(e, n,s,60, A) >
0 given by Lemma 6.1. Then by using Lemma 8.1 multiple times, first with

2k 4n

B=iq. h=Ms, (U dv=dp
then with
B=0-2. h=Msz, (U2 dv=Ms, (U dp
and also with
B=d—ao. h=Ms, (G0, dv= Mz, (G")dpu,
a change of variables, Corollary 7.8 and the definition of N, 4 from (6.11), we obtain
[, Mo @) d

_ q[ 20710(@) N (Mg, (U?) > A2)) dA
0
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_ qqu,q/O A7 0(@) N (Mg, (U?) > N2,A%Y) dA

_ o fro
=GN /0 A (@ N {Mg,, (U?) > N2 A%}) dA

&,9
~ Sl ~
+gNZ, | AT (@ N {Ms,, (U?) > N2 A}) dA
A
~ ’ ~ ~ S ~
< GNZ, (@A + Clc}Nqu/ AH[ Msg,,(U?) dudA
’ = Jo QiN{Mg,, (U2)>A2}

+ C1GNZ 57 / Mg, (G)dpdA

o0
)ﬁ—qo—I/
0 Q1N{Mz,, (GI0)>89%0 190}
= GNI (@DA] + C1GCua Cy g Ny 100" 1 -7/ /@ (Mg, (U?)? du
1

4

+CNg s [ Moy, (G0 dp.
where C; = C1(n,s,0) > 1. Now we set
e = min{(4(vi)" "2 C2) ", 2C1GCpa C g Na 1017 77 ),
so that ¢ satisfies the restriction (7.26) and, moreover, we have
C1GCpaCsgNg1010me1=0/0" < 1,
Since, in addition, by assumption we have U € L7 (84, i), by Proposition 3.3 we have

/ (Mg, (U2)? dpt < o0,
@,

so that we can reabsorb the second-to-last term on the right-hand side of the first display
of the proof in the left-hand side, which yields

/@ (Mg, (U)? dp < 2GNT, (@A +2C1G NI 570 /@ (Mg, (GT))i0 dy.
1 1

Now, in view of Corollary 3.5 and Proposition 3.3, taking into account the definition of
Ao from (5.10) and using Holder’s inequality, we obtain

3 1 .
fovtans o [ Ota, 02 di
Bi/2 M(£1/2) @

< (xz + [ M Gy du)
@,
oo 1 oo
< C3(Z y—k(s—6) (][ U2 dM) 2 n Z y—k(s—0) (][
k=1 Bokan k=1 B

Aia
a0 e
+(][ Gq"d,u) ) +C3/ Gldu
3471 ==(B4n

%
G? du)

2k 4n
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oo % g
e o))
k=1 3

—+C4f’ G9dpu,
534n

% oo
i)+ o f
k=1 3

2k 4n 2k 4n

where all constants dependonly onn, s, 0, A, ¢, ¢ and p. This proves the desired estimate
with C = C}/9. -

Corollary 8.3. Consider some q € (2, p) and some § € (qg,q*). Then there exists some
small enough § = §(n,s,0,A,q,q) > 0 such that if A € £o(A) is §-vanishing in By and
g € WS2(R") satisfies G € LI(By, ), then for any weak solution u € W2(R") of the
equation L:fu = (—A)’g in B that satisfies U € L1(B, ) and estimate (6.8) in any
ball contained in By with respect to q, we have the estimate

1 00 3
(o) el Er, o
Bi/2 k=1 Bk
o )
(o) Sl o))
B k=1 Bk

2
where C = C(n,s,0,A,q,4, p) > 0.

Qi

Proof. There exists some small enough radius r; € (0, 1) such that
B4nr1 (Z) € By (8.1)

for any z € B;/,. Now fix some z € By, and consider the scaled functions u;, g, €
W$:2(R™) given by

u(x) =u(rix+z), g:(x):=grx+z), A (x,y):=A@1x+z,r1y+2).

Since A is §-vanishing in 81, we see that A, clearly is §-vanishing in B_1 (—z) D Byy,.
Furthermore, in view of (8.1), u is a weak solution of Lj’zuz =(—A)g; in Bﬁ (-2z)D
By, Now fix some r > 0 and some x¢ € R” such that B,(xg) C By,. Then agairll in view
of (8.1), we clearly have

By r(rixo +z) C By,

so that by the assumption that estimate (6.8) holds for any ball contained in Bj, estimate
(6.8) holds with respect to the ball B, (r1xo + z). Together with changes of variables, a
simple computation now shows that the functions

_ uz(x) —uz(y)| _ lgz(x) — g-(y)

Uz(x,y) = T ypte G:(x,y) = x| to
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satisfy

1

1 o0 1
2
B{Br/Z(XO) £2kr(x0)

k=1

I
(foera
By (x0)

i 3
+ ) 27keH ( ][ G? du) ) (8.2)
k=1 £2k,(x0)

where C; = C;(q,n,s, 0, A) > 0. Therefore, we see that U, and G satisfy estimate (6.8)

in any ball that is contained in By,. Since, in addition, the assumption that U € L‘7(§B 1, 14)

clearly implies that U, € L4 (i)’%(_z), W) C L9(Byy, 1), by Proposition 8.2 we obtain
nry

1 0o
~ q
o)l oS
(xfia’l/z Z B

k=1 2k 4n

1 o) %
+ ( G d,u)q + ) ko) (][ G2 d,u) )
Bun Fat 8

where C; = Cy(n,s,0, A, q,q, p) > 0. By combining the last display with changes of

variables, it is now straightforward to deduce that
%
Uzd,u) + ( ][ G7 d,u)
:’34nr1 (2)

vian)" <oy 32 ko0 ( f
(fﬁ,l/z(z) M) - 3(2 8
szu)z), (8.3)

U? du)

2k 4n

Qg
ENT

k=1 2k4nrl(z)
o0

n Z 5—k(s—0) (][
k=1 B

where C3 = C3(q,q, p,n,s,0,A) > 0. Since { By, /2(2) }z¢B, , is an open covering of El/z
and By, is compact, there is a finite subcover { B, /z(zj)};';l of By, and hence also of
Bj/>. In particular, {£r/2(zj)};-"=1 is a finite subcover of $;/,. Therefore, by summing
the above estimates, we obtain

1
e
B1/2

2k4nr1 (2)

m

S(f, i)
1 £r1/2(zj)

Jj=1

QY

QY=

1
2 ~
U? du) + ( ][ G1? du)
£4nr1(z]~)

j=1 k=1 2k4nr|(zj~)
1
2 2

+ i 2—k(s—9) (][

k=1 £2k4nr1(z]-)
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< C4Z (Zz—k(s—e)( W(Bokgn) ) ][ U2 d,u)
j=1 “k=1

(B an ri

M($4n) g )
_ Gid
* (M($4nr1) B #

s —k(s—0) p(Box) 2 ) )
+2_:2 ( ) ][ G2du

P( Bk an 1

1 00 1
(o) Eree(f, o))
B B k

k=1 2
where C4 = C4(n,s,68,A,q,4, p) > 0. Since in addition m and r; depend only on By,

and thus only on 7, the proof is finished. ]

Corollary 8.4. Letr > 0 and z € R" and consider some q € [2, p) and some g € (q9,q™).
Then there exists some small enough § = 6(n,s, 0, A, q,q) > 0 such that if A € L£o(A\)
is 8-vanishing in B,(z) and g € WS2(R") satisfies G € L1(B,(z), i), then for any
weak solution u € WS2(R") of the equation L;I;u = (—A)*g in B,(z) that satisfies
U € LY(B,(2), ) and estimate (6.8) in any ball contained in B, (z) with respect to q, we
have the estimate

1 oo 1 1
~ 2 ~
-53r/2(2) k=1 ‘szr(z) B (2)

oo :
+ ) 2RO ( ][ G? du) ) (8.4)
P By, ()

where C = C(n,s,0,M,q,4, p) > 0.
Remark 8.5. It is essential that the constant C in (8.4) does not depend on r and z.

Proof of Corollary 8.4. Consider the scaled functions uy, g; € W*2(R") given by

ur(x) :=ulrx +z), gi1(x):=glrx+z)

and also
Ai(x,y) = A(rx + z,ry + z).

Since A is §-vanishing in B, (z), A; clearly is §-vanishing in Bj. Also, in view of a change
of variables, for Uy (x, y) := % we clearly have U; € L9(By, it). Moreover, since
u and g satisfy estimate (6.8) in any ball contained in B, (z), by a straightforward scaling

argument we deduce that u; and g; satisfy estimate (6.8) in any ball contained in Bj. In
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addition, u; is a weak solution of Lf;l uy; = (—A)%gy in By. Therefore, u; and A satisfy
all assumptions from Corollary 8.3, so that the estimate from Corollary 8.3 is satisfied by
u1 and g;. The desired estimate (8.4) now follows by rescaling. ]

Proposition 8.6. Letr > 0, z € R", s € (0, 1) and p € (2,00). Then there exists some
small enough § = 8(n, s, 0, A, p) > 0 such that if A € £o(A) is §-vanishing in By, (z)
and g € WS2(R") satisfies G € L? (B, (z), ju), then for any weak solution u € WS2(R")
of the equation Lf;u = (—=A)g in B,(2) that satisfies U € L?(8B,(z), ), we have the
estimate

1 00 % 1
(070 el o) ()
B,)2(2) = By, () B,(2)

o 3
+ ) 27k ( ][ G? d,u) ) (8.5)
k=1 fszr(Z)

where C = C(n,s,0,A, p) > 0.
Proof. Define iteratively a sequence {g; }°2, of real numbers by
q1:=2, ¢i+1:=min{(g + (¢:)*)/2, p}.

where, as in (5.7), we let

ngi

ifn > sq;,
()" = ("~ 54
2p ifn <sgq;.
Since for any i with n > sg;+1 we have
ngi ) ngi qi 4s
j 2—qgi=————>——>0,
(ql + n—sq; /24 2(n—sq;) 2 T 2(n—s)

there clearly exists some i, € N such that g;, = p. Since estimate (6.8) is trivially satisfied
for ¢ = g1 = 2, and in view of the additional assumption that U € L?(8B,(z), n) we in
particular have U € L?2(B,(z), ), if we choose § small enough such that Corollary 8.4
is applicable with ¢ = 2 and § = ¢», then all assumptions of Corollary 8.4 are satisfied
with respect to ¢ = ¢; = 2 and § = g2 € (q1,(¢1)*), so that we obtain

1 00 1 1
2
(][ U du) ” < cl(§ k(=) (][ Uzdu) n (][ G du) ”
3,—/2(2) £2kr(z) Br(2)

k=1

o ;
+ Y 27kEH ( ][ G? d,u) ) (8.6)
P By, )

where C; = Cy(n,s,0, A, p) > 0.1f i, =2, then g, = p and the proof is finished. Oth-
erwise, we note that since r and z are arbitrary, estimate (8.6) also holds in any ball
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that is contained in B,(z), which means that estimate (6.8) is satisfied with respect to
¢ = ¢> in any ball contained in B,(z). Since also U € L?(B,(z), u) C LB (B, (2), 1),
if we choose § smaller if necessary such that Corollary 8.4 is applicable with ¢ = ¢, and
g = g3, then all assumptions of Corollary 8.4 are satisfied with respect to ¢ = ¢» and
d=q3=(qi +(gi)*)/2 € (g2, (q2)*), so that we obtain the estimate

1 o0 % L
()t <l Sorlf, e+ (f, o)
B,/2(2) 8 Br(2)

k=1 2kr(z)

o ;
+ ) 27kE6) ( ][ G? d,u) )
P By, (2)

where C, = Cy(n,s,0, A, p) > 0. By iterating this procedure i, — 1 times and using that
4i, = p, we finally arrive at estimate (8.5). ]

9. Proofs of the main results

We are now in the position to prove our main results.

Theorem 9.1. Let 2 C R” be a domain, s € (0,1), A >1, R> 0 and p € (2, 00).
Moreover, fix some t such that

s<t<min{25(l—%),l—2_pzs}. ©.1)

Then there exists some small enough § = §(p,n,s,t, A) > 0, such that if A € L£Lo(A) is
(8, R)-BMO in Q2 and if ® satisfies conditions (1.5) and (1.6) with respect to A, then for
any weak solution u € W*2(R") of the equation

Liu=f inQ,

we have the implication

np

f el (Q) = ue WP Q).

loc

Moreover, for all relatively compact bounded open sets Q' € Q" € Q, we have the esti-
mate

[ulwery < C(ulwsegny + L/l ). 9.2)

L n+(;f—t)p [(210)
where C = C(n,s,t,A,R, p,Q2', Q") > 0.
Remark 9.2. Note that in view of Proposition 2.6, the conclusion that u € Wk’)’cp (2) for

some p € (2,00) and for any ¢ in the range (9.1) also implies that u € Wl(t)’cp0 (2) for any
po € (1, pl.
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Proof of Theorem 9.1. Fix relatively compact bounded open sets Q' € Q" € Q. Let § =
8(p,n,s,0,A) > 0Dbe given by Proposition 8.6. There exists some small enough r; € (0, 1)
such that 2r;y < R and By, (z) € Q" for any z € Q'. Now fix some z € Q”. Since 4 is
(8, R)-BMO in Q, we obtain that A4 is §-vanishing in Ba,, (z). Let {{,} 5o, be a sequence
of standard mollifiers in R” with the properties

Ym € Cg°(Biym), V¥m =0, [ Ym(x)dx =1 forallm e N, 9.3)
Rn

In addition, for any m € N we define

Antro)i= [ [ A=y = ) dy

Clearly, A, is symmetric and belongs to £¢(A) for any m € N. In addition, there exists
some large enough m( € N such that

1
— < min{r1 ,dist(Bar, (2), Q)}.
mo

Fix r > 0 and xo, yo € By, (z) with B,(x¢) C By, (z), Br(y0) C By, (z). Then for any
m>mgandall x’, y" € By/pm, we have B, (xo —x") C By, (z) and B, (yo — ') C Bay, (2).
Therefore, since A is §-vanishing in By, (z), for any m > mg and x’, y’ € By, we have

][ ][ |A(x,y) — /Ir,xO_x/,yO_yﬂ dydx <6.
By (xo—x") JBr(yo—y')

Therefore, together with changes of variables, Fubini’s theorem and (9.3), we obtain

][ ][ A (. 3) — Aomdrosn ol dy dx
Br(x()) Br(y())

<y b oot
B B r (Xo0) r(¥0)

L L
m m

Ax =x',y =)

—][ ][ A(xy —x',y1 =y dyrdx;
B, (x0) Br(yo)

X Y (xX)Ym (Y') dy" dx’

= / / (][ f |[A(x, y) — /Ir,xo—x’,J’o—y’| dy dx)
B1 JB1 \JBr(xo—x') /Br(y0=y’)

X wm(-x/)Wm(y/) dy/ dx’
8 m (X)W (Y dy' dx' = 6,
< fBY}L/B’va(x)l/f (y)dy dx

dy dx

so that we conclude that A,, is §-vanishing in By, (z) for any m > mg. Now define

Ap(x,y) if(x,y) € B, (2),

Am(x,y) = {A(x,y) if (x,y) ¢ By, (2).
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Since A € L®(R") C L} (R"), by standard properties of mollifiers we have

loc
~ m—

An 225 4 in LY(Bay, (2)) 9.4)

and also /fm(x, y) € C*®(Bzr,(2)). In particular, A, is continuous inside By, (2) x

BZV1 (Z)
Next, forany m € N and x € Q,, := {x € Q | dist(x, dR2) > 1/m}, define

mur=Lﬂwww—w@.

Since f € L]'(’)z(” 97 (Q) and B, (z) € Q, again by standard properties of mollifiers we
have ,
— n

Jn === f in LTFE07 (Byr, (2) ©5)

and f, € C*®(By,(2)) C LO"(B%r1 (2)). Next, for any m > mq we let u,, € W2(R")
be the unique weak solution of the Dirichlet problem

{Lfmum = fm in Bay, (2), 9.6)

Um = U a.e. in R" \ By, (2).

Since 2, = % < %, we can choose the number oy > 0 from Theorem 4.3 small
enough such that
np
2 0g < ——M .
+Ho0= n+ 2s—1t)p

Then by Proposition 5.2, (6.12), Holder’s inequality, (9.4) and (9.5), for w,, := u — u;
we obtain

[ [ O

|X _y|n+2s

~ = e
< CLo(A = A 211 x0) 7T (B, (z))( Yook ( fooe du) )
k=1 £2kr1 (Z)

2
2x+0g

+ Cro(A — Ay, 271, 2) 77 12670 (B, (z))(]l

BZrl (z)

£ dx)

2
2%
-+cﬂ“”<$un(f |f—ﬂ#wu)
BZrl (Z)

< Cz(”A Am”Ll(.fBz (z))[u]WS 2(Rn) + ”A Am”Ll(er (Z))”f“LnHZs 0 (Bay (2))
1

+If = Sl

LFe0p (B2r (2))

) k—o00 0.
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where C1 = Ci(n,s,6,A,09) > 0and C; = Ca(n, s, 0, A, g, r1) > 0. Thus, we deduce
mli_r)noo[um]Ws,z(Rn) = [u]Ws,Z(Rn). (97)

Next, for any m € N, let g,, € W*2(R") be the unique weak solution of the Dirichlet
problem

(—A)ng = fm in B.2r1 (Z), (98)
gn =0 a.e.in R" \ By, (2).
Then by Proposition 5.2, we have the estimate
[gmlws2@ny < Csll fmllL2v (B, (2)) = C4||fm||,4%(lgzr1 @) 9.9)

where C3 = C3(n,s,r;) > 0and C4 = Cy4(n, s,t, p,r1) > 0. In addition, by Theorem 4.4
we have the estimate

Imlersons g, oy = Il s 9.10)

where Cs = Cs(n, s,t, p) > 0. Also, by Proposition 2.5, we have

< n
[gm]Wt,p(Br1 ) = Ce ”gm ”st,m ®,, @ 9.11)

where Cg = Cg(n, s,t, p) > 0. In view of (9.6) and (9.8), u,, is a weak solution of the
equation
ijum = (_A)sgm in By, (2).

Define

U (. y) = |1m (X) — um(y)] (. y) = |gm (X) — gm(y)
m{X, V) = |x — |s+9 o Gmlx,y) = |x — y|s+0
Since A,y is continuous in By, (z) X By (z) and f € L""(B%r1 (2)), by Theorem 4.1 we

have u,, € C”"(B,1 (z)) and therefore Uy, € L*°(By,(z), ) C LP (B, (x0), it). There-
fore, by Proposition 8.6, (6.12), (9.9), (9.11) and (9.10), we have

1 00 % 1
(e we(Eon(f, zo)«(f, 20)
By, /2(2) By, () B, ()

k=1
1
2
G2 d,u)

o0
n Z —k(s—6) (][
k=1

Bk, (@)
< Cs([umlws2@ny + [gmlwrr (B, @) + [gmlws2 @)

< s n n
C9([Mm]W 2(R7) + ”fm“Lm(BZ,I (z)))7
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where all constants depend only on 7, s, ¢, 6, A, p and ;. Combining the previous display
with Fatou’s lemma (which is applicable after passing to a subsequence if necessary), (9.7)
and (9.5), we conclude that

p p
(][ U”® du) fliminf(][ ur du)
By, /2(2) M=o\ B,, 2(2)

< Cio mli_f)noo([um]wxﬂ(w) + | fml

np )
LAFCD7 (B, (2))

) (9.12)

= C u s, ny + [ - ’
10([ lw 2(R™) ||f”Ln+(2sp—t)p (B2r; (2))

where C1¢9 = Cyo(n,5,1,0,A, p,r1) > 0.

Since {B;,/2(z)}zeq is an open covering of Q' and Q' is compact, there exists a finite
subcover {Brl/z(z,-)}f\;1 of Q and hence of Q’. Now summing over i = 1,..., N and
using estimate (9.12) for any i, we arrive at

N

1 1
Q/xQ/ i Bry2(z)

i=1

< ZCU [u]wsa@ny + I /]

LFe0p (B2ry (i)

) (9.13)

=< CllN([u]Ws,Z(Rn) + ”f”L%(m) ,

where C1; = C11(n,s,¢t,0, A, p,r1) > 0. Clearly, for any ¢ in the range (9.1), there exists
some 0 < 8 < min{s,1 —s} suchthatt = s + 6(1 — %), so that by choosing this 6 in our
definition of p, we arrive at

p
e = ([ 07 dn)" = Ctiwnaan + 171 )
Q/xQ
where C = C(n, s, t, A, p, 2',Q") > 0. Here we also used that r; depends only on R, Q'
and Q" and that 6 depends only on s, p and ¢. This proves estimate (9.2).
Next, let us prove that u € L? (). For any g € (2, p], we fix some

np
Lnt@s—t)p (910

loc

. 1 2—12s
s<tq<m1n{2s(1——>,l— }
q q
and define
. ngq .
mln{ ,p} iftyq <n,
q* = n _tqq
)4 iftyq > n.

Since u € W* 2(IR") by the Sobolev embedding (Proposition 2.3) we have u € LIOC(Q),
where 2* := min{-22_, p}. If p = 2*, the proof is finished. Otherwise, together with

n— 2s’
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estimate (9.2) with p replaced by 2*, we conclude that u € W]OZC' . (2). Again by Propo-
sition 2.3, we then obtain that u € Lloc (Q). If p = 2*", the proof is finished. Otherwise,
iterating this procedure also leads to the conclusion that u € LIOC(SZ) at some point, so that

u € Wlécp (2). This finishes the proof. [

Proof of Theorem 1.1. Let us first handle the case when ¢ > 5. Since A is assumed to be
VMO in Q, for any § > 0, there exists some R > 0 such that 4 is (§, R)-BMO in .
Therefore, in this case Theorem 1.1 follows directly from Theorem 9.1. This finishes the
proof in the case when ¢ > s.

In the case when ¢t = s, ﬁx some small enough ¢ > 0 such that § := s + ¢ belongs to
the range (9.1) and p := > 2. Then by assumption and an elementary computation,
we have

n+sp

_np_
feLptr(Q) = LT (Q).

loc loc

By applying the previous case when 7 > s with 7 = § and with p replaced by p, we obtain
that u € W (Q), which by Proposition 2.5 leads to u € W7 (). Thus, the proof is

loc loc

finished. u

Proof of Theorem 1.3. Fix some ¢t such that s < ¢ < 1. First, we assume that 7 satisfies

._ __ ng —__mw
(1.11). Then we havgpn > (2s —t)q and set p := —@s—ng’ 0 that we have g = TGP
and thus f € L*®77(Q). Then in view of (1.11) and elementary computations, we
obtain that p > 2 and

. 1 2—2s
s <t <m1n{2s<1 ——),1— }
V4 p

so that by Theorem 1.1 we obtain u € W7 (Q) = a0 (Q).

loc loc
Next, suppose that 1 = 25 — 3' Since ¢t < 1, in this case we have 25 — g < 1. Using

the latter inequality, a direct computation shows that there exists some ¢’ > s such that

2s—g<t’<min{2s(l— " )—(2_2S)(”+q_2“”)}. 9.14)

(n+2s8)q/’ (n+2-2s5)g

Then by the previous case, we obtam that u € Wl e (£2), which by Propositions
2.5 and 2.6 implies that u € W1 (Q) P(Q) for any p € (1, 00).

loc
Finally, if we have 2s — % > ¢, then there exists some ¢ > 0 such that 25 — % >
and therefore f € L”+(2S L (Q).

loc

t + &. Then for any p > 1, wehaveq > m
—2s

_t }, we see that

. 1 2—12s8
s§l+s<mm{25<l——),l— },
p p

Furthermore, for p > max{25— 3o

so that by Theorem 1.1 we obtain that u € WIHS P(Q) for any p > max{zZ, 225

which by Proposition 2.6 implies that u € W1 P(Q) for any p € (1, 00), which ﬁmshes
the proof. ]
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Proof of Theorem 1.4. First of all, we remark that by the assumption that ¢ > 5=, we
always have 2s — % > (. Moreover, by a simple computation we have ¢ > %
any t < 1. Now consider the case when 0 < 25 — g < 1. Then, as in (9.14), there exists

some ¢ > s such that

for

2-2 -2
25" <4 <min{2s(1 - )1 @-25)n +4q SQ)}
q (n + 2s)q (n+2-2s)q
so that by Theorem 1.3, for p := % we obtain that u € Wl(t)’cp (£2). Since in addition
we have )
— (25—t
p @m0 o
p ng q
25—1

by the Sobolev embedding (Proposition 2.3) we conclude that u € Clos 7(R2).

Next, consider the case when 25 — 2 > 1. In this case, by Theorem 1.3 we obtain
u € Wlé’cp (2) for any s < ¢ < 1 and any p € (1, c0), which by the Sobolev embedding
implies that u € CZ (2) for any o € (0, 1). This finishes the proof. |

Remark 9.3. Our main results remain valid for another large class of coefficients A that
in general might not be VMO. Namely, the conclusions of Theorems 1.1, 1.3 and 1.4
remain true if we replace the assumption that A is VMO with the following assumption
used, for example, in [35]: namely, our main results remain true if there exists some small
& > 0 such that

}}im sup |A(x +h,y +h)—A(x,y)| =0 forany compactset K C 2. (9.15)
70 Ixx;y; \I;a

This is because by [35, Theorem 1.1], the Holder estimate from Theorem 4.1 remains
valid under assumption (9.15). Therefore, in contrast to the case when A4 is VMO, under
assumption (9.15) the above proof can be executed without the need to freeze the coeffi-
cient A, so that the proof actually simplifies in this case. Condition (9.15) is for example
satisfied in the case when A is translation invariant in €2, that is, if there exists a measur-
able function a: R” — R such that A(x, y) = a(x — y) for all x, y € Q. Since in this case
A is otherwise not required to satisfy any additional smoothness assumption, A might not
be VMO in 2 but still satisfies (9.15).

Funding. The author is supported by grant SFB 1283 of the German Research Founda-

tion.
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