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Abstract

In this work we study the structure of extremals of variational problems with vector-valued functions on [0, co). We show that if
an extremal is not periodic, then the corresponding curve in the phase space does not intersect itself.
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1. Introduction

In this paper we analyze the structure of extremals of infinite horizon variational problems associated with the
functional

)
/f(z(t), Z(1)dt,

T

where T > 0, T, > Ty, z:[T1, T,] — R" is an absolutely continuous function and f:R"” x R" — R! belongs to a
space of integrands described below.

Denote by | - | the Euclidean norm in R”. Let a be a positive constant and let v : [0, c0) — [0, c0) be an increasing
function such that v () — +00 as t — co. Denote by A the set of all continuous functions f :R" x R" — R! which
satisfy the following assumptions:

A(i) for each x € R” the function f(x,-):R" — R! is convex;
AGi) f(x,u) = max{y¥(|x]), ¥ (lul)|u|} — a for each (x,u) € R" x R";
A(iii) for each M, e > 0 there exist I, § > 0 such that

| fCxrur) = £, uz)| < emax{f(xr,ur), fx2,u2)}
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for each uy, usz, x1, xo € R" which satisfy
|xl|<M7 i=1129 |Ml|>F1 i=1721 |x1_x2|,|ul_’42|<8'

It is easy to show that an integrand f = f(x,u) € Cl(R?) belongs to A if f satisfies assumptions A(i), A(ii) and
if there exists an increasing function v : [0, 00) — [0, 0o0) such that

max{[df/0x(x, u)|, [af/dux, w)|} < vo(lx[)(1+ ¥ (Jul)lul)

3

for each x, u € R”.
We consider functionals of the form

3
1 (Ty, T, x) =ff(x(t),x’(t))dt, (1.1)
T

where f € A, —0co < T; < T < oo and x: [Ty, T»] — R" is an absolutely continuous (a.c.) function.
For f € A, y, z € R" and real numbers Ti, T; satisfying T} < T, we set
U (T1, T2, y, 2)
= inf{If(Tl, Ty, x): x:[T1, T»] — R" is an a.c. function satisfying x(77) = y, x(T2) =z}. (1.2)
It is easy to see that —o0 < Uf(Tl, 1>, y,z7) < too foreach f € A, each y, z € R" and all numbers 77, T, satisfying

T1 < Tz.
Let f € A. For any a.c. function x : [0, 0c0) — R" we set

J(x) =liminf T~'17(0, T, x). (1.3)
T—o0

Of special interest is the minimal long-run average cost growth rate
u(f)= inf{J(x): x:[0,00) - R" is an a.c. function}. (1.4)

Clearly —oo < u(f) < oo.
Here we follow [4,7] in defining good functions for variational problems.
An a.c. function x : [0, o0) — R" is called an ( f)-good function if the function

T—170,T,x) = u(NHT, T e (0,00),
is bounded.
In [16, Theorem 1.1, Proposition 1.1] we showed that for each f € A and each z € R”" there exists an (f)-good
function v : [0, 00) — R” satisfying v(0) = z.
Propositions 1.1 and 3.1 in [16] imply the following result.
Proposition 1.1. For any a.c. function x : [0, 00) — R" either I7(0, T, x) — Tju(f) — 00 as T — 00 or
sup{[17(0, T,x) = Tr(f)|: T € (0, 00)} < 0.

Moreover any (f)-good function x : [0, co) — R” is bounded.

We follow [9] in defining c-optimal functions.
An a.c. function v:[0, c0) — R”" is called c-optimal with respect to f (or just c-optimal if the function f is
understood) if sup{|v(?)[: t € [0, 00)} < oo and if for each T > 0 the equality
110, 7,v) =U (0, T, v(0), v(T))

holds.
Note that any c-optimal with respect to f function is ( f)-good (see Proposition 2.4).
In [17, Theorem 1.1] it was proved the following result.

Proposition 1.2. For any z € R" there exists a c-optimal with respect to f function v : [0, 00) — R”" such that v(0) = z.
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The notion of c-optimality is a slight modification of the notion of minimality introduced in [5] and discussed in
[2,12-14]. The difference is that in our paper c-optimal solutions are bounded and defined on the interval [0, oo) while
in [2,12-14] minimal solutions are defined on the whole space R” and the boundedness is not assumed. Note that an
analogous notion of minimality was used in the study of geodesics (see, for example, [1,6,11]).

Denote by M the set of all functions f € C?(R?") which satisfy the following assumptions:

af /dui(x,u) € C*(R™) forall (x,u) eR" xR"andi =1,...,n;
the matrix (3% f/du;du;)(x,u), i, j=1,...,n, is positive definite for all (x, u) € R?";
fe,u) = max{y(|x]), ¥ (lul)lul} —a forall (x,u) e R" x R";
there exist a number cg > 1 and monotone increasing functions ¢; : [0, c0) — [0, 00), i =0, 1, 2, such that

¢o(t)/t = o0 ast — oo,
fx,u) = do(colul) — g1 (lx]), x,ueR",
max{[df/0x;(x,u)|, |9f/0u; (x, )|} < go(Ix) (1 + go(ul)), x,ueR" i=1,....,n.

It is easy to see that M C A.
The following two theorems are the main results of the paper.

Theorem 1.1. Let f € M and let v:[0, 00) — R”" be a c-optimal function with respect to f. If there exist numbers
T>» > T1 2 0 such that v(T1) = v(T3), then v(t + T, — T1) = v(¢) forallt > 0.

Theorem 1.2. Let f € M and vy, v, : [0, 00) — R” be c-optimal functions with respect to f such that vy (0) = v, (0).
If there exist t1, ty € [0, 00) such that (t1,t2) # (0, 0) and vi(t1) = va(t2), then v1(t) = v2(¢) for all t € [0, 00).

It should be mentioned that one-dimensional analogs of Theorems 1.1 and 1.2 were obtained in [10, Theorem 1.1]
for c-optimal extremals of variational problems with scalar-valued functions arising in continuum mechanics.
The infinite horizon variational problems considered in [10] are associated with the functional

3
/f(z(t), Z(1),7" (1)) dt,

T

where 71 >0, T, > Ty, z € Wz’l([Tl, T»]) and f:R3 — R! belongs to a certain space of integrands. The main
result of [10, Theorem 1.1] establishes that if a c-optimal function v is not periodic, then the corresponding curve
{(v(@),v'(1)): t €[0,00)} in the phase plane does not intersect itself. Note that in [10] the proof of this result was
strongly based on the fact that the curve {(v(z), v'(¢)): t € [0,00)} is a subset of R? and on the existence of c-
optimal periodic functions established in [8,15]. In our case for the variational problems with vector-valued functions
the existence of c-optimal periodic functions is not guaranteed and the situation becomes more difficult and less
understood.

It is known that if a function f € M is strictly convex and y € R” is a unique solution of the minimization problem
f(z,0) = min, z € R”, then there exists a c-optimal periodic function which is equal to y for all + > 0 [20]. For a
general f € M the existence of c-optimal periodic functions is a difficult problem which is still open.

Note that in [19] we considered an integrand

fu)=|xlx —el* + u®>, x,ueR"

where e = (1,1, ..., 1) € R" and constructed a c-optimal function which is not periodic.
Now we consider two examples of integrands belonging to the set M. In the first example we construct f € M
such that there is a periodic c-optimal with respect to f function which is not constant.

Example 1. Let n = 2. Define a function f:R? x R> — R! by

2
fOxo,upun) = (xf +x3 — 1)+ (u1 +x2)% + (wz —xp% (x1,x2), (u1,u2) € R%.
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It is not difficult to see that f € M under an appropriate choice of ¥ and a. Clearly f(x,u) >0 for all x,u € R.
Set w(r) = (cos(t), sin(z)) for all ¢ € [0, 00). It is clear that f (w(z), w’(z)) = 0 for all ¢ € [0, 00). This implies that
w(f)=0.Now it is easy to see that w is a periodic c-optimal with respect to f function.

In our second example we construct a function f € M such that any c-optimal with respect to f function is not
periodic.

Example 2. Let n = 4. Define a function f:R* x R* — R! by
F(x1, X2, X3, X4, U1, up, u3, ug) = (x12 +x3 — 1)2 + (uy 4 x2)* 4 (u2 — x1)* + (X§ +x7 - 1)2
+ (U3 +xg)? + (g — 7x3)%, (X1, X2, %3, x4), (w1, U2, u3, ug) € R,
It is not difficult to see that f € M under an appropriate choice of ¥ and a. Clearly f(x,u) > 0 for all x, u € R*. Set
w(t) = (cos(1), sin(t), cos(t), sin(rt))
for all r € R!. It is clear that f(w(t), w’(t)) =0 for all r € R'. This implies that
n(f)=0. (1.5)

Let v: [0, o0) — R* be a c-optimal with respect to f function. We show that v is not periodic. Let us assume the
converse. Then there exists a real number 7' > 0 such that

v(t+T)=v(t) forallte][0,oc0). (1.6)

We have already mentioned that any c-optimal with respect to f function is (f)-good (see Proposition 2.4). Therefore
v is an (f)-good function. Since the function f is nonnegative relations (1.5) and (1.6) imply that

T
/ f(v@®,v'®)dr =0.
0

Since f € M we have v € C2([0, 00)) (see Proposition 5.1), f(v(r), v'(t)) =0 for all ¢ € [0, T'] and, in particular,

f(v(O), v/(O)) =0. (1.7
It follows from (1.7) and the definition of f that there exist s € [0, 27r) and s, € [0, 2) such that
v(0) = (cos(sy), sin(s), cos(sz), sin(s2)). (1.8)

For all ¢ > 0 define

u(t) = (cos(sy + 1), sin(sy + 1), cos(7 (s2 + 1)), sin(7w (s2 + 1))).
By the definition of f and u the equality f (u(z),u’(r)) = 0 holds for all ¢ > 0. Since the function f is nonnegative
this implies that u is a c-optimal with respect to f function. In view of (1.6), (1.8) and the definition of u

v(T) =v(0) =u(0).
Together with Theorem 1.2 this equality implies that v(¢#) = u(¢) for all ¢ € [0, 00). It follows from this equality, (1.6)
and the definition of u that for all# > 0

(cos(sy + ¢+ T),sin(s; + 1+ T),cos(m(s2 + 1+ T)),sin(w(s2 + 1+ T)))

= (cos(s1 +t),sin(s; + 1), cos(rr(sz + t)), sin(rr(sz + t))).

Since the equality above holds for all > 0 we obtain that (277)~!7 and T/2 are integers. The contradiction we have
reached proves that v is not periodic.

Clearly, Theorem 1.1 is a particular case of Theorem 1.2. We state them as two separate results because in the paper
we will only prove Theorem 1.1 and provide explanations concerning the proof of Theorem 1.2.

The paper is organized as follows. In Section 2 we explain the main ideas of the proofs of Theorems 1.1 and 1.2 and
compare them with the proof of Theorem 1.1 of [10]. Section 2 also contains several auxiliary results. An important
notion of a minimal limiting set is introduced and studied in Section 3. A basic lemma for the proofs of Theorems 1.1
and 1.2 is proved in Section 4. Theorem 1.1 is proved in Section 5.
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2. Preliminaries
By a simple modification of the proof of Proposition 4.4 in [8] (see also [16]) we obtain the following proposition.

Proposition 2.1. Let f € A. Then for each T > 0 and each x,y € R"
UL, T,x,y) =Tu(f) + ! @) =2/ (») + 6] (x, ), (2.1)
where w! :R" — R is a continuous function defined by
nf(x) = inf{liTn_l)g})f[If(O, T,v)— ,u(f)T]: v:[0, 00) — R”" is an a.c. function satisfying v(0) = x},
x eR", (2.2)
and (T, x,y) = 0% (x,y) € R (T, x,y) € (0,00) x R* x R" is a continuous nonnegative function which satisfies

the following condition:
forevery T > 0 and every x € R" there is y € R" for which 9% (x,y)=0.

We denote d(x, B) =inf{|x — y|: y € B} for x € R", B C R" and denote by dist(A, B) the Hausdorff metric for
two sets A, B C R". For every bounded a.c. function x : [0, co) — R" define

o C (0, 00) for which #; — 0o, x(t;) — y asi — oo} (2.3)

(x) = { y € R": there exists a sequence {;};°

which is called a limiting set of x.
Let f € A. Foreach 1| € R, 7, > 7j,each ry,rm € [t1, 2] satisfying r; < rp and each a.c. function u : [t1, T72] —
R” set

r i ra,u) =1, r ) — 28 (u@r)) + 77 (0(r2)) = (r2 — rou(f). (2.4)

In view of Proposition 2.1

Ff(rl,rz, u)>0 foreachrt| e RI, T > 11, eachry, rp € [11, 12] satisfying r; < rp and
each a.c. function u : [t1, T2] — R". (2.5)

Let Ty € R! and Tp > Tj. It is clear that for each pair of a.c. functions vy, vy : [T}, To] — R” satisfying v{(7;) =
v2(T}), i =1, 2, the following equality holds:

(T, To,v1) — (T, Ta,v2) = T/ (T, T, v1) — T (T1, T, v).
Hence for each y, z € R" the following two variational problems are equivalent:

If(Tl, 1>, v) — min,
v:[T}, T»] — R" is an a.c. function such that v(T}) =y, v(T3) =z

and

Ff(Tl, 1>, v) — min,
v:[T}, T»] — R" is an a.c. function such that v(T}) =y, v(T») =z.

In the sequel we prefer to minimize the functional I"/ (., -, -) because it is always nonnegative by Proposition 2.1
and has other useful properties. For example, in view of Proposition 1.1 for any (f)-good function v we have
sup{Ff(O, T,v): T €]0,00)} < oo. In [16, Theorem 8.3] we proved that for any x € R” there exists an (f)-good
function v such that v(0) = x and I"'(0, T, v) = 0 for all T > 0. In this paper we need to deal with the following
question:

Is it possible for given y, z € R” to find ¢ > 0 and an a.c. function v : [0, ¢g] — R” such that v(0) = y, v(¢) = z and
that '/ (0, ¢, v) is small?

In general the existence of such ¢ and v is not guaranteed but they do exist if y, z belong to certain subsets of R”".
These subsets play an important role in our study.
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Note that analogs of the notion of a limiting set and the functional I” f(,-, ) were used in [10] for the class of
variational problems studied there. As we have mentioned before the existence of a c-optimal periodic extremal plays
an important role in the proof of Theorem 1.1 of [10]. The following two properties are the most important ingredients
in the proof of Theorem 1.1 of [10]:

(al) For any c-optimal extremal v there exists a c-optimal periodic extremal u such that {(u(¢), u’(r)): t € [0, 00)} is
contained in the limiting set of the curve {(v(¢), v'(¢)): t € [0, 00)};

(a2) Let u be a c-optimal periodic extremal and € > 0. Then there exist numbers g, > 0 such that for each
hy, hy € R? satisfying d (h;, u([0, 00)) < 8,i = 1,2, and each T > g there exists v € W21 ([0, T']) which satisfies

(), V() =hy, (VD). V(T))=hy, T, T,v)<e.
For the variational problems with vector-valued functions considered in this paper the existence of c-optimal pe-

riodic functions is not guaranteed and the situation becomes more difficult. In order to overcome this difficulty we
consider the collection of all limiting sets ordering by inclusion and show that the following properties hold:

(bl) Let v:[0,00) — R”" be an (f)-good function. Then there is a minimal limiting set which is contained in the
limiting set £2(v) of v (see Lemma 3.2);

(b2) Let D be a minimal limiting set and let € > 0. Then there exist numbers ¢, § > 0 such that for each iy, h € R"?
satisfying d(h;, D) <§,i =1,2, and each T > g there exists an a.c. function v: [0, T] — R" which satisfies

v =hi, v(T)=hy, T70Tv)<e
(see Lemma 4.2).
The property (bl) is established in Section 3 while the property (b2) is established in Section 4. Then arguing
as in the proof of Theorem 1.1 of [10] and replacing (al) and (a2) by (bl) and (b2) we can complete the proofs of
Theorems 1.1 and 1.2. Note that the proof of the property (b2) is more complicated than the proof of its analog (a2)

because in (a2) we have periodicity of u.
In the sequel we use the following auxiliary results.

Proposition 2.2. [16, Proposition 5.1] Let g € A, y:[0,00) — R" be a (g)-good function and let € > 0. Then there
exists Ty > 0 such that foreach T > Ty, T > T
I8(T.T,y) <US(T,T,y(T),y(T)) +e.

Proposition 2.3. [ 16, Theorem 6.1] Assume that f € A. Then the mapping (T, T», x,y) — Uf(Tl, T>,x,y) is con-
tinuous for T\ € (0, 00), T € (T}, ), x,y € R".

Proposition 2.4. [ 16, Proposition 5.2] Let f € A, So, S1 > 0 and let x : [0, 00) — R" be an a.c. function such that
lx(t)| < Soforallt € [0,00) and I7(0,i,x) <UT(0,i,x(0),x({)+S1,i=1,2,.... Then x is an (f)-good function.

Proposition 2.5. [3] Assume that f € A, M1 >0,0< Ty < T, x;:[T1, 2] > R", i =1,2,..., is a sequence of a.c.
functions such that If(Tl, Tr,xi) < My, i =1,2,.... Then there exist a subsequence {xik},‘:il and an a.c. function
x:[Ty, T,] — R" such that If(Tl, Ty, x) < My, x;, (t) = x(t) as k — oo uniformly on [T, T»] and xlfk — x' as
k — oo weakly on LI(R”; (Th, Tp)).

Lemma 2.1. Let M, € > 0.Then there exist I', § > 0 such that
| f(x1,ur) — f(x2,u2)| <eminf f(xy,ur), fx2,u2)}
foreach uy,uy, x1, x, € R" which satisfy

x| <M, |u|>T, i=12, |x1—x2l |u1—u2 <6. (2.6)
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Proof. Choose ¢y € (0, 1) such that

(1—€p) eg <e. 2.7)
By A(iii) there are I, § > 0 such that
| fxrun) — f e u2)| < €omax{ f(x1, uy), f(x2,u2)} (2.8)

for each uy, us, x1, xo € R” satisfying (2.6).
Assume that u1, us, x1, xo € R” satisty (2.6). Then (2.8) holds. We may assume without loss of generality that

fxa,u2) > f(xr,up). (2.9)
Relations (2.8) and (2.9) imply that

fxa,u2) — fxr,up) <eof(xz,uz) (2.10)
and

(1 —€0) f(x2, u2) < f(x1, up). (2.11)

By (2.9), (2.10), (2.7) and (2.11)

| f (2 u2) — fOxr un)| < €of (r2,u2) < eo(1—€0)™" f(x1, )
<ef (e, ur) =emin{ f(x1, ur), fx2,u2)}.

Lemma 2.1 is proved. O
Lemma 2.1 implies the following auxiliary result.

Lemma 2.2. Let M, € > 0. Then there exist I, § > 0 such that
| fCer ur) = £, u)| <eminf f(xp,uy), f(x2,u2)}

for each uy, uz, x1, xo € R" which satisfies

x| <M, i=12, |ui|l=1I, I|x1—x2|, |ur—uzl<é.

Lemma 2.3. Let My, M| > 0. Then there exists a positive number L such that for each x1, x3,uy, uz € R" satisfying
lx1] < Mo, X1 —xal, [ur —uz| < My (2.12)
the following inequality holds:
| fx1oun) = fo,u2)| < L2+ Lmin{ f (x1, u1), f(x2. u2)}. (2.13)

Proof. By Lemma 2.2 there are &g, I such that
| f o un) — f o u2)| <27 min{ £ (x1, up), f(x2,u2)} (2.14)

for each x1, xp, u, up € R" satisfying

il [x2l S Mo+ Mi+2,  fui| = To,  |x1 —x2l, [ug — uz| < do. (2.15)
Assume that xq, xo, ug, uy € R" satisfy (2.15). Then (2.14) holds and

S, ur), fx2,u2) 2 0. (2.16)
Inequality (2.14) implies that

fxi,ur) < 3/2) f(x2, u2), f(x2,u2) < (3/2) f(x1,up). (2.17)

Choose a natural number g such that

(M + 1)g™ ! < &. (2.18)
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Assume that xq, x2, y1, y2 € R” satisfy

lx1 —x2l, [yt =2l <My, xil, Ixl < Mo+ My +2, |nl=>To+M +1.

Fori =0,..., g define
(D yD) = (xr, y) +ig ™ (2 = x1,y2 = y0).
Clearly,
(@ yO) = (x1, y), (x D,y D) = (x2, y).
Leti €{0,...,q — 1}. By (2.20), (2.19) and (2.18)
lx@ = x D] < g7 g — x| < Mig™" < b,
[y =y < g7y, — yi | < Mig™" < 8,
O, |f D < Mo+ My +2, YO [y > 1.
It follows from these inequalities and the choice of 8q, I (see (2.14), (2.15)) that
£ (@, y®) — £(x0D, y DY <2~ min{ £ (xD, yD), f(x+D, y+D))
and
0< £(xD, y0) <2 (D, D) <af(xD, yD).
These inequalities imply that
max{ f(x@, y®): i =0,...,q} <27min{ f (x1, y1), f(x2, y2)}.

By this inequality and (2.21)

|f(x2, ) — f(x1, y1)| — max{f(x(o), y(O))’ f(x(Q), y(CI))} _ min{f(x(o), y(o)), f(x(Q)’ y(Q))}
<29min{ f (x1, y1), f(x2, y2) } —min{ f (x1, y1), £ (x2, y2)}

<29min{ f (x1, 1), f(x2, y2)}.

Thus we have shown that for each x1, x2, y1, y2» € R" satisfying (2.19) the following relation holds:

| f (2, y2) — fxen, y)| <29 min{ f (x1, y1), f(x2, y2) ).

Since f is a continuous function there is a number g > 0 such that for each xy, xp, u, us € R" satisfying

|xi |, luil <2Mo+2M1+21+2, i=1,2,

the following inequality holds:
| f(x1un) — f(x2.u2)| < qu.

Choose a number
L>29+(a+1)gq+1+a.

Assume that xq, x2, u1, up € R” satisfy (2.12). There are two cases:

lur| > To+ My +1

and

lup| < Iop+ My + 1.

Assume that (2.25) holds. Then it follows from (2.24), (2.25), (2.12), (2.19) and (2.22) that
| f(x2,u2) — f(x1,u1)| <29 min{ f(x1, u1), f(x2,u2)} < Lmin{ f(x1, u1), f(x2,u2)}

and (2.13) is true.

(2.19)

(2.20)

2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

Assume that (2.26) is true. Then by (2.12), (2.26) and the choice of g1 (2.23) is valid. Relations (2.24) and (2.23)

imply (2.13). Thus (2.13) is true in both cases. Lemma 2.3 is proved. O
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3. Minimal sets

Let f € A. Denote by D(f) the collection of all sets £2(v) where v: [0, c0) — R" is an ( f)-good function.
Let Dy, D> € D(f). We say that D| < D» if and only if D; C D;.

A set Dy € D(f) is called minimal if for each D € D(f) satisfying D < Dy we have D = Dy.

Note that the following lemma holds.

Lemma 3.1. For each D € D(f) there exists a minimal element Dy of D(f) such that Do < D.

For the proof of Lemma 3.1 see Lemma 9.1 of [16].
It is easy to see that Lemma 3.1 implies the following auxiliary result.

Lemma 3.2. Let v: [0, 00) — R" be an (f)-good function. Then there is a minimal element D of D(f) such that
D C 2(v).
Lemma 3.3. Let D € D(f) and z € D. Then there exists an a.c. function v:R' — D such that

v0)=z and T''(=T,T,v)=0 forall T > 0.

Proof. There is an (f)-good function u : [0, c0) — R" such that

2w)=D. (3.1)
In view of Proposition 1.1

sup{|u(®)]: t € [0, 00)} < c0. (3.2)
Since z € §2(u) there exists a sequence of positive numbers {#;}7°, such that t; — oo as i — oo and that

u(t;) >z asi — oo. (3.3)

By Proposition 2.2 the following property holds:

(a) For each € > 0 there is T (¢) > 0 such that for each 71 > T (¢), T» > T}

DTy, To,u) SUY(T1, To,u(Th), u(T2)) +e.
By Proposition 1.1 and (2.4) sup{I"/ (0, T, u): T > 0} < co. In view of this inequality and (2.5) the following property
holds:

(b) For each € > 0 there is T (¢) > 0 such that for each 71 > T (¢), T> > T
ri(r. nou<e.

For every integer i > 1 set
vi) =u(t+1t), te€[—t,00). 3.4

It follows from (3.4), property (a), (3.2) and Proposition 2.3 that for each natural number k the sequence
{I'(—k, k,v;): iisaninteger and #; > k} is bounded. By Proposition 2.5 there exist a subsequence {viq}""=1 of the

q
sequence {v;}7°, and an a.c. function v : R! — R” such that for each natural number k
v, (1) = v(r) as ¢ — oo uniformly on [—k, k], 3.5)
1 (—k, k,v) <liminf I/ (=k, k, v;,). (3.6)
g— 00

Relations (3.5), (3.4), (3.3) and (3.1) imply that

v(0) = lim v;, (0)= lim u(s,) =z
q— 00 g— 00
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and that for each 1 € R!
v(#) = lim v, (t) = lim u(t +1;,) € 2(u) = D.
q—>00 g— 00

It follows from (2.4), (3.4)—(3.6), the continuity of the function 7/ (see Proposition 2.1) and property (b) that for all
integers k > 1

I (—k,k,v) =1 (=k, k, v) — 2/ (v(=k)) + 7 (v(k)) — 2k (f)
<liminf[17 (k. k. vi,) =77 vy, (=K)) + 77 (vi, (0)) = 2kpa(£)]
= liminf I"/ (—k, k, v;,) = liminf '/ (—=k + t;, , k + t;,, u) = 0.
q—>00 q—>00
Together with (2.5) this implies that I” f (—k, k,v) =0 for all integers k > 1. Lemma 3.3 is proved. O

Lemma 3.4. Let D be a minimal element of D(f), v:[0,00) — D be an ( f)-good function and let € > 0. Then there
is L > 0 such that dist({v(t): t € [0, L]}, D) < e.

Proof. Clearly £2(v) C D. Since D is a minimal element of D(f) we have §2(v) = D. This equality implies the
validity of Lemma 3.4. O

Lemma 3.5. Let D be a minimal element of D(f) and let € > 0. Then there exists a natural number k such that for
each a.c. function v:[0, k] — D satisfying I'T (0, k, v) = 0 the following inequality holds:

dist(D, {v(r): 1 €[0,k]}) <e.
Proof. Let us assume the converse. Then for each natural number k there exists an a.c. function vy : [0, k] — D such
that

r’0,k,v0) =0 and dist(D, v ([0,k])) > e. (3.7)

Let i > 1 be an integer. Since the set D is bounded and the function 7/ is continuous it follows from (3.7) and
(2.4) that the sequence {I//(0, i, V) )72, is bounded. Together with Proposition 2.5 this implies that there exist a
subsequence {vkj }‘;":1 and an a.c. function v : [0, c0) — R” such that for each integer i > 1

vk, (1) = v(t) as j — oo uniformly on [0, i], (3.8)
170, i, v) <liminf17(0, 1, vg,). (3.9)
j—o00

Relation (3.8) implies that
v(t) e D forallt €0, c0). (3.10)
It follows from (2.4), (2.5), (3.8), (3.9), the continuity of 7/ (see Proposition 2.1) and (3.7) that for each integer i > 1
0< I/ (0,i,v) =17(0,i,v) = 2/ (v(O)) + 7/ (v(D)) —ip(f)
<timinf[17 0.1 vi) = 77 (o, ) + 77 (0, () = i (f)]

= liminf '/ (0,7, v,) = 0.

j—o00
Thus

Ff(O, i,v) =0 forall integersi > 1. 3.11)
By (3.10), (3.11) and Lemma 3.4 there is a natural number L such that

dist(v([O, L]), D) <e€/4. (3.12)
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In view of (3.8) there exists a natural number g > L such that

lvg (1) —v(t)| < e/4 forallz €0, L]. (3.13)
Relations (3.13) and (3.12) imply that

dist(vg ([0, L]), D) < €/2.
Since ¢ > L and v, ([0, g]) C D we conclude that

dist(vq ([0, q]), D) <€/2.

This inequality contradicts (3.7). The contradiction we have reached proves Lemma 3.5. O
4. A basic lemma
Assume that f € AN C!'(R?") and satisfies the following assumptions:

A(iv) For each M > 0 there exists ¢y > 0 such that

|0 /0x) (x, w)|, [(@f/u) (x, )| < co(f (x, u) + co)

for each x, u € R” satisfying |x| < M.

’

In this section we prove the following auxiliary result.

Lemma 4.1. Let D be a minimal element of D(f) and € € (0, 1). Then there exists a number q > 0 such that for each
hy, hy € D there exists an a.c. function v : [0, q] = R" which satisfies

V) =h1, vig)=ha, TI'7(0,q,v)<e

Proof. By Lemma 3.3 there exists an a.c. function 9 : R! — D such that

r''(=T,T,5)=0 forall T > 0. 4.1)
Relations (4.1) and (2.4) imply that for each 7 > 0

7 (5(T)) = =170, T, 5) + 77 (5(0)) + w(F)T. (4.2)

This equality implies that the function 7/ o 7: [0, 0c0) — R” is absolutely continuous. Therefore there exists ry > 0
such that the functions 9, 7/ o ¥ are differentiable at ro. Set

() =01 —1+4ry), teRl. (4.3)
Clearly
v (R") C D. 4.4)

In view of (4.1), (4.3) and (2.4)

r’(=T,T,v,)=0 forall T >0. 4.5)
By (4.3) v, and 7/ o v, are differentiable at 1. Choose

c1 > sup{lz|]: z€ D} +38. (4.6)
For each 7 € [0, 00) define

Pr(t) =1(va(r) —va(1)), 1€R', 2(1) = va(r) = va(D), (4.7)

U(r)=17(0,1,v4 + Pp). (4.8)
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Let t > 0. We show that v (7) is finite. By A(ii) ¥ (t) > —oo. In view of (4.8) and (4.7)
1
V(r) = / F(ve@) 4+ 12(1), v, (1) + z(7)) dr. (4.9)
0

It follows from the boundedness of v, (see (4.4)), the inequality / f (0,1, vy) < 0o and Lemma 2.3 that ¥ (t) < oo.
Hence v () is finite for all T > 0.
We show that ¢ is differentiable at # = 1. Let 4 > 0 and & # 1. By (4.9) and (4.7)

1

(h=D"Yyh) —y1)=h-1)" /[f(v*(t) + 1z(h), Vi, (t) + z(h)) — f(v«(2), v(1))] dr. (4.10)
0
Set
En() = (h — D7 f (vs(®) 4+ t2(h), V(1) + 2(h)) — £ (ve(®), V.(1))]. €0, 1]. (4.11)

Clearly the function & is integrable. Denote by £2 the set of all points € [0, 1] such that v/, (¢) exists. It is clear that
the Lebesgue measure of the set [0, 1]\ §2 is zero. By (4.11) and the mean value theorem for each # € £2 there exists
An(t) €10, 1] such that
&n(t) = (h — 1)~ [0 /02) (0(0) + 2 (D12 0h), V(1) + (D 2(0)) 12 ()
+ (@f/0u) (v (1) + A (D)1z(h), Vi, (1) + A (1)z(h))z(h)]. (4.12)
By A(iv) there is Ly > 0 such that
|(@f/0x) (x, w)|, |(@F/8u) (x, w)| < Lo(f (x, u) + Lo) (4.13)

for each x, u € R" satisfying |x| < 4cy +4.
It follows from (4.12), (4.4), (4.7), (4.6) and (4.13) that for all ¢ € £2

|60 ()] < 1h — 17" [(t]=®)] + |2()]) Lo(Lo + f (vt + n@)t2(h), V(1) + () z(h)))]- (4.14)

In view of Lemma 2.3 there is L > 0 such that for each x1, xp, u1, up € R" satisfying

’

|x1] < 2¢1 + 2, |x1 —x2|, lu1 —uz| <4c1 +4 (4.15)
the following inequality holds:

| fCeru) — f o, un)| <Ly (Ly + £, up)). (4.16)
It follows from the choice of L; (see (4.15), (4.16)), (4.4), (4.6) and (4.7) that for all r € £2

F(ve(®) + (D12 (h), v (1) + 2 (D)2 (M) < f (vx(0), V(1) + L1 (L1 + f(v4(0), vi(0)))-
Together with (4.14) this inequality implies that for all ¢ € £2

&0 ()| < |h — 117"2|2(W)|[L§ + LoLT + Lo(L1 + 1) £ (vi (1), v, (1))]. 4.17)

We have shown that (4.17) is valid for all 7 € £2 and all & > 0O such that & # 1. Since v, is differentiable at 1 (4.7)
implies that there exists

}}E(h—l)_lz(h)zv;(l)eR”. (4.18)
By (4.18) and (4.7) there exists L, > 0 such that
lh =17 z(h)| < L, forallh e [(3/4), (5/H]\ {1}. (4.19)
Combined with (4.17) this inequality implies that for all & € [(3/4), (5/4)]\ {1} and all € £2
&0 ()| <2Lo[L§+ LoL? + Lo(L1 + 1) f (v (1), v,(1))]- (4.20)

Relations (4.12), (4.8) and (4.18) imply that for all ¢ € £2 there exists
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lim &, (1) = (0f/8x) (va(0), v;(t))t}}i_)ml(h — D7 2(h) + f /o) (v (D), V(1)) Jim (k — D~ z(h)

= @f/92) (v (1), v ()10, (1) + @ /3u) (04 (1), V(D) )V (D). (4.21)
It follows from (4.10), (4.11), (4.20), (4.21) and the Lebesgue theorem that there exists a finite limit

1
Jim (2 — D™ (Y () — (D) =}}iml/§h(t) dr
0

1
= /((af/ax)(v*(t), VL)1 (1) 4 (3 /8u) (v (0), v, (1)) V(1)) dr.
0

Thus v is differentiable at r = 1. Define a function ¢ : [0, co) — R! by
¢ = (1) — u(f) =7/ (0:(0) + 77 (v()), 1 €[0,00). (4.22)

Since ¥, 7/ o vy are differentiable at 1 we have that ¢ is also differentiable at 1. By (4.22), (4.8), (4.7), (2.4) and (2.5)
foreacht >0

¢ =170, 1, v+ P) — u(f) =/ (v:(0)) + 7/ (v (1))
=170,1, v+ P) — u(f) =/ (v + PYO) + 7/ (v + PY(D)) =70, 1,04+ P) >0.  (4.23)

Thus

¢(t) >0 forallt>0. (4.24)
In view of (4.23), (4.5) and (4.7)

¢(1)=T7(0,1,v,)=0. (4.25)

Let us define a constant ¢ > 0. It follows from Proposition 2.3 and the continuity of the function 77/ that there exists
a sequence of positive numbers {3;}7° such that

So€(0,87'€), Siy1 <8, i=01,..., (4.26)
and that for each integer i > 0 and each x1, x2, y1, y2 € R" which satisfy

d(xj,D),d(y;,D)<8, j=12, |xj—y;I<é, j=1,2, (4.27)
the following inequalities hold:

|U7(0,1,x1,x2) = UT(0, 1, y1, y2)| <27 B, (4.28)

|7l -l | <278, j=1,2. (4.29)
By Lemma 3.5, (4.4) and (4.5) there exists an integer L > 10 such that forall 7 > 0

dist(D, {v*(t): telT, T+ L]}) <4715. (4.30)

In view of Lemma 3.5, (4.4) and (4.5) there exists a sequence of numbers {TI,};(’:1 such that

Tp>2L+8, |v.(0) — v (Tp)| <278, p=12.... 4.31)
Fix a positive number € for which

co <27 8L e (4.32)

Relations (4.24), (4.25) and the differentiability of ¢ at 1 imply that ¢’(1) = 0 and that there exists a positive number
A such that

A <278, (4.33)
dM)=9¢(1)—p()<|t—1]27 "¢y forallt e[l — A, 1+ Al. (4.34)
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Choose an integer

N>64(L+1)A"! (4.35)
and put
N
q=ZTi+8L+8. (4.36)

i=1
Let i1, ho € D. We show that there exists an a.c. function v : [0, g] — R” such that
v =hi, vi@)=hy, I'(0,qv)<e
Relation (4.30) which holds for all 7 > 0 implies that there exist numbers ?1, f such that
nel0, L], el8, L+8l, |hj—ve(t))]<80/4, j=12. (4.37)
Set
Ag=(N—-1)""BL+8— (12 —11)). (4.38)
In view of (4.38), (4.37), (4.35) and (4.33)
0< Ag < A. (4.39)
It follows from (4.31), (4.37) and Proposition 2.5 that there exists an a.c. function wq: [0, 71 — #;] — R” such that
wo(0) =h1, wo)=v«(t1+1), t€[l,T1 —1—1],
wo(T1 —11) = v4(0), (4.40)
it 1+ 1,w)) =U7 (0, Lwo(x), wo(r + 1)), 7=0, T1 —t; — L.
We will estimate I"/ (0, Ty — tg, wo). In view of (4.40), (2.4) and (4.5)
o, 7 —t,wo)=r?©0,1,w) + I/ (1, Ty —t1 — 1, wo) + '/ (T — 1ty — 1, Ty — 11, wo)
=I70,1,wo)+ '/ (Ty —t; — 1, Ty — 11, wo)
=170, 1,wp) — 7/ (wo(0)) + 7/ (wo (1)) = u(f) + I/ (T — 1y — 1, Ty — 11, wy)
— ! (wo(Ty — 11 = 1) + 7/ (wo(T1 — 1)) — (f)
=U7(0, L by, vs(ty + D) =/ (hp) + 77 (va(t1 + D) = u(f)
+U7(0, 1, v, (T1 — 1), v:(0)) — 7/ (v4(Ty = 1)) + 77 (v4(0)) — p(f). (4.41)
By the choice of §g (see (4.26)—(4.29)), (4.4), (4.37) and (4.31)
[U(0. 1, by vs(tr + D) = U7 (0, L va(rn), va (i + D) | <27%,
|U(0, 1, v,(T1 — 1), v,.(0)) — UT(0, 1, v, (T1 — 1), v(T1))| <278,
7/ () = 7 (v @) |, |77 (v(0) — 7 (v (TD)) | < 27
Together with (4.41) and (4.5) these inequalities imply that

bl

IO, 7 — 1, wo) U0, 1, v (t1), vi(ty + D) — 7 (ve(t)) + 707 (vt + 1) = (f)
+ U0, 1, 04(Ty = 1), v (T1)) — 7f (v (T1 = D) + 77 (v (T)) — 1(f) +4 x 278
<TIT = 1,T,v)+ T @, 0+ 1, v,) + 2% =2%%. (4.42)

Let £ > 1 be an integer. It follows from (4.39), (4.33), (4.31), (4.7) and Proposition 2.5 that there exists an a.c.
function wy : [0, Ag + Tx+1] — R” such that
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wi (1) = vs(t) + P1_p (1), te€]0,1],
wi(t) =ve(t — Ag), tel[l,Ag+Tir1 — 1], wi(Ag+ Tit+1) = v4(0), (4.43)
I (Ao + Tt — 1, Ao+ T, wi) = UL (0, 1, wi (Ao + Tigr — 1), wie(Ag + Titr)).

Relations (4.43) and (4.7) imply that

wi (0) = v4(0). (4.44)
We will show that

If 0, Te1 + Ao, wi) <27 'egAg +27F 8. (4.45)
By (4.43) and (4.5)

I, Tegr + Ao, wi) = (0, 1, we) + T (1, Tir + Ao — Lwg) + T (Tipr + Ao — 1, Ty + Ao, wi)
=170, 1, wp) + ' (Ti1 + Ao — 1, Tegr + Ao, wy). (4.46)
In view of (4.43), (2.4), (4.8), (4.7) and (4.22)
70, 1,wg) =170, 1, we) — 7/ (we(0) + 77 (we (1) = ()
=17(0, 1, vy + Pi—ag) = 77 (v(0) + P12, (0) + 7 (vi(1) + Pioag (1) = u(f)

=y (1 — A0) + 7/ (v:(0)) + 7/ (va(1 = A0)) — u(f) = (1 — Ag). (4.47)
Relations (4.47), (4.34) and (4.39) imply that
rfo,1,wy) =¢(1 — Ag) <2 ey Aop. (4.48)

It follows from (2.4) and (4.44) that
Ff(Tk_H + Ao — 1, Tig1 + Ao, wi)
= I/ (Ti1 + Ao — 1, Tis1 + Ao, wy) — ﬂ'f(wk(Tk-H + Ao — 1)) +7Tf(wk(Tk+l + A0)) — n(f)
= U7 (0, 1, we(Ao + Tt = Dy wie(A0 + Tes)) = 7 (04 (Tirr = D) + 77 (0(0)) = i (f)
= U7 (0,1, va(Tir1 = 1), v4(0)) = 7 (04 (Ti1 = D)) + 77 (0(0)) — (). (4.49)
By the choice of {51'}?20 (see (4.26)—(4.29)), (4.4) and (4.3),
[UT(0, 1, va(Tig1 = 1), 04(0)) = U7 (0, 1, v (Tkg1 — 1), 02 (Try1))| 275 %,
|7/ (02(0)) = 7/ (va(Ths)) | <274 7.
Together with (4.49) and (4.5) these inequalities imply that

I (T 4 Ao — 1, Tiy1 + Ao, wi) < Uf(O, Lo (Ti1 — D), v (Tige 1)) — ()
— 7/ (0a(Tigr = D) + 77 (va(Tiqn)) +27 B
ST (Tig1 = 1, Tigr, v0) + 275 Be =275 8¢,

Combined with (4.46) and (4.48) this inequality implies that (4.45) holds. Proposition 2.5 implies that there exists an
a.c. function ug : [0, o] — R” such that

up(t) =v4(t), tel0,—1], wuo(t2) =ho,
I (ty—1,12,u0) = U7 (0, 1, ug(t2 — 1), uo(12)).
In view of (4.50), (4.5) and (2.4)

(4.50)

70, 6,u0) =70, — 1up) + I' (ta — 1,12, u0) = ' (12 — 1, 12, ug)
= U/ (0,1, vat2 = 1), h2) + 7/ (vilta = 1) + 7/ () — (). (4.51)
By (4.4), the choice of {3;}7°, (see (4.26)—~(4.29)) and (4.37)
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[U7(0, 1, vt = 1), ha) = U7 (0, 1, vi(t2 — 1), va(12))| <27%,
|77 (v (1)) — w7 (h)| < 27 8.
Together with (4.51), (4.4) and (4.5) these inequalities imply that

0, 1,u0) SUY (0, 1, vata — 1), v4(t2)) = 7/ (vilta = 1) + 77 (va(t2)) +27 € — u(f)

<If(h—1,nv)+27" =27 (4.52)
Relations (4.38) and (4.36) imply that
N1 N—-1 N
Ti—t+ Y (Mo+Ti)+o=Ti—n+8L+8—n+t1+ Y Tipi+h=) Ti+8L+8=q. (4.53)
k=1 k=1 k=1

It follows from (4.53) (4.40), (4.43), (4.44) and (4.50) that there exists an a.c. function v : [0, g] — R” such that

k
v() =wo(r), te€[0,Th—1nl, v()=mwux (t - (ZTz + (k—1)Ao —t1>>,
i=1
k1

k
te |:2Ti+(k—1)Ao—t1,ZT,- +kAo—t1}, k=1,...,N—1, (4.54)
i=1 i=1

N N
v(r)=uo<r— (ZT,- +(N =14 —n)), re [ZT,- +(N — I)Ao—tl,fJ}
i=1 i=1
By (4.54), (4.40), (4.53) and (4.50)
v(0) = wp(0) = Ay, v(g) =uo(t2) = ha. (4.55)
In view of (4.54), (4.42), (4.45), (4.52), (4.38) and (4.32)
N—1

r70,q,v) =70, Ty —t1,wo) + Y ' (0, Ti1 + Ao, wi) + I (0, 12, up)
k=1

N-1
< 2 % + Z (27160A0 + 27k786) +277¢
k=1

<2+ (N =127 egAg <29 + 27 oL + 16) < 27 le.
This completes the proof of Lemma 4.1. O
Lemma 4.2 (Basic Lemma). Let D be a minimal element of D(f) and € € (0, 1). Then there exist numbers q,5 > 0

such that for each hi,hy € R"* satisfying d(h;, D) <38, i = 1,2, and each T > q there exists an a.c. function
v: [0, T1— R"™ which satisfies

vO) =hi, v(T)=hy, I'10,T,v)<e.
Proof. By Lemma 4.1 there exists a number ¢ > 2 such that for each z1,z> € D there exists an a.c. function
v:[0, g — 2] — R” such that

vO0) =z, vg-2=z. I''(0.g-2.v)<e/4 (4.56)

It follows from Proposition 2.3 and the continuity of the function 7/ that there exists 8 € (0, €) such that for each
X1, X2, y1, ¥2 € R" which satisfy

d(xj,D),d(y;,D)<8, j=12, |xj—yjl<é, j=12, (4.57)

the following inequalities hold:
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U0, 1,x1,x2) = UL (0, 1, y1, y2)| < €/16,
|7 ) =l ()| <e/16, j=1,2.
Let T > g and hy, hy € R" satisfy
dhi,D)<s, i=1,2.
Clearly there exist vectors h1, hy such that
hi,hae D, |hi—hi| <8, i=1,2.
Since D € D(f) it follows from (4.61) and Lemma 3.3 that there exist
v,-:R1 —- D, i=1,2,
such that

vi()=h;, i=12, TI'f(—7,7,v))=0 forallt>0andi=1,2.

By (4.62) and the choice of ¢ (see (4.56)) there exists an a.c. function u : [0, ¢ — 2] — R” such that

u@ =vi(l), ul@—2)=v(qg—1-T), I'’0,q-2,u)<e/4

It follows from Proposition 2.5 and (4.64) that there exists an a.c. function v : [0, T] — R” such that
vO0)=hi, v@)=u@—1), tel[l,g—1], 17(0,1,v)=U7(0,1,h1,u(0)),

Relations (4.65), (2.4), (4.64) and (4.63) imply that

r’o,r,vy=rf’o,1,v+rfd,g—1,v+rf@q-1,T-1,v)+ T -1,T,v)
=0, 1,0+170,g-2,u)+ I (g—1-T,-1,v) + (T - 1,T,v)

<Irf0,1,v)+e/4+r(T -1,T,v).
In view of (2.4), (4.65) and (4.64)
r’o,1,v)=170,1,v) — u(f) + 74 () + 7/ (v(1))
=U7(0, 1, ki, u(©) = u(f) =7/ (h) + 7/ (v1(1))
=U7(0, 1, ki, v (D) = w(f) = 7/ () + 77 (vi (D),

r'T—1,7T,0=1"T-1,T,v) = u(f) =7/ (u(T = D) + 7/ (v(T))
= U/ (0, 1, va(=1), ha) — u(f) — 7w (v2(—= D) + 77 (o).

By the choice of § (see (4.57)~(4.59)), (4.62), (4.60), (4.63) and (4.61)

|UT(0, 1, hy, vi (1) — UT(0, 1, v1(0), v ()] < €/16,

|/ (1) — 7/ (v1(0))| < e/16,

|UT(0, 1, va(—1), h2) = UY(0, 1, v2(—1), v2(0)) | < €/16,

|/ (ha) — 77 (v2(0)) | < €/16.
Relations (4.67), (4.69) and (4.63) imply that

r’,1,v) U/ (0. 1,v1(0), vi (1) — u(f) = 7/ (v1(0)) + 7/ (v1(1) + ¢/8

<T70,1,v)) +€/8=¢/8.

Relations (4.68), (4.70) and (4.63) imply that
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AT = 1,T,0) U0, 1, v2(=1), v2(0) = u(f) = 7/ (v2(=D)) + 77 (v2(0)) +¢/8
<I/(=1,0,v0) +€/8=¢/8.
Combined with (4.71) and (4.66) this inequality implies that

I, T,v)<e/8+€/4+¢/8=¢)2.

This completes the proof of Lemma 4.2. O
5. Proofs of Theorems 1.1 and 1.2

Let f € M C A. Clearly f satisfies assumption A(iv).
We use the following result established in [18, Proposition 7.1].
Proposition 5.1. Let x,y e R*, Ty > 0, T» > Ty and let w : [Ty, T»] — R" be an a.c. function such that
wl)=x, w(l)=y, /(T T,w)=U/(Ti,Tx,y).
Then w € C*([T}, T>]; R") and foreachi € {1,...,n}and eacht € [Ty, T>]

(@f/0x) (w(®), w' (1)) = (d/d) @f /Bu;) (w (@), w' (1))
=Y (97 f/0uidx ;) (w(e), w' (@) w) (1) + (0% f/duidu ;) (w(e), w' @) wf (1) (5.1)

j=1 j=1

(Here w(t) = (w1 (1), ..., wy(t)), t € [Ty, T2].)
For each x, u € R" set

ACeu) = (02 f/Buiduj)(x,w)] . _y, Brow) = ((9° f/0uidx;) (v, w);

and by C(x,u) € R" denote the vector ((3f/dx;)(x,u))!_,. Then the system of the differentiable equations (5.1) has
the following equivalent form:

A(w(), w' (0)w" (©) + B(w(@), w' 0))w'(t) = C(w(), w' (1)), 1 €[Ti, T2l (5.2)

Since the matrix A(x, u) is positive definite for all x, u € R" (see the definition of M) there exists A~ (x, u) for all
(x,u) € R" and Egs. (5.1) and (5.2) have the following equivalent form:

w” (1) = —(A(w(@), w'(0)) " B(w@), w' ©)w' @) + (A(w@), w' ©))) " C(w@), w'©), telli, Tl (5.3)

It follows from Proposition 5.1, the inclusions A, B, C € C 1 (see the definition of M) and our discussion above that
the following lemma holds.

Lemma 5.1. Let vy, v;: [0, 00) — R" be c-optimal functions with respect to f, 0 < Ty < T, and let vi(t) = v2(t) for
allt € [T, T2). Then vi(t) = v2(t) for all t € [0, 00).

Proof of Theorem 1.1. Assume that 0 < 77 < T» and

v(T1) = v(T2). (5.4)
We show that v(t + 7> — T1) = v(¢) for all r > 0. First we show that
(1, T, v) =0. (5.5)

Let us assume the converse. Then

(1, T, v) > 0. (5.6)
Put

A= (T, D, v). (5.7)
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By Lemma 3.2 and Proposition 2.4 there exists a minimal element D of D(f) such that
D C £2(v). (5.8)
By Lemma 4.2 there exist g, § > 0 such that the following property holds:
(P1) Foreach hy, hy € R” satistying d(h;, D) < §,i =1, 2, and each T > g there exists an a.c. function u : [0, T] —
R" such that

u©) =hy, w(T)=hy, IT, T, u)<r/4

In view of (5.8) there exist 1, £, > 0 such that

n>T+8, n>tn+qg+T—-T)+8, d),D)<s, i=1,2 (5.9)
It follows from (5.9) and property (P1) that there exists an a.c. function u : [0, t, — t; + T» — T1] — R” such that

u@ =vt)), ulta—n+T—T)=vt), I''0,—t1+T—T,u)<r/4 (5.10)
Relations (5.4), (5.9) and (5.10) imply that there exists an a.c. function v : [0, c0) — R” such that

v()=v@), tel0, ], v@)=v@t+Tr—T), tell,n+T —T1T],

. . (5.11)
i =ut—(t+T1—T), telti+Ti—Thnl, @)=v(), telh,o00).
In view of (5.11)
v(0) = v(0), v(t2) = v(t2). (5.12)
Since v is c-optimal with respect to f (5.12) implies that
170,12, 0) > 170, 12, v). (5.13)

On the other hand it follows from (5.12), (2.4), (5.11), (5.9), (5.10), (5.7) and (5.6) that
170,12, ) — 170,12, v) = ' (0,12, ) — I'7(0, 12, v)
=170, T, v)+ T (T, 11,0) + T, —t1 + T — T1,u) — I'7(0, 12, v)
<10 n—t+T=T,u) = I (T, Ty v) = T (11,1, 0)
<4 =T (T, Ta,v) < —(3/4HA < 0.
This contradicts (5.13). The contradiction we have reached proves (5.5). By (5.4) there exists an a.c. function
w: [0, 0c0) — R” such that
w)=v@), tell, 7], wt+T,—T)=w(), tel0,o00). 5.14)
In view of (5.14), (5.4), (2.4) and (2.5)
Ff(sl,sz, w) =0 foreachs; >0, sy > s;.
Thus w is an c-optimal with respect to f. Together with (5.14) and Lemma 5.1 this implies that w(¢) = v(¢) for all
t € [0, 00). Theorem 1.1 is proved. O

In order to prove Theorem 1.2 we need the following result.

Proposition 5.2. Assume that an a.c. function v : [0, 0c0) — R" is c-optimal with respect to f. Then for each T, S > 0

U/ (0, T,v(0), v(T)) — T(f) <UL(0, 8, v(0), v(T)) — Su(f). (5.15)

Proof. Let us assume the converse. Then there exist Tp, So > 0 such that

U/ (0, To, v(0), v(To)) — Tou(f) — (U (0, So, v(0), v(Tp)) — Sous(f)) i= 1 > 0.
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By Lemma 3.2 there exists a minimal element D of D(f) such that D C £2(v). By Lemma 4.2 there exist g, § > 0
such that the following property holds:

For each hy, hy € R" satisfying d(h;, D) < 4§,i =1, 2, and each t > ¢ there exists an a.c. function « : [0, 7] - R”
such that

w(@)=hy, u(t)=hy, IO, 7,u)<r/4

The inclusion D C £2(v) implies that there exist numbers 71, T such that

71 > T, n>1+S+9q,
d(v(r), D) <8, i=1,2.

Now we can complete the proof of Proposition 5.2 arguing as in the proof of Proposition 4.2 of [10]. O

We can prove Theorem 1.2 arguing as in the proof of part (b) of Theorem 1.1 of [10] and using Proposition 5.2
instead of Proposition 4.2 of [10].
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