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Abstract

We consider the parabolic Allen-Cahn equation in R”, n > 2,
ur=Au+(1—u>u inR" x (—o0,0].

We construct an ancient radially symmetric solution u(x, #) with any given number k of transition layers between —1 and +1. At
main order they consist of k time-traveling copies of w with spherical interfaces distant O (log|z|) one to each other as t — —oo.
These interfaces are resemble at main order copies of the shrinking sphere ancient solution to mean the flow by mean curvature
of surfaces: |x| = «/—2(n — 1)7. More precisely, if w(s) denotes the heteroclinic 1-dimensional solution of w” + (1 — w®)w =0

S

V2

w(£o00) = %1 given by w(s) = tanh < we have

k ) 1
u(x,t) %;(—I)J Lw(lx| = pj (1) — S0+ (-DX)  ast—> —oc0
where
L /. k+l1 Iz 4
pj) =y =2 — 11+ ﬁ (] — T)log(logm) +0@1), j=1,...,k.
© 2017 Elsevier Masson SAS. All rights reserved.
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1. Introduction

A classical model for phase transitions is the Allen—Cahn equation [1]
u =Au+ f(u) inR" xR (1.1)
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where f(u) = —F'(u) where F is a balanced bi-stable potential namely F has exactly two non-degenerate global
minimum points # = +1 and u = —1. The model is
1 2,2 2
F(u):—Z(l—u ), fw)y={—u")u. (1.2)

The constant functions u = %1 correspond to stable equilibria of Equation (1.1). They are idealized as two phases of
a material. A solution u(x, ) whose values lie at all times in [—1, 1] and in most of the space R” takes values close
to either +1 or —1 corresponds to a continuous realization of the phase state of the material, in which the two stable
states coexist.

There is a broad literature on this type of solutions (in the static and dynamic cases). The main point is to derive
qualitative information on the “interface region”, that is the walls separating the two phases. A close connection
between these walls and minimal surfaces and surfaces evolving by mean curvature has been established in many
works. To explain this connection, it is convenient to introduce a small parameter ¢ and consider the scaled version
of (1.1) for u®(x, 1) = u(ex, £21),

ué = Au + &2 f (u). (1.3)

Let us consider a smooth embedded, orientable hypersurface X that separates R" \ Xy into two components A and
A(‘)Ir and the characteristic function

=1 ifxeA,

u X) =
zo(x) {+1 if x e AF

The following principle (in suitable senses) has been explored in a number of works: the solution u®(x, t) of equa-
tion (1.3) with initial condition u®(x, 0) given by a suitable e-regularization of uyx,(x) satisfies

lim u®(x,1) = ugp(x), >0, (1.4)
e—0

where the surfaces X () in R" evolve by mean curvature. In the smooth case this means that each point of X (¢) moves
in the normal direction with a velocity proportional to its mean curvature at that point. More precisely, there is a
smooth family of diffeomorphisms Y (-, 7) : X9 — X(¢), t > 0 with Y(y, 0) = y, determined by the mean curvature
flow equation

Y
m = Hy ) (Y)v(Y), (1.5)

where Hy (;)(Y) designates the mean curvature of the surface > (¢) at the point Y (y, 1), y € ¥o, namely the trace of
its second fundamental form, v is a choice of unit normal vector that points towards A at ¢t =07, Besides (1.4), the
profile of u® near the surface X (¢) is given by

ug(x,t)%w(i), X =Y +sv(Y), (1.6)
&
where w(s) is the unique (heteroclinic) solution to

w + fw)=0 inR, wO)=0, w(Foo)==%l

which exists and it is monotone. In the special case (1.2), it is given by

w(s) = tanh <%> .

These asymptotic laws were first suggested by Allen—Cahn [1], then formally derived by Rubinstein—Sternberg—
Keller [22] and de Mottoni—Schatzmann [8]. Rigorous results on this line were obtained in the radial case by
Bronsard—Kohn [2], and more in general by X. Chen [4]. In [17], Ilmanen proved the convergence (in a measure
theoretical sense) to Brakke’s motion by mean curvature, for a setting not necessarily regular. Sdez [23] investigated
the (smooth) link in R? with curve-shortening flow.
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In the static case, the connection between interfaces and minimal surfaces X, namely Hy = 0, has been investigated
in many works starting with Modica [19], giving rise in particular to De Giorgi’s conjecture on the connection of the
elliptic Allen—Cahn equation with Bernstein’s problem [7]. See for instance [11-13,18,20,21,24] and their references.

In the radial case where X (1) = p(¢)S"~!, it is easily checked that equation (1.5) reduces to the ODE

n—1
p@t)’

which yields the “ancient” shrinking sphere solution

px(t)=+/-"2mn—1t, —-oo<t<O. (1.7)

The result by Bronsard and Kohn [2] can be phrased like this: given a compact interval I C (—o0, 0), there exists a
radial solution uj (r, t) of (1.3) that satisfies (1.4) fort € 1.

In this paper we will construct ancient solutions to Equation (1.1), with one or more transition layers close to the
shrinking sphere (1.7) at all negative times. Because of self-similarity, we see that the transition layer |x| = p4(¢) for
a solution u® of (1.3) corresponds to the same region for u(x, t) = u®(ex, &21), solution of (1.1). Thus in what follows
we consider the problem

pl(t) =~

ur=Au+ f(u) inR" x (—00,0], f(w)=1-— uz)u. (1.8)

We prove

Theorem 1.1. There exists a radial solution u(x, t) of equation (1.8) such that

ulx, 1) =w(lx|—p@) +¢x, 1)

where
pt)=v—-—2m—Dt+0() ast— —oo,
where

. lim ¢(x,r)=0 uniformly in x € R".
——00

Our second result extends Theorem 1.1 to the case of ancient solutions with multiple interfaces. Given k > 1, the
point is to find solutions of the form

k
: 1
ue,0) =3 (=" w(lxl = pj ) = S0+ (=D + ¢ ) (1.9)

i=1

for a lower order perturbation ¢ (x, t) as t — —oo and functions

p1(t) < p2(t) < -+ < px (1), (1.10)
which at main order satisfy p;(t) ~ +/—2(n — 1)t. We prove

Theorem 1.2. Given any k > 1, there exist functions p;(t) as in (1.10) with

,oj(t)zy/—Z(n—l)t—i-%(j—k_i_l)log( i >+0(1), j=1,...k, (1.11)

2 log |¢]

as t — —oo, and a radial ancient solution u(x,t) of equation (1.8) of the form (1.9) so that

. lim ¢(x,t) =0 uniformly in x € R".
——00
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The main difference between interfaces and surfaces evolving by mean curvature is that in the phase transition
model different components do interact giving rise to interesting motion patterns. When regarded, after e-scaling, as a
solution of equation (1.3), the nodal set of u®(x, t) = u(e~x,e72r) has k components p;.(t) which on each compact
subinterval of (—o0, 0) satisfy

L (. k+1
pjet)=+/—2(m— Dt + ﬁ (] — T) elloge| + o(eloge).
The phenomenon described is not present in the limiting flow by mean curvature. Indeed there is a nonlocal interaction
between the different components of the interface that leads to equilibrium. Solutions with multiple interfaces had
already been constructed in [14]. In that reference the basic interface is a self-translating solution surface of mean
curvature flow in R"~!, n > 3 of the form

Xy =p(x']) +1, x' eR"!

where p is an entire radially symmetric function (at main order p(r) ~ r2). Traveling wave solutions of equation (1.3)
with multiple-component resembling nested collapsing copies of this “paraboloid” were found in [14]. For a single
component, this traveling wave solution was first found in [5]. The results of this paper can therefore be regarded as
compact analogues of the traveling wave phenomenon. An important difference of the fact that in our current setting
we cannot reduce the problem to the analysis of an elliptic equation and the parabolic problem must be considered
all the way up to time r = —oo. Interaction of interfaces in the one-dimensional case in this problem has already
been considered in [3,4,16,9], and in the static higher dimensional setting in [10,13,15]. As it will become clear in the
course of this paper, the dynamics driving the interaction of the different components of the interface for a solution of
the form (1.9) is given at main order by the first-order Toda type system,

1 -1
— <p} T "—) — e V20 L o=V20i=pi-) 0, j=1,... k, 1€(—00,0] (1.12)
B P

with the conventions pxy1 = 00 and pg = —o0, and a explicit constant 8 > 0. A proof consists of building by a

Lyapunov—Schmidt type procedure a solution. It is made as a suitable small perturbation of a first approximation
where the functions p;(¢) are left as parameters to be determined. The procedure reduces the construction to solving
for the p;’s from a system which is a small nonlocal, nonlinear perturbation of (2.3). We carry out this procedure in
the following sections.

2. The ansatz

We will only consider in the proof of Theorem 1.2 the case of an even number k > 2. The odd situation (including
the case k = 1 of Theorem 1.1) is similar.
Setting r = |x| and with some abuse of notation u = u(¢, r), we want to find a k-layer solution to the equation

e =ty + uy + f(u), forall (1,r) € (o0, —T] x (0, 00), @.1)
u-(t,0)=0 forall t € (—o0, —T1,
for a large, given T > 0. Let w(s) = tanh(%) and k > 2 be an even natural number. We set
w;(t,r)=wr —pj),
where the functions p; (¢) are ordered,
O0<p1(@®) <--- < pe(®).

Our purpose is to find a solution of (1.8) of the form

k
u(t,r) =Z(—1)j_1wj(t,r) —1+y@,r), (2.2)

j=1
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where the functions p; () are required to satisfy at main order the system

1 -1

B (p} +2 > — e V200 4 oV =0 j=1,..k, 1€ (00, —T] 2.3)

p pPj
with the conventions pi41 = 00 and pg = —00, and a explicit constant 8 > 0 given by (5.2) below. We will prove in
Section 5 that system (2.3) has a solution with the following form

pi(0)=pY(0) +hj () 24
where 4 (1) = O((log |t|)_1) as t — —oo and p?(t) takes the form

0 o k+1

p;t)=+/=2(n—Dt+(j - T)nJr)/j (2.5)

where the y; are explicit constants (given in Lemma 5.3) and #(¢) solves the ODE
1
77/+Zn+e_‘f2'7=0, te (=00, —1] (2.6)
n(=1=0, 2.7
which according to Lemma 5.2 satisfies as t — —o0,
1 |7]
nt)=—lo < ) +O0(1), (2.8)
72 \loglr]

and y; are the constants defined in Lemma 5.3. Let us set p(¢) = (p1(?), ..., pr(t)) and write

p(1) = p°(0) + h(1), (2.9)

where the p?’s are the functions in (2.5) and the (small) functions £ ;(¢) are parameters to be found, on which we only
a priori assume
t
sup |h(t)] + sup Llh’(m <1.
t<—2 1<—2 log|t|

We look for a solution of equation (2.1) of the form (2.2). We set

k
2(t,x) =Y (=1 Tw;(t,x) -1 (2.10)

j=1

and consider the following projected version of equation (2.1) in terms of ¥:

—1
Vi =V + Y + F G+ E+NE)

k
— ZC,’ Ow' (r — pi (1)), in (—oo, —T) x (0, 00) 2.11)
i=1
and
o
/r”_llﬂ(t, W —pi@)dr=0, foralli=1,...,k, t<—T, (2.12)
0
where

k
. —1
E=Y (-1 (w/(r — )P (1) + ——w(r = p, (r))) + f ()

j=1

k
= =D i, ), (2.13)

j=1
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NW) = fO @, r) +zt,r) = f@,r) = ft )y,

where the functions c¢; (¢) are chosen so that ¥ satisfies the orthogonality condition (2.12), namely in such a way that
the following (nearly diagonal) system holds.

k 00
Zci(l)/w’(r — pi(O)YW' (r — pj ()" dr
0

i=1

:—/Wrw//(r _pj(t))rn_ldr+/f/(Z(I,F))1ﬂw/(r—pj(l‘))rn_ldr
0 0
0

+ /(E N (= pje)r"dr,  Vi=1,..,k t<—T. (2.14)
0

Later we will choose A (f) such that ¢;(t) =0, Vi =1, ..., k. In the following lemma we find a bound for the error
term E = E(t,r) in (2.13).

Lemma 2.1. Let Ty > 1, 0 < 0 < +/2, we define

D1, r) = TP D) 4 o r=plL 1)

0 0 0 0
D)+ 0% (¢ )+ i (¢
po OO A0
2 2
0 0 0 0
.y =entr-Ao), p WOTAW 2O F 50
2 2
0 0
1) + t
Oy = A0 < PO T O (2.15)

2

with ,08 = ,0? —nand p,9+1 = 00. Then there exists a uniform constant C > 0 which depends only on k, such that
1
|E(ty r)l = C(l + —)CD(Z‘, r)s V(t’ r) € (—OO, _TO] X (O’ OO),
r
where E is the error term in (2.13), and p satisfies the assumptions of this section.

Proof. First we note that

n—1 loglt] .. Y0+ pd(t) o V2+o
FAGE: <C ., if <r<p,+ ,
Pj r' It] 2 P ﬁ—an
w'(r — p%(1) log | 2
7J§C<Og||>, Vrzp,?—i-\/_—i_an

o} ] V2 -0

and

IA

w/(r—pj(t)) c log |#] _ﬁ’ Vr >0,
@ |]

for some positive constant independent of ¢, Ty and 7.
Next assume that
%) + 0%, () %) + 0%, (1)
IOJ p]_l fl"fp] IO]—H ]Zl ,k

2 2 ’ ’
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Ifi < j — 1, by our assumptions on p;, there exists a uniform constant C > 0 such that
0
wir — pi(0) — 1] < Ce¥2 ),
Similarly if i > j + 1

0
wir — pi(0) + 1] < Ce¥2 i ®),

We set
j—1 k
g=Y (=D e —p) -+ > D@ —p)+1).
i=1 i=j+1
Then
k

F (84 D w0 = ) = YD i)

i=1

j—1 k
<C Y wer—p)—11+ Y D we—p) +1]
i=1 i=j+1

Combining all above and using the properties of p we can reach to the desired result. O
3. The linear problem

This section is devoted to building a solution to the linear parabolic problem

k
—1
V= Wrr+n—r U+ f' @ r)Y 4 g1, x) — E ci(w'(r — pj (1)), in (—o0, —Tp] x (0,00), (3.1)
j=1

/r"_ll//(t, nw'(r — pi(t))dr =0, Vi=1,..,k, t €(—o0,—Tp] (3.2)
R

for a bounded function g, and Ty > O fixed sufficiently large. In this section we use the following notations

Notation 3.1. i)
p=p"+h,
i)

k
26,0 =) (=) wx —pj)) — 1,
j=1
where h : R — R¥ is a function that satisfies
It

sup |h(t)| + sup ——|h'(1)| < 1.
t<—2 1<—2 log|t|

The numbers c; (¢) are exactly those that make the relations above consistent, namely, by definition for each t < —Tj
they solve the linear system of equations

i=1

k 00
2 ) f w'(r = pi ()W (r = pj )" dr
0
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= —/Wrw//(r — :Oj(l))r”—ldr + / f’(Z(t, r))i/fw/(r _ Pj(t))r"_ldr
0 0

= / V(W' — pj )" dr
0

o0
—l—/g(t, nw'(r — ,Oj(t))r"_ldr, Vi=1,..,k, t<-T. (3.3)
0

This system can indeed be solved uniquely since if Ty is taken sufficiently large, the matrix with coefficients
Iz ' — pi)Hw' (r — p;j(t))dr is nearly diagonal.

Our purpose is to build a linear operator y = A(g) that defines a solution of (3.1)—(3.2) which is bounded for norm
suitably adapted to our setting.

Let Co ((s, t) x (0, 00) be the space of continuous functions with norm

u
el ((5,0)x (0,00)) = HE H (3.4)

Lo((s,1)x(0,00))
where @ has been defined in (2.15).
Proposition 3.2. Let g = g1/r + g2. There exist positive numbers Ty and C such that for each gi,82 €

Co((—00,0) x R), there exists a solution of Problem (3.1)—(3.2) W = A(g) which defines a linear operator of g
and satisfies the estimate

Y 11Co (—00.0)x(0.00)) < C (118111Ce((—00,)x(0.00)) + 118211Ce ((—00.6)x (0,00)) ) » vt < —Th. (3.5)

The proof will be a consequence of intermediate steps that we state and prove next. Let g(¢,r) € Cep((—00, —=T) X
(0,00)). For T > 0 and s < —T we consider the Cauchy problem

—1
Yo=Y+ U+ Y +gEr),in (5, —T]x (0,0),
Y(s,r)=0, in (0, c0)
lirr(l)r"_ll/fr(t,r)zo, vt e (s, —T] (3.6)

which is uniquely solvable. We call v* (¢, r) its solution.
3.1. A priori estimates for the solution of the problem (3.6)
We will establish in this subsection a priori estimates for the solutions ¥* of (3.6) that are independent of s.

Lemma 3.3. Let g =g1/r + g2, 1,82 €Co ((s, —=T) x (0,00)) and ¥* € Co ((s, —T) x (0, 00)) be a solution of the
problem (3.6) which satisfies the orthogonality conditions

o0
/r"_ll//s(t,r)w/(r —piM))dr=0, Vi=1,...k s<t<-T. (3.7)
0

Then there exists a uniform constant To > 0 such that for any t € (s, —Ty], the following estimate is valid

Y e ((5,0)% (0,000 < C (118111Ce ((s,0)x0,00)) F 118211C0 ((5,6)x (0,00 ) » (3.8)

where C > 0 is a uniform constant.
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Proof. Set

9) + oY 0(t) + o9
AE-”)Z{(r,r)e(s,t)x(o,oo); p;(T) 2/0],1(t) e p;(T) 2p]+](r)}’

with ,08 = p? —n and ,o,?H = 00, and

(f;?—H(f x) €(s,t) x (0,00): [r — p; (‘L’)|<R+l}

We will prove (3.8) by contradiction. Let {s;}, {#;} be sequences such that s; < f; < —Tp, and s; | —00, t; | —00.
We assume that there exists g; = g1.;/r + g2 such that ¥; solves (3.6) with s =s;, —T =1;, g = g; and satisfies (3.7).
Finally we assume that

IWilley (i, 5)x 0,000 = 15 (3.9)

i ’ ‘C@((S[,;,')X(O,OO)) - O’

Hglsi } |C<p((x,-,?,~)><(0,oo)
First we note that we can assume
si+1<1;.

Indeed, set
§)(t,r) = MC(g)e =) <e"("+”5’+1“)) 4o rrao) | e"(“"_”?(’))> ,
where

C(gi) = ||g1siHC¢((s,-,7,-)><(0,oo)) + ||g2’i||C¢((s,—,?,-)><(0,oo)) :
If we choose M, 1 > 0 large enough, we can use ¢; like barrier to obtain

Wit )| < C 'V, r) (} (3.10)

181l s 7 < 0,000 ||g2’i||ca><(s,-,f,-)x(o,oo))) :
Thus by above inequality we can choose s; + 1 < ¢;.
To reach at contradiction we need the following assertion.

Assertion 1. Let R > 0 then we have

. Hl/fi
lim || —
1—> 00

=0, Vj=1,..k. 3.11)

LOO(A“' i)y

Let us first assume that (3.11) is valid.

Set
Mi,j —le i —is00, Vj=1,.. .k
L°°(A’ )
Let
0 0 0 0
p; () +p;_ (@) p;@)+ o5, @)
%st%d‘:l,...,k

with ,08 = ,o? —n and ,0,9+1 = 00.
If n < j — 1, then we have by our assumptions on p,

1
lw(r — pp (1)) — 1] < Ceﬁ(—r'ﬂ’n—](f)) < Ce—#(pj—»o_j—](t)) <C <log 1) 2
- - - |7]
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Similarly if n > j 41

1
log|t] 2
s = @)+ 11 22030 P < ¢ (22,

Moreover if we assume that [r — p;(¢)| > R + 1, then we have that
lw(r — pj(0)| = w(R).
Combining all above for any 0 < & < /2 there exists ip € N and R > 0 such that
—f(a(r.x) 22— &%, Vi <7, x e R\UE_ ALY and i > . (3.12)
Consider the function

Ei,j(l‘s =M (ea(—r+,0_(j)+1(t)) + ea(r—p?_l(t)> n ea(4/l7l—r—p?(t)))

X (||g1»i||C¢((s,-,t,-)><(0,oo)) + ||gz»i||C¢((s,-,f,-)><(0,oo)) + lzljff’k“i,j) )

where M, M > 1 is large enough which does not depend on s;, 7;.
First we note that

max(y; (1, ) — ¢i,j(1,%),0) =0, ¥ (t,x) e Us_ AR,

Now, let € > 0, M > 1 be such that % +2 — &2 > 2. Then we can choose iy such that for any i > ip, we can
use ¢; ; like a barrier to obtain

Wi (6] < [ (6. V(e ) € (50, 73) x (0. 00D\ AV j=1, Lk, iz,
The above inequality implies
L=1illee (5.7 x0.00n =M (||8i||c¢((s,-,f,-)x(0,oo>) + sup m,;) :
1<j=<k
which is clearly a contradiction if we choose i large enough.

Proof of Assertion 1. We will prove Assertion 1 by contradiction in four steps.
Let us give first the contradict argument and some notations. We assume that (3.11) is not valid. Then there exists
jef{l,...,k} and § > O such that

s
P

Let (i, yi) € Ay’g" ) such that

>85>0, VieN.
)

(si,17)
LA

Vi ti, yi) (3.13)
D (1, yi) '
We observe here that by definition of &
(1, yi) = e0 (ZYitpj-1(t)) 4y (i=pjt1(ti), (3.14)

Wesetr =x+p;(t +1), yi =x; + p;j(t;) and

Vit +t,x+xi + 0t + 1)
D, xi +pj ()

¢i(t,x) =
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Then ¢; satisfies

n—1
(¢i)t:(¢i)xx+x+xi+pj(t+ti)(¢i)x

+ 05t + 1) (pi)x + '@+ 11, x + xi + 0 (1 4 1))
git+ti,x+xi+pjt+1))

(17, x; + pj ()
oi(si —ti,x) =0, in (—x; —pj(t+1),00),

: (sisti)
, in I‘j’ Y

where
P = {2, x) € (si, 1] x Rt —x; — pj (1 +1;) < x}.

Also set
pd(t + 1)+ p0_ (t +1;)

B,l.,n,jz{(t,x)e(s,-—t,',O]xR: —pj(t—l—t,')—x,'

2
Po(t +1) + poy (t + 1)
<x= 2 —pit+1)—x
and
B, = By {60 € (51 = 11,0 X R L 1+ 1) + i = pt 1) > M |

197

(3.15)

where n =1, ....,k and M > 0. We note here that |x;| < R+ 1, Vi € N, |¢;(0,0)| = |v; (t;, yi)/P(t;, yi)| > § > 0.

Also in view of the proof of (3.10) and the assumption (3.13) we can assume that

liminft; — s; > oo.

Without loss of generality we assume that x; — xg € Bg+1(0), lim;_,  t; — 5; = 00 (otherwise take a subsequence).

Step 1 We assert that ¢; — ¢ locally uniformly, ¢ (0, 0) > § and ¢ satisfies

¢ = dxx + f(w(x + x0))9, in (—00,0] x R.
Let (#,x) € By, »,j, 1 <n <k.By (2.9), (3.9) and (3.14) we have that

‘wi(t+ti,x+x,- +)0j(t+fi))‘
(1, x;i + pj ()

i (r, )| <

- '<D(t+ti,x +xi+pjt+1))
- D1, xi + pj ()
=< C()(,B, ||h||L°°7 sup |Vj|70, R)

1<j<k
X<|tl~llog|t+n|
|t + ;| log |t; ]

Now note here that

) EG|X+P/(I+11)—Pn(l+fz)|’ Vi € N’ (t,x) c Bt,',n,j-

U?ilBti,j,j = (—00,0] x R.

Thus the proof of the assertion of this step is complete.
Step 2 In this step we prove the following orthogonality condition for ¢.

/d)(t,x)w’(x +x0)dx =0, Vte (—o0,0].
R

(3.16)

(3.17)

(3.18)
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Lett e ﬂ;’iio (s; — t;, 0], for some ip € N.
0 0
Pt +t)+p,_(t+1)
xeB,,,i,,,,j:{xe]R: " ! 2" ! ! —pjt+1)—x;
POt + 1)+ po (t + 1)
<x< 2 —,Oj(l‘—l-l‘l‘)—xi .
By (3.17) we have that
/ X% (1, X)w' (x + x;)dx| < C()/r”‘e_(ﬁ_“)lx‘dx <C, Va=0,1,...,n—1. (3.19)
Brij.j.i R

Let o e NU {0} and n > j. By (3.17), the assumptions on p (see Notation 3.1) and the fact that |x;| < R + 1 we
have that

/ x%; (¢, x)w' (x + x;)dx

Bt,t,-,n,j

0 0
P+t +p, | ()
++l —,0_/ (t+ti)—xi

<Co |x|ae—«/§x+o\x+pj (t+t)=pn (18] g

0 0
pp(t+t)+p 71(1+I,-)
St () —x;

(v2-0)

1 t t; V2
< Cllog i+ (R&IELNY >2 o, (3.20)
It + 1|

Similarly the estimate (3.20) is valid if n < j.
By (3.19), (3.20) we have that

o
1
0= lim ——— (A1) 4+ x)" (2, 0w d
B e | e T g o
—xi—pj(t+1;)

=/¢>(z,x)w’(x + x0)dx
R

and the proof of this assertion follows.

Step 3 In this step we prove the following assertion:
There exists C = C(R, o) > 0, such that

1, x)| < Ce Wl V(t,x) € (—00,0] x R. (3.21)

Now, note that if (¢, x) € By, ,, j, by definition of p (Notation 3.1), we have

TP = < Co (B, ||k |1, sup ly;l, o, R)e™.
1<j<k

Thus, in view of the proof of (3.17) we have that

git+ti,x+xi+p;t+1))
O, xi + pj ()

<CCi(g)e’™, Vx> —x; —pj(t +1;) + M, Vi eN

and
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git+ti,x+xi+pjt+1)) <CCig) 8illce (s, 7)xR) Sl
D@, x;i + pj () x+xi+pjt+1)
V—xi—pjt+t)<x<—xi—pj(t+t;)+M, VieN

where

Ci(gi) = ||g1’i||Cq>((s,4,f,')><(0,oo)) + ||g2’i||Cq>((x,',f,-)x(0,oo))'
Lete >0besuchthato +¢ < \/5, set

G([, x) — C(M) (efa"xl + ||gi||Cq>((S,‘,;,')X(0,oo)) (6(0+€)X + e*((f+€)x)) .
In view of the proof of Assertion 1 we can find ip, R, M and M > 0 such that we use G(t, x) like a barrier to obtain

¢ <G(t,x), V(t,x)e F;_s,',ti)_

The proof of (3.21) follows if we send i — oo.
Step 4 In this step we prove the assertion (3.11). Consider the Hilbert space

H={eH'[R): /{(x)w’(x)dx =0}.
R

Then it is well known that the following inequality is valid

/|;/(x)|2 — flw)l¢)? zc/ IE(x)*dx,  Vé(x) e HNL*(R). (3.22)
R R

Thus if we multiply (3.16) by ¢ and integrate with respect to x we have

1
- / @)1dx + / 6l — £ wx)Igl?
R R

1 2 2
> 2/(¢ >ldx+c/|¢(r,x>| dx.
R R

Seta(t) = fR o (2, x)|2dx, we have that there exists a cg such that
d'(t) < —coa(t) = a(t) > a(0)el,
which is a contradiction since

e” M| Lo (—o0,01xr) <C. O
3.2. The problem (3.6) with g(t,r) =h(t,r) — ZI;ZI ci(Hw'(r —pj(1))

In this subsection, we study the following problem.

n—

1
Ve =V + [

r

k
+ [, )Y +h(t,r) — Zc;- (Ow'(r — pj (1)), in (s, —=T] x (0, 00),
j=1
V(s,r)=0, in (0, 00)
lir%rn_ll//,(t,r) =0, Vte(s,—T] (3.23)

where h =hy/r + hy, h1,hy € Co((s, —T) x R) and ¢; (¢) satisfies the following (nearly diagonal) system
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k 00
2_ai) f w'(r = pi ()W (r = pj ()"~ dr
i=1 0

= —fr”—lwrw//(r _pj(t))dr+/f/(Z(l,r))Ww/(r —,Oj([))r"_ldr
0 0

B p}(”/w”) (w't = psenr") ar
0

o0
+/h(l,r)w’(r — p; )" dr, Vi=1,...k t <—Tp. (3.24)
0

We note here that if i is a solution of (3.23) and c; (¢) satisfies the above system then ¥ satisfies the orthogonality
conditions

o0
/W(t, W' (r—pi@)r" ldr=0, Vi=1,...k s<t<—Tp.
0

The main result of this subsection is the following

Lemma 3.4. Let h =h/r 4+ hy, h1,hy € Co((s, —T) x R). Then there exist a uniform constant Ty > T > 0, and a
unique solution * of the problem (3.23).

Furthermore, we have that * satisfies the orthogonality conditions (2.12), Vs <t < —Tp, and the following
estimate

Y co (5.0)x (0,000 < C (1B 111Ce ((5,6)% (0,000 F [11211Ce ((5.6)x (0,00)) ) + (3.25)

where C > 0 is a uniform constant.
To prove the above Lemma we need the following result

Lemma 3.5. Let T > 0 big enough, h="h/r + hy, hi,hy € Ce((s,—T) x R) and ¥ € Co((s, —T) x (0, 00)). Then
there exist ci(t), i =1, ..., k such that the nearly diagonal system (3.24) holds.
Furthermore the following estimates for c; are valid, for some constant C > 0 that does not depend on

Tv s, tv wy f

log |7

1+2(’7
lei() < C e ¥ lleo (s, ~T)x (0,00))

1 a
log|t]\2*2v2 .
+ C( ] (1h11lce (s, ~T)x 0,000 + [1h2llce (s, -T)x0,00p) »  YEE[s, =T1, Vi=1,.. .k

and

ci(Ow'(r = pi(1)) log 1]\ '3
<C
<I>(t,r) — |l| ”wHC@((S,—T)X(O,oo))

1 a
log|t|\2 22 .
+C ] (A1 1o (5. T)x 0,000 F 1B2llCe (5, -T)x0.00) s VI ELs,=T1, Vi=1,.. k.

Proof. Fori < j, we have

o]

f N (= p (O — p (1))dr = / (x4 (0" (x + (0 () — pi (D)W (X)dx

0 —pj(t)
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n—1

n—1 n—1-I i 1. /
Z( / >(,0j(t)) / x'w'(x + (pj () — pi(H)w (x)dx
=0 0]

1
< Yy oy B

thus the system is nearly diagonal and we can solve it for T big enough.
Also we can easily prove that

oo

k _o_
log|t]\ 2v2
f A x)dx <C Y () 1)+ p)_ 1) (ﬁ—|> (3.26)
0 j=l
and
e k 1+L
log|t|\ 2" 2va
/ o, 0w (r = pj)dx <C Y (p9) + p_ (1)) ( |gr| ) : (3.27)
0 j=l
where pg =p;—n, ,OI?JFl = 00.
By assumptions on p we have
—1 loglt] .. p%(t)+ pd(0) 0o V2+o
/
;@) + <C , if <r<p+ n, (3.28)
T 4 pj(n) I 2 T V2-o
thus we can show
* k 1+-2-
_ n—1 _1 (log|t]| 22
f ! (p} (0) + T) Yw'(r = pj(O)dr| = C Y (pY0) + pf_ )" (ft—|> : (3.29)
0 j=l
Now, by (3.27), we have
o0
/ r+p; )" (@) = f@t.r+piON) ¥t r+ pj()w (rdx
—pj(t)
o
log |z n—l
< ClIYlley(s,~T)x ©0,00)) T (r+p;@)" O, r+p;@))dr
—pj(t)
9k
log |t \ T2 _
= ClIYlley (s, —T)x(0,00)) ( ] ) Z(,O?(t) +,0?71(t))” 1 (3.30)
j=1

Using all above and by simple calculations, we can reach at the proof of the first inequality of the Lemma.
The second inequality is a consequence of the fact that

ci(Dw'(x —pi(r»' <C< i )7
d(t,x) - log |1| ’

The proof of Lemma is complete. O

Proof of Lemma 3.4. We will prove that there exists a unique solution of the problem (3.23) by using a fix point
argument.
Let

X =y I¥llce (s,5+1)x (0,00) < OO}
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We consider the operator A* : X* — X* given by

A () =T (h—CH)),

where T°(g) denotes the solution to (3.6) and C () = Z]/‘: 1w x—p j(1)). Also by standard parabolic estimates
we have

HA® (W)ICo (5,541 x0,000) =< Co (1112 = CW 1o (5,541 % 0,00)) T A1 Co (5,54 1)x (0,00)) ) + (3.31)
for some uniform constant Cy > 0. We will show that the map A® defines a contraction mapping and we will apply
the fixed point theorem to it. To this end, set

c=Co (I1h11lce (s, -T)x(0,00)) F 172]1Co (s, =Ty x (0,50)))

and

Xe={V: I¥llce(s.s+1)x(0.00)) < 2¢},
where constant Cy is taken from (3.31), for C(T, s) = C(s + 1, s). We note here that by standard parabolic theory, the
constant C(T', s) = Co|(—T — s)|.

We claim that A®(X?) C X}, indeed by inequality (3.31) we have
A ()1 Co (5,541 x 0,000 < Co (1172 = COUN e ((5,5+1)x 0,000 F A11Co (5,541 % (0,00)) )
< Co (I1h11lCe (5.~ T)x (0.000) F [1B2llco (s~ 1) x(0.00) F IC W ICe ((s.5+1)x (0.00)))
Co
< NicER] (1Y [1Co (5,54 1)x (0,00)) F €

<c+ec,

where in the above inequalities we have used Lemma 3.5 and we have chosen |s| big enough. Next we show that A*
defines a contraction map. Indeed, since C () is linear in ¢ we have

AT (Y1) — A (W) lCy ((s.54+1) % (0,00))
<NCW1) — CW)IICe (5,541 x0,000) = IC (W1 — ¥2)llCo ((5,541)x (0,00))

C
S - ¢ o
= |S+1|||(Wl Y)ICe ((5,541) x (0,00))

1
< Ell(%ﬁl = V2)ICe ((s,541)x(0,00)) -

Combining all above, we have by fixed point theorem that there exists a {* € X so that A% (y*) = ¥*, meaning that
the equation (3.23) has a solution ¢, for —7 =s + 1.

We claim that ¥* (¢, x) can be extended to a solution on (s, —Tp] X (0, 00), still satisfies the orthogonality condi-
tion (2.12) and the a priori estimate. To this end, assume that our solution ¥ (¢, -) exists fors <t < —T,where T > Ty
is the maximal time of the existence. Since v* satisfies the orthogonality condition (2.12), we have by (3.8)

Y 1o ((s,—T)x 0,000 =< C (I1h2 = CW)Ice (s, ~T)x 0,000 + 11 11Ce (5, ~T)x (0,00))) -
Thus if we choose Ty big enough, we have by Lemma 3.5 that

Y e (G5, -T) x0,00)) < C (I1h111Ce (s, —T)x (0,000 F 1A21Co ((5,~T) x (0,00)))
< C (I1n11lce (s, —To) x(0,00)) T 11211Co (s~ Tp) x(0,00)) ) -

It follows that ¥ can be extended past time —7', unless T = Tp. Moreover, (3.25) is satisfied as well and * also
satisfies the orthogonality condition. 0O

Proof of Proposition 3.2. Take a sequence s; — —o0 and ¥; = ¥*/ where %/ is the function (3.23) with s =s;.
Then by (3.8), we can find a subsequence {1;} and v such that v/; — v locally uniformly in (—o0, —Tp) x (0, 00).

Using (3.8) and standard parabolic theory we have that v is a solution of (3.23) and satisfies (3.5). The proof is
concluded.
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4. The nonlinear problem

Going back to the nonlinear problem, function ¥ is a solution of (2.11) if and only if ¥ € C¢ ((—00, —Tp) x (0, 00))
solves the fixed point problem

v =AW) (4.1)
where

AW) :=T(E®W)),
A is the operator in Proposition 3.2 and

k
EQ@)=E+N@) =Y ci(w'(x — pi().

i=1

Let Ty > 1, then we define

t
A= heCl(—oo,—To]: sup |h(t)|+ sup ( ! |h’(t)|) <1
1<—Tp r<—T1p \log |t
and
_ e
llhlla = sup (Jh(1)]) + sup [ ()] )

t<—-T, 1<—1, \l0g |7

The main goal in this section is to prove the following Proposition.

Proposition 4.1. Let o < /2 and v = *g/g’ There exists number Ty > 0, depending only on o such that for any

given functions h in A, there is a solution Y = W (h) of (4.1), with respect to p = p° + h. The solution \ satisfies the
orthogonality conditions (2.9)—(2.10). Moreover, the following estimate holds

log Ty

v
W (h1) — W (h2)llcg(—00,~To)x(0,00)) < C < ) [lh1 — halla, 4.2)
where C is a universal constant.

To prove Proposition 4.1 we need to prove some lemmas first.
Set

logTo\"
X1y ={¥ : 1V lce (=00, ~Tp)x (0,00)) < 2C0 T 1

for some fixed constant Cy.
We denote by N (i, h) the function N () in (3.3) with respect to ¢ and p = 0% + h. Also we denote by z; the
respective function in (2.10) with respect to p = p; = p° + h;, i =1, 2.

Lemma 4.2. Let hy, hy € A and Y1, Y2 € X1,,. Then there exists a constant C = C(Cy) such that

[IN (1, h1) — N2, )y ((—o0,—To) x (0,00))

logTp\"
SC( T ) (11¥1 = V2llCe (—o0,~To) x (0,000 + |11 — h2l|A) -

Proof. First we will prove that there exists constant C > 0 which depends only on Cy such that

log Ty

v
[IN (W1, h1) — N2, h)lCe (=00, —To) x (0,00)) < C ( ) Y1 — Y2llee (=00, —Tp) x (0,00)) - 4.3)

0
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By straightforward calculation we can easily show that

log Ty

IN(llf1,h1)—N(1/f2,h1)|SC< ) Y1 — Y2l(®@ + 7),

where the constant C depends on Cy and the proof of (4.3) follows.
Now we will prove that

logTo\"
[IN (2, h1) — N (W2, h2)llCy ((—o0,—Tp)x (0,00)) < C [lh1 — halla. 4.4)
where the constant C depends on Cy.
By straightforward calculations we have
INGp2.h) = N2, ho)l = | = (21 + ¥2)° + 23 + 32092 + (22 + ¥2)° — 23 — 32390
log To\"”

< c( i °> [y — a2, (4.5)

Ty

which implies (4.4). By (4.3) and (4.4) the result follows. O
We denote by E(h) the function E in (3.3) with respect to ¥ and p = o0+ h.

Lemma 4.3. Let hy, hy € A. Then there exists constant C = C(Co) such that

log Ty

%
I1E(h1) — E(h2)lce ((—o0,~To)x (0,00)) = C( ) l1h1 — halla- (4.6)

Proof. Set p = p® +hy, ¢ = p° + ho. In view of the proof of Lemma 2.1 and the above inequality we have

k k
|f i) = (=D fwr = p) = fat, )+ D (=DM faer — )
j=1 j=1
PO +p)_ (1) Py + P, (1)

< Clhi = hallw'(r = p)_ ), if 5 <rs< 5

with ,08 = p? —n and '019+1 = 00.
By the assumptions on { we have that there exists a positive constant C = C(N, k, o) > 0 such that

n—1 loglt\ .. P00 + pd(r) o, V2+o
I/-(t)+—|§C< , If —————<r=<p’+ ,
) p 1] 2 SN P
w'(r — pj (1)) (log|r|) 0, V2+o
DETOY (228 vrs 0t ,

o ] Pet g
P v 0 0
WE%%) , WEM,FLJ,

and

k k
1 . .
12D 0= pj0) = 3 (=D 6 — g 0)]
Jj=1 j=1
¢

r

Y OR.10)
- 2

Combining all above we can reach to the desired result by simple arguments. O

< =[w'tr = p)O)lllhy — halla, Vr
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Lemma 4.4. Let hy, ho € A, Y1, Y2, ¥ € X. Also let C(Y, h, t) = (c1(2), ..., ck(t)) satisfy (3.24) with respect to
and p = p° + h. Then

llog 7]\ '3
[C(Y1, h1, 1) — C(Y2, ho, 1)| < C( |tg| 11 — ¥2llce (—oco,—To) x (0,00))

log |t \"* 72
+c( |gt| ) k1 — halla, (4.7)

for some positive constant Cy which depends only on Cy.
Proof. For the proof of Lemma, we do very similar calculations like in Lemmas 3.5, 4.2, 4.3 and we omitit. O

Proof of Proposition 4.1. a) We consider the operator A : Ce ((—o0, —Tp) X (0, 00)) = Co ((—00, —Tp) x (0, 00)),
where A(yr) denotes the solution to (4.1). We will show that the map A defines a contraction mapping and we will
apply the fixed point theorem to it. First we note by Lemma 2.1 and Theorem 3.2 that

log To>”

HAO)| g (=00, ~Tp)x (0,00)) < Co (
and by Proposition 3.2 and Lemma 3.4
IIA(WY1) — AW2)]lCe ((—o00,~To) x(0,00))
v
<C (loioT()) (11¥1 = ¥2llCe (—00,—T) x (0,00)))

providing

log To)v

i llce (—00,—Tp) x (0,00 < 2Co (
Ty

Thus if we choose 7y big enough we can apply the fix point Theorem in

log7o\"
X, =y ||w||c¢<<—oo,—ro>x<0’°°>><2C°( 0 >}’

to obtain that there exists ¥ such that A(y) = .

b) For simplicity we set Y = W(hy) and > = W(hy). The estimate will be obtained by applying the estimate (3.8).
However, because each ' satisfies the orthogonality conditions (2.12) with p(¢) = p'(¢) := ,oo(t) + h; (1), the differ-
ence ¢! — 2 doesn’t satisfy an exact orthogonality condition. To overcome this technical difficulty we will consider
instead the difference Y := ! — Ez, where

k
V=92 =Y hw' - b,

i=1

with
k (o8} oo
D A f ' = pf )w'(r = pj(0)dx = / R nw' (= pj(0)dr,
i=1 0 0

j=1,...,k. Clearly, Y satisfies the orthogonality conditions (2.12) with p(¢) = p'(¢). Denote by L;' the operator
i i i n—1; o i
Ltw ZI//t_I//rr_Twr_f(Z (tﬂ-x))w
By Lemmas 4.2, 4.3 and 4.4 and the fact that

w(r — pj(0)) - o
————— <Clt|v2, Vr>0andj=1,..,k,
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we can easily prove

log Ty
Y g (=00, —Tp)x (0,00)) =< C To

%
) (11¥1 = ¥2llce (—00,~To)x (0,00)) + 171 — h2|lA)

logTo\" k s
+C( ) Y. s VL@
Ty S 1e(—00,~Tp)

Now, by orthogonality conditions (2.12) and (3.26), we have

/rn—lwz(t, xw'(r — ;0} ®))dr| = /rn_lllfz(f» W' (r — '0/1‘ ) —w'(r = pf(t)))dr
/ 0

log Ty \" v; :

< C( To 0) 117 1l = halla D (o))"
i=1
Now
d [ rm =1y (e, ryw' (r — pjl. (t))dr
dt

AR D@ o = ph) = w' = p2w))dr

dt

But

/ PR W' = i) = W' = pF)))dr

0

=- / PR )W = pj(0) = w"(r = p}(1)))dr
0

+ / P ' (r = pj () — w'(r — o} (1)))dr
0

+ / [ @Y x) W' (r = pj (1) — w'(r — p3(1)))dr
(0,00)

[e0]

_ f PR @ = pf 1) = w"(r = (1)) dr

+ | LAY (! (r - ,0} (1) —w'(r — 'sz'(t)))dr

"\80

0
+ f P @)Y E W = pj () = w'r = pj ()
0

By the fix point argument in a) we have that

o0

/ P DW= pj (1) — w'(r = p3(0))dr

0

(4.8)

(4.9)

(4.10)
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k
logTy\"”, —< On—1
sc( - ) It V2 1y = halla ()" (4.11)

0 .
i=1
By (4.9), (4.10), (4.11) and definitions of A; we have that

log Ty
T

v o
I)ui(t)|+|k§(t)I§C( ) el V2 |hy = ho|la-

Combining all above we have that

log Ty
Tp

v
Y [l ((—00,—To)x (0,00)) < C (( ) 11 — ¥2llce (—00,—~Tp)x (0,00)) + 11 — h2||A) .

But
k

||1/n—wz||c¢<<_oo,_ro)x<o,oo>)s||Y||c¢<(_oo,_ro>x<o,oo>)+c(Z sup |t|ﬁ|xi<r>|>

i—1 1€(=00,—Tp)

log Tp\"
SC( io ) (11¥1 = ¥2llce (—o0,—To)x 0,00y + 11 — h2llA)

and the proof of inequality (4.2) follows if we choose Tp big enough. O

5. The choice of p;

Let Tp big enough, 4 <o <+/2 and Y € Cop((—o0, —Tp) x (0, 00)) be the solution of the problem (2.11). We
want to find p; such that ¢; =0in (2.14) forany i =1, ..., k.
We will study only the error term E. Let 1 < j < k, then we have that

e ¢]

k
/ ! (f(z(t, M) =Y =D fwr —pi (r)))) w'(r = pj(0)dr

0 i=l

e k
= / x4 pj)"! (f(z(r, x+pj 1)) = > (=D fFwlx + p;(t) — pi (t)))) w'(x)dx.
—p; (1) i=l
For simplicity we assume that i is even. Set
j-2
g=Y (D" (wlx+p;) — pi() — 1)
i=1
k .
+ Y D (w1 — pi(0) + 1),
i=j+2
gr=wkx+p; —pj-1) —1,

and

g=wkx+pj—pj+)+1.
By straightforward calculations we have
00 k
/ (x+pj )" (f(za, x—pi () = Y (=D fwx+p; (1) - p,-(r»)) w'(x)dx
—pj(®) i=l1
(e.¢]

=3 / (x+pj ()" (g1 + g2)(1 — w(x)w' (x)dx + 3 / g1+ w)w (x)dx

—pj () —pj(t)
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#3 [ @ porGwem - nu'eds+ [ 00 R ow/ s,
—pj () —pj(t)

where

Fo(t,x) = 0(g) + O(g182)-

By a simple argument we can show

[ ooy aa - wieow wis
—pj(t)
n—1
= —2e~V2rimpi-D 3 (” B l)pj / A1V (w2 (1 dx
=1 R
+ F2(p)

where F, satisfies

k n—1
P2l < C Y100 = pja ™20 37 ol (1) 4+ 0]~ e V200,
=1 =1

Similarly for g», j =1, ..., k, and in view of the proof of Lemma 3.5 we can reach at the ODE, for p = (p1, ..., pr)

-1
B = pe 2o 4 gD Z Fi(p) p), j=1,2,0k, t€(—00,—Tol,  (.D)

Pj
with pr4+1 = 00, pg = —00 and

p;+

2%
6 [peVi(1—w(x)w'(x)dx
B Ja(w'(x))?dx
We recall here that we assume Tp > 1, we denote by

|t]

(5.2)

A={heC'(~0c0,~Tpl: sup |h(t)|+ sup ——|h'(1)| <1}
t<—Tp 1<—T1, log |t
and
It
[|h|la = sup (JR(D)]) + sup (—— |k (D)]).
1<—T 1<—Toy log |¢|
We set

F(h', ) =F(p', p),
where p = p° + h.
Working like above and as in Lemmas 4.9, 4.10, 4.11 and using (4.2) we have the following result.

Proposition 5.1. Let 4 <o <A/2andh, hy, hy € A. Then there exists a constant C = C (o, n, k) > 0 such that

- C
IF(h', )| < Tk

and
1

log |t|>7+%
|7]

IF(h/,hz)—F(h/,hz)|§C< [lh1 = holla-

In the rest of this section we will study the system (5.1) using some ideas in [6].
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5.1. The choice of p°
Lemma 5.2. There exists a unique solution n with n(—1) = 0 of the problem
1
17/+Zn+e_‘f2’7=0, te(—oo, —1]. (5.3)

Furthermore there exist Ty and a positive constant C = C (To) > 0 such that

! (C 11°g|t|>< 0 <——1 <C10g|[|> Vi < —Ti (5.4)
- <n < —— Og 5 = — 10, :
fz It] V2 It]
log |t ~
<y <cell v f (5.5)

| , =

Proof. By standard ODE theory we have that there exists a unique solution 1 of the Problem (5.3) which satisfies

~1
1 / )
=—— | V/=te Vs, 1< —1. (5.6)
N
t

Note that by (5.6), n > 0 and 7 is not bounded.

Next we claim that 7 is non-increasing. We will prove it by contradiction; we assume that n’ changes signs.

First we note that, since n(¢) >0V ¢ < —1, n(—1) = 0 and 7 is not bounded, we can assume that there exist #y > #;
such that n'(f9) = n/(¢;) =0 and

n' () <0, Vte(tg,—1) and n'(t)>0, Vte(t,t).
But by (5.3), we have that

1 1 -2 -2 !
_— () = e~ V20 ) _ ).
o n(n) < 2t077(0) e <e _ztln(l)

which is clearly a contradiction.
Now since n > 0 we have by (5.3)

7 () > —e V2 = (eﬁ”)/ > V2= () < —% log(—v/2(t + 1)), Vi<-—1. (5.7)

Using the fact that 5 is non-increasing, (5.6) and (5.7) we have

eV \/_ds<—/\/_e ‘/_"(Y)ds—n<——log( V2(t + 1)),

= 7

which implies the existence of C = C (To, n) > 0 such that

eﬂ@mf_g%Gv?HJD myﬂﬁa+m>’Vt X

1
d t)y>——1 C < —To.
and (1) = ﬁog< - =-To

By (5.7) and the above inequality we can easily obtain that there exists C; = Cy (To, n) > 0 such that
n(t) = Cilog(—1), Vi <—T.

Now, using the fact that n is non-increasing, (5.3) and the above inequality, we have

log(—t -
e—ﬁ"“’zczlog(()g(t )>, vt < —T,

where C; = Cz(fo, n) > 0 and the result follows. O
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Lemma 5.3. Let

1 1
bp=——log| =k —-DI], I=1,..,k—1,
== 5% (55 )

and
k—j
1 ok
—)/jZVk—j+1=§'§ 'bi, forj=3.
i=j

Then the function ﬁ?(t) = (j - %) n+ y; is a solution of

1 1
P+ 5 pi Be~V2pi1=pi) 4 go=20i=pi-) = SVie  J =12k 1€ (o0, 1], (5.8)

with pr41 = 00 and py = —oo and n being the function in Lemma 5.2.

Proof. We set

Ri(p) = _e—ﬁ(ﬂj+1—ﬂj) + e—ﬁ(ﬁj—p_/—l)’

Ri(p)
R(p) =
Ri(p)
and
y=Wi, ...’ and b=1[by,.. bi_1]".
We want to solve the system p’ + %,0 + BR(p) = 2%)/. To do so we find first a convenient representation of the

operator R(p). Let us consider the auxiliary variables

V]

defined in terms of p as

k
w=pip1—p withi=1,... k-1, Vi :Zpl,
=1

and define the operators

S(v) = [ 0 ] , Sv) = : )
Sk—1(V1)
where
2e V1 _ V202 it =1
SI(V): Ris1(p) — Ri(p) = § —eV2ul 427V _ VUt if  2<l<k—2
De= V2 _ V201 it I=k-—1.

Then the operators R and S are in correspondence through the formula

S(v) =BRB'v),
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where B is the constant, invertible k x k matrix

0 -1 1 - 0

B= . .
0 - 0 -1 1
RS T T

and then through the relation p = B~!v the system p’ + %p + BR(p) = %y is equivalent to v/ + %V + BS(v) = %b,
which decouples into

1 _ 1
V 4+ —V+BSHE) = —b, 5.9
v +2tv+ﬂ W) 5 (5.9
v, =0,
where
f2 -1 0 0 7]
e~ 2v -1 2 -1 0
Sv=C : , C=| : .. . . (5.10)
eV 2vk-1 0 -1 2 -1
| 0 -1 2 |

We claim now that the function

() =n+b (5.11)

is a solution of (5.9).
Indeed, substituting this expression into the system we see that the following equations for the numbers b; are
satisfied

eﬂﬁb1 1
cl i o |=4]:
e—ﬁbk—l 1

Now we note that b; = by_; forl =1, .., k — 1, thus by (5.8) we have that
i = —p0; | < -,
,Ok ]+1 p]v ] —_ 2
and

1 (. k+1
Pj=ﬁ 5 n+vj,

and the result follows. O
5.2. The solution of the problem (5.1)

We keep the notations of the previous subsection. Set ¢ = «/—2(~n —Dt,ande=11, ..., 117.
We look for solutions of the form p = \/—2(n — 1)te + h, then h satisfies

n—1

¢

I - - I - .
h/—i-z—th:F(h/—i-e;/,h—i—e{)—i- e—i—z—th—ﬂR(h), in (—oo, —Tp]

where Ty > To.
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Let n be the function in Lemma 5.2, we look for solutions of the form h= ﬁo(t) + h then h satisfies
n—1

¢

1
— BR(B°(1) + h) + BR(3°(1)) + BD,R(°(1)h + 57

1 _ 1
W4 ol BD,R(E (Dh =F (' + e’ + (5% h+ et + 1)+ ——e+ o (h+5°0))

1
=K', h) + 5 ¥ (=00, ~Tp] (5.12)

where y =[y1, ..., ;17 .

Set v =By and p = Bh. Then we have that E(h’, h) = EB~'#/,B~'h) = E(p’, p), and by S(v) = BR(B~'v),
we have that S(v?) = BR(5°(1))B~!.

Thus (5.12) is equivalent to

1 1 1 .
p'+ %P +BD,SV)p=BE(p', p) + Z—IBJ’ =L(p". p)+ 2—tB)', in (—oo, —Tp]. (5.13)
By (5.12) we have that

k
/ _ 1 / ~0\/ T ~0 n—1 i ~0 .
Lk(h,h)—E (Fi(h" +e +(P),h+e§+p)+—§ +2t(p,-+hz)), (5.14)

i=1
thus writing p = (p, px) and L = (L, Ly), the latter system decouples as

_ 1 _ — 1 .
D+ %P +BD:SE) =Ly, p) + ZBY’ in (—o0, —To]

1 .
P+ 5 Pk = Li(p', p), in(—o0, —Tpl. (5.15)

Now, by (5.11) we have

e~ V2ul 0 0
_ 0 e~V ... 0
DS = —/2C
0 0 e V21
aj 0 0
e—«/in 0 a 0
— C ,
2p
0 O ar_1

where a; = (k — )], [ =1, ...,k — 1, where the matrix C is given in (5.10). C is symmetric and positive definite.
Indeed, a straightforward computation yields that its eigenvalues are explicitly given by

k—1

1
We consider the symmetric, positive definite square root matrix of C and denote it by C2. Then setting

p=Cw, Q' pj,w, px)=C 2L(C2w, p}, Cw, py)
and

—_— 1 1
Qr(w', pp,w, pr) = Ly (C2w', p, C2w, py)
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we see that equation (5.15) becomes

/ 1 e—«/in(l) ;o 1 1
w +2_tw+ 5 Aw:Q(w,pk,w,pk)—i—z—tC 2By,
1
P+ 5Pk = Qk(w', pi, w, pr) (5.16)
where
a O 0
vl 0 a 0 |

A=C2| | C:

0 O ag—1

In particular A has positive eigenvalues A1, A7, ..., Ag—1. Let the orthogonal matrix A be such that D = ATAA, where
D is the diagonal matrix such that D;; = A;, i =1, ...,k — 1. Set now

w=ATw,  T(,p}, o, p)=AT QA Aw),
and

Tk(, p, o, pr) = Ox(Aw', py, Aw, py);

we have that (5.16) becomes equivalent to

1 V210 o 1 .
a)’+5a)+ Do =T (o, p;, o, pk)—i-ZS, in(—oo, —Tp]
1 .
P+ 5 P= T (@', pp. o, pr),  in(—o0, —=Tp], (5.17)

where § = ATC_%B)’.
We will solve (5.17) by using the fix point Theorem in a suitable space with initial data w(—7p) = 0 and
pr(—Tp) = 0. If (w, px) is a solution of the problem (5.17) with initial data O then it has the form

—T
wi(t) = —ﬁ / V=sg(s) (Fi(a)’, Pi» @, D) + %) ds, i=1,..,k—1
—T t
Pk = —\/%_t / V=sTk(@', pi. o, p)ds, (5.18)
t
where
gty = ed i e s,

To > To and To has been defined in Lemma 5.2.
By Lemma 5.2 we have

—To -To
1 /‘ “/__Sg(s)dsf L / @dst(To)
J s 8@ J

(5.19)

V—tg(1) —s log(To)

Finally by Proposition 5.1 and (5.14), we have that there exists constant C = C(n, k, o) > 0 such that

c
L@ < — Vi=1,...k,
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and

1 fed
10g|t|)7+ﬁ
lt]

IFk(hl)—Fk(hz)ISC( [lh1 — ha||A-

Let A(w, p) be a solution of (5.18), then we have

Cy

|4; (0)] < Vi=1,.k—1 and |Az0)]<C,. (5.20)
log(Tp)
Similarly
t c
1 g < =S vim 1.k, 5.21)
log |] log(To)

if we choose Tp > 1 large enough. We consider the space

X ={(h, p) € C' (00, =Tl : ||h]|a < and ||p|la <4Ca),

log(7o)

where C1, C; are the constants in (5.20) and (5.21).
Now, we have

C .
|A;(h1, p1) — Ai(ha, p2)| < ——= (Ilh1 = halla + |Ip1 — p2lla), Vi=1,.., k-1
log Ty
and for some 0 <« < 1

C
[ Ak(hr. p1) = Ai(h, p2)I = 7g (H1h1 = halla + {11 = palla)-
0

Also we have

|7] .
|A{ (h1, p1) — Aj(h2, p2)| < (Ilh1 = halla +1lp1 — p2lla), Vi=1,.. k-1
log |¢] log Ty
and
|z] C
7 |[Ag(h1, p1) — Ag(h2, p2)| < Ta@ (k1 = h2lla +11p1 = p2lla) -
ogl| 0

The result follows by Banach fixed point theorem, if we choose Ty big enough. We observe that a posteriori, the
equation satisfied by A () yields that 4(¢) — 0, with precise rate

C
|h(t)] < —— ast— —oo.
log |7
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