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Abstract

In this paper, we study the elliptic problem with Dirac mass

—Au=VuP +k§y in RV,
1
lim u(x)=0, M
[x]—+o00
where N > 2, p > 0, k > 0, §( is the Dirac mass at the origin and the potential V is locally Lipchitz continuous in RN \ {0}, with
non-empty support and satisfying

0]
90 (1 + x4 —a0)

0=<V(x) =
|x

with ag < N, ap < aso and o1 > 0. We obtain two positive solutions of (1) with additional conditions for parameters on axc, ag, p
and k. The first solution is a minimal positive solution and the second solution is constructed via Mountain Pass Theorem.
© 2017 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The goal of this paper is to study the existence of multiple weak solutions to the nonlinear elliptic problem with
Dirac mass

— Au=VuP +k8y inR",

Iim u(x)=0
[x]——+o00

(Pr)
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where N > 2, p > 0, k > 0, &g is the Dirac mass at the origin, and the potential V is locally Lipchitz continuous in
RN\ {0}. Problem ( P;) concerns with source term in contrast with the problem with absorption, namely the semi-linear
elliptic equation

—Au+gu)=v in
u=>0 on 0%,

(1.1)

where v is a bounded Radon measure, €2 is a bounded C2 domain in RY and g : R — Ris nondecreasing and g(0) > 0.
This absorption problem has been extensively studied for the last several decades. A fundamental contribution to the
problem is due to Brezis [8], Benilan and Brezis [5], where they showed the existence and uniqueness of weak solution
for problem (1.1) if the function g : R — R satisfies the subcritical assumption:

+00
/ (g(s) — g(—s))s‘l‘%ds < 4o00.
1

The method is to approximate the measure v by a sequence of regular functions, and find classical solutions which
converges to a weak solution of (1.1). For this approach to work, uniform bounds for the sequence of classical solutions
are necessary to be established. The uniqueness is then derived by Kato’s inequality. Such a method has been applied
to solve equations with boundary measure data in [12,15-18] and other extensions in [3,4,6,7,22].

In the source term case, it is hard to find uniform bounds when using the approximation method from [5,8],
so different approaches has to be considered. Moreover, uniqueness is no longer valid in general. Actually, for the
problem

—Au=u? + A& in £,

(1.2)
u=~0 on 0€2,

where g € (1, %), A > 0 and Q is a bounded domain containing the origin, it was shown in [14] that there exists
A* > 0 such that (1.2) has two non-negative solutions for A € (0, A*). For a general Radon measure v replacing A8g
in (1.2), one weak solution was found in [4]. When g € (1, %), the non-negative solutions of (1.2) are isolated
singular solutions of

—Au=u? in Q\({0}, (1.3)
behaving asymptotically at the origin like |x|>~". The non-negative solutions to (1.3) with isolated singularities have
been classified in [1] for g = %, in [11] for % <qg< %—f% and in [9] for g = %—3 Using this classification,

solutions of equations like (1.3) with many singular points were constructed in [19,21].
For the problem in the whole space, it was proved in [20] that the equation

m
—Au+u=ul+« st,. in D'®RY),
o1 (1.4)
Iim u(x)=0
|x|—4o00
possesses at least two weak solutions for « > 0 small and ¢ € (1, %). The exponential decay of the fundamental
solution of the operator —A + id plays an essential role in finding solutions of (1.4), in particular the fact that it
belongs to LY®RY). In our problem ( P;) however, the fundamental solution of —A does not belong to LYRY), fact
that brings difficulties in finding solutions for the equation.
In this paper we find two weak solutions for problem (P;). By a weak solution of (P;) we mean a non-negative
function u € L}, .(R") such that Vu? € L'(RV),

rlirfoo essup, N\ g, ()4 (¥) =0

and u satisfies

fu(—A)gdxzvaf’gdx+ks(O), ve e CHIRM).

RN RN
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On the potential function V, we assume throughout the paper that V' is has non-empty support and there exist ag < N,
ap < dso, 01 > 0 such that, for all x € RV \ {0}

o1
[0 (1 [x[os—0)

0=<V(x) = W) := (1.5)

Condition (1.5) implies that the limiting behavior of V at the origin is controlled by |x|~% and that of V (x) at infinity
is controlled by |x|~%e.
Now we are in a position of stating our first result on the minimal solution of ( Py).

Theorem 1.1. Suppose condition (1.5) holds and p > 0 satisfies
N—ax N -—ag
N-2 N-2

pel( ). (1.6)

Then,

(i) There exists k* = k*(p, V) € (0, +00] such that for k € (0, k*), there exists a minimal positive solution uy v
of problem (Py). If k > k* and p > 1, there is no solution for ( P;). Moreover, k* < o0 if p > 1; k* = 400 if
O<p<lorifp=1ando; > 0issmall

(ii) For p fixed, k*(p, V) is decreasing in V and the mapping V > uy vy is increasing.

(iii) If'V is radially symmetric, the minimal solution uy v is also radially symmetric.

In the sequel, we denote uy, v the minimal solution obtained in Theorem 1.1 corresponding to k and V. We remark
that the minimal solution of ( P;) is derived by iterating an increasing sequence {v,}, defined by
vo = kG0, vy = GIVv?_ 1+ kG, (1.7)

where G[-] is the Green operator defined as

Gl 1) = / Gx. ) f(dy
RN

and G is the Green kernel of —A in RY x RY, where G[8y] is the fundamental solution of —A. To insure the
convergence of the sequence {v,},, we construct a suitable barrier function by using the estimate

GIVGP[80]] <02G[s] in R\ {0}, (1.8)
where 07 > 0. The optimal range of k, for which the estimate (1.8) is achieved, is
_1p—1
kp=(o2p) 77! T (1.9)

giving the range for constructing the barrier function for (P;). Thus we have k* > k.

Once the minimal solution is found, we further explore its properties. Precisely, we show that such a solution is
regular except at the origin, and we study its decays at infinity. These properties allow us to establish the stability of
the minimal solution, whereas this stability plays a crucial role in finding the second solution.

Denote by DL2Z(RN) the Sobolev space which is the closure of C2° (R™) under the norm

1

2

I0llpragen) = f IVuldx
N

We say a solution u of (Py) is stable (resp. semi-stable) if

/|V§|2dx >p/ VuP~l'2dx, (resp. =) Ve e DV2RN)\ {0}
RN RN

The following theorem establishes the main properties of the minimal solution.



732 H. Chen et al. / Ann. 1. H. Poincaré — AN 35 (2018) 729-750

Theorem 1.2. Suppose that the function V satisfies (1.5) with ax, > ag and ap € R, and p satisfies (1.6).

(i) Ifap <2, 1 < pandk €(0,kp), then uy y is a classical solution of the equation

—Au=Vu? in RN\{O}, Iim u(x)=0 (1.10)
[x| =00

and it satisfies

sup u(x)lxIN_2 < 400. (1.11)
xeRN\{0}

Moreover, uy v is stable and there exists c| > 0 independent of k such that
/ IVE|2dx — / Vuy 1e2dx > ¢; ((k Vo —k'T ) / |VE|Pdx, (1.12)

for all € e DV2(RN) \ {0},

(i) If
N
(o m) (1.13)

and k € (0, k*), then the minimal solution uy v is stable and it satisfies (1.12). Moreover, any non-negative weak
solution u of ( Py) is a classical solution of problem (1.10) and it satisfies (1.11).

We notice that in (i) and (ii) of Theorem 1.2, the parameter k is bounded by k, and k*, respectively. We do not
know if k,, < k*. We also remark that (1.11) implies that the singularity and the decays of u at the origin and infinity
respectively are the same as the fundamental solution.

The second solution of ( Py) will be constructed using the Mountain Pass Theorem. Indeed, we will look for critical
points of the functional

1
E(v):E/Wvlzdx— / VF(uy,vy)dx (1.14)
RN RN
in DL2(RY), where 7, = max{0, t} and
1
F(s,t) = —— [(s +r)PH Pt (p 4+ 1)s”t+] .
p+1
To assure that the functional E is well defined, we establish the embeddings
D'2RY) — L2RN, Vou! dx) (1.15)
and
D2 RN) — LI RN, Vodx), (1.16)
which are compact if
p+ 1€ (2%, 2"(ap)) N[1,2%), (1.17)

where 2* (1) = 2%:5’ with 7 € R and 2* = 2*(0). Using the compact embeddings we may verify that the functional E
satisfies the (P .S). condition. Furthermore, we can prove the mountain pass structure using the stability of the minimal
solution.
Taking into account the range of p for the existence of the minimal solution, we suppose
—doo N —
N—-2 N-2

The intersection of intervals in (1.18) is not empty if we further assume that

pE ( ) N (max{2*(as) — 1, 0}, min{2*(ag) — 1, 2* — 1}). (1.18)
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ao <2, doo >max{o,1+%°}. (1.19)

Our result on the existence of the second solution can be stated as follows.

Theorem 1.3. Suppose that the function V satisfies (1.5) with ay and as given in (1.19), p > 1 satisfies (1.18) and
kp is given by (1.9). Then, for k € (0, kp), problem ( Py) admits a weak solution u > uy y. Moreover, both u and uy,y
are classical solutions of (1.10).

Although we are not able to show k, < k*, we may prove that if p satisfies (1.13), then problem (/) admits a
solution u such that u > uy, v for all k € (0, k*).
If V is radially symmetric, the range of p can be improved to
N —ax N —ay
N-2" N-=2

as we prove in our last theorem, which states as follows.

pe( ) N (max{2*(aso) — 1,0}, 2%(ap) — 1), (1.20)

Theorem 1.4. Suppose that the function V is radially symmetric satisfying (1.5) with ay and as given in (1.19),
p > 1 satisfies (1.20) and kj, is given by (1.9). Then, for k € (0, kp), problem (Py) admits a radially symmetric
solution u > uy, v, and both u and uy v are classical solutions of (1.10).

The paper is organized as follows. In Section §2, we show the existence of the minimal solution of ( P ). Section §3
is devoted to prove regularity and stability of the minimal solution. Finally, in Section §4 we find the second solution
of (Py) using the Mountain Pass theorem.

Along the paper we denote by ¢; a positive constant, whose value is not important.

2. Minimal solution

In this section we show the existence of the minimal solution for (P;). To this end, we construct a monotone
sequence of approximating solutions by the iterating technique mentioned in the introduction. In order to get an upper
bound of such a sequence we construct a suitable super-solution, based on the following result.

Lemma 2.1. Assume that the function V satisfies (1.5) with ap < N, as > 0, and that p > 0 satisfies (1.6), the we
have

GIVGP[8]] <2G[8o] in RN\ {0}, (2.1)

where o3 linearly depends on 0.

Proof. Since

CN

Gldol(x) = W, 2.2)
by the assumption on p, we have
P
V(x)GP[ el Vx e RV \ {0}, 2.3)

010 = e

where cy > 0 is the normalized constant depending only on N. We notice that this implies VG?[8y] € L' (RV).
Continuing with the proof, we deduce by (2.2) and (2.3) that
GIVGP[80]1(x)

1
< cftloy

1 1
/ [x = YIN=2 (1 4 [y|aoe=a0) | y|(N=2)p+ao
RN

dy



734 H. Chen et al. / Ann. 1. H. Poincaré — AN 35 (2018) 729-750

1 1
{ lex = YIN=2 (1 4 (|x[|y[)dee—a0) | y| (N =2pFao
R

= c§+101|x|27(N72>P7”O dy
. Pl 2—(N-2)p—ap
=cy o1lx] D(x, y)dy,

RN

where e, = % To continue we need to estimate the integral above, for which we consider two cases (i) |x| > 1 and
(i) x| < 1.
Case (i) [x| > 1. Recall that by (1.6) we have (N — 2)p 4+ agp < N. We decompose the integral in three parts, first:

/ P(x, y)dy

B (0)
2

1 1
< d
= / L+ (x[[ye—a |y| -2 p+ar @

B (0)
2
— caly| VD a0 1 S
1 + |z|@c0—a0 |Z|(N—2)p+ao
By (0)
2
dz dz
< C3|x|(N—2)P+ao—N S -
|Z|(N—2)p+a0 |Z|(N—2)P+tloo
B (0) By (0\B] (0)
2 2 2
< ey (e (VDPEON e (2.4)
Next we consider y € B ! (ex) and we find
1 1
< csx |07,
T (xllyeos— [y|N-2ptao
from where
_ 1 _
/ @(x, y) dy S c6|x|a° doo / md}’ < C7|x|a0 aoo. (25)
Bl (ex) Bl(ex) !
2 2

Recalling that from (1.6) we have (N —2)(p + 1) +ax > N, we also obtain that
dy
ap—deo ap—deo
/ D (x,y)dy <cslx| / —|y|(N_2)(p+l)+am < colx| .
IRN\(B% (OWB% (ex)) RN\B1(0)
From here, (2.4), (2.5) and using that, by (1.6), (N — 2)p + aoc > N, we conclude that
GIVGP[80]1(x) < cromax{|x[>~, [x |~ NP~y < oy [x PN for |x| = 1. (2.6)

Case (ii) |x| < 1. It is not difficult to see that, for appropriate constants,

1
/ @(x,y)dy <ci2 / W@SCB and 2.7)
B1(0) B1(0)
2 2
1
G (x,y)dy <cus ————dy < c15. (2.8)
ex _)’|N_2

BL(EX) Bl(ex)
2 2
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And we also have that

@ (x,y)dy
RN\(B1 (0)NB | (ex))
2 2

1 1
= / T oy v 22
RN\ B (0)

< ciplx| VTP Ha0=2 dz
- |Z|(N72)p+ao+N72(1 + |Z|aoo*ao)

RN\ B (0)
< cyplx|N=DPFa0=2,

From here, (2.7) and (2.8) we obtain
GIVGP[8ol1(x) < ciglx[*™N,  for x| < 1. (2.9)
Therefore, the assertion follows by (2.6) and (2.9). O

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. First, we prove (i). We consider the iteration scheme defined in (1.7). Observing that
v =GV v{1+kG[80] > vo,

and assuming that
vn-1(0) Z a2 (), x € RV\ {0},

we deduce that

vy =GIVv? 1+ kG[8] = G[VV! 1+ kG[80] = vu—1. (2.10)
Thus {v,}, is an increasing sequence. Move-over, we have that

/ Un(—A)edx = / Vol Edx +kE(0), VEeCH®RY). (2.11)

RN RN

Next we build an upper bound for {v,},. For t > 0 we have
w; 1= tkPG[VG[80]"1+ kG[S0] < (02tk? + k)G[S0],
where 07 > 0 is from Lemma 2.1. Then
GIVw! 1+ kG[8] < (o2tk? 4+ k)’ G[VG[80]"] + kG[8o] < w
if
(o2tk?~ 1+ P < 1. (2.12)

Now we choose t such that (2.12) holds. If p > 1, since the function f(¢) = (%( pT_l)l’_lt + 1)? intersects the line
g(t) =1t at the unique point #,, we may choose k and ¢, such that

1 /p—1\"" P
o (—p > and 1, = (—p ) . (2.13)
p\ p p—1
If p =1, we choose o1 > 0 small so that o < 1 and
1
Ip

:1—02.
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Finally, if p < 1, for ¢ > 1, we have
(02tk? ™!+ 1)P < (o2k? ™ + PP,
so we may choose
ty = (0ak?~ + )77
Hence, by the definition of wy, and for the chosen 7, we have Wy, > Vo and
vi =G[Vug1+kGlSo] < GIVw] ]+ kGl[So] = wy,.
Inductively, we obtain
Un < Wy, forall n € N. (2.14)

Therefore, the sequence {v,} converges to a function uy, y. By (2.11), ux v is a weak solution of (7). We claim that
ug,y is the minimal solution of (%), that is, for any positive solution u of (P ), we always have uy v < u. Indeed,
there holds

u=G[Vu’]+kGl[d] > vo,
and then
u = G[VuP]+ kG[S] = G[Vv{ 1+ kG[s0] = v1.

We may show inductively that u > v, for all n € N. The claim follows.
Similarly, if problem (P ) has a non-negative solution u for k1 > 0, then (P;) admits a minimal solution uy, v for
all k € (0, k1]. As a result, the mapping k — uy v is increasing and we may define

k* = sup{k > 0: (P) has a minimal solution for k}.

We clearly have that k* > 0. We remark that when 0 < p <1 or p =1, and o1 > 0 small, we may always find a
super-solution Wi, Hence, there exists a minimal solution for all k£ > 0 and k™ = oo.

Now, we prove that for p > 1 we have k* < +00. Suppose on the contrary that, problem (P;) admits a minimal
solution uy v for k > 0 large. Let xo be a point such that xo # 0, V (xg) > 0 and let » > 0 be such that

V)= V(;()), Vx € B, (x0).

Denote by ng a C* function such that no(x) = 1 for x € B;(0) and no(x) = 0, for x € RV \ B(0). Let nf(x) =
no(*%2) and

Er(x) = Glxs, () Inf (x) € CHT®RY)
for R > r, where yxgq is the characteristic function of 2. We observe that
li = .
Rlim Er =Gl xB, (xp)]
Taking &g as a test function with R > 4r, we obtain
/ up.y dx + / up v (—A)erdx = / Vuy &g dx + k&g (0). (2.15)

By (x0) Bag(x0)\ Br(x0) RN

For x € Bar(x0) \ Br(xp), we have

[(=A)ER()| < IVGIxB, )] - V1§ ()] + Gl X, (v0) (= A ()]

Since
C C _ _
IVn(’f(X)ISE, I(—A)n(’f(X)ISF, IVGIxB, o)l < cR'™ and |Glxp, ]l < RV,

we have



H. Chen et al. / Ann. 1. H. Poincaré — AN 35 (2018) 729-750 737

[(=A)ER(X)| < croR™Y,

for x € Bor(x0) \ Br(xp). Since uy, v is a weak solution, we have

lim sup  ug,v(x) =0,
R—>+00 \ cRN\ B (0)
which yields

lim / urv(—A)épdx =0.
R—+o00
Byr(x0)\Br (x0)

Letting R — +o00 in (2.15), we see that

[ kv ar = [ Vag Bl + kG 1O
By (x0) RN
By (2.14) and the fact that
ur,y > kG[s] and G[xp, (] >0,

we obtain then

/ uy dx > kP! / Vv Gl801" Glxs, ey 1dx -+ KGlx5, a0y 1(0)
Br(x()) RN

> cokP ! / ur,vdx +kG[xB, (x)1(0)
By (x0)
with ¢y > 0, which is impossible if k is sufficient large, from where the assertion follows.

Next we prove (ii). Let V| > V>, then we have that uy v, is a super-solution of (P;) with V = V,, whose minimal
solution is ug,v,. Thus we have uy v, < ug,v,.

Finally, we show (iii) is valid. In fact, if V is radially symmetric, so is v,, which is defined in (1.7) since vy is
radially symmetric. It follows that the limit u; v of v, is radially symmetric too. O

1 .
Remark. For future reference, we remark that for p > 1 and k € (0, k,] with k, := ”7_1(02 p) p-T, the minimal
solution uy v verifies

ur,y < wy, <cnkG[s] in RN\ {0}, (2.16)

for some c21 > 0 depending only on k. Thus, Vug v is locally bounded in RM \ {0}, which allows us to show that
ug,y is a classical solution of (1.10).

3. Properties of minimal solutions

In this section, we establish regularity and decay estimate for weak solutions, as well as the stability for the minimal
solution. First we consider our regularity result.

Proposition 3.1. Assume that the function V satisfies (1.5) with as > ag and ag € R, and

0 N 3.1
pE(,m). ()

Then, any positive weak solution u of ( Py.) is a classical solution of (1.10).
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Proof. Let u be a weak solution of (7). Since Vu? € LY (RY), u can be rewritten as
u=G[VuP]+ kG[&].
For any xog € RV \ {0}, let ro = %|x0| and write B; = B;-i, (xo). Then we have that, for any i € N,

u=Glxp,_, Vu’l+ Glxrv\s,_, VuP]+ kG[8g]

and V € L (RN \ {0}). For x € B;, we have that
enV(y)ul(y)
G[XRN\Bt_l V”p](x) = / ﬁd s
’ lx =l
RN\B;_;
then, for some C; > 0, we have
||G[X]RN\BI- Vup]”cZ(Bi_,) =Gill V”p”Ll(Bz,O(xo))' (3.2)

From (2.2), we easily see that, for some constant ¢; > 0 depending on i, we have
IGL80]llc2(s,_ ) < cilxol* ™. (3.3)

By (iii) of Proposition 5.1, Vu? € L9°(By,,(xp)) with go = %(1 + %%) > 1. By Proposition 5.1 again we find

. Nqo

G[XBQ,O(XO)VMP] eL” (B2ry(x0)) with py = m
Similarly,

VuP € L9 (B, (x0)) with g1 = 2L,

p
and
. Nqi
G[XBrO(xo)V’/‘p] eL” (Byy(x0)) with py = N——qu

Letg; = 2 and pi1 = 5—5_

if N —2g; > 0. Then we obtain inductively that
Vu? € LY%(B;) and G[xp, VuP]e LP+1(B;).
We may verify that
gi+1 1 N 1 N
g pN-2qi pN-2q
Therefore, lim; _, 1 g; = 400, so there exists iy such that N — 2g;, > 0, but N — 2¢;, 1 < 0, and we deduce that

G[XBiO VuPl e L*(By,).

> 1.

As a result,
u(x0) =< ciglGLSolll L By ) (xo) + Cio||VMp||L1(BZ,O)(x0) —>0 as |xg| > 400
and
Vu? € L*(B;).
On the other hand, by Proposition 5.2,
IVGlxs,, Vu”ll € L% (Bj).
By elliptic regularity, we know from (3.3) that u is Holder continuous in B;, and so is Vu”. Hence, u is a classical

solution of (1.10). O

Next, we study the singularity of the weak solution of ( P) at the origin and the decay at infinity.
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Proposition 3.2. Suppose that the function V satisfies (1.5), with ag and ax, givenin (1.19), and p > 1 satisfies (1.18)
and (3.1). Let u be a weak solution of ( Py), then

sup u(x) x|V 72 < +oo. (3.4)
xeRN\{0}

Proof. From Proposition 3.1 u is a classical solution of (1.10), so we only consider the singularity of u at the origin
and the decay at infinity. We first consider the singularity at the origin. We claim that

lim w(x)|x|N 2 =cyk. (3.5)

|x]—=0*F
Indeed, since G[VMPXRN\BI(O)] € C2(B1 (0)) and kG[8p](x) = cnk|x|>~N, we see from
2
u = G[VMPXBI (0)] + kG[SO] + G[VMPXRN\Bl(O)] (36)
that it is sufficient to estimate G[Vu? xp, ()] in B 1 (0). Let
ur =G[Vu” xp, 0]

Since VuP € LSO(B%(O)) with sg = %[1 + %%] > | from Proposition 5.1 we see that u; € L‘“”(B% (0)), that is,
ul € L1 (B1(0)) with
2

1 N
1= ;N —2s0s0'
By (3.6),
u? < cpuy +kPGP[8,]+1) in B1(0), (3.7)
where ¢ > 0. By the definition of u# and (3.7), we obtain
ur < en(Gluf1+ kP GLVGP[8o]] + Glxs, o)) 3.8)
where

Gl ]l € L¥(By(0),  kPGIVGP[80]1(x) < ex3fx| V7ot
and
2—N)p—ap+2>2—N.
If 51 > %Np, by Proposition 5.1, u1 € L*(B,-1(0)). Hence, we know from (3.8) that

Ui (x) < co4lx |2 NP0 +2 (3.9)
in B,-1(0). Since (2— N)p —ap+2 > 2 — N, we deduce from (3.6) and (3.9) that (3.5) holds. On the other hand, if
s1 < 3Np, we proceed as above. Let

u> =Glxp, , ouyl
By Proposition 5.1, uy € L7 (B,-1(0)), where

1 Ns N 1 N O\’

5§ = — > s1>1— S0-

pNp—2s1 N—xs9 p N —2sg
Inductively, we define

1 Nsp—1 1 N "
Sp=——>[— 50.-
P Np —2sp-1 p N —2s

So there is mq € N such that
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1
Smg > sz and  up, € L (By-my-1(0)).

Therefore, (3.5) holds. Next, we establish the decay at infinity, that is,

limsup u(x)|x|¥ 2 < +o0. (3.10)
[x|—+o00
We know from Proposition 3.1 that u € L} (RN \ {0}) and
lim u(x)=0. (3.11)
[x| =400

We divide the proof into three parts: (a) aoo > N; (b) aso € (2, N]; (¢) ax € (0, 2].
Case (a) aso > N. Let ¥o(x) = |x|>~N — |x|>~%° for |x| > 2. There exists c25 > 0 such that

—Ao(x) = cos5)x| 7.
By (3.11) and the assumption on V/, there exist constants A, B > 1 such that

VuP (x) <Alx|™ if |x|>2 and u(x) <BQ>N —27%) if |x|=2.
The, by the comparison principle, we find

u(x) < AByo < AB|x|*N if |x|>2.
Case (b) axo € (2, N]. Let

2 —deo if ac €(2,N),

B =!%(2—N) if de =N,
and define ¥| (x) = |x|™. Hence, there exists c2¢ > 0 such that

=AY (x) > cxplx| 7, x#0.
We may find constants A, B > 1 such that

VuP(x) <Alx|"2 if |x|>1 and u(x)<B if |x|>1.
Then, by the comparison principle again,

u(x) < ABy(x) for |x|>1.

Next we define 1) =2 —a + pt1. If 12 € [— N, —2), we define ¥ (x) = |x|™ and we repeat the above argument to
obtain

u(x) <cpea(x) if [x| > 1. (3.12)
Inductively, we define
T =2—deo + pTj—1-
Then there exists jo € Nsuchthat tj,_; > —N and t;, < —N.If 7j,_1 > —N, we proceed as above. If 7j, < —N, set
Yo, () = PN =[x

and we reduce the problem to the case (@) ao, > N. Then, (3.10) holds.
Finally, we consider the case (¢) aso € (0, 2]. For |x| > 2 fixed, let ro = %|x| %O, where ”ﬁ” € (0, 1). Therefore,

%V(y)ul’(y)dy

N
————V(ul(yd
) Muf(y)dy + / =y

G[Vu?l(x) = / |

By (x) RN\ By, (x)
—dso 2—-N
< ca7(lx| = r0) " ull oo 5, ey 70 o IV 1wy

2
< cogla| TR0,
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Recalling

u=G[VuP1+kG[s] and G[8](x)=cn|x|*V,
from above we have

u<colxN if ypi=(1+ %)aoo >N -2
and we conclude the proof. Or we have

u(x) <csolx[77 if yp<N-2.

=t dsotpyy
In the case axo + pyo <2, letr) = sl where =€ (0, 1). Then we have

N
[E——r V(y)u?(y)dy

CN
G[Vu?l(x) = / — V(y)u? (y)dy + /
lx — yl lx — vl
By () RN\ By, (x)
—ldoo—PY0 -2 2—-N p
<ci(lx] —rp) ry +cnr IVu “Ll(RN)
< C3z|x|—(1-|-%)(aoo-l-1vyo)7
which implies that
u(x) <c3lx|™",

where y; = (1+ %)(aOo + pyo). Inductively, we define r; = [x|¥/ with y; = (1 + %)(aoo + py;j). There exists jo € N
such that as + pyj,—1 <2 and ax + pyj, > 2. In the former case, we iterate as above; in the latter case, we have
V(@)uP (x) < caglx |t PV,

By the proof of (), (3.10) holds and the proof is complete. O
Now, we consider the stability of the minimal solution of ( Py).

Proposition 3.3. Assume that the function V satisfies (1.5) with ay < min{2,ax}, p > 1 satisfies (1.18) and
k € (0, k*). Then, any minimal positive solution uy y of ( Py ) is stable. Moreover, uyy satisfies (1.12).

Proof. We start proving the stability of the minimal solution for k£ > 0 small, and next we prove it for all k < k*. By
(2.16), for k > 0 small,

ur,y () < essklx PN in RN\ {0),

where ¢35 > 0 is independent of k. Therefore,
p—1 p—1 1 |x|@=M(p=D—ao

V(Xu y (x) <c35 o1k? W (3.13)
By our assumption on p we have

2—-N)(p—1)—ap>-2 and 2—-N)(p—1)—axx <—N.
From here and (3.13) we find

p—1

_ Lk
Vuly ) < cds oy R (3.14)

Hence, for any & € C, Cl.’l (RM), by (3.14) and the Hardy—Sobolev inequality, we deduce for k > 0 small that
£

p—1s2 p—1 p—1
/Vuk’vé dx <c35 o1k e

1
dx < — / IVE|? dx. (3.15)
RN RN pRN
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By density, (3.15) holds also for & € DL2(RN), which means that ug,y is a semi-stable solution of (7%), for k > 0
small.

Next, we prove the stability of minimal solutions for all k£ € (0, k*). Suppose that if u; is not stable, then we have
that

VEPdx
= inf fRN | ‘5'71 <
§eDI2RVNO} p fon Vuy 'y, §2dx

A (3.16)

By compact embedding (Lemma 4.1), A is achieved by a non-negative function &; satisfying
— A& = hpVuf €l

Choosing ke (k, k*) and letting w = Upy —Uuky > 0, we have that
w= G[Vugv — Vul 1+ (k= b)G[So).

By the elementary inequality (a + b)? > a” 4+ pa?~'b for a, b > 0, we infer that
w>GlpVul ' wl+ (k — HG[5].

Multiplying this inequality by — A&, we obtain

M/qu,f;,lwéldxzf(—A)wéldx

RN RN
z/quffvlwsl dx+(/2—k)gl(0)>/qu,’ij‘wgl dx,
RN RN

which is impossible. Consequently,

p / vul e2dx < f IVE[2dx, V&eD'"2®RN)\ {0},
RV RN
X 1
proving stability of uy v . In what follows we prove (1.12). For any k € (0, k*), let k' = % >k and [y = (%) P <1,
Then there exists a minimal solution u y of (Px), which is stable. Since k — k'] P — 0, we deduce that

oy > upy =18 (G[w,’;,v] + k’G[50]> + (k — K1D)G30]
= GIV oup v)’1+ kGIS0],
that is, louy v is a super-solution of (7). Therefore,
loug .y = up,v.
Thus, for £ € DL2(RM) \ {0},

0</|vg|2dx—p/Vu,f,‘vlszdxg/|vg|2dx—p13"’/vbt,ffvlg2dx
RN RN

RV RN

=177 lg_lf|V$|2dx—p/Vu,f}1$2dx ,
RN RN

which implies that
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-1
/|V$|2dx—pruf,v £2dx
RN

RN

=<1_zg‘1)f|vs|2dx+ 15"1/|V$|2dx—prui’,‘vl¥2dx

RN RN RN

> (1 —lé"l)/ VEP dx.
RN

This inequality together with the fact
-1 —1
L= > el k)7 — k7],
implies (1.12), completing the proof. O

Corollary 3.1. Assume that p > 1, the function V satisfies (1.5) with ap < min{2, ax}. Then, for k € (0, k), the
minimal solution uy v of (Py) is stable and satisfies (1.10) as well as (1.12).

Proof. Since for k < k, the minimal solution uy, v of (P ) is controlled by Wi, which implies that Vuy v € L;’(fc (RN \

{0}). It follows by Proposition 5.1 and 5.2 that uy v is a classical solution of (1.10). The proof is completed by the
proof of Proposition 3.3 and (2.16). O

Proof of Theorem 1.2. The theorem follows by Propositions 3.1 and 3.3, and Corollary 3.1. O
4. Mountain Pass solution

In order to find the second solution of (P}), we look for a non-trivial function u so that ux v 4 u is a solution
of (Py), which is different from the minimal solution ux v of (P;). We are then led to consider the problem

—Au=V(ury+uy)? —Vu]f’V in RN,

Iim wu(x)=0. @D
|x]—+o00

Intuitively, the cancellation of the singularity of ux v in the nonlinear term on the right hand side of (4.1) allows us to
find a solution of (4.1) as a critical point of the functional

1
E(v):E/|Vv|2dx—/VF(uk,v,v+)dx 4.2)
RN RN

defined on D2(RY), where
1
Fls,0) = —— [(s FrPt Pt (p 4 l)spt+] . 4.3)
p+1
Let Vj be given in (1.5) and denote by L (R, Vydx) the weighted LY space defined by

LIRY, Vodx) = {u: / Volul? dx < +00}.
RN
The following lemma implies that the functional E is well-defined on D2(RV).

Lemma 4.1. Let ap < 2, aso > max{ag, 0} and p > 1 satisfy (1.18). Then the inclusion DL2(RNY s LPHI(RN,
Vo dx) is continuous and compact.
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Proof. For g € (0, 2), it follows by Holder, Hardy and Sobolev’s inequalities that

B
2
é2*(;}) / 52 / -
dx < ——d d
| = [ e o
N N

RN

2-8
2

2*(B)
2

<56 f wepdx| 4.4)

N

We claim that the inclusion D2(RVY) < L4(RN, Vydx) is continuous if

max{2*(aeo), 1} < ¢ < min{2*(agp), 2*}. 4.5)
For & e DL2(RN), if 0 < ag < 2, by (4.4) we have,

161 2% @0 (g, 0y 1 @0y = NE I 2@ @ [xja0ax) = €361 ID12RNY -
If ap < 0, by Sobolev inequality we have,

”EHLﬁ(Bl(O),Ix\“de) = ”‘i:”Lz*(Bl(O)) = C36||$||D112(]RN)
and using Holder’s inequality, we obtain
”g”L‘I(Bl(O),lx\“de) = C36”§”Lz*(ao)(Bl(O),Ix\“de) = C36||'$;:||’D1~2([RN)-

On the other hand, for ax, € (0, 2], we have 2*(ax) < g < 2*, by Holder’s inequality, (4.4) and considering 7 =
N — W < doo, We have

q
/ JE171x] 7 dx < / 6191677 dx < 111312 0

RN\B1(0) RN\B1(0)
The case an > 2 can be reduced to a € (0, 2]. In conclusion, for all the cases we have

18 1 2By, ei0ax) < casllE Iprayys 18] 2 @ g, 0. efmods) < 16 ID12n)- (4.6)
Combining this with the fact that

lim Vo(t)t* =07 and lim Vy()r*® =oq,
t—0t —+00

yields the claim. Next we show that the inclusion D'?>(RY) < L4(RY, Vodx) is compact if (4.5) holds. Let {£,}, be
a bounded sequence in D2(RV). For any & > 0, there exists R > 0 such that

/ &7 1x |7 dx < RTT / €17 |x| 7" dx < e33R <
RN\BR(©) BN\ B (0)

¢ 47
2 4.7

where 7 was defined above. By Sobolev embedding, &, — & in H!(Bg(0)) up to a subsequence. This, together
with (4.7), yields the result. O

Corollary 4.1. The inclusion DLZRN) — LRV, Vou,’:;,l dx) is continuous and compact if k < k.

Proof. Since uy v (x) < czlcNk|x|2’N if k <k, there exists c3g > 0 such that

limsup uf ' () Vo(x) x| 0+ P=DN=D) < g
x]—>0t

and
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lim sup uk v L) Vo () x [4oe tP=DNV=2) < (o
|x[—+o0
By the proof of Lemma 4.1, we see that the inclusion is continuous and compact if
max{2*(ac + (p — D(N —2)), 1} < g <min{2*(ap + (p — D(N —2)),2"}. (4.8)

This is the case if ¢ = 2, so the assertion of the corollary follows. O

Proof of Theorem 1.3. We use the Mountain Pass Theorem. For any € > 0 we have
0<F(s,0) < (p+e)s’ '+ Ca?P™!, 5,120, (4.9)
where C. > 0. By (1.5) and Lemma 4.1, for any v € DI’Z(RN) we have

/VF(uk,v,er)dXS(p—i-e)/Vu,f}lvidx—i—Ce/Vvinx (4.10)
RN RN RN

+1
< ce(lvlpra@y, + 10152 gr):

where ¢, > 0. Thus E is well-defined. We may also verify that E is C! on D12(RV).
Next we prove the geometric assumption of the Mountain Pass Theorem. Let v € DV2(RY) be such that
lvlipragwyy =1, k € (0, kp) and € > 0 small enough, then from Corollary 3.1 and (4.9) we have

1
E@) = 310y - / V gy, tvs) dx
RN

1
2 2 p—12 1 1
= 2| i, — (0 +6) f Vool " v?dx | — cart / Volol"*dx
RN RN
2011112 1 2 1
> c391 ”v”’Dl,Z(RN) C40tp+ ”v”Dl 2(RN) = 391" — C40tp+ 5
where c39, c40 > 0. So there exists #5p > 0 small such that

E(tyv) > %tg =:B8>0.

On the other hand, we fix a non-negative function vy € D'>(R") with lvollpr2gwy =1 and its support is a subset
of the suppV'. Since (a + b)? > a? 4+ b? fora,b > 0and p > 1,

1
F(uy vy, tvg) >
(g, v, tvo) P

Next we see that there exists 7 > 0 such that forr > T,

1
(t”“ M (p+ l)uk Vtvo)

2
Eto0) = 5 loolbrag, — [ VFluky tun)ds
RN
r? 2 Lo p+l P
< 5””0”2)1120&1\’) — mt /Vv0 dx—l—t/ Vi yvodx <0.

RN RN

Choosing e = Tvg, we have E(e) < 0. Next, we verify that E satisfies the Palais—Smale condition at level c. Let
{v,} C DL2(RN) satisfies E(v,) — ¢ and E’(v,) — 0 as n — oo, where ¢ is the mountain pass level

c= 1nf max E(y(s)) “4.11)
yel'sel0,1

I'={yeC(]o,1]; D1’2(RN)) :y(0)=0, y(1) =e}, and ¢ > B. Next we consider the inequality
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c
0t =@+ ep P = =LE12 5120
proved in [20, C.2 (iv)], where f(s,t) = (s +14)? —s” and ¢, = min{l, p — 1}. From here, (1.12), E(v,) — ¢ and
E’(v,) — 0 we find constants c41, c42 > 0 such that
c
car +eanlvnllpragen) = 2 Noull iy, = / Q@+ cp)VFur v, (vn)4)dx
RN

+/(2+Cp)Vf(uk,v, (vn)+) (V) +dx
RN

c

p 2 p—1 2

> 2| boalragu, — p [ Vil odax
RN

&
)4 2
> 642? ” Up ”'D],Z(RN) .

Therefore, v, is uniformly bounded in DL2RN) for k € (0, k*). We may assume that there exists v € DL2(RN) such
that

v, v in D1’2(]RN) and v, > v ae. inRV.
By Lemma 4.1,

vn — v in L*@RY, Vou,f;,ldx) and in LPT'(RY, Vodx), asn— oo.
Invoking the inequality

| F(ug,v,vy) — Fug,y, vl

_ |ur,v + W) +)P = ey +v0)P = (p 4 Dug y ()4 — )]
= P+l kV n)+ kv + p kv {Un)+ +

—1
< (p+Oug y () —v4) + Ce(Wa) 4 —v)PH,
we have
F(ugy,vy) = F(ugy,v) ae inRY andin L'(RY, Vodx).

This, together with lim,, , o0 E (v,) = ¢, implies [|va || pi2gyy — [[v]pr2y) as n — oo. Hence, v, — v in D2 (RY)
as n — oo.

Now we use the Mountain Pass Theorem in [2] to find a non-trivial, non-negative critical point vy € DL2(RN)
of E, which is a weak solution of (4.1). Hence,

/ V(ur,y +vr) - Vodx = f V(ugy +v)Pedx, (4.12)
RN RN

forall ¢ € D"Z(RN) with 0 ¢ supp ¢. Next we show as in (2.3) of [10], that for any xo # 0 and r < %|xo|, there holds

1
sup |u(x)|= lim ( / V(x)|u(x)|qu)5.
|x—xq|<r g—>+00

By (x0)

Then, by the assumption that p < 1}’\,__“20 and uy v (x) < C21k|x|2_N , there exists g > % such that

—1
Vuy, € L (RN \{0}).
Therefore, by the Moser—Nash iteration as, for instance in [10,13], that ug v + v € Lf’(fc (RN \ {0}), from where
U,y + vk € C? (RN \ {0}). Moreover, by Theorem 2 in [10] we have

loc
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li N-2
imsup (uk, v (x) + v (x))[x][7 77 < +o0,
|x|——+o00
from where
P 1 N
V(uk,v +v)” € L (R™).

Now we may conclude that

f (Ury + vo) (= A)edx = / V(ugy +vo)PEdx +kEQ), Ve e CHIRM). @.13)
RN RN

This means that vg + ug, v is weak solution of (P;) and also implies vy + u, v is a classical solution of (1.10). The
maximum principle yields vy > O and then vg 4 ux v > uy v, completing the proof of the theorem. O

Finally, we consider the case that V is radially symmetric. Denote by D}’Z(RN ) the closure of all the radially
symmetric functions in CZ° (R™) under the norm

1

2

1ol 2, = / Vol2dx

N

Suppose ag < 2, dos > max{ag, 0} and p satisfy (1.20), we may show that the inclusion D} *(RY) < LPTL(RN Vdx)
is continuous and compact.

Proof of Theorem 1.4. Since V is radially symmetric, so is the minimal solution u; y of (P;), which is also stable,
for k € (0, kp]. By the Mountain Pass Theorem, we may find a critical point of the functional

1
E,(v):E/|Vv|2dx—/VF(uk,v,v+)dx (4.14)
RN RN

in D}’z(RN ). The rest of the proof is similar to the proof of Theorem 1.3. O

5. Appendix: regularities

We recall that G(x, y) = p:—i% is the Green kernel of —A in RY x RY and G[-] is the Green operator defined
as

GLf1x) = / G(x,y)f(y)dy.

RN

Proposition 5.1. Suppose that Q2 C RY is a bounded domain and h € L*(Q2). Then, there exists ca3 > 0 such that

1 2

I1G[AlllLe@) < caslhllLs) if T<W (5.1
1 1 2

IGIAlllLr (@) < casllhllLs@)  if " < - + N and s> 1 (5.2)

and

. 1 2
IGHNr@ < caslhlliig i 1<+ (5.3)
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Proof. First we prove (5.1). By Holder’s inequality, for any x € €,

L
7

( / G(x,y) dy)¥ ( / h(y)Pdy)®
Q Q

1
/ 2
Q

where s = %5 Since % < % and (N —2)s’ < N, we have

=
Leo(©)

H / G (x, h(y)dy
Q

Loo(©2)

<cnllhlis @

k]

Loo(2)

d
! ! N—1-(N=2)s N—(N=2)s'
R v -
/ |x — y|(N=2)s' @ = / bx — y| (V-2 dy =ca4 f r dr < casd ,
& By (x) 0

where ca4, c45 > 0 and d = supf{|x — y| : x, y € Q}, from where (5.1) holds.
Next, we prove (5.2) for r < s and (5.3) for » = 1. There holds

1
! r

/[/G(x,y)h(y)dy] dx ¢ = /[/G(x,y)h(y)st(x)st(y)dy} dx

Q Q RN RN
1

S .

“en / / (y)m(xgvx_szz(y) dy} dx
lx — ¥l
RN RN
_ ; 1
h(x —y)xe(x)xe(x —y)

=cy = dy | dx

RN |RN

By Minkowski’s inequality, we have that

r % Fle . %
{/[/G(x’y)h(y)dy} dx} ScN/[/h(x Y xa () xa(x y)dx} dy
ly|(N=2)r
Q Q

RNV RN

1
|
fCNf[/h’(X—y)XQ(X)XQ(x—y)dx} Wdy
Q RN
=cnlltlizr@ = casllblis @),

where c46 > 0 and Q= {x —y:x,y e Q}is bounded. Finally we prove (5.2) in the case r > s > 1 and % < % + %,

1 2

and (5.3) forr > 1, 1 < % + % We claim that if » > s and ri* = - — =, the mapping h — G(h) is of weak-type

K N
(s, r*) in the sense that

Rl Ls *
{x € Q:|G[h(x)] > 1}] < (A“*"”%)’ . hel*(Q)andall t>0,
where A = is a positive constant. Defining

G(x,y), if |x—yl<v,
Go(x,y) = )
, if |x—yl>v,
forv>0and Gy (x,y) =G(x,y) — Go(x, y). Then we have

{x € Q:IG[AI(x)| > 2t} < [{x € 2:|Go[h](x)| > 1} + [{x € 2 : |Goo[h](X)| > 1},

(5.4
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where Gg[4] and G [/] are defined similar to G[4]. By Minkowski’s inequality, we find that

IGom) I
lx € Q: (Golhl()] > 1)] < ———
_ W xma—nlx =y NIyl )

tS
_ UaUalhe = »Fd) y P s, ()dy P

tS
1110 V2
47 .

— 2
IRl x| =N *2dx
< L5 (2) fB,, —c
- ts ts

On the other hand,
1Goolh]llLe@) <l / XBe(x — y)lx — YN Ry L

’ 1
( / Ix — y| @V dy) T || oo

Q
1
< / )y |
Q Q\B, (y)

2N
<cglhllLs@v >,
N .

s, we obtain

where s’ = - if s > 1, and if s = 1, s’ = 0o. Choosing v = (———
s—1 cagllhliLs @)
IGoolhlll L) <t,

which means that
l{x € Q:|Goolh](x)| > 1}[ =0.

With this choice of v, we have that
2 o *
1707 V™ Il
P seol—— ) -

l{x € Q:|Glh]| > 2t}| < ca9 ;
The claim for » > s follows from the Marcinkiewicz interpolation theorem. O

Proposition 5.2. Suppose that @ C RN is a bounded domain and h € L* (). Then, there exists cs; > 0 such that:
o1 1
IVGIATll L) < csillhliLs@)  if TSN (5.5)
11 1
if - <-+4+— and s>1 (5.6)
s~ r N
(5.7)

VGl @) <csillhllis )
1

and
N

IVGIAlILr @ < csillhlligy i 1<+

Proof. Since
IVG[h](X)|=I/VxG(x,y)h(y)dylS/IVxG(x,y)llh(y)ldy
Q Q

and
IViG(x, )| =en(N =2)|x — y|'=V
O

Then conclusion follows as the proof of Proposition 5.1.
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