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Effective viscosity of random suspensions
without uniform separation

Mitia Duerinckx

Abstract. This work is devoted to the definition and the analysis of the effective viscosity associated
with a random suspension of small rigid particles in a steady Stokes fluid. While previous works on
the topic have conveniently assumed that particles are uniformly separated, we relax this restrictive
assumption in the form of mild moment bounds on interparticle distances.

1. Introduction

Consider a colloidal suspension of small rigid particles in a Stokes fluid. Suspended par-
ticles act as obstacles, hindering the fluid flow and thus increasing the viscosity. In a
recent contribution ([7]) with Gloria, we show in terms of homogenization theory that
the suspension behaves at leading order like a Stokes fluid with some effective viscosity,
and in [8] we establish optimal error estimates. In [6] we analyze the value of this effec-
tive viscosity in the low-density regime, in particular establishing the so-called Einstein
formula and improving on several recent works on the topic ([14, 17-19, 22]). In [10]
we further investigate the collective sedimentation of suspended particles under gravity.
In all those contributions, a crucial technical assumption is that particles are uniformly
separated, which is necessary in various arguments, for instance when appealing to trace
estimates and regularity theory at particle boundaries. This separation assumption is how-
ever unsatisfactory from the physical viewpoint, as it is incompatible with the steady-state
behavior, e.g. [1, 2], and the present contribution aims at relaxing it as much as possible
in the form of mild inverse moment bounds on interparticle distances. We focus on the
definition of the effective viscosity and on the qualitative homogenization result, and we
further provide general tools that can be used to adapt some more advanced results; see
e.g. [6, Section 2] and [18, Section 5] on the validity of Einstein’s formula in the low-
density regime without uniform separation.

In the case of smooth particles with some nondegeneracy condition, we essentially
show in three dimensions that the effective viscosity is well defined provided that
E[p~!] < oo, where p stands for the distance between two neighboring particles, and we
prove qualitative homogenization under the stronger condition E[p~3/2] < co. Although
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likely optimal in a general stationary ergodic setting, these moment bounds on interpar-
ticle distances are still quite restrictive and unphysical; cf. [1,2]. We may draw the link
with the well-known paradox of absence of solid—solid contacts in a three-dimensional
Stokes flow, which is related to flaws in the modeling: real-life solid particles are slightly
elastic, their boundaries display some roughness, and no-slip boundary conditions are not
exactly valid; see e.g. [16] and references therein. Such corrections are not considered
in the present contribution and we rather provide a detailed analysis of the ideal Stokes
model. In [9], with Gloria, we investigate another line of research: under suitable mixing
conditions, large clusters of close particles are unlikely in view of subcritical percolation,
which can be exploited to prove homogenization without any conditions on interparticle
distances. Finer geometric information might also be used in the spirit of [15].

Our approach in this contribution is mainly inspired by the work of Jikov ([24,25]) on
the homogenization problem for scalar elliptic equations with stiff inclusions; see also [20,
Section 8.6]. In that scalar setting, however, required moment bounds on interparticle
distances are much milder and only logarithmic moments are required in three dimensions.
We emphasize two main differences:

» First, and most importantly, the incompressibility constraint in the present Stokes
problem brings important rigidity and leads to completely different scalings. This is
easily understood by noting that the incompressibility constraint can be eliminated by
writing the Stokes equations as fourth-order elliptic equations on the vector potential;
see e.g. [12]. As in [16], spatial cutoffs in this situation are then naturally to be per-
formed on the vector potential, so that one derivative of cutoff functions is lost with
respect to scalar and compressible settings, which explains the different scalings; see
the proof of Proposition 3.1.

* Second, the vectorial character of the Stokes problem prohibits the use of scalar trun-
cations: in contrast with e.g. [20, Section 8.6], this forces us to appeal to the Sobolev
embedding and further deteriorates the required moment conditions.

We note some similarities with the homogenization problem for elliptic systems with
degenerate random coefficients, e.g. [3-5, 11], where similar inverse moment conditions
are required on coefficients.

Before stating our main results, we close this introduction by recalling the formulation
of the Stokes model for a viscous fluid in the presence of a random suspension of small
rigid particles, e.g. [7]. We denote by d > 2 the space dimension, and we consider a
random ensemble of particles I = J, I, C R?. Stationarity, ergodicity, and regularity
assumptions are postponed to Section 2. In order to model a dense suspension of small
particles, we rescale the random set I by a small parameter ¢ > 0 and consider eI =
\U,, €I». We then view these small particles {¢],}, as suspended in a solvent described
by the steady Stokes equation: in a reference domain U C R¢, given an internal force
f € L2(U)?, the fluid velocity u, € H' (U \ eI)? satisfies

—Aug+ VS, = f, diviug) =0, inU\el, (1.1
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with u, = 0 on dU. (We implicitly assume here that no particle intersects the bound-
ary.) The pressure field is only defined up to an additive constant and we choose S; €
LY(U \ eI) with fU\s 1 Se = 0. Next, no-slip boundary conditions are imposed at par-
ticle boundaries: since particles are constrained to have rigid motions, this amounts to
letting the velocity field u, be extended inside particles, u, € H'(U)%, with the rigidity
constraint

D(u,) =0 inel, (1.2)

where D(u,) stands for the symmetric gradient of u,. In other words, this condition means
that the velocity field u, coincides with a rigid motion x — V,, 4+ ®, ,x inside each
particle €/, for some V; ,, € R4 and some skew-symmetric matrix ®, , € R9%4, Finally,
assuming that the particles have the same mass density as the fluid, or in the absence of
gravity, buoyancy forces vanish, and the force and torque balances on each particle take
the form

/ o(ug, Sg)v =0, (1.3)

edl,

[ Ox -0 (ug, Sg)v =0 for all skew-symmetric ® € RdXd, (1.4)
gdly,

where o (u, S¢) is the Cauchy stress tensor
o(Ug, Sg) =2D(ug) — S 1d, (1.5)

and where v stands for the outward unit normal vector at the particle boundaries. These
equations (1.1)—(1.5) have the following weak formulation:

> / D(g) : D(us) = / g-f YgeClU) :div(g) = 0, D(g)ler = 0.
U U

This Stokes problem can also be viewed as a model for incompressible linear elasticity
with stiff inclusions.

Notation

*  For vector fields u, u” and matrix fields 7, T/, we set (Vu);; = Vju;, div(T) = V,; T;;,

T:T' =Ty Tl’j, weu');= u,-u}, where we systematically use Einstein’s summation
convention on repeated indices. For a matrix E, we write VEu = E : Vu.

» For a velocity field u and pressure field S, we denote by (D(u));; = %(Vj u; + Viuj)
the symmetric gradient and by o (1, S) = 2D(u) — S Id the Cauchy stress tensor. At

particle boundaries, we let v denote the outward unit normal vector.

«  We denote by M¥™ c R?*¢ the subset of symmetric matrices, by szm the subset of
symmetric trace-free matrices, and by MV the subset of skew-symmetric matrices.
We also write L? (Rd)fy’];d = LP(R%; M*»Y™),
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*  We denote by C > 1 any constant that only depends on the dimension d, on the ref-
erence domain U, and on the parameters appearing in the different assumptions (in
particular on § in (Hj )—(Hg) below). The value of the constant C is allowed to change
from one line to another. We use the notation < (resp. 2) for < C x (resp. > % X) up to
such a multiplicative constant C. We add subscripts to C, <, Z to indicate dependence
on other parameters.

The ball centered at x of radius r in R? is denoted by B,(x), and we simply write
B(x) = B1(x), B, = B;(0), and B = B;1(0).

2. Main results

We focus on the case d > 2 for the statement of the main results, while the two-
dimensional case has some important differences and is briefly discussed in Remark 3.4.

2.1. Assumptions

We start with the construction and suitable assumptions on the random ensemble of parti-
cles. Given an underlying probability space (2, 4, P), let # = {x,}, be a random point
process on R9, with a given enumeration, consider a collection of random shapes {1,/ },.
where each /] is a connected random Borel subset of the unit ball B ,! and define the corre-
sponding random inclusions /,, := x, + I,;. We then consider the random set I :=J,, I,
which is assumed to satisfy the following general conditions, for some deterministic con-
stant § > 0.

Assumption (Hg) — General conditions.

» Stationarity and ergodicity: The point process P = {x, }» and the associated random
set I are stationary and ergodic.”

*  Uniform C? regularity: Random shapes {10}, almost surely satisfy interior and exte-
rior ball conditions with radius §.

* Hardcore condition: There holds I, N I, = @ almost surely for all n # m.
When particles are close, not only does their distance matter, but also the order of their

quasi-contact. We therefore need to refine the above hardcore condition, and we focus on
the case of smooth particles with uniformly nonosculating boundaries. This is expressed

Letting B(R?) denote the Borel o-algebra on R?, we recall that a map /°: Q — BRY): 0w —
I°(w) is a random Borel subset of R? if the set {(w,x) : w € ,x € I°(w)} belongs to the product
U—alget:ira A x B(R?), or alternatively if the indicator function 1o is (A x B(R?))-measurable on
Q x R4,

2Stationarity means that the laws of the translated point process x + & and of the translated random
Borel set x + I do not depend on the shift x € R?. Ergodicity then means that, if a measurable function
of & or I is almost surely unchanged when & or I is replaced by x + & or x + I for any x € R<, then
the function is almost surely constant.
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below in the form of some “parabolic” version of a cone condition. While always satisfied
in the case of spherical particles, this excludes for instance the case of particles that would
almost touch on flat components, as it would correspond to a contact of infinite order;
see Figures 1-2. Note that our analysis is easily adapted to intermediate situations with
contacts of any fixed order: this would lead to stronger moment conditions on interparticle
distances and is not pursued here.

Figure 1. The figure displays a configuration with close particles satisfying Assumption (H%).
Disjoint neighborhoods {/ ,f }n are represented as light gray areas around the particles. The zooms
on the neighborhoods of quasi-contact points show that particle boundaries are not osculating, as
prescribed by Assumption (Hg), with parabolic domains delimited by dotted lines.

Figure 2. The figure displays examples of configurations of close particles that are forbidden by
Assumption (H:S) as their boundaries are osculating to infinite order.

Before we actually state relevant geometric conditions, we need to introduce some
further notation. First, we construct neighborhoods {I,}'}, of the particles {/,}, in the
form of truncated Voronoi cells,

I,f =, + Bs) N {x eR?: dist(x, I,) < infp,.m, dist(x, Im)}. 2.1

In view of the uniform C 2 regularity of the particles, cf. (H§), itis easily checked that these
neighborhoods {I,}}, are uniformly Lipschitz (with Lipschitz constant bounded by C /).
Next, we define “model” parabolic domains that are enclosed by close paraboloids with
different radii: given a distance p > 0 and radii a, > a; > 0, we set

I} . (0):=Bsn{(x1,.x) e RxR¥:—p 4 X P <xi < X P 02
Iy o (p)i=BsN{(x;.x) e RxRI™: —p— a X< <=1,
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In these terms, we formulate the following geometric condition, for some deterministic
constant § > 0. It states that such parabolic domains can be included in the interparticle
spacing I,/ \ I,, in the neighborhood of quasi-contact points, and the condition %—é >4
means that paraboloids can be chosen to be §-uniformly not osculating; see Figures 1-2.

Assumption (Hj) — Uniform nondegeneracy of contact points. For all n, for all x €

a1y, there exists 0 < p < §, there exist radii a, > a; > § with % — % > §, and there
exists a rotation Q € O(d), such that the rotated parabolic domain x + QI‘[;"1 a,(p) or

x + OT; 4, (p) is contained in I\ \ 1.

Finally, we turn to assumptions on interparticle distances. For all , the (half) interpar-
ticle distance from I, is given by

py = min 1 dist(/,, In). (2.3)
m:m#n

While previous works on the Stokes model (1.1)—(1.5) have focused on the convenient
case of uniformly separated particles, that is, inf, p; > 0, the present contribution aims
at showing that this can be substantially weakened in the form of mild inverse moment
bounds. For that purpose, under Assumption (Hj), we first need to introduce a better
suited notion of interparticle distance p, < p;: for all x € d1,, we let p,(x) denote the
supremum of the admissible choices of p in (Hj), and we then define

pon = inf p,(x). 2.4
xe€dly

2.2. Construction of correctors

We start with the definition of correctors for the Stokes problem (1.1)—(1.5), thus adapt-
ing [7, Proposition 2.1] to the present setting without uniform particle separation. The
proof relies on the construction of a suitable admissible test function for the variational
problem (2.6) below, and we believe that the moment condition (2.5) is optimal in gen-
eral. As is shown in the proof, existence and uniqueness of the corrector ¥ g also hold
under (2.5) with n = 0, but existence of a stationary pressure field is based on a weak
compactness argument in L!*($2) and therefore requires 7 > 0. Contacts between parti-
cles are allowed in dimension d > 5 as no moment condition is required in that case.

Theorem 1 (Correctors). Let d > 2. On top of Assumptions (Hg) and (Hj), assume
that interparticle distances {pn}n, cf- (2.4), satisfy the following moment condition, for

some n > 0:
sd_,

ford <5: Z]E[p; 2

]1061,,] < o0,

2.5)
ford =5 ZE[|10an|l+”ﬂoeln] < 00,
n

while no moment condition is required in dimension d > 5.Then, for all E € sz ™ there
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exists a unique minimizer D(Y ) of the variational problem

inf{E[|[D(y) + E[*]: ¢ € LX(Q; H (RD), Vy stationary,
div(y) =0, (DY) + E)|z =0, EDy)] =0},  (2.6)

and the minimum value defines a positive-definite symmetric linear map B on My™, which
is the so-called effective viscosity,

E:BE :=E[D(g) + E|?]. 2.7

Moreover, the minimizer D(W g) can be characterized by the following PDE: there exist a
unique random vector field g € L*(Q; H.. (R4, with anchoring .[B YE =0, and a
unique associated pressure field X g € L1(Q;LL (R¢ \ I)), such that

loc

* the following equations are almost surely satisfied in the strong sense:

—~AYE + VIE =0 inRY\ I,
div(yg) =0 inRY,
Dy + Ex) =0 in I,
(2.8)
][ o(Yg +Ex,Zg)v =0 Vn.
aly
f O(x —x,)-0(Wg + Ex,Zg)v =0 Vn, VO € M*V;

n

* VY and glga\ g are stationary, with the following estimates, for some 1 > 0:
E[Vyel] S |EP, E[Vye] =0,
E[Ze"™ga\s] S IEI'™,  E[Sglgayg] = 0.
In particular, the following convergences hold almost surely as € | 0:

(VYE)(5) = 0 weakly in L2 (R),

loc

(Selgay)(2) = 0 weakly in Lyt " (RY), (2.9)

loc

eYEe(;) — 0 strongly in LI (Rd),for allg < dz—fz.

loc

In contrast with the case of uniformly separated particles, cf. [7, Proposition 2.1], we
emphasize that under the moment condition (2.5) the pressure field X g above is only
defined in L7 () for some n > 0, and not in L?(Q). Improving on this integrability
naturally requires a stronger moment condition, as shown in the following.

Proposition 2 (Integrability of the pressure). Let d > 2 and let y 1= % for abbre-

viation. On top of Assumptions (Hg) and (Hj), given 1 < a < 2, let one of the following
conditions hold for interparticle distances {pn }n:
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e inthecase x < % with d < 5, assume that

5—d
2

ford <5: X:IE[,o;ﬁ Loer,] < oo,
n

ford =5 ZE[Uogpnlﬁﬂoeln] < 00,
n

* inthe case a < y withd > 5, no moment condition is required;
e inthe case ddTl Vy<a<2 witha # dde’ assume that

—3% (5 =) d+1)
> Elpa loer,] < oo.

n

Then for all E € Mf)ym the pressure field X g constructed in Theorem 1 satisfies

E[|Zg|*1ga\ 7] S |E]%,

loc

and there holds almost surely (¥ g lga\ r)(;) — 0 weakly in Lj R%) as e | 0.

2.3. Homogenization result

We turn to the homogenization result for the Stokes problem (1.1)—(1.5). For that purpose,
we first define admissible random ensembles of particles in a given bounded Lipschitz
domain U C R¥: the proof indeed requires controlling the distances of particles to the
boundary dU similarly to interparticle distances. We let N.(U) C N denote a random
subset of indices such that

{n:1, C iU dist(1,.91U) = 8} c No(U) C {n: 1, C LU},
and we define the associated random ensemble of particles in U,

L) = |J e (2.10)
neN(U)

In this setting we consider corresponding neighborhoods {7 n+ v.etn Of the particles {1, },,

I+

n;U,e

=1nlv,

we assume that Assumption (H}) holds with neighborhoods {I,}}, replaced by {I,;EU, s
and we define the corresponding distances {p,;7,¢}» as in (2.4).

With this notation we may now formulate the homogenization result for (1.1)—(1.5).
The proof is based on a div-curl argument together with an extension result for fluxes as
inspired by the work of Jikov ([24,25]). Due to nonuniform particle separation, extended
fluxes are only controlled in L* for some integrability « < 2 depending on the moment
condition on interparticle distances; see Theorem 4. In view of the Sobolev embedding,

2d

Jikov’s div-curl argument can then be performed provided « > 5. This restriction leads
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to the moment condition (2.11) below, which is expected to be optimal in general and
coincides with the one in Proposition 2 with o = d +2 We emphasize that this condition
becomes more stringent in large dimensions as the Sobolev exponent d +2
Not surprisingly, the condition is stronger than the one for the existence of the corrector in
Theorem 1 since defining correctors only requires constructing an admissible test function

for the variational problem (2.6).

increases to 2.

Theorem 3 (Homogenization result). Let d > 2. On top of Assumption (HS), given a
bounded Lipschitz domain U C R?, let Assumption (Hj) hold for {1t nU. ¢ tn, and assume
that interparticle distances {pnu ¢ }n satisfy, almost surely,

ford =3: limsupe? Z (Pn;U,s)_% < 00,

&0 neN:(U)
4 (2.11)
ford = 4: limsupe? Z (pn;U,g)_(f_l) < 00,
SO e (U)

where in the case d = 6 the exponent % — 1 = 2 must be replaced by some exponent > 2.
Denote by A := E[17] the volume fraction of the suspension, let , 3, B be defined as in
Theorem 1, and define the following effective constant b € M 0. forall E € Msym

- 1
b:E::—IE
752

[ wemae s Exzen] i
Given an internal force f € L2(U)?, let the velocity field u, € L*(; HOI(U)d) and the
associated pressure field S, € LY (Q; LY (U \ I.(U))), with anchoring fU\IE(U) Se =0,
be almost surely the unique solutions of the Stokes problem (1.1)—(1.5), that is,

—Au,+ VS, = f inU\ I.(U),
div(ug) =0 inU,
D(ue) =0 in I:(U),
(2.13)

/ o(Ug, Sg)v =0 Vn,

edl,
/ O(x —exp) - 0(Ug, S)v =0 Vn, VO € MV,

a1,

Then we have almost surely, as ¢ |, 0,
Us—u— 0 weakly in HOI(U),
(Se — S —b : D@)ly\z.wy — 0 weakly in L2 (U),

where the limiting velocity field i € H| (U)? and the associated pressure field S € L(U),
with anchoring |, v S =0, are the unique solutions of the homogenized equation

(2.14)

—div2BD@@)+VS=(1—-A)f inU,
div(ii) = 0 inU.
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In addition, provided that f € LP(U)? for some p > d, the following corrector results
hold almost surely, as ¢ |, 0:

e —ii— Y swE(i)vEﬁ -0,
Eectg € H(U)
(2.15)
inf —S—b:D(®1)— 3E Vgu—c — 0,
ceR EZG;E ( ) did(U\EI)

where & stands for an orthonormal basis of ngm

2.4. Further technical tools

On top of the definition of the effective viscosity and the above qualitative homogenization
result, we wish to further extend more advanced results such as the validity of Einstein’s
formula for the effective viscosity at low density ([6, 18]), optimal quantitative error esti-
mates for homogenization ([8]), and the analysis of sedimentation ([10]). For these aims,
we provide a couple of technical tools for the analysis of suspensions without uniform
separation. These tools are used in [6, Section 2] and [18, Section 5] for the validity of
Einstein’s formula.

We start with the following extension result for fluxes in the presence of rigid particles,
which constitutes the main technical tool in our proof of Theorem 3. Starting from a notion
of flux ¢ that accounts for the behavior outside rigid particles, we construct an extension §
that is defined nontrivially inside the particles in such a way that the continuity equation
holds globally; cf. (2.18). For that purpose, one views the suspension of rigid particles as
the limit of a suspension of droplets with diverging shear viscosity, and extended fluxes are
then naturally defined as limits of corresponding fluxes; see Remark 4.2. This construction
is inspired by a corresponding scalar result by Jikov ([24,25]) in the context of scalar
elliptic equations with stiff inclusions (see also [20, Section 3.5]), but additional care is
needed here to deal with the incompressibility constraint.

Theorem 4 (Extension of fluxes). Let d > 2, let Assumptions (Hg) and (Hj) hold, and
let a realization of the random set I be fixed. Given B € (1,00) and [ € LA (R4,
letq € Lloc(Rd)dXd with tr(q) = 0 satisfy

sym

loc

2 [ D@ia=[ gf VeeClm idivg =0. Dl =0. @16
R R4

Then, for all o, r chosen as

dp

ﬂ r<g 4 ifp>d,

R - B
<a<pA L v F gpa—p TPra G

T rd=p)y+dp’ J | ;

a<ﬂ fr= 5=,
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there exists an extension g € L, (]Rd)fy;;d with tr(§) =0, as well as an associated pressure

field S € L _(R9), such that

loc
Glgavs = qlgary. and  —div(2g— S1d) = f inR?, (2.18)

and such that, for all R > 1, the estimate

il + HS‘—f 5
Bpg L¥(BR)

- A(B: ,ﬂ_a ~ 2.19
Sa.8r MBR:r ﬂ_.),)(llfllL%u!?R)Jr 1916 B\1) (2-19)

holds, where we have set Bg := Bg U Un:1,nBrzo I} and

=

p
A(D;r, p) == (IDI + > Mr(pn)”) : (2.20)
n:I,ND#J
in terms of
pdztl_% r > %,
tr(p) i= 1 [logplr :r = %, (2.21)
1 cro< 4L

w|

As applications of this extension result, we establish a trace estimate at particle bound-
aries and a version of Caccioppoli’s inequality.

Corollary 5 (Trace estimate). Let d > 2, let Assumptions (Hy) and (Hg) hold, and let
a realization of the random set I be fixed. Let the velocity field u € H](I)C(Rd)d and the
1 (R4 \ I) satisfy the homogeneous Stokes problem

associated pressure field S € L,

—Au+VS =0 inRY\ I,
div(u) =0 inR?,
D(u) =0 inI,
(2.22)

/ o(u,Sv =0 Vn,

oI,
/ O(x —xp) -0, Sy =0 Vn, VO € MV,

ol

Then for all n and g € W1’°°(I,f)d we have for all n > 0,

1

2
[ g owsn|, ||g||W1,oo(,,¢\,n)(/ |D(u)|2)
oIy Ir?—\ln

§ {p,‘,‘ld(dﬂ)(dﬂ)_g_" . d <6
1
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Corollary 6 (Caccioppoli’s inequality). Let d > 2, let Assumptions (H) and (Hg) hold,
and let a realization of the random set I be fixed. Then, for all n > 0, there exists s < %
such that any solution (u, S) of the homogeneous Stokes problem (2.22) satisfies, for all
R>5and K > 1,

(h, =)

s % B %
<o (KR (][ ) + (K +RT ;dzﬁ)(][ |Vu|2) )
BsRr Bsr

u—f u
Byr

1+r4 Y p@TNE@RD=3d=n . 5 _ 5
n:I,NByp#D
X d
1+R S d > 5.
n:I,NByr#D

3. Extension of fluxes

This section is devoted to the proof of Theorem 4. The argument relies on the following
local extension result for incompressible fields, which is of independent interest.

Proposition 3.1. Let d > 2, let Assumptions (H ) and (H ) hold and let a realization
of the random set I be fixed. Let 1 <s <r < oo, with r 75 S if s < d, and with
r<g +‘;’7 - ifs < d71 Then, for all n, there exists an extenszon operator P,, such that

forall g € C}(I,)? with div(g) = 0 the extension P,g € Wy (154 satisfies
D(P,g)|, = D(g), and div(P,g) =0 in I}, (3.1

and for all p zsvﬁ, with p > d ifr = s,

||VPng||LS(1n+) Soors ,U«r(pn)”D(g)”Lp(ln)’ (3.2)
where we recall the notation (2.21) for .

For future reference, we also highlight the following key tool for pressure estimates. It
follows from the above local extension result combined with a standard use of the Bogov-
skii operator. Note that the restriction on the geometry of the domain D and the associated
constant K (D) can be refined as e.g. in [13, Lemma I11.3.2 and Theorem II1.3.1].

Lemma 3.2. Let d > 2, let Assumptions (Hg) and (Hy) hold, and let a realization of
the random set I be fixed. Let D C R? be a bounded Lipschitz domain that is star-like
with respect to every point in some ball of radius Ry, and set K(D) := 1 diam(D)

Letl <s <r < oo, wzthr;é = ifs <d, andwzthr<df—dzfs< 1- Then, for
all h € Cp(D) with fD\Ih =0, there exists z € Wo1 S(D)¢ such that

D(z)|r =0, and div(z) =hlp\s in D,
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drs : : —
and forall p > s v T 55’ with p > d ifr = s,

IVzllis 0y Spors KDY AD: 1, 25)[1hl|Lr 0\ 1) (33)

where we recall the definition (2.20)-(2.21) of A.

3.1. Cutoff functions

We start with the construction of suitable cutoff functions for the inclusions {, } in their
neighborhoods {7, },. The open subsets {.J,/ }; in the statement below are neighborhoods
of quasi-contact points, that is, neighborhoods where 81, and 91, are very close; see Fig-
ure 3. The proof is inspired by the work of Jikov on homogenization problems with stiff
inclusions, e.g. [20, Section 3.2], and is also analogous to computations by Gérard-Varet
and Hillairet in [16] for the drag force on a sphere close to a wall. This result is easily
adapted beyond Assumption (H)) to cover higher-order quasi-contacts between the parti-
cles, then leading to a worse dependence on the distance p;,.

Figure 3. This displays a configuration of close particles. Disjoint neighborhoods {1 ,;" }n are repre-

sented around the particles, and suitable neighborhoods {.J;] } j of quasi-contact points are drawn in
light gray.

Lemma 3.3 (Cutoff functions). Let Assumptions (Hg) and (H) hold, and let a realization
of the random set I be fixed. For all n, there exists a function w, € W01’°°(1n+; [0, 1]) with
Wy |1, = 1 such that forallr > 1,

pn27 > d;rl ,
1
INwallr gy Sr | llogpulr 1 = 2, (3.4)
d+1
1 r < >
and d+1
-2
pn2r > di—l’
1
IV2wallr gy Sr | flogpalr o7 = 451, (3.5
1 Cr o< d+1
cr< 4L
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In addition, there is a collection {J,,’ }]A/lz”1 of open subsets of the form J,,j = B(x,{, éS) N
LF, with My, <1 and dist(J,{, J,f) > %Sfor all j # k, such that

”wn”Wz,oo(Ir;F\U;W:nl J'{) 5 17
and forallr > 1,

d+1_3

anr 2 > d-3i—1,

v < L d+1

1;'1?1(\4,, N —x) |V w"”L’(J,{) Jr g [logpalr r= lﬁ, (3.6)
. +
1 r < —3 -

Proof. Under Assumption (H), the construction of the neighborhoods {J,,j }j-wz"l is trans-
parent, cf. Figure 3, and we only need to construct w, in one of those sets. In view of
the definition of the parabolic domains F;tl .a,(P), cf. (2.2), it suffices to construct a cut-
off function w4, 4, in Bs C R x R4~! such that wh, 4, = 0forx; < —p+ $|x’|2 and
/|2

wgl,az =1 for x; > %|x . By assumption we consider a; > a; > § with % — % > §,

and by scaling it suffices to consider a; = 1. More precisely, we consider the set
E={(x;.x)eRxRI™ x> 1, x| <1},

and, given p > 0anda > 1 with 1 — % > §, we construct a cutoff function ws € C bl o1 (E)
such that ws = 0 for x; < —p + 1|x’|? and wf = 1 for x; > |x'|?, and such that for
allr > 1,

Pl ir > at1
IVwillr gy Sr { llogplr o r = 4EL 3.7
1 r< %,
pa T ir > 4L
IV2wellr gy S § llogplr o r = 4FL, (3.8)
1 r< %,
pdztl_% r > %,
I1V2wl i ey <r { flogplr @7 = 45, 3.9)
1 r< d%.

In other words, we need to construct a suitable interpolation between 1 and 0 in the domain
enclosed by the two parabolas,

(e, ) € Rx R —p 4+ LX) < xy < WP, 1] < 5

As we aim to construct a C 1! test function, we cannot use linear interpolation: instead of
the linear function #°(¢) = ¢ with 1°(0) = 0 and 2°(1) = 1, we rather consider as in [16]
the cubic function

h(t) :=t>(3 —21),
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with 2(0) = 0, &(1) = 1, and /' (0) = A'(1) = 0. We then define

0 X1 =—p+ %|xl|2a
1 1
P(x) 1= wP(xy,x') = h(— + x ——x'z) —p 4+ LX1? < xp < X2
wg (x) = wg(xr, x) Gg(x’)(p 1 a| 1) p+ X7 =x1 = X
1 Dxp = P

where for abbreviation we denote by 6% the horizontal distance between the two parabolas,
60() = p+ (1= DHIX'P.

We check that w’ belongs to C "1 (E) and it remains to establish the estimates (3.7)—
(3.9). Recalling the assumption 1 — % > §, a direct computation shows that there holds
for —p + 1|x/12 < xy < |x'?,

Vw0 < (o + X)L V2wl < (o + 15172 (3.10)
We start with the proof of (3.7). Using (3.10), evaluating the integral over x;, and using
radial coordinates, we find

1 —
Sd2

2
prrﬁf +x’21_rdx’§/ — ds,
[ s

which proves (3.7) after evaluating the integral. The proof of (3.8) follows the same lines
and is skipped.
We turn to the proof of (3.9). For —p + 1|x/|> < x; < [x/|? and |x'| < §, we find

x| < xq| + [X'] < p+ [X].

Combining this with (3.10), evaluating the integral over x, and using radial coordinates,
we find

/|-|’|V2w5|’ < p’[
E Ix'|<3

< , 2 sd—z d 2 Sd+r—2 d
~ P /(; (p+s2)2r—1 S+/(; (p+s2)2r—1 Ss

which proves (3.9) after evaluating the integrals. ]

(p+ |xl|2)l—2r dx'—i—[ |x/|r(p+ |xl|2)l—2r dxl

1
[x'|<3

3.2. Proof of Propesition 3.1

Starting from a Stein extension of g, the argument relies on the cutoff function constructed
in Lemma 3.3 in order to make this extension vanish on the boundary d/,}. A naive cutoff
would however break the incompressibility property and cause serious trouble, especially
close to quasi-contact points. Instead, in the spirit of [12], taking inspiration from calcu-
lations by Gérard-Varet and Hillairet in [16], we take cutoffs at the level of the vector
potential. We split the proof into three main steps.
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Step 1. Extension to I,}.
Given g € Cb1 (I,)¢ with div(g) = 0, we construct an extension Plg e HI (I, + B)¢
such that

D(Plg)l;, =D(g). and div(P'g)=0 inl, + B, (3.11)

andforall 1 < s < o0,
IVP) gllis+8) <s ID@)llus - (3.12)

For that purpose, let us first choose V, € R? and ©® ¢ € M**¥ guch that Korn’s inequality
yields forall 1 < s < oo,

lg — Ve — Ogxllwrscr,) Ss 1D(@)Isz,)- (3.13)

Next, in view of the C2 regularity of I,,, cf. Assumption (Hg), we can choose a Stein
extension PPg € Cl(I, + B)? with P0g|;, = g — Vg — ©gx, such that for all s > 1,

IPYgllwiscr,+B) Ss 18 — Ve — Ogxllwrsc,).
and thus, by (3.13), forall 1 < s < o0,
IPLglwrsr,+B) Ss D@ lILsz,)- (3.14)

It remains to apply a cutoff to P2g to make it vanish on the boundary d(I, + B)
while keeping the properties in (3.11). For that purpose, choose a cutoff function y €
C(Iy + B) with y|;, = 1 and || x|lw1.eoz,+5) S 1. By a standard construction based
on the Bogovskii operator, e.g. [13, Theorem III.3.1], since the compatibility relation

/ diV()(P,?g):—/ g-v:—/ div(g) =0
(In+B)\In al, I,

holds, there exists z,(g) € HO1 ((In + B) \ I,)? such that
div(zx(g)) = div(xP,g) in (I + B)\ I,
and forall 1 <s < oo,

IVzn()ILs tp+BNI) Ss 1diVOXPL s (Lt B\ L)

Expanding the divergence in the right-hand side of this estimate, and using (3.14), we find
foralll < s < o0,

IVZn (@) i ((tptBNL) Ss | Prgllwisa,+8) Ss ID@) s r,)- (3.15)

Now we define
Plg:=yPlg—zu(g) € H{(I,+ B)?,
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which indeed satisfies P, gl;, = Plgli, = § — Vg — Ogx and div(P,g) = 0, hence
(3.11). In addition, combining (3.14) and (3.15) yields for all 1 < s < oo,

IVP) glisro+B) S IPLglwist,+8) + IVZn (@) ILs ((tu+BN L) Ss IDE@)ILs (2,)-

that is, (3.12).
Step 2. Matrix potential for P} g.
We construct a matrix field o[P, g] € C! (R4)2%d that decays at infinity such that

skew

div(a [P, gDI;+ = P, gl;+ (3.16)
and such that for all ddTl <s<ooand p>d,

Vo Pl s(Rd 5 D ds_ ’
IValP, glllismay s |l (g)||Ld+s(]n) (3.17)

IVa [P, gl omay Sp ID)ILr(z,)-

For that purpose, we extend P! g by 0 to R¥, viewing it as a compactly supported element
of H'(R?)?, and for all i, j we define Voi;[Plg] € L?(R?)4 as the unique solution of

— Noy[Plgl = 8:(Plg); —d;(Ple)i inR7. (3.18)

In view of (3.12), Calderén-Zygmund potential theory yields Vo;; [Pl g] € W5 (R?)4
for all 1 < s < co. Moreover, as P)g is compactly supported, Riesz potential theory
ensures that o;;[P,! g] can itself be uniquely chosen as a decaying element in C L(RY).
Uniqueness and the form of the right-hand side in (3.18) ensure that [P, g] is skew-
symmetric. Taking the divergence in (3.18), and using that div(P,! g) = 0, we find

—Adiv(o[P!g]) = —AP!g inRY,
which entails
div(o[P, g)) = P, g

that is, (3.16). It remains to check (3.17). First, for all % <s <ooand p >d, the
Sobolev embedding gives

1 < 2 1
IVolP gl S V0[Pl o, o

IVolP, glllLomay Sp IVOIP glllwrr@a)-
Second, for all 1 < s < oo, Calderén—Zygmund potential theory for (3.18) gives
IV20 [P, glllisray S5 1V Py gllusmays (3.19)
IVo P glllismay Ss 1Py & llus a)-

Combining these two ingredients, appealing to Poincaré’s inequality for P!g supported
in I, + B, and using (3.12), claim (3.17) follows. For future reference, we note that a
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similar argument also gives, for all = d <s<ooand p >d,

Plo|s <, |ID P
[Py &llLs ey Ss |l (g)IILng(In) (3:20)

1P, glliooway Sp ID@)ILe(z,)-

Step 3. Conclusion.
Recall the cutoff function w, € H (1,}) that we constructed in. Lemma 3. % as well as the
collection of neighborhoods of qua51 -contact points J, S = B(xn, Ionrt1<j<m,.

Recalling that dlst(J,{ A ky > rol L5 for j # k, we further define enlarged nelghborhoods

Il c T =BG, SN LT c I =Bk L6 NI

which then satisfy dist(J,'f s J,{C +y > %8 for j # k, and we abbreviate these as

M, M,
J Jt .= Jit ++ . J++
J,,._UJ, LE= Rt =
J=1 Jj=1

We split the proof into two further substeps, first constructing the extension P, g close to
quasi-contact points in J,", and then completing the construction globally.

Substep 3.1. Construction of P, g close to quasi-contact points.
G1ven1<s<r<oow1thr7é S ifs <d, andw1thr<ﬁ1fs<dd—l,we
construct a vector field P2g € H|} (I n+ )4 such that

P2gl s = Paglyns+. and  div(Prg) =0 in L], (3.21)
and for all p zsv#,withp >difr =s,

||VPn2g||LS(In+) Spors P«r(pn)”D(g)”LP(In)v (3.22)

where we recall the notation (2.21) for .. For all j we first choose a smooth cutoff
function y;, € C*®(I,}) such that

X£z|‘]r{+ =1, X£|I,T\J,{’++ =0, ||Xn||W200(]+) 1.
Given a collection of matrices {@,11 }}1‘4:"1 C M*ke¥ to be fixed later, we then define
My
P2g:=Y_div(w,x;}(a[P,) g] - ©))). (3.23)
j=1

By definition of wj,, this is supported in I,j“ and satisfies, in view of (3.16),

Pn2g|]nmjn+ = diV(G[P,,lg])|Inan+ = Pnlg|1nmjn+-
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Moreover, since o[P!g] — ®} is skew-symmetric, we obviously have div(P?g) = 0. It
remains to estimate the norm of VP2 g. To this aim, using (3.16) again, we compute

VPlg = Z V(wa s Prg) + Z V((o[P) gl — O}V (wnx))).
Jj=1 j=1

Expanding the gradients, smuggling in the weights x + |[x — x,{ |, and using Holder’s
inequality, we find forallr > s > 1,

IV P gllsry S IV PR glsrdy + IV @n i) sy 1P g, VoI P gD 2 gy
M,
+ Y M= XV @a D
=1

x ||| —xi |7 (o[P)g] — ) (3.24)

LS (1)
and thus, inserting the estimates of Lemma 3.3 for norms of the cutoff function w;,, and
recalling the definition (2.21) of u,,

||VPn2g||LS(1n+) <r Mr(pn)(”VPnlg”LS(I,j') + ||(P,,1g, VU[P,,lg])”L%(Lj)

My
+ D= Ol = Ol ey ) 329
j=1

We estimate the right-hand side in two different ways, corresponding to two different
choices of the constants {©;, }%‘1 and allowing for complementary ranges of exponents.

* Case 1. Choosing OJ =O0forall j,given 1 <s <d andr > =, withr < d+s T

d_ drs
if s < 2%, we obtain forall p > s v dG—s)Frs°

IV PFgls iy Srs e (o) ID(@) Lo (2,)- (3.26)

For that purpose, we appeal to Hardy’s inequality in the following form (see e.g. [23,
Sections 1.3 and 12.8]): for all xo € R4 and 1 < p<d,

1= xol ™ 0[Py glllLr ey Sp IVOLP &llLray-

Choosing @j = 0, and inserting this estimate into (3.25), we find for all r > s > 1
with 22 < d,

IIVPngIILs(I;) Sres e () IV Py gllus ey + 1(Pa g, VOIPL gD 25 gay)-

and claim (3.26) follows from (3.12), (3.17), and (3.20).

* Case 2. Choosing el = o[P} g](xn) forall j, given 1 <s <r < oo, with r <
if s < d, we obtain forall p > s Vv d(rdm,wnhp >difr =s,

ds
—s

IVPZglls 1y Spars ir (o)D) Lo (r,)- (3.27)
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For that purpose, we appeal to Hardy’s inequality in the following form (see e.g. [23,
Sections 1.3 and 12.8]): for all x¢ € In+ andd < p < o0,

- = xol ™' (0[P, ] = 0[Py &lxoD Lo rry Sp IVOPy &llLr ray-

Choosing @{; = o[P} g](x,’,.), and inserting this estimate into (3.25), we find for all
r>s>1with = >d,

IV P28l iy Srs 1 () IV P gllsray + (P g VOIPEGDI g ).

and claim (3.27) follows from (3.12), (3.17), and (3.20).

Combining (3.26) and (3.27), and choosing the constants {®£ }j-wz”l accordingly in the
definition (3.23) of P?g, claim (3.22) follows.

Substep 3.2. Construction of P,g away from contact points.

Let 1 <s <r < oo be fixed, with r # dd_ss if s < d, and with r < ﬁifs < %.
Choosing a cutoff function { € C2°(I,1 \ J,) with §|In\Jn+ = 1and ||§”W"°°(I,T\Jn) <1,
we consider the vector field

Ong :={(P g — P}9),
and we note that in view of (3.21) it satisfies
Onglt, = (P, g — P)l1,. (3.28)

hence in particular div(Q,g)|7, = 0. As this yields the relation

/ div(Qng) = — / (Ong) v =— / div(Qng) = 0,
LN, UJTy) AIn\Jn) I\Jn

we can appeal to the same construction based on the Bogovskii operator as in Step 1: there
exists 2, (g) € HJ (I} \ (I U J»))? such that

div(z,(g)) = div(Qng) in I;j— \ (In U Jp),

and
IVt (s r0\cryuayy Ss 1dVQn@) s 11 g, (3.29)

Here comes the restriction to d > 2 as the set 1,7 \ (I, U J,,) is typically not connected
in dimension d = 2; see Remark 3.4 below. In these terms, we finally define

Pyg = Pnzg+Qng_tn(g) EHOI(I:_)’
which satisfies, in view of (3.28),

Pugli, = PZgl1, + (P, g — P29, = P, gli,.
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and also div(P,g) = 0 by definition of #,(g). In addition, combining (3.29) with the
definition of 0, g, we find

”vpng”LS([;') s ||VPnzg||LS(1,j') + ||ing||LS(1,j') s ”(Pnlgs Pnzg)”Wl,S([n*')v

hence, using Poincaré’s inequality and inserting (3.12) and (3.22), for all p > s Vv

drs : : _
m,WlthP >difr =9,

”VPng”LS(],j') Sp,r,s //Lr(Pn)”D(g)||L1’(I,,)~
This concludes the proof. ]

Remark 3.4 (Two-dimensional case). The restriction to d > 2 is due to the impossibility
of fixing a stream function cr[Pn1 g] that would vanish at all quasi-contact points. More
precisely, in Case 2 of the above proof, we adapt the stream function O[Pnl g] locally by
making it vanish at each quasi-contact point (cf. choice of @f; in (3.23)), and modifications
are then glued together in 7, \ J, while the field must remain divergence-free and keep
the same symmetric gradient in /. In two dimensions this is not possible since 1,7 \
(I, U Jy,) is not connected whenever I, has multiple quasi-contact points. Due to this
geometric rigidity in two dimensions, the above proof is no longer valid: we must abandon
the cancellation of the stream function at quasi-contact points and rather consider the
extension operator
Pg = div(wna[Pnlg]).

The bound (3.24) then becomes, forall r > s > 1, with r < 22—_ss ifs <2,

IVPglsry S IVPLgllsry
+ [[Vwy, ||W1,r([,j')(||Pnlg“L%(R2) + ”U[P”lg]”Wl’%(Rz))
Ses VP ey + VWl | Pagll s sy

where we used the Sobolev embedding, the bound (3.19) on o[ P,! ], and Jensen’s inequal-
ity. Combining this with (3.5), (3.12), and (3.20), we deduce forall r > s > 1, withr < %

if s <2,and forall p > s v 525, with p > 2if r =5,

~ 3 9
||VPg||Ls(1,jr) Spors Pn D) ILr(r,)-

Replacing Proposition 3.1 by this extension result would lead to corresponding two-
dimensional versions of our main results; we skip the detail for brevity.

3.3. Proof of Lemma 3.2

The starting point is the following standard construction based on the Bogovskii operator,
e.g. [13, Theorem II1.3.1]: given a domain D as in the statement, and given & € Cp(D)
with fD\Ih = 0, there exists z° € H| (D)? such that

div(z®) = hlp\y in D,
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and forall 1 < s < o0,
IVz2lluspy S5 KDY T IANs (o1 (3.30)

Next, given 1 < s <r < oo, with r # %ifs < d,and with r < ﬁifs < %,we
appeal to the extension operator P, that we constructed in Proposition 3.1, and we define

z:=2%— Z Pn(Z°1,).
n

By the properties of P, we find
D(z)]z =0, and div(z) = div(z®) = hlp\, in D,

and forall p > s v g8 — with p > d if r =5,

IVzltspy S IV2lsoy + Do IVPaCOIn) s

n:I,ND#Z
Sors IV + D s’ IDEO 5,
n:I,ND#J
< 2 _% 0s
~ |D| + Z Hr(pn) 7= [Vz “LP(D)’
n:I,ND#J

where the last bound follows from Holder’s inequality. Combined with (3.30), this yields
the conclusion. |

3.4. Proof of Theorem 4

We split the proof into three steps.

Step 1. Given ¢, S, f asin (2.16), and given 1 < 8 < oo and «, r as in (2.17), we show
that for all n there exists z, € W%(I,)¢ such that

2/ D(g):D(zn)zf g-f—zf D(g):q VgeClH) divig) =0 (3.31)
I, 7 L\,

and
IDGle) Sapr e Ip-rsgy + sy (332

While the left-hand side in (3.31) only involves the restriction g|7, € Cb1 (I,)¢ of the
test function g, the right-hand side involves its extension g € C1(1,f )2 In view of con-
dition (2.16), the choice of the extension does not matter. Given 1 < 5 < r < o0, with
r# dd_ss if s < d, and with r < ﬁ ifs < %, we recall the extension operator P,
that we constructed in Proposition 3.1, and problem (3.31) then reads

2 /I D(g) : D(za) = Falg) Vg € Cl(In) : div(g) = 0, (3.33)
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where we have abbreviated
Fa@)i= [ (P f -2 DR
I,?— IrT\In
By Proposition 3.1, we find forall p > s v ﬁ, with p > d if r =,
|Fn ()] < (”f”Wfl,s’(];r) + ||q||Ls’(1n+\1n))||VPng||LS(1n+)
Spors Mr(Pn)(”f”Wfl,s’(]j) + ||q||Ls’(1”+\1n))||D(g)||Lp(In)~

Appealing to the L? ' theory for the Stokes equation, e.g. [13, Section I'V.6], we deduce that
there exists a solution z,, € W%?'(I,,)¢ of problem (3.33) (unique up to a rigid motion),
and that it satisfies

”D(Zn)”Lp’(]n) Spors Mr(Pn)(”f”Wfl,s’(],jr) + ”ans’(],jr\]n))‘

Setting @ := p’ and B := s’, this yields claim (3.31)—(3.32).

Step 2. Construction of extended flux.
Given 1 < 8 < oo and «, r as in (2.17), define

G :=qlga\r + Y _D(n)ly,.
n

with z, as constructed in Step 1. Given g € C} (R9)? with div(g) = 0, we may decompose
g=go+) g 8 :=g— Pug &= Pug
n n

Using (2.16) with test function g., and using (3.33) with test function g,, we are led to
the following integral identity:

2/ D(g) : § =/ g-f VgecC R :div(g) = 0. (3.34)
R4 R4

Next we prove bound (2.19) for g. Given a bounded domain D C R4, summing (3.32)
over all particles, appealing to Holder’s inequality, and using the Sobolev embedding
LAB/@+B) s =1 we find

1G1fepy < Nalfenn+ D IDGEDIfeq, (3.35)
n:I,ND#Z
Saprldlfenn + D m(pn)“(nfnwlﬂ(,+)+||q||Lﬁ(,+\,))ﬁ
n:I,ND#Z
1—
Ba_
3 (|D|+ > ur(pnw) <||f||“iA+||q||Lﬁ(D\I)>
n:I,ND#D d+8 (D)

where we recall the notation D = D U Un:1,np+2 L.
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Step 3. Construction of extended pressure.

In view of e.g. [20, Proposition 12.10], the relation (3.34) for the extension ¢ ensures the
existence of an associated pressure field Se LIIOC(Rd), uniquely defined up to a global
additive constant, such that

[ p@:ei-Sw=[ s veecimy (336)
R4 R4
that is, — div(2g — §Id) = f in R?. It remains to prove bound (2.19) for S.Forall R > 1,

by a standard use of the Bogovskii operator, e.g. [13, Theorem II1.3.1], we can construct
zR € Wy (Br)? such that

div(zr) = (TR|TR|a_2 —f

Bgr

TR|TR|a_2)]lBR, Tr := §—f §,
B

R
5- f 5
BRr
Testing (3.36) with g = zg, we find

/RdS‘div(zR)zszdD(zR):q—/RdzR-f,

and thus, using the properties of zg,

51

Combined with (3.35), this yields the conclusion (2.19). [ ]

and
a—1

-2
IVZRI 3y Se ITRITRI* 2o () S

L*(BRr)

S llw-rery + 1G1lLe(BR)-

L*(BRr)

4. Homogenization

This section is devoted to the proofs of Theorems 1 and 3. While Tartar’s oscillating
test function method as used in [7] is not quite appropriate to the present setting without
uniform separation, we provide an alternative argument based on div-curl ideas combined
with the extension result in Theorem 4, as inspired by the work of Jikov ([24, 25]) on
homogenization problems with stiff inclusions (see also [20, Section 3.2]).

4.1. Construction of correctors

We start with the proof of Theorem 1, which we shall deduce from our results in [7]
for uniformly separated particles, via an approximation argument together with suitable a
priori estimates. The improved pressure estimates in Proposition 2 are deduced simulta-
neously.
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Proofs of Theorem 1 and Proposition 2. Given?2 <r # dz—jiz andl <o <2A %,

with @ < % if r = 2, we assume that interparticle distances satisfy
2a
> Elpr(pn) > loer,] < 0. 1)
n

and we shall then prove Theorem 1, with pressure g in L¥(2) provided o > 1. Opti-
mizing in r further yields Proposition 2. We split the proof into two main steps.

Step 1. Approximations with uniformly separated particles.
For0 <k < %, we consider the restricted inclusions

n

1€ .= {xeln:dist(x,8ln)>’<}’ I* ZZLJI”‘(7
n

which still satisfy Assumptions (Hg) and (HY) with § replaced by % and with minimal
interparticle distance p;, > « (cf. (2.3)), thatis, (X +«B) N (I, +kB) =@ foralln # m.
In this context with uniformly separated particles, we may apply [7, Proposition 2.1],
which ensures the existence and uniqueness of a corrector ¥, and of an associated pres-
sure X that satisfy the different properties stated in Theorem 1 with I replaced by .I*.
In addition, we show that the following moment bounds hold uniformly with respect to
the parameter k > 0: for « as in the moment condition (4.1),

E[IVyEI2] S |EP, (4.2)
E[ 2% |*1ga\ 7] S |E[*. 4.3)

These two estimates are established in the following two substeps.

Substep 1.1. Proof of (4.2).
In terms of the extension operator P, that we constructed in Proposition 3.1, we consider
the stationary random vector field

¢% ==Y Pu(E(x — xp)).

and we show that it satisfies
(D(¢z) + E)lr =0, div(gy) =0. E[D(¢3)°] SIEF>. E[D(¢r)] =0. (4.4)

The first two properties follow from the construction of P, with D(P,(E(x — x)))|1, =
E and div(P,(E(x — x,,))) = 0. Next, stationarity allows us to write

E[ID($3)P] = EM |D(¢g>|2] - E[Fi' > [, b - xn>>>|2],

hence, by Proposition 3.1,

BIDGRIP) S 1EPE[ e 3 |

n:IFNB#@
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This can then be estimated, by stationarity, as
o 1
E[ID@3)] < IEP E[ﬁ /B ZMz(Pn)z]lIn] <IEP E[Z Mz(Pn)z]loeln},
3 n n

so that the third property in (4.4) follows from the moment assumption (4.1) with r = 2
and o = 1. Finally, stationarity allows us to write, for all R > 0,

E[D(#3)] = EM D(¢>z~)]

hence, inserting the definition of D(¢3) € L2(Q), and letting R 1 oo to neglect boundary
terms,

EDRI =~ m |17 Y [ D EG -],
n:I;F CBg In
Combined with the observation that | I D(P,(E(x — x,))) = 0, this concludes the proof
of the last property in (4.4).
With this construction at hand, and noting that 7% C I, testing the variational prob-
lem (2.6) for ¥} with the test function ¢ yields

E[D(v§) + EI’] <E[D(¢3) + E[!] S |EI. 4.5)

It remains to turn this into an a priori estimate on the full gradient V. For that purpose,
we decompose

IVYEl? =2DWE)* = V;(WE)iVi(VE);- 4.6)
For all R > 1, choose a smooth averaging function yg € C® (R?;R™) such that yg is

constant in Bg, vanishes outside B, g, and satisfies fRd xr =1land |Vyg| < R™4~1 An
integration by parts together with the constraint div(y;) = 0 yields

/ xRV (YE)iVi(Vg); = —/ (Vir ® VEg) : VYE,
R4 R4
and thus, by definition of y g and by scaling,

M{d ARV, W ViWE)j | S IRTYER) 2y IVVE (R 28y

Passing to the limit R 1 co and appealing to the ergodic theorem, in view of the stationarity
of Vi and the sublinearity of ¥, cf. (2.9), we deduce E[V; (¥ ): Vi(¥5);] = 0, so
that the decomposition (4.6) entails E[|[Vy%|*] = 2E[|D(y%)|?] and bound (4.5) yields
claim (4.2).

Substep 1.2. Proof of (4.3).
We appeal to Lemma 3.2 in the following form (with s = 2 and p = «’, with «, r as in
the moment condition (4.1)): there exists z%, € HO1 (Br)? such that D(z%)|x = 0 and

aivh) = (THTE 2~ £ TRTEe e, TR=s5-f

R\I¥ R\I¥
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and such that
. 2 -2
IV25 250y Sar ABR: 7 2N THITEI 2l e 30200

po3 —f po3
BR\I¢

Testing the corrector equation (2.8) for (Y, £ ) with this test function z%, we find

a—1

S ABriT 322

~ ' 2—a

L¥(BR\I¥)

/ % div(z%) = 2 / D(z%) : D(Vg),
Bpr Bpr

and thus, using the above properties of z’,

75,
BR\I¥

Dividing both sides by R/, recalling the definition (2.20)—(2.21) of A, passing to the
limit R 1 oo, and appealing to the ergodic theorem, recalling that Vi and X, are sta-
tionary with vanishing expectation, and using (4.2), we deduce

Sar ABr:r Z)IIDWE)2(8)- 4.7)
LY(BRr\I¥)

2—a
20

1 20
E[|S%[*1ga\p]* |E|(1 + 3 Elur (o) 5 ﬂoa,,]) ,
n

and claim (4.3) follows from the moment assumption (4.1).

Step 2. Conclusion.

In view of the uniform bounds (4.2) and (4.3), provided « > 1, we may consider some
weak limit point (VYg, Zglgayp) of {(VYE, B 1ga\ 1e) heo in L2(Q)7*4 x L¥(Q)
as k | 0. It follows that Vi is stationary with vanishing expectation and finite second
moments, that it satisfies div(yg) = 0 and (D(¥g) + E)|7r = 0, and that D(y/g) is the
unique solution of the limiting variational problem (2.6). Moreover, passing to the limit in
the weak formulation of (2.8), we find

> / D(g) : D(Yr) = / Spdivig) Vee ClRD :D(g); =0,  (48)
Rd ]Rd

hence, in particular,
—AYg +VEg =0 inRY\I. (4.9)

The pressure field X g in this equation is uniquely defined up to a global constant in view
of the almost sure connectedness of R? \ I, and is thus fully determined by the condi-
tion E[Xg1ga\z] = 0. In addition, in view of the regularity of the particle boundaries,
cf. Assumption (H3), the regularity theory for the Stokes equation (e.g. [13, Section IV])
entails that (Y, £g) is C2 smooth in R4 \ I up to the boundary, and equation (4.9) is
thus satisfied in the strong sense. Next, for all n, forall V € R? and © € MKW in terms
of the cutoff function w,, that we constructed in Lemma 3.3, we may test equation (4.8)
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with g = w,(V 4+ O(x — x,)) € Wol’a,(l;r), which indeed satisfies D(g)|7 = 0, and an
integration by parts then yields

0= / D(wa(V + O(x — x,))) : 0(VE + Ex, ZE)
R4

=— | (V+0O—xu)-0g+ Ex,Xg)v,
I,

showing that the boundary conditions in (2.8) are almost surely satisfied in a pointwise
sense. Finally, the weak convergence of (V{ g, Xglga\r)(3) to 0 in (2.9) follows from
E[(VYE, Zglga\ )] = 0 by the ergodic theorem, while the sublinearity of ¥ £ in form
of the strong convergence of e/ (;) to 0 is a standard result for random fields with
stationary gradient having vanishing expectation, e.g. [20, Section 7]. ]

4.2. Extension of fluxes

Applying Theorem 4 to the corrector ¥ g, cf. (2.8), and to the solution u, of the Stokes
problem (2.13), we obtain the following useful extension result for the fluxes:

qge ‘=DWE)+ E, pe:=D(ug).

Corollary 4.1. On top of Assumptions (Hf) and (Hj), given a bounded Lipschitz domain

UCRd,andgiven2§r7é%andl<oc§2/\%,witha<%ifr:2,

assume that interparticle distances satisfy the following moment condition, almost surely:
lim sup &4 Z Iy (,on;U,E);Taa < 0. (4.10)
&y0 neN:(U)
Then the following properties hold:
() Forall E € My"™, there exist a stationary element G € L*(2; L%, (]Rd)fyfnd) with
tr(Ge) =0, and associated stationary pressure field X g € L*(2; Ly (R4)), such
that almost surely,

GE. SE)|Igavr = (qE. DE)|Ra\ 1>
(q th = (g le \Z @1
—divQ2jp —Sp1d) =0 inRY,

and
lgz i@ + 1€ ~ E[EE] @) Sar [E].
(ii) There exists pe € L*(R; L"‘(U)f;ﬁld) with tr(pe) = 0, and an associated pressure
field Ss € L*(:L*(U)), such that almost surely,
(Pe. SOl 2.y = (Pe. S\ 1.w).

—div(2p: — S:1d) = flpnr.@w) nU,

i—f@
U

4.12)

and

i De |1 o <
hmsup(”]’a”L ) + ‘ ) ~U,a,r ”f”LdL-fZ(U)

&0 L*(U)
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Proof. We split the proof into two steps.
Step 1. Proof of (i)

The corrector equation (2.8) ensures that the flux gz = D(V¥g) + E € L?(Q;L2
satisfies tr(gg) = 0 and

loc (Rd )fyxmd)

[, p@:az =0 vge @) divie) =0, Diglr = .

(R4)4xdY) with

Given «, r as in (4.10), Theorem 4 provides an extension §g € L*(€2; LY oym

loc

tr(jg) = 0, and an associated pressure field Sz € L¥(Q; Lloc(Rd)), such that
Gelga\; = gelga\s. and  —div(2Ge — Zp1d) = 0 in R, (4.13)

and such that the following estimate holds, for all R > 1:

Sar ABRF 2 4El g (H14)
L¥(BRr)

19 By + HEE —][ Sk
Br
In addition, the construction in the proof of Theorem 4 ensures that gg can be chosen
stationary. Since g coincides with gz = D(¥g) + E on R? \ I, we deduce from (4.13),
in particular,
—AYg +VEg =0 inRY\I.

In view of (2.8), recalling that R¢ \ I is almost surely connected, we deduce that the
pressure $ £ must coincide with £ in R? \ T uptoa global constant. Therefore, SEis
uniquely determined for instance by the choice ¥ g IRa\ = Y |ga\ r- For this choice, as
gE and X g lga\ ; are stationary, uniqueness entails that X g is also stationary.

Dividing both sides of (4.14) by R/, recalling definition (2.20) of A, passing to the
limit R 1 oo, appealing to the ergodic theorem, in view of the stationarity of Gg, SE,and
using the energy bound E[|g£|?] < | E|?, we obtain

2—a

" ~ ~ 20 2a
lgzll=@ + IZE = E[E£]lie@) Sar |E| (1 + Y Elur(pn) > ﬂOGIn])
n

Combined with the moment condition (4.10), with 1, (0r) < tr(pPn;v.e), this yields the
conclusion.

Step 2. Proof of (ii).

Equation (2.13) ensures that the flux p, = D(u,) € L*(Q; L2(U)fyfnd) satisfies tr(pg) =0
and

2 f D(g) : pe = / g-f VgeC U :divig) = 0. D(e)|1.w) = O.
U U\I.(U)

Given «, r as in (4.10), Theorem 4 provides an extension p, € L%(2; L*(U )fy’l;d) with
tr(pe) = 0, and an associated pressure field S, € L%($2; L*(U)), such that

pelonnwy = pelonn@wy, and  —divQpe — Se1d) = flp\rw) in U,
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and by scaling, the estimate (2.19) takes on the following guise:

sz_f@
U

2—a
2a

20
Suer (|U| + g4 Z Mr(Pn;U,s)z_“)

L*(U) neN.(U)

(171

| Delle@w) + ‘

- + I Pellz @\ .y
Combined with the energy bound | pelli2w\z,wy) < IIf i24/@+2 ), and with the
moment condition (4.10), this yields the conclusion. [

Remark 4.2. In view of the construction in the proof of Theorem 4, it is easily checked
that the above-constructed extended fluxes g, p. can be viewed as limiting fluxes for cor-
responding Stokes problems with a suspension of droplets with diverging shear viscosity.
More precisely, for all k > 0, we consider the following corrector problem:

—div(2(lga\; + kK1)(DEE) + E)) + VIS =0 inRY,
div(yX) =0 in RY.

Under the assumptions of Corollary 4.1, in the limit « 1 oo, there holds D(yj,) — D(V'E)
in L2(£2) and corresponding fluxes converge,

2(Iga\z + k1) (DEWE) + E) — X5 1d —~ Gg  inL*(Q),

and a similar result holds for p.. We skip the detail for brevity.

Next we compute E[gg] and IE[E) E |, which happen to provide alternative definitions
of the effective constants B, b. Note in particular that these ensemble averages do not
depend on the actual choice of the extension gg in Corollary 4.1 (i).

Lemma 4.3 (Effective constants). On top of Assumptions (Hy) and (Hg), let (GE, ) E) be
defined as in Corollary 4.1 (i) for some o > 1. Then we have almost surely, as ¢ | 0,

loc

Ge(;) ~E[Gel = BE, Ep(;) ~E[Eg]=-b:E, weaklyinL¥ (R?). (4.15)

2d

713 these convergences are almost surely strong in H]gcl (R9).

In addition, provided o >

Proof. We split the proof into two steps.

Step 1. Proof of weak convergences (4.15).

As gg and S are stationary, the ergodic theorem implies almost surely the weak con-
vergences Gg(;) — E[gg] and fJE(E) - E[EE] in L{’(‘,C(Rd), and it remains to compute
these two expectations. For that purpose, up to an approximation argument as in the proof
of Theorem 1, we may assume without loss of generality o > dz—fz. We split the proof into

two further substeps.

Substep 1.1. Proof that BE = E[Gg].
For all R > 1, we set yg := R™¢ )((%-), for some smooth averaging function y €
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cx (R?;R™) such that y is constant in B, vanishes outside B, and satisfies Jra x =1.
Given E' € My, as g = D(y'g) + E is stationary, definition (2.7) of B and the ergodic
theorem yield almost surely,

E':BE =E[ge : q5] = Jim | xrqE g (4.16)

Since gg vanishes in I, cf. (2.8), and since gg coincides with its extension g in R4 \ 7,
we find
qe' 1 qe =qE :4e = E': G + DY) 1 GE.

Inserting this identity into (4.16), and noting that the ergodic theorem implies the almost
sure convergence [ps xRGE — E[§E], we find

E':BE = E' :E[jg] + lim/ ¥rDWE)  dE. (4.17)
Rtoo JRd
In order to prove the claim B E = E[§g], it remains to show that the last limit vanishes:

lim xrRDWE) :gg = 0. (4.18)
R?too JRd

Integrating by parts, using properties (4.11) of the extensions (Gg, k), and using the
constraint div(yg/) = 0, we find

/ XRDWE) 1 4 = / D(xrVE) : 4E —f (Vxr®VE) : GE
R4 R4 R4

: /R Spdiviave) - /R (ViR ®YE) e

1 -
-3 /R (VxR ®vE): Cir - Sp1d),

The relation div(yg/) = 0 entails f]Rd Vxr - ¥E = 0, which allows us to add any con-
stant to the pressure X g in the right-hand side. In view of the properties of the averaging
function y g, Holder’s inequality leads to

'/ IRDWE') : GE
R4

5\/‘
B>

1 ~
ve (1 + [Se ey - f

B>

iE(R.)D (4.19)

1 - ~ ~
s|gvew) | (le@e +|Erw) - f Sew] ).
L% (B2) B L% (B2)
As the choice o > dz—fz entails o' < dz—flz, we can use the sublinearity of ¥/ in LY,

cf. (2.9), together with the boundedness of {(¢g, SE(R) — fBz iE(R-))}R in L*(B,),
cf. Corollary 4.1 (i), and claim (4.18) follows.
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Substep 1.2. Proof that b : E = —E[Sg].

In terms of the cutoff function w, that we constructed in Lemma 3.3, integrating by
parts, and recalling that the corrector equation (2.8) yields div(o (Y g + Ex, Xg)) = 0in
In+ \ I, the definition (2.12) of b becomes

5:E=1E|:Z L, (x—xn)'U(WE+Ex,ZE)v:|

d |In| al,
1E[Z L div(wao (Y5 + Ex, Sg)( ))}
= —— w(w,o(VE X, LE )X — Xp
d |5 Il Jina,

1 1
= _JE[; |II:| L D((x — xp)wn) : 0(YE + Ex, EE)i|

Writing 0 (Vg + Ex, Xg) = 2qg — Xg Idin I} \ I, and using the extensions g and
Y g asin (4.11), we are led to

b E= %E[Xn: |ﬂ]’:| s D((x — xp)wn) : 2Gg — Sk Id)i|.

Since D((x — x,)wy) = Id in [, and since tr(§g) = 0, we deduce
B~E=_E[Z L, EE}
n |In| I, '

and the claim b : E = —E[Sg] easily follows by stationarity.

Step 2. Proof of strong convergences in H; (R%).
For o > dz_-fz’ strong convergences in ngcl (R?) follow from (4.15) and the compact Rel-
lich embedding. It remains to consider the critical case @ = dz_-fz’ for which we appeal to
a two-scale argument inspired by [21, Lemma 1.15]. By stationarity, it suffices to prove
Ge(3) — BE and iE(g) — —b : E strongly in H~!(B) almost surely as € | 0. As the
argument is the same for gg and for ) E, we may focus on the former.

Let i € H'(B) be momentarily fixed. Given n > 0, we choose a partition {Q;}; of B

into Lipschitz subsets with | Q;| ~ n¢. In these terms, we can decompose

| maeG)-BE) = Z(/Q 3 { ascr-5e)

1

+ Xl:/(” _fQ,- h)(éE(g) — BE). (4.20)

On the one hand, for all s € (1, 00), noting that 1o, belongs to W%’S(B), we can bound

ﬂQi
|0

{ ase)-56) ()~ BEN, 0

W (B)
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and thus, further using the Sobolev embedding in the form of ||a(| 1(gy < 2] f1(By. We
deduce for the first right-hand-side term in (4.20),

Z(/Q h) ][Qi(qE@)—EE)‘

4
< Il (sn
1

ol e aEG = BEl, 4y @2D

On the other hand, using Holder’s inequality and the Poincaré—Sobolev embedding, the
second right-hand-side term in (4.20) can be estimated as

i(h—fgih)(%(;) BR[| =Y ’h_fih e,

< Fo(2) — B
< Xl: IVallz20nlldE(5) BE”L,%(QI.)

I45 )~ BEN s,

1

_ 2

snwnzB( lis ()= BEI? )
L()Z: ’ L7720

Combining this with (4.20) and (4.21), and taking the supremum over test functions
h € H'(B), we conclude for all s € (1, 00),

s )NTEG) = BEl, 1

1

—BE|? ,, )3
#(Sa - B,

We now pass to the limit ¢ |, 0 in this estimate. Choosing 2 5> < < 00, the compact Rel-

1G2(;) ~ BE|a-1s) < (su
1

lich embedding ensures that L& (B) is compactly embedded in W' (B). Therefore,

in view of (4.15) with @ = dzfz, we deduce G (3) — B E strongly in _%’s’(B) almost

surely as & | 0. Further using the stationarity and the boundedness of g (;) — 2BE in
L& (£2), cf. Corollary 4.1 (i), we get almost surely,

) B ) — d+2
limsup 95:(;) = BEll1-15) 3 (Z |0id )
&el0

Using that ), |Q;| < 1and |Q;| < n?, this turns into
limfup I3 (;) = BE|g-18) < -
&0

Finally, letting the mesh 7 of the partition {Q;}; tend to 0, the conclusion follows. ]
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4.3. Proof of Theorem 3

The moment condmon (2.11) amounts to the following: for some 2 <r # 75 2d and 24

a3 =
a<2A m, with o < d—1 if r = 2, the interparticle distances satisfy almost surely,
lim sup &4 Z Wr (pn;U,E);Taa < 0. 4.22)

&0 eN ()

We split the proof into two steps. First, we establish the convergence of the velocity field
by a direct div-curl argument inspired by the work of Jikov ([24, 25]) on homogeniza-
tion problems with stiff inclusions (see also [20, Section 3.2]), and then we turn to the
convergence of the pressure.

Step 1. Div-curl argument: we prove that almost surely, as ¢ |, 0,

Ug — Ul weakly in Hy (U),

Ps — BD(1) weakly in L*(U), (4.23)

Se —f S —~ 8§ weakly in L*(U),
U

where (it, S) is the solution of the homogenized equation (2.14). By a standard energy
argument as e.g. in [7, Step 8.1 of the proof of Proposition 2.1], provided that f € L?(U)
for some p > d, this weak convergence result easily implies the following corresponding
corrector result, almost surely:

- Z qe(;)VEu — 0 strongly in L(U),
Eectg
ue—i— Y eyr(2)Vei — 0 strongly in Hg (U),
Eecg

(4.24)

where we recall the shorthand notation Vit = E : D(i1) and where & stands for an
orthonormal basis of szm. We omit the proof of this standard consequence (4.24) and
rather focus on the proof of (4.23).

For k > 0 we set for abbreviation U* := {x € U : dist(x,dU) > «}. Since gg |7 = 0
and pg|7, () = 0, since Gg and g coincide on R4\ I, since ps and p, coincide on U \
I (U) and since definition (2.10) of I,(U) entails I,(U) N U* = (¢1) N U* whenever

& < £, we deduce the following identity on U* for ¢ < £:

2’ 2

qE(;) P Pe = QE(E) * De. (4.25)
and we aim at passing to the limit in both sides. Since the energy bound entails that (1) is

almost surely bounded in H (U), since Corollary 4.1 (ii) ensures that (pe, 8)‘9 is almost
surely bounded in L*(U), further recalling (2.9) and Lemma 4.3, we find almost surely,
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up to extraction of a subsequence as ¢ | 0,
qe(i) ~ E weakly in L2(U),
Ge(:) —~ BE weakly in L¥(U),
f)E(é) — —b: E weaklyin L*(U),
pe — D(ug)  weakly in L2(U),
Pe — Do weakly in L*(U),
S, — So weakly in L*(U),

(4.26)

for some ug € H, LU)4, po € L“(U)dXd and Sp € L*(U). In the case o > d+2 (hence

o < £ 2) further appealing to the compact Rellich embedding and to the sublinearity of
Vi, cf. (2.9), we further deduce almost surely, up to extraction of a subsequence,

) 1) =0 strongly in L¥ (U),
VE(3) gly /( ) 27
us —> ug strongly in L* (U).

If the inclusions {/, }, were uniformly separated as assumed in [7], then we could choose
o = 2, cf. (4.22), so that a standard div-curl argument in form of e.g. [20, Lemma 12.12]
would allow us to use (4.26) and pass to the limit on both sides of identity (4.25) (along
the subsequence), to the effect that

BE :D(ug) = E : py inU. (4.28)

In the present situation, with o < 2, we need to repeat the proof of the div-curl lemma and
show that this identity (4.28) still holds. Once this is proven, the conclusion (4.23) easily
follows: passing to the weak limit in (4.12) (along the subsequence) yields

—div2po —Sold) = (1—A)f inU,

and thus, inserting (4.28) in form py = B D(ug), we deduce that (ug, §0 - fU §0) coin-
cides with the unique solution (i, S) of the homogenized equation (2.14). With this
characterization of the limit, the conclusion (4.23) now follows from (4.26).

It remains to prove (4.28), and we split the proof into two further substeps. We start

2d 2d
with the case iz <a< 2, and next we discuss the critical case ¢ = RS
Substep 1.1. Proof of (4.28) in the case dzfz <o <2

We shall pass to the limit on both sides of (4.25) and we start with the analysis of the
left-hand side. Given a test function & € C}(U) supported in U* for some fixed k >
2¢, integrating by parts, using property (4.11) of the extension (g, by E), and using the
constraint div(u,) = 0, we find

[ hig () : pe = [ hig () : Dluy)
U U
- / D(hute) : G (2) — / (Vh®ue) : 4z (2)
U U
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— %/U $2(2) div(he) — /U(Vh ®ue) 1 G (L)
_ _% /U(Vh ®ue) : Qir — Sp1d)(2). (4.29)

Note that the relation dlv(ug) = 0 entails || y Vh - u; = 0, which allows us to add any
constant to the pressure S g, for instance replacing it by SE— ]E[Z E]. In view of (4.26)
and (4.27), we may now pass to the limit in the above, to the effect that

lim/ hie () : pe = —/ (Vh ®ug) : BE =/ hBE : D(up). (4.30)
el0 Ju U U

We turn to the analysis of the right-hand side of (4.25). Integrating by parts, using prop-
erty (4.12) of the extension (pg, S¢), and using the constraint div(yg) = 0, we find

[ hasripe = [ hpe+ [ 100G 5
:E;/Uhps+/UD(hs¢E(;>):ﬁs—fUWh@swE(;)):ﬁs

1
=F: hpe + — h =) -
[ ]  wevsGrs
-3 / (Vh® Ve (2)) : (25 — 5, 1d). (431)
U

In view of (4.26) and (4.27), we may now pass to the limit in the above, to the effect that
lim/ hqe(3) : pe = E: / hpo. (4.32)
elo Jy U

Combining this with (4.25) and (4.30) and choosing an arbitrary test function 2 € C°(U),
this proves claim (4.28).

Substep 1.2. Proof of (4.28) in the critical case @ = dz—_fz.

It suffices to prove that (4.30) and (4.32) still hold in this case. Due to the failure of the
compact Rellich embedding (4.27), we can no longer pass to the limit directly in (4.29)
and (4.31), so a finer analysis is needed. We appeal again to a two-scale argument as
inspired by [21, Lemma 1.15].

We start with the proof of (4.30). Given n > 0, we choose a partition {Q;}; of U into
measurable subsets with | Q;| ~ n¢. In these terms, we can decompose (4.29) as

[ hae: =3 Z(]lg ) JACERRUAY

1 -
- — Vh®(5— 6)12~ —Yrld E 4.33
22,-:/1- u ][Qiu (24E eld)(3). (433)
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On the one hand, using the compact Rellich embedding in the form of the almost sure
strong convergence us — uq in L} (U), and using Lemma 4.3, we find

o1 - = .
() [ s

i

1 —_ -
= 52(/@ Vh) ®(fQi uo) :(2BE + (b: E)1d),

hence, letting the mesh 1 of the partition {Q;}; tend to 0, using that the constraint
div(u,) = 0 entails [;; VA -ug = 0, and integrating by parts,

1 ~
lim lim = (f ug) f Vh-(24e —Zeld)(3)
710 &l0 2 &~ 0, Qi
1
1

= E(/U Vh ®uo) "2BE+ (b:E)Id) = —/UhBE : D(ug). (4.34)

On the other hand, using Hdolder’s inequality and the Poincaré—Sobolev embedding, the
second right-hand side term in (4.33) can be estimated as

> [ vhe (v -1, ) g - iEld)(g)‘

Ug — f Ug
Qi

S IVhle@) Y IVueliziop 1 @E. E2)G)I
i

< Vil Y
i

1Ge. ZE)D 20
0i) L

2d
L% ( a+2(0:)

2d_
Ld+2(Q;)

C
< Vh o0 Vu q sE - ’
= 1V~ Vali (S 1Ge S0 4, )

i

hence, passing to the limit ¢ |, 0, using the boundedness of Vu, in L?(U), and using the
stationarity and the boundedness of (¢g, ) E) in L&fs (2), cf. Corollary 4.1 (i),

Z/Q Vh® (u —][Q. u) (24 — S5 Id)(;)‘

i

lim sup
el0

1
d+2 2
< ||Vh||Loo(U)(Z|Q,-| i ) < 0 Vhl@).
i

Now letting the mesh 7 of the partition {Q;}; tend to 0, and combining this with (4.33)
and (4.34), we deduce (4.30).

We turn to the proof of (4.32). Given 1 > 0, we consider as above a partition {Q; };
of U into measurable subsets with |Q;| ~ n?. The starting point is the Poincaré—Sobolev
embedding in the form

leve, g,

. d-2 .
o 5 199Gy +10:1% ][Q evEC).
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By the stationarity and the boundedness of V¢ in L?(£2), and by the sublinearity of Vg
inLY, cf. (2.9), we deduce almost surely,

. . 1 1
11m¢Sup ||81//E(§)||LdZTd S10il2IVYEl2 @) < 10i]2.
el 0

2(Q1)

Summing over i, this yields

%
timsup ey e I, g2, (ZIQIH) S,

and thus, letting the mesh 7 of the partition {Q; }; tend to 0,

hm leve A = 0, (4.35)

which proves that g is in fact still sublinear in LY = L#5. This allows us to pass to the
limit in (4.31), and claim (4.32) follows.

Step 2. Convergence of the pressure.

While it is already shown in Step 1, cf. (4.23), that almost surely §s — fU 58 -~ weakly
in L*(U), we turn to the weak convergence of the restricted pressure Sly\r.() =
§€]1U\ 1.(U)> and we establish at the same time the corrector result for the pressure,
cf. (2.15). For this purpose, we start by examining the two-scale expansion errors

W i=Ug — U — Z eYe(;)VEU,
Eec&

Q¢ := Seling,w) — S — b :D@@) — Y (Zplga\)(2)VEil.
Ecé&

Without loss of generality, we may assume that £ € WL°(U)4 and i € W03’°° )4,
while the general case easily follows by an approximation argument as in [7, Step 8.4 of
the proof of Proposition 2.1].

Consider a test function g € C2°(U )¢ with D(g)|+7 = 0. Inserting the above definition
of (we, Q) and reorganizing the terms, we compute

/U D(g) : (2D(ws) — Q4 1d) = / D(g) : (2ps — Se 1d) — / D(g) : (2B D(@) — 51d)

- Z/ D(g) : 2qg — Zglga\71d)(;)VEU

Eec&

+ Z/ D(g): @QBE + (b : E)1d)Vgi

Ee&

—2 Y [ D@ (Vg @ v ()

Ec&



Effective viscosity of random suspensions without uniform separation 1047

Since D(g) vanishes in eI, recalling that (g, Xg)(;) and (pe, S¢) coincide with
GE, iE)(é) and (p,, S;) in U \ eI C U \ I.(U), and appealing to (4.11) and (4.12),
and to the homogenized equation (2.14), we easily find

/U D(g) : (2D(ws) — 0. 1d) = Fi(g). (4.36)
in terms of

Folg) 1= — /U g () -Nf-23 /U D(g) : (VVEil ® ey ()

Eecé

+> / (VVEi ®g) : (2G4 — g 1d)(2) — @BE + (b : E)1d)). (4.37)
Ee€& v

We now appeal to Lemma 3.2 in the following form: there exists z, € H} (U)? with
D(z,)|sz = 0, such that

div(z,) = (T€|T5|a_2 _f T8|T€|a_2)]lU\SIv Ty = Q¢ — Oe.
U\el

U\el

and

||VZs||L2(U) Svar Ne(Us T, zz__aa)||Ts|Ts|a_2”La’(U\8I)

a—1
< aUnEe-f o L3y
U\el LY(U\eD)
where we have set
»
Ae(Usr. p) = (|U| tel Y Mr(Pn;U,s)p) |
n:iel,NU#2
Testing (4.36) with g = z,, and using the properties of z., we find
o
H Qe — f Qe = —Fe(ze) + 2/ D(ze) : D(we). (4.39)
U\el LY(U\el) U

Noting that definition (4.37) of ¥, yields

|Fe(@)] < llgllmr @) ULf lwreo@y + I Vitllwz.eow))
X }SEU%(”El/fE(é)”LZ(U) + 11z(;) = AMla-1@)
€

+11GeG) = BElg-1w) + 1IE£G) +b: Ellg-1 @),
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inserting this into (4.39), and using (4.38), we deduce

HQE—][U\SI 0.

Svar Ae(Us, ;Taa)”wanl(U)
+ AU r, Z) (1 f llwreewy + IVl w2 @y)

X zu%(||8WE(é)||L2(U) +11z(;) = AMla—1(0)
€

L*(U\eD)

+11Ge(:) = BE|g-1w) + IZ£() + b : Elg-1))-

Noting that the moment condition (4.22) entails lim sup, o Ae(U; 1, 22_—“a) < 00, and using

(2.9), (4.24), and Lemma 4.3, together with the ergodic theorem in the form of the almost
sure weak convergence 17(;) — A in Lﬁ)c (R%), the above right-hand side tends to 0 almost

surely as ¢ | 0. This concludes the proof of (2.15). |

5. Further technical tools

This last section is devoted to the proofs of Corollaries 5 and 6, which are further technical
tools for the analysis of particle suspensions without uniform separation.

Proof of Corollary 5. Note that the Stokes equation (2.22) entails div(o(u, S)) = 0 in
R? \ I. For all n, in terms of the cutoff function w, € H}(1}) with wy|f, = 1 that we
constructed in Lemma 3.3, an integration by parts then yields

/ g-ou,S) = —/ div(wn,o(u, S)g) = —/ D(w,g) :0(u,S). (5.1)
al, LI, LI

In order to reformulate the right-hand side, we appeal to the extension result of Theorem 4.
More precisely, given 8 € (1, 00) and «, r as in (2.17), since the Stokes equation (2.22)
ensures that the flux p = D(u) € L2_(R?)%*4 satisfies tr(p) = 0 and

loc sym

[, P@ip=0 veeClm? :divie) = 0. D)z =0,

dxd

om With tr(p) = 0, and an associated pres-

Theorem 4 provides an extension p € L*(,])
sure field S € L% (R9), such that
(. S)lgars = (p. S)|garz.  and  div(2j — S1d) = 0 in R,

and such that the following estimate holds, for all n:

(P, S)”La([;r) Sa.Br l/Lr(Pn)”D(u)”Lﬂ(I,fr\I,,)'
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Writing o (u, S) = 2p — S Id in (5.1), and using these extensions, we find

/ g-ou,S)y = —/+ D(w,g): 2p—-S1d) = / D(w,g): 2p — §Id),
al, LIy

n

and we may then estimate

‘/ g-o(u,S)
I,

S Tl gl G Sl

Sa.Br Hr (on) | wn ”Wl,ot’ ahH lgll Wleo (1) [ID(u) ”Lﬂ I\

Combining this with the bound on norms of w, in Lemma 3.3, choosing = 2, and
optimizing the choice of «, r, the conclusion follows. [

Proof of Corollary 6. For R > 5, choose (g € CX°(Bag—4; RT) with {g|p, = 1 and
with |V¢g| < R™!. For any V € R? and ¢ € R, testing the Stokes equation (2.22) with
¢r(u — V), and replacing the pressure S by S — ¢, we find

/ tr|Vul? = —/ (u—V)®VER) : (Vi — (S — ) Id Igay 1)
R4 R4

— Z /31 Ru—=V)-o(u,S —c)v.

n:I;7 CByg

Since D(u) = 0 in I, we may write u = V;, + O, (x — x,) in I,, for some V,, € R4 and
®, € M**¥_ The boundary conditions for u then allow us to add any constant to the test
function (g in the last right-hand-side term, and we obtain

/ §R|vu|2=_/ (u=V)® Vir) : (Vu— (S — ) ldIga\ 7)
R4 R4

- Z /In(ER_]igR)(V”_V"‘@n(x—xn))-o(u,S—c)u,

n:I,7 CByg

Hence, using the properties of ¢z, Holder’s inequality, and appealing to the trace estimate
of Corollary 5 to bound the last right-hand-side term, we deduce for all s > 1,

IVl ) < R = Vil an IVl gy + 1S = €l gy 0000)

1

2
+ R_l( Yo W)WV —VE+ |®n|2)) IVullizs,p)-

n:IFCByg
where we have set for abbreviation,

H@d+1)(d+2)—-3

, " :d <6,
1 (pn) = {‘1’

:d > 6.
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Choosing ¢ = fBzR\ 7S and appealing to a pressure estimate as in (4.7) (with @ = s"), this

becomes, for all 2 < r # ;szand2vd0+")ﬁr2r <s <oo,withs >d ifr =2,

s—2

_ 25 2s
||w||§z(BR)sR1(|BR|+ > ur(pn)s—z) e = Vlls o) VU280
n:I, CBar
1

2
Lk (L VP +10,0) 1Vulime,
n:l CByg
Noting that

Wo-vP < [ u-vp. |®n|25/ Vul?,
I, I,

Holder’s inequality yields

Yo W) (Ve =V +10aP)

n:I,?'CBzR
s—=2
2 s
5( )3 M’(pn)sz) It = VI g + sup W (on)?) VU2
o n:I;"CBygr
s=2
25 s
s( 2 u’(pn)“) (e = Vs oy + 190025,
n:If CBag

Inserting this into the above, choosing V' := fBZR u, and optimizing in r, the conclusion
follows. u
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