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Asymptotic analysis of the linearized Boltzmann collision
operator from angular cutoff to non-cutoff

Ling-Bing He and Yu-Long Zhou

Abstract. We give quantitative estimates on the asymptotics of the linearized Boltzmann collision
operator and its associated equation from angular cutoff to non-cutoff. On one hand, the results
disclose the link between the hyperbolic property resulting from Grad’s cutoff assumption and the
smoothing property due to the long-range interaction. On the other hand, with the help of localiza-
tion techniques in phase space, we observe some new phenomena in the asymptotic limit process.
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1. Introduction

Let L" and L0 be linearized Boltzmann collision operators with and without angular
cutoff respectively. Here, " is the threshold of the angular cutoff � & ". The definitions of
L" and L0 are given in (1.8) based on the Boltzmann collision operator Q" in (1.4). The
present work aims to find quantitative estimates for the asymptotic behavior of the operator
L" and its associated equation from angular cutoff to non-cutoff, which corresponds to the
limit as "! 0. Our main motivation comes from the fact that the following properties of
the collision operator are totally changed in the limit process:

(1) For fixed " > 0, L" behaves like a damping term for the Boltzmann equation
with angular cutoff, while L0 behaves like a fractional Laplace operator for the
equation without cutoff.
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(2) For moderate soft potentials ( 2 Œ�2s; 0/), the operator L" has no spectral gap
for fixed " > 0 but the limiting point L0 of ¹L"º">0 does.

Another motivation arises from the approximation problem of the non-cutoff Boltzmann
equation by the cutoff equations. It is of great importance to find some asymptotic formula
to quantify the approximation accuracy.

1.1. Boltzmann operator and its linearized version

We first recall the Boltzmann collision operator and the linearized Boltzmann collision
operator.

1.1.1. Boltzmann collision operator. The Boltzmann collision operator Q is a bilinear
operator defined by

Q.g; h/.v/ WD

Z
R3

Z
S2
B.v � v�; �/.g

0
�h
0
� g�h/ dv� d�:

Here we use the usual shorthand h D h.v/, g� D g.v�/, h0 D h.v0/, g0� D g.v
0
�/ where

v0, v0� are given by

v0 D
v C v�

2
C
jv � v�j

2
�; v0� D

v C v�

2
�
jv � v�j

2
�; � 2 S2:

The nonnegative function B.v � v�; �/ in the collision operator is called the Boltz-
mann collision kernel. It is always assumed to depend only on jv � v�j and v�v�

jv�v�j
� � . It

is convenient to introduce the angle variable � through cos � D v�v�
jv�v�j

� � . Without loss
of generality, we may assume that B.v � v�; �/ is supported in the set 0 � � � �

2
, i.e.,

cos � � 0.
We now state some physically relevant assumptions on the collision kernel. The kernel

B.v � v�; �/ satisfies

(A1) The cross-section B.v � v�; �/ takes the product form

B.v � v�; �/ D jv � v�j
b.cos �/;

where �3 <  � 1 and b is a nonnegative function satisfying

K�1 sin�2�2s �
2
� b.cos �/ � K sin�2�2s �

2
for any 0 < � � �

2
; (1.1)

where 0 < s < 1, K � 1. The parameters  and s verify  C 2s > �1.

Assumption (A1) covers inverse power law interactions. For inverse repulsive poten-
tials r�p; p > 1, one has  D p�4

p
and s D 1

p
. Usually,  > 0,  D 0 and  < 0 are called

hard, Maxwellian and soft potentials respectively.
The Cauchy problem of the inhomogeneous Boltzmann equation without cutoff reads´

@tF C v � rxF D Q.F; F /; t > 0; x 2 T3; v 2 R3;

F jtD0 D F0:
(1.2)
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Here F.t; x; v/ � 0 is the density function of collision particles which move with velocity
v 2 R3 at time t � 0, position x 2 T3 WD Œ��; ��3.

Let us denote by B".v � v�; �/ the cutoff Boltzmann collision kernel.

(A2) For 0 < " �
p
2
2

, the angular cutoff kernel B".v � v�; �/ is defined by

b".cos �/ WD b.cos �/.1 � �.sin �
2
="//;

B".v � v�; �/ WD jv � v�j
b".cos �/;

(1.3)

where � is a smooth function defined in (1.19).

Note that � has support in Œ0; 4
3
� and equals 1 in Œ0; 3

4
�. As a result, B".v � v�; �/ is

supported in sin �
2
�

3
4
" and thus satisfies the famous Grad angular cutoff assumption.

Note that as "! 0, we have b"! b pointwise. For convenience, let b0 WD b,B0 WDB .
For " � 0, let Q" be the Boltzmann operator with kernel B". That is,

Q".g; h/.v/ WD

Z
R3

Z
S2
B".v � v�; �/.g

0
�h
0
� g�h/ dv� d�: (1.4)

The Cauchy problem of the Boltzmann equation with the Boltzmann operator Q" is then
given by ´

@tF C v � rxF D Q
".F; F /; t > 0; x 2 T3; v 2 R3;

F jtD0 D F0:
(1.5)

Note that when " D 0, Q0 D Q and equation (1.5) is the same as (1.2).
We remark that the solutions to (1.2) and (1.5) have the fundamental physical proper-

ties of conserving total mass, momentum and kinetic energy, that is, for all t � 0,Z
T3�R3

Œ1; v1; v2; v3; jvj
2�F .t; x; v/ dx dv

D

Z
T3�R3

Œ1; v1; v2; v3; jvj
2�F0.x; v/ dx dv: (1.6)

Without loss of generality, we assume F0.x; v/ has the same mass, momentum and energy

as the Maxwellian �.v/ WD .2�/�
3
2 e�

jvj2

2 . By (1.6), one has for any t � 0,Z
T3�R3

Œ1; v1; v2; v3; jvj
2�.F .t; x; v/ � �.v// dx dv D 0: (1.7)

1.1.2. Linearized Boltzmann collision operator. For the cutoff case " > 0 or the non-
cutoff case " D 0, the operators based on Q" are defined by

�".g; h/ WD ��
1
2Q".�

1
2 g; �

1
2 h/;

L"
1g WD ��

".�
1
2 ; g/; L"

2g WD ��
".g; �

1
2 /; L"g WD L"

1g CL"
2g:

(1.8)

We recall that the null space N .L"/ of L" reads

N .L"/ D N WD span
®
�
1
2 ; �

1
2 v1; �

1
2 v2; �

1
2 v3; �

1
2 jvj2

¯
:
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With the expansion F D �C �
1
2 f , the two problems (1.5) and (1.2) reduce to´

@tf C v � rxf CL"f D �".f; f /; t > 0; x 2 T3; v 2 R3;

f jtD0 D f0;
(1.9)

and ´
@tf C v � rxf CL0f D �0.f; f /; t > 0; x 2 T3; v 2 R3;

f jtD0 D f0;
(1.10)

where f0 D ��
1
2 .F0 � �/ verifiesZ

T3�R3

Œ1; v1; v2; v3; jvj
2��

1
2 .v/f0.x; v/ dx dv D 0: (1.11)

1.2. Problems and difficulties

The main purpose of the paper is to understand what happens to the linear operator L"

and the nonlinear equation (1.9) in the limit as "! 0. More concretely, we are concerned
with the following three problems.

Problem 1. What is the behavior change of the operator L" in the limit process?
We recall that L" behaves like a damping term for equation (1.9) while L0 behaves

like a fractional Laplace operator for equation (1.10). The motivation of Problem 1 is to
see clearly the kind of link between these two different properties in the limit process.
Obviously, it is a fundamental but challenging problem.

To explain the main difficulty of the problem, we focus on the Maxwellian molecules
( D 0), which is simpler than the other cases. Previous works [3,4,7,8,10] show that for
 D 0, there holds

hL0f; f iv C jf j
2
L2
� jf j2

L2s
C jf j2H s C j.��S2/

s
2 f j2

L2
: (1.12)

Here hf; giv denotes the inner product for the v variable. On the right-hand side of the
equivalence (1.12), there are three parts, which correspond to gain of weight jf j2

L2s
, gain

of Sobolev regularity jf j2H s and gain of tangential derivative on the sphere j.��S2/
s
2 f j2

L2

respectively. Observe that (1.12) can be rewritten as

hL0f; f iv C jf j
2
L2
� jWsf j

2
L2
C jWs.D/f j

2
L2
C jWs..��S2/

1
2 /f j2

L2
; (1.13)

whereWs.x/ WD .1Cjxj2/
s
2 . Here,Ws.D/ is the pseudo-differential operator with symbol

Ws and the operatorWs..��S2/
1
2 / is defined in (1.23). AsWs serves as a common weight

function in the three parts, we call Ws the characteristic function of L0.
Considering hL"f;f iv! hL

0f;f iv as "! 0, we guess that hL"f;f iv has the same
structure as the right-hand side of (1.13). If so, what is the characteristic function of L"

when " > 0? To find a good candidate, we go back to the original proof of the coercivity



Asymptotics of the linearized Boltzmann operator 1101

estimate for the collision operator in [1]. Following the computation used there, we can
derive that

� hQ".g; f /; f iv C jf j
2
L2
� Cg jW

".D/f j2
L2
; (1.14)

where W " is defined by

W ".v/ D Ws�."v/C "
�s.1 � �."v//: (1.15)

Here, � 2 C10 .B 4
3
/ is the smooth compactly supported function in (1.19). Note that as

"! 0, we have W " ! Ws at least pointwise. For convenience, let W 0 WD Ws . We con-
jecture that W " is the characteristic function of L" in the following sense:

hL"f; f iv C jf j
2
L2
� jW "f j2

L2
C jW ".D/f j2

L2
C jW "..��S2/

1
2 /f j2

L2
: (1.16)

The operator W "..��S2/
1
2 / is defined in (1.23).

Let us give some comments on conjecture (1.16). Firstly, it is easy to see that when
" goes to zero, (1.16) will coincide with (1.13). This shows that the characteristic func-
tion W " connects the cutoff case and the non-cutoff case. Secondly, on the right-hand
side of (1.16), gain of weight only happens in the region jvj . 1

"
in phase space, gain

of Sobolev regularity only happens in the region j�j . 1
"

in frequency space and gain
of tangential derivative only happens in the region that the eigenvalue � of the operator
.��S2/

1
2 verifies � . 1

"
. These properties are consistent with the fact that the operator L"

has a hyperbolic structure due to the angular cutoff, that is, � & ". Thirdly, because of the
hyperbolic structure of L", it is unclear how to derive jW "..��S2/

1
2 /f jL2 and jW "f jL2

in (1.16) using the methods in the previous works [2–4,7,8,10,14,17]. Therefore we need
some new ideas to prove the conjecture.

Problem 2. What is the longtime behavior of e�L"tf with f 2 N ? for moderate soft
potentials in the limit process as "! 0? Here, e�L"t is the semigroup generated by L".

As we know, for  2 Œ�2s; 0/, the operator L" has no spectral gap for any fixed " > 0
but the limiting point L0 of ¹L"º">0 does. It seems that there is a jump. Rather than
investigating the spectrum of the operator, which looks extremely difficult, we instead
turn to consider the longtime behavior of e�L"tf because the spectrum information of an
operator has a strong connection with the corresponding semigroup.

Thanks to spectral gap of L0, it is easy to see that for any f 2 N ?,

ke�L0tf kL2 � e
�ct
kf kL2 :

As for the operator L", by imposing the additional assumption that f 2 L2
l
, we can derive

that e�L"tf will decay to zero with polynomial rate. However, we have no idea about the
explicit rate of this relaxation for f 2N ? if we only impose f 2L2. By an approximation
argument, we can only prove that

lim
t!1
ke�L"tf kL2 D 0:

Therefore, from these two estimates, it is hard to find the link between these two different
longtime behaviors. We emphasize that this difficulty matches the fact that L" does not
have a spectral gap but L0 does.
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Problem 3. Which kind of asymptotic formula describes the limit as "! 0 for the solu-
tions of the nonlinear equations (1.9) and (1.10)?

Formally, when " goes to zero, the solution f " to (1.9) will converge to the solution
f 0 to (1.10). To answer Problem 3 is to justify the convergence and find an asymptotic
formula.

To guess the relation between f " and f 0, we first take a look at the stationary case.
By Taylor expansion, we can prove that for any smooth compactly supported functions f ,

jQ".f; f / �Q0.f; f /j � O."2�2s/: (1.17)

Thus, it is natural to conjecture

f " � f 0 D O."2�2s/: (1.18)

Obviously, the main difficulty in establishing (1.18) lies in bringing the error order
(1.17) from operator level to solution level. To this end, we need some uniform (with
respect to ") estimates of L" and �", and also estimates of the differences L" �L0 and
�" � �0.

1.3. Notation

We list the function spaces and notation that will be used throughout the paper.

1.3.1. Basic notation. We denote a multi-index by ˛ D .˛1; ˛2; ˛3/ 2 N3 with j˛j D
˛1 C ˛2 C ˛3. We write a . b to indicate that there is a universal constant C , which may
be different on different lines, such that a � Cb. We use the notation a � b whenever
a . b and b . a. The notation Œa� denotes the maximum integer which does not exceed a.
The bracket h�i is defined by hvi WD .1C jvj2/

1
2 . Then the weight function Wl is defined

by Wl .v/ WD hvil . We denote by C.�1; �2; : : : ; �n/ or C�1;�2;:::;�n a constant depend-
ing on parameters �1; �2; : : : ; �n. The notation hf; giv WD

R
R3 f .v/g.v/ dv; hf; gix WDR

T3 f .x/g.x/ dx and .f; g/ WD
R

T3�R3 f .x; v/g.x; v/ dx dv is used to denote the inner
products in L2.R3/; L2.T3/ and L2.T3 � R3/ respectively. As usual, 1A is the charac-
teristic function of a set A. If A, B are two operators, then their commutator ŒA; B� WD
AB � BA. Recall that jf jL logL WD

R
R3 jf .v/j log.1C jf .v/j/ dv.

1.3.2. Function spaces. Several spaces are introduced, as follows.

• For n; l 2 R, we define the weighted Sobolev space on R3 by

Hn
l WD

®
f .v/

ˇ̌
jf j2Hn

l
WD
R

R3 j.Wn.D/Wlf /.v/j
2 dv <1

¯
:

For any symbol aWR3!R, recall that a.D/ is the pseudo-differential operator defined
by

.a.D/f /.v/ WD
1

.2�/3

Z
R3

Z
R3

ei.v�y/��a.�/f .y/ dy d�:

• For p � 1, l 2 R, we introduce the Lp
l

space on R3 as

L
p

l
WD
®
f .v/

ˇ̌
jf j

p

L
p
l

WD
R

R3 jf .v/j
phvilp dv <1

¯
:
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• For m 2 N, we denote the Sobolev space on T3 by

Hm
x WD

®
f .x/

ˇ̌
jf j2Hm

x
WD
P
j˛j�m

R
T3 j@

˛
xf .x/j

2 dx <1
¯
:

• For a function f .x; v/, we define the following weighted Sobolev spaces with weight
on velocity variable v. For m; n 2 N, l 2 R, the weighted (in v) Sobolev space on
T3 �R3 is defined by

Hm
x H

n
l WD

®
f .x; v/

ˇ̌
kf k2Hm

x H
n
l
WD
P
j˛j�m;jˇ j�n

R
T3 j@

˛
x@
ˇ
v f .x; �/j

2
L2
l

dx <1
¯
:

For simplicity, we write kf kHm
x L

2
l
WD kf kHm

x H
0
l

if n D 0 and kf kL2
l
WD kf kH0

xH
0
l

if m D n D 0. We can define the homogeneous space PHm
x
PHn
l

if we replace j˛j � m,
jˇj � n with j˛j D m, jˇj D n. Similarly, we can introduce the partial homogeneous
spaces PHm

x H
n
l

and Hm
x
PHn
l

.

1.3.3. Dyadic decompositions. We will now recall dyadic decomposition. Let

B4
3

WD ¹v 2 R3 j jvj � 4
3
º; C WD ¹v 2 R3 j 3

4
� jvj � 8

3
º:

Then one may introduce two radial functions � 2C10 .B 4
3
/ and 2C10 .C /which satisfy

0 � �; � 1 and �.v/C
X
j�0

 .2�j v/ D 1 for all v 2 R3: (1.19)

Since � is a radial function, we can interchangeably use �.v/ and �.jvj/. Now define
'�1.v/ WD �.v/ and 'j .v/ WD  .2�j v/ for any v 2 R3 and j � 0. Let .Pjf /.v/ WD
'j .v/f .v/; then one has the following dyadic decomposition:

f D

1X
jD�1

Pjf D

1X
jD�1

'jf

for any function f defined on R3. We will use the notation

f� WD �."D/f; f � WD .1� �."D//f; f l WD �."�/f; f h WD .1� �."�//f: (1.20)

1.3.4. Projection on the null space. Recalling that N D span¹�
1
2 ; �

1
2 v1; �

1
2 v2; �

1
2 v3;

�
1
2 jvj2º, the projection operator P on N is defined by

Pf WD .aC b � v C cjvj2/�
1
2 ; (1.21)

where for 1 � i � 3,

a D

Z
R3

�5
2
�
jvj2

2

�
�
1
2 f dv; bi D

Z
R3

vi�
1
2 f dv;

c D

Z
R3

�
jvj2

6
�
1

2

�
�
1
2 f dv:

(1.22)



L.-B. He and Y.-L. Zhou 1104

1.3.5. Anisotropic function spaces. Let Y m
l

with l 2 N;�l � m � l be real spherical
harmonics verifying that .�4S2/Y

m
l
D l.l C 1/Y m

l
. Then the operatorW "..��S2/

1
2 / for

" � 0 is defined as follows: if v D r� , then

�
W "..��S2/

1
2 /f

�
.v/ WD

1X
lD0

lX
mD�l

W "
�
.l.l C 1//

1
2
�
Y ml .�/f

m
l .r/; (1.23)

where f m
l
.r/D

R
S2 Y

m
l
.�/f .r�/ d� . We recall that when " > 0,W " is defined in (1.15).

When " D 0, W 0.v/ D hvis .
Now we introduce several anisotropic function spaces induced by L".

• The space L2
";l

with l 2 R. For functions on R3, the space L2
";l

is defined by

L2";l WD
®
f .v/

ˇ̌
jf j2";l WDjW

"Wlf j
2
L2
C jW ".D/Wlf j

2
L2

C jW "..��S2/
1
2 /Wlf j

2
L2
<1

¯
: (1.24)

• The spaceHm
x H

n
";l

withm;n2N, l 2R. For functions on T3 �R3, the spaceHm
x H

n
";l

is defined by

Hm
x H

n
";l WD

®
f .x; v/

ˇ̌
kf k2Hm

x H
n
";l
WD
P
j˛j�m;jˇ j�n

R
T3 j@

˛
x@
ˇ
v f .x; �/j

2
";l

dx <1
¯
:

For simplicity, we set kf kHm
x L

2
";l
WD kf kHm

x H
0
";l

if n D 0 and kf kL2
";l
WD kf kH0

xH
0
";l

if m D n D 0. Similarly we can introduce the spaces PHm
x
PHn
";l

, PHm
x H

n
";l

and Hm
x
PHn
";l

.

• Functionals related to L". We introduce

R";
g .f / WD

Z
S2�R3�R3

b".cos �/jv � v�jg�.f 0 � f /2 d� dv� dv; (1.25)

R";
�;g.f / WD

Z
S2�R3�R3

b".cos �/hv � v�ig�.f 0 � f /2 d� dv� dv; (1.26)

M"; .f / WD

Z
S2�R3�R3

b".cos �/jv � v�jf 2� ..�
1
2 /0 � �

1
2 /2 d� dv� dv: (1.27)

As we will show in Section 2,

hL"f; f iv C jf j
2
L2
=2

& R";
� .f /CM"; .f /:

The quantities R
";
g .f / and M"; .f / correspond to gain of regularity and gain of weight

respectively. In contrast to R
";
g .f /, when  < 0, R

";
�;g.f / contains no singularity in the

relative velocity v � v� near the origin.

1.4. Main results

Now we are ready to state our main results. The first one is a uniform coercivity estimate
for L", which fully solves Problem 1.
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Theorem 1.1. There exists a constant "0 > 0 such that for 0 � " � "0 and any suitable
function f ,

hL"f; f iv C jf j
2
L2
=2

� jf j2";=2: (1.28)

Here the norm j � j";=2 is defined in (1.24).

Some remarks are in order.

Remark 1.1. Through the characteristic function W ", the coercivity estimate (1.28) dis-
closes the link between the hyperbolic structure due to the cutoff assumption (" > 0) and
the smoothing property due to the long-range interaction (" D 0).

Remark 1.2. Recall f l and f h in (1.20); then

jW "f j2
L2
=2

� jf l j2
L2
=2Cs

C "�2sjf hj2
L2
=2

:

Let us consider the moderate soft potentials, i.e.,  2 Œ�2s; 0/. In the region jvj . 1
"

of
phase space, the operator L" produces some weight since  C 2s � 0, while in the region
jvj & 1

"
, the operator L" loses some weight since  < 0. This observation is consistent

with the fact that L" has no spectral gap for any fixed " > 0 but L0 does.

Our second result is on the diversity of the longtime behavior of e�L"tf0 with
f0 2 N ? for moderate soft potentials, which solves Problem 2.

Theorem 1.2. Suppose 0 < " � "0, �2s �  < 0 and f0 2 N ?. There is a universal
constant c > 0 such that

je�L"tf0j
2
L2

. e�ct jf l0 j
2
L2
C jf h0 j

2
L2
C "2sjf0j

2
L2
; (1.29)

where f l0 and f h0 are given by (1.20). Furthermore, the following statements are valid:

(1) Let q > 0 and �q=2 � 2. Suppose f0 2 L2�q=2. Depending on the relation
between jf0jL2 and "sqjf0jL2

�q=2
, we have two estimates:

(a) If jf0jL2 > 2C
q
0 "
sqjf0jL2

�q=2
, then

je�L"tf0j
2
L2
� jf0j

2
L2
e��0t1t<t� C

je�L"t�f0j
2
L2

.1C �0q�1.t � t�//q
1t�t� ; (1.30)

where t� is the time verifying

je�L"t�f0jL2 D 2C
q
0 "
sq
jf0jL2

�q=2
; t� � 2�

�1
0 ln

jf0jL2

2C
q
0 "
sqjf0jL2

�q=2

:

Here C0, �0 are the constants given in (3.34).

(b) If jf0jL2 � 2C
q
0 "
sqjf0jL2

�q=2
, then

je�L"tf0j
2
L2
�

jf0j
2
L2

.1C C.f0/t/q
; (1.31)
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where

C.f0/ D C14
� 1q q�1

�
jf0jL2

jf0jL2
�q=2

� 2
q
"�2s

and C1 is the constant given in (3.34).

(2) Let 0 < � < 1. Let j 2 N be large enough such that 2j � "�1. Let f0 verify
jf0jL2 D 1 and jPjf0j2L2 D 1 � �. Then for t 2 Œ0; C�1�2�j"2s�, it holds that

je�L"tf0j
2
L2
� jPj e

�L"tf0j
2
L2
� 1 � 2� � C"2s; (1.32)

where C is a universal constant.

As a consequence, for any fixed sufficiently small " > 0, the estimate

lim
t!1
je�L"tf0jL2 D 0

is sharp.

We have some remarks on Theorem 1.2.

Remark 1.3. We have three comments on estimate (1.29). Firstly, (1.29) shows that the
longtime behavior of e�L"tf0 depends heavily on the energy distribution of f0. Secondly,
the estimate is sharp for general data f0 2N ? thanks to estimates (1.30) and (1.32), which
deal with the case that the energy of f0 is concentrated in the ball B1=" and the case that
the energy of f0 is concentrated far away from the ball B1=". Thirdly, by passing to the
limit "! 0, we recover from (1.29) that for all t � 0,

je�L0tf0j
2
L2

. e�ct jf0j
2
L2
: (1.33)

This demonstrates that there is no jump for the fact that the operator L" does not have a
spectral gap for fixed " > 0 but L0 does.

Remark 1.4. Estimates (1.30) and (1.33) show that up to a critical time t� D O.jln "j/,
in terms of decay pattern, there is no difference between e�L"tf0 and e�L0tf0. The dif-
ference appears only after the critical time t�. In fact, after t� the hyperbolic structure
will take over the behavior of the semigroup e�L"t , which corresponds to the polynomial
decay in (1.30). To the best of our knowledge, this phenomenon is being observed for the
first time.

Remark 1.5. We have two remarks on (1.32). Firstly, by taking � sufficiently small and j
sufficiently large, the total energy of f0 can be almost conserved in e�L"tf0 in any given
time interval. Such a datum prevents the formation of a spectral gap for L", no matter
how small " > 0 is. Secondly, we want to show there are extensive data f0 verifying all
the assumptions. Take an arbitrary function f 2 L2 with jf jL2 D 1 and the support of f
belonging to the ring ¹v 2R3 j 4

3
� 2j � jvj � 3

2
� 2j º. Let f0D f �Pf . Then f0 verifies

f0 2 N ?, jPjf0jL2 � 1 �O.e�
1
8�2

2j
/. Then f0=jf0jL2 fulfills all the assumptions.
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Remark 1.6. The sharpness of the estimate limt!1 je
�L"tf0jL2 D 0 directly follows

from (1.30)–(1.32). On one hand, the estimate can be derived thanks to (1.30) and (1.31).
On the other hand, due to (1.32), it is impossible to get an explicit and uniform decay
rate for the above relaxation. These two facts reveal the diversity of the longtime behavior
of e�L"tf0. Our results are comparable to the results for the homogeneous Boltzmann
equation with moderate soft potentials. As is shown in [5], the rate of convergence to
equilibrium can be very slow if we only assume that a solution conserves mass, momentum
and energy.

Remark 1.7. Let us comment on the connection between the constant �0 in (1.30) and the
spectral gap � of the operator L0. Obviously, �0��. It is interesting but challenging to see
the dependence of � on �0. By Lemma 4.3, there holds j.L" �L0/f jL2 . "2�2sjf jH2

C2
.

Therefore if f0 2 H 2
C2, besides (1.30), it also holds that

je�L"tf0j
2
L2

. e��t jf0j
2
L2
C "2�2sjf0j

2
H2
C2
:

Our third result is on global well-posedness, propagation of regularity and global
dynamics of equation (1.9). Based on propagation of regularity, we derive an asymptotic
formula for solutions to (1.9) and (1.10), which solves Problem 3.

Let  < 0. For N 2 N with N � 2, we introduce a sequence of weight functions
¹Wlj º0�j�N with lj 2 R verifying

lN � 2; lj � ljC1 � : (1.34)

We remark that lj is the weight order for the v derivative of order j . Note that (1.34)
means that the weight order increases by � ( < 0) if the v derivative order decreases
by 1. This type of weight sequence is designed to control the term v � rxf and is used in
[9] in the angular cutoff case.

Let @˛
ˇ
WD @˛x@

ˇ
v . For 0 � k � N � 1, 0 � J � N , we define energy and dissipation

functionals

PEm;j .f / WD
X

j˛jDm;jˇ jDj

kWlj @
˛
ˇf k

2
L2
;

PDm;j .f / WD
X

j˛jDm;jˇ jDj

kWlj @
˛
ˇf k

2
L2
";=2

;
(1.35)

PEk.f / WD

kX
jD0

PEk�j;j .f /; PDk.f / WD

kX
jD0

PDk�j;j .f /; (1.36)

EN;J .f / WD

N�1X
kD0

PEk.f /C

JX
jD0

PEN�j;j .f /;

DN;J .f / WD

N�1X
kD0

PDk.f /C

JX
jD0

PDN�j;j .f /:

(1.37)
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Here PEm;j contains all x derivatives of order m and v derivatives of order j . The func-
tional PEk contains all mixed x and v derivatives of total order k, i.e., j˛j C jˇj D k. The
functional EN;J contains derivatives @˛

ˇ
with either j˛j C jˇj � N � 1 or j˛j C jˇj D N ,

jˇj � J . The functionals PDm;j , PDk and DN;J are the corresponding dissipations. If
J D N , we simplify the notation to EN .f / WD EN;N .f /, DN .f / WD DN;N .f /. The
energy functional EN;J is introduced to prove the propagation of full regularity of the
solution.

We are ready to present our last main result.

Theorem 1.3. Let 0 � " � "0,  2 .�3
2
; 0/ \ Œ�2s; 0/. There is a constant ı0 > 0

independent of " such that the following statements are valid. Let f0 verify (1.11) and
kf0kH2

xL2
� ı0.

(1) (Global well-posedness and propagation of regularity) The Cauchy problem (1.9)
(which is problem (1.10) if "D 0) admits a unique and global solution f " verifying
supt�0 kf

".t/kH2
xL2

. kf0kH2
xL2

.

(i) If, additionally, f0 2 HN
x L

2
l

with N; l � 2, then

sup
t�0

kf ".t/k2
HN
x L

2
l

C

Z 1
0

kf ".�/k2
HN
x L

2
";lC=2

d� � C.kf0k2HN
x L

2
l

/: (1.38)

(ii) If, additionally, EN;J .f0/ <1 with N � 2, 0 � J � N , then

sup
t�0

EN;J .f ".t//C

Z 1
0

DN;J .f ".�// d� � C.EN;J .f0//: (1.39)

Here C.�/ is a continuous increasing function verifying C.0/ D 0.

(2) (Global dynamics) There are two results.

(i) If f0 2 H 2
xL

2
�q=2

with q > 0, �q=2 � 2, then, depending on the relation
between E2;M .f0/ and M"2sqkf0k

2
H2
xL

2
�q=2

, we have two estimates. Here,

the functional E2;M .�/ is defined in (4.3) and verifies

1

2
Mk � k2

H2
xL2
� E2;M .�/ � 2Mk � k

2
H2
xL2

for some universal constant M .

(a) If E2;M .f0/ > MCq"
2sqkf0k

2
H2
xL

2
�q=2

, then

E2;M .f
".t// � E2;M .f0/e

��0t1t<t�

C
E2;M .f

".t�//

.1C �0q�1.t � t�//q
1t�t� ; (1.40)

where t� is the time such that E2;M .f
".t�// D MCq"

2sqkf0k
2
H2
xL

2
�q=2and verifies

t� � �
�1
0 ln

E2;M .f0/

MCq"2sqkf0k
2
H2
xL

2
�q=2

:
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Here Cq; �0 are given in (4.24).

(b) If E2;M .f0/ �MCq"
2sqkf0k

2
H2
xL

2
�q=2

, then

E2;M .f
".t// �

E2;M .f0/

.1C C.f0/t/q
; (1.41)

where C.f0/ is given in (4.24) and verifies

C.f0/ �
� kf0kH2

xL2

kf0kH2
xL

2
�q=2

� 2
q
"�2s :

(ii) Let 0 < � < 1. Let j 2 N be large enough such that 2j � "�1. Then for
t 2 Œ0; C�1�2�j"2s�, it holds that

kPjf
".t/k2

L2
� kPjf0k

2
L2
� �ı0 � C"

2sı0; (1.42)

where C is a universal constant.

(3) (Global asymptotic formula) If ENC2;2.f0/ <1 with N � 2, then

sup
t�0

kf ".t/ � f 0.t/k2
HN
x L2
� C.ENC2;2.f0//"

4�4s : (1.43)

Some comments are in order.

Remark 1.8. Theorem 1.3 gives global well-posedness of (1.9) for all 0 � " � "0. The
non-cutoff case (" D 0) is established in [4] and [7], and the cutoff case (somehow can be
considered as "D "0) is proved in [9]. We get global well-posedness of (1.9) uniformly in
the whole range 0 � " � "0.

Remark 1.9. The asymptotic formula (1.43) is global in time. A local-in-time result is
proved in [12] for solutions to (1.5) and (1.2).

Remark 1.10. Estimates (1.40)–(1.42) show that the diversity of semigroup e�L"t in
Theorem 1.2 can also be observed at the nonlinear level. In other words, even in the
perturbation framework, the solution F of the original problem (1.5) converges to the
equilibrium without any explicit rate. That is, we can only derive

lim
t!1
k��

1
2 .F.t/ � �/kL2 D 0:

However, by the energy–entropy method introduced in [11], it holds that

lim
t!1
kF.t/ � �kL2 D O.t

�1/:

Remark 1.11. To the best of our knowledge, the results in Theorem 1.3 are new for mod-
erate soft potentials. To keep the paper to a reasonable size, we refrain from generalizing
the results to other potentials, but this can be done by noticing that all the estimates involv-
ing L" and �" in this article are valid for  > �3. Using the estimates in this article, very
soft potentials �3 <  < �2s are considered in [13].
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1.5. Ideas and novelties

Let us illustrate the ideas and novelties of the proofs of our main results.

1.5.1. Proof of Theorem 1.1. We illustrate our strategy in the Maxwellian molecules
case  D 0. It is not difficult to see (in the proof of Theorem 2.1) that the coercivity
estimate of hL"f; f iv can be reduced to the control of quantities M";0.f / and R

";0
� .f /,

which correspond to gain of weight and gain of regularity respectively.

• Instead of using the Carleman representation of the collision operator, in Lemma 2.1
we introduce a new coordinate system that enables us to make full use of the cancella-
tion and the law of sines to estimate M";0.f /. The method is elementary but effective
in catching the hyperbolic structure of L" uniformly in ".

• To give a precise description of R
";0
� .f /, we develop some new techniques. The first

new idea is to apply the geometric decomposition to R
";0
� .f / in frequency space rather

than phase space. More precisely, by Bobylev’s equality, we have

R";0
� .f / D

1

.2�/3

Z
R3�S2

b". �
j�j
� �/

�
O�.0/j Of .�/ � Of .�C/j2

C 2<.. O�.0/ � O�.��// Of .�C/
NOf .�//

�
d� d�

WD
O�.0/

.2�/3
	1 C

2

.2�/3
	2;

where �C D �Cj�j�
2

and �� D ��j�j�
2

. It is not difficult to prove that

j	2j . jW ".D/f j2
L2

. hL"f; f iv C jf j
2
L2
;

where the latter . is given by (1.14). Therefore, we only need to consider the estimate
of 	1. By the geometric decomposition introduced in [10],

Of .�/ � Of .�C/ D Of .�/ � Of .j�j �
C

j�Cj
/C Of .j�j �

C

j�Cj
/ � Of .�C/;

we have

	1 D

Z
R3�S2

b". �
j�j
� �/j Of .�/ � Of .�C/j2 d� d�

�
1

2

Z
R3�S2

b". �
j�j
� �/j Of .�/ � Of .j�j �

C

j�Cj
/j2 d� d�

�

Z
R3�S2

b". �
j�j
� �/j Of .j�j �

C

j�Cj
/ � Of .�C/j2 d� d�

WD
1

2
	1;1 � 	1;2:

Thanks to the fact that the Fourier transform is commutative with W "..�4S2/
1
2 /,

we obtain the anisotropic regularity from 	1;1 (see Proposition 2.3 and Lemma 2.3
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for details). Now it remains to estimate 	1;2 from above. The key observation is that
Of . �

C

j�Cj
/ and Of .�C/ can be localized in the same region in both frequency space and

phase space, which enables us to derive that 	1;2 can be bounded by jW ".D/f j2
L2
C

jW "f j2
L2

.

To get the . direction of (1.28), we have to give some upper bounds for hQ".g;h/;f iv
and h�".g; h/; f iv . To this end, our new idea is to separate the integration domain into
two regions jv � v�j � 1 and jv � v�j � 1 to manifest the hyperbolic structure and the
smoothing property of the operator.

• In the region jv � v�j � 1, the hyperbolic structure prevails over the anisotropic struc-
ture, which can be checked from the proof of the sharp bounds for the operator in
weighted Sobolev spaces (see [10] for details). It suggests that Sobolev regularity is
enough to bound the inner product. See Proposition 2.5 for more details.

• In the region jv � v�j � 1, the operator is dominated by the anisotropic structure. We
resort to a geometric decomposition in phase space. In particular, we make full use
of the symmetric property of the structure inside the operator and also the dissipation
R
";
�;g.f / obtained from the lower bound of the operator. See Proposition 2.6 for more

details.

1.5.2. Proof of Theorem 1.2. We have two novelties in the proof.

• The first one lies in the localization techniques in phase space which are totally new
and important considering that the Boltzmann equation is a nonlocal equation. It shows
that the linear or even nonlinear Boltzmann equations can be almost localized thanks
to the commutator estimates (in Lemma 3.1) between L" and the localization function.
This fact enables us to consider the evolution of the local energy which is the key to
proving diversity of longtime behavior of e�L"tf .

• We reduce longtime behavior of e�L"tf to some special ODE system. Based on a
technical argument, we obtain a sharp estimate (in Proposition 3.1) for the ODE sys-
tem, which in turn gives the precise behavior of the semigroup. The result shows that
there exists a critical time t� such that the decay rate is totally different before and
after t� which matches the complex property of L".

1.5.3. Proof of Theorem 1.3. The proof has some new features.

• Since we only impose the smallness assumption on kf kH2
xL2

, we have to find a new
way to prove propagation of full regularity ((1.38) and (1.39)). To this end, we first
close energy estimates for pure spatial regularity. Thanks to the well-designed weight
functions in (1.34), propagation of PEN�j�1;jC1.f / can be obtained after propagation
of PEN�j;j .f /.

• To prove the global error estimate (1.43), the key idea is to regard the error equation
as a linear equation since we already have high-order energy estimates (1.39) of the
solutions to (1.9) and (1.10).
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1.6. Plan of the article

In Section 2 we endeavor to prove Theorem 1.1 and some upper bound estimates for the
nonlinear term �". Theorems 1.2 and 1.3 are proved in Sections 3 and 4 respectively. In
the appendix we give some necessary results for the sake of completeness.

2. Bounds of the linearized Boltzmann operator and the nonlinear
term

In this section we will prove Theorem 1.1. To this end, we separate the proof into two
parts: the lower bound of hL"f; f iv and the upper bound of h�".g; h/; f iv . Moreover,
we give an estimate of the commutator between the collision operator �".g; �/ and the
weight function Wl . The commutator estimate will be used in the proofs of Theorems 1.2
and 1.3.

Throughout the article we assume 0 � " � "0 with "0 > 0 sufficiently small. Recall
that �3 <  � 1 unless otherwise specified. Since many variables are used frequently,
we will sometimes omit their range in integrals. Usually, �; �; & 2 S2, v; v�; u; � 2 R3,
� 2 Œ0; 1�, r 2 RC. For instance,Z

.� � � / d� WD
Z

S2
.� � � / d�;

Z
.� � � / d� dv� dv WD

Z
S2�R3�R3

.� � � / d� dv� dv:

2.1. Lower bound of the linearized operator

Our strategy for the proof can be summarized as follows. We first give the estimates of
R
";
g .f / and M"; .f /. Then the lower bound of L" is obtained by proving hL"

1f; f iv C

jf j2
L2
=2

& R
";
� .f /CM"; .f / and the fact that hL"

2f; f iv is a lower-order term.

2.1.1. Estimate of M";.f /. Recall (1.27) for the definition of M"; .f /. We derive the
weight W " in phase space from the functional M"; .f / in the following result.

Proposition 2.1. There exists "0 > 0 such that for any 0 � " � "0,

M"; .f /C jf j2
L2
=2

� jW "f j2
L2
=2

:

Proof. We only consider the case " > 0. Note that with slight modification, our method
also works for the case " D 0. We divide the proof into two steps.

Step 1: Lower bound of M"; .f /. Note that r�
1
2 D �

�
1
2

2
v and r2�

1
2 D

�
1
2

4
.�2I3 C

v ˝ v/, where I3 is the 3 � 3 identity matrix. By Taylor expansion, we have

�
1
2 .v0/ � �

1
2 .v/ D �

�
1
2 .v/

2
v � .v0 � v/

C

Z 1

0

.1 � �/.r2�
1
2 /.v.�// W .v0 � v/˝ .v0 � v/ d�;
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where v.�/ D v C �.v0 � v/. Using the inequality .a � b/2 � a2

2
� b2, we have

.�
1
2 .v0/ � �

1
2 .v//2 �

�.v/

8
jv � .v0 � v/j2 �

Z 1

0

j.r2�
1
2 /.v.�//j2jv0 � vj4 d�:

Step 1:1: jv�j �
�
"

. Here 0 < � < 1 is a constant to be determined later. Set r D 4
p
2

and A."; �; r/ D ¹.v�; v; �/ j 2r � jv�j �
�
"
; jvj � r; 2�

jv�v�j
� sin �

2
�

4�
jv�v�j

º. Recall
M"; .f / defined in (1.27). For simplicity, let B"; WD b".cos �/jv � v�j ; then

M"; .f / �

Z
B";1A.";�;r/f 2� ..�

1
2 /0 � �

1
2 /2 d� dv� dv

�
1

8

Z
B";1A.";�;r/�.v/jv � .v0 � v/j2f 2� d� dv� dv

�

Z
B";1A.";�;r/j.r2�

1
2 /.v.�//j2jv0 � vj4f 2� d� dv� dv d�

WD
1

8
M
";
1 .�/ �M

";
2 .�/: (2.1)

Estimate of M
";
1 .�/. For fixed v, v�, we introduce an orthonormal basis .h1v;v� ; h

2
v;v�

;
v�v�
jv�v�j

/ such that d� D sin � d� d'. Then one has

v0�v
jv0�vj

D cos �
2

cos'h1v;v� C cos �
2

sin'h2v;v� � sin �
2
v�v�
jv�v�j

;

v
jvj
D c1h

1
v;v�
C c2h

2
v;v�
C c3

v�v�
jv�v�j

;

where c3 D v
jvj
�
v�v�
jv�v�j

and c1, c2 are constants independent of � and '. Then we have

j
v
jvj
�
v0�v
jv0�vj

j
2
D jc1 cos �

2
cos' C c2 cos �

2
sin' � c3 sin �

2
j
2

D c21 cos2 �
2

cos2 ' C c22 cos2 �
2

sin2 ' C c23 sin2 �
2

C 2c1c2 cos2 �
2

cos' sin' � 2c3 cos �
2

sin �
2
.c1 cos' C c2 sin'/:

Integrating with respect to � we haveZ
b".cos �/1A.";�;r/jv � .v0 � v/j2 d�

D

Z �=2

0

Z 2�

0

b".cos �/ sin �1A.";�;r/jv � .v0 � v/j2 d� d'

� �.c21 C c
2
2/jvj

2
jv � v�j

2

Z �=2

0

b".cos �/ sin � cos2 �
2

sin2 �
2

1A.";�;r/ d�: (2.2)

If .v�; v; �/ 2 A."; �; r/, then jv � v�j � jv�j � jvj � r and thus 4�jv � v�j�1 � 4r�1 �p
2=2. Suppose " � �=2r ; then jv � v�j � jvj C jv�j � r C �=" � 3�=2" and thus

2�jv � v�j
�1 � 4"=3. Recall � in (1.19) and b" in (1.3) to see

b".cos �/1
4"=3�sin �2�

p
2=2
D b.cos �/1

4"=3�sin �2�
p
2=2
; (2.3)
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which givesZ �=2

0

b".cos �/ sin � cos2 �
2

sin2 �
2

1A.";�;r/ d�

D

Z �=2

0

b.cos �/ sin � cos2 �
2

sin2 �
2

1A.";�;r/ d�

& 1B.";�;r/

Z 4�jv�v�j
�1

2�jv�v�j�1
t1�2s dt & �2�2sjv � v�j

2s�21B.";�;r/; (2.4)

where we use (1.1) and the change of variable t D sin �
2

. Here B."; �; r/ D ¹.v�; v/ j
2r � jv�j �

�
"
; jvj � rº. Plugging (2.2) and (2.4) into the definition of M

";
1 .�/ we have

M
";
1 .�/ & �2�2s

Z
.c21 C c

2
2/jv � v�j

C2s
jvj21B.";�;r/�.v/f 2� dv dv�

D �2�2s
Z
.1 � . v

jvj
�
v�
jv�j
/2/jv�j

2
jv � v�j

C2s�2
jvj21B.";�;r/�.v/f 2� dv dv�;

where in the last line we use the fact that c21 C c
2
2 C c

2
3 D 1 and the law of sines

.1 � . v
jvj
�
v�
jv�j
/2/�1jv � v�j

2
D .1 � c23/

�1
jv�j

2:

Note that in the region B."; �; r/, one has jv � v�j � jv�j and thus jv � v�jC2s�2 �
jv�j

C2s�2. Recalling r D 4
p
2, then

R
.1� . v

jvj
�
v�
jv�j
/2/jvj2�.v/1

jvj�4
p
2 dv & 1 and the

value of the integral is independent of v�. Therefore, we have

M
";
1 .�/ & �2�2s

Z
jv�j

C2s12r�jv�j��="f
2
� dv�

& �2�2s
�Z
hv�i

C2s1jv�j��="f
2
� dv� � .1C .8

p
2/2/sjf j2

L2
=2

�
: (2.5)

Estimate of M
";
2 .�/. By the change of variable v! v.�/, let cos�.�/D v.�/�v�

jv.�/�v�j
� � ;

then �
2
� �.�/ � � and it is not difficult to check

M
";
2 .�/ .

Z �Z 8�jv�v�j
�1

�jv�v�j�1
t3�2s dt

�
jv � v�j

C41jv�j��="f
2
� �

1
2 dv dv�

. �4�2s
Z
jv � v�j

C2s1jv�j��="f
2
� �

1
2 dv dv�

. �4�2s
Z
hv�i

C2s1jv�j��="f
2
� dv�; (2.6)

where we use the following estimate (see [4]): for a > �3, b > 0, there holdsZ
jv � v�j

a�b.v/ dv � Ca;bhv�ia: (2.7)
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Plugging (2.5) and (2.6) into (2.1), for some universal constant C � 1, we have

M"; .f / & �2�2s.1 � C�2/

Z
hv�i

C2s1jv�j��="f
2
� dv� � C�2�2sjf j2L2

=2

:

Choosing � such that C�2 D 1
2

, we have

M"; .f /C jf j2
L2
=2

&
Z
hv�i

C2s1jv�j��="f
2
� dv�: (2.8)

Step 1:2: jv�j � R=". Here R � 1. By direct computation we have

M"; .f / D

Z
B";f 2� ..�

1
2 /0 � �

1
2 /2 d� dv� dv

�

Z
B";1jv�j�R="f

2
� � d� dv� dv

� 2

Z
B";1jv�j�R="f

2
� .�

1
2 /0�

1
2 d� dv� dv

WDM
";;R
1 �M

";;R
2 :

Recalling (2.3) and (1.1), using the change of variable t D sin �
2

, we have

M
";;R
1 &

�Z p2=2
4"=3

t�1�2s dt
�Z
jv � v�j

1jv�j�R="f
2
� � dv dv�

& "�2s
Z
hv�i

1jv�j�R="f
2
� dv�;

where we use
R
jv � v�j

� dv & hv�i and
Rp2=2
4"=3

t�1�2s dt & "�2s when 0 < " � 1
10

.

Recalling that the support of b" belongs to sin �
2
�

3
4
", there holds jv0j C jvj � jv0 � vj D

sin �
2
jv � v�j �

3
4
"jv � v�j �

3
4
".jv�j � jvj/ and thus jv0j C .1C 3

4
"/jvj � 3

4
"jv�j �

3
4
R.

Then R2=2 � 4.jv0j C jvj/2 � 8.jv0j2 C jvj2/ and so

.�
1
2 /0�

1
2 D .2�/�3=2e�

jv0 j2Cjvj2

4 . e�
jvj2

8 e
�R

2

27 :

From this, together with (2.7), we have

M
";;R
2 . e

�R
2

27 "�2s
Z
hv�i

1jv�j�R="f
2
� dv�:

Patching together the above estimates of M
";;R
1 and M

";;R
2 , we arrive at

M"; .f / � .C1 � C2e
�R

2

27 /"�2s
Z
hv�i

1jv�j�R="f
2
� dv� (2.9)

for some universal constants C1 and C2.
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Step 1:3: jv�j � �=". Here � is the fixed constant in Step 1.1. Note that estimate (2.9) is
valid for any R � 1 and " � 1

10
. We choose R D N�, where N � ��1 is large enough

such that C1 � C2e
�
.N�/2

27 �
C1
2

. Then by (2.9), when " � 1
10N

, we have

M"; .f / �MN"; .f / �
�
C1 � C2e

�
.N�/2

27
�
.N"/�2s

Z
hv�i

1jv�j��="f
2
� dv�

�
C1

2
N�2s"�2s

Z
hv�i

1jv�j��="f
2
� dv�:

From this, together with (2.8), taking "0 WD min¹ �

8
p
2
; 1
10N
º, when " � "0, we arrive at

M"; .f /C jf j2
L2
=2

&
Z
hv�i

C2s1jv�j��="f
2
� dv�

C "�2s
Z
hv�i

1jv�j��="f
2
� dv� & jW "f j2

L2
=2

:

Step 2: Upper bound of M"; .f /. Since ..�
1
2 /0��

1
2 /2�2..�

1
4 /0��

1
4 /2..�

1
2 /0C�

1
2 /,

we have

M"; .f / .
Z
B";f 2� ..�

1
4 /0 � �

1
4 /2.�

1
2 /0 d� dv� dv

C

Z
B";f 2� ..�

1
4 /0 � �

1
4 /2�

1
2 d� dv� dv WDM

";
1 .f /CM

";
2 .f /:

By Taylor expansion, one has

..�
1
4 /0 � �

1
4 /2 . min

®
1; jv � v�j

2 sin2 �
2

¯
� min

®
1; jv0 � v�j

2 sin2 �
2

¯
:

By Proposition A.1, we haveZ
b".cos �/min

®
1; jv � v�j

2 sin2 �
2

¯
d� . .W "/2.v � v�/:

After checking
.W "/2.v � v�/ . .W "/2.v/.W "/2.v�/; (2.10)

we have Z
b".cos �/min

®
1; jv � v�j

2 sin2 �
2

¯
d� . .W "/2.v/.W "/2.v�/:

Thus we have

M
";
2 .f / .

Z
f 2� jv � v�j

 .W "/2.v/.W "/2.v�/�
1
2 dv dv� . jW "f j2

L2
=2

;

where (2.7) is used.
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The term M
";
1 .f / can be similarly estimated by the change of variable v ! v0.

Indeed, one has M
";
1 .f / .

R
b".cos.2� 0//jv0 � v�jf 2� ..�

1
4 /0 � �

1
4 /2.�

1
2 /0 d� dv0 dv�,

where � 0 is the angle between v0 � v� and � . With the fact that � 0 D �
2

, we also haveZ
b".cos.2� 0//min

®
1; jv0 � v�j

2 sin2 �
2

¯
d� . .W "/2.v0/.W "/2.v�/:

Thus, by exactly the same argument as that for M
";
2 .f /, we have M

";
1 .f /. jW "f j2

L2
=2

.
The proof is complete.

2.1.2. Estimate of R
";
� .f /. We recall from [1] that for g � 0 with jgjL1 � ı > 0 and

jgjL11\L logL � �,Z
b.cos �/g�.f 0 � f /2 d� dv� dv C jf j2

L2
� C.ı; �/ja.D/f j2

L2
;

where a.�/ WD
R
b. �
j�j
� �/min¹j�j2 sin2 �

2
; 1º d� C 1. As an application, recalling (1.25)

and using Proposition A.1, we get the following proposition:

Proposition 2.2. It holds that

R";0
� .f /C jf j2

L2
& jW ".D/f j2

L2
:

Proposition 2.2 provides Sobolev regularity. We also need to derive the anisotropic
regularity jW "..��S2/

1
2 /W=2f j

2
L2

from the lower bound of R
";
� .f /. To this end, we

first give three technical lemmas.

Lemma 2.1. It holds that

A WD

Z
R3

Z �=4

"

��1�2sjf .v/ � f .v= cos �/j2 dv d� . jW ".D/f j2
L2
C jW "f j2

L2
:

Proof. Applying dyadic decomposition in phase space, since
p
2
2
� cos � � 1 for � 2

Œ0; �
4
�, we have

A D

Z
R3

Z �=4

"

��1�2s
ˇ̌̌̌ 1X
kD�1

.'kf /.v/ �

1X
kD�1

.'kf /.v= cos �/
ˇ̌̌̌2

dv d�

.
1X

kD�1

Z
R3

Z �=4

"

��1�2sj.'kf /.v/ � .'kf /.v= cos �/j2 dv d� WD
1X

kD�1

Ak :

It is easy to check
P
2k�1=" Ak . jW "f j2

L2
since

R �=4
"

��1�2s d� . "�2s . For the case
2k � 1=", by Plancherel’s theorem and dyadic decomposition in frequency space, we have

Ak D

Z
R3

Z �=4

"

��1�2sjb'kf .�/ � cos3 � b'kf .� cos �/j2 d� d�

.
Z

R3

Z �=4

"

��1�2sjb'kf .�/ � b'kf .� cos �/j2 d� d� C j'kf j2L2
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D

Z
R3

Z �=4

"

��1�2s
ˇ̌̌̌ 1X
lD�1

.'l b'kf /.�/ �
1X

lD�1

.'l b'kf /.� cos �/
ˇ̌̌̌2

d� d� C j'kf j2L2

.
1X

lD�1

Z
R3

Z �=4

"

��1�2sj.'l b'kf /.�/ � .'l b'kf /.� cos �/j2 d� d� C j'kf j2L2

WD

1X
lD�1

Ak;l C j'kf j
2
L2
:

Note that
P
2l�1="Ak;l . jW ".D/'kf j

2
L2

, thus Ak .
P
2l�1="Ak;lCjW

".D/'kf j
2
L2
C

j'kf j
2
L2

. Using
P1
k��1 j'kf j

2
L2

. jf j2
L2

and (A.1), we have

A .
X

2k�1=";

2l�1="

Ak;l C jW
".D/f j2

L2
C jW "f j2

L2
:

For each k and l such that 2k � 1=", 2l � 1=", using
R �=4
2�k=2�l=2

��1�2s d� . 2s.lCk/, we
have

Ak;l D

Z
R3

Z 2�k=2�l=2

"

��1�2sj.'l b'kf /.�/ � .'l b'kf /.� cos �/j2 d� d�

C

Z
R3

Z �=4

2�k=2�l=2
��1�2sj.'l b'kf /.�/ � .'l b'kf /.� cos �/j2 d� d�

.
Z

R3

Z 2�k=2�l=2

0

��1�2sj.'l b'kf /.�/ � .'l b'kf /.� cos �/j2 d� d� C 2s.lCk/j'l b'kf j2L2

WD Bk;l C 2
s.lCk/

j'l b'kf j2L2 : (2.11)

By Taylor expansion,

.'l b'kf /.�/ � .'l b'kf /.� cos �/ D .1 � cos �/
Z 1

0

.r'l b'kf /.�.�// � � d�;

where �.�/ D .1 � �/� cos � C �� . Thus we obtain

Bk;l .
Z 1

0

Z
R3

Z 2�k=2�l=2

0

�3�2sj�j2j.r'l b'kf /.�.�//j2 d� d� d�:

By the change of variable � ! � D �.�/, we have

Bk;l D

Z 1

0

Z
R3

Z 2�k=2�l=2

0

�3�2s
j�j2

..1 � �/ cos � C �/5
j.r'l b'kf /.�/j2 d� d� d�

.
Z

R3

Z 2�k=2�l=2

0

�3�2sj�j2j.r'l b'kf /.�/j2 d� d�

. 2�.2�s/.lCk/
Z

R3

j�j2j.r'l b'kf /.�/j2 d�: (2.12)
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Note that

.r'l b'kf /.�/ D .r'l /.�/b'kf .�/C 'l .�/.rb'kf /.�/
D 2�l .r'/

� �
2l

�b'kf .�/ � i.'l 1v'kf /.�/;

which gives

j�j2j.r'l b'kf /.�/j2 . jr'j2L1 j.z'l b'kf /.�/j2 C 22l j.'l 1v'kf /.�/j2; (2.13)

where z'l WD
P
k��1;jk�lj�4 'k . Plugging (2.13) into (2.12), we have

Bk;l . 2�.2�s/.lCk/jz'l b'kf j2L2 C 2s.lCk/�2kj'l 1v'kf j2L2 : (2.14)

Recalling (2.11), we arrive at

Ak;l . 2�.2�s/.lCk/jz'l b'kf j2L2 C 2s.lCk/�2kj'l 1v'kf j2L2 C 2s.lCk/j'l b'kf j2L2
WD Ak;l;1 CAk;l;2 CAk;l;3:

The first term is estimated by
P
2k�1=";2l�1="Ak;l;1 . jf j2

L2
. For the second term Ak;l;2,

we haveX
2k�1=";

2l�1="

Ak;l;2 .
3X

jD1

X
2k�1=";

2l�1="

22sl2�2kj'l2vj'kf j2L2 C
3X

jD1

X
2k�1=";

2l�1="

22sk2�2kj'l2vj'kf j2L2

.
3X

jD1

X
2k�1="

2�2kjW "2vj'kf j2L2 C
3X

jD1

X
2k�1="

22sk2�2kjvj'kf j
2
L2

.
3X

jD1

X
2k�1="

2�2kjW ".D/vj'kf j
2
L2
C jW "f j2

L2

. jW ".D/f j2
L2
C jW "f j2

L2
:

In the last inequality we apply Lemma A.1 to get

jW ".D/vj'kf j
2
L2

. jvj'kW ".D/f j2
L2
Cjf j2

H s�1 ;

thanks toW " 2 S s1;0; vj'k 2 S
1
1;0 (see Definition A.1 for Sm1;0). As for the last term Ak;l;3,

we haveX
2k�1=";

2l�1="

Ak;l;3 .
X

2k�1=";

2l�1="

22sl j'l b'kf j2L2 C
X

2k�1=";

2l�1="

22skj'l b'kf j2L2

.
X
2k�1="

jW ".D/'kf j
2
L2
C

X
2k�1="

22skjb'kf j2L2 . jW ".D/f j2
L2
CjW "f j2

L2
:

Patching together the above estimates, we finish the proof.
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Remark 2.1. If we change the integral range
R �=4
"

in Lemma 2.1 to
R �=4
3"=4

, the estimate
still holds true.

Lemma 2.2. Let

Z"; .f / WD

Z
b". u
juj
� �/hui jf .juj u

C

juCj
/ � f .uC/j2 d� du

with uC D uCjuj�
2

. Then

Z"; .f / . jW ".D/W=2f j
2
L2
C jW "W=2f j

2
L2
:

Proof. We divide the proof into two steps.

Step 1:  D 0. By the change of variable .u; �/! .r; �; &/ with u D r� and & D �C�
j�C� j

,
we have

Z";0.f / D 4

Z
RC�S2�S2

b".2.� � &/2 � 1/jf .r&/ � f ..� � &/r&/j2.� � &/r2 dr d� d&:

Let � D r& and � be the angle between � and & . Recalling assumption (1.1) and b"

in (1.3), we have b".2.� � &/2 � 1/ D b".cos 2�/ . ��2�2s13"=4����=4. Observing that
r2 dr d� d& D sin � d� d� d', we have

Z";0.f / .
Z

R3

Z �=4

3"=4

��1�2sjf .�/ � f .� cos �/j2 d� d�

.
Z

R3

Z �=4

3"=4

��1�2sjf .�/ � f .�= cos �/j2 d� d�

. jW ".D/f j2
L2
C jW "f j2

L2
; (2.15)

where the last inequality is given by Lemma 2.1 and Remark 2.1.

Step 2:  ¤ 0. We reduce the general case  ¤ 0 to the special case  D 0. For simplicity,
denote w D juj u

C

juCj
; then W .u/ D W .w/. Then we have

hui jf .w/ � f .uC/j2

D j..W=2f /.w/ � .W=2f /.u
C//C .W=2f /.u

C/.1 �W=2.w/W�=2.u
C//j2

� 2j.W=2f /.w/ � .W=2f /.u
C/j2 C 2j.W=2f /.u

C/j2j1 �W=2.w/W�=2.u
C/j2:

Thus we have

Z"; .f / . Z";0.W=2f /CB;

B WD

Z
b". u
juj
� �/j.W=2f /.u

C/j2j1 �W=2.w/W�=2.u
C/j2 du d�:

By noticing that jW=2.w/W�=2.uC/ � 1j . sin2 �
2

, and using the change of variable
u ! uC, we have jBj . jW=2f j2L2 . The desired result follows by utilizing (2.15) for
Z";0.W=2f /.
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Next we want to show the following lemma.

Lemma 2.3. Let " � 0 be small enough. For a suitable function f defined on S2, there
holdsZ
jf .�/ � f .�/j2

j� � � j2C2s
1j��� j�" d� d� C jf j2

L2.S2/ � jW
"..��S2/

1
2 /f j2

L2.S2/ C jf j
2
L2.S2/:

As a direct result, for a suitable function f defined on R3, there holdsZ
S2�S2�RC

jf .r�/ � f .r�/j2

j� � � j2C2s
1j��� j�"r2 d� d� dr C jf j2

L2

� jW "..��S2/
1
2 /f j2

L2
C jf j2

L2
: (2.16)

Proof. We only prove the case " > 0 since the case " D 0 is already proved in [10]. By
[10, Lemma 5.4], we haveZ
jf .�/ � f .�/j2

j� � � j2C2s
1j��� j�" d� d� D

1X
lD0

lX
mD�l

.f ml /
2

Z
jY m
l
.�/ � Y m

l
.�/j2

j� � � j2C2s
1j��� j�" d� d�;

where f m
l
D
R

S2 f Y
m
l

d� . For simplicity, let A"
l
D
R jYm

l
.�/�Ym

l
.�/j2

j��� j2C2s
1j��� j�" d� d� . Now

we will analyze A"
l
.

Case 1: "2l.l C 1/ � �. We have

A"
l D

Z
jY m
l
.�/ � Y m

l
.�/j2

j� � � j2C2s
d� d� �

Z
jY m
l
.�/ � Y m

l
.�/j2

j� � � j2C2s
1j��� j�" d� d�:

From [10, Lemma 5.5] we get

j.��S2/
s
2Y ml j

2
L2.S2/ � jY

m
l j

2
L2.S2/ � "

2�2s
j.��S2/

1
2Y ml j

2
L2.S2/

. A"
l . j.��S2/

s
2Y ml j

2
L2.S2/ C jY

m
l j

2
L2.S2/ C "

2�2s
j.��S2/

1
2Y ml j

2
L2.S2/:

For l � 1 and "2l.l C 1/ � �, we have

Œl.l C 1/�s.1 � 2�s � �1�s/ � Œl.l C 1/�s.1 � Œl.l C 1/��s � Œ"2l.l C 1/�1�s/

D Œl.l C 1/�s � 1 � "2�2sl.l C 1/

� A"
l � .2C �

1�s/Œl.l C 1/�s :

By taking � small enough, we have A"
l
� Œl.l C 1/�s .

Case 2: "2l.l C 1/ � R2. Let � be a smooth function with compact support verifying that
0 � � � 1, �.x/ D 1 if jxj � 2 and �.x/ D 0 if jxj � 1. We have

A"
l �

Z
jY m
l
.�/j2 C jY m

l
.�/j2 � 2Y m

l
.�/Y m

l
.�/

j� � � j2C2s
�."�1j� � � j/ d� d�

& "�2s �

Z
Y m
l
.�/Y m

l
.�/

j� � � j2C2s
�."�1j� � � j/ d� d� WD "�2s �B"

l :
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Since .��S2/Y
m
l
D l.l C 1/Y m

l
, we have

B"
l D Œl.l C 1/�

�1

Z
.��S2/Y

m
l
.�/Y m

l
.�/

j� � � j2C2s
�."�1j� � � j/ d� d�

� C Œl.l C 1/��1j.��S2/
1
2Y ml jL2.S2/jY

m
l jL2.S2/

Z
j� � � j�3�2s1j��� j�" d�

� C"�2sŒ"2l.l C 1/��
1
2 :

Thus we have A"
l

& "�2s.1 � C Œ"2l.l C 1/��
1
2 / � "�2s.1 � C=R/. Since A"

l
� 4"�2s ,

we obtain that A"
l
� "�2s as long as R is large enough.

Case 3: "2l.l C 1/ � �. Here � is the fixed constant in Case 1. Note that .N"/2l.l C 1/ �
N 2�. Applying the lower bound estimate in Case 2 with " WD N", R WD N

p
�, we obtain

that
AN"
l & N�2s"�2s

�
1 �

C

N
p
�

�
:

Choosing N large enough, for "2l.l C 1/ � �, we have A"
l
� AN"

l
& "�2s . Notice that

there still holds A"
l

. "�2s in this case. Thus we get A"
l
� "�2s .

Combining Cases 1 and 3, we finally obtain the desired result.

Remark 2.2. If the truncation j� � � j � " in Lemma 2.3 is replaced by j� � � j � a" for
some 1

3
� a � 3, the results still hold true.

Now we are in a position to derive the anisotropic regularity from R
";
� .f / defined in

(1.25). Our key strategy is to apply geometric decomposition in frequency space.

Proposition 2.3. The following two estimates are valid:

R";0
� .f /C jW "f j2

L2
� jW "..��S2/

1
2 /f j2

L2
C jW ".D/f j2

L2
C jW "f j2

L2
; (2.17)

R";
� .f /C jW "f j2

L2
=2

& jW "..��S2/
1
2 /W=2f j

2
L2
C jW ".D/W=2f j

2
L2
: (2.18)

Proof. The proof is split into two steps.

Step 1: (2.17) and (2.18) with  D 0. By Bobylev’s formula, we have

R";0
� .f / D

1

.2�/3

Z
b". �
j�j
� �/. O�.0/j Of .�/ � Of .�C/j2

C 2<.. O�.0/ � O�.��// Of .�C/
NOf .�// d� d�

WD
O�.0/

.2�/3
	1 C

2

.2�/3
	2;

where �C D �Cj�j�
2

and �� D ��j�j�
2

. Thanks to the fact that

O�.0/ � O�.��/ D

Z
.1 � cos.v � ��//�.v/ dv;
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we have

j	2j D

ˇ̌̌̌Z
b". �
j�j
� �/.1 � cos.v � ��//�.v/<. Of .�C/ NOf .�// d� d� dv

ˇ̌̌̌
.
�Z

b". �
j�j
� �/.1 � cos.v � ��//�.v/j Of .�C/j2 d� d� dv

� 1
2

�

�Z
b". �
j�j
� �/.1 � cos.v � ��//�.v/j Of .�/j2 d� d� dv

� 1
2

:

Observe that

1 � cos.v � ��/ . jvj2j��j2 D 1
4
jvj2j�j2j �

j�j
� � j2 � jvj2j�Cj2j �

C

j�Cj
� � j2;

thus

1 � cos.v � ��/ . min
®
jvj2j�j2j �

j�j
� � j2; 1

¯
� min

®
jvj2j�Cj2j �

C

j�Cj
� � j2; 1

¯
:

Noting that �
j�j
� � D 2. �

C

j�Cj
� �/2 � 1, by the change of variable � ! �C, Proposition A.1

and the fact that W ".jvjj�j/ . W ".jvj/W ".j�j/, we have

j	2j .
Z
.W "/2.jvj j�j/j Of .�/j2�.v/ d� dv

. jW "�
1
2 j
2
L2
jW ".D/f j2

L2
. jW ".D/f j2

L2
:

Now we will estimate 	1. By the geometric decomposition

Of .�/ � Of .�C/ D Of .�/ � Of .j�j �
C

j�Cj
/C Of .j�j �

C

j�Cj
/ � Of .�C/;

we have

	1 D

Z
b". �
j�j
� �/j Of .�/ � Of .�C/j2 d� d�

�
1

2

Z
b". �
j�j
� �/j Of .�/ � Of .j�j �

C

j�Cj
/j2 d� d�

�

Z
b". �
j�j
� �/j Of .j�j �

C

j�Cj
/ � Of .�C/j2 d� d�

WD
1

2
	1;1 � 	1;2:

Let � D r� and & D �C�
j�C� j

; then �
j�j
� � D 2.� � &/2 � 1 and j�j �

C

j�Cj
D r& . For the change of

variable .�;�/! .r; �;&/, one has d� d� D 4.� � &/r2 dr d� d& . Let � be the angle between
� and � ; then 2 sin �

2
D j� � � j, j� � & j D 2.1 � cos �

2
/ and thus sin �

2
D

1
2
j� � � j �

j� � & j � j� � � j D 2 sin �
2

. Therefore,

j� � & j�2�2s1j��& j� 83 " . b".cos �/ . j� � & j�2�2s1j��& j� 34 ": (2.19)



L.-B. He and Y.-L. Zhou 1124

By (2.16) in Lemma 2.3 and Remark 2.2, we have

	1;1 C jf j
2
L2
D 4

Z
b".2.� � &/2 � 1/j Of .r�/ � Of .r&/j2.� � &/r2 dr d� d& C jf j2

L2

&
Z
j Of .r�/ � Of .r&/j2

j� � & j2C2s
1j��& j�8"=3r2 dr d� d& C jf j2

L2

� jW "..��S2/
1
2 / Of j2

L2
C j Of j2

L2
� jW "..��S2/

1
2 /f j2

L2
C jf j2

L2
: (2.20)

Here we use Lemma A.3 and Plancherel’s theorem in the last line. Similarly, by (2.19),
(2.16) in Lemma 2.3 and Remark 2.2, we have

	1;1 C jf j
2
L2

. jW "..��S2/
1
2 /f j2

L2
C jf j2

L2
:

By Lemma 2.2, there holds

	1;2 . jW ".D/f j2
L2
C jW "f j2

L2
: (2.21)

Patching together (2.20), (2.21) and Proposition 2.2, we get the & direction of (2.17), i.e.,

R";0
� .f /C jW "f j2

L2
& jW "..��S2/

1
2 /f j2

L2
C jW ".D/f j2

L2
C jW "f j2

L2
: (2.22)

The . direction of (2.17) follows easily from R
";0
� .f / . 	1;1 C 	1;2 C j	2j.

Step 2: (2.18) with  ¤ 0. Thanks to [10, Lemma 3.4] which reads

R";
� .f /C jf j2

L2
=2

& R";0
� .W=2f /;

we obtain the desired result by using (2.22). The proof is complete.

2.1.3. Lower bound of hL"f; f iv. We are ready to derive the following lower bound
estimate for hL"f; f iv .

Theorem 2.1. It holds that

hL"f; f iv C jf j
2
L2
=2

& jf j2";=2:

Proof. We proceed in the spirit of [4]. Recalling (1.8) and .a C b/2 � a2=2 � b2, there
holds

2hL"
1f; f iv D

Z
B".�

1
2
�f � .�

1
2 /0�f

0/2 dv dv� d�

D

Z
B".�

1
2
� .f � f

0/C .�
1
2
� � .�

1
2 /0�/f

0/2 dv dv� d�

�
1

2
R";
� .f / �M"; .f /: (2.23)

Note that

2hL"
1f; f iv D R";

� .f /CM"; .f /C 2

Z
B".�

1
2
� � .�

1
2 /0�/�

1
2
� .f � f

0/f 0 dv dv� d�:



Asymptotics of the linearized Boltzmann operator 1125

From this, together with the fact that 2.a � b/b D a2 � b2 � .a � b/2, one gets

2.�
1
2
� � .�

1
2 /0�/�

1
2
� .f � f

0/f 0

D
1

2
.f 2 � f 02 � .f � f 0/2/.�� � �

0
� C .�

1
2
� � .�

1
2 /0�/

2/

D
1

2
.f 2 � f 02/.�� � �

0
�/ �

1

2
.f � f 0/2.�

1
2
� � .�

1
2 /0�/

2

C
1

2
.f 2 � f 02/.�

1
2
� � .�

1
2 /0�/

2
�
1

2
.f � f 0/2.�� � �

0
�/

WD A1 C A2 C A3 C A4:

By the change of variable .v; v�/! .v0; v0�/, the cancellation lemma in [1] and (2.7), it
holds thatˇ̌̌̌Z

B"A1 dv dv� d�
ˇ̌̌̌
D

ˇ̌̌̌Z
B"��.f

2
� f 02/ dv dv� d�

ˇ̌̌̌
� C jf j2

L2
=2

;Z
B"A3 dv dv� d� D

Z
B"A4 dv dv� d� D 0:

Note thatZ
B"A2 dv dv� d� D �

Z
B"��.f � f

0/2 dv dv� d�

C

Z
B"�

1
2
� .�

1
2 /0�.f � f

0/2 dv dv� d� � �R";
� .f /:

Patching together the above estimates, we infer that 2hL"
1f; f iv �M"; .f /� C jf j2

L2
=2

,

from which, together with (2.23), we have

5hL"
1f; f iv �

1
2
R";
� .f /C 1

2
M"; .f / � 3

2
C jf j2

L2
=2

& jf j2";=2 � C jf j
2
L2
=2

;

where in the last inequality we use Proposition 2.1 and (2.18). By a similar proof to that
of [4, Lemma 2.15], it holds that

jhL"
2g; hivj . j�

1=103gjL2 j�
1=103hjL2 . jgjL2

=2
jhjL2

=2
: (2.24)

Recalling that L" D L"
1 CL"

2, we finish the proof.

We give the coercivity estimate of L" on the perpendicular space N ? in the following
proposition.

Proposition 2.4. It holds that

hL"f; f iv & j.I � P /f j2";=2:

Here I stands for the identity operator.
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Proof. By [15, 16], there holds hL"f; f iv & j.I � P /f j2
L2
=2

. By the definition of P and

Theorem 2.1, we have

hL"f; f iv D hL
".I � P /f; .I � P /f iv & j.I � P /f j2";=2 � j.I � P /f j2

L2
=2

:

Making a suitable combination of the two estimates, we get the desired result.

2.2. Upper bound of the nonlinear term

In this subsection we will estimate the following inner product:

h�".g; h/; f iv D hQ
".�

1
2 g; h/; f iv C 	.g; h; f /; (2.25)

	.g; h; f / WD

Z
b".cos �/jv � v�j ..�

1
2 /0� � �

1
2
� /g�hf

0 d� dv� dv: (2.26)

We will estimateQ" in Section 2.2.1 and 	.g;h;f / in Section 2.2.2. Using relation (2.25),
the upper bounds of h�".g; h/; f iv will be summarized in Theorem 2.3 in Section 2.2.3.
At the end of Section 2.2, we will finish the proof of Theorem 1.1.

2.2.1. Upper bounds for the collision operator Q". We perform the decomposition

hQ".g; h/; f iv D hQ
"
�1.g; h/; f iv C hQ

"
�0.g; h/; f iv; (2.27)

where

hQ"
�1.g; h/; f iv WD

Z
b".cos �/jv � v�j�.v � v�/g�h.f 0 � f / d� dv� dv;

hQ"
�0.g; h/; f iv WD

Z
b".cos �/jv � v�j .1 � �.v � v�//g�h.f 0 � f / d� dv� dv:

Here � is given in (1.19).
To give an estimate for Q"

�1, we begin with two lemmas.

Lemma 2.4. Let A WD
R
jv � v�j

�.v � v�/g�hf dv� dv, B WD "2s
R
b".cos �/jv �

v�j
�.v � v�/g�hf

0 d� dv� dv. The following statements are valid:

• If  > �3
2

, then jAj C jBj . jgjL2 jhjL2 jf jL2 .

• If  D �3
2

, for any � > 0, there exists a constant C� such that

jAj C jBj �

´
C�jgjH� jhjL2 jf jL2 ;

C�.jgjL1 C jgjL2/jhjH� jf jL2 :

• If �3 <  < �3
2

, for any � > 0, there exists a constant C� such that

jAj C jBj .

´
C�jgj

H
�� 32�

jhjL2 jf jL2 ;

jgjH s1 jhjH s2 jf jH s3 :

Here the constants s1; s2; s3 � 0 verify s1 C s2 C s3 D � � 3
2

, s2 C s3 > 0.
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Proof. We first handle the termA. If  >�3
2

, the desired result comes from the inequalityZ
jv � v�j

�.v � v�/jg�j dv� . jgjL2 :

If  D �3
2

, the first result follows from Hardy’s inequality,Z
jv � v�j

� 32�.v � v�/jg�j dv� � C�

�Z
jv � v�j

�2�
jg�j

2 dv�

� 1
2

. C�jgjH� :

The second result follows from the Hardy–Littlewood–Sobolev inequality, the Sobolev
embedding theorem and the interpolation inequality. Indeed, we have

jAj . jgjLp1 jhjLp2 jf jL2 . C�.jgjL1 C jgjL2/jhjH� jf jL2 ;

where 1
p1
C

1
p2
D 1, �

3
D

1
2
�

1
p2

with p2 > 2, 1 < p1 < 2.
If �3 <  < �3

2
, the first result follows from Hardy’s inequality,Z

jv � v�j
�.v � v�/jg�j dv� � C�

�Z
jv � v�j

2C3�2�
jg�j

2 dv�

� 1
2

. C�jgj
H
�� 32�

:

The second result follows from the Hardy–Littlewood–Sobolev inequality and the Sobolev
embedding theorem,

jAj . jgjLp1 jhjLp2 jf jLp3 . jgjH s1 jhjH s2 jf jH s3 ;

where �
3
C

1
p1
C

1
p2
C

1
p3
D 2, pi � 2, 1

p2
C

1
p3
<1, si

3
D

1
2
�

1
pi

and thus s1C s2C s3D
�
3
2
�  , s2 C s3 > 0.
Now we point out how to derive the same estimates for B . From the above proof for

A, thanks to the change of variable v ! v0 and the estimate "2s
R
b".cos �/ d� . 1, we

only need to prove that the Hardy–Littlewood–Sobolev inequality is still valid for B . To
this end, we observe that for �

3
C

1
p1
C

1
r
D 2 and 1

p2
C

1
p3
D

1
r

,

jBj .
�
"2s

Z
b".cos �/jv � v�j�.v � v�/jg�j jhj

p2
r d� dv� dv

� r
p2

�

�
"2s

Z
b".cos �/jv � v�j�.v � v�/jg�j jf 0j

p3
r d� dv� dv

� r
p3

. jgjLp1 jhjLp2 jf jLp3 :

Then we conclude the results for B by copying the same argument used for A.

Lemma 2.5. Set

A WD

Z
jv � v�j

g�hf dv� dv; B WD "2s
Z
b".cos �/jv � v�jg�hf 0 d� dv� dv:

The following statements are valid:
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• If  � 0, then jAj C jBj . jgjL1 jhjL2=2 jf jL2=2 .

• If �3
2
<  < 0, then jAj C jBj . .jgjL1

j j
C jgjL2

j j
/jhjL2

=2
jf jL2

=2
.

• If  D �3
2

, for any � > 0, there exists a constant C� such that

jAj C jBj �

8<:C�.jgjL1j j C jgjH�
j j
/jhjL2

=2
jf jL2

=2
;

C�.jgjL1
j j
C jgjL2

j j
/jhjH�

=2
jf jL2

=2
:

• If �3 <  < �3
2

, for any � > 0, there exists a constant C� such that

jAj C jBj .

8̂<̂
:
C�.jgjL1

j j
C jgj

H
�� 32�

j j

/jhjL2
=2
jf jL2

=2
;

.jgjL1
j j
C jgj

H
s1
j j
/jhj

H
s2
=2
jf j

H
s3
=2
:

Here s1; s2; s3 � 0 are constants verifying s1 C s2 C s3 D � � 3
2

, s2 C s3 > 0.

Proof. Let G D gWj j, H D hW=2, F D f W=2. Then we have

jAj D

ˇ̌̌̌Z
jv � v�j


hv�i

�j j
hvi�G�HF dv� dv

ˇ̌̌̌
.
Z
.1C 1<0jv � v�j�.v � v�//jG�HF j dv� dv:

Then the estimates for A follow from Lemma 2.4. Since jv � v�j � jv0 � v�j, by a similar
argument, we can conclude the results for B .

Now we are ready to give the following upper bounds for Q"
�1.

Proposition 2.5. For any � > 0, the following estimates are valid:

• If  > �3
2

, then jhQ"
�1.g; h/; f ivj . jgjL2

j j
jW ".D/hjL2

=2
jW ".D/f jL2

=2
.

• If  D�3
2

, then jhQ"
�1.g; h/; f ivj. .jgjL1

j j
C jgj

H
s1
j j
/jW ".D/hj

H
s2
=2
jW ".D/f jL2

=2
.

Here, .s1; s2/ D .0; �/ or .�; 0/.

• If�3<  <�3
2

, then jhQ"
�1.g;h/;f ivj. jgjH s1

j j
jW ".D/hj

H
s2
=2
jW ".D/f j

H
s3
=2

. Here,

s1; s2; s3 � 0 are constants verifying either s1 C s2 C s3 D � � 3
2

, s2 C s3 > 0 or
s1 D � �

3
2
C �, s2 D s3 D 0.

If  D �3
2

or �3 <  < �3
2

, the . could produce a constant depending on � on the
right-hand sides.

Proof. We divide the proof into two steps.

Step 1: Estimates without weight. Following [10, proof of Theorem 1.1], we conclude
that

jQ"
�1.g; h/; f ivj . jgjL2 jhjHa jf jHb ; (2.28)
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where aC b D 2s with a; b 2 Œ0; 2s�. Recalling (1.20), we have the decomposition

hQ"
�1.g; h/; f iv D hQ

"
�1.g; h�/; f�iv C hQ

"
�1.g; h�/; f

�
iv

C hQ"
�1.g; h

�/; f�iv C hQ
"
�1.g; h

�/; f �iv:

Using (2.28), we have

jhQ"
�1.g; h�/; f�ivj . jgjL2 jh� jH s jf� jH s ;

jhQ"
�1.g; h�/; f

�
ivj . jgjL2 jh� jH2s jf � jL2 ;

jhQ"
�1.g; h

�/; f�ivj . jgjL2 jh� jL2 jf� jH2s :

Thanks to jh� jH2s . "�sjh� jH s and jf� jH2s . "�sjf� jH s , we have

jhQ"
�1.g; h�/; f�ivj C jhQ

"
�1.g; h�/; f

�
ivj C jhQ

"
�1.g; h

�/; f�ivj

. jgjL2 jW ".D/hjL2 jW
".D/f jL2 :

From this, together with Lemma 2.4 to deal with hQ"
�1.g; h

�/; f �iv , we conclude that

 > �3
2
W jhQ"

�1.g; h/; f ivj . jgjL2 jW
".D/hjL2 jW

".D/f jL2 ;

 D �3
2
W jhQ"

�1.g; h/; f ivj . .jgjL1 C jgjH s1 /jW
".D/hjH s2 jW

".D/f jL2 ;

�3 <  < �3
2
W jhQ"

�1.g; h/; f ivj . jgjH s1 jW
".D/hjH s2 jW

".D/f jH s3 :

That is, the results in the proposition are valid if we take  D 0 on the right-hand sides. In
the next step, we recover the weights by using some commutator estimates.

Step 2: Estimates with weight. We recall that

hQ"
�1.g; h/; f iv D

X
j�3

hQ"
�1.'jg; z'jh/; z'jf iv C

X
j�2

hQ"
�1.'jg;U3h/;U3f iv

WD A1 CA2;

where z'j WD
P
k��1;jk�j j�4 'k and U3 WD

P
�1�k�3 'k . We only consider the most

difficult case �3< <�3
2

. In this case, by Step 1 we have

jA1j .
X
j�3

jhDis1'jgjL2 jhDi
s2W ".D/z'jhjL2 jhDi

s3W ".D/z'jf jL2 WD
X
j�3

A1;j :

For simplicity we write A1;j D BjCjDj , where

Bj WD 2
�j
jhDis12.�C1/j h�i'j h�i

�gjL2 ;

Cj WD 2
�j
jhDis2W ".D/2.=2C1/j h�i�=2 z'j h�i

=2hjL2 ;

Dj WD 2
�j
jhDis3W ".D/2.=2C1/j h�i�=2 z'j h�i

=2f jL2 :

Thanks to 2.�C1/j h�i'j 2 S11;0 and h�is1 2 S s11;0, Lemma A.1 yields

Bj . j'j hDis1h�i�gjL2 C 2�j jh�i�gjH s1�1 :
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Similarly, Lemma A.1 yields

Cj . jz'j hDis2W ".D/h�i=2hjL2 C 2
�j
jh�i

=2hjH s2Cs�1 ;

Dj . jz'j hDis3W ".D/h�i=2f jL2 C 2
�j
jh�i

=2f jH s3Cs�1 :

Thus, it is not difficult to conclude that

jA1j . jhDis1h�i�gjL2 jhDis2W ".D/h�i=2hjL2 jhDi
s3W ".D/h�i=2f jL2 :

The term A2 is much easier since it has only finite terms. Finally, we have

jhQ"
�1.g; h/; f ivj . jhDi

s1h�i
�gjL2 jhDi

s2W ".D/h�i=2hjL2 jhDi
s3W ".D/h�i=2f jL2 :

For the case  � �3
2

, we can repeat the above procedure to get the desired results. We
finish the proof with the help of Lemma A.2.

To give the upper bound for Q"
�0, we need the next two lemmas.

Lemma 2.6. Let Y"; .h; f / WD
R
b". u
juj
� �/huih.u/.f .uC/ � f .juj u

C

juCj
// du d� ; then

jY"; .h; f /j . .jW "W=2hjL2 C jW
".D/W=2hjL2/

� .jW "W=2f jL2 C jW
".D/W=2f jL2/:

Proof. We divide the proof into two steps.

Step 1:  D 0. The proof is similar to that of Lemma 2.1. First, applying dyadic decom-
position in phase space we have

Y";0.h; f / D

1X
kD�1

Z
b". u
juj
� �/.z'kh/.u/..'kf /.u

C/ � .'kf /.juj
uC

juCj
// du d�

WD

1X
kD�1

Yk ;

where z'k D
P
l��1;jl�kj�4 'l . We separately consider the two cases: 2k � 1=" and 2k �

1=". If 2k � 1=", we have

jYkj �

�Z
b". u
juj
� �/j.z'kh/.u/j

2 du d�
� 1
2

�

�Z
b". u
juj
� �/.j.'kf /.u

C/j2 C j.'kf /.juj
uC

juCj
/j2/ du d�

� 1
2

:

By the changes of variable u! uC and u! w D juj u
C

juCj
respectively, we have jYkj .

"�2sjz'khjL2 j'kf jL2 . Taking the sum over 2k � 1=", we getˇ̌̌̌ X
2k�1="

Yk

ˇ̌̌̌
.

X
2k�1="

"�2sjz'khjL2 j'kf jL2 . jW "hjL2 jW
"f jL2 :
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If 2k � 1=", by Proposition A.2 and dyadic decomposition in frequency space, we have

Yk D

Z
b". �
j�j
� �/.bz'kh.�C/ �bz'kh.j�j �

C

j�Cj
//b'kf .�/ d� d�

D

1X
lD�1

Z
b". �
j�j
� �/..'lbz'kh/.�C/ � .'lbz'kh/.j�j �

C

j�Cj
//.z'l b'kf /.�/ d� d�

WD

1X
lD�1

Yk;l :

If 2l � 1=", we have jYk;l j . "�2sj'lbz'khjL2 jz'l b'kf jL2 and thusX
2l�1="

jYk;l j .
X
2l�1="

"�2sj'lbz'khjL2 jz'l b'kf jL2 . jW ".D/z'khjL2 jW
".D/'kf jL2 :

Then by (A.1) we have
P
2k�1=";2l�1=" jYk;l j . jW ".D/hjL2 jW

".D/f jL2 . If 2l � 1=",
we have

Yk;l D

Z
b". �
j�j
� �/1

��2
�
kCl
2
..'lbz'kh/.�C/ � .'lbz'kh/.j�j �

C

j�Cj
//.z'l b'kf /.�/ d� d�

C

Z
b". �
j�j
� �/1

��2
�
kCl
2
..'lbz'kh/.�C/ � .'lbz'kh/.j�j �

C

j�Cj
//.z'l b'kf /.�/ d� d�

WD Yk;l;1 C Yk;l;2:

Since
R
b".cos�/1��2�k=2�l=2 d� . 2s.kCl/ we have jYk;l;1j. 2s.kCl/j'lbz'khjL2 jz'l b'kf jL2

and thus X
2k�1=";

2l�1="

jYk;l;1j �

� X
2k�1=";

2l�1="

22sl j'lbz'khj2L2
� 1
2
� X
2k�1=";

2l�1="

22skjz'l b'kf j2L2
� 1
2

.
� X
2k�1="

jW ".D/z'khj
2
L2

� 1
2
� X
2k�1="

22skj'kf j
2
L2

� 1
2

. jW ".D/hjL2 jW
"f jL2 ;

where we use (A.1) in the last inequality. Recalling that �C D �Cj�j�
2

, by Taylor expansion
we have

.'lbz'kh/.�C/ � .'lbz'kh/.j�j �
C

j�Cj
/ D

�
1 �

1

cos �
2

� Z 1

0

.r'lbz'kh/.�C.�// � �C d�;

where �C.�/ D .1 � �/j�j �
C

j�Cj
C ��C and cos � D �

j�j
� � , from which we get

jYk;l;2j D

ˇ̌̌̌Z
Œ0;1��R3�S2

b". �
j�j
� �/

�
1 �

1

cos �
2

�
1
��2

�
kCl
2
.z'l b'kf /.�/

� .r'lbz'kh/.�C.�// � �C d� d� d�
ˇ̌̌̌
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.
�Z 2

�
kCl
2

0

Z
R3

�1�2sj.z'l b'kf /.�/j2 d� d�
� 1
2

�

�Z 2
�
kCl
2

0

Z
R3

�1�2sj�j2j.r'lbz'kh/.�/j2 d� d�
� 1
2

. 2s.kCl/=2jz'l b'kf jL2
�
2�.2�s/.kCl/

Z
j�j2j.r'lbz'kh/.�/j2 d�

� 1
2

;

where we use the change of variable � ! � D �C.�/ and the fact that j1 � 1

cos �2
j . �2.

Recalling (2.12) and (2.14), we have

jYk;l;2j . 2.s�1/.kCl/jz'l b'kf jL2 jz'lbz'khjL2 C 2s.kCl/�kjz'l b'kf jL2 j'l1v z'khj:

By the Cauchy–Schwarz inequality and (A.1) we getX
2k�1=";

2l�1="

jYk;l;2j . .jW "hjL2 C jW
".D/hjL2/.jW

"f jL2 C jW
".D/f jL2/:

Patching together all the above results, we conclude that

jY";0.h; f /j . .jW "hjL2 C jW
".D/hjL2/.jW

"f jL2 C jW
".D/f jL2/: (2.29)

Step 2:  ¤ 0. For simplicity, denote w D juj u
C

juCj
; then W=2.u/ D W=2.w/. Note the

identity

huih.u/.f .uC/ � f .w// D .W=2h/.u/..W=2f /.u
C/ � .W=2f /.w//

C .W=2h/.u/.W=2f /.u
C/.W=2.w/W�=2.u

C/ � 1/I

thus

Y"; .h; f / D Y";0.W=2h;W=2f /CA;

A WD

Z
b". u
juj
� �/.W=2h/.u/.W=2f /.u

C/.W=2.w/W�=2.u
C/ � 1/ du d�:

Using jW=2.u/W�=2.uC/� 1j. sin2 �
2

and the change of variable u! uC, we have

jAj �

�Z
b". u
juj
� �/j.W=2h/.u/j

2
jW=2.w/W�=2.u

C/ � 1j du d�
� 1
2

�

�Z
b". u
juj
� �/j.W=2f /.u

C/j2jW=2.w/W�=2.u
C/ � 1j du d�

� 1
2

. jW=2hjL2 jW=2f jL2 :

We then use (2.29) to handle Y";0.W=2h;W=2f / and finish the proof.
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Remark 2.3. Denote

X"; .h; f / WD

Z
b". u
juj
� �/juj .1 � �.u//h.u/.f .uC/ � f .juj u

C

juCj
// du d� I

then

jX"; .h; f /j . .jW "W=2hjL2 C jW
".D/W=2hjL2/

� .jW "W=2f jL2 C jW
".D/W=2f jL2/:

Indeed, since

juj .1 � �.u// D hui .juj hui� � 1/.1 � �.u//C hui .1 � �.u//;

we have

X"; .h; f / D Y"; ..j � j h�i� � 1/.1 � �/h; f /C Y"; ..1 � �/h; f /:

Then the result follows from Lemma 2.6 and (A.2).

Lemma 2.7. Recall R
";
�;g.h/ D

R
b".cos �/hv � v�ig�.h0 � h/2 d� dv� dv defined in

(1.26). If g � 0, then

R";
�;g.h/ . R

";0
gWj j

.W=2h/C jgjL1
jC2j
jhj2
L2
=2

:

Proof. Let H D W=2h; then

.h0 � h/2 D .H 0W 0
�=2 �HW�=2/

2 . W 0� .H
0
�H/2 C .W 0

�=2 �W�=2/
2H 2:

Observing that hv0i� . hv0 � v�i� hv�ij j � hv � v�i� hv�ij j, we have

R";
�;g.h/ . R

";0
gWj j

.W=2h/

C

Z
b".cos �/hv � v�i .hv0i�=2 � hvi�=2/2g�H 2 d� dv� dv:

By Taylor expansion, one has .W 0
�=2

� W�=2/
2 .

R 1
0
hv.�/i��2hv � v�i

2 sin2 �
2

d�.
Note that hv � v�iC2 � hv.�/ � v�iC2 . hv.�/iC2hv�ijC2j. Then we have

R";
�;g.h/ . R

";0
gWj j

.W=2h/C

Z
b".cos �/�2hv�ijC2jg�H 2 d� dv� dv;

which yields the desired result.

Now we are in a position to prove the following upper bound for Q"
�0.

Proposition 2.6. It holds that

jhQ"
�0.g; h/; f ivj . jgjL1

j jC2
jhj";=2jf j";=2:
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Proof. Define the translation operator Tv� by .Tv�f /.u/ D f .v� C u/ for v�; u 2 R3.
By the change of variable v ! u D v � v� and geometric decomposition, we have
hQ"
�0.g; h/; f iv D D1 CD2, where

D1 WD

Z
b". u
juj
� �/juj .1 � �.u//g�.Tv�h/.u/

� ..Tv�f /.u
C/ � .Tv�f /.juj

uC

juCj
// d� dv� du;

D2 WD

Z
b". u
juj
� �/juj .1 � �.u//g�

� .Tv�h/.u/..Tv�f /.juj
uC

juCj
/ � .Tv�f /.u// d� dv� du:

Step 1: Estimate of D1. By Remark 2.3 we have

jD1j .
Z
jg�j.jW

"W=2Tv�hjL2 C jW
".D/W=2Tv�hjL2/

� .jW "W=2Tv�f jL2 C jW
".D/W=2Tv�f jL2/ dv�:

It is easy to check that

jW "W=2Tv�hjL2 . W ".v�/Wj j=2.v�/jW
"W=2hjL2 : (2.30)

By Lemma A.1 we have

jW ".D/W=2Tv�hjL2 . jW=2W ".D/Tv�hjL2 C jTv�hjH s�1
=2�1

. Wj j=2.v�/.jW=2W
".D/hjL2 C jhjL2

=2�1
/

. Wj j=2.v�/jW
".D/W=2hjL2 : (2.31)

Thus we get the following estimate of D1:

jD1j . jgjL1
j jC2

.jW ".D/W=2hjL2 C jW
"W=2hjL2/

� .jW ".D/W=2f jL2 C jW
"W=2f jL2/:

Step 2: Estimate of D2. Let u D r� and & D �C�
j�C� j

; then u
juj
� � D 2.� � &/2 � 1 and

juj u
C

juCj
D r& . In the change of variable .u; �/ ! .r; �; &/, it holds that du d� D 4.� �

&/r2 dr d� d& . Then

D2 D 4

Z
r .1 � �.r//b".2.� � &/2 � 1/.Tv�h/.r�/

� ..Tv�f /.r&/ � .Tv�f /.r�//.� � &/r
2 dr d� d& dv�

D 2

Z
r .1 � �.r//b".2.� � &/2 � 1/..Tv�h/.r�/ � .Tv�h/.r&//

� ..Tv�f /.r&/ � .Tv�f /.r�//.� � &/r
2 dr d� d& dv�

D �
1

2

Z
b". u
juj
� �/juj .1 � �.u//g�..Tv�h/.juj

uC

juCj
/ � .Tv�h/.u//

� ..Tv�f /.juj
uC

juCj
/ � .Tv�f /.u// d� dv� du:
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Then by the Cauchy–Schwarz inequality and the fact that juj .1� �.u//. hui , we have

jD2j .
�Z

b". u
juj
� �/hui jg�j..Tv�h/.juj

uC

juCj
/ � .Tv�h/.u//

2 d� dv� du
� 1
2

�

�Z
b". u
juj
� �/hui jg�j..Tv�f /.juj

uC

juCj
/ � .Tv�/f .u//

2 d� dv� du
� 1
2

WD .D2;h/
1
2 .D2;f /

1
2 :

Note that D2;h and D2;f have exactly the same structure. It suffices to focus on D2;f .
Since

..Tv�f /.juj
uC

juCj
/ � .Tv�f /.u//

2
� 2..Tv�f /.juj

uC

juCj
/ � .Tv�f /.u

C//2

C 2..Tv�f /.u
C/ � .Tv�f /.u//

2;

we have

D2;f .
Z
b". u
juj
� �/hui jg�j..Tv�f /.juj

uC

juCj
/ � .Tv�f /.u

C//2 d� dv� du

C

Z
b". u
juj
� �/hui jg�j..Tv�f /.u

C/ � .Tv�f /.u//
2 d� dv� du

WD D2;f;1 CD2;f;2:

By Lemma 2.2 and the facts (2.30) and (2.31), we have

D2;f;1 D

Z
jg�jZ

"; .Tv�f / dv� . jgjL1
j jC2

.jW ".D/W=2f j
2
L2
C jW "W=2f j

2
L2
/:

Thanks to Lemma 2.7 we have

D2;f;2 D R
";

�;jgj
.f / . R

";0
jgjWj j

.W=2f /C jgjL1
j jC2
jf j2

L2
=2

:

Thanks to the estimate R
";0
g .f / . jgjL1R

";0
� .f /C jgjL12

jW ".D/f j2
L2

(see [10, Lemma

3.3]), using (2.17) to get R
";0
� .f / . jW "..��S2/

1
2 /f j2

L2
C jW ".D/f j2

L2
C jW "f j2

L2
,

we have

D2;f;2 . jgjL1
j jC2

.jW "..��S2/
1
2 /W=2f j

2
L2
C jW ".D/W=2f j

2
L2
C jW "W=2f j

2
L2
/:

Therefore we have D2;f . jgjL1
j jC2
jf j2

";=2
, which yields

jD2j . jgjL1
j jC2
jhj";=2jf j";=2:

We finish the proof by patching together the estimates for D1 and D2.

Recalling (2.27), by Propositions 2.5 and 2.6, we are led to the following theorem.
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Theorem 2.2. For any � > 0, the following estimates are valid:

• If  > �3
2

, then jhQ".g; h/; f ivj . .jgjL2
j j
C jgjL1

j jC2
/jhj";=2jf j";=2.

• If  D �3
2

, then

jhQ".g;h/;f ivj. .jgjL1
j j
Cjgj

H
s1
j j
/jW ".D/hj

H
s2
=2
jf j";=2CjgjL1

j jC2
jhj";=2jf j";=2:

Here .s1; s2/ D .0; �/ or .�; 0/.

• If �3 <  < �3
2

, then

jhQ".g; h/; f ivj . jgjH s1
j j
jW ".D/hj

H
s2
=2
jW ".D/f j

H
s3
=2
C jgjL1

j jC2
jhj";=2jf j";=2:

Here the constants s1; s2; s3 � 0 verify either s1 C s2 C s3 D � � 3
2

, s2 C s3 > 0 or
s1 D � �

3
2
C �, s2 D s3 D 0.

2.2.2. Upper bounds of 	 .g;h;f /. For ease of notation, we abbreviate 	.g;h;f / as 	.
We first do some rearranging. Noting that

.�
1
2 /0� � �

1
2
� D ..�

1
4 /0� C �

1
4
� /..�

1
4 /0� � �

1
4
� /

D ..�
1
8 /0� C �

1
8
� /
2..�

1
8 /0� � �

1
8
� /
2
C 2�

1
4
� ..�

1
4 /0� � �

1
4
� /;

and h D .h � h0/C h0, recalling (2.26) we have

	 D 	1 C 	2 C 	3; (2.32)

	1 WD

Z
b".cos �/jv � v�j ..�

1
8 /0� C �

1
8
� /
2..�

1
8 /0� � �

1
8
� /
2g�hf

0 d� dv� dv; (2.33)

	2 WD 2

Z
b".cos �/jv � v�j ..�

1
4 /0� � �

1
4
� /.�

1
4 g/�.h � h

0/f 0 d� dv� dv; (2.34)

	3 WD 2

Z
b".cos �/jv � v�j ..�

1
4 /0� � �

1
4
� /.�

1
4 g/�h

0f 0 d� dv� dv: (2.35)

We derive some upper bounds for 	.g; h; f / in the following proposition.

Proposition 2.7. For any � > 0, the following estimates are valid:

• If  > �3
2

, then j	.g; h; f /j . jgjL2 jhj";=2jW "f jL2
=2

.

• If  D �3
2

, then

j	.g; h; f /j . j�
1
8 gjH s1 .jW

".D/hj
H
s2
=2
C jhj";=2/jW

"f jL2
=2

C jgjL2 jhj";=2jW
"f jL2

=2
;

where .s1; s2/ D .0; �/ or .�; 0/.

• If �3 <  < �3
2

, then

j	.g; h; f /j . j�
1
8 gjH s1 .jW

".D/hj
H
s2
=2
C jhj";=2/jW

"f jL2
=2

C jgjL2 jhj";=2jW
"f jL2

=2
;
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where s1; s2 � 0 are constants verifying either s1 C 2s2 D � � 3
2

, s2 > 0 or s1 D
� � 3

2
C �, s2 D 0.

Proof. In the proof, we will constantly use the following fact:

..�
1
8 /0� � �

1
8
� /
2 . min

®
1; jv � v�j

2 sin2 �
2

¯
� min

®
1; jv0 � v�j

2 sin2 �
2

¯
� min

®
1; jv � v0�j

2 sin2 �
2

¯
: (2.36)

We estimate 	1;	2 and 	3 one by one.

Step 1: Estimate of 	1. Recalling (2.33), we use � defined in (1.19) to separate the relative
velocity into two parts:

	1 D

Z
b".cos �/jv � v�j .1 � �.v � v�//..�

1
8 /0� C �

1
8
� /
2..�

1
8 /0� � �

1
8
� /
2

� g�hf
0 d� dv� dv

C

Z
b".cos �/jv � v�j�.v � v�/..�

1
8 /0� C �

1
8
� /
2..�

1
8 /0� � �

1
8
� /
2g�hf

0 d� dv� dv

WD 	1;1 C 	1;2:

Estimate of 	1;1. Note that jv � v�j � hv � v�i in 	1;1. By the Cauchy–Schwarz
inequality we have

j	1;1j .
�Z

b".cos �/hv � v�i ..�
1
8 /0� C �

1
8
� /
2..�

1
8 /0� � �

1
8
� /
2g2�h

2 d� dv� dv
� 1
2

�

�Z
b".cos �/hv � v�i ..�

1
8 /0� C �

1
8
� /
2..�

1
8 /0� � �

1
8
� /
2.f 2/0 d� dv� dv

� 1
2

WD .	1;1;1/
1
2 .	1;1;2/

1
2 :

We claim that

A WD

Z
b".cos �/hv � v�i ..�

1
8 /0� C �

1
8
� /
2..�

1
8 /0� � �

1
8
� /
2 d�

. .W "/2.v/hvi ; (2.37)

which yields 	1;1;1 . jgj2
L2
jW "hj2

L2
=2

.

To prove (2.37), we notice that

A .
Z
b".cos �/hv � v�i�

1
4
� ..�

1
8 /0� � �

1
8
� /
2 d�

C

Z
b".cos �/hv � v�i .�

1
4 /0�..�

1
8 /0� � �

1
8
� /
2 d�

WD A1 CA2:
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By Proposition A.1 and the fact (2.10), we get A1 . hv � v�i�
1
4
� .W

"/2.v � v�/ .
.W "/2.v/hvi . As for A2, thanks to jv � v�j � jv � v0�j and thus hv � v�i . hv � v0�i .
hvi hv0�i

j j, we have

A2 . hvi
Z
b".cos �/.�

1
8 /0�min

®
1; jv � v�j

2 sin2 �
2

¯
d�:

If jv � v�j � 10jvj, then jv0�j D jv
0
� � vC vj � jv

0
� � vj � jvj � .1=

p
2� 1=10/jv � v�j �

1
5
jv � v�j and thus .�

1
8 /0� . �

1
200 .v � v�/, which yields

A2 . hvi�
1
200 .v � v�/.W

"/2.v � v�/ . hvi :

If jv � v�j � 10jvj, by Proposition A.1 we have

A2 . hvi
Z
b".cos �/min

®
1; jvj2 sin2 �

2

¯
d� . .W "/2.v/hvi :

We have finished the proof of (2.37). We now consider 	1;1;2. By the change of variable
.v; v�/! .v0; v0�/ we have

	1;1;2 D

Z
b".cos �/hv � v�i ..�

1
8 /0� C �

1
8
� /
2..�

1
8 /0� � �

1
8
� /
2f 2 d� dv� dv

� 2

Z
b".cos �/hv � v�i�

1
4
� ..�

1
8 /0� � �

1
8
� /
2f 2 d� dv� dv

C 2

Z
b".cos �/hv � v�i .�

1
4 /0�..�

1
8 /0� � �

1
8
� /
2f 2 d� dv� dv

WD 	1;1;2;1 C 	1;1;2;2:

With the help of (2.36), Proposition A.1 and (2.10), we have

	1;1;2;1 .
Z
b".cos �/hv � v�i�

1
4
� min

®
1; jv � v�j

2 sin2 �
2

¯
f 2 d� dv� dv

.
Z
hvi hv�i

j j.W "/2.v/.W "/2.v�/�
1
4
�f

2 dv� dv . jW "f j2
L2
=2

:

By the fact that jv � v�j � jv � v0�j and the change of variable v� ! v0� we have

	1;1;2;2 .
Z
b".cos �/hv � v0�i

 .�
1
4 /0�min

®
1; jv � v0�j

2 sin2 �
2

¯
f 2 d� dv0� dv

. jW "f j2
L2
=2

:

Therefore we have 	1;1;2 . jW "f j2
L2
=2

. Patching together the estimates of 	1;1;1 and
	1;1;2, we have

	1;1 . jgjL2 jW "hjL2
=2
jW "f jL2

=2
: (2.38)
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Estimate of 	1;2. By the Cauchy–Schwarz inequality we have

j	1;2j .
�Z

b".cos �/jv � v�j�.v � v�/..�
1
8 /0� C �

1
8
� /
2..�

1
8 /0� � �

1
8
� /
2

� jg�jh
2 d� dv� dv

� 1
2

�

�Z
b".cos �/jv � v�j�.v � v�/..�

1
8 /0� C �

1
8
� /
2..�

1
8 /0� � �

1
8
� /
2

� jg�j.f
2/0 d� dv� dv

� 1
2

WD .	1;2;1/
1
2 .	1;2;2/

1
2 :

Note that the support of function � is B 4
3
. When jv�v�j � 4

3
, it holds that jv�j � jvj�43

and jv0�j � jvj � jv � v
0
�j � jvj � jv � v�j � jvj �

4
3

, which imply that ..�
1
8 /0� C�

1
8
� /
2 .

�
1
8 . By (2.36), Proposition A.1, the Cauchy–Schwarz inequality and the assumption

 C 2 > �1, one has

	1;2;1 .
Z
jv � v�j

C2�.v � v�/�
1
8 jg�jh

2 d� dv� dv . jgjL2 j�
1
16 hj2

L2
:

By the change of variable v ! v0, we can similarly derive that 	1;2;2 . jgjL2 j�
1
16 f j2

L2
.

Patching together the estimates of 	1;2;1 and 	1;2;2, we arrive at

j	1;2j . jgjL2 j�
1
16 hjL2 j�

1
16 f jL2 :

From this, together with estimate (2.38) of 	1;1, we obtain

j	1j . jgjL2 jW "hjL2
=2
jW "f jL2

=2
:

Step 2: Estimate of 	2. Recalling (2.34), by the Cauchy–Schwarz inequality we have

	2 .
�Z

b".cos �/jv � v�j j.�
1
4 g/�j.h � h

0/2 d� dv� dv
� 1
2

�

�Z
b".cos �/jv � v�j ..�

1
4 /0� � �

1
4
� /
2
j.�

1
4 g/�j.f

2/0 d� dv� dv
� 1
2

WD .	2;1/
1
2 .	2;2/

1
2 :

Estimate of 	2;1. Noticing that .h � h0/2 D .h2/0 � h2 � 2h.h0 � h/, we have

	2;1 D 	2;1;1 � 2hQ
".j�

1
4 gj; h/; hi;

	2;1;1 WD

Z
b".cos �/jv � v�j j.�

1
4 g/�j..h

2/0 � h2/ d� dv� dv:

By the cancellation lemma in [1], one has 	2;1;1 D C."/
R
jv � v�j

 j.�
1
4 g/�jh

2 dv� dv
with jC."/j . 1. Thus, by Lemma 2.5 and Theorem 2.2,

• if  > �3
2

, then j	2;1j . j�
1
8 gjL2 jhj

2
";=2

;
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• if  D �3
2

, then j	2;1j . j�
1
8 gjH s1 jW ".D/hj

H
s2
=2
jhj";=2 C j�

1
8 gjL2 jhj

2
";=2

, where

.s1; s2/ D .0; �/ or .�; 0/;

• if �3 <  < �3
2

, then j	2;1j . j� 1
8 gjH s1 jW ".D/hj2

H
s2
=2

C j�
1
8 gjL2 jhj

2
";=2

, where

s1; s2 � 0 verify either s1 C 2s2 D � � 3
2

, s2 > 0 or s1 D � � 3
2
C �, s2 D 0.

Estimate of 	2;2. We separate the relative velocity jv � v�j into two regions by intro-
ducing the cutoff function �. If jv� v�j& 1, by the change of variable v! v0, the estimate
is the same as that for 	1;1;1. If jv � v�j . 1, the estimate is exactly the same as that for
	1;2;2. We conclude that 	2;2 . j� 1

8 gjL2 jW
"f j2

L2
=2

. Patching together the estimates of

	2;1 and 	2;2, we get

 > �
3

2
W j	2j . j�

1
8 gjL2 jhj";=2jW

"f jL2
=2
;

�3 <  � �
3

2
W j	2j . j�

1
8 gjH s1 .jW

".D/hj
H
s2
=2
C jhj";=2/jW

"f jL2
=2
:

Step 3: Estimate of 	3. Recalling (2.35), by the change of variables .v; v�/! .v0; v0�/

and .v; v�; �/! .v�; v;��/, we have

	3 D 2

Z
b".cos �/jv � v�j .�

1
4 � .�

1
4 /0/.�

1
4 g/0h�f� d� dv� dv:

For ease of notation, let

E1 D
®
.v; v�; �/ j jv � v�j �

1
"

¯
;

E2 D
®
.v; v�; �/ j jv � v�j �

1
"
; sin �

2
� jv � v�j

�1
¯
;

E3 D
®
.v; v�; �/ j jv � v�j �

1
"
; sin �

2
� jv � v�j

�1
¯
:

Then 	3 can be decomposed into three parts 	3;1; 	3;2 and 	3;3 which correspond to
E1; E2 and E3 respectively.

Estimate of 	3;1. By the change of variable v ! v0 and the fact that jv0 � v�j �
jv � v�j=

p
2, we have

j	3;1j .
Z
b".cos �/jv0 � v�j1

jv0�v�j�.
p
2"/�1 j.�

1
4 g/0h�f�j d� dv� dv0

. "�2s
Z
jv0 � v�j

1
jv0�v�j�.

p
2"/�1 j.�

1
4 g/0h�f�j dv� dv0:

On one hand, by the Cauchy–Schwarz inequality, we have

"�2s
Z
jv0 � v�j

1
jv0�v�j�.

p
2"/�1 j.�

1
4 g/0j dv0

� j�
1
8 gjL2"

�2s

�Z
jv0 � v�j

21
jv0�v�j�.

p
2"/�1.�

1
4 /0 dv0

� 1
2

. j�
1
8 gjL2"

�2s
hv�i

 ; (2.39)
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where we use the fact that hv0�v�i2 . hv0ij2 jhv�i2 . On the other hand, using
"�1 . jv0�v�j, by the Cauchy–Schwarz inequality, we have

"�2s
Z
jv0 � v�j

1
jv0�v�j�.

p
2"/�1 j.�

1
4 g/0j dv0

.
Z
jv0 � v�j

C2s
j.�

1
4 g/0j dv0 � j�

1
8 gjL2

�Z
jv0 � v�j

2C4s.�
1
4 /0 dv0

� 1
2

. j�
1
8 gjL2hv�i

C2s; (2.40)

where we use (2.7). With estimates (2.39) and (2.40) in hand, we have

j	3;1j . j�
1
8 gjL2 jW

"hjL2
=2
jW "f jL2

=2
:

Estimate of 	3;2. Thanks to
p
2
2
jv � v�j � jv

0 � v�j � jv � v�j and the change of
variable v ! v0, we get

j	3;2j .
Z
b".cos �/1sin �2�.

p
2jv0�v�j/�1

jv0� v�j
1jv0�v�j�1="j.�

1
4 g/0h�f�j d� dv� dv0

.
Z
jv0 � v�j

C2s1jv0�v�j�1="j.�
1
4 g/0h�f�j dv� dv0: (2.41)

On one hand, similar to the argument in (2.40), we haveZ
jv0 � v�j

C2s1jv0�v�j�1="j.�
1
4 g/0j dv0 . j�

1
8 gjL2hv�i

C2s : (2.42)

On the other hand, if jv�j � 2=", then jv0j � jv�j � jv0 � v�j � jv�j=2� 1=", which implies

�0 � �
1
4
� . e

� 1

2"2 . Then we deduce that

1jv�j� 2"

Z
jv0 � v�j

C2s1jv0�v�j�1="j.�
1
4 g/0j dv0

. 1jv�j� 2" j�
1
8 gjL2

�Z
jv0 � v�j

2C4s1jv0�v�j�1=".�
1
4 /0 dv0

� 1
2

. 1jv�j� 2" j�
1
8 gjL2�

1
64
� ."

�1/C2sC
3
2 e
� 1

32"2 . 1jv�j� 2" j�
1
8 gjL2�

1
64
� : (2.43)

With estimates (2.42) and (2.43) in hand, we have

j	3;2j . j�
1
8 gjL2 jW

"hjL2
=2
jW "f jL2

=2
:

Estimate of 	3;3. By Taylor expansion, one has

�
1
4 � .�

1
4 /0 D .r�

1
4 /.v0/ � .v � v0/

C �

Z 1

0

�
.r2�

1
4 /.v.�// W .v � v0/˝ .v � v0/

�
d�: (2.44)
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Given a Boltzmann kernel B.v � v�; �/ D B.jv � v�j; cos �/ and a suitable function
F WR3 ! R3, for any fixed v� 2 R3, it holds thatZ

B.jv � v�j; cos �/.v � v0/ � F.v0/ d� dv D 0: (2.45)

By (2.44) and (2.45), we have

j	3;3j D

ˇ̌̌̌Z
E3�Œ0;1�

b".cos �/jv � v�j1
jv�v�j�

1
" ;sin �2�jv�v�j

�1

� �
�
.r2�

1
4 /.v.�// W .v � v0/˝ .v � v0/

�
.�

1
4 g/0h�f� d� d� dv� dv

ˇ̌̌̌
.
Z
b".cos �/jv0 � v�jC2 sin2 �

2
1
jv0�v�j�

1
" ;sin �2�jv

0�v�j�1
j.�

1
4 g/0

� h�f�j d� dv� dv0

.
Z
jv0 � v�j

C2s1jv0�v�j� 1" j.�
1
4 g/0h�f�j dv� dv0:

Copying the argument applied to (2.41), we have j	3;3j . j�
1
8 gjL2 jW

"hjL2
=2
jW "f jL2

=2
.

Patching together the above estimates of 	3;1;	3;2 and 	3;3, we have

j	3j . j�
1
8 gjL2 jW

"hjL2
=2
jW "f jL2

=2
:

Recalling (2.32), the proposition follows from the above estimates of 	1;	2 and 	3.

2.2.3. Upper bounds for the nonlinear term �".g; h/. We are ready to give estimates
of the inner product h�".g; h/; f iv .

Theorem 2.3. For any � > 0, the following estimates are valid:

• If  > �3
2

, then jh�".g; h/; f ivj . jgjL2 jhj";=2jf j";=2.

• If  D �3
2

, then

jh�".g; h/; f ivj . j�
1
8 gjH s1 .jW

".D/hj
H
s2
=2
C jhj";=2/jf j";=2

C jgjL2 jhj";=2jf j";=2;

where .s1; s2/ D .0; �/ or .�; 0/.

• If �3 <  < �3
2

, then

jh�".g; h/; f ivj . j�
1
8 gjH s1 .jW

".D/hj
H
s2
=2
C jhj";=2/jf j";=2

C jgjL2 jhj";=2jf j";=2;

where the constants s1; s2 � 0 verify either s1 C s2 D � � 3
2

, s2 > 0 or s1 D � �
3
2
C �, s2 D 0.
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As a direct application we have

jh�".�
1
2 ; f /; f ivj . jf j2";=2: (2.46)

Proof. Recalling (2.25), the estimates of jh�".g; h/; f ivj follow directly from Theo-
rem 2.2 and Proposition 2.7. By taking s2 D 0, we get (2.46).

Now we are in a position to prove Theorem 1.1.

Proof of Theorem 1.1. On one hand, by Theorem 2.1, we derived that hL"f; f iv C

jf j2
L2
=2

& jf j2
";=2

. On the other hand, recalling (1.8), by (2.24) and (2.46), we have
hL"f; f iv . jf j2

";=2
, which ends the proof.

2.3. Upper bound of commutator between weight function and the nonlinear term

In this subsection we want to prove the following lemma.

Lemma 2.8. Let l � 2. The following commutator estimates are valid:

• If  � �2, then jh�".g;Wlh/ �Wl�".g; h/; f ivj . jgjL2 jhjL2
lC=2
jf j";=2.

• If �3 <  < �2, then

jh�".g;Wlh/ �Wl�
".g; h/; f ivj . jgjL2 jhjL2

lC=2
jf j";=2

C j�
1
32 gjH s1 j�

1
32 hjH s2 jf j";=2;

where the constants s1; s2 � 0 verify s1 C s2 D �=2 � 1.

This lemma is a consequence of Lemmas 2.9 and 2.10 by recalling (2.25). We first
prove the commutator estimate for Q".

Lemma 2.9. Let l � 2. The following commutator estimates are valid:

• If  ��2, then jhQ".�
1
2 g;Wlh/�WlQ

".�
1
2 g;h/;f ivj. j�

1
32 gjL2 jhjL2

lC=2
jf j";=2.

• If �3 <  < �2, then

jhQ".�
1
2 g;Wlh/ �WlQ

".�
1
2 g; h/; f ivj

. .j�
1
32 gjL2 jhjL2

lC=2
C j�

1
32 gjH s1 j�

1
32 hjH s2 /jf j";=2;

where the constants s1; s2 � 0 verify s1 C s2 D �=2 � 1.

Proof. Recall that B"; D jv � v�jb".cos �/ and note that

hQ".�
1
2 g;Wlh/ �WlQ

".�
1
2 g; h/; f iv D

Z
B"; .Wl �W

0
l /�

1
2
�g�hf

0 d� dv� dv

D

Z
B"; .Wl �W

0
l /�

1
2
�g�h.f

0
� f / d� dv� dv

C

Z
B"; .Wl �W

0
l /�

1
2
�g�hf d� dv� dv

WD A1 CA2:
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Step 1: Estimate of A1. By the Cauchy–Schwarz inequality, we have

jA1j �

�Z
B";�

1
2
� .f

0
� f /2 d� dv� dv

� 1
2
�Z

B";.Wl �W
0
l /
2�

1
2
�g

2
�h
2 d� dv� dv

� 1
2

WD .A1;1/
1
2 .A1;2/

1
2 :

By the estimate of 	2;1 in the proof of Proposition 2.7, we have A1;1 . jf j2
";=2

. Since
jrWl j . Wl�1, we deriveZ

B"; .Wl �W
0
l /
2 d� .

Z
b".cos �/ sin2 �

2
jv � v�j

C2
hvi2l�2hv�i

2l�2 d�

. jv � v�jC2hvi2l�2hv�i2l�2; (2.47)

which gives

A1;2 .
Z
jv � v�j

C2
hvi2l�2hv�i

2l�2�
1
2
�g

2
�h
2 dv� dv:

If  C 2 � 0, then jv � v�jC2 . hviC2hv�iC2 and thus A1;2 . j� 1
16 gj2

L2
jhj2
L2
lC=2

. If

 C 2 < 0, we make the following decomposition:

A1;2 .
Z
jv � v�j

C21jv�v�j�1hvi
2l�2
hv�i

2l�2�
1
2
�g

2
�h
2 dv� dv

C

Z
jv � v�j

C21jv�v�j�1hvi
2l�2
hv�i

2l�2�
1
2
�g

2
�h
2 dv� dv

WD A1;2;1 CA1;2;2:

When jv � v�j � 1, there holds jv�j � jvj � 1, thus jv�j2 �
jvj2

2
� 1 and �� . �

1
2 . There-

fore we get hvi2l�2hv�i2l�2�
1
2
� . hvi2l�2hv�i2l�2�

1
8
��

1
8 . �

1
16
� �

1
16 , which yields

A1;2;1 .
Z
jv � v�j

C21jv�v�j�1�
1
16
� �

1
16 g2�h

2 dv� dv . j�
1
32 gj2H s1 j�

1
32 hj2H s2 ; (2.48)

where in the last inequality we use the Hardy–Littlewood–Sobolev inequality and the
Sobolev embedding theorem if s1 2 .0;�. C 2/=2/ and Hardy’s inequality if s1 D 0 or
s1 D �. C 2/=2.

When jv � v�j � 1, there holds jv � v�jC2 � hv � v�iC2 . hviC2hv�ijC2j, which
yields

A1;2;2 .
Z
hvi2lC hv�i

2l�2CjC2j�
1
2
�g

2
�h
2 dv� dv . j�

1
32 gj2

L2
jhj2
L2
lC=2

:

Patching together the above estimates,

• if  C 2 � 0, then jA1j . j�
1
16 gjL2 jhjL2

lC=2
jf j";=2;

• if  C 2 < 0, then jA1j . .j�
1
32 gjH s1 j�

1
32 hjH s2 C j�

1
32 gjL2 jhjL2

lC=2
/jf j";=2.



Asymptotics of the linearized Boltzmann operator 1145

Step 2: Estimate of A2. By Taylor expansion, one has

W 0l �Wl D .rWl /.v/ � .v
0
� v/C

Z 1

0

.1 � �/
�
.r2Wl /.v.�// W .v

0
� v/˝ .v0 � v/

�
d�:

Thus we have

A2 D �

Z
B"; .rWl /.v/ � .v

0
� v/�

1
2
�g�hf d� dv� dv

�

Z
B"; .1 � �/

�
.r2Wl /.v.�// W .v

0
� v/˝ .v0 � v/

�
�
1
2
�g�hf d� d� dv� dv

WD A2;1 CA2;2:

Estimate of A2;1. Thanks to the fact that there exists a constant C."/ with jC."/j . 1

such thatZ
b".cos �/.v0 � v/ d� D �.v � v�/

Z
b".cos �/ sin2 �

2
d� D �.v � v�/C."/: (2.49)

From this, together with jrWl j . Wl�1, we have

jA2;1j .
Z
jv � v�j

C1
hvil�1�

1
2
� jg�hf j dv� dv

.
Z
jv � v�j

C11jv�v�j�1hvi
l�1�

1
2
� jg�hf j dv� dv

C

Z
jv � v�j

C11jv�v�j�1hvi
l�1�

1
2
� jg�hf j dv� dv

WD A2;1;1 CA2;1;2:

When jv � v�j � 1, as before, one has hvil�1�
1
2
� . hvil�1�

1
8
��

1
8 . �

1
16
� �

1
16 . Thus, by the

Cauchy–Schwarz inequality we have

A2;1;1 .
Z
jv � v�j

C11jv�v�j�1�
1
16
� �

1
16 jg�hf j dv� dv

�

�Z
jv � v�j

C21jv�v�j�1�
1
16
� �

1
16 g2�h

2 dv� dv
� 1
2

�

�Z
jv � v�j

1jv�v�j�1�
1
16
� �

1
16 f 2 dv� dv

� 1
2

.
�Z
jv � v�j

C21jv�v�j�1�
1
16
� �

1
16 g2�h

2 dv� dv
� 1
2

j�
1
32 f jL2 :

If ��2, we directly get A2;1;1. j� 1
32 gjL2 j�

1
32 hjL2 j�

1
32 f jL2 . If�3< < � 2, recalling

(2.48), we have A2;1;1 . j� 1
32 gjH s1 j�

1
32 hjH s2 j�

1
32 f jL2 . Using jv � v�jC11jv�v�j�1 .

hviC1hv�i
jC1j, we have A2;1;2 . j� 1

32 gjL2 jhjL2
lC=2
jf jL2

=2
.
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Estimate of A2;2. Since j.r2Wl /.v.�//j. hv.�/il�2 . hvil�2hv�il�2 and jv0�vj2D
sin2 �

2
jv � v�j

2, we have

jA2;2j .
Z
b".cos �/ sin2 �

2
jv � v�j

C2
hvil�2hv�i

l�2�
1
2
� jg�hf j d� dv� dv

.
Z
jv � v�j

C2
hvil�2�

1
8
� jg�hf j dv� dv:

Thanks to  C 2 > �1, using the Cauchy–Schwarz inequality and (2.7), we haveR
jv � v�j

C2�
1
8
� jg�jdv� . hviC2j� 1

16 gjL2 and thus jA2;2j. j�
1
16 gjL2 jhjL2

lC=2
jf jL2

=2
.

Patching together the estimates of A2;1;1;A2;1;2 and A2;2, we conclude as follows:

• if  � �2, then jA2j . j�
1
32 gjL2 jhjL2

lC=2
jf jL2

=2
;

• if �3 <  < �2, then jA2j . .j�
1
32 gjH s1 j�

1
32 hjH s2 C j�

1
32 gjL2 jhjL2

lC=2
/jf jL2

=2
.

The lemma follows by patching together the estimates of A1 and A2.

The next lemma gives the commutator estimate for 	.g; h; f /.

Lemma 2.10. Let l � 1, there holds

j	.g;Wlh; f / � 	.g; h;Wlf /j . jgjL2 jhjL2
lC=2
jW "f jL2

=2
:

Proof. By the definition of 	.g; h; f / and the fact that .�
1
2 /0� � �

1
2
� D ..�

1
4 /0� � �

1
4
� /
2 C

2�
1
4
� ..�

1
4 /0� � �

1
4
� /, we have

	.g;Wlh; f /�	.g; h;Wlf / D

Z
B"; ..�

1
2 /0� � �

1
2
� /.Wl �W

0
l /g�hf

0 d� dv� dv

D

Z
B"; ..�

1
4 /0� � �

1
4
� /
2.Wl �W

0
l /g�hf

0 d� dv� dv

C 2

Z
B";�

1
4
� ..�

1
4 /0���

1
4
� /.Wl �W

0
l /g�hf

0 d� dv� dv

WD A1 C 2A2:

Step 1: Estimate of A1. By the Cauchy–Schwarz inequality we have

jA1j �

�Z
B"; ..�

1
4 /0� � �

1
4
� /
2.f 2/0 d� dv� dv

� 1
2

�

�Z
B"; ..�

1
4 /0� � �

1
4
� /
2.Wl �W

0
l /
2g2�h

2 d� dv� dv
� 1
2

WD .A1;1/
1
2 .A1;2/

1
2 :

By the change of variables .v; v�/! .v0�; v
0/ and the proof of the upper bound in Propo-

sition 2.1, we have

A1;1 D

Z
B"; ..�

1
4 /0 � �

1
4 /2f 2� d� dv� dv . jW "f j2

L2
=2

:
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Thanks to

..�
1
4 /0� � �

1
4
� /
2
D ..�

1
8 /0� C �

1
8
� /
2..�

1
8 /0� � �

1
8
� /
2
� 2..�

1
4 /0� C �

1
4
� /..�

1
8 /0� � �

1
8
� /
2;

we have

A1;2 .
Z
B";�

1
4
� ..�

1
8 /0� � �

1
8
� /
2.Wl �W

0
l /
2g2�h

2 d� dv� dv

C

Z
B"; .�

1
4 /0�..�

1
8 /0� � �

1
8
� /
2.Wl �W

0
l /
2g2�h

2 d� dv� dv

WD A1;2;1 CA1;2;2:

Thanks to the facts jv � v0�j � jv � v�j and

.Wl �W
0
l /
2 . min

®
sin2 �

2
jv � v0�j

2
hvi2l�2hv0�i

2l�2; sin2 �
2
hvi2lhv0�i

2l
¯
; (2.50)

..�
1
8 /0� � �

1
8
� /
2 . min

®
sin2 �

2
jv � v0�j

2; 1
¯
; (2.51)

we assert

B WD

Z
B"; .�

1
4 /0�..�

1
8 /0� � �

1
8
� /
2.Wl �W

0
l /
2 d� . hvi2lC ; (2.52)

which yields A1;2;2 . jgj2
L2
jhj2
L2
lC=2

. In fact, by (2.50) and (2.51), on one hand, there
holds

B .
Z
b".cos �/ sin4 �

2
jv � v0�j

C4.�
1
4 /0�hvi

2l�2
hv0�i

2l�2 d�:

When jv � v�j � 1, there holds jv � v0�j � 1, jv � v0�j
C4 � 1 and hvi � hv0�i, thus

hvi2l�2 . hvi2lC hv0�i�2� , which yields

B .
Z
b".cos �/ sin4 �

2
.�

1
4 /0�hvi

2lC
hv0�i

2l�4� d�

.
Z
b".cos �/ sin4 �

2
hvi2lC d� . hvi2lC :

By (2.50) and (2.51), on the other hand, there holds

B .
Z
b".cos �/ sin2 �

2
jv � v0�j

 .�
1
4 /0�hvi

2l
hv0�i

2l d�:

When jv � v�j � 1, there holds jv � v0�j
 � hv � v0�i

 . hvi hv0�ij j, which yields

B .
Z
b".cos �/ sin2 �

2
.�

1
4 /0�hvi

2lC
hv0�i

2lCj j d�

.
Z
b".cos �/ sin2 �

2
hvi2lC d� . hvi2lC :

Now estimate (2.52) is proved. Note that (2.50) and (2.51) are still valid if v0� is replaced
by v� on the right-hand sides. Then similarly to (2.52), we can proveZ

B";�
1
4
� ..�

1
8 /0� � �

1
8
� /
2.Wl �W

0
l /
2 d� . hvi2lC�

1
8
� ;



L.-B. He and Y.-L. Zhou 1148

which yields A1;2;1 . j� 1
16 gj2

L2
jhj2
L2
lC=2

. Patching together the estimates of A1;2;1 and

A1;2;2, we arrive at A1;2 . jgj2
L2
jhj2
L2
lC=2

. Patching together the estimates of A1;1 and

A1;2, we conclude that jA1j . jgjL2 jhjL2
lC=2
jW "f jL2

=2
.

Step 2: Estimate of A2. By the Cauchy–Schwarz inequality we have

jA2j �

�Z
B";�

1
4
� ..�

1
4 /0� � �

1
4
� /
2
jg�j.f

2/0 d� dv� dv
� 1
2

�

�Z
B";�

1
4
� .Wl �W

0
l /
2
jg�jh

2 d� dv� dv
� 1
2

WD .A2;1/
1
2 .A2;2/

1
2 :

Estimate of A2;1. By the change of variable v ! v0, we have

A2;1 .
Z
b".cos �/jv � v�j�

1
4
� ..�

1
4 /0� � �

1
4
� /
2
jg�jf

2 d� dv� dv:

By (2.36) and Proposition A.1 we get

A2;1 .
Z
.1
jv�v�j�

p
2jv � v�j

C2
C hv � v�i

 .W "/2.v � v�//�
1
4
� jg�jf

2 dv� dv

.
Z
.jv � v�j

C2�
1
8
��

1
16 C hvi .W "/2.v/�

1
8
� /jg�jf

2 dv� dv

. j�
1
16 gjL2 jW

"f j2
L2
=2

;

where we use the fact that �
1
4
� . �

1
8
��

1
16 when jv � v�j �

p
2 and the estimateZ

jv � v�j
C2�

1
8
� jg�j dv� �

�Z
jv � v�j

2C4�
1
8
� dv�

� 1
2
�Z

�
1
8
�g

2
� dv�

� 1
2

. hviC2j�
1
16 gjL2 (2.53)

given by the Cauchy–Schwarz inequality and (2.7).

Estimate of A2;2. Recalling (2.47) we have

A2;2 .
Z
jv � v�j

C2
hvi2l�2hv�i

2l�2�
1
4
� jg�jh

2 dv� dv

.
Z
jv � v�j

C2
hvi2l�2�

1
8
� jg�jh

2 dv� dv . j�
1
16 gjL2 jhj

2
L2
lC=2

;

where we use (2.53). Putting together the estimates of A2;1 and A2;2, we arrive at

jA2j . j�
1
16 gjL2 jhjL2

lC=2
jW "f jL2

=2
:

Patching together the estimates of A1 and A2, we finish the proof.
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3. Diversity of longtime behavior of the semigroup

In this section we will give the proof of Theorem 1.2. We begin with a technical lemma
for a commutator estimate.

Lemma 3.1. Let �2s �  < 0, j 2 N, 2j � 1=". Let �M .v/ WD �.v=M/ with .�;M/ D

.�; 1="/ or .�; M/ D .1 � �; 1="/ or .�; M/ D . ; 2j /. Here � and  are defined in
(1.19). For any 0 < � < 1, it holds that

jhŒ�".g; �/; �M �h; f�M ivj . ��1"2s.jgj2
L2
jhj2";=2Cjgj

2
";=2jhj

2
L2
/C�jf�M j

2
";=2; (3.1)

jhŒL"; �M �f; f�M ivj . ��1"2sjf j2";=2 C �jf�M j
2
";=2: (3.2)

Proof. In this proof, we denote 	.g;h;f / WD hŒ�".g; �/;�M �h; f�M iv D h�
".g;h�M /�

�M�
".g; h/; f�M iv . Direct calculation gives

	.g; h; f / D

Z
B"; Œ.g�

1
2 /� C g�..�

1
2 /0� � �

1
2
� /�h.f�M /

0.�.�M /
0
C �M / d� dv� dv:

By the Cauchy–Schwarz inequality and the change of variable .v; v�/! .v0�; v
0/, we get

that

j	.g; h; f /j .
�Z

B";g2�h
2.�

1
2
� C .�

1
2 /0�/..�M /

0
� �M /

2 d� dv� dv
� 1
2

�

�Z
B"; Œ�

1
2
� ..f�M /

0
�f�M /

2
C .f�M /

2
�..�

1
4 /0��

1
4 /2� d� dv� dv

� 1
2

C

ˇ̌̌̌Z
B"; .g�

1
2 /�hf�M ..�M /

0
� �M / d� dv� dv

ˇ̌̌̌
:

By the estimate of 	2;1 in the proof of Proposition 2.7, it holds thatZ
B";�

1
2
� ..f�M /

0
� f�M /

2 d� dv� dv . jf�M j2";=2:

By the proof of the upper bound in Proposition 2.1 we haveZ
B"; .f�M /

2
�..�

1
4 /0 � �

1
4 /2 d� dv� dv . jW "f�M j

2
L2
=2

. jf�M j2";=2:

By these two estimates, we have

j	.g; h; f /j . �jf�M j
2
";=2 C �

�1J.g; h/C jK.g; h; f /j; (3.3)

where

J.g; h/ WD

Z
B";g2�h

2.�
1
2
� C .�

1
2 /0�/..�M /

0
� �M /

2 d� dv� dv;

K.g; h; f / WD

Z
B"; .g�

1
2 /�hf�M ..�M /

0
� �M / d� dv� dv:
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We will now estimate J.g; h/ and K.g; h; f /.

Estimate of J.g; h/. We separate the integration domain of J.g; h/ into three regions:
¹jv�j � ıM º, ¹jv�j � ıM; jvj � ıjv�jº and ¹jv�j � ıM; jvj � ıjv�jº where ı D 1

100

throughout the proof. We first consider the region ¹jv�j � ıM º. By Taylor expansion,

�M .v
0/ � �M .v/ D

Z 1

0

.r�M /.v.�// � .v
0
� v/ d�;

where v.�/D vC �.v0 � v/. By the support ofr�, one has M
10
� jv.�/j � 10M . Therefore

�M .v
0/� �M .v/ is supported in jvj � jv.�/j � jv � v�j �M . In the region ¹jv�j � ıM;

jvj � ıjv�jº, we deduce that jv�j � jv � v�j � jv � v0�j � jv
0
�j. In the region ¹jv�j � ıM;

jvj � ıjv�jº, there holds jvj � ı2M . Putting together all the facts, since � � 1 and
jr�M j . M�1, we get

j�M .v
0/ � �M .v/j

2 . 1jv�j�ıM1jvj�jv�v�j�MM
�2�2jv � v�j

2

C .1jv�j�ıM1jv0�j�jv�j�jv�v�j1jvj�ıjv�j

C 1jv�j�ıM1jvj�ı2M1jvj�ıjv�j/min
®
1;M�2jv � v�j

2�2
¯
:

From this, together with Proposition A.1 and thanks to the factor �
1
2
� C .�

1
2 /0�, we have

for any a � 0,

J.g; h/ . jg1j�j�ıM j2L2�a jh1j�j�M j2L2
=2Ca

C e�ı
3M 2

jW "g1j�j�ıM j2L2
=2Ca

jhj2
L2�a

CM�2sjg1j�j�ıM j2L2�a jW
"h1j�j�ı2M j

2
L2
aC=2

: (3.4)

Estimate of K.g;h;f /. We decompose the integration domain of K.g;h;f / into two
regions: ¹jv�j � ıM º and ¹jv�j � ıM º. Correspondingly, K.g; h; f / D K1.g; h; f /C

K2.g; h; f /.
We first deal with K1.g; h; f / whose integration domain is ¹jv�j � ıM º. In this case,

recall that �M .v0/ � �M .v/ is supported in jvj � jv � v�j � M . By (2.49) and Taylor
expansion,

�M .v
0/ � �M .v/ D .r�M /.v/ � .v � v

0/

C

Z 1

0

.1 � �/.r2�M /.v.�// W .v
0
� v/˝ .v0 � v/ d�; (3.5)

we infer that j
R
B"; .�M .v

0/ � �M .v// d� j . 1jv�j�ıM1jvj�jv�v�j�M hvi
 , which yields

that

jK1.g; h; f /j . jg�
1
2 1j�j�ıM jL1 jh1j�j�M jL2

=2
jf�M jL2

=2

. "sjgjL2 jW
"hjL2

=2
jf�M jL2

=2
: (3.6)
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We turn to estimate K2.g; h; f / in which jv�j � ıM . When .�;M/ D .�; 1="/, the
support of �M is in the ball Bı�1M . In this case, we have

K2.g; h; f / D K2;1 CK2;2; (3.7)

K2;1 WD

Z
B";1jv�j�ıM1sin �2�jv�v�j

�1.g�
1
2 /�1jvj�ı�1Mhf�M ..�M /

0
� �M / d� dv� dv;

K2;2 WD

Z
B";1jv�j�ıM1sin �2�jv�v�j

�1.g�
1
2 /�1jvj�ı�1Mhf�M ..�M /

0
� �M / d� dv� dv:

By Taylor expansion (3.5) and (2.49), one has

jK2;1j .
ˇ̌̌̌Z
jv�v�j

1jv�j�ıM1jvj�ı�1M j.g�
1
2 /�hf�M j.jv�v�j

2s
Cjv�v�j

2s�1/ dv� dv
ˇ̌̌̌

. e�ı
3M 2

.jg�
1
4 1j�j�ıM jL11CC2s C jg�

1
4 1j�j�ıM jL21CC2s /

� jh1j�j�ı�1M jL2
=2Cs
jf�M jL2

=2Cs

. "sjgjL2 jW
"hjL2

=2
jW "f�M jL2

=2
: (3.8)

For K2;2, since  C 2s � 0, it is not difficult to check that

jK2;2j . e�ı
3M 2

jg�
1
4 1j�j�ıM jL1 jh1j�j�ı�1M jL2

=2Cs
jf�M jL2

=2Cs

. "sjgjL2 jW
"hjL2

=2
jW "f�M jL2

=2
: (3.9)

When .�;M/ D .1 � �; 1="/ or .�;M/ D . ; 2j /, the support of �M is outside the
ball BıM and so

K2.g; h; f / D

Z
B";1jv�j�ıM1jvj�ıM .g�

1
2 /�hf�M ..�M /

0
� �M / d� dv� dv:

When jv � v�j � 1, then jv � v�j � hv � v�i . hvi hv�ij j. Using
R
b".cos �/ d� .

"�2s , we getˇ̌̌̌Z
B";1jv�j�ıM1jvj�ıM1jv�v�j�1.g�

1
2 /�hf�M ..�M /

0
� �M / d� dv� dv

ˇ̌̌̌
. "�2se�ı

3M 2

Z
hvi1jv�j�ıM1jvj�ıM j.g�

1
4 /�hf�M j dv� dv

. "sjgjL2 jW
"hjL2

=2
jW "f�M jL2

=2
: (3.10)

When jv � v�j � 1, then �
1
2
� . �

1
8
��

1
8 . We can use decomposition (3.7) and similar argu-

ments to getˇ̌̌̌Z
B";1jv�j�ıM1jvj�ıM1jv�v�j�1.g�

1
2 /�hf�M ..�M /

0
� �M / d� dv� dv

ˇ̌̌̌
. "sjgjL2 jW

"hjL2
=2
jW "f�M jL2

=2
: (3.11)
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Patching together (3.8) and (3.9), patching together (3.10) and (3.11), for the three pairs
of .�;M/ we conclude that

jK2.g; h; f /j . "sjgjL2 jW
"hjL2

=2
jW "f�M jL2

=2
: (3.12)

Patching together (3.6) and (3.12) we get

jK.g; h; f /j . "sjgjL2 jW
"hjL2

=2
jW "f�M jL2

=2
: (3.13)

Plugging (3.4) and (3.13) into (3.3), we get (3.1).
Recalling (1.8), plugging (3.4) and (3.13) into (3.3), by taking .g; h/ D .�

1
2 ; f /, we

get

jhŒL"
1; �M �f; f�M ivj D j	.�

1
2 ; f; f /j . ��1"2sjf j2";=2 C �jf�M j

2
";=2: (3.14)

Using (2.24) we get

jhŒL"
2; �M �f; f�M ivj D jhL

"
2�Mf; f�M iv � hL

"
2f; �Mf�M ivj

D jhL"
2�Mf; .1 � �M /f�M iv � hL

"
2.1 � �M /f; �Mf�M ivj

. j�Mf jL2
=2
j.1��M /f�M jL2

=2
Cj.1��M /f jL2

=2
j�Mf�M jL2

=2

. "sjW "f jL2
=2
jW "f�M jL2

=2

. ��1"2sjf j2";=2 C �jf�M j
2
";=2: (3.15)

Patching together (3.14) and (3.15), we arrive at (3.2).

In the rest of this section, we set f .t/ D e�L"tf0 with f0 2 N ?. Then f verifies that
f .t/ 2 N ? for any t � 0 and solves

@tf CL"f D 0; f jtD0 D f0: (3.16)

Now we are in a position to prove (1.29) and (1.32) in Theorem 1.2.

Proof of Theorem 1.2 (part 1: (1.29) and (1.32)). We first prove (1.29). Since f .t/ D

e�L"tf0 2N ?, by Proposition 2.4, there is a universal constant �1>0 such that d
dt jf j

2
L2
C

�1jf j
2
";=2

� 0 and thus for any t � 0,

jf .t/j2
L2
C �1

Z t

0

jf .�/j2";=2 d� � jf0j2L2 : (3.17)

Recall that f l .v/ D �."v/f .v/ and f h D f � f l . Recalling (3.16) we have

@tf
l
CL"f l D ŒL"; �."�/�f;

@tf
h
CL"f h D ŒL"; 1 � �."�/�f:
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Thanks to Theorem 1.1, Proposition 2.4 and that jf hj";=2 & "�sjf hjL2
=2

, we have

hL"f l ; f liv & jf l j2";=2 � C jf
l
j
2
L2
=2

; (3.18)

hL"f l ; f liv & j.I � P /f l j2";=2 � j.I � P /f l j2
L2
=2

�
1

2
jf l j2

L2
=2

� jPf l j2
L2
=2

; (3.19)

hL"f h; f hiv & jf hj2";=2 � C"
2s
jf hj2";=2: (3.20)

By (3.18), (3.19) and the identity P .f l C f h/ D Pf D 0, we derive that

hL"f l ; f liv & jf l j2";=2 � C jPf
l
j
2
L2
=2

D jf l j2";=2 � C jPf
h
j
2
L2
=2

� jf l j2";=2 � C"
2s
jf hj2";=2: (3.21)

Thanks to (3.2) in Lemma 3.1, (3.21) and (3.20), for some universal constant �2 > 0 we
get

d
dt
jf l j2

L2
C �2jf

l
j
2
";=2 . "2s.jf hj2";=2 C jf j

2
";=2/ . "2sjf j2";=2;

d
dt
jf hj2

L2
C �2jf

h
j
2
";=2 . "2s.jf hj2";=2 C jf j

2
";=2/ . "2sjf j2";=2:

Since  � �2s, then �2jf l j2";=2 � cjf
l j2
L2

for some universal constant c > 0. Recalling
(3.17), we get (1.29) by using Grönwall’s inequality.

Next we want to prove (1.32). Recalling (3.16), applying the operator Pj with 2j �
1=" we have

@tPjf CL"Pjf D ŒL
";  .2�j �/�f:

Thanks to Theorem 1.1 and Lemma 3.1, for some constant C0 > 0 we obtain

d
dt
jPjf j

2
L2
C C0jPjf j

2
";=2 & �"2sjf j2";=2:

Observe that jW "Pjf j
2
L2
=2

� "�2s2j jPjf j
2
L2

and

jW ".D/W=2Pjf j
2
L2
C jW "..�4S2/

1
2 /W=2Pjf j

2
L2

. "�2s2j jPjf j
2
L2
:

We are led to
d
dt
jPjf j

2
L2

& �"2sjf j2";=2 � "
�2s2j jPjf j

2
L2
:

From this, together with (3.17), we get jPjf .t/j2L2 � jPjf0j
2
L2
� C"�2s2j t � C"2s ,

which yields (1.32) for t 2 Œ0; C�1�2�j"2s�.

To complete the proof of Theorem 1.2, we need the following proposition.

Proposition 3.1. Let c; c1; c2; q; Y0 > 0 be five positive constants. Consider the ordinary
differential inequality

d
dt
Y C c1Y1 C c2Y

1C 1
q

2 � 0; Y jtD0 D Y0; (3.22)
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where Y � c.Y1 C Y2/ and Y; Y1; Y2 � 0. Depending on the value of Y0, we have the
following two estimates:

(1) If Y0 > 2c.c1=c2/q , let t� be the time such that Y.t�/ D 2c.c1=c2/q , then for any
t � 0,

Y.t/ � 1t<t�Y0 exp
�
�
c1

2c
t
�
C 1t�t�

Y�

.1C C1.t � t�//q
; (3.23)

where Y� D Y.t�/; C1 D c1
2cq

. Moreover, the critical time verifies t� � 2c
c1

ln Y0
Y�

.

(2) If Y0 � 2c.c1=c2/q , then for any t � 0,

Y.t/ �
Y0

.1C C2t /q
; (3.24)

where C2 D c2
2cq
.Y0
2c
/1=q .

Proof. It is easy to check that Y.t/ is a strictly decreasing function before it vanishes.
When Y0 > 2c.c1=c2/q , since Y.t�/ D 2c.c1=c2/q , we have

c1
Y.t�/

2c
D c2

�Y.t�/
2c

�1C 1
q
: (3.25)

Since Y � c.Y1 C Y2/, one has max¹Y1; Y2º � 1
2c
Y . Then we deduce

c1Y1 C c2Y
1C 1

q

2 � max
®
c1Y1; c2Y

1C 1
q

2

¯
� min

°
c1
Y

2c
; c2

� Y
2c

�1C 1
q
±
D

8̂̂<̂
:̂
c1
Y

2c
; t < t�;

c2

� Y
2c

�1C 1
q
; t � t�:

(3.26)

Note that the last equality employs (3.25), which is also the reason for our choice of t�.
When t < t� we have

d
dt
Y C

c1

2c
Y � 0 ) Y.t/ � Y0 exp

�
�
c1

2c
t
�
: (3.27)

On the interval Œt�;1/, we have

d
dt
Y C c2

� Y
2c

�1C 1
q
� 0 ) Y.t/ �

Y.t�/

.1C C1.t � t�//q
; (3.28)

with C1 D c2
2cq
.Y.t�/
2c
/1=q D c1

2cq
. Patching together (3.27) and (3.28), we conclude (3.23).

Since Y.t/ is a strictly decreasing function before it vanishes, we have

2c.c1=c2/
q
D Y.t�/ � lim

t!t��
Y.t/ � Y0 exp

�
�
c1

2c
t�

�
) t� �

2c

c1
ln
Y0

Y�
:

If Y0 � 2c.c1=c2/q , then for any t � 0,

c1
Y.t/

2c
� c2

�Y.t/
2c

�1C 1
q
:
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Similar to (3.26), we have c1Y1 C c2Y
1C 1

q

2 � c2.
Y
2c
/
1C 1

q on the interval Œ0;1/ and thus

d
dt
Y C c2

� Y
2c

�1C 1
q
� 0;

which yields (3.24). The proof is complete now.

The following example shows that the structure of estimate (3.23) is sharp for (3.22).

Example 3.1. Take c D c1D qD Y.0/D 1 and c2D "�2s in Proposition 3.1. Then (3.22)
reduces to

d
dt
Y C Y1 C "

�2sY 22 D 0; Y jtD0 D 1;

where Y1 C Y2 � Y and Y1; Y2; Y � 0. Here " > 0 is sufficiently small. Let us impose
Y1 C Y2 D Y and Y1 D "�2sY 22 . Then

e�6t1t<t� C "
2s 1

4C 3.t � t�/
1t�t� � Y.t/� e

�t=41t<t� C "
2s 1

4C .t � t�/
1t�t� ; (3.29)

where t� is the critical time such that Y.t�/ D 1
4
"2s verifying t� � ln 1

Y.t�/
.

Proof. Note that we can solve "�2sY 22 C Y2 D Y to get Y2 D �1C
p
1C4"�2sY
2"�2s

and thus

Y1 C "
�2sY 22 D 2"

�2sY 22 D
1C 2"�2sY �

p
1C 4"�2sY

"�2s
:

Now let X D "�2sY . Then we have the following ODE:

d
dt
X C 1C 2X �

p
1C 4X D 0; X jtD0 D "

�2s :

If we set f .x/ D 1C 2x �
p
1C 4x, then one has f 0.x/ D 2 � 2.1C 4x/�

1
2 , f 00.x/ D

4.1 C 4x/�
3
2 , f .3/.x/ D �24.1 C 4x/�5=2, f .4/.x/ D 240.1 C 4x/�7=2. By Taylor

expansion, one has

f .x/ D f .0/C f 0.0/x C
f 00.0/

2
x2 C

f .3/.0/

6
x3 C

1

6

Z x

0

.x � t /3f .4/.t/ dt

D 2x2 � 4x3 C
1

6

Z x

0

.x � t /3f .4/.t/ dt:

Since 0 � f .4/.t/ � 240, we have 2x2 � 4x3 � f .x/ � 2x2 � 4x3 C 10x4. If x � 1
4

,
then 4x3 � x2 and 10x4 � x2, which gives

x2 � 1C 2x �
p
1C 4x � 3x2; x � 1

4
: (3.30)

Let g.x/D f .x/� x=4; if x � 1
4

, then g0.x/D 7
4
� 2.1C 4x/�

1
2 �

7
4
�
p
2 > 0, which

yields
g.x/ � g.1

4
/ D 3

2
�
p
2 � 1

16
> 0 ) f .x/ � x=4:
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If x � 1
4

, then 1C 2x � 6x. Therefore we have

x=4 � 1C 2x �
p
1C 4x � 6x; x � 1

4
: (3.31)

Note that t� is the critical time such that X.t�/ D 1
4

; then by (3.31) we get

d
dt
X CX=4 �

d
dt
X C 1C 2X �

p
1C 4X D 0 �

d
dt
X C 6X; t � t�;

which yields �6 � d
dt lnX � �1

4
; t � t�. Integrating over Œ0; t � and recalling X.0/ D

"�2s , we have

"�2s exp.�6t/ � X.t/ � "�2s exp.�t=4/; t � t�: (3.32)

By (3.30), we get

d
dt
X CX2 �

d
dt
X C 1C 2X �

p
1C 4X D 0 �

d
dt
X C 3X2; t � t�;

which indicates
�3 �

d
dt

�
�
1

X

�
� �1; t � t�:

Integrating over Œt�; t �, we have

1

4C 3.t � t�/
� X.t/ �

1

4C .t � t�/
; t � t�: (3.33)

Recalling that X D "�2sY , patching together (3.32) and (3.33), we get (3.29). By (3.32),
recalling X.t�/ D 1

4
, we have

�2s ln " � ln 1
4

6
� t� � 4.�2s ln " � ln 1

4
/;

which yields t� � �2s ln " � ln 1
Y.t�/

since " is small enough.

We are ready to complete the proof of Theorem 1.2.

Proof of Theorem 1.2 (part 2: (1.30) and (1.31)). By Theorem 1.1, Lemma 2.8 and (2.24),
for l � 2, we get

d
dt
jf j2

L2
l

C �3jf j
2
";=2Cl . jf j2

L2
lC=2

;

for some universal constant �3 > 0. Observe that

jf j2
L2
lC=2

. jf hj2
L2
lC=2

C �jf l j2
L2
=2ClCs

C C�jf
l
j
2
L2
=2Cs

:

By taking � small enough, when ">0 is small enough we infer that d
dt jf j

2
L2
l

. jf l j2
L2
=2Cs

.
jf j2

";=2
. Recalling (3.17), we have jf .t/j2

L2
l

. jf0j2L2
l

for any t � 0. Recalling that
d
dt jf j

2
L2
C �1jf j

2
";=2

� 0 and using the interpolation inequality

jf jL2 � jf j
q
qC1

L2
=2

jf j
1
qC1

L2
�q=2

;
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since  C 2s � 0, for some universal constants zC1, zC2 we get

d
dt
jf j2

L2
C zC1jf

l
j
2
L2
C zC2jf0j

�2=q

L2
�q=2

"�2sjf hj
2C 2

q

L2
� 0:

Let Y.t/ WD jf .t/j2
L2

, Y1.t/ WD jf l .t/j2L2 , Y2.t/ WD jf h.t/j2L2 . We obtain

d
dt
Y C c1Y1 C c2Y

1C 1
q

2 � 0;

where c1 D zC1, c2 D zC2jf0j
�2=q

L2
�q=2

"�2s . Noting that Y � 2.Y1 C Y2/, by taking c D 2 in

Proposition 3.1, we get (1.30) and (1.31) with

C0 D

q
zC1= zC2; �0 D

zC1

4
; C1 D

zC2

4
: (3.34)

Now the proof of Theorem 1.2 is complete.

4. Nonlinear Boltzmann equation in the perturbation framework

In this section we will prove Theorem 1.3. In Section 4.1 we establish global well-
posedness and propagation of regularity for the Cauchy problem (1.9). In Section 4.2
we derive global dynamics by using Proposition 3.1. Section 4.3 is devoted to the global
asymptotic formula (1.43).

4.1. Global well-posedness and propagation of regularity

The main task is to provide a priori estimates for equation (1.9). We start with the follow-
ing linear equation:

@tf C v � rxf CL"f D g; t > 0; x 2 T3; v 2 R3: (4.1)

Here g is given and f is unknown.

4.1.1. Estimate for the linear equation. Suppose f is a solution to (4.1). Recalling
(1.21), we set f1 WD Pf D .a C b � v C cjvj2/�

1
2 and f2 WD f � Pf . We derive the a

priori estimate for (4.1) in the following proposition.

Proposition 4.1. Let N � 1 and f be a solution to (4.1). Then for M large enough, it
holds that

d
dt

EN;M .f /C
1

2
.jrx.a; b; c/j

2

HN�1
x
C kf2k

2

HN
x L

2
";=2

/

.
X
j˛j�N

j.@˛g; @˛f /j C
X

j˛j�N�1

13X
jD1

Z
T3

jh@˛g; ej ivj
2 dx; (4.2)
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where
EN;M .f / WDMkf k

2

HN
x L2
C 	N .f /;

1

2
Mkf k2

HN
x L2
� EN;M .f / � 2Mkf k

2

HN
x L2

:
(4.3)

Here 	N .f / is defined in (4.8) and ¹ej º1�j�13 are defined explicitly by

e1 D �
1
2 ; e2 D v1�

1
2 ; e3 D v2�

1
2 ; e4 D v3�

1
2 ; e5 D v

2
1�

1
2 ;

e6 D v
2
2�

1
2 ; e7 D v

2
3�

1
2 ; e8 D v1v2�

1
2 ; e9 D v2v3�

1
2 ;

e10 D v3v1�
1
2 ; e11 D jvj

2v1�
1
2 ; e12 D jvj

2v2�
1
2 ; e13 D jvj

2v3�
1
2 :

The proof of Proposition 4.1 will be postponed a while. We first recall some basics of
macro–micro decomposition. By (1.21) the macro part f1 is given by

f1.t; x; v/ D .a.t; x/C b.t; x/ � v C c.t; x/jvj
2/�

1
2 ; (4.4)

which solves
@tf1 C v � rxf1 D �@tf2 C l C g; (4.5)

where l D �v � rxf2 �L"f2.
Let A D .aij /1�i�13;1�j�13 be the 13 � 13 matrix defined by aij D hei ; ej iv and

y be the column vector with 13 components @ta, ¹@tbi C @iaº1�i�3, ¹@tc C @ibiº1�i�3,
¹@ibj C @j biº1�i<j�3, ¹@icº1�i�3. Let e be the column vector with 13 components
¹ej º

13
jD1. Plugging (4.4) into (4.5), we get

e � y D �@tf2 C l C g: (4.6)

Define a column vector z D .zi /13iD1 WD .h�@tf2 C l C g; ei iv/
13
iD1. Taking the inner

product between (4.6) and the column vector e in the space L2.R3v/, one has Ay D z. For
simplicity, we define the following column vectors:

Qf D . Qf .0/; ¹ Qf
.1/
i º1�i�3; ¹

Qf
.2/
i º1�i�3; ¹

Qf
.2/
ij º1�i<j�3; ¹

Qf
.3/
i º1�i�3/

T
WD A�1hf2; eiv;

Ql D .l .0/; ¹l
.1/
i º1�i�3; ¹l

.2/
i º1�i�3; ¹l

.2/
ij º1�i<j�3; ¹l

.3/
i º1�i�3/

T
WD A�1hl; eiv;

Qg D .g.0/; ¹g
.1/
i º1�i�3; ¹g

.2/
i º1�i�3; ¹g

.2/
ij º1�i<j�3; ¹g

.3/
i º1�i�3/

T
WD A�1hg; eiv:

Here T denotes vector transpose. Then the equation Ay D z is equivalent to

y D A�1z D �@t Qf C Ql C Qg: (4.7)

Following the notation in [6], let us define the temporal energy functional 	N .f / as

	N .f / WD
X

j˛j�N�1

3X
iD1

.	a˛;i .f /C 	b˛;i .f /C 	c˛;i .f /C 	ab˛;i .f //; (4.8)
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where
	a˛;i .f / WD h@

˛ Qf
.1/
i ; @i@

˛aix ; 	c˛;i .f / WD h@
˛ Qf

.3/
i ; @i@

˛cix ;

	ab˛;i .f / WD h@i@
˛a; @˛bi ix ;

(4.9)

	b˛;i .f / WD �
X
j¤i

h@˛ Qf
.2/
j ; @i@

˛bi ix C
X
j¤i

h@˛ Qf
.2/
j i ; @j @

˛bi ix

C 2h@˛ Qf
.2/
i ; @i@

˛bi ix : (4.10)

In the following we give a lemma for the dissipation of .a; b; c/.

Lemma 4.1. LetN � 1. Recall that e D ¹ej º13jD1. There exists a constant C > 0 such that

d
dt

	N .f /C
1

2
jrx.a;b;c/j

2

HN�1
x
�C

�
kf2k

2

HN
x L

2
";=2

C

X
j˛j�N�1

Z
jh@˛g;eivj

2 dx
�
: (4.11)

The proof of Lemma 4.1 will be given in the appendix. Now we are ready to prove
Proposition 4.1.

Proof of Proposition 4.1. Applying @˛ to equation (4.1), taking the inner product with
@˛f we have

1

2

d
dt
k@˛f k2

L2
C .L"@˛f; @˛f / D .@˛g; @˛f /:

Thanks to Proposition 2.4, for some constant c0 > 0 we have

1

2

d
dt
kf k2

HN
x L2
C c0kf2k

2

HN
x L

2
";=2

�

X
j˛j�N

j.@˛g; @˛f /j: (4.12)

Then (4.2) follows by making a suitable combination of (4.12) and (4.11). More precisely,
one can multiply (4.12) by a large constant and then add the resultant to (4.11). Inequality
(4.3) is a direct result of the fact that j	N .f /j . kf k2

HN
x L2

.

4.1.2. A priori estimate in HN
x L2. In this subsection we derive the a priori estimate

in HN
x L

2 for solutions to the Cauchy problem (1.9). We apply Proposition 4.1 by taking
g D �".f; f /. For ease of notation, let us define the energy and dissipation functionals

EN .f / WD kf k
2

HN
x L2

; DN .f / WD kf k
2

HN
x L

2
";=2

:

The a priori estimate in HN
x L

2 can be concluded as follows.

Theorem 4.1. Let �3
2
<  < 0, N � 2. There exists ı0 > 0 independent of " such that

if a solution f " to the Cauchy problem (1.9) satisfies sup0�t�T E2.f
".t// � ı0 for some

0 < T � 1, then

sup
t2Œ0;T �

EN .f
".t//C

Z T

0

DN .f
".s// ds � C.EN .f0//;

whereC.�/ is a continuous increasing function verifyingC.0/D0. WhenN D2,C.x/. x.
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Proof. Let .a".t; x/; b".t; x/; c".t; x// be the macroscopic components of f ".t; x; �/
defined through (1.22). Let f "1 WDPf ".t;x;v/D.a".t;x/Cb".t;x/ � vCc".t;x/jvj2/�

1
2 ,

f "2 WD f
" � f "1 . Thanks to (1.6) and (1.11), we have

R
.a".t; x/; b".t; x/; c".t; x//dx D 0.

By the Poincaré inequality, j.a"; b"; c"/jHN
x
� jrx.a

"; b"; c"/jHN�1
x

and thus for some uni-
versal constant c0 > 0,

1

2
.jrx.a

"; b"; c"/j2
HN�1
x
C kf "2 k

2

HN
x L

2
";=2

/ � c0kf
"
k
2

HN
x L

2
";=2

: (4.13)

By Proposition 4.1, we need to estimate the quantities j.@˛�".f "; f "/; @˛f "/j andR
jh@˛�".f "; f "/; eivj

2 dx for j˛j � N . In this sequel, we denote by Of the Fourier trans-
form of f with respect to the x variable. Observe that

.�".g; h/; f / D
X

k;m2Z3

h�". Og.k/; Oh.m � k//; Of .m/iv:

From this, together with Theorem 2.3, we get

j.�".@˛xg; @
ˇ
xh/; f /j .

X
k;m2Z3

jkjj˛jjm � kjjˇ jj Og.k/jL2 j
Oh.m � k/j";=2j Of .m/j";=2:

From this, we derive that for a; b � 0 with aC b > 3
2

,

j.�".@˛xg; @
ˇ
xh/; f /j . kgkH j˛jCax L2

khk
H
jˇ jCb
x L2

";=2

kf kL2
";=2

: (4.14)

As a result, for j˛j � N ,

j.@˛�".g; h/; f /j . kgkH2
xL2
khkHN

x L
2
";=2
kf kL2

";=2

C 1N�3kgkHN
x L2
khkHN�1

x L2
";=2
kf kL2

";=2
: (4.15)

Taking the sum over j˛j � N we haveX
j˛j�N

j.@˛�".f "; f "/; @˛f "/j .
p

E2.f "/DN .f
"/

C 1N�3
p

EN .f "/
p

DN�1.f "/
p

DN .f "/: (4.16)

Thanks to Theorem 2.3, estimate (4.14), similar to (4.15) and (4.16), we have for j˛j �N ,
1 � j � 13,Z

jh@˛�".f "; f "/; ej ivj
2 dx . E2.f

"/DN .f
"/C 1N�3EN .f "/DN�1.f

"/: (4.17)

Recall that EN;M .f
"/ � EN .f

"/ by (4.3). Invoking Proposition 4.1, using (4.13),
(4.16) and (4.17), for any 0 < � < 1 we arrive at

d
dt

EN;M .f
"/C c0DN .f

"/ . .
p

E2.f "/C E2.f
"/C 1N�3�/DN .f

"/

C 1N�3��1EN .f "/DN�1.f
"/: (4.18)
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For N D 2, if ı0 is sufficiently small, under the condition sup0�t�T E2.f
".t// � ı0

we have
d
dt

E2;M .f
"/C

c0

2
D2.f

"/ � 0;

sup
t2Œ0;T �

E2.f
".t//C

Z T

0

D2.f
".s// ds . E2.f0/:

(4.19)

ForN � 3, taking � small enough, by the smallness assumption sup0�t�T E2.f
".t//�

ı0, (4.18) gives

d
dt

EN;M .f
"/C

c0

4
DN .f

"/ . EN .f
"/DN�1.f

"/:

Then we can get the desired result by using mathematical induction.

4.1.3. Propagation of the weighted Sobolev regularity HN
x L2

l
. We aim to prove the

following proposition.

Proposition 4.2. Let �3
2
<  < 0, l � 2, N � 2. There exists ı0 > 0 independent of "

such that if a solution f " to the Cauchy problem (1.9) satisfies sup0�t�T E2.f
".t// � ı0

for some 0 < T � 1, then

sup
t2Œ0;T �

kf ".t/k2
HN
x L

2
l

C

Z T

0

kf ".s/k2
HN
x L

2
";lC=2

ds � C.kf0k2HN
x L

2
l

/;

whereC.�/ is a continuous increasing function verifyingC.0/D0. WhenN D2,C.x/. x.

Proof. We omit the superscript " in f " to write

@tf C v � rxf CL"f D �".f; f /: (4.20)

Applying Wl@˛ to both sides of (4.20) we have

@tWl@
˛f C v � rxWl@

˛f CWlL
"@˛f D Wl@

˛�".f; f /:

Taking the inner product with Wl@˛f and taking the sum over j˛j � N , we get

1

2

d
dt
kf k2

HN
x L

2
l

C

X
j˛j�N

.WlL
"@˛f;Wl@

˛f / D
X
j˛j�N

.Wl@
˛�".f; f /;Wl@

˛f /:

By Theorem 1.1, Lemma 2.8 and the condition =2C l � 0, for some constant c0 > 0 we
have X

j˛j�N

.WlL
"@˛f;Wl@

˛f / � c0kf k
2

HN
x L

2
";lC=2

� Ckf k2
HN
x L

2
lC=2

:

Observe thatX
j˛j�N

.Wl@
˛�".f; f /;Wl@

˛f / D
X
j˛j�N

.Wl@
˛�".f; f / � @˛�".f;Wlf /;Wl@

˛f /

C

X
j˛j�N

.@˛�".f;Wlf /;Wl@
˛f /:
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With the help of the proof of (4.15), Theorem 2.3 and Lemma 2.8 imply thatX
j˛j�N

j.Wl@
˛�".f; f /;Wl@

˛f /j

.
p

E2.f /kf k
2

HN
x L

2
";lC=2

C 1N�3
p

EN .f /kf kHN�1
x L2

";lC=2
kf kHN

x L
2
";lC=2

:

Putting together the above results and using the condition sup0�t�T E2.f
".t// � ı0

with ı0 small enough, we arrive at

d
dt
kf k2

HN
x L

2
l

C
c0

2
kf k2

HN
x L

2
";lC=2

. kf k2
HN
x L

2
lC=2

C 1N�3EN .f /kf k2HN�1
x L2

";lC=2

:

It is not difficult to check that

kf kHN
x L

2
lC=2
� kf lkHN

x L
2
lC=2
C kf hkHN

x L
2
lC=2

� �kf lkHN
x L

2
lC=2Cs

C C�kf
l
kHN

x L
2
=2Cs
C "sk"�sf hkHN

x L
2
lC=2

. .�C "s/kf k2
HN
x L

2
";lC=2

C C�DN .f /:

Taking � small enough, when " is small we derive

d
dt
kf k2

HN
x L

2
l

C
c0

4
kf k2

HN
x L

2
";lC=2

. DN .f /C 1N�3EN .f /kf k2HN�1
x L2

";lC=2

:

For N D 2 the desired result is easily obtained thanks to Theorem 4.1. For N � 3 we use
mathematical induction to get the desired result.

4.1.4. Propagation of full regularity. We first give a useful lemma.

Lemma 4.2. Let l2 � l1 � 0, m � 0, l 2 R. For any � > 0, there is a constant C� such
that

jf j2Hm
l

. .�C "2s/jW ".D/f j2Hm
l
C C�jf j

2
L2
l

; jf jL2
";l1

. jf jL2
";l2

:

Proof. Recall (1.20). By the interpolation inequality, it is easy to check that

jf j2Hm
l

. jf � j2Hm
l
C jf� j

2
Hm
l

. jf � j2Hm
l
C �jf� j

2

HmCs
l

C C�jf� j
2
L2
l

:

Then the first result follows from Lemma A.2. The second result follows from the defini-
tion of j � jL2

";l
in (1.24) and Lemma A.2.

We are ready to prove propagation of full regularity.

Proposition 4.3. Suppose �3
2
<  < 0, N � 2. Recall the weight functions (1.34) and

the functionals (1.35), (1.36), (1.37). There exists ı0 > 0 independent of " such that if
a solution f " to the Cauchy problem (1.9) satisfies sup0�t�T E2.f

".t// � ı0 for some
0 < T � 1, then

sup
t2Œ0;T �

EN;J .f ".t//C

Z T

0

DN;J .f ".�// d� � C.EN;J .f0//;

where C.�/ is a continuous increasing function verifying C.0/ D 0.
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Proof. Since we have the control of PEm;0.f / for 0 � m � N by Proposition 4.2, we will
focus on the estimate of PEk�j;j .f / with 1 � k � N , 1 � j � k. We denote

�".g; hIˇ/.v/ WD

Z
B".v � v�; �/.@ˇ�

1
2 /�.g

0
�h
0
� g�h/ d� dv�:

With this notation one has

@˛ˇ�
".g; h/ D

X
ˇ0Cˇ1Cˇ2Dˇ;
˛1C˛2D˛

C
ˇ0;ˇ1;ˇ2
ˇ

C ˛1;˛2˛ �".@
˛1
ˇ1
g; @

˛2
ˇ2
hIˇ0/:

It is easy to check that for any fixed ˇ, �".g; hI ˇ/ shares the same upper bound and
commutator estimates as those for �".g; h/. Recall that L"g D��".�

1
2 ; g/� �".g;�

1
2 /.

Thus,

@˛ˇL"g D L"@˛ˇg

�

X
ˇ0Cˇ1Cˇ2Dˇ;

ˇ2<ˇ

C
ˇ0;ˇ1;ˇ2
ˇ

Œ�".@ˇ1�
1
2 ; @˛ˇ2gIˇ0/C �

".@˛ˇ2g; @ˇ1�
1
2 Iˇ0/�: (4.21)

Let 1 � k � N , 1 � j � k. Taking two indexes ˛ and ˇ such that j˛j D k � j , jˇj D j ,
ˇ D .ˇ1; ˇ2; ˇ3/, applying Wq@˛ˇ to both sides of (4.20), we obtain

@tWq@
˛
ˇf C v � rxWq@

˛
ˇf C

3X
iD1

Wqˇ
i@
˛Cei
ˇ�ei

f CWq@
˛
ˇL"f D Wq@

˛
ˇ�

".f; f /:

Here e1 D .1; 0; 0/, e2 D .0; 1; 0/, e3 D .0; 0; 1/. LetWq D Wlj . Taking the inner product
with Wq@˛ˇf , one has

1

2

d
dt
k@˛ˇf k

2
L2q
C

3X
iD1

ˇi .Wq@
˛Cei
ˇ�ei

f;Wq@
˛
ˇf /C .Wq@

˛
ˇL"f;Wq@

˛
ˇf /

D .Wq@
˛
ˇ�

".f; f /;Wq@
˛
ˇf /:

Let us give the estimates term by term.

(i) Estimate of .Wq@
˛Cei
ˇ�ei

f;Wq@
˛
ˇ
f /. It is not difficult to check that

j.Wq@
˛Cei
ˇ�ei

f;Wq@
˛
ˇf /j . kWqW�=2@

˛Cei
ˇ�ei

f kL2kWqW=2@
˛
ˇf kL2

. � PDk�j;j .f /C ��1 PDk�jC1;j�1.f /;

where we use (1.34).

(ii) Estimate of .Wq@˛ˇL"f;Wq@
˛
ˇ
f /. Thanks to (4.21), Theorems 1.1 and 2.3 and Lemma

2.8, for some universal constant c0 > 0 we have

.Wq@
˛
ˇL"f;Wq@

˛
ˇf / � c0k@

˛
ˇf k

2
L2
";qC=2

� Ck@˛ˇf k
2
L2
qC=2

� Ckf k2
H
k�j
x H

j�1
";qC=2

:
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By Lemma 4.2 and our assumption forWlj in (1.34), the above inequality can be rewritten
as

.Wq@
˛
ˇL"f;Wq@

˛
ˇf / � c0k@

˛
ˇf k

2
L2
";qC=2

� .�C "2s/ PDk�j;j .f /

� C� PD
k�j;0.f / � CDk�1.f /:

(iii) Estimate of .Wq@˛ˇ�
".f; f /;Wq@

˛
ˇ
f /. It is easy to check that

.Wq@
˛
ˇ�

".f; f /;Wq@
˛
ˇf /

D .Wq�
".f; @˛ˇf /;Wq@

˛
ˇf /

C

X
ˇ0Cˇ1Cˇ2Dˇ;
˛1C˛2D˛;
j˛2jCjˇ2j�k�1

C
ˇ0;ˇ1;ˇ2
ˇ

C ˛1;˛2˛ .Wq�
".@

˛1
ˇ1
f; @

˛2
ˇ2
f Iˇ0/;Wq@

˛
ˇf /:

By Theorem 2.3 and Lemma 2.8, for a; b � 0, aC b D 2, we have

j.Wq�
".g; h/;Wqf /j . kgkHa

xL2khkHb
xL

2
";qC=2

kf kL2
";qC=2

;

which gives for any 0 < � < 1,

j.Wq�
".f; @˛ˇf /;Wq@

˛
ˇf /j . E

1
2
2 .f /

PDk�j;j .f / . .�C ��1E2.f // PD
k�j;j .f /:

It remains to estimate A WD .Wq�
".@

˛1
ˇ1
f; @

˛2
ˇ2
f I ˇ0/; Wq@

˛
ˇ
f / where j˛2j C jˇ2j �

k � 1. We consider three cases.

Case 1: k D 1. There are only two situations: .j˛1j; jˇ1j/D .0; 0/ or .0; 1/. Then we have

jAj . .k@ˇf kL2 C kf kL2/kf kH2
xL

2
";qC=2

k@ˇf kL2
";qC=2

. ��1. PE0;1.f /C 1/D2.Wl0f /C .�C �
�1E2.f // PD

0;1.f /:

Case 2: k D 2. We divide the estimate into two subcases: j˛2j C jˇ2j D 1 and j˛2j C
jˇ2j D 0.

Subcase 2:1: j˛2j C jˇ2j D 1. Note that .j˛2j; jˇ2j/ D .1; 0/ or .j˛2j; jˇ2j/ D .0; 1/.
If .j˛2j; jˇ2j/D .1; 0/, we get that j D 1 and .j˛1j; jˇ1j/D .0; 1/ or .0; 0/. Then we have

jAj . ��1E2.f /kWqf k
2
H1
xL

2
";=2

C ��1kf k2
H1
x
PH1
kWqf k

2
H2
xL

2
";=2

C �k@˛ˇf k
2
L2
";qC=2

:

If .j˛2j; jˇ2j/ D .0; 1/, then we have .j˛1j; jˇ1j/ D .2 � j; j � 1/ or .2 � j; j � 2/ if
j � 2. These imply that

jAj . ��1.E2.f /C PE
2�jC1;j�1.f //kWqf k

2

H1
x
PH1
";=2

C �k@˛ˇf k
2
L2
";qC=2

:

Subcase 2:2: j˛2j C jˇ2j D 0. We deduce that .j˛1j; jˇ1j/ D .2 � j; j / or .2 � j;
j � 1/ or .2 � j; j � 2/ if j � 2. Then we arrive at

jAj . ��1.kf k2
PH
2�j
x
PH j
C E1.f //D2.Wqf /C �k@

˛
ˇf k

2
L2
";qC=2

:
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Case 3: k � 3. We consider four subcases.

Subcase 3:1: j˛2j C jˇ2j D k � 1. Note that .j˛2j; jˇ2j/ D .k � j � 1; j / or .k � j;
j � 1/. We derive

jAj . ��1E2.f /.kWqf k
2
PH
k�j
x

PH
j
";=2

C kWqf k
2
PHk�j�1 PH

j
";=2

/

C ��1kf k2
H2
xH1kWqf k

2

H
k�j
x H

j�1
";=2

C �k@˛ˇf k
2
L2
";qC=2

. .��1E2.f /C �/ PD
k�j;j .f /C ��1Dk�1.f /. PE2;1.f /C E2.f //:

Subcase 3:2: j˛2j C jˇ2j D k � 2 and jˇ2j D j . By taking .a; b/ D .1; 1/, we get

jAj . ��1. PE3;0.f /C E2.f //Dk�1.f /C � PDk�j;j .f /:

Subcase 3:3: j˛2j C jˇ2j D k � 2 and jˇ2j � j � 1. Observing that j˛1j C jˇ1j � 2
and jˇ0j C jˇ1j � 1, we have

Aj . ��1. PE3;0.f /C PE2;1.f /C PE1;2.f /1j�2 C E2.f //Dk�1.f /C � PDk�j;j .f /:

Subcase 3:4: j˛2j C jˇ2j � k � 3. It is not difficult to see that

jAj . ��1. PEk�j;j .f /C Ek�1.f //Dk�1.f /C � PDk�j;j .f /:

Now we patch together the above estimates to derive that

(1) if k D 1, then

j.Wq@
˛
ˇ�

".f; f /;Wq@
˛
ˇf /j

. ��1. PE0;1.f /C 1/D2.Wl0f /C .�C �
�1E2.f // PD

0;1.f /I

(2) if k D 2, then

j.Wq@
˛
ˇ�

".f; f /;Wq@
˛
ˇf /j

. .�C ��1E2.f // PD
2�j;j .f /

C ��1. PE2�j;j .f /C PE1;1.f /C E1.f //D2.Wl0f /

C ��1.E2.f /C PE
2�jC1;j�1.f //. PD1;1.f /CD1.f //I

(3) if k � 3, then

j.Wq@
˛
ˇ�

".f; f /;Wq@
˛
ˇf /j

. .�C ��1E2.f // PD
k�j;j .f /

C ��1Dk�1.f /. PE2;1.f /C PE3;0.f /C PE1;2.f /1j�2 C Ek�1.f /

C PEk�j;j .f //:
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To get the estimate of E1.f /, it remains to consider PE0;1. Taking k D j D 1, by the
above estimates, we have

d
dt
PE0;1.f /C

1

2
c0 PD

0;1.f / . C�. PE
0;1.f /C 1/D2.Wl0f /

C .�C "2s C ��1E2.f // PD
0;1.f /:

Taking � small enough and since sup0�t�T E2.f .t// � ı0 with ı0 small enough, if " is
small enough, by Proposition 4.2 and Grönwall’s inequality, we conclude that

sup
t2Œ0;T �

E1.f .t//C

Z T

0

D1.f .�// d� � C.kf0kH2
xL

2
l0

;E1.f0//: (4.22)

To prove the propagation of E2.f /, we need to consider the energy PE2�j;j with j D
1; 2. Taking k D 2, j D 1, it is not difficult to conclude that

d
dt
PE1;1.f /C

1

2
c0 PD

1;1.f / . D1.f /C .1C E1.f //D2.Wl0f /C
PE1;1.f /D2.Wl0f /:

Then by Grönwall’s inequality, Proposition 4.2 and (4.22), we get

sup
t2Œ0;T �

PE1;1.f .t//C

Z T

0

PD1;1.f .�// d� � C.E2;1.f0//: (4.23)

Taking k D 2, j D 2, we have

d
dt
PE0;2.f /C

1

2
c0 PD

0;2.f / . PD1;1.f /CD1.f /

C . PE0;2.f /C PE1;1.f /C E1.f //D2.Wl0f /

C .E2.f /C PE
1;1.f //. PD1;1.f /CD1.f //:

Then by Grönwall’s inequality, Proposition 4.2, (4.22) and (4.23), we get

sup
t2Œ0;T �

PE0;2.f .t//C

Z T

0

PD0;2.f .�// d� � C.E2;2.f0//:

In other words, for 0 � J � 2, we have supt2Œ0;T � E
2;J .f .t// C

R T
0

D2;J .f .�// d� �
C.E2;J .f0//.

Now we shall use mathematical induction to complete the proof. We assume that the
result in the proposition holds for 0 � J � N � n with n � 2. For 0 � J � N D nC 1,
since J D 0 is handled in Proposition 4.2, we begin with the propagation of PEn;1.f /.
From the above inequalities, we have

d
dt
PEn;1.f /C

1

2
c0 PD

n;1.f / . .1C PEn;1.f /C En.f /C PE3;0.f /C PE2;1.f //Dn.f /

C PDnC1;0.f /;
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which yields that supt2Œ0;T � EnC1;1.f .t// C
R T
0

DnC1;1.f .�// d� � C.EnC1;1.f0//

thanks to Grönwall’s inequality. For j � 2 we derive that

d
dt
PEnC1�j;j .f /C

1

2
c0 PD

nC1�j;j .f /

. .1C PEnC1�j;j .f /C En.f /C PE3;0.f /C PE2;1.f /C PE1;2.f //Dn.f /

C PDnC2�j;j�1.f /:

Using mathematical induction to index j , we get for 2 � j � J ,

sup
t2Œ0;T �

PEnC1�j;j .f .t//C

Z T

0

PDnC1�j;j .f .�// d� � C.EnC1;J .f0//;

which completes the inductive argument for n. We end the proof of the proposition.

Proof of Theorem 1.3 (part 1: global well-posedness and propagation of regularity). By a
standard continuity argument, the global well-posedness in H 2

xL
2 follows from the a pri-

ori estimate in Theorem 4.1 and the local well-posedness result (see [9] for instance). The
propagation results (1.38) and (1.39) follow directly from Propositions 4.2 and 4.3.

4.2. Global dynamics

We now give the proof of the second part of Theorem 1.3.

Proof of Theorem 1.3 (part 2: global dynamics). We first prove (1.42). It is easy to check
that Pjf

" verifies

@tPjf
"
C v � rxPjf

"
CL"Pjf

"
D ŒL";Pj �f

"
CPj�

".f "; f "/:

Thanks to Theorem 1.1, Lemma 3.1 and (4.14), for some C0 > 0 one has

d
dt
kPjf

"
k
2
L2
� �C0.kPjf

"
k
2
L2
";=2

C "2skf "k2
L2
";=2

C "2skf "k2
H2
xL2
kf "k2

L2
";=2

C kf "kH2
xL2
kPjf

"
k
2
L2
";=2

/:

By Theorem 4.1 for the case N D 2, we have

sup
t�0

E2.f
".t//C

Z 1
0

D2.f
".s// ds . E2.f0/ � ı0:

Recalling that kPjf "k2L2
";=2

. "�2s2jkPjf
"k2
L2

. "�2s2jı0, we have

kPjf
".t/k2

L2
� kPjf0k

2
L2
� C"�2s2jı0t � Cı0"

2s;

which yields (1.42).
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We will now prove (1.40) and (1.41). By the interpolation inequality

jf jL2 . jf j
q
qC1

L2
=2

jf j
1
qC1

L2
�q=2

and the facts supt�0 kf
".t/kH2

xL
2
l

. kf0kH2
xL

2
l

from Proposition 4.2 and d
dt E2;M .f

"/C

c0
2

D2.f
"/ � 0 from (4.19), for some universal constants zC1; zC2 > 0, we obtain

d
dt

E2;M .f
"/C zC1kf

l
k
2
H2
xL2
C zC2kf0k

�2=q

H2
xL

2
�q=2

"�2skf hk
2.1C 1

q /

H2
xL2

� 0:

Let Y.t/ D E2;M .f
".t//, Y1.t/ D kf l .t/k2H2

xL2
, Y2.t/ D kf h.t/k2H2

xL2
; then

d
dt
Y C c1Y1 C c2Y

1C 1
q

2 � 0;

where c1D zC1, c2D zC2kf0k
�2=q

H2
xL

2
�q=2

"�2s . By (4.3), 1
4
M.Y1C Y2/� Y � 4M.Y1C Y2/.

By taking c D 4M and applying Proposition 3.1, we can define

Cq D 8. zC1= zC2/
q; �0 D

zC1

8M
;

C.f0/ D q
�1.8M/

�1� 1q .E2;M .f0//
1
q zC2"

�2s
kf0k

�2=q

H2
xL

2
�q=2

;

(4.24)

to get (1.40) and (1.41).

4.3. Global asymptotic formula

In this subsection we want to prove (1.43). Let f " and f 0 be the solutions to (1.9) and
(1.10) respectively with the same initial data f0. Let F "R WD "

2�2s.f " � f 0/, which solves

@tF
"
R C v � rxF

"
R CL0F "R D "

2s�2..L0
�L"/f " C .�" � �0/.f "; f 0//

C �".f "; F "R/C �
0.F "R; f

0/: (4.25)

We first derive an estimate on the operator difference �0 � �".

Lemma 4.3. Let  > �3. It holds that

jh.�0 � �"/.g; h/; f ivj . "2�2sjgjL2 jhjH2
=2C2
jf jL2

=2
:

Proof. By direct calculation we have

h.�0 � �"/.g; h/; f iv D A1 CA2 CA3 CA4;

where

A1 WD

Z
.b � b"/.cos �/jv � v�j ..�

1
2 /0� � �

1
2
� /g�h

0f 0 d� dv� dv;

A2 WD

Z
.b � b"/.cos �/jv � v�j ..�

1
2 /0� � �

1
2
� /g�.h � h

0/f 0 d� dv� dv;
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A3 WD

Z
.b � b"/.cos �/jv � v�j�

1
2
�g�.h � h

0/f 0 d� dv� dv;

A4 WD

Z
.b � b"/.cos �/jv � v�j�

1
2
�g�.h

0f 0 � hf / d� dv� dv:

Note that b � b" is supported for sin �
2
�

4
3
" and soZ

.b � b"/.cos �/ sin2 �
2

d� .
Z 4"=3

0

t1�2s dt . "2�2s : (4.26)

Estimate of A1. By the change of variable .v; v�/! .v0�; v
0/ we have

A1 D

Z
.b � b"/.cos �/jv � v�j .�

1
2 � .�

1
2 /0/g0h�f� d� dv� dv:

By Taylor expansion one has

�
1
2 � .�

1
2 /0D .r�

1
2 /.v0/ � .v� v0/C

Z 1

0

.1� �/
�
.r2�

1
2 /.v.�// W .v� v0/˝ .v� v0/

�
d�;

where v.�/ D v0 C �.v � v0/. Recalling (2.45), we have

jA1j D

ˇ̌̌̌Z
.b � b"/.cos �/jv � v�j .1 � �/

�
.r2�

1
2 /.v.�// W .v � v0/˝ .v � v0/

�
� g0h�f� d� d� dv� dv

ˇ̌̌̌
. "2�2s

�Z
hv�i

C4.g2/0h2� dv� dv0
� 1
2

�

�Z
jv.�/ � v�j

�
1
8 .v.�//f 2� d� dv� dv.�/

� 1
2

. "2�2sjgjL2 jhjL2
=2C2
jf jL2

=2
;

where we use the changes of variable v ! v0 and v ! v.�/, and estimate (4.26).

Estimate of A2. By the Cauchy–Schwarz inequality and the change of variables .v;v�/!
.v0; v0�/, we have

jA2j �

�Z
.b � b"/.cos �/jv � v�jC2g2�.h � h

0/2..�
1
4 /0� C �

1
4
� /
2 d� dv� dv

� 1
2

�

�Z
.b � b"/.cos �/jv � v�j�2..�

1
4 /0� � �

1
4
� /
2f 2 d� dv� dv

� 1
2

WD .A2;1/
1
2 � .A2;2/

1
2 :

By Taylor expansion, h� h0 D
R 1
0
.rh/.v.�// � .v � v0/ d� where v.�/ D v0 C �.v � v0/.

By the change of variable v ! v.�/ and (4.26), we get

A2;1 . "2�2s
Z
hv.�/iC4g2�j.rh/.v.�//j

2 dv� dv.�/ d� . "2�2sjgj2
L2
jhj2
H1
=2C2

:
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Using ..�
1
4 /0� � �

1
4
� /
2 . ..�

1
4 /0� C �

1
4
� / sin2 �

2
jv � v�j

2, the change of variable v� ! v0�
and (4.26), we have

A2;2 . "2�2s
Z
jv � v�j

�
1
4
�f

2 dv� dv . "2�2sjf j2
L2
=2

:

Patching together the estimates of A2;1 and A2;2, we have

jA2j . "2�2sjgjL2 jhjH1
=2C2
jf jL2

=2
:

Estimate of A3. By Taylor expansion, one has

h � h0 D .rh/.v0/ � .v � v0/C

Z 1

0

.1 � �/
�
.r2h/.v.�// W .v � v0/˝ .v � v0/

�
d�;

where v.�/ D v0 C �.v � v0/. From this, together with (2.45), we have

jA3j D

ˇ̌̌̌Z
.b � b"/.cos �/jv � v�j�

1
2
�g�.1 � �/

�
.r2h/.v.�// W .v � v0/˝ .v � v0/

�
� f 0d� d� dv� dv

ˇ̌̌̌
. "2�2s

�Z
jv.�/ � v�j

C4�
1
2
�g

2
�j.r

2h/.v.�//j2 d� dv� dv.�/
� 1
2

�

�Z
jv0 � v�j

�
1
2
� jf

0
j
2 dv� dv0

� 1
2

. "2�2sjgjL2 jhjH2
=2C2
jf jL2

=2
:

Estimate of A4. By the cancellation lemma and Lemma 2.5, we have

jA4j . "2�2s
Z
jv � v�j

�
1
2
� jg�hf j dv� dv . "2�2sjgjL2 jhjH2

=2
jf jL2

=2
:

The lemma then follows by patching together the above estimates.

We are ready to prove (1.43).

Proof of Theorem 1.3 (part 3: asymptotic formula). Recalling (4.25) we set

g D "2s�2..L0
�L"/f " C .�" � �0/.f "; f 0//C �".f "; F "R/C �

0.F "R; f
0/:

By applying Proposition 4.1 with the previous nonlinear term g, using (4.13) for F "R, we
have

d
dt

EN;M .F
"
R/C c0kF

"
Rk

2

HN
x L

2
0;=2

.
X
j˛j�N

j.@˛g; @˛F "R/j C
X

j˛j�N�1

13X
jD1

Z
jh@˛g; ej ivj

2 dx:
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By Theorem 2.3 with " D 0 and (4.15), we have

j.@˛�0.F "R; f
0/; @˛F "R/j C j.@

˛�".f "; F "R/; @
˛F "R/j

. .kF "RkHN
x L2
kf 0kHN

x L
2
0;=2
C kf "kH2

xL2
kF "RkHN

x L
2
0;=2

C 1N�3kf "kHN
x L2
kF "RkHN�1

x L2
0;=2

/kF "RkHN
x L

2
0;=2

:

By Lemma 4.3 we have

"2s�2j.@˛.�" � �0/.f "; f 0/; @˛F "R/j C "
2s�2
j.@˛.L0

�L"/f "; @˛F "R/j

. .kf "kHN
x L2
kf 0kHN

x H
2
=2C2

C kf "kHN
x H

2
=2C2

/kF "RkHN
x L

2
0;=2

:

Recalling (4.17), for any j˛j � N we haveZ
.jh@˛�".f "; F "R/; ej ivj

2
C jh@˛�0.F "R; f

0/; ej ivj
2/ dx

. kf "k2
H2
xL2
kF "Rk

2

HN
x L

2
0;=2

C 1N�3kf "k2HN
x L2
kF "Rk

2

HN�1
x L2

0;=2

C kf 0k2
HN
x L

2
0;=2

kF "Rk
2

HN
x L2

:

By Lemma 4.3 we get

"2s�2
Z
jh@˛.�" � �0/.f "; f 0/; ej ivj

2 dx C "2s�2
Z
jh@˛.L0

�L"/f "; ej ivj
2 dx

. kf "k2
HN
x L2
kf 0k2

HN
x H

2
=2C2

C kf "k2
HN
x H

2
=2C2

:

Patching together the above results, since supt�0 kf
".t/kH2

xL2
. kf0kH2

xL2
� ı0 with

ı0 small enough, we arrive at

d
dt

EN;M .F
"
R/C

c0

2
kF "Rk

2

HN
x L

2
0;=2

. 1N�3kf "k2HN
x L2
kF "Rk

2

HN�1
x L2

0;=2

C kf 0k2
HN
x L

2
0;=2

kF "Rk
2

HN
x L2

C kf "k2
HN
x L2
kf 0k2

HN
x H

2
=2C2

C kf "k2
HN
x H

2
=2C2

:

By (4.3), recall that EN;M .�/ � k � k
2

HN
x L2

. Thanks to Proposition 4.3, we derive thatZ 1
0

.kf ".�/k2
HN
x H

2
=2C2

Ckf 0.�/k2
HN
x H

2
=2C2

Ckf 0.�/k2
HN
x L

2
0;=2

/d� �C.ENC2;2.f0//;

which yields when N D 2,

sup
t�0

kF "R.t/k
2
H2
xL2
C

Z 1
0

kF "R.�/k
2
H2
xL

2
0;=2

d� � C.E4;2.f0//:

From this, together with mathematical induction, for N � 3 we will get

sup
t�0

kF "R.t/k
2

HN
x L2
C

Z 1
0

kF "R.�/k
2

HN
x L

2
0;=2

d� � C.ENC2;2.f0//;

which ends the proof of (1.43) and completes the proof of Theorem 1.3.
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A. Appendix

We first give the definition of the symbol class Sm1;0.

Definition A.1. A smooth function a.v; �/ is said to be a symbol of type Sm1;0 if a.v; �/
verifies for any ˛; ˇ 2 N3,

j.@˛� @
ˇ
v a/.v; �/j � C˛;ˇ h�i

m�j˛j;

where C˛;ˇ is a constant depending only on ˛ and ˇ.

The following result is an estimate of the commutator between a pseudo-differential
operator M.D/ and a multiplication operator ˆ.

Lemma A.1 ([10]). Let l; s; r 2 R, M DM.�/ 2 S r1;0 and ˆ D ˆ.�/ 2 S l1;0. Then there
exists a constant C such that

jŒM.D/;ˆ�f jH s � C jf jH rCs�1
l�1

:

As an application of Lemma A.1, sinceW " D W ".�/ 2 S s1;0, 2k'k D 2k'k.�/ 2 S11;0
with 0 < s < 1, we have

1X
k��1

jW ".D/'kf j
2
L2
D

1X
k��1

2�2kjW ".D/2k'kf j
2
L2

.
1X

k��1

2�2k.j2k'kW
".D/f j2

L2
C jf j2

H s�1/

. jW ".D/f j2
L2
: (A.1)

Lemma A.2 ([12]). Let W "
q .v/ WD �."v/hvi

q C "�q.1 � �."v//. Let l 2 R, m; q � 0. It
holds that

jf jHm
l
� jf � jHm

l
C jf� jHm

l
; jW "

q .D/Wlf jHm � jW "
q .D/f jHm

l
:

Let ˆ D ˆ.�/ 2 S l1;0. Assume that B".�/ verifies jB".�/j � W "
q .�/ and j@˛B".�/j �

W "
.q�j˛j/C

.�/ for any index ˛ 2 N3; then

jˆB".D/f jHm C jB".D/ f̂ jHm . jW "
q .D/Wlf jHm : (A.2)

Proposition A.1. Let A".�/ WD
R
b". �
j�j
� �/min¹j�j2 sin2 �

2
; 1º d� ; then

A".�/ � j�j21
j�j�
p
2 C 1

j�j�
p
2.W

"/2.�/ . .W "/2.�/:

Proof. Recalling (1.3) we first get

A".�/ D 2�

Z �=2

0

sin �b.cos �/.1 � �.sin �
2
="//min

®
j�j2 sin2 �

2
; 1
¯

d�:
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By the change of variable t D sin �
2

we have

A".�/ �

Z p
2
2

0

t�1�2s.1 � �.t="//min
®
j�j2t2; 1

¯
dt

D j�j2s
Z p

2
2 j�j

0

t�1�2s.1 � �."�1t j�j�1//min
®
t2; 1

¯
dt:

By the definition of � we have

j�j2s
Z p

2
2 j�j

4
3 "j�j

t�1�2s min
®
t2; 1

¯
dt . A".�/ . j�j2s

Z p
2
2 j�j

3
4 "j�j

t�1�2s min
®
t2; 1

¯
dt:

Now we focus on the quantity I.�/ WD j�j2s
Rp2j�j=2
c"j�j

t�1�2s min¹t2; 1º dt for a constant
3
4
� c � 4

3
and small ". For instance, we assume " < 1

10
.

(1) If j�j �
p
2, then I.�/ D j�j2s

Rp2j�j=2
c"j�j

t1�2s dt � .1 � s/�1j�j2.

(2) If
p
2 < j�j � .c"/�1, then

I.�/ D j�j2s
�Z 1

c"j�j

t1�2s dt C
Z p

2
2 j�j

1

t�1�2s dt
�

� .1 � s/�1j�j2s.1 � .c"j�j/2�2s/C j�j2s.1 � .
p
2j�j�1/2s/:

(3) If j�j � .c"/�1, then I.�/ D j�j2s
Rp2j�j=2
c"j�j

t�1�2s dt � "�2s .

The desired result follows from the above estimates.

Proposition A.2. Let h, f be real-valued functions. It holds thatZ
S2�R3

b. u
juj
� �/h.u/.f .uC/ � f . juj

juCj
uC// d� du

D

Z
S2�R3

b. �
j�j
� �/. Oh.�C/ � Oh. j�j

j�Cj
�C//

NOf .�/ d� d�:

Here uC D uCjuj�
2

, �C D �Cj�j�
2

.

Proof. Let F.u/ WD
R

S2 b.
u
juj
� �/f . juj

juCj
uC/ d� . By Plancherel’s equality we haveZ

S2�R3

b. u
juj
� �/h.u/f . juj

juCj
uC/ d� du D

Z
R3

h.u/F.u/ du D
Z

R3

Oh.�/
xyF.�/ d�:

Next we compute the Fourier transform yF of F . By definition, we have

yF .�/ D

Z
R3

e�iu��F.u/ du D
1

.2�/
3
2

Z
S2�R3�R3

e�iu��e
i juj
juCj

uC��
b. u
juj
� �/ Of .�/ d� d� du:
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Noticing that juj
juCj

uC � � D 1
2
.. u
juj
� � C 1/=2/�

1
2 .u � �C juj j�j �

j�j
� �/ and the fact thatR

S2 b1.� � �/b2.� � �/ d� D
R

S2 b1.� � �/b2.� � �/ d� , one has

yF .�/ D
1

.2�/
3
2

Z
S2�R3�R3

e�iu��e
i j�j
j�Cj

�C�u
b. u
juj
� �/ Of .�/ d� d� du

D
1

.2�/
3
2

Z
S2�R3

b. �
j�j
� �/ Of .�/ı.� D j�j

j�Cj
�C/ d� d�;

which yieldsZ
S2�R3

b. u
juj
� �/h.u/f . juj

juCj
uC/ d� du D

Z
S2�R3

b. �
j�j
� �/ Oh. j�j

j�Cj
�C/
NOf .�/ d� d�:

A similar argument can be applied to the remainder term and then we get the desired
result.

Lemma A.3. Let F be the Fourier transform; then FW "..�4S2/
1
2 /DW "..�4S2/

1
2 /F .

Proof. By definition in (1.23), if � D �� , we have

F
�
W "..�4S2/

1
2 /f

�
.�/ D

1X
lD0

lX
mD�l

W "
�
.l.l C 1//

1
2
�
F .Y ml f

m
l /.�/

D

1X
lD0

lX
mD�l

W "
�
.l.l C 1//

1
2
�
Y ml .�/W

m
l .�/;

where we use the fact that F .Y m
l
f m
l
/.�/ D Y m

l
.�/W m

l
.�/ for some function W m

l
. Note

that .F f /.�/ D
P1
lD0

Pl
mD�l Y

m
l
.�/W m

l
.�/, which yields

W "..�4S2/
1
2 /.F f /.�/ D

1X
lD0

lX
mD�l

W "
�
.l.l C 1//

1
2
�
Y ml .�/W

m
l .�/

D F
�
W "..�4S2/

1
2 /f

�
.�/;

and ends the proof of the lemma.

In the rest of this appendix, we aim to prove Lemma 4.1. For some of the details, [6]
is a good reference. Note that (4.7) is equivalent to

@ta D �@t Qf
.0/
C l .0/ C g.0/;

@tbi C @ia D �@t Qf
.1/
i C l

.1/
i C g

.1/
i ; 1 � i � 3;

@tc C @ibi D �@t Qf
.2/
i C l

.2/
i C g

.2/
i ; 1 � i � 3; (A.3)

@ibj C @j bi D �@t Qf
.2/
ij C l

.2/
ij C g

.2/
ij ; 1 � i < j � 3; (A.4)

@ic D �@t Qf
.3/
i C l

.3/
i C g

.3/
i ; 1 � i � 3:

Based on equations (A.3) and (A.4), it is easy to derive the following proposition.
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Proposition A.3. For j D 1; 2; 3, the macroscopic component bj satisfies

�4xbj � @
2
j bj D

X
i¤j

@j .�@t Qf
.2/
i C l

.2/
i C g

.2/
i / �

X
i¤j

@i .�@t Qf
.2/
ij C l

.2/
ij C g

.2/
ij /

� 2@j .�@t Qf
.2/
j C l

.2/
j C g

.2/
j /: (A.5)

The functions Qf , Ql , Qg can be controlled as follows.

Proposition A.4. It holds thatX
j˛j�N

j@˛ Qf j2
L2x

. kf2k2HN
x L

2
";=2

;
X

j˛j�N�1

j@˛ Ql j2
L2x

. kf2k2HN
x L

2
";=2

;

X
j˛j�N�1

j@˛ Qgj2
L2x

.
X

j˛j�N�1

Z
jh@˛g; eivj

2 dx:

Proof. The first one easily follows by recalling Qf DA�1hf2; eiv and using jh@˛f2; eivj.
j�

1
4 @˛f2jL2 . Recalling Ql D �A�1hv � rxf2 CL"f2; eiv , noting j˛j � N � 1, using the

upper bound in Theorem 1.1, we get the second inequality. The third one is obvious by
recalling Qg D A�1hg; eiv .

The next lemma gives macroscopic conservation laws.

Lemma A.4. The macroscopic components .a; b; c/ satisfy the following system of equa-
tions:

@ta �
1
2
rx � h�

1
2 jvj2v; f2iv D

1
2
h.5 � jvj2/�

1
2 ; giv:

@tb Crx.aC 5c/Crx � h�
1
2 v ˝ v; f2iv D hv�

1
2 ; giv:

@tc C
1
3
rx � b C

1
6
rx � h�

1
2 jvj2v; f2iv D

1
6
h.jvj2 � 3/�

1
2 ; giv:

Proof. Multiply both sides of equation (4.1) by the collision invariants �
1
2 ¹1; vi ; jvj

2º,
then integrate over R3 to get equations for the inner products h�

1
2 ; f iv , h�

1
2 vi ; f iv ,

h�
1
2 jvj2; f iv . Recalling (1.22), make suitable combinations to get the desired equations.

The previous lemma yields the following one.

Lemma A.5. The following two estimates are valid:X
j˛j�N�1

j@˛@taj
2
L2x

. kf2k2HN
x L

2
";=2

C

X
j˛j�N�1

Z
jh@˛g; eivj

2 dx;

X
j˛j�N�1

j@˛@t .b; c/j
2
L2x

. jrx.a; b; c/j2HN�1
x
Ckf2k

2

HN
x L

2
";=2

C

X
j˛j�N�1

Z
jh@˛g; eivj

2 dx:

Now we are ready to prove Lemma 4.1.
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Proof of Lemma 4.1. For j˛j �N � 1, by applying @˛ to equation (A.5) for bj , then taking
the inner product with @˛bj , one has

jrx@
˛bj j

2
L2x
C j@j @

˛bj j
2
L2x
D

�X
i¤j

@j @
˛.�@t Qf

.2/
i C l

.2/
i C g

.2/
i /; @˛bj

�
x

�

�X
i¤j

@i@
˛.�@t Qf

.2/
ij C l

.2/
ij C g

.2/
ij /; @

˛bj

�
x

� 2h@j @
˛.�@t Qf

.2/
j C l

.2/
j C g

.2/
j /; @˛bj ix :

By integration by parts, the time derivative can be transferred to @˛bj ; recalling (4.10),
one has

jrx@
˛bj j

2
L2x
C j@j @

˛bj j
2
L2x
D �

d
dt

	b˛;j .f /

C

�X
i¤j

@j @
˛ Qf

.2/
i ; @t@

˛bj

�
x

�

�X
i¤j

@i@
˛ Qf

.2/
ij ; @t@

˛bj

�
x

� 2h@j @
˛ Qf

.2/
j ; @t@

˛bj ix C

�X
i¤j

@j @
˛.l

.2/
i C g

.2/
i /; @˛bj

�
x

�

�X
i¤j

@i@
˛.l

.2/
ij C g

.2/
ij /; @

˛bj

�
x

� 2h@j @
˛.l

.2/
j C g

.2/
j /; @˛bj ix :

By the Cauchy–Schwarz inequality one has�X
i¤j

@j @
˛ Qf

.2/
i ; @t@

˛bj

�
x

C

�X
i¤j

@i@
˛ Qf

.2/
ij ; @t@

˛bj

�
x

� 2h@j @
˛ Qf

.2/
j ; @t@

˛bj ix

� �
X

j˛j�N�1

j@˛@t .a; b; c/j
2
L2x
C

1

4�

X
j˛j�N

j@˛ Qf j2
L2x
:

Via integrating by parts, by the Cauchy–Schwarz inequality, one has�X
i¤j

@j @
˛.l

.2/
i C g

.2/
i /; @˛bj

�
x

�

�X
i¤j

@i@
˛.l

.2/
ij C g

.2/
ij /; @

˛bj

�
x

� 2h@j @
˛.l

.2/
j C g

.2/
j /; @˛bj ix

D �

�X
i¤j

@˛.l
.2/
i C g

.2/
i /; @j @

˛bj

�
x

C

�X
i¤j

@˛.l
.2/
ij C g

.2/
ij /; @i@

˛bj

�
x

C 2h@˛.l
.2/
j C g

.2/
j /; @j @

˛bj ix

� �jrx.a; b; c/j
2

HN�1
x
C
1

�

X
j˛j�N�1

j@˛ Ql j2
L2x
C
1

�

X
j˛j�N�1

j@˛ Qgj2
L2x
:
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Taking the sum over 1 � j � 3, by Proposition A.4 and Lemma A.5 we get

jrx@
˛bj2

L2x
C

d
dt

3X
jD1

	b˛;j .f / � �jrx.a; b; c/j
2

HN�1
x

C
C

�

�
kf2k

2

HN
x L

2
";=2

C

X
j˛j�N�1

Z
jh@˛g; eivj

2 dx
�
:

Similar techniques can be used to deal with jrx@˛cj2L2x and jrx@˛aj2L2x . Recalling (4.9)
we have

jrx@
˛cj2

L2x
C

d
dt

3X
jD1

	c˛;j .f /C jrx@
˛aj2

L2x
C

d
dt

3X
jD1

.	a˛;j .f /C 	ab˛;j .f //

� �jrx.a; b; c/j
2

HN�1
x
C
C

�

�
kf2k

2

HN
x L

2
";=2

C

X
j˛j�N�1

Z
jh@˛g; eivj

2 dx
�
:

Patching together the above estimates and taking the sum over j˛j � N � 1, we have

d
dt

	N .f /C jrx.a; b; c/j
2

HN�1
x
� �jrx.a; b; c/j

2

HN�1
x

C
C

�

�
kf2k

2

HN
x L

2
";=2

C

X
j˛j�N�1

Z
jh@˛g; eivj

2 dx
�
:

Taking � D 1
2

, the lemma then follows.
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