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Cahn—-Hilliard equations governed by weakly nonlocal
conservation laws and weakly nonlocal
particle interactions

Ciprian G. Gal and Joseph L. Shomberg

Abstract. We consider a doubly nonlocal nonlinear parabolic equation which describes phase seg-
regation of a binary system subject to weak-to-weak interactions [Gal, Ann. Inst. H. Poincaré Anal.
Non Linéaire 35 (2018)]. The proposed model reduces to the classical Cahn—Hilliard equation under
certain conditions. We establish well-posedness results (based on regular and nonregular mild solu-
tions) along with regularity and long-time results in terms of finite-dimensional attractors. Then we
also establish the convergence of (certain) mild solutions to single steady states as time goes to
infinity. These results are also supplemented by a handful of (two-dimensional) numerical experi-
ments displaying phase-segregation phenomena with interesting interface morphologies, depending
on various choices of the interaction kernels (i.e., Gaussian, logarithmic, Riesz and bimodal poten-
tials). We develop a stable numerical scheme which is able to control the computations under the
effect of the double nonlinear convolutions.
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1. Introduction

The classical Cahn—Hilliard equation (cCCHE) was proposed in the late 1950s as a fun-
damental model for (isothermal) phase-segregation phenomena in a binary alloy system.
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Since then, it has become equally important not only to material scientists, but also to
many other areas of science, describing spinodal decomposition, microstructure forma-
tion in materials, image inpainting, multiphase fluid flows, biological aggregations and
tumor growth, and the list goes on (see, for instance, [7]). Although the classical form can
be formally derived as the conserved dynamics generated by the variational derivative of
a (purely local) Ginzburg-Landau free energy, its range of physical applicability is quite
limited to only a number of applications, in particular when the particle interactions are
assumed to be only short ranged. Some recent proposals have further widened the appli-
cation of these models to other (possibly, yet undiscovered) areas of science. We refer the
reader to [17, 18] for a complete discussion of these issues. Among new models of phase
segregation, allowing additional flexibility in the choice of particle interaction ([20, 26])
and (general) laws of mass conservation, one can mention both the nonlocal Cahn—Hilliard
equation (nCHE) (see [1,5, 14, 15, 18, 19] for the analytic theory and [23] for analysis of
numerical schemes in periodic domains) and the doubly nonlocal Cahn—Hilliard equation
(dnCHE) (see [2, 8, 16, 17] for analytic theory). In fact, according to the analysis in [16],
the two nonlocal versions of the Cahn—Hilliard equation are very much related since both
can be unified into one fundamental equation, in the form

¢ =Apn, p=—-Bp+ F'(¢) in(0,00) x Q. (1.1

The set 2 is bounded and open in RY, ¢ € [—1, 1] represents the relative difference of the
two (material) phases, with =1 denoting the pure phases and ¢ € (—1, 1) capturing the
phase transition in the interfacial regions. Furthermore, A, B are self-adjoint operators in
L*(R2), with —B > 0 describing the particle interaction (at the discrete level, either in the
short range or long range, or even both), while the conservation law in (1.1) is found to be
determined by either classical transport (e.g., A = Agq, n) or anomalous transport (e.g.,
A = £ ). For the latter, this is better reflected in the choice of £ s, defined as a nonlocal
operator,

Lr(w)(x) = P-V-/Q J(x = y)(u(y) — pu(x)) dy (1.2)

= lim J(x = y)(u(y) — pu(x)) dy,
e=>0% JQ\B,(x)

provided that the limit exists,’ whenever y is a measurable function and the probability
density J: RN — R is measurable and symmetric. Also, F is the density of potential
energy which features two local minima at the pure phases +1.

In fact, a complete classification of equation (1.1), depending on a proper abstraction
of (A, B), is completely given in [16], allowing one to recover even the most popularized
form (cCHE) when A = B = Agq y. Although the study of (1.1) in [16] also recaptures

'The principal value is only necessary when J ¢ L'(R™).If J € L'(RV), it can be dropped since in
that case &£ ; is a bounded mapping from L?(2) — L?(Q).
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the nonlocal equations investigated by [2,8] when both A and B are related to a fractional
version of Ag y, it also extends beyond these cases when, more generally, either 4 =
&7 or B = £k (for a measurable symmetric function K: RY — R) is associated with
definition (1.2).> Therefore, in the context of (1.1) when A = £, B = £k, we observe
the following cases of physical interest:

(a) The strong-to-weak interaction case when J ¢ L'(RY) and K € L'(RN). We
refer to [17] for a complete analysis when F is a polynomial potential, where we
establish well-posedness results along with some regularity and long-time results
in terms of finite-dimensional attractors and convergence of solutions to (single)
steady states.

(b) The weak-to-strong interaction case when J € L'(RV) and K ¢ L' (RV).

(c) The strong-to-strong interaction case when J, K ¢ L'(R"). We refer to [16] for
a complete analysis when F is a polynomial potential (in some special cases, see
also [2,8].%) We refer to the preceding references for precise statements of well-
posedness along with some regularity and long-time results in terms of finite-
dimensional attractors, and convergence of solutions to (single) steady states.

(d) The weak-to-weak interaction case when J, K € L1(RV).

So far, both cases (b) and (d) appear to be completely open for study, whereas in this
contribution we aim to close this gap in case (d). To this end, we consider the following
doubly nonlocal system:

at¢(t’x) = ‘fJM(tvx)’ (13)
,bL([,X) = _$K¢(t7x) + F/(¢(t’x))1 (14)

for (¢, x) € (0, 00) x 2, with
$(0,x) = go(x), x€Q. (1.5)

The operator £ g is bounded, as a mapping from L?(2) — L?(2), provided that H €
LY(RV), and is defined* by

Lr(o) = /Q Hx — y) () — 1)) dy.

For the sake of convenience, we also set

(H #v)(x) = /Q H(x — y)o(y) dy

2The (nCHE) is merely a special case of (1.1) when A = Ag ny and B = £k.

3Briefly speaking, in that case K(x) = Cg|x|™¥~2% and J(x) = Cs|x|~V~2 for x # 0, for some
5,1 €(0,1).

4H is either J or K.
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and
aH(x>=/QH(x—y)dy = (H * ().

The existence theory for (1.3)—(1.5) follows a different approach from the analytic
theories of [16, 17] and no longer can rely on a Galerkin scheme for construction of the
approximate solutions. For this reason, the above rigorous gradient flow theories are not
directly applicable; however, certain aspects may be recovered, such as when F' is gen-
erated by a quadratic perturbation of a convex function. This is further complicated by
the presence of singular kernels J, K € L'(R") (as the fundamental solutions of a PDE)
and a nonlinear polynomial function F (including the double well, 8s* — 6.52), which
prevent the regularization of L?-solutions on any time frame. We develop a solution the-
ory of L*°-integral/mild solutions on any time frame, since it is naturally expected that
¢o € L*®(2) from a physical point of view. This approach also allows us to prove the
uniqueness of L°°(£2)-mild solutions, along with the validity of the energy identity, in the
same class, without any further (essential) assumptions of regularity on J, K. We based
it on [17], which provides for refined L°°-estimates to handle the low spatial regularity of
solutions, the presence of the “nonlinear” convolution &£ ; (F’(¢)) and the double interac-
tion £ j(Lx (¢)), in (1.3)—(1.4).

There are several notions of criticality associated with the general problem (1.1), (1.5).
One is a natural dissipation property,” which roughly translates to whether any energy
(nonregular, L?-) solution of (1.3)—(1.5), in any of the cases (a)—(d), regularizes to a
smooth solution on the time frame (0, T'], for any 7 > 0. The energy identity plays a
major role in such schemes. For problem (1.3)—(1.5), in cases (a), (c), the refined analysis
of [16, 17] (see also [2, 8]) suggests this happens naturally due to the smoothing property
provided by either one of the diffusion operators A, B (associated with a strongly singu-
lar kernel), providing for the desired compactness of energy solutions. In this sense, case
(d) appears supercritical with respect to cases (a), (c), since we cannot claim any com-
pactness for the operators A = £ 5 and B = £k, as in the latter cases. This difficulty is
further amplified by the growth (at infinity) of the function F, which can no longer be
controlled by either one of the nonsmoothing operators A, B in case (d). This brings us
to the second notion of criticality for our problem, as a function of the spatial dimension
N > 1, for any arbitrary set @ C R¥ . It roughly corresponds to finding the correct balance
between the (singular) diffusion and the nonlinear behavior of F(s) as |s| — oco. If the ini-
tial datum ¢pg € W 1-7(Q), with p > N, while the domain Q satisfies the cone condition,’
problem (1.3)—(1.5) in case (d) is subcritical in dimension N = 1, is critical in dimension
N = 2, but the dissipation property holds naturally, providing for some Holder continu-
ity of energy solutions in C*(R x ) for some & € (0, 1) (and therefore the desired

SWe say that a problem is dissipative in some subset V C Y, where Y is a topological space, endowed
with a given metric, if trajectories corresponding to bounded sets of initial data in V' will enter V' after a
certain time, and will stay there forever.

6See for instance, the paper by Adams and Fournier [J. Math. Anal. Appl. 61 (1977)].
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compactness in L holds). It is worth emphasizing that such a property is ensured, for
instance, by weakly singular kernels J, K € W11(RY). On the other hand, the problem
becomes supercritical in dimension N > 3 as the behavior of the nonlinearity F(s), as
|s| = oo, is dominant. We extend the above dissipative and smoothing property in dimen-
sion N > 3, by relying instead on refined energy estimates using weak LP-type spaces,
in order to balance the strength of the nonlinearity against that of the singularity (near
the origin) of J € W11(R¥). Interestingly, our analysis uncovers that a natural maximal
regularity theory in L?-spaces holds for the aforementioned problem. It appears that such
a property has not been observed before for our (nonlinear) nonlocal equation.

Our problem is also formally a gradient flow with respect to the L2-distance for the
free energy

&) := %/Q/QK(x—y)(¢(l,x)—¢(t,y))2dxdy+/;2F¢>(t,x)dx.

As a general scheme to deal with the above issues, we use the free energy as an impor-
tant dissipative quantity in our analytical arguments, leading to the existence of finite-
dimensional attractors for the problem and the convergence to (single) steady states as
time goes to infinity. The Holder continuity of solutions plays a crucial role in these
arguments. We also point out that the free energy has been used by many authors for
the same purpose’. Our conclusion is that, under suitable assumptions® on the problem
parameters, our case study (d) and the other nonlocal (nCHE) (see [1,5,14,15,18,19]) and
(dnCHE) equations (see (a), (c)), are equivalent from a long-term perspective in that their
corresponding steady state behavior is the same.” Thus, under those assumptions, these
phase-segregation models appear only different in their transient (temporal) behaviors and
corresponding interfacial morphologies in the binary system, as these systems evolve with
time. In this contribution, we also only consider initial data in L°°(2), for which the free
energy turns out to be finite on any time frame, although our arguments may hold in more
generality. In the future, it may be possible to further relax the regularity assumptions on
J, K, in order to produce the critical properties just described above. The problem of a
singular potential F', which satisfies F'(+1) = +oo and F”(£1) = oo, is clearly equally
as important (see, for instance, [18] for the case of (nCHE)). It remains unclear to what
extent the assumptions on F', and the interaction kernels J, K, single out the doubly non-
local Cahn-Hilliard equation from other possible equations describing phase-separation
phenomena (see also Remark 3.8).

Perhaps a complete study of the interface motions, obtained from these equations in
the sharp interface limit, can shed light in further classifying these problems and estab-
lish their strong connection to other (yet undiscovered) theories of phase segregation. On
that front, it then also becomes a simple fundamental question of whether the classical

TWe refer the reader to [16] and [18] for additional discussions.
8Such as initial conditions and the horizons of the interaction kernels J, K. B B
9We also expect this to hold in case (b). Steady states satisfy —&L g () + F’(¢s) = const, ¢« = ¢o.
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Cahn—Hilliard equation (cCHE) arises as a suitable approximation of the doubly nonlo-
cal Cahn-Hilliard equations under certain conditions on the problem parameters. This is
relevant in particular for the (standard) sharp interface limit problem ([21]) associated'’
with the (cCHE) and (nCHE), which can then be seen as a limit of suitable sharp interface
problems, associated with the late stages of the coarsening process in doubly nonlocal
Cahn—Hilliard equations. In the future, it would be interesting to investigate the power
laws which govern the evolution of the dominant length scale, for each separate model
from (a)—(d). Namely, find appropriate upper bounds for coarsening rates and describe
how these bounds depend on the parameters of the system, such as temperature, the mean
concentration and the choice of interaction kernels J, K.

For a proper nonlinear (approximation, outside the interval [—1, 1]) function F, pos-
sessing double-well features (i.e., (£1, F(£1)) are the two local minima), consider the
nonlocal problem (1.1), (1.5), with A = B = £, for a suitable smooth family of (radially
symmetric) kernels

{Ks}s>0 C CRM) N L (RY).

loc

More precisely, we let
Ks(x) = Cx6 N K(x871) with CEI = %fB(o " K(x)|xn|? dx for some r > 0.

Assuming sufficiently smooth initial data ¢ and a domain Q of class C**#, we estab-
lish the convergence of the corresponding (unique) mild solution, satisfying ¢5(0) =

¥ (0) = ¢o,
I¢s — ¥ llcqoryz@y — 0 as§ — 0T, forall T > 0, (1.6)

where 1 is a (unique) C 4+8 _solution of the (classical) Cahn—Hilliard equation (cCHE)
(ie., (1.1) with A = B = Agq n). We note that similar convergence results have also
been established between the (cCHE) and the standard nonlocal Cahn—Hilliard equation
(nCHE) (for A = Aq v, B = £;, albeit with different assumptions on the kernel and the
sequence of initial data'"), for periodic ©-domains ([25]) and for other general domains
([9, 10]). The same question of convergence remains open for the binary system in the
remaining cases (a)—(c).

A study of a numerical representation of the doubly nonlocal problem is given for
bounded two-dimensional domains. Our motivation for this is to illustrate case (d) and to
extract some further interesting features about this doubly nonlocal problem. One numeri-
cal study, on which we partially base ours, is [4], whereby a difference scheme is presented
to examine a weakly nonlocal variant of the Allen—Cahn equation. In [4] the convolution

0The sharp (interface) evolution laws for (nCHE) coincide with the ones which can be obtained in
analogous limits from the classical CHE (i.e., (cCHE)).

For instance, in [25], ¢s(0) € H'(RQ), with (uniformly) bounded &-energy, is such that ¢5(0) —
¢o = ¥ (0) weakly, whereas in our case ¢5(0) = ¢, but the double-well potential F is truncated outside
the interval [—1, 1], such that F has at most quadratic growth at f-occ.
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is expressed naturally as a literal double sum of products communicating the probability
of interaction between various elements. It seems that our numerical study is novel to the
literature in that case (d) of the doubly nonlocal CHE contains an iteration of (weakly non-
local) convolution terms. One of the main difficulties with the numerical problem is how
to control the computations under the effect of the double convolution. This is described
in detail for various different interaction kernels. Indeed, we entertain the Gaussian ker-
nel, a Newtonian (logarithmic) potential, and a Riesz potential, as well as (what we term)
a bimodal kernel (a bimodal kernel is similar to a Gaussian, but with two peaks). We
achieve stability over the numerical procedure by finding a control over the first iterate of
the solution. This is then used to (heuristically) find control constants on each kernel. To
not distance our numerical scheme from the assumptions of the principal existence result,
we only work with initial data that are faithful to the existence result (cf. Theorems 2.3
and 2.5). Here we have generated initial data with the properties that at each mesh point
we assume the value of 1 or —1, and the sum over all such points is zero. Obviously, we
are using locally integrable L!-kernels and L *°-data. In the four different simulations, the
kernel K is fixed as a Gaussian but J varies over the kernels mentioned above. When J
and K are Gaussian we also observe how the phase morphology behaves as a function of
the interaction (length) scale 0 < § < 1. Each simulation is initiated using the same initial
data so we can see the effect of the different possible long-range interactions being per-
formed in various stages of the calculations. It should be mentioned that due to the very
nature of the rough data and (weakly) singular kernels, no further approximations nor fast
numerical solvers are employed. This means one convolution is computed with the oper-
ational order of @ (M ?) for each iterate, M being the number of spatial one-dimensional
subintervals. With N iterations in time, the double convolutions, and the simulations pro-
vided here, are on the order of @(NM*). The final statement on the results from our
numerical study concerns an experiment that represents a departure from the theoretical
result in (1.6). Although the result in (1.6) holds for sufficiently smooth data, we devise
a suitably rescaled problem (in the case when both kernels are the same Gaussian) and
measure the L2-norm between the solution of the classical CHE and the solutions of the
various rescaled nonlocal CHE, all originating from the same rough data described above.

Qutline of the paper. In Section 2 we state the relevant notation and the notion of
mild/integral solutions which can be constructed by the Picard iteration scheme. Further-
more, we give a main summary of the main results and proofs, involving the existence
and uniqueness of L°°-mild solutions, along with the existence of a dissipative semigroup
for our problem. In Section 3 we prove additional smoothing estimates for the aforemen-
tioned solutions, implying the desired Holder continuity of the semigroup. Consequently,
in Section 4 we give a complete characterization of the omega-limit sets associated with
W 1-P_data and then, in Section 3, a theorem on the existence of exponential attractors is
proved for the associated semigroup of solutions. In Section 6 we give the precise state-
ment and a proof of the aforementioned convergence result in (1.6). Section 7 implements
the (forward) Euler scheme for our case study in (d), confirming the analysis performed in
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the previous sections. The final section is an appendix that contains a number of technical
results, assisting in the proofs of the main results.

2. Mild solution theory

Let © be a bounded open set in RV, N > 1. No further regularity assumptions on €2 are
required at this point, but we will add any whenever it is necessary to do so by our proofs.
Assume the following:

(H1) J € LL (RY) is nonnegative, K € L. (RY)'? and J, K are symmetric'® over
RN

(H2) F € C2%(R,R) satisfies F(0) = F'(0) = 0, and there exists a constant ¢y > 0
such that, for ag (x) 1= [ K(x — y)dy,

F'(r)+ag(x) >co forallr € Randae.x € Q. 2.1

Moving forward, we assume (H1)—-(H2) hold. We will first look for the existence of a
globally defined mild solution to (1.3)—(1.5) using Picard’s method of successive approxi-
mations for the unknown function ¢ in the variable ¢; i.e., we identify ¢ (t, x) = ¢(¢) € X,
where X denotes an appropriate Banach space. The iterates are defined as follows:

Po(Z, x) = ¢o(x), (2.2)
t

Gnt1(t,x) = Po(x) + / ((J * un)(t,x) —ay(X)pn(r,x))dt foralln >0, (2.3)
0

n(T,x) = —(K * ¢p) (7, x) + ag (x)pn (1, x) + F'(¢pp(r,x)) foralln >0. (2.4)

More precisely, our notion of a solution to the system (1.3)—(1.5) is the following.

Definition 2.1. We say that ¢ is a mild solution on the time interval (0, T") if ¢ (0, x) = ¢
in the L°°(£2)-sense, and it satisfies

t

300 = o) + [ 5000 —as e 0 d, 25)
w(t, x) = —(K * ¢)(z,x) + ag(x)p(t, x) + F'(¢(r,x)) ae.in(0,T) x Q.
Moreover, the solution satisfies

¢ € C([0.T]: L*(Q)), F'(¢) € C([0.T]; L™(Q)).

2Mathematically, the positivity of K is not required. However, in phase separation/aggregation phe-
nomena one has K > 0. This is similar to other instances; refer also to [18, 19].
13A function H is symmetric if H(x) = H(—x) forall x € RV,
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Remark 2.2. Note that, due to Fubini’s theorem, assumption (H1) and Definition 2.1, the
total mass of ¢ over 2 is conserved, namely

/¢(t,x)dx=/ ¢(0,x)dx forallt > 0.
Q Q

Theorem 2.3. Let the assumptions (H1)—(H2) hold, and let ¢pg € L*°(R2).

(i)  Then system (1.3)—(1.5) has a mild solution, in the sense of Definition 2.1, on
the interval (0, T), for any T > O.

(i)  Each mild solution satisfies ¢ € W2>°(0, T; L°(R2)), and the following equa-
tions hold:
;0 = Ly(u(t, x)), ae. x €, forallt € (0,T), (2.6)
wt,x) = —Lxo(t,x)+ F'(p(t,x)), ae x €, foralt e (0,T).

(iii) Moreover, we have
peWhe0,T:L®(Q),  F'(¢) € WH™(0,T: L™(R)). 2.7

Proof. For the sake of convenience, the reader can find the local-in-time result in the
appendix (see Theorem A.1). Let 8 € (0, L) be an arbitrarily small number and consider
the right-difference

Z(t,h):=h"Yp(t +h)—¢)) forhe(0,8land0 <t <T.

Here T > 0 is a fixed time, which is defined by how long the mild C([0, T']; L*°(£2))-
solution ¢ exists. Notice that Z (¢ — h, h) coincides with the left-difference. For every
mild solution ¢, the continuous functions Z (¢, h) and Z(t — h, h) then satisfy

t+h
Z(t,h) =h—1/ Lr(u(s))ds

and, respectively,
t
Z(t —h,h) =h—1/ L7 (u(s))ds.
t—h

As in the proof of Theorem A.1, we clearly have

1Z(t, ) L=@) < Clgllcqo.rie=w@) =< Cr,
1Z(t —h,h)|L=@) < ClPllcqo,riL=®) = Cr,

uniformly in ¢ € [0, T']. Passing now to the limit as # — 0% in the limsup and liminf sense
above, we deduce that both lower Dini derivatives d4¢(¢), d_¢(¢) and both upper Dini
derivatives 07 ¢(¢), 3¢ (¢) are bounded uniformly (as functions with values in L% (£2))
for all 0 < ¢ < T. Thus, all four Dini derivatives are finite in the range for 0 <t < T.
By application of the celebrated theorem of Denjoy—Young—Saks ([6, Chapter IV, Theo-
rem 4.4]), the continuous mild solution ¢: [0, T] — L°°(2) is differentiable for almost all
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0 <t < T, and all four Dini derivatives are equal to d,¢(¢) on the set ¢t € [0, T'] \ E (where
E is a null set of Lebesgue measure; in fact, E is a set of first category; see [6, Chap-
ter IV, Theorem 4.7]). In particular, this yields the fact that d,¢p € L°°(0, T'; L*°(S2)),
so that (2.6) follows. The last regularity (2.7) is an immediate consequence of the regu-
larity for d,;¢ and the (local) Lipschitz continuity of F’. In fact, on account of formula
(2.5), a similar argument shows that the C([0, T']; L°°(£2))-norm controls the norm of
e € L°(0,T; L°°(R2)) and d;¢¢p € L*°(0, T; L°°(2)). Thus, (iii) follows once again
from the validity of (2.5), whence (ii) is satisfied due to the boundedness of the operators
£, Lk.

It then suffices to show that ¢ € C ([0, T]; L°°(£2)) for any T > 0; the local solution can
then be continued on every interval by the usual ODE trick. Immediately after, (ii)—(iii)
hold on any interval (0, 7'), and not just locally in time. To show the global boundedness,
we follow an argument from [17, Lemma 3.1] in order to deal with the double interaction
in the Cahn—Hilliard equation. This argument requires mainly that J > 0 and the integra-
bility of J and K. We multiply the first equation of (2.6) by |¢|?~!¢, and then integrate
over 2. We obtain

1 d

- r+1 g
p+1dl/g2|¢| ~

- ‘/Q /Q J(x = ) () — pON ()P p(x) — [p(IP T p () dy dx
= —(J1 + 2+ J3), (2.8)

where we have set

Fl(¢(x) — F'(9(y)

qr(¢) :=

d(x)—o(y)
and
Jy = f / J(x = y)ak () + 4 @)@ () — ()
QJIQ
X (P71 () — 16 (0)1P " $(»)) dy dx.
Jy = /Q fg J(x = y)ax () — ag ())$()
% ()71 (x) — 1607 B (1)) dy dx
and, finally,

Js :=/Q/QJ(x—y)((K*¢)<x)—(K*¢)(y))
% ()P B () — 16017 b (v) dy dix.

We also recall that ax (x) 4+ gF (¢p) > co for all ¢ € R, a.e. in 2, on account of assumption
(H2) and the mean value theorem for F € C?2. Then, exploiting [17, Lemma 3.1, (3.5)], it
follows that —J; < 0 for all # > 0; henceforth (2.8) implies that

d
||¢(t)||€p+l(Q)E||¢(I)HLP+1(Q) <—-Jo—J;
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and the uniform estimate

|72 < llag L@l * @llLoi@IOl7 o1 g

+1
< IKl M T lo 17 551 gy

as well as

+1
T3 < IK Ll 1Ll 7 e -

Thus, for all ¢ > 0, it follows that

d
6Ol < 20K i1 L IO g).

The Gronwall inequality gives the desired uniform estimate in the L?*!-norm, and the
L°°(2)-norm, as usual by passing to the limit as p — oco. Namely, we deduce

lp() Loy < lipollzoo (e Kl I T

for all ¢ € [0, T']. The proof is now complete. L]

Remark 2.4. The conclusions of Theorem 2.3 (and, in particular, the global boundedness)
also hold if we replace (2.1) by the condition

F"(r) + ax(x) = co|s|?*? — ¢y forallr e R, ae. x € Q, (2.9)

for some g > 0, co > 0, ¢p > 0. For comparison, we refer the reader to [13], where a
nonlocal Cahn-Hilliard equation is coupled with the Navier—Stokes equation (and, where
(2.9) plays some role in providing additional regularity properties for the velocity compo-
nent).

Each mild solution satisfies an energy identity. To this end, let us also define the energy
functional &: (0, c0) — R, along any given mild L°°-solution, by

1
&) :=Z[Q/QK(x—y>(¢<r,x>—¢(r,y>>2dxdy+/QF¢(r,x>dx.

Theorem 2.5. Let the assumptions of Theorem 2.3 hold.
(i) & € AC(0,T;R) (ie., & is absolutely continuous on (0, T)) and the energy

identity
d 1
SEW+ 5 / / T = )t x) — plt )P dxdy =0 (2.10)
QJIQ

holds for almost all t € (0, T).

(i)  Moreover, if ¢1 and ¢, are two mild solutions, subject to the initial conditions
$1(0) = @10, $2(0) = ¢o0, the following estimate also holds:

l$1(t) — d2(D)llL2(@) < llp10 — P20llLo(@ye€’ forallt € [0,T] (2.11)

for some C > 0 independent of t and ¢; (i = 1,2).
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Proof. The proof of (i) follows easily (on account of the regularity of ¢), by multiplying
the first equation of (2.6) by u, the second by d;¢, and then combining the resulting
equations to conclude with (2.10).

For the Lipschitz estimate (and uniqueness), we consider two mild solutions ¢, ¢»
subject to the initial conditions ¢1(0) = ¢19, ¢2(0) = ¢20. We then set v(t) := ¢p1(¢) —
¢2(t),t € [0, T], and observe that v satisfies

v(t) = v(0) + /0 ((J * D)@ %) — ay (e x) dx.

fi(r, x) = —(K * v)(z.x) + ag ()v(z, x) + F'($1(7, x)) — F'($2(z. x)).

Following the standard existence argument, we then find

t
1@ @ < VOl + Cr /0 1o (0) e d 7

for some C > 0 independent of v, ¢. The Gronwall inequality immediately yields the final
claim (2.11) of the theorem. The proof is finished. ]

In what follows, we also set

Lfm)(Q) = {¢ €LP(Q):¢:= Iﬁl‘fg d(x)dx = m}, 1 <p<oo,

which we endow with the metric L”-topology. We remark that problem (1.3)—(1.5) gen-
erates a (strongly) continuous semigroup

S(t): Ly (82) — L{,)(82)
given by
St)po = ¢(1), =0,
where ¢ is the unique mild solution in the sense of Definition 2.1.

For additional (physical) properties of the solution (and/or semigroup), we will also
need the following assumptions.

(H3) Given J and €, there exists a constant Ay = A1, 7(2) > 0 such that, for all
= L%O)(Q), the Poincaré inequality holds:

1
Mol =5 [ [ I6 =00 - o) drdy.

(H4) There exist c; > 0, ¢, > O such that F(r) > ¢ |r|2q+2 — ¢, for some g > 0, for
all r € R.

Remark 2.6. < (H3) is satisfied for instance by any integrable kernel J > 0 whose sup-
port contains the ball B(0, p) for some p > 0. In that case, £ : L%O)(Q) — L%o) (2)
is a positive (self-adjoint) bounded operator. We remark that

A Yool = y).x) —v(t.y)? dx dy
1,7 = inf - _
UGL%O)(Q) ”v”Lz
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The Fredholm alternative implies that A; = 41,7 > 0.

* By (H3), £y is a linear homeomorphism (or topological isomorphism) as a map-
ping from L%O)(Q) — L%O)(Q) (and so is £7'). Consequently, there exist constants
mi, M; >0 (i = 1,2) such that m;[|$[l2(q) < ITidllL2(@) < Mill$llL2(q) for all

¢ € L3 (Q), where T = £, T> = £

+ The double-well potential F(r) = 0r* — 0,r%, 0 < 0 < 6., satisfies (2.9) and (H4)
withg = 1.
Theorem 2.7. Let the assumptions of Theorem 2.5 be satisfied and further assume

(H3)—(H4).

(a) Then the following dissipative estimate holds:

@) <&WOe "+ Ly forallt >0, (2.12)
where Ly = Li(m) > 0 is a constant which is independent of the initial data, ¢
and time.

(b) There is a bounded absorbing set (in the L>12-topology) for the semigroup fam-

ily {S(t)}¢>0. Namely, for any ¢o € LE';)(Q) such that ||¢ollLe@) < R, there

exists a time ty = to(R, m) > 0 such that ||¢p(t)||2a+2(q) < Cm for all t > to,
with constant Cy, > 0 independent of time, ¢ and the initial datum (depending
only on m, and the structural assumptions of the theorem).

Proof. To show (2.12), let us test & = agp — K * ¢ + F'(¢) by ¢ in L?(R2). We obtain
1
Gtz =5 [ [ K060 =900 dydx + (F@)de. @13)
eJa

By the convexity of G(r) = F(r) + %rz (and therefore G”(r) > c¢ a.e. in Q, owing
to (H2)), we have

F'(rr>F(@) - %rz for any r € R.

Therefore, from (2.13) we get

> ! — _ 2
Gtz 5 [ [ K@ =060 -0 dvas + [ F@w)ds

gl
2

On the other hand, by (H3) we can exploit the Poincaré inequality

191172 q)- (2.14)

_ 1
Ml = sy = 1 a0) = /Q /Q T = ) ((x) — ()2 dy dx
and the conservation of mass ¢ = ¢ = m, to observe that

(W P)e = (1 — i, d)2 < A7 2V, 101622 ()
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assuming for simplicity (for now) that m = 0. Thus, by virtue of assumption (H4) (recall
that ¢ > 2) we rewrite (2.14) and estimate in a simple fashion, in order to get

) | N 2, Jlakl
VI 0l = 560 + SI915TE g — (5121 + =516l )

An application of the Young inequality yields

Cc2 ”aK“
280+ LigIt g — (Zia) + 12
A 1
< 5l(u,u) + = ||¢||L2(sz)

161220 )

We thus easily deduce %8 (1) < %Z (u, m) + Cx, with constant Cyx > 0 depending only
on ¢, ¢y, A1, || K||L1, ¢2 and |2]. It follows by virtue of the foregoing inequality and the
energy identity for ¢ that we have

d

E&’(Z) 4+ &) <2Cy forallr > 0. (2.15)
Since |€(0)| < €g with [|¢ | Lo(@) < R, by means of the Gronwall inequality we obtain

&) <&W0)e "+ L <Cre ' +1L, (2.16)

with L = 2C,. If m # 0, observe that if ¢ is a mild solution with initial datum ¢y for the
problem with potential F, then (;NS = ¢ — m is a mild solution with initial datum qE 0) =
¢o — m for the same problem with potential F(s):= F(r +m) — F(m). Since now $ =0,
we can employ the dissipative estimate (2.16) for the solution ¢ and easily arrive at the
final inequality (2.12). The proof is complete. ]

3. Regular mild solutions and uniform estimates

Our main goal of this section is to investigate whether the mild solution is eventually more
regular, in a suitable class of Sobolev spaces. Furthermore, we aim to give dissipative
estimates which are crucial for the long-term behavior (as time goes to infinity) of the
mild solution in the following sections.

We introduce the ith difference quotient (of size /) in any open set Q" C Q (where 2
satisfies the cone condition), for all ¢ > 0,

Dind(x.1) = i~ (p(x + eih. 1) —(x.1)).i = 1,..., N,

forx € Q" and 0 < || < (1/2)dist(RQ’,92). Asusual, V = (D1, Ds,..., Dy).
We impose additional assumptions on J, K and replace (H4) by a condition which
implies that F' has some rational/polynomial growth at infinity.
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(H5) There exist¢c; > 0,¢; > 0 (i = 1,2) such that

elr? + 6 = F'(r) = c1|r]??— ¢ forallr € R,
for some [l > ¢ > 0.

(H6) The interaction kernels J, K € WI’I(RN ).

loc

We remark that (H6) also implies that @y (x) = (J * 1)(x) is continuous in x € Q,
and so

minay(x) > Ay >0
xeQ

(see [3, Lemma 3.15]). Recall that Ay > 0 is the first eigenvalue of the (self-adjoint)

operator £ j: L%O)(Q) — L%O)(Q) (see Remark 2.6).

Our first regularity result is the following.

Theorem 3.1. Let (H1)—-(H3) and (H5)—(H6) hold, and assume ¢¢ € L?;)(Q) NHY(Q)

such that ||¢o|lLe@) < R1 and ||¢ol|lg1(@) < Ra. Then for all t > 0, the following dissi-
pative estimate holds:

lpO) e @) < llgollm@ye 7" + Lo, (3.1

where the constant L, = Lo(m, Ry) > 0 is independent of the initial data, ¢ and time.
Moreover, there exists a time t; = t1(Ry1, Ry) > 0 such that

¢ < Cm forallt >1t,. (3.2)

Here the constant Cy, > 0 is independent of time, R;, ¢ and the initial datum (depending
only on m and the structural assumptions of the theorem).

Proof. In this proof (and everywhere else in this section), the constant Cyx > 0 is inde-
pendent of the initial data, ¢», R; and time (and may change from line to line). By Theo-
rem 2.7 (a) and (H5), ¢ € Cp(Ry; L2472(Q)) with F(¢) € Cp(R4; L(R)), and

t+1
/ g )72y ds < Crie™ + Cx forallz > 0. (3.3)
t
Here Cg, > 0is such that |€(0)| < Cg, since ||¢o|Lo@) < R1. Moreover,
1€ Cp(Ry; L1())
with |fi(¢)] < Cr,e™" + Cx, since |F'(r)| < C«(|F(r)| + 1), and
t+1
/ I1(5) 172y ds < Crie™ + Cx forallz > 0. (3.4)
t
Indeed, we infer from the energy identity (2.10) that

1 t+1
EG+1)+ 5 / /Q [Q T — ) (e x) — (e, y))? dx dy di
t
= E&(1) < Crye™" + (L1 + Cy), (3.5)
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which in view of the Poincaré inequality (H3) yields

t+1
/ ”/‘L(S) - ﬂ(s)”iZ(Q) dS S CRle_t + C*
t

Thus, (3.4) holds.
Next, each bounded mild solution of Theorem 2.7 satisfies for a.e. x € Q' C Q, all
t>0andi =1,2,...,N,

atDi,hd)(xv t) + aJ(x)Di,h/'L(x»t) = (Di,h'] * /’L)(xs t)
— (Dipay)(xX)pu(x + eih,1) (3.6)

where

Dipp(x,t) = =(DinK * ¢)(x,1) + (D pak)(x)p(x + eih, 1)
+ (ak (x) + F"(E(x, 1)) Dinp(x, 1), (3.7
and £(x,) = Ap(x +e;h,-) + (1 — L)@ (x,-) for some A € (0, 1).
Our goal is to derive uniform (in 0 < || < 2dist(R’, Q) and in time) estimates for

D; p¢. To this end, we multiply (3.6) by 2D; 5 ¢ and integrate the resulting identity over
Q’. We deduce

d
D 2y +2 /Q s ()ax () + F'E (. 0)I Dy dx

=2(ayDipnK x ¢, Di pd)p2 —2(ay Dipaxd(x + ejh,t), Di pd) 2
+2(DipJ * 0, Dip@)12 —2((Dipay)(x + eih,t), Di p$)p2. (3.8

The Young convolution theorem and (H2), (H6) then imply

d
- IDindlZ2 0 + 260210 D a2 ar)

<4V I 1K lwra i@l 2@ + 1 lwei lellzz@) | DindlliL2 @

<2Cg)Dind L2 (3.9)
where we have set g := ||¢||L2(q) + [[t]lL2(@)- On account of (3.3)—(3.4), we have
t+1
/ g(s)ds < C}Q{ze*t/2 +CY? forallr > 0. (3.10)
t

There is also a time 79 = #9(R1) > 0 such that
t+1
/ g(s)ds <2C}? forallt > 1. (3.11)
t
Then, for all > 0, (3.9) implies

d
E”Di,h‘p(t)”Lz(Q’) + cor1, 71 Dipnd (D)2 < Cig(?). (3.12)



The weak-to-weak interaction case 1195

The Gronwall inequality yields from (3.12) that
1 D;ndp()lL2y < e_cokl(t_t(’)||Di,h¢(lo)||L2(sz')

t
+ e*Co/h(t*to)/ g(s)eCOMS ds
to

forall t >ty > 0. Suppose now k + t9 <t <ty + k + 1 for some integer k. Then in view
of (3.10) we have

I Dind ()2

k 1+j+t10
= MO Dty + S [ gl ds
j=0 J+to

< e~ coA1—10) I Di’h(ﬁ(lo) ”LZ(Q,)

k t+1
4 01 (t=10) Z eC0A1(to+j+1) (sup/ g(s) ds)
t

j=0 1=to

eCo/\] t+1
< efco)tl(tfto)”Di’hqs(to)”Lz(Q,) + eCoM (k+1+to—1) —(sup/ g(s) dS)
t

eCQ)Ll — 1 t>to

p2C0h1 t+1
< e MO D; 1 (10) |2y + T(sup / 2(s) ds). (3.13)
e — 1 \r>10 Js
The above estimate easily yields claim (3.1) when 7y = 0, on account of (3.10), since (3.13)
is also uniform with respect to /. In the case when #y > 0, the existence of a bounded
absorbing set in H!(Q) (see (3.2)) follows from (3.11) instead of (3.10), together with
(3.1). The proof of the theorem is complete. ]

Let us set py = 2N/(N —2) if N > 3, and by the usual convention'* we notice that
p2 € (1, 00) is arbitrary in dimension N = 2, and p; = oo when N = 1. Due to the
presence of a nonlinear term, the chemical potential p suffers from loss of integrability,
in any of its first derivatives, in any dimension N > 2 (cf. also Remark 3.3 below).

Corollary 3.2. Let the assumptions of Theorem 3.1 hold. Then the following assertions
hold for some constant Cy,, > 0 independent of time, R;, ¢ and the initial datum.

(1) Indimension N = 1 we have

IOl @) + 19:@Da1@) < Cn forallt = 1. (3.14)

(2) In dimension N > 2, setting qnN = (< 2), we have

2pN
4l+pnN

@ llwran @) + 10:@ O llwran @) < Cm  forallt = 1y. (3.15)

“Due to the Sobolev embedding H!(Q) C LV ().
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Proof. First, we notice that by (3.2) we have
lo@)llLev (@) < Cm forallt > 1. (3.16)
From equation (3.7) for D; ,u, it follows in view of (3.2) that
IDinitllL2y < 20K lwia ¢l + 1Kzt a@) + 1F" () DindllLe
< Co(1+ Il + lo(x + ei) 7oy + 180175 0)-

Using (3.6), for any p > 1 we also have

IDind:plliry < 121 Dinptllie@y + 207 wrallnlle)- (3.17)

In dimension N = 1, (3.14) is a consequence of (3.2), in view of the embedding H(2) C
L*®(2), (3.16)—(3.17) and the obvious inequality |0:¢(¢)|lLee < 2||J ||p1|t(#)]|Loe. In
dimension N > 2, we have, in view of (3.2) and (3.16)—(3.17),

I Dinpellan @y < 2l Kllwirllgllz@) + 1K@l )

"
HIEON 2y o 1Pl @)

< Ci(lp(x + eih)|lLon @y + 1@ (X)ILen @y + 1)
< Cy

for all ¢ > t;. This gives the first part of the conclusion in (3.15). For the second part,
we exploit the continuous embedding W 194 () C LZIII%(Q), the boundedness of the
mapping £, and once again (3.17) with p = gy < pn/(2l + 1). The theorem is
proved. ]

Remark 3.3. If F(r) = 6r* — 6.r2, (0 < 6 < 6.) we have in dimension N = 3, that
s, ju € L®((t1,00); WH2(Q)) € L((11. 00): L*(R)).

We can improve the W 1-2-regularity of ¢ to W 1:P-regularity (p > 2), at least in dimen-
sion N = 1, 2, without any further assumptions on J and F.

Theorem 3.4. Let the assumptions of Theorem 3.1 hold in dimension N = 1, 2. Assume
do € WI’P(Q)for any p € (N, 00), such that ||¢0||H1(Q) < Rz and ||¢0||W1,p(Q) < Ry4.

(1) Forallt > 0, the following dissipative estimate holds:
lp@lwrr@) < llgollwrr@e " + L. (3.18)

where the constant L3 = Ly(m, R3) > 0 is independent of the initial data, ¢ and
time.

(2) There exists a time ty = t(R3, Rq) > 0 such that

¢ llwrr@) < Cm forallt >t,. (3.19)

The constant Cp, > 0 is independent of time, R;, ¢ and the initial datum.
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(3) Finally,

e llwie@) + 10:dOllwir) < Cm forallt > 1. (3.20)

Proof. We multiply (3.6) by |D; 4¢|?~2D; ¢ (for any p > 2) and integrate the resulting
identity over . We deduce

1d
__”Di,h('b”Zp(Q/) + / aJ(x)(aK(x) + FN(S(X, t)))|Di,h¢|p dx
pdt Q
= (ayDinK % ¢.|Di n¢|” > Di ng) 12
— (as Dipaxd(x + eih.1),| D pp|P > Di pp)1 2
+ (DipJ * 1.1 Dipp|” "> D5 )12
— ((Dipar)u(x + eih. 1), |Diwp|” > D ) 2. (3.21)
The first two summands on the right-hand side are bounded collectively and uniformly by
21 K I l@lzo @I Diad sy (322)
while the last two can be bounded uniformly in terms of
201 [l il | Dind 175 - (3.23)
Thus, as in the proof of (3.9), we deduce
d
i 1PindlLr@) + codilDindllLr@) = CO(), (3.24)

where we have set 0 := ||¢||Lr(@) + | itllLr (). In dimension N = 1 or 2, the embedding
Wlan(Q) c LPN/CIH1D(Q) holds, where we recall that py is arbitrary in (N, co) (and
sois pn /(21 + 1) for any fixed / > 0). In fact, N = 1 is subcritical with respect to the
energy estimate since H'(Q2) C L%°(R2), while N = 2 is only critically so. Thus, we can
set p = 5745 < p in (3.24), and notice that 0 < [|$]|Len (@) + |l 1aw (- On account
of Theorem 3.1 and Corollary 3.2, this implies that

t+1
/ 0(s)ds < Crye ™17 4 [, forallt > 0. (3.25)
t
Clearly, there is also a time t, = #,(¢1) > 0 such that
1+1
/ 0(s)ds < C,, forallt > t,. (3.26)
t

The argument leading to (3.13) then yields from (3.24), for any #p > O and all 7 > 7,

I Din(t)||Lrry < €MD, 4w (t0) |l Loy

e2COAl t+1
+ ——|( su 0(s)ds ).
eor — ] (tztl())/z ) )

The final conclusions (3.18)—(3.19) then follow because of (3.25)—(3.26). Finally, argu-
ing exactly as in the proof of Corollary 3.2, while observing that W17 () is embedded
continuously into C%1=N/?(Q), one also gets (3.20). The proof is complete. |
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Suppose now that N = 3. In (3.24), we observe that the L?-estimate for D; ;¢ requires
that u € LP(2) (for p > 2), which is a gap that cannot be filled in the case of the double-
well potential (see Remark 3.3). Indeed, from (3.15), u € Whan (Q) ¢ LPN/@IHD(Q)
is optimal. To close the “energy” gap, we will employ the notion of weak L”-spaces, the
Young inequality in weak L?-spaces, and impose some (new, but) reasonable assumptions
on the kernel J. These assumptions still include important cases of interest, such as when
J is the fundamental solution to an elliptic PDE (see below).

To this end, we denote the weak L?-space by L?-°°(2) and the associated quasi-norm

1/
I1eres) = (sup B7368)

where A4(8) = [{|¢| > B}| is the distribution function of ¢. In this case, the Young
inequality for convolutions in weak L”-spaces reads'”

If * gller = CpgrllfllLreliglire,

forl < p,q,r <oo,1/p+1/q =1/r + 1 (cf. [22, Theorem 1.4.25]).
We consider the following assumptions on J, only in dimension'® N = 3 (recall that
PN = 0).
(H7) We assume J € W' (R?) N C'(R?\{0}) satisfies the following conditions:
e J(x) = j(Jx]) = j(r) such that j is nonincreasing as a function r € (0, §),
for some § > 0;
e j/(r) is monotone for r € (0, §);
o |VJ(x)| < C|x|73/0+9) a5 |x| — 0T, for some ¢ > 0 and C > 0.
Regarding the potential F', we assume instead of (HS), the following:
(H8) There exist¢; > 0,¢; > 0 (i = 1,2) such that

calr|? +é = F'(r) > c1|r|?? — ¢ forallr € R,

for some 5/2 > [ > g > 0, satistying 0 < Q; .(p3) < 1/2, where

2l +1 £
Ql,s(p3) = s - 1+ 8’

and ¢ > 0 is the parameter in (H7).

The interplay between the singularity (at the origin) of J, in (H7), and the (growth)
exponent / in (H8) implies the W !:P-regularity of the order parameter for any p > 2,

5The endpoints r,q = 1 and r, ¢ = oo fail in general, compared to the standard Young convolution
theorem.

16We consider the case N = 3 only, in order to avoid additional (nonessential) technicalities. Our
approach can be extended to the higher-dimensional case N > 4 with minor modifications.
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in dimension N = 3. Our argument emphasizes how the (integrable) singularity of J
at 0 controls the value of the exponent / > 0 in (HS), and vice versa. This property
appears natural since it is known also to occur in the case when £ is replaced by an
operator (of strong type), such as the fractional (Neumann) Laplacian (see, for instance,
[17, 19]). Our approach to show W 1-P-regularity is based on an iteration procedure that
allows us to increase the regularity of ¢ € W !+2, beyond that of W 1-#/ -regularity, for some
p; > pj—1 > 2, at each step, in order to reach W !-3-regularity in finitely many steps. At
that point, we have reached the critical point where either p; = N = 3 (and the embedding
WL3(Q) C L*(RQ) holds for arbitrary s € (2,00)) or p; > 3 (with W12 (Q) C L®(Q)).
Therefore, the same argument (in dimension N = 2) developed in the proof of Theo-
rem 3.4 applies (albeit with some nonessential modifications), due to the validity of the
foregoing embeddings.

Theorem 3.5. Let (H1)—(H3) and (H6)—(HS) hold. Let ¢pg € WP (Q) for any p € (2, 00),
such that ||¢o || g1 (@) < Rs and ||¢o|lwr.r() < R4 for some Rz, R4 > 0. Next assume that,
for given ¢ > 0, [ > 0, there exists 0 > 0 such that the condition

0< Qre(ps+0) <3 (3.27)
holds. Then the same conclusions as in Theorem 3.4 also hold in dimension N = 3.

Proof. Without loss of generality, assume 0 € €2, and consider the ball B; := B(0,d) D Q,
where d > 2 diameter(2) and d > §. Let $ and [i be the trivial extensions of ¢, i to By
such that éﬂ B\ =0, ﬁ| B,\@ = 0. We will drop the hats, for the sake of convenience, in
what follows. By (H7), |D; J(x)| < n(r) = |j'(r)| near the origin, for x € Bs. Since 7
is monotone in 7 € (0,8) and n = O(—r3/(+8)) as r — 07, it follows that there exists
C > Osuchthatforall0 <r <6, n(r) < Cr=3/(+8) and, for any B > 0, there exists a
unique r = r(B) € [0, 8] such that n(r) > g for r < r. We take r,. = 0if n(r) < 8 over
the entire interval [0, §]. Then we get r = r(8) < CB~(1+9/3 for some C > 0, and

BTEA,(B) = B e (ward) < C (3.28)

for some (finite) constant C > 0. Here w3 is the volume of the unit ball in R3. By defi-
nition, (3.28) implies that nlp; € L'&%(By). Since D; J is also continuous in By \ Bj,
we obtain

VJ(x) € L'"T®°(Bs) and VJ(x)lp,\p, € L®(Ba).

Consider now the identity (3.21) for p > 2. We estimate the last summand in (3.21)
since one argues in a similar fashion for the first three summands, observing also that
@l Lss@i+n < ||@|lLs for all s. Indeed, for any s1, 52,53 € (1, 00) with 1/s7 + 1/s2 +
1/s3 = 1, the Holder inequality, together with Young inequalities in L?- and weak L?-
spaces, gives

|(Dipas)p(x + eih, 1), |D; hd|P 2Dy p) 1]

-1
< Dind * Ul |illzs 1 Dindll] 0y
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< VT lLrveoo 118, el I Dip 7
IV s el s, e Il | Diad 5 (3.29)
forany 7 € (1, 00) provided that

1 1 1 1
= +
1+¢ t 2 S3

Pick 53 := # and s, 1=
any p > 2, that

21 +1 > 1 (since [ < 5/2). The previous condition implies, for

—¢ 2l +1 1 1 1 2l1+1 1
+ = —< 14 = <
I+e¢ D3 g« l+e t D3 p

(3.30)

M| —

This defines g« = g« (g,1) > 2 for each fixed ¢, [. Note that 1/g« € (0, 1/2), due to the
given range for / in assumption (H8) (i.e., g« = Ql_gl (p3)).- Moreover, due to the openness
of this interval, we find that p € (2, g«) and that, in view of (3.29),

_ —1
|(Dipag)(x + eih,t), | Di y|P 2 Di p)| < CJ,p,d,p||M||L2% IDinllys

Thus, we infer from (3.21), estimating the remaining summands in a similar way, that

d

27 1PindllLr@) + Aicol DindllLr@y < ”M”LW(Q) + lollzes @) (3.31)
Since the right-hand side of (3.31) can be estimated in terms of the H !-regularity of ¢
(see the proof of Theorem 3.4), we can argue once again as in the proof of Theorem 3.1,
by means of the Gronwall inequality. We obtain

o) lwe) < ldollwro@ye 7" + La, (3.32)

where the constant L4 = L,(m, R3) > 0 is independent of the initial data, ¢ and time.
Moreover, there exists a time 73 > 0 such that

l¢ @ lwrr@) < Cm forallt > t3 = 13(R3, Ra). (3.33)

These arguments yield the conclusions of the theorem in the range for all p € (2, g«).
If g« > 3 (or, equivalently, for given (e, /), there holds 0 < Q; .(p3) < %), then we are
done since the next energy computations can be carried out as in dimension 2, whenever
P € [g«,00). If not (i.e., g« < 3, or simply, Q; -(p3) = %), we iterate the above argument
finitely many times to find a (positive) increasing sequence {gs; } such that, at some (finite)
J € Ny, g«; > 3, owing to the fact that both ¢ and [ are fixed at the beginning of the
iteration. To set up the scheme, first set ¢« =: g, p+o := p3 = 6, such that (3.31) holds
for any p € (2, q5) whenever g, is defined by (3.30). Next we choose ¢; € (2, gx) as

close to g« =: g as possible, for which the dissipative estimates (3.32)—(3.33) hold with
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P = q1. Then consider p.; > p«o = 6, such that W191(Q) is embedded continuously
into L2+ (£2), and then define ¢} by

1 —& 21 + 1

= +
i l+e  pa

1
=: Q1¢(ps1) < 3

Then, arguing as above in (3.29), a version of (3.31) now holds for all p € (2, ¢}) and
with the exponent p3 = p«o replaced by p«; > p3 on the right-hand side of (3.31). Since
the right-hand side is also bounded uniformly in terms of (3.32)—(3.33), by the Gronwall
inequality we may then conclude the same uniform estimates, in the wider range, for all
p € (2,97) D (2,9¢). Thus, at once we can define an (increasing, finite) sequence {g; } by
picking g;j+1 € (2, q]’.‘), as close as possible to q]’.k, such that the corresponding estimates
(3.32)—(3.33) hold for p = qj41. If q]’.‘ > 3 (or, equivalently, 0 < Qj . (pxj) < %), the
iteration stops; if not, the (increasing) sequence ps ;, defined by the continuous embedding
Wbai+1(Q) C LP+* (), allows one to define the sequence

1 —& 2 +1

+

1
= = i) < =, j 2 1
o Tte e O1.6(p«j) 5

Finally, forall p € (2,4 ]’-k 1) 2 Q2.9 ]’-“), one can show that (3.31) holds in this range as well
(arguing by the Holder inequality and by Young inequalities, as in (3.29)), with a right-
hand side that contains the exponent ps; (> p«;—1), in place of p3 = p«o. Since ¢,/ are
fixed and finite, there is ultimately a finite j = jz € N, such that q]’.‘# > 3 (or, equivalently,
O1.:(pxj.) < %) because of the stopping condition (3.27); at that point, the (uniform)
estimates (3.32)—(3.33) close in light of our observations before the theorem. ]

Example 3.6. Let F(r) = 0r* — 6.r2 with 0 < § < 6. Notice that F satisfies (H8) with
[ = g = 1. Then, in dimension 3, a radially symmetric J satisfies (H7) for any ¢ > 1/5.

Example 3.7. Among radially symmetric potentials that satisfy (H6) and (H8) are the
Newtonian, Bessel and Riesz-like potentials. Consider, for x € RN \{0}, the Bessel poten-
tial " S
e ™ * t N
be(|x]) = e_|x|t<t + —) dt,
S(l |) (ZH)N_IZS/ZF(%)F(N_;+1) 0 2

where I is the Gamma function and 0 < s. Note that on RV, (I — A)™5/2y = by x v. In
particular, by behaves as the Riesz potential, asymptotically as |x| — 07, since

(N —s) 1
28 7s/2 |x|N—s

bs(|x|) = (1+o0(1)) ifO<s<N.
Logarithmically behaving kernels are also included in this analysis, as

1
bN(|X|) =—W10g|)€|(1+0(1)) as |X| —)0+.
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Under the assumptions of the previous theorems, problem (1.3)—(1.5) generates a
(strongly) continuous semigroup
Sy (2): W(;;{(Q) — W(;f(sz), p>Nand p>2,
given by
Sp()o = ¢(1), 120,
where ¢ is the unique mild solution in the sense of Definition 2.1. Here, W(;’lf (Q) =
whr(Q)n L‘(’;)(Q).

Remark 3.8. The main results in this section determine the space X = W(L’lf (2) as one

possible candidate for the problem to possess the dissipation property.'” However, we will
see in Section 7 that certain equilibrium configurations can also be achieved for an initial

datum
-1, xeQ_,
$o(x) = (3.34)
+1, X € Q+,
bounded in LE’,‘:’)(Q), but which is not in W(%’ (2) for p > N (here, Q2 = Q4 U Q_; see
Example 7.1). Note that ¢ € W*1(Q) N L?;)(Q) for any s € (0, 1) since the charac-

teristic function g, , of the set Q4, belongs to W*1(). It is an open question whether
our problem also possesses a dissipation property in the space W*!(Q), under suitable
assumptions on the parameters of the problem.

4. Characterization of omega-limit sets

Let ¢ be the (unique) mild solution of (1.3)—(1.5), corresponding to some given initial
datum ¢¢ € W(:n‘; (2), p > N and p > 2 (see Section 3). Our goal is to establish that
once the solution ¢ enters a small L?-neighborhood of a nonzero stationary state ¢,
then it must remain there for all time ¢ > ¢4, t. large enough and, consequently, ¢ (¢) fully
converges to ¢ as t — oo (and not just along subsequences!). But first we show that every
mild solution ¢ = S,(#)¢o has a nonempty w-limit set w (o), where w(¢yo) is defined by

(o) = {¢« : 1, — oo such that ¢ (1,) — ¢ strongly in C(Q)}.
To study the asymptotic behavior of solutions, we first need the following.

Lemma 4.1. Consider the dynamical system (W(i';p (2), {Sp(t)}s>0) under the assump-
tions of Theorems 3.4, 3.5. Then, any divergent sequence {t,} C [0, c0) admits a subse-
quence, denoted by {t,, }, such that

lim ¢ (tn,) = P« strongly in C(Q). 4.1
t"k —>00

17Namely, the trajectories corresponding to bounded sets of initial data in X, enter X after a certain
time, and will stay there forever.
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for some ¢ € C*(RQ), 0 < o < 1, which is a solution of

{aK(x)¢* — K % ¢>_* + F_/(¢>*) = s a.e in$2, 42)
Wx = constant, ¢y = g = m.
Proof. By Theorems 3.4,3.5, ¢ € Cy(Ry: W7 ()) with
ol ci-nr@y S loDllwir@) < Cn forallz > 3. (4.3)
It follows that & € Cp(R4; L°(R2)), ;¢ € L®°(R4; L°°(2)) with
Il = Crik. [10:d@)llLe) < Cruy k. foralls > t3. (4.4

We also infer from the energy identity (2.10) that

1 (o
E(t2) ~ () = — / /Q /Q TG = D)t x) — pt )P dxdydi <0 (45)

for all 0 < f1 < t, < oo. Furthermore, due to (4.3), &(¢t) > —C for all ¢t > 0, for some
positive constant C = C (K, F'), and so & () converges to a certain constant &, as t — oo.
Therefore, setting #; = 0 and letting f, — oo, we also deduce from (4.5) that

/ h / / TG = )t X) = e, )2 dxdy di = € —EO) < C (46)
0 QJIQ

for some constant C < co. By Theorem 2.5, each mild solution satisfies d,¢(t) =
Ly(u(t) — ia(t)) fora.e. t > 0. Thus, by (H3) we find

||8t¢(t)||i2(g) = ”ch(IJL(I) - IEL(I))”%}(Q) = CJ”/L(I) - /J_L(l)”iZ(Q)

C
< # J(x — y)(u(t,x) — pu(t, y)* dx dy.
1JQ

This, together with (4.6), also implies the uniform estimate
o0
| 10001 gy dr < € < 0. @)
0
In particular, it follows from (4.4) and (4.7) that
”8[(}50)”[}(9) —0 ast — oo. 4.8)

Now let {t,} C [0, 00) be a divergent sequence. Then, by (4.3)—(4.4), at least along a
suitable subsequence {#,, } of {7, }, it follows that

¢ (ts,) — ¢« strongly in C(Q) 4.9)
and

[1(tn,) — px weakly-* in L®(Q), (4.10)
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for some ¢ € C*(Q) and 1, € L(S2). We next claim that
W(tn,) — s strongly in L*(Q), 4.11)

at least along a further subsequence (still denoted by {#,, }). Indeed, this is obvious due to
the strong convergence (4.9) and the fact that F'(¢(tn, ) — F'(¢+) strongly in L*(2).
Also, (4.11) and (4.8) imply that &£ 7 (iu«) = 0, and so L« is constant (in €2). We finally
observe that ¢, € C*() is a solution of (4.2), and that the energy level E is the same
for each stationary state ¢, as claimed. The lemma is proved. ]

We have the following convergence result which is the main result of this section.

Theorem 4.2. Let the assumptions of Theorem 3.5 (if N = 3) or Theorem 3.4 (if N = 1,2)
hold. Assume F is real analytic'® on [—Cyp,, Cp]. Then w(¢o) = {p+}; namely, for any
(given) ¢ € W(in‘)p (R2), the corresponding mild solution ¢ satisfies

1
l¢@) — Pxllc@y = O +1) 7) ast — oo, (4.12)
for some y > 0, where ¢ is (some) solution of (4.2).

Proof. First, we observe that since the mapping ¢ > K * ¢: L®(Q) — C() is compact,
all stationary solutions ¢« € w(¢h) are continuous in € and bounded in C% (). Secondly,
setting

1
a0 00 = 5 [ [ 6= 900u00.0) = e, 30 e dy,
by the energy identity (2.10),

% = —I(u(t), u(t)) fort > 0. (4.13)

Thus, integrating (4.13) over (z, 00), we get
o0
[ 106510 ds = €0 - . (4.14)
t

We can now apply Lemma A.3 and (H3) for the Poincaré inequality, to infer the existence
of some constants 6 € (0, %), C > 0, & > 0, such that

1€(1) — ool < Cll (1) — ()2

C
= 7z V@), u(0) (4.15)
A
provided that
¢ — Pxll) <& (4.16)

18C,, > 0 is the radius of the absorbing ball; see Theorems 3.4, 3.5.
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Combining (4.15) with (4.14) yields

0 2(1-6)
(/t [(u(s), p(s)) dS) < Cl(u(1), (1)) (4.17)

for all ¢ > 0, for as long as (4.16) holds. Note that, in general, the quantities 8, C and &
above may depend on ¢, and A1 = A ;. Let us set

M = U{I : I is an open interval on which (4.16) holds}.

Clearly, M is nonempty since ¢« € @(¢o). As usual, we can then use (4.17), the fact

that Z(t) := I((2), u(t)) € L?(0, 00) (cf. (4.13)), and exploit [12, Lemma 7.1] with
a = 2(1 — 0) to deduce that Z(-) € L' (M) and

/M Z(s)ds = /M VIGG) 1) ds < C() < oo. 4.18)

Consequently, using (4.18) and the fact that d,¢p = £ 7(u — j1), we also obtain

[M [0:¢(s)llL2(g) ds < oo. (4.19)

Using (4.19), we can derive the integrability of 9;¢ in L!(t, oo; L?(2)) for some 7 > 0.
Indeed, we claim that we can find a sufficiently large time t > 0 such that (t,00) C M. To
this end, recalling (4.14) and the above bounds, we also have that 9,¢ € L2(0, co; L2(R2)),
Z € L?(0, 00) and, furthermore, for any n > 0 there exists a time #, = #4(1) > 0 such that

10: Dl L Me,o0):L2@) =1 10:D L2 (10 00):L202)) = 15

(4.20)
1 Z L2 ((t,,00) < 1

Next, observe that by the uniform bounds provided in Section 3, there is a time #,, > 0
such that

sup [[¢()lwrr@) < Cm. (4.21)

t>tm
Now, let (t9,12) C M, for some 5 > tg > 1(1), |to — t2| > 1 such that (4.21) holds (without
loss of generality, we shall assume that z,. > #,,). Exploiting (4.20) and (4.21), we obtain

%)

I8(00) = 2) @y =2 | (@:0(6).6(5) ~ (10} s

to

1
<2 / 10:6) 2 (1612 + 160 22(2) ds

0
< 2C10:ll L1 (t,10;22)) 1PNl Lo (14 00 2(02)) + 1)

Therefore we can choose a time 74(1) = © < ty < t2, such that

¢ (o) — d(22) |l 2() < /3, (4.22)
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provided that (4.16) holds for all ¢ € (2, t2). Since ¢« € w[¢], a large (redefined) t can be
chosen such that

¢(z) — Pxll2() < &/3. (4.23)

Hence, (4.22) yields (z,00) C M. Indeed, taking f = inf{t > 7 : [[¢(t) — d«ll2() > €}
we have 7 > 7 and ||¢(f) — ¢«||L2(q) = €if 7 is finite. On the other hand, in view of (4.22)
and (4.23), we have

p() — Pxll2@) < llP(t) —d(D)llr2(@) + 19(T) — Pxllr2() < 2¢/3

forall 7 > ¢ > 7, and this leads to a contradiction. Therefore, f = co and by (4.20) the inte-
grability of 3,¢ in L' (z, 00; L?(Q2)) follows. Hence, w[¢] = {¢«} in the strong topology of
L?(R), as well as in the C(R2)-topology, owing to the compactness of W12 (Q) C C(RQ)
and interpolation. As usual, when applying the Lojasiewicz inequality, the following rate
of convergence holds, due to (4.15):

_1
(1) —d«llcqy = CUA+1) ¥ ast— oo,

for some constants C > 0, y = y(0, ¢«) > 0. The proof is finished. |

5. Finite-dimensional attractors

We show that problem (1.3)—(1.5) possesses finite-dimensional exponential attractors,
provided the assumptions of the previous sections hold. The existence of the (finite-
dimensional) global attractor, with similar properties, follows immediately as a corollary
of the subsequent result (see, e.g., [19]). Let p > N and p > 2 in what follows.

Theorem 5.1. Let the assumptions of Theorem 3.5 (if N = 3) or Theorem 3.4 (if N =
1,2) hold for some F € C3(R). For every fixed M > 0 such that m € [—M, M|, there
exists an exponential attractor § = Gy bounded in WP (Q), for the dynamical system

(W(inf (2), Sp(1)), which satisfies the following properties:

(1) semi-invariance:
Sy(t)§ C§ foreveryt > 0;

(2) exponential attraction:
disteg) (Sp(t)B,§) < Cye™  forallt >0,

for any bounded B C WP (Q), for some positive constants Cpy and k (which are
independent of B);

(3) finite-dimensionality:

dimp (§,C(Q)) < Cy < .
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Proof. Let By be a bounded absorbing set with respect to the W ?-topology. This set
clearly exists by Theorem 3.5 or Theorem 3.4, respectively. We next define B; =
[(U;=05p(#)Bolg1, where []z1 denotes closure in the space H'(Q2), and then set B =
S (1)_Bl. Thus, B is a semi-invariant and closed (for the H !-metric) subset of the phase
space W(in‘)p (2). On the other hand, for m € [-M, M| we have

Sulg(l|¢(1)||wl,p(sz) + @ llwir@) + 10:0 O lwrre) < Cu (5.1
>

for every trajectory ¢ originating from ¢9 = ¢(0) € B, for some positive constant Cyy,
which is independent of the choice of ¢y € B.

We can now define the map S = S,(7):B — B and ¥ = H'(Q) for a fixed T > 0
such that e~¢0M17T < % Then set

V= L2([0.T): H'(Q)) N H'([0.T]: H'(Q)*).
5.2
V= L*([0,T]; LY(Q)). o

Hereq :=2p/(p —2)if N =2,3,and ¢ = oo if N = 1. Define the operator T:B — V;
by T ¢pg := ¢ € V;, where ¢ solves the nonlocal problem (1.3)—(1.5), with ¢ (0) = ¢ € B.
Notice that V; is compactly embedded into V. Also set b; := ¢; (0) € B. With this choice
of spaces and operators, it follows from (A.13)—(A.14) of Proposition A.2 that

[Thy — Thallv, < Lllb1 —bzlls,
Sby — Shallge < yl|b1 — b2llge + K||Thy — Thy |y

for some K := C > 0, independent of time and b;, with L := Ce€T and y = e=coMT,
Therefore, all the hypotheses of Proposition A.4 hold for the maps S and T, respectively.
Subsequently, we can infer the existence of a (discrete) exponential attractor §; C B asso-
ciated with the semigroup S(n) = S,(nT), n € N. Finally, the map (¢, ¢o) = Sp(t)¢o
is also uniformly Hélder continuous on [0, 7] x B, when B is endowed with the H!-
topology. Next, one has that
g:= |J S0)%
t€[0,T]

is the desired exponential attractor for the continuous dynamical system (W(%’ (),
Sp(t)). In particular, the exponential attraction and finite-dimensionality of &, in the state-
ment of Theorem 5.1, are satisfied with respect to the H !-topology. However, owing to
the fact that B is bounded in W(inl)p(Q) c C'~N/7(Q), and interpolation (i.e., Iéllc@) =
Callpllwia < Cpglldllfyn ||¢||11,_I_1S for some s = s(p,A) € (0,1)and N < A < p), G is
also an exponential attractor for S, () restricted to B with respect to the stronger metric
on C(Q) (and in fact, in the stronger metric of W'*()). Therefore, all the conclusions
of Theorem 5.1 hold. ]
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6. Convergence to the classical Cahn-Hilliard equation

Consider the classical problem for the Cahn—Hilliard equation

0:v(t,x) = Av(t,x), v(t,x) =—Ay(t,x)+ F' (¥ (1, x)), 6.1)
for (¢, x) € (0, 00) x 2, with

Vu(t,x)-n =Vy(t,x)-n=0 for (¢, x) € (0,00) x 92, (6.2)
and subject to the initial condition

¥ (0,x) = ¢o(x), xe€Q. (6.3)

Here, n stands for the outer normal to the boundary 02 of the domain €.

In this section we show that problem (6.1)—(6.3) can be approximated by suitable
doubly nonlocal problems of the form (1.3)-(1.5) when the symmetric kernel K = J is
rescaled appropriately, the domain 2 is smooth enough, and the second derivative of the
potential F is bounded away from any interval containing (—1, 1). In what follows we
will assume the following hypotheses:

(H9) J e CRY)N LY(RY) is radially symmetric over R with supp(J)= B(0, r)

(for some r > 0).
(H10) Let  be a bounded C***-domain, 0 < & < 1, and let ¢y € C*T%(Q) satisfy
V¢0 nh = V(Aqb()) -n =0ondR."

(H11) F € Cz(R) satisfies F(0) = F’(0) = 0, and for some ¢ > 0, {; > 0,
|[F"(r)| < £y forallr € (—oo,—1—¢&)U (1 + ¢, 00). (6.4)

Clearly, £; > 0 may depend on ¢; in particular, (6.4) implies that F has at most quadratic
growth® at -00. The reasoning behind assumption (H11) is as follows. The physically
relevant example is the logarithmic potential defined by

F(s) = 0Fy(s) — 6c5%,  Fo(s) := (14 s)log(l +5)+ (1 —s)log(l —s), (6.5)

for all s € [—1, 1], with 0 < 6 < 0., where 0 is the temperature of the system and 6,
the critical temperature, both assumed to be constant. In this context, Fy refers to the
entropy of the binary mixture (see, e.g., [17]). However, Fy is also quite often replaced”’
by a polynomial approximation over the interval [—1, 1] (typically, by s*), which then
leads to an approximation of F (over the interval [—1, 1]) by the double-well potential

19Tn particular, this is also equivalent to Vg - n = V(—A¢g + F'(¢h)) -n = 0 on 9.

20(H11) implies that the mapping F': L?(Q) — L” () is (globally) Lipschitz continuous.

2ISince any higher-order derivatives Fo(j ), Jj = 1,2 end up being singular at the endpoints +1. In
particular, one has Fy’(+1) = £o00 and F(;/(:I:I) = o0.
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F(s) = 0s* — 0,.52. Finally, since concentration values outside the interval I, := [—1 — ¢,
1 + ¢], for some ¢ > 0, are not physically relevant, we can modify the double-well poten-
tial F outside the interval I, in such a way that the resulting potential F is of class C?
over the whole interval R, satisfying (6.4). Although the study of the singular potential
case in (6.5) is not the goal of the present contribution, we point out that the subsequent
result immediately applies once one knows that the separation property holds for the order
parameter satisfying both the doubly nonlocal problem as well as the classical problem,
with a singular potential. We will return to this question elsewhere.
Given § > 0, consider the rescaled kernel

C X . _ 1
Js(x) = 8—]$J<§) with Cj! = 5[3(0 )J(x)|xN|2dx. (6.6)

For (¢, x) € (0,00) x Q, let ¢ps = ¢s(t, x) be the unique solution of the doubly nonlocal
problem

By (1. ) = 82 /Q T5(x — Y5 () — s (e 1)) dy,

ps(t, x) = —5_2/9 Js(x = y)(@s(y.1) — s (x, 1) dy + F' (951, %)), ©7
$5(0,x) = ¢go(x), x € Q.

By Section 2, such a solution ¢ exists for all z € [0, T], for any T' > 0, even upon imposing
the (slightly more restrictive) conditions (H1), (H9)—(H11). Also, assumptions (H10)—
(H11) imply the existence of a (unique) classical solution ¥ € C*+®1+2¢/2(Q % [0, T]) to
(6.1)—(6.3), such that v € C2+°"°‘/2(S_2 x [0, T]). See, for instance, [24].

The main result of this section reads as follows.

Theorem 6.1. Let (H1) and (H9)—(H11) hold. Let \ be the solution of (6.1)—(6.3) and
¢s be the solution of (6.7) with Js as in (6.6). Then, for any T > 0,

lim |[¢s — ¥lcqo.rr:L2@) =0 (6.8)

§—0t
Proof. The proof of (6.8) is based on an energy estimate for the difference wg = ¢5 — ¥
since no maximum principle holds for our problem. Let y be a C4te1+#/2(RN x [0, T])-
smooth extension of ¥, and 7 be a C2T%®*/2_smooth extension v to RV x [0, '] (recall

also that Vlﬁ -n = Vu-n =0 on d2). Following [3], we also set mg = g — v and
consider the following operators:

Ls(w)(x.1) = 572 / J5(x = y)w(y.1) — wix.1) dy
Q
and

L)) =82 [ 1y =y w0 = w(r.0)dy.
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Since Ay = Ay and Av = A7 in Q, the difference ws then satisfies for (7, x) €
[0, T] x 2,
drws (1, x) = Ls(ms)(t,x) + Fs(0)(x,1),
mg(t, x) = —Lg(ws)(t, x) + F'(¢s(t. x)) — F' (Y (t, x)) — Fs(¥)(x.1), (6.9)
ws(0,x) =0, x € Q.

Here, for any smooth function w € C2T%*/2(R¥ x [0, T]), we have set
F@n =L@ - -5 [ g 100 — 0 0)dy. 610

Since J is radially symmetric and € C2t®/2(RN x [0, T]), ¥ € C4te1Te/2(RN x
[0, T']), we have by a simple Taylor expansion (see [3, p. 50]) that

sup || Ls(D) — AblLeoi) = sup [ Ls() — A ||y = O(Y).
t€l0,7T] t€l0,7T]

For the last integral term in (6.10), we apply [3, Lemma 3.14] to find that | F5(w)| < C8% +
C fRN\Q Js(x — y) dy, with w € {0, ¥}, for some constant C > 0 independent of §. In
particular, this implies that Fs(w)(x,?) is bounded for all x € Q5 = {x € Q : dist(x, Q) <
dtand 0 <t < T.Since |Q2s| = O(6) and Fs(w)(x,t) = O(8%) for x € Q\Qs,1 € [0, T],
we then get

Gim, I F5 () llcqo.ri:L2@) = Gim, I Es ()l co.r1:2(0)) = 0- (6.11)
Next we multiply the first equation of (6.9) by wg, the second equation of (6.9) by mg,

and then integrate the resulting identities over 2. We obtain

1d
Eallwa(f)llizm) = (Ls(ms (1)), ws(1)) 2 + (F5(0), ws(1)) 2,
lms )72y = (—Lsws (), ms(0)) 2 + (F'(¢5(t, %)) = F' (Y (2, x)), ms (1)) 1.

— (F5 (). ms (1)) 2.

Using the fact that Lg: L?(R2) — L?(R) is a self-adjoint (bounded) operator, we derive

1d
2 dt [ ws (t)”iz(g) + ||m8(t)||i2(g)
= (F3(D), ws ()2 + (F'(@s (1)) = F'(Y(0)),m5(1)) 1o — (Fs (), ms (1)) 2
The Young inequality combined with the fact that F’ is Lipschitz continuous (without
loss of generality, we assume that the (uniform) Lipschitz constant of F’ is £; = £;(¢&);
cf. (6.4)) as a mapping from L2(2) — L2(Q2) then yields the estimate
d
w5 (D172 + I1ms ()72, (6.12)
=< Cs||w8(t)||]242(g) + 2(||F8 (&(”)”1242(9) + ||F8 (ﬁ([))HiZ(Q))‘
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Here, Ce := 2(£2(¢) + 1) > 0 is independent of § and ws. Since ws(0) = 0, we infer from
(6.12) and the application of the Gronwall inequality that

”wﬁ(t)”%}(g) =< 2(||F8(v~/)”%‘([O’T];LZ(Q)) + “FS(ﬁ)”%‘([O’T];Lz(g)))ecsT

forall ¢ € [0, T]. Claim (6.8) now follows in view of (6.11), and the theorem is proved. m

7. Numerical analysis and implementation of a forward Euler scheme

In this section we present four examples of the numerical doubly nonlocal Cahn—Hilliard
equation posed on a two-dimensional domain. In each example we treat a different inter-
action kernel J: Gaussian, logarithmic, Riesz and bimodal (see Figures 1 and 2 for one-
dimensional plots of each kernel). The second kernel K is kept as a Gaussian throughout.

7.051 |x]

@
T

4(x2+0.01) exp(-2x2)

Ls

— .

-1.0 -0.5 0.0 0.5 1.0

Figure 1. One-dimensional profiles of the four different kernels J used in the two-dimensional
simulations.

This means, in the first instance when both kernels are the same, we may, and do, illustrate
the convergence guaranteed in Theorem 6.1. In these studies we discretize the equation
over time [0, 7] and space €2 in a conventional and literal sense. We treat the time deriva-
tive with the divided difference

¢+ 1,m,l)—¢(m,m,l)
At

9 p(t, x) =

and convolutions as simply (compare [4, p. 35])

M M
(J * p)(t.x) = /Q Jx = u(y)dy ~ Ax® Y 7Y I(Ax(m = k), Ax(l = )ik /)

k=1j=1
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0.5

0.4

03 27 d?

7.051 x|
4(x2+0.01)exp(72 xz)

b

-1.0 -0.5 0.0 0.5 1.0

Figure 2. One-dimensional profiles of the four different kernels J used in the two-dimensional
simulations. Here the range is restricted in order to express the “bimodal” kernel.

and

M M
(K % )(t,x) = /Q K(x=y)¢(y)dy ~ Ax> Y Y K(Ax(m—k). Ax(I = j)e (k. j).

k=1j=1

Initial data ¢¢ is assumed to be rough/binary, taking only the values +1 or —1. In each
example two control constants, & and 8, will be introduced as multipliers on the dis-
cretized convolution. Bounds on the control constants are then sought to ensure that the
absolute value of the first iterate |¢(1,m, /)| lies (approximately) within 1 over all m and
[; that is, for any random initial data described above. With that in place we are able to
(heuristically) determine suitable proportions, called & and §, so that the numerical model
remains stable for all 7.

Some global assumptions.
(1) T>0andt €[0,T].

(2) N e N and Ar = % The time interval [0, T'] is partitioned into N subintervals
[(m —1)At,nAt] forn =1,2,...,N.

3) L>0andx = (x1,x2) € Q = (—L, L)

(4) M is a positive integer and Ax = % The domain € is partitioned into M?2
subsquares determined by (—L + (m — 1)Ax,—L + mAx) x (=L + (I — 1)Ax,
—L+[Ax)form,l =1,2,...,M.

(5) Initial data ¢ (x71, x2) € L‘(’S’) (2) is discretized on the (M x M )-mesh so that

¢(0,m, l) o ¢0()C1,X2).
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(6) In accordance with Remark 2.6, the double-well potential is approximated by
F(r) =0r* —0,r? with § = % and 6, = %

Example 7.1. First we examine the discretized doubly nonlocal Cahn—Hilliard equation

when both kernels are the same Gaussian.

(1) Here we set T =1, N =28 L =1 and M = 27. Our choice of (discretized)
initial condition ¢ (0, m, ) is the bounded function that consists of a uniformly
randomly chosen number {—1, 1} at each (m,[) € (M x M )-mesh. See Figure 3.
Note that we choose ¢ (0, m, ) with the property Z%l=1 ¢(0,m,l) = 0 in order
to emulate ¢o = 0.

- 0.00
r—0.25
F—0.50

F—0.75

—--1.00

Figure 3. Discrete initial data ¢ (0, m, ) in the (27 x 27)-mesh with values chosen randomly from
{(—1. 1y with Y2, ¢(0.m. 1) = 0.

2 2
2) J(x1,x2) = K(x1,x2) = TIJZ exp(—xlzj;;z) with 0 = 0.1 fixed. In this example
we will employ the rescaled kernels appearing in (6.6) where § is allowed to range

in {0.03125,0.0625,0.125,0.25,0.5, 1.0} and where the constant C; = 15.9577.

Under the above assumptions, equations (6.7) are discretized in time with a forward
Euler scheme and the convolution integrals are discretized with direct Riemann sums.
Foreachn = 1,2,..., N and for each m,[ = 1,2,..., M, we consider the following
approximations of ¢ (¢, x) and (¢, x):

¢(m,m,l)=¢(n—1,m,l)

Cs ( ((m —k)Ax)> + (( — j)AX)2>
expl\ —

2wo284 202682

X(H’(n_lvk’j)_“’(n_l’m’l))

M
+ aAtAx? Z
k,j=1
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and

Cy ((m —k)Ax)* + ((I — j)Ax)?
2wo284 & (_ 20282 )

><(¢>(n—1,k,j)—¢(n—1,m,l))
+o(m—1,m0)>—¢pmn—1,m,l),

M
wn—1,m,1) = —pAx? Z

,J=1

where M, Ax, At, o, § and Cy are known values, and ranges of the “control constants”
o and B will be sought to provide numerical stability. Indeed, it is worth analyzing the
first step n = 1 to find suitable choices of the constants @ and B that might aid in the
convergence of the two discretized relations above. Att = 1 - At we find

o(1,m,l) = ¢(0,m,l)

M .
Cy ((m — k)Ax)2 + (I - ])Ax)2
2 —
+ aAtAx 122:1 770258 ex ( 3025 )
X (1(0,k, j) — u(0,m, 1)),
where now
M

Cy ((m —k)Ax)> + ((I — j)Ax)?
2wo284 exp(— 202682 )

X (¢(07k7 ]) - ¢(07m’ l))
+¢(0,m,1)> —p(0,m,1).

1(0.m.1) = —pAx> Y

Recall that the initial condition ¢(0, m, ) takes only the values {—1, +1}. Hence,
¢(0,m,l), (0,k, j) € {—1, +1} for each choice of m,l =0,1,2,...,M and k, j =
1,2,..., M, and we further find

¢(07k’]) - ¢(0»m’l) € {_2’0»2}»

and
¢(O’m’l)3 _¢(O’mvl) = Oa
so that
Ax2C; ¥ —k)AX)2 + (I — j)Ax)?

k.j=1

Ilustration 1. To further motivate these formulas and to show how they are important to
the general scheme, we provide a simple illustration of the first iterate ¢(1,m,[) on the
square (—1,1)? with M = 2. So Ax = 1 and there are four subsquares determined by
(-14+m-1),-1+m)x(—=14+({—-1),—1+1) where m,l = 1,2. In this 2 x 2 case
we show an example discretized initial condition ¢ (0, m,[) in Table 1.
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Table 1. Left: The nine mesh points on the domain = (—1, 1)2. Right: A discretized initial con-
dition ¢ (0, m, [).

We first obtain (0, m, [) on each of the four subsquares from simple calculations:

2BAX2Cy
p(O.1.1) = 1(0.2,2) = — a5

2/3AX2CJ
p0.2,1) = 1(0.1,2) = —— o 75

With these we are able to also find the four ¢ (1, m, [):

2aAtAx?C 28Ax2C
o(1,1,1) =¢(1,2,2) =1 — o ey BAX2Cy ,
ﬂ0254eAx2/20282 N02546Ax2/20282
20AtAX%Cy 2BAX2Cy

$(1,2,1) =¢(1,1,2) = -1+

T02840AX2/2028% [ 1254,Ax%/20282
It is worth noting that, based on the above calculations, a generic term in the 2 x 2
case could contain exponentials of the form

_ 2 262
eAx/UB

which potentially arise from terms with, for example,

e_sz(z—liergfl)z or e_sz(lfzi;;l{z)Z
We need to account for such terms when we make estimates or bounds. Based on the
illustration so far we can determine the largest values of the initial chemical potential
1(0, 1, 1). The largest is, for example, when ¢(0,1,1) = 1 and ¢(0,2,1) = ¢(0,1,2) =
¢(0,2,2) = —1,

/L(O, 1, 1) = %(Ze*sz/Z(ﬂSz + e*Ax2/0282).
o
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In that case the remaining u are

Ax2C
©n(0,1,2) = 1(0,2,1) = _ﬁx_fe—mﬁ/zgzaz
o284

and )
ﬂAx C J _Ax2/5282
0,2,2) = —— =7 AX/07
n(0.2,2) -y
We conclude this illustration with the proposed control criteria obtained from the first
iterate. Hence, the largest admissible « and 8 guaranteed to keep |¢(1,m, )| 5 1 for all

possible 2* = 16 possible different discretized initial conditions is

/3 . N0284 (2e_Ax2/20282 I e—sz/GZBZ)—l ﬁ

_ d a=2
AX2C, and =N

With the illustration concluded we look at the general M x M case. The largest admissible
o and B guaranteed to keep |¢(1,m, )| 5 1 for all possible 2M? initial conditions is

M
no28 g2 U2 X2 QR4 -1
o= 2 (e 2y S e
X
J d=2 k>jj=2
diagonal terms off-diagonal terms
and
ﬂ*
*
o= —.
At
Equivalently,
254 M 024 ()2 -1 *
B* = o ZeAz%—l and o '8
Ax2Cy — T AL

We proceed with the numerical approximation for Example 7.1. A sequence of discretized
solutions corresponding to the nonlocal Cahn-Hilliard equation given in (6. 7) for each of
the choices of § € {0.03125, 0.0625, 0.125, 0.25, 0.5, 1.0} with @ = (0. 4) A7 and B =
(0.4)B* are pictured in Tables 2—7. Each sequence is initiated with the same initial condi-
tion (with the zero sum property) given in Figure 3. Following these simulations is a table
(Table 8) of the approximate solution, v (n, m,[), corresponding to the classical prob-
lem also initiated with the data given in Figure 3. We investigate the L2-convergence of
the nonlocal problems to the classical problem in Figure 4. This is done by plotting the
root of the sum of the squared differences between the numerical solution for the iterates
t =1,32,64,96, 128,160, 192,224,256 of the classical Cahn—Hilliard equation (6.1)—
(6.3) and the corresponding numerical solution to a rescaled nonlocal problem in (6.7).
Hence, Figure 4 shows a plot of

M 1/2
diff(8) :=( > |¢3(n,m,l)—1ﬁ(n,m,l)|2) .
m,l=1
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In the interests of numerically validating Theorem 6.1 and in comparing the resulting
Figure 4 when the numerical procedure is initialized with smooth data, we also obtain the
result of this case (when both kernels are the same Gaussian) when the problems are given
smooth initial data (as opposed to Figure 3). The results of this smooth data test appear in
Appendix B.

1 =0.0078125(n = 1)

[t

Wi “ Wi

SN e

S AT
L

5

e

1 =0.75n = 192) 1 =0.875(n = 224) t=1(n=256)

Table 2. Example 7.1: Evolution of the discretized solution of the Gauss—Gauss nonlocal CHE with
§ = 0.03125.

Example 7.2. We investigate the doubly nonlocal Cahn-Hilliard equation where the inner
kernel K is the Gaussian from Example 7.1 and the outer kernel J is a logarithmic New-
tonian potential.
(1) Againwetake T = 1, N =28, L = 1 and M = 27 and the (discretized) initial
condition ¢ (0, m, [) is the same initial condition from Example 7.1.
(2) Here
x? 4+ x2
—clo 2172 when (x1,x 0,0),
J(Xlsxz)z g P ( 1 2)7&( )
J* when (x1, x2) = (0,0),

where c is a normalization constant; here, ¢ = #.
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]: ég"ii?g?g{:j‘f‘s‘ :
o Rrmnaeld ERLE T
X Pt

=
dege
T g

et
i

o

t=0.75(1n=192) t =0.875 (n = 224) t =1(n=256)

Table 3. Example 7.1: Evolution of the discretized solution of the Gauss—Gauss nonlocal CHE with
§ = 0.0625.

1 =075 = 192) 1 =0.875(n = 224) t=1(n=256)

Table 4. Example 7.1: Evolution of the discretized solution of the Gauss—Gauss nonlocal CHE with
§ =0.125.
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t=0.75(1n=192) t =0.875 (n = 224) t =1(n=256)

Table 5. Example 7.1: Evolution of the discretized solution of the Gauss—Gauss nonlocal CHE with
§ =0.25.

t=10.0078125(n = 1)

T l:

1 =075 = 192) 1 =0.875(n = 224) t=1(n=256)

Table 6. Example 7.1: Evolution of the discretized solution of the Gauss—Gauss nonlocal CHE with
§=0.5.
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1 =0.625 (n = 160)

‘mu;._‘.a.ﬁ

=075 =192) 1 =0.875(n = 224) t=1(n=256)

Table 7. Example 7.1: Evolution of the discretized solution of the Gauss—Gauss nonlocal CHE with
§ =1.0.

1 =075 = 192) 1 =0.875(n = 224) t=1(n=256)

Table 8. Evolution of the discretized solution of the classical Cahn—Hilliard equation (¢ = 0.007).
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120 4

100 A

80+

60+

40 1

Figure 4. Example 7.1: The root of the sum of squared differences between various iterates (n =
1,32, 64, 96, 128, 160, 192, 224, 256) of the solution of the classical CHE (¢ = 0.007) and the

corresponding doubly nonlocal CHE (Zi:,l=1 lps(n,m, 1) —y(n,m, l)|2)1/2 over the scaling
parameter § € {0.03125,0.0625,0.125,0.25,0.5, 1.0}.

The constant J* > 0 is meant to simulate the singularity at the origin.”> The kernel K
is the same Gaussian from Example 7.1, save that we now take o = 0.02. In this example,
we do not entertain the rescaled kernels, so there is no such constant Cx to compute. Also,
for the Gaussian kernel K, we refer to the previous example with the scaling parameter
now fixed at § = 1. It remains to compute &* and 8* that guarantee a suitable bound on the
first iterate. It is important to note that in Example 7.1 the kernels are the same Gaussian.
Because of this we sought “stability constants” & and 8, separately, so that |¢(1,m,[)| $ 1.
In this example, due to the presence of the singular kernel J and the regular Gaussian K,
we will here seek a suitable bound on the product af rather than separately. Imitating the
simple calculations as in Example 7.1 we now find, foreachm,! = 1,2,..., M,

o(l,m,l)=¢0,m,l)
M .
—acAtAx? Z log(Ax\/(m—kP;-(l—j)z)

k,j=1
X (/‘L(O»k’ ]) - M(O’mvl))

22The number 9,223,372,036,854,775,807 is the maximum positive value for a 64-bit signed binary
integer in computing.



C.G. Gal and J.L. Shomberg 1222

where again (see above; but here § = Cjy = 1)
M
1 Ax?
_ 2 =/t AV 2
pO.m. 1) = =pAX* 37 s exp( =5 s (m k)P + (= j))

J=1

x(¢(0.k, j) —¢(0.m.1))
+¢(0,m,1)> — (0, m.1).
Ilustration 2. Again, we visit the 2 x 2 case to gain insight into the largest value of the

initial chemical potential. Supposing as before that ¢(0, 1, 1) = 1 and —1 elsewhere, then
we now find

¢(1,1,1) = ¢(0,1,1)
2 -
— acAtAx? Z log(Ax (1_k)2+(1_j)2)(,u(0,k,j)—,u(0, 1,1))

- 2
k,j=1
=1—acAtAx?

Ax
x (7 (. 1.1) - mahm+m4JmeLm (0,1, 1)

Ax
2a/3cAtAx4 Ax _Ax2/262 —Ax2/g?
+ log(Ax)(e™A¥7/277 4 ¢=87/%) )
Hence, to bound the iterate |¢(1,m,1)| 5 1 we require
no?

Ax 2 /052 2.2
5 et a— _) 3 —Ax*/20 —Ax*/o
RS ZCAtAx4( Og(ﬁ (3¢ e )

—1
+ log(Ax)(e—sz/Zaz + e—sz/Uz))

Observe that the arbitrary (positive) value of J* does not appear in the calculations. (This
is also true of the general case.) The singularity in the logarithm is effectively limited out
by the vanishing of the (0, k, j) — (0, m, ) terms when both k = m and j = [. The
illustration is concluded.

Moving on to the general case, we seek « and 8 so that |¢(1,m,1)| 5 1 forallm,l =
1,2,..., M and over any possible discretized initial data ¢ (0, m, n). Thus,

2 M 2 N2 -1
* ok o (l_k) +(1_J) _ogx*
«p= ZCAtAx“( 2_: log(Ax\/ 2 /
2 (202 -1
( Z e 202 —1) .

k,j=1

We illustrate the log-Gauss case in Table 9 with & = (0.3) /a*B*, § = (0.3)/a*B*.
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1 =0.0078125(n = 1) 1 =0.125(n = 32) =025 = 64)

B

1 =0.375 (n = 96) 1 =05 =128)

£ =075 = 192) t = 0875 (n = 224) t=1(n = 256)

Table 9. Example 7.2: Evolution of the discretized solution of the log—Gauss nonlocal CHE.

In the next part of this section we study the Riesz potential.

Example 7.3. We investigate the doubly nonlocal Cahn—Hilliard equation where again
the inner kernel K is the Gaussian from Example 7.1 and the outer kernel J is a Riesz
potential.

(1) Againwetake T = 1, N =28 L =1 and M = 27 and the (discretized) initial
condition ¢ (0, m, [) is the same initial condition from Example 7.1.

(2) Here,
c
J(X],XQ)Z \/x%+x%
J* when (x1, x3) = (0,0),

with normalization constant ¢ = 7.051.

when (x1, x2) # (0,0),

As in the previous example, the kernel K is the same Gaussian from Example 7.1 but
with ¢ = 0.02, and we do not apply the rescaled kernels. Concerning a* and * we first
have the calculations, foreachm,l =1,2,..., M,

o(1,m,l) =¢(0,m,l)
M

1
7k7 ) — ) ’l
+ acAtAx 2 N CE e (n(0,k, j) — pn(0,m,1))
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1 =0.0078125(n = 1) 1 =0.125(n = 32) =025 = 64)

1 =0.375 (n = 96) 1 =05 =128) 1 =0.625 (n = 160)

£ =075 = 192) t = 0875 (n = 224) t=1(n = 256)

Table 10. Example 7.3: Evolution of the discretized solution of the Riesz—Gauss nonlocal CHE.

and again

2 M 1 sz 2 N2
u(0.m. 1) = —pAx> Y Fmo exp(—p((m —k) + =) ))

J=1
x(¢(0.k, j)—¢(0.m,1))
+¢(0,m,1)> —$(0,m,1).
In the general case we find the bound on the first iterate |¢(1,m,[)| $ 1 for all m,l =
1,2,..., M and over any possible discretized initial data ¢ (0, m, n) when

M

wo? 1 -1
Ol*ﬂ* — —( _ J*)
2cAtAx3 k§=:1 VA2 +(1—j)?
M 212 -1
» ( Z e_sz(l D2a-i? 1) '
k,j=1

We illustrate the Riesz—Gauss case with @ = (0.6) /a*8*, = (0.5) /a*B* in Table 10.
We conclude this section with a brief study of the so-called bimodal potential.

Example 7.4. Again we look at the doubly nonlocal Cahn—Hilliard equation where the
inner kernel K is the Gaussian from Example 7.1, but now the outer kernel J is a
“bimodal” potential.
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(1) Againwetake T =1, N = 28, L =1 and M = 27 and the (discretized) initial
condition ¢ (0, m, [) is the same initial condition from Example 7.1.
(2) Here,
2 2
J(x1,x2) = c(x} + x5 + 0.01)e 21 +x2)

with normalization constant ¢ = %.

The kernel K is the same Gaussian from Example 7.3 (i.e., 0 = 0.02). By following
the calculations made through the previous three examples, we find

M _
. T7o? A2 G202 !
A
x
k

J=1
and
T
4AtAx*
S -1
: ( 2 =R+ (=) + 0.01)e_zsz((l—k)2+(1—j)2)) .
k,j=1

The illustration in this bimodal-Gauss case with ¢ = (0.35)/a*B*, B = (0.35)/a*B*
is in Table 11.

£=0.75(0n = 192) t = 0875 (n = 224) t=1(n=256)

Table 11. Example 7.4: Evolution of the discretized solution of the bimodal-Gauss nonlocal CHE.
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A. Some technical tools

For the sake of completeness, we include a simple proof of the local (in time) existence
result of bounded mild solutions.

Theorem A.1. Let assumption (H1) hold and assume that F € C*(R,R) satisfies F(0) =
F’(0) = 0. Then system (1.3)—(1.5) has at least one mild solution, in the sense of Definition
2.1, on the interval (0, Ty), for some Ty > 0.

Proof. We want to show that the sequence {¢, (¢, x)}32, defined by the iterates (2.2)—
(2.4) converges to a solution ¢ (¢, x) of (1.3)—(1.5). We know the solution ¢ (¢, x) has the
form

t
P, x) = ¢(0.x) + /0 ((J * )z, x) —ay(x)u(r, x))dt
where
u(r.x) = —(K * ¢)(r.x) + ax (x)p(z. x) + F'(¢ (. x)).
Given ¢ € L*°(£2), we claim the sequence ¢, (¢, x) converges in L°°(£2), uniformly in
t € [0, Tx], for a suitable 7. We also claim the limit ¢ (¢, x) is a solution to problem (1.3)-

(1.5). Indeed, using (2.3) and (2.4), for almost all ¢ € [0, T,] and for almost every x € €,
there holds

Jim n(t.0) = o) + Jim [ ([ 0= a1 dy = as a0 ) do
:¢0(x)+/o (/Q Jx—y) i pn1(z, y) dy

—as(0) Jim (5.9 ) (A
and
Jim paea (e = fim [ <K= )or (2 ) dy + i ax (2o (7. )
lim F /(o ()
= [ =KG =) Jlim guos(r ) dy + ax (@) fim gos ()
+F/(lim o ()
= [ K= 00 )dy +axp. 0 + F (50
— j(z, %), (A2)
Hence, it follows that

t
Jim ot = 9o+ [ ([ 560=3) tim s dy

—ayj(x) nlglgo Mn—1(T, x)) dt
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— go(x) + / ( / J(x =y, y) dy — as (Ou(e, x)) dr
0 Q
— (1.,

We should note that the termwise integration is justified since it does not hold only on
a set of measure zero. From now on, we denote by C > 0, a constant that depends on
the structural parameters, and may even change from line to line. Such constant used
below is independent of ¢ and n, k. To this end, we define the closed subset Yy 1, of
C([0, Tx]; L®°(K2)) as the set

Yu,r, = {¢ € C([0. T]; L¥(R)) : |$llco,rpiLow)y < M}

for suitable constants M, T > 0, such that the sequence of iterates {¢,(¢)} C Yp,T, for
all n € Ny. This follows by an induction argument assuming that M = 2|¢¢ || () and
Tx > 0 is small enough such that

- o=
* >
[T (K s+ [F7GAMIM)

for some A € (0, 1). Indeed, by definition,

t
l$nr1@) =) < lPollLo(@) +/0 [Nzl (s) L= () ds
< ligollL> ()
t
+/0 It (KLt + 1F" (Apn ()l (@) |fn () | o)) ds

= ligollLoo) + Il (1K I + [F"(AM)|M)
= 2l¢ollLe@) = M
forallt € [0, Tx].

The case n = 0. To begin, recall the Young inequality for convolutions: || f * g|rr <
| flizellgllze for 1 < p,q,r <oo,1/p+1/q = 1/r 4+ 1. Using (H1), we first estimate

l61.(6) — doll o) = H /0 (J % o — apto) d

L>(2)

< (I * pollL=() + lapollLeo)?

= (VL) + laslle@)llollLe@)t

< ClipollLet, (A.3)

where, using (2.4),
lnollz@) < 1K * pollec) + Ibgolle() + I F (o) ll=(o)

<Kl + llak llLe@) 1 doll L) + ClldollL= ()
<cC. (A.4)
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Hence, combining (A.3) and (A.4) yields
[91(2) — dollLe(@) < Ct forallz € [0, Ty].

The n = k case, for k > 0. We now assume that the following holds. For each n =
0,1,2,...,k, for some positive constant C, independent of ¢ and n (this is the weak
inductive hypothesis),

k+1

bt (1) — () oocery < Cm forall 1 € [0, Ti]. (AS)

We claim that there is a positive constant C such that

t
bt (®) — b ()o@ < € /0 M1 (0) — e (©) ooy d T
[k+1

The first inequality in (A.6) follows naturally in view of the Young convolution theorem
and the assumptions on J in (HI). It suffices to show the second inequality in (A.6).
Namely,

t
/0 M1 (©) — e () ey d T

t
<cC /0 (1K * st — 3@z + lak Gear (0) — ¢ @)z
I F (s () — F' (x| iey) d . A7)

Furthermore, using (A.5) we find the bounds

K * (r+1 = d) (O lr@) = 1K@ 9k+1(7) = e (D lLr @)

Ck+1
=< m (A.8)
and
lak (Pr+1(v) — ¢k (D))llLr(@) < llak lLe@)lPr+1(v) — ¢ (D) llLr (@)
Ck+1
T (&.5)
Of course, the Lipschitz continuity of ¢ > F'(p): L*°(R2) — L*°(2) implies
k+1
I F (¢r+1(7)) — F'(¢ ()llLr () < CM(le)!- (A.10)
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Putting together (A.7)—-(A.10) we observe that, upon integrating, (A.6) holds. The above
induction argument proves that, for all ¢ € [0, T],

By the Weierstrass M -test, the series converges uniformly in ¢ € [0, Ty], in the space
L°°(L2). Thus, for each ¢ € [0, T%] there exists a limit function ¢ () € L°°(2) in which
limy 00 Pn () = ¢ (¢) in L=(2) and (A.1)—-(A.2) hold in L°°(£2). By construction, each
term ¢, (1) € L°°(R2) is continuous in #, so by the uniform convergence for ¢ € [0, T], it
follows with an application of the uniform limit theorem that the limit ¢ (t) € L*°(R2) is
also continuous in 7; i.e.,

S A -
<C < Cye™.
= Z(n+1)! = tme

n=1

Po+ Y _(@n(1) = pu-1())

n=1

L ()

¢n € C([0.T]: L%(R2)) and p € C([0,T]: L*(R)).

Since the L°°(2)-normed convergence implies convergence pointwise a.e., the function
¢ (t, x) satisfies problem (1.3)—(1.5) pointwise a.e., and is a mild solution. As a further
consequence, we also have the (local-in-time) bound

IO llzoe@) = lim [ dn (@)=
= llgo + D _(@n(1) — pn1(1))|[Lo(@) < Ce™. (A.11)
n=1

Of course, we now examine the bound on p(¢); indeed, thanks to the Lipschitz continuity
of the map ¢ — F'(p),

@ lLe@) = | — K x ¢(t) + axg(t) + F (1) Lo
S K * @)@ + laxd @)@ + 1 F' (@ 0))llLe@)
= Ko@)l liLe@) + lakllLe@)ll¢ @) llLe@) + CllgO)]lL=(a)
< Cllg@llLe(e)- (A.12)

This concludes the existence argument for a locally defined mild solution. ]

The following statement is required in the proof of Theorem 5.1. It allows one to find
some compactness along differences of any two trajectories for the problem.

Proposition A.2. Let ¢;, i = 1,2 be a pair of mild solutions corresponding to ¢; (0) € B.
Then the following estimates® hold:

1 () — ¢ @

< [161(0) — $2(0) [ ye ™M + € /0 I61(5) = d2()3aegy ds  (A13)

. . 2 . .
23Here g > 2 is the same exponent as in (5.2). Namely, ¢ = p—_pz if p>N=2,3,andg =c0if N =1.



C.G. Gal and J.L. Shomberg 1230

and

t
[0 (19:91(5) = 121 Tpr1 @y + oAl $r1(5) = $2() 1)) ds (A-19)
< Ce[$1(0) = 20371

for all t > 0, for some positive constant C which depends on cy, A1 and J, K, but is
independent of ¢; (0) and time.

Proof. We have that ¢ := ¢ — ¢, satisfies the problem

hp =Ly, A=-Kx*¢+ax(x)p+ F'(p1) - F'(¢2), (A.15)

subject to the initial condition

Plr=0 = ¢1(0) —¢2(0) in Q. (A.16)

Also, observe that D; ¢ satisfies the problem

3 Di¢p +ay(x)(agx(x) + F"(£)Di¢ = o(9). (A.17)

where

0(9) :=—(Dias(x))it + DiJ * i + aj(x)Di K * ¢ —ay(x)(Diak (x))¢
— (J * D(xX)(@F" (§)Dif)

and £ := A¢y + (1 — A)¢, for some A € (0, 1). Multiply (A.15) and (A.17) by 2¢) and
2D; ¢, respectively, and integrate over 2. We obtain, thanks to the assumptions of Theo-
rem 5.1, the following identities:

d
E”(ﬁ([)”%}(g) + 2C()Al ”¢([)”22(Q)
=2(J % fi.d)r2 +2(as (VK * ¢.4)12 = Cy[191172(q) (A.18)

and

d
E”Difp(t)”iz“z) + 2colq ||Di¢(t)||i2(g)
=2(0(¢). Di¢)1> = Cullo(@)72q) + cort 1 Didl72qy (A.19)

for all # > 0. Adding together (A.18)—(A.19), owing to (5.1) (which holds for every tra-
jectory ¢; (¢)) and arguing as in the proofs of Theorems 3.5, 3.4 (on account of the Young
convolution theorem), we arrive at the estimate
d 2 2
E ||¢(t) ||H1(Q) + coAr ||¢(t)||H1(Q)
< Clo@)72q) + 191720 < Culdlia(q) (A.20)
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for all # > 0. Then the Gronwall inequality yields (A.13) from (A.20). We also note that,
upon integrating (A.18) over (0, ¢), we find

t
I )220 + corn /0 I ()22 ds < B (O[22 e, (A21)

Then, upon integrating (A.20) once again, owing to H!(Q) C L4(2) we deduce

t
[ 166 By d5 = Culg Ol e forane=o0. a2
0

Moreover, by (A.15), we have

t t t
[ 1086 sy ds = Con [ 1Oy ds = Cor [ 166) a5, 429

Finally, combining (A.21) with (A.23) and then recalling (A.22), we immediately arrive
at (A.14). The proof is finished. ]

The main tool, used in Section 4, is the Lojasiewicz—Simon theorem for the energy
functional & = &(¢) (see, e.g., [19, Lemma 2.20] for a proof).

Lemma A.3. There exist constants 6 € (0, %], C > 0, § > 0 such that the following
inequality holds:
1€ = Ecol' ™" = Cllu = fillL2e (A24)
forall ¢ € L?:;,)(Q), provided that ||¢ — ¢« |L2(Q) < .
We report for the reader’s convenience the following abstract result on the existence
of exponential attractors ([ 11, Proposition 4.1]), used in Section 5.

Proposition A4, Let H, V, V| be Banach spaces such that the embedding Vi C V is
compact. Let B be a closed bounded subset of H and let S: B — B be a map. Assume
also that there exists a uniformly Lipschitz continuous map T: B — V1, i.e.,

||Tb1 — sz”'vl S L”b] —bz”;}g forall bl,bz S B, (A25)
for some L > 0, such that
ISby — Shallse < ylb1 —ballge + K| Tby —Tha|ly forallby,by € B, (A.26)

for some y < % and K > 0. Then there exists a (discrete) exponential attractor Mgz C B
of the semigroup {S(n) := S™,n € Z4} with discrete time in the phase space H.
B. Supplement to Example 7.1

In this short section we present another plot similar to Figure 4 in Example 7.1. For val-
idation purposes we here choose (smooth) initial data that satisfy the assumptions of
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Theorem 6.1. Hence, we expect to see the convergence indicated by (6.8), at least an
approximation at the numerical level. It is important to keep in mind that this convergence
was not expected in Example 7.1. Indeed, the initial data used throughout Examples 7.1—
7.4 were nonsmooth and meant to emulate a substance containing two components that
are thoroughly mixed and randomly placed. We are again interested in seeing the L2-
distance between the numerical solution to the classical CHE and the numerical solution
of the rescaled doubly nonlocal CHE, but here each problem is initialized with ¢¢(x) =
cos(2m x) cos(2my). The result appears in Figure 5.

70 A

60

50

40

30 A

20 A

101

Figure 5. Smooth initial data. The root of the sum of squared differences between various iterates
(n =1,16,32,48, 64, 80,96, 112, 128) of the solution of the classical CHE (¢ = 0.007) and the
corresponding doubly nonlocal CHE (2,2,:,121 |ps(n, m, 1) —y(n,m, l)|2)1/2 over the scaling
parameter § € {0.03125,0.0625,0.125,0.25,0.5, 1.0}.
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