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Visual Differential Geometry and Forms by Tristan Needham

Reviewed by Frank Morgan

Needham proposes to provide a truly
geometric “visual” explication of differen-
tial geometry, and he succeeds brilliantly.
I know of nothing like it in the literature.
The only account of comparable rich-
ness of exposition is Spivak’s five-volume
Comprehensive Introduction to Differen-
tial Geometry, which is, like all other
texts, much more algebraic, and still much
longer.

I’ve always loved geometric explanations. Needham’s geometric
derivation of the derivative of sin x is what I use in my Calcu-
lus book, but many of Needham’s geometric explanations were
wonderfully new for me. For example, Needham describes with
meticulously hand-labeled pictures of summer squash how you can
find a geodesic on a surface by pressing on a thin piece of adhe-
sive tape (see his Figure 1.11 below). His modest figures, without
computer technology, pay high dividends in geometric content. In
another example of insightful geometric perspective, Needham
explains the large circumference of circles centered at a saddle
point by how far your hands move if you wave your arms up and
down as you spin around. And most geometric concepts are per-
fectly presented to prepare for the ones that follow. Needham
could not, however, resist using a geometric intrinsic definition of
Gauss curvature as “angular excess per unit area,” though it now
takes most of the text for him to identify it with the usual, extrinsic
definition as the product κ1κ2 of the principal curvatures, which he
uses in the statement of Gauss’s Theorema Egregium (which says
that it actually is intrinsic).

As to whether his geometric explanations always qualify as
proofs, Needham writes in the Prologue:

… let me concede, from the outset, that when I claim that
an assertion is “proved,” it may be read as “proved beyond
a reasonable doubt”!

1. 2.

4. 3.

Needham’s text covers material from high school geometry
through advanced graduate courses, at leisure. Needham explains
in the Prologue:

… I have made no attempt to write this book as a classroom
textbook. …my primary goal has been to communicate
a majestic and powerful subject to the reader as honestly and
as lucidly as I am able, regardless of whether that reader is
a tender neophyte, or a hardened expert.

And that’s exactly what he does. The writing style is magnificent,
and the scholarship is impeccable. The treatment of general relativ-
ity, perhaps the most striking application of differential geometry,
is splendid. By not writing a textbook, the author will not be ade-
quately compensated financially for his great contribution, but
Princeton University Press can be proud to continue its noble
mission of publishing the best.

Like any perfectionist, Needham does have his eccentricities.
His new symbol “is ultimately equal to” may well be an improve-
ment on the usual use of limits, but it might be moved from its
overly prominent place in the Prologue to a follow-up section
on preliminaries. His replacement of “Figure 1.1” with “[1.1]” (in
brackets without “Figure”) just makes the book harder to read.

EMS MAGAZINE 126 (2022) 65



In the third of his five “Acts,” on Curvature, there is too much
for my taste on the curvature of curves (as in many texts). On
the other hand, I miss the interpretation of curvature and mean
curvature as the rate of change of length or area under smooth
deformations.

In my opinion the final Act V on Forms does not belong in this
book, which is already long, despite the value of Cartan’s moving
frames. Needham himself writes:

…our aim is to make Forms accessible to the widest pos-
sible range of readers, even if their primary interest is not
Differential Geometry.

So perhaps give them a separate nice little volume. Actually I think
that Act V is not only an unnecessary distraction, but also of lower
quality than the first four Acts. In my opinion, it would better start
with something familiar, such as the kind of integrand f dx+ g dy
that occurs in line integrals and Green’s Theorem, and explain it as
a covector field. And I found it confusing the way Needham con-
flates covectors and covector fields. And I found the development
too slow.

There are lots of nice exercises throughout, though no solutions.
The index is very helpful.

Through it all flows a generous geometric spirit, a yearning after
geometry fulfilled. This magnificent book, one of a kind, merits
the close attention and tender appreciation of all true scholars and
lovers of geometry.
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Shock Waves by Tai-Ping Liu

Reviewed by Denis Serre
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Shock Waves

Tai-Ping Liu

Tai-Ping Liu, a prominent researcher in Hy-
perbolic Conservation Laws, offers his own
view of the field in this 430-page long
monograph. This text comes after several
other ones that have been available on the
market after the seminal Shock waves and
reaction-diffusion equations by his advisor
J. Smoller (Springer, 1983). Each one has
its own merit, and Liu’s one stands out
with an original approach, driven by his

research interests. It is not just another book on a well-known
domain, but a rather personal account of the topic. The title itself
singles out this text among the existing literature, by focusing on
solutions and their qualitative aspects, rather than on the governing
structures, conservation laws or PDEs. This is in tune with T.-P. Liu’s
perception of mathematical activity, which is closer to V. I. Arnold’s1
than to S. P. Novikov’s2.

Liu has been working for about fifty years about various topics,
such as general Riemann problem, Glimm scheme, well-posedness
of the Cauchy problem, time asymptotics, stability of nonlinear
viscous waves, Boltzman shocks, relaxation and so on. The present
book of course covers some of this material, but does not pretend
to be exhaustive.

At first glance, the table of contents looks classical, with Chap-
ters 3–5 covering scalar conservation laws and 6–9 devoted to
systems, all this in one space dimension. Chapters 10–14 address
important questions that could have deserved entire books of their
own – let us think of multi-dimensional gas flow, which was the
object of the famous Courant–Friedrichs Supersonic flows and
shock waves. These latter chapters are useful introductions which
can serve as starting points for further studies, though not being
tailored to support some graduate course.

The originality of the approach is evident from the very be-
ginning, in Chapter 3 devoted to scalar convex conservation laws.
Instead of following a traditional strategy, where the equation
is perturbed one way or another, Liu constructs exact solutions
of the Cauchy problem when the initial data are step functions
with finitely many jumps. This step involves repeatedly the analysis
of wave interactions, one of Liu’s trademarks. The corresponding
global-in-time solutions remain piecewise smooth. A density argu-

1Arnold was sometimes provocative. He claimed that mathematics is
a subset of physics; it is the part in which the experiments are cheap.
Of course, Liu doesn’t go that far.

2 Novikov and his collaborators studied the first-order conservation laws,
which they called systems of hydrodynamic type, from a geometrical
point of view, ignoring the notion of weak solutions.
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