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1 INTRODUCTION

The origin of this paper lies in the questions on étale cohomology for rigid analytic
spaces posed in [S-S]. In that paper an étale site and a corresponding cohomology the-
ory for analytic varieties are defined. We prove here that the axioms for an ‘abstract
cohomology’ (as stated in [S-S]) hold for this cohomology theory. In addition, we prove
a (quasi-compact) base change theorem for rigid étale cohomology and a comparison
theorem comparing rigid and algebraic étale cohomology of algebraic varieties.

The main tools in this paper are analytic (resp. étale) points and rigid (resp.
étale) overconvergent sheaves. The rigid overconvergent sheaves on affinoids were first
introduced in [P82] and were called constructible in that paper. They were further
studied in [S93] and were called conservative there. The term ‘overconvergent’, also
used by P. Berthelot in recent work, seemed more appropriate this time.

In Section 2 we (re)introduce some basic notations concerning analytic points and
rigid overconvergent sheaves, which are needed later on. We (re)prove a number of
folklore results, most importantly: 1) Rigid cohomology agrees with Cech cohomology
on quasi-compact spaces. 2) The cohomological dimension of a paracompact space

L The research of Dr. A.J. de Jong has been made possible by a fellowship of the Royal Netherlands
Academy of Arts and Sciences.
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2 JOHAN DE JONG AND MARIUS VAN DER PUT

is at most its dimension. 3) A base change theorem for rigid spaces which is more
general than the results of [P82] or [S93].

The rest of the paper deals with étale sites and étale cohomology. Etale points
and étale overconvergent sheaves are introduced. A key point is the introduction of
special étale morphisms of affinoids U — X, analogous to rational subdomains in the
rigid case. Included in the paper is the proof by R. Huber that any étale morphism of
affinoids is special étale. This simplifies the original exposition somewhat. A structure
theorem for étale morphisms (3.1.2) allows us to give a proof of the étale base change
theorem following closely the proof in the rigid case. We calculate the cohomology
groups of one dimensional spaces in Section 4. This allows us to prove the basic
results mentioned at the beginning of this introduction (Sections 5, 6 and 7).

We have tried to be complete in the proofs of various statements. We hope that
this paper may serve as an introduction to rigid and étale cohomology of rigid analytic
spaces.

Berkovich, in the paper [B93], develops an étale cohomology theory for analytic
spaces. The category of analytic spaces used there was introduced in [B90] and
extended in [B93]. Tt is different from the category of rigid analytic spaces. For
this reason we have not borrowed from his work. However, we have to mention that
the approach taken here, in some sense, does not differ from his (although in this
paper we have to deal with non-overconvergent sheaves also, which do not correspond
to sheaves on the Berkovich analytic spaces). For example, Lemma 2.1.1, which
controls the étale stalk functors, is more or less equivalent to Theorems 2.1.5 & 2.3.3
of [B93]. Furthermore, using the equality of Berkovich cohomology with ours in the
case of paracompact varieties (see [Hu, Section 8.3]), all our results on cohomology
of overconvergent sheaves are in principle deducible from the references [B93, B94a,
B94b, B94c].

Etale cohomology theories for rigid analytic spaces were developed by O. Gabber
(unpublished) and K. Fujiwara, who proved Deligne’s conjecture using his theory.
As mentioned above R. Huber constructed an étale cohomology theory for his adic
spaces, this specializes to give a theory for rigid analytic spaces also.

We thank P. Schneider for sending his informal notes [S91] to the authors for
consultation.

1.1 NOTATIONS AND CONVENTIONS
e Unless stated otherwise k will be a complete non Archimedean valued field.

e As general reference for the basic facts and definitions concerning rigid analytic
varieties we take [BGR].

e All rigid analytic varieties occurring in this work will be quasi-separated analytic
varieties. This means that the diagonal morphism X — X x X is quasi-compact,
or equivalently that the intersection of any two affinoid subvarieties of X is a
finite union of affinoid subvarieties of X. It is clear that fibre products of such
are still quasi-separated.

e We work frequently with sites and associated topoi as in [SGA 4]. We recall
that a morphism of sites f : S; — S5 is a continuous functor u : Ss — S
(remark that u goes in the opposite direction!), which induces a morphism of
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ETALE COHOMOLOGY OF RIGID ANALYTIC SPACES 3

associated topoi S77 — S5 (see [SGA 4, IV 4.9]). We remark that if Sy allows
finite projective limits then it suffices that « is continuous and preserves fibred
products.

e A sheaf F on a site S is said to be flabby if for any object U in S we have
HY(U, F) =0 for all ¢ > 0. It is said to be flasque if for any morphism U — V
the restriction map F(V) — F(U) is surjective. A flasque sheaf is flabby since
Cech cohomology may be used to determine whether a sheaf is flabby ([M80,
I1I 2.12]).

2 ANALYTIC POINTS AND RIGID OVERCONVERGENT SHEAVES

In this section we will review the base change theorem for rigid analytic spaces (see
[P82, S93]). We will introduce our basic notations and reprove the statements of
[P82] (whose proofs are perhaps somewhat sketchy). We try to avoid using results
from [B90] except for the basic fact that the space M(X) (see below) is Hausdorff
and compact (this is not hard to prove). Finally, we prove a slightly stronger version
of the base change theorem, namely that it holds for arbitrary sheaves.

2.1 SITES, SHEAVES AND ANALYTIC POINTS ON AFFINOIDS

Let X be an affinoid space over some complete non Archimedean valued field k. On X
we consider the special Grothendieck topology given by the collection of finite unions
of open affinoid subspaces and the admissible coverings. (See [FP, GP], this is a G-
topology slightly stronger than the weak G-topology of X in [BGR, 9.1.4].) We will
write X,.4iq for the following site:

1. The objects are the admissible open subsets of X. We choose here as admissible
opens the finite unions of open affinoid subsets. These will also be called the
special subsets of X.

2. A morphism between to objects is an inclusion between the admissible subsets.

3. For an object U the elements of Cov(U) are those set-theoretical coverings of U
by admissible opens which can be refined to finite coverings.

We use the special G-topology rather than the strong G-topology since it behaves
better with respect to base change and change of base field. We remark that this
gives the same category of sheaves.
It is sometimes easier to work with a subcategory X%, of Xyi5ia. The objects
of X:fgtid are the rational subsets of X. A rational subset of X is a set of the form
{z € X| |fi(x)| > |fi(z)| for all { with 1 <i <n}

where fi,..., f, are elements of O(X) generating the unit ideal. We note that a
small change of the fi,..., f, does not affect the subset above. It is known that
every open affinoid subset of X is a finite union of rational subsets ([GG]). A rational
covering of a rational U C X is a covering of the form U = U2, U; given by elements
fiy..fm € O(U) generating the unit ideal such that the U; are the rational subsets
(of U and also of X) U; := {x € U| |fi(x)| > |f;j(x)| for all j}. This defines for every
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4 JOHAN DE JONG AND MARIUS VAN DER PUT

object the collection of coverings. The morphism of sites Xigiq — X;’Z?‘gtid (given by

the inclusion functor X :fgti 4 — Xrigid, see our conventions) defines an isomorphism
of associated topoi, this follows from the fact that any special subset of X is a finite
union of rational subsets and any finite affinoid covering of an affinoid variety can be

refined to a rational covering (see for example [BGR, 8.2.2/2]).

It is well known that the set of ordinary points of X is too small to ”separate”
the sheaves on X,;4;4. For this purpose one introduces new points, called analytic
points. (See [P82, S93]). We will adopt here the terminology of [S93].

An analytic point a of X is a semi-norm | |, : O(X) — Rsxp on the affinoid
algebra O(X) of X satisfying:

L |f + gla < max(|fla, [gla) for all f,g € O(X).

2. [fgla = flalgla for all f,g € O(X).

3. For X € k the value |}|, is the absolute value of .

4. | |a : O(X) = Ry is continuous with respect to the norm topology on O(X).

The filter of the analytic point a consist of the affinoid subdomains U of X for
which there exists a rational covering given by fi,..., f, and an i such that U D U;
and |fi|lo > |fjla for all j. This is equivalent with the property that ||, extends to
a|le : O(U) = Ry, i.e., that a is also an analytic point of U. We write a € U
to denote that U belongs to the filter of a. We will also need the concept of a wide
neighborhood of an analytic point a of X (see [S93, p. 131]). An element U of the
filter of a is a wide neighborhood of a if there exists an affinoid generating system
fi,.-, fn of O(U) over O(X) such that |f;|, <1 for all i.

Let M(X) denote the set of analytic points of X. We give M(X) the coarsest
topology such that for every g € O(X) the map M(Z) — R given by a — |g|, is
continuous. For an analytic point a a fundamental system of neighborhoods is given
by the subsets M(U) where U runs through the (affinoid) wide neighborhoods of a.
The space M(Z) is Hausdorff and compact for this topology. These results are not
hard to prove, they follow from 1.2.2 and 1.3.3 of [P82], but see [B90, §1], [S93, §1]
for more details. We will repeatedly make use of the following corollary of the above:
Suppose that {X;}icr are affinoid subdomains of X such that for any analytic point a
of X some X; is a wide neighborhood of a, then the covering X = |J X; is admissible,
i.e., finitely many of the X; cover X.

The stalk of a sheaf S on X454 at an analytic point a is defined as S, =
lim_, S(U) where the direct limit is taken over all U in the filter of a. The mod-
ified stalk of S at a is S7°? = lim_, S(U) where the limit is over the wide open
neighborhoods of a in X.

For every U in the filter of a the semi-norm | |, extends to a semi-norm on O(U).
Hence we get a semi-norm | |, on O, the stalk of O = Ox at a. A fundamental fact
that we will use is (see [P82, 1.3.1]) that for f € O(X):

|fla = inf{[[fllo}

where U runs through the filter of a. In fact it suffices to consider only wide open
neighborhoods of a (use that for U C X rational we have ||f||y = inf,~1 || fl|v(r)
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ETALE COHOMOLOGY OF RIGID ANALYTIC SPACES 5

where U(r) is defined as in 2.3 below). It follows from these considerations that the
ideal m,, of elements f € O, satisfying |f|, = 0 is the unique maximal ideal of O,
(and similar for O™°?). The field O,/m, will be denoted by k,. The semi-norm | |,
induces a valuation on k,. This valuation extends the valuation of the subfield k of
kq. In general the field k, is not complete and its completion is denoted by F,. (The
same constructions give k™°? and Fm°4))

Let ¢ : O(X) — F, denote the continuous homomorphism of k-algebras obtained
above from | |,. Then one sees that |f|, = |¢(f)|- This remark shows that our
definition of analytic point coincides with the equivalence classes of analytic points as
defined in [S93]. Every ordinary point of X is also an analytic point (with F, = k,
a finite extension of k). The following lemma will be useful in our study of the étale
site of X.

LEMMA 2.1.1 Notations are as above.
1. O, and O™°? are Henselian Iocal rings.
2. k, and k™% are Henselian valued fields.

3. F, is finite over a complete subfield K which has a dense subfield k(ti,...,tq)
with d < the dimension of X .

4. The homomorphism O™°? — O, is local, flat and induces an isomorphism
Frod = .

Proof. Let O, C A be a finite free extension of rings. We claim the following: the
ring A®F, has a nontrivial idempotent if and only if A has one. (We also claim a
similar result for O™°?))

This immediately implies (1) (see [R70, I Proposition 5]). Statement (2) means
that the valuation ring of k, (resp. k™°?) is an Henselian ring. Our claim implies
that a finite separable ring extension k, C k' contains a copy of k, if and only if
the tensor product k' ® Fj, contains a copy of F, (use a lift O, — A of the finite
extension k, — k'). This gives that any scheme étale over the valuation ring of k,
has a k,-valued point if and only if it has a F,-valued point. This assertion combined
with the fact that the valuation ring of Fj, is Henselian implies that k, is a Henselian
valued field (use the criterium of [R70, Proposition 3 page 76]).

To prove our claim, note that the ring extension O, C A comes from a finite
free ring extension O(U) C Ay for some U in the filter of a. Clearly, Ay is an
affinoid algebra and hence determines a finite flat morphism ¢ : V = Spm(Ay) — U.
The fact that A®F, =2 Ay®F, has a nontrivial idempotent is equivalent to the
fact that ¢='(a) = by,...,bs has at least two elements. Let us take disjoint wide
neighbourhoods V; of the b; in V. There exists a smaller U’ in the filter of a such
that ¢~1(U") is contained in UV; (see Lemma 3.1.6 below; the reader may check that
this lemma is not used before that lemma). Therefore the algebra Ayr = Ay ® O(U')
decomposes and hence so does A. The proof for O™°? is the same.

(3) After dividing O(X) by a prime ideal we may suppose that | |, is a norm on
O(X). The field of quotients of O(X) is a dense subfield of F,. The algebra O(X) is
finite over some A := k(T},...,T;) with d equal to the dimension of X. Let K C F,
denote the completion of the field of quotients of A with respect to | |,. The field F,
is finite over K and K has k(Ty,...,Ty) as dense subfield with respect to | |,.
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6 JOHAN DE JONG AND MARIUS VAN DER PUT

(4) Tt is clear that the homomorphism O™°? — O, is local and flat. Suppose
that g is the kernel of the seminorm | |, on O(X). It is clear that the fraction field
of O(X)/gp is dense in both F, and F™°?. The result follows. ad

REMARK 2.1.2 Tt follows from this lemma and its proof that there are equivalences
between the following categories: the category of finite separable extensions of F,,
of finite separable extensions of k,, of finite separable extensions of k™%, of finite
étale extensions of local rings O, C A, and of finite étale extensions of local rings
Omed ¢ A. Furthermore, any such extension comes from a finite étale (see paragraph
4) morphism V — U where U is a wide neighbourhood of a.

It is clear that the above constructions are functorial in the following sense. If
f Y = X is a morphism of affinoids over k, then we get a morphism of sites
Yiigia = Xrigia (resp. T’;‘;’zd — X:fgtid). Indeed, if U C X is an affinoid subdomain
(resp. rational subset) then so is f~*(U) C Y. Hence a functor Xrigida = Yrigia, U —
fY(U), it is easy to see that this is continuous and compatible with fibre products
(i.e., intersections). The associated adjoint functors on sheaves are denoted f*, f, as
usual.

The morphism f also induces a continuous map: M(Y) — M(X). The semi-
norm O(Y) = R is mapped to the composition O(X) = O(Y) = R>¢. We remark
that if f identifies Y with an affinoid subdomain of X then 1) Y450 = Xyigia/Y and
2) the analytic points of Y are identified with those analytic points a of X such that
Y is in the filter of a, i.e., a € Y.

2.2 SITES, SHEAVES AND ANALYTIC POINTS FOR GENERAL X

To the analytic variety X we associate the site X,;4i4 by exactly the same definition
as for affinoid X’s. The objects are the finite unions of affinoid open subvarieties and
the coverings are coverings which can be refined to finite coverings. (Since X is quasi-
separated, the intersection of two affinoid open subvarieties is an object of the category
Xrigid, 80 that X,;4:q is indeed a site.) We remark that the the associated topos X:igid
is again naturally isomorphic to the category of sheaves on X (as defined in [BGR,
9.2]). A morphism f:Y — X induces a morphism of topoi frigia : V.50 = X%id
but not in general a morphism of sites Y;;5i¢ = Xpigiq. Indeed, this morphism of sites
exists if and only if f is quasi-compact.

The space X has some admissible covering { X;} by affinoids subsets. The analytic
points of X are just the analytic points of the X;, subject to the usual equivalence
relation. (For a more precise definition see [S93, §2].) We remark that our f:Y — X
induces a map on analytic points.

Finally, suppose f : Y — X is an open immersion (in the sense of [BGR, p. 354]).
It is easy to prove (using the above) that: 1) f induces an injection between the sets
of analytic points and 2) f induces an isomorphism Yiia = Xﬁgid/Y (where V'
denotes the sheaf V' +— Morx (V,Y) on X,;44). However, it is not true that any f
satisfying 1) and 2) is an open immersion.

2.3 OVERCONVERGENT SHEAVES ON AFFINOIDS

Let X be an affinoid variety over k. The collection of analytic points of X is still not
large enough to ”separate” the Abelian sheaves on X,;4i4. We can introduce a larger
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collection of points as in [P82] to remedy this fact. However, this larger collection of
points seems not to be of much use for questions like base change theorems et cetera.
We choose to work with a restricted collection of sheaves, namely the overconvergent
sheaves on Xyigid-

Suppose that V' C U are special subsets of X. We will say that V' is inner in U
(w.r.t. X), or that U is a wide neighborhood of V in X, if for any analytic point a
of V there is an affinoid wide neighborhood U, of a in X with U, C U. Notation:
V cCx U. It is proved in [S93, §1 Proposition 23] that this agrees with the notion V' is
relatively compact in U over X (see [BGR, 9.6.2]) if V and U are affinoid subdomains
of X: V CCx U & there is an affinoid generating system fi,..., f of O(U) over
O(X) such that

VC{z e Uil fi@)] <1, fol@)] < 1}

Suppose V' C X is rational in X given by the inequalities |go| > |91, .-, |gm]-
For » > 1 and r € /|k*| we define the rational set V(r) by the inequalities r|go| >
lg1l, -, lgm|- Tt is easy to see that V' CCx V(r). (The notation V (r) will be used even
if no explicit system gy, . .., gm defining V and V(r) is indicated.)

LEMMA 2.3.1 With notations as above.

1. The V(r) form a co-final system of (special) wide neighborhoods in X of the
rational set V.

2. If Vy,...,V, are rational in X then
Vin...NVy, CCx Vi(r)Nn...NVy(r)

(r > 1 and r € \/|k*|) and this forms a co-final system of wide neighborhoods
of Vi N...NVy,. Similarly for Vi U... UV, CCx Vi(r)U...UV,,(r).

Proof. Suppose that V CCx U (with U a special subset of X'). We claim the covering
X = UU(X \V) is admissible. This is proved in [P92, Lemma 1.1], but let us
indicate another proof: For any analytic point a of X, a € V' choose an affinoid wide
neighborhood W, of a with W, NV = § (just define W, by suitable inequalities). For
an analytic point @ € V' we choose the affinoid wide neighborhood W, of @ in X which
is contained in U. Since M(X) is compact the covering X = | JW, is admissible (see
3.1), hence so is X = U U (X \ V). This proves our claim. In particular there is a
special W C X \ V such that X = UUW.

Next, put W; = {w € W; |gi(z)| > |gj(z)| j =0,...,n} for i =1,...,n. Of
course W = |y W; since W NV = 0. On W; the function g; is invertible hence we can
put

€ = |lgo/gillw; and €= max ;.

By the maximum modulus principle on W; and since W NV = @ we get ¢; < 1 and
€ < 1. It is now clear that for any r € \/|k*|, ¢! >r > 1 we have V(r) N W = ) and
hence V(r) C U.

We prove 2) only in the case m = 2. Suppose that V; is given by the inequalities

lgo|l > |g1],---,|gn| and that V> is given by the inequalities |fo| > |fil,- .., |fn’|- The
intersection Vi (r)NVa(r) is given by the inequalities r?|go fo| > |gif;l, i =0,...,n, j =
0,...,n’. The result follows. The statement for unions is trivial from 1). a
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8 JOHAN DE JONG AND MARIUS VAN DER PUT

At this point we are able to define the rigid overconvergent sheaves on our affinoid
variety X. A (pre)sheaf S (on X,i5q) is called (rigid) overconvergent if for every
admissible open V' C X we have

S(V)= lim S(U).
VccxU

It follows from the lemma above that if S is a sheaf then S is overconvergent if
and only if S(V) = lim S(V(r)) for any rational V C X. These sheaves were called
the constructible sheaves in [P82]; they agree with the conservative sheaves of [S93]
by [S93, §1 Lemma 25]. In [S93, §1] it is shown that these overconvergent sheaves
correspond to sheaves on the topological space M(X).

LeEMMA 2.3.2 (Properties of overconvergent sheaves.) In this lemma all (pre)sheaves
are (pre)sheaves of Abelian groups on the affinoid variety X .

1. The sheaf associated to a overconvergent presheaf is overconvergent.

2. For any overconvergent sheaf S the presheaves U + H'(U,S) are overconver-
gent.

3. The category of overconvergent sheaves is an exact subcategory of the category
of all sheaves.

4. If f : Y — X is a morphism of affinoids then f* and f, preserve overconvergent
sheaves. The same holds for R?f,.

5. If X = |J X, is written as the finite union of affinoid subdomains then a sheaf
S on X is overconvergent if and only if the restriction of S to any of the X; is
overconvergent.

6. A overconvergent sheaf S is zero if and only if all of its stalks S, at analytic
points of X are zero.

Proof. Let S be a overconvergent presheaf. Suppose V' C X is the union of rational
subsets V1, ...,V of X. Denote by V = {V;} the covering of V and by V(r) = {Vi(r)}
the covering of V(r) := J, Vi(r). It is immediate from Lemma 2.3.1 that

C(Va S) = 1£>nr>lc(v(r)a S)

(These symbols denote Cech complexes.) It is therefore clear that the map

lim H?(U,5) — H"(V,S)
VccxU

is surjective.

Let us prove that it is also injective. Take a special U C X with V CCx U, an
admissible covering U = {U;} of U, a co-cycle ¢ € CP(U, S) whose Cech cohomology
class maps to zero in HP(V,S). This means there is a covering V = {V;} of V which
refines U NV, i.e., there is a function a such that V; C U,;) NV, and a chain
n € CP1(V,S) with a(§) —dn =0 € CP(V,S). Here a(€) is the image of £ under the
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ETALE COHOMOLOGY OF RIGID ANALYTIC SPACES 9

map CP(U,S) — CP(V, S) determined by a. By refining ¢/ and V we may assume that
U and V are finite and that all U; and V; are rational subdomains of X.

By the above, the co-cycle ¢ lifts to a co-cycle £ € CP(U(r),S) for some r > 1.
Lemma, 2.3.1 implies that there exists an r* > 1 such that V;(r*) C Uy (r)Vj. For
an even smaller r*, we may also assume 7 lifts to a chain ' € CP~1(V(r*),S). The
co-cycle a(¢') — dn' € CP(V(r*),S) maps to zero as a chain in CP(V,S), thus it is
already zero in some CP(V(r**), S), r* > r** > 1. We conclude that the cohomology
class of ¢ in HP(V (r**), S) is zero, which was what we wanted to show.

The isomorphism of Cech cohomologies above proves that the presheaf 7:[0(5' )
is overconvergent if S is overconvergent. Hence also the sheaf associated to S is
overconvergent. It proves (2) since Cech cohomology agrees with usual cohomology
for any special U C X. (See [P82, 1.4.4] or our Proposition 2.5.4.)

The third statement of our lemma means that the kernels and co-kernels of over-
convergent sheaves are overconvergent and that if a short exact sequence of sheaves
0— Sy — S — S3 — 0is given, S; and S3 are overconvergent then so is S. These
statements follow easily from (1) and (2).

(4) If V C X is a rational subset, then f~1(V) is a rational subdomain of v’
and we have: f~*(V(r)) = (f~'(V))(r). Thus it is clear from Lemma 2.3.1 that for
special V . CCx U in X we have f~1(V) CCy f~'(U) and that these f~!(U) form a
co-final system of wide neighborhoods of f=!(V).

Take an overconvergent sheaf S on Y. The sheaf R7f.S is the sheaf associated
to the presheaf U — H(f~1(U), S). Tt is immediate from the remarks above and (2)
that this presheaf is overconvergent.

If S is a sheaf on X then f*S is the sheaf associated to the presheaf P defined
as follows on V' € X,i45a:

P(V) = lim S(U)

U€Xrigia,f " (U)DV

Suppose S is overconvergent. If t € P(V), i.e., t comes from s € S(U) for some U C X
as in the limit, then s comes from s’ € S(U') for some U’ € X,;4i9 with U CCx U'.
By the above we see that V CCy f~'(U’). We conclude that the map

lim  P(V') = P(V)
vcey V!

is surjective. Let us prove that it is injective: Suppose t' € P(V') comes from some
s' € S(U'") with f~1(U') D V' and maps to zero in some S(U) with U C U’ and
fY(U) D V. There exists a wide neighborhood U" of U’ and s" € S(U") mapping
to s'. Since S is overconvergent there is a special U" with U"" c U", U" >Ox U
such that s maps to zero in U"”'. Tt is clear that V" := V' n f~1U"") is a wide
neighborhood of V in Y such that ¢’ maps to zero in P(V"). We have proved that P,
hence f*S, is overconvergent.

(5) This follows from (3) and (4) since any sheaf S on X fits into an exact
sequence

0_>S_>®S|Xl —)@Sxinxj.

i,J

Here S

x; = J«j*S where j : X; — X is the inclusion.
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10 JOHAN DE JONG AND MARIUS VAN DER PUT

(6) Take a section s € I'(X, S). By assumption any analytic point @ in X has an
affinoid wide neighborhood V, C X such that s|y, = 0. By compactness of M(X)
we get that the covering X = |JV}, is admissible, hence s = 0. The same proof gives
that T'(V,S) = 0 for arbitrary special V C X. O

2.4 OVERCONVERGENT SHEAVES ON GENERAL X

Let X be an arbitrary analytic variety over k. We will say that a sheaf S on X
is overconvergent if for any affinoid open subvariety V' C X, the restriction S|y is
overconvergent on V. Suppose X = [J X; is an admissible affinoid covering. It follows
from Lemma 2.3.2 that S is overconvergent if and only if S|x, is overconvergent for
all 4.

Suppose f : Y — X is a morphism of rigid varieties. It is clear from Lemma
2.3.2 that f* preserves overconvergent sheaves. This is not true in general for f, or
R1f,. But it is true if f is quasi-compact.

ProroSITION 2.4.1 If f : Y — X is a quasi-compact morphism then f, and R?f,
preserve overconvergent presheaves.

Proof. Take an overconvergent sheaf S on Y. The question is local on X, hence
we may assume X affinoid. Thus Y is quasi-compact and hence by Lemma 2.5.3
we can find a finite admissible affinoid covering Y = [JY; such that all intersections
Yip.i, = Yiu N ...NY;, are affinoid. At this point we use the spectral sequence
(deduced from the Cartan-Leray spectral sequence [SGA 4, V 3.3]) {EE?} abutting
to R"f.S and with Es-term:

EM =P R(f

Yio---iq)*S

Yig...iq

By Lemma 2.3.2 all its terms are overconvergent sheaves. Hence by the same lemma
we see that R™f,S is overconvergent too. O

2.5 CoHoMOLOGY AND CECH COHOMOLOGY

In this subsection we prove that cohomology agrees with Cech cohomology on quasi-
compact varieties. Further we prove that the cohomological dimension of such an
analytic variety is at most its dimension.

LEMMA 2.5.1 Let X be an affinoid variety, V C X special and a an analytic point of
X. There exists a wide neighborhood W = W, of a such that W NV is a finite union
of Weierstrass domains, each defined by invertible functions.

Proof. Since V is a finite union of rational subsets of X we may assume that V is
rational itself. Say it is defined by the inequalities |go| > |91, - -, |gn|, where the g;
generate the unit ideal of O(X). If a ¢ V, then we can find a wide neighborhood W
of a disjoint with V. If a € V then |gg|, > |gi]« and since the g; generate the unit
ideal we get |go|o > 0. Thus we may replace X by a wide neighborhood of a, so that
go becomes invertible. In this situation V' is defined by 1 > |f;| with f; = ¢i/ g0, i.e.,
V' is a Weierstrass domain in X. For those i such that ¢; := |f;|, < 1, we may replace
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ETALE COHOMOLOGY OF RIGID ANALYTIC SPACES 11

X by the wide neighborhood of a defined by |f;| < 1/2(1 + €;) and drop f;. At this
point V' C X is defined as 1 > |f;| with |fi]o = 1 for all i. Hence the subset |f;| > |n],
m € k,0 < |r| < 1 defines a wide neighborhood of a such that f; is invertible on it. O

LEMMA 2.5.2 Suppose X is affinoid, V. C X special. There exists a finite covering
X = JX; by affinoids of X such that X; NV is affinoid for all i.

Proof. By compactness of M(X) and the lemma above we may assume V C X
is a finite union of Weierstrass domains, each given by invertible functions. Say
V = Ui, Vi and V; is defined by 1> |f{],...,|f},| and each f! invertible.

Consider combinatorial data of the form A = (7, (j1, ... ,ﬁ, .-y Jn)) where i €
{1,...,n}and j; € {1,...,n;} for each I #i,l € {1,...,n}. We put

VA:{xEX;|f;(ac)|g|f;l(x)|,l:1,...,i,...,n,j:1,...,ni}

Remark that X = (J, Va since for any 2 € X there is some i € {1,...,n}
such that max; |fi(z)] < max;|f}(z)| for all I # i. On the other hand, if

A= (i, (.- ,ﬁ, ..., Jn)) as above then
VanV CcV,
and hence Vy NV = V4 NV, is affinoid. This is immediate from the definitions. O

We remark that in proving the lemmata above we proved something slightly
stronger: Suppose we had started with an admissible affinoid covering V = JV;.
This we can refine to a finite covering V' = |JV; with V; C X rational. The proof
of Lemma 2.5.1 shows that we can cover X by finitely many affinoids X; such that
each X; NV; is a Weierstrass domain in X; defined by invertible functions. The proof
of Lemma 2.5.2 shows that we can cover each X; by finitely many X 4’s such that
X;an(VNX;)=X;4NnV is contained in some V;. Thus we have proved the first
statement of the following lemma in the case that X is affinoid.

LEMMA 2.5.3 Let X be a quasi-compact variety over k.

1. Given an admissible covering V : V = |JV; of the special subset V of X, there
exists a finite affinoid covering U : X = |JX; such that the covering Y N'V
refines V. In addition we may assume X; N V; affinoid for all j.

2. There exists a finite affinoid covering X = |JX; such that X; N X; is affinoid
for all i,j.

Proof. (1) This assertion follows immediately from the case X affinoid (proved above)
by writing X as the finite admissible union of affinoids (use that X is quasi-separated
by our conventions).

(2) Take first an arbitrary finite affinoid covering X = |J X;. By (1) we can find
finite affinoid coverings U;; : X; = [J;, Xyjx such that X, N (X; N X;) is affinoid for
all k. Next we take a finite affinoid covering ; : X; = |J, Xy refining U;; for all j. It
is clear that X;; N X, = Xy N (X; N X;) N Xy, is affinoid (all intersections are taken
in X). Thus the covering X = |J X;; works. i
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12 JOHAN DE JONG AND MARIUS VAN DER PUT

PROPOSITION 2.5.4 Suppose X is a quasi-compact (and quasi-separated) variety.
Cech cohomology agrees with cohomology on X.

Proof. The Leray spectral sequence relating Cech cohomology with cohomology
[SGA 4, V 3.4] shows that it suffices to prove: HP(X,S) = 0 if S is a presheaf
whose associated sheaf is zero. Suppose V is some finite admissible covering of X and
¢=11&...:, €CP(V,S) = Hlol S(Vi,...i,)- We can find a covering V;,._;, of Vi, 4,
such that &;,. ;, restricts to zero ‘on each member of Vig...i,- By Lemma 2.5.3 we can
find a covering U; : V; = [JU;; of V; such that U; NV, . 4, (some i; = i) refines V;, i,
for all choices of the 4;. Put U = |JU;, it is an admissible covering of X and the map

a:C*V,8) — C*(U,S)
is defined using U;; C V;. It is clear that the chain £ maps to zero under a. O

REMARK 2.5.5 By Lemma 2.5.3 this is a special case of [P82, 1.4.4]. The argument
in the proof of [P82, 1.4.5] together with Lemma 2.5.3 shows that Cech cohomology
agrees with cohomology on any (quasi-separated, see conventions) X which is of
countable type (see Definition 2.5.6 below).

We introduce some convenient topological notions for the Grothendieck topology
on our analytic varieties X.

DEFINITION 2.5.6 Let X be an analytic variety over k.

1. We say that X is of countable type if there exists a countable admissible affinoid
covering of X.

2. Suppose that X = |J X, is an admissible affinoid covering of X. We say that
the covering is locally finite if each X; meets finitely many X;.

3. The variety X will be called paracompact if there exists an admissible locally
finite affinoid covering.

LEMMA 2.5.7 A paracompact space X is the admissible disjoint union of paracom-
pact varieties of countable type. A connected paracompact variety X can be written
as the admissible union X = X, with X,, quasi-compact and X;NX; = () when
i —jl = 2.

neN

Proof. Since any rigid analytic space is the admissible disjoint union of its connected
components, it suffices to prove the second statement. Therefore we assume that X
is connected and has a locally finite affinoid admissible covering X = [J X,. Let us
choose a fixed index «p. For any « we define the distance d(«) of @ to ag to be the
minimal length d of a sequence of indices ag, a1, ..., g = a such that X, N X4, ,, #
f for all i = 0,...,d — 1. Since X is connected all distances are finite. We put
Xn = Ug(a)=n Xa- Since the covering was locally finite the spaces X, are quasi-
compact. The last condition of the lemma, follows immediately from our definition of
distance. a
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ETALE COHOMOLOGY OF RIGID ANALYTIC SPACES 13

In the proof of the next proposition we need the relation of rigid analytic geometry
with formal geometry (see [R70] and [BL]). We recall that if X is a formal scheme of
finite type and flat over Spf(k°) then there is canonically associated a quasi-compact
rigid analytic variety X = X"%. If {{ C X is a formal open subscheme then Y™ C X"
is an open subvariety. If X = [J; then X"% = (JU}* is an admissible covering (see
[BL, §4]). Thus we get a morphism of sites X4 = x:jigid — Xzar

It is also possible to perform the construction ¥ +— X" for formal schemes
X which are only locally of finite type over Spf(k°). It is not true that any rigid
variety X comes from such a formal scheme. A counterexample can be constructed
by gluing a countable number of closed discs to a fixed closed disc along mutually
disjoint closed sub-discs. (This is also an example of a variety of countable type
which is not paracompact.) It can be proved using the lemma above and [BL] that
any paracompact X comes from a (paracompact) formal scheme X.

PROPOSITION 2.5.8 (See [P82, 1.4.13]). If X is a quasi-compact rigid analytic variety
of dimension d then HP(X,S) =0 for all p > d and all sheaves S on X.

Proof. Let us choose a formal scheme X with X,;, 2 X (see [R70] or [BL, Theorem
4.1]). Let us denote by {X,} the directed system of admissible blowing ups of X.
These all satisfy }Igig = X. Hence we get the morphism of sites 7o : Xyi9i0 = Xo,zar-
Let us write S := mqa,«S. Thereisamap H? := H?(X4,zar, So) = HP(X, S) deduced
from the map 77,5 — S. It is proved in [BL, 4.4] that any finite covering of X
comes from a covering of some Xo. Therefore, by our result that Cech cohomology
agrees with cohomology on X, we see that any cohomology class in H?(X, S) comes
from some HP. At this point we just remark that the underlying Zariski topological
space associated to X, is the underlying topological space of a scheme of finite type
over the field k of dimension at most n. The result follows. a

REMARK 2.5.9 If we allow in X,;5;4 only finite coverings then it is true that
lim X4, zar = Xrigia as sites (see letter of Deligne to Raynaud of 23 august 1992).
In this way it becomes clear that in fact lim H? = HP(X,S). This follows from the
following general fact: Suppose the site S is the direct limit of a directed system of
sites S,. Then for any sheaf F on S there is a canonical isomorphism

lim HY(Sa, Fls,) 2 HI(S, F).
«@
This isomorphism is in fact easy to prove by induction on ¢, using the Cartan-Leray
spectral sequence and the fact that any cohomology class can be killed by some
covering.

COROLLARY 2.5.10 If X is paracompact and of dimension < d then cohomology of
sheaves on X is zero in degrees > d + 1.

Proof. 1t suffices to do the case where X is connected. Choose a covering X = (J X,
as in Lemma 2.5.7. Put Vi =J,, ,qq Xn and Va2 = {J,, ayen Xn- The spaces V;, V3 and
Vi NV, are admissible disjoint unions of quasi-compact varieties. Note that for any
sheaf S on X the maps H%(X,,,S) ® H (X ,41,5) = HY(X, N Xpy1,S) is surjective,
otherwise the sheaf S on X,,UX,, 1 would have a nontrivial d+1**-cohomology group,
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14 JOHAN DE JONG AND MARIUS VAN DER PUT

a contradiction with the proposition. With these remarks the result of the corollary
follows from a consideration of the Cartan-Leray spectral sequence associated to the
covering X =V, U V. a

REMARK 2.5.11 Any separated variety of dimension 1 is paracompact. See [LP].
Similarly, the analytic space associated to a scheme of finite type over Spec(k) is
paracompact.

2.6 GENERAL MORPHISMS

Consider an extension of complete valued fields ¥ C K. In [BGR, 9.3.6] there is
constructed a base change functor X — X &K of analytic varieties over k to analytic
varieties over K. If X is affinoid then X®K is affinoid with algebra O(X)®;K. In
general, if X = |JX; is an admissible affinoid covering then X&®K is defined as the
gluing of the X; &K . If V is an affinoid open subvariety of X then sois V&K C XQK.
In this way (use [BGR, 9.3.6/1& 2]) we see that there is a morphism of sites

© =r/k (XOK)rigia = Xrigia-
LEMMA 2.6.1 The functors ¢*, p. and R%p, preserve overconvergent sheaves.

Proof. There is a trivial reduction to the case that X is affinoid. Let V' be a rational
subdomain of X. It is clear that V(r)®K = (V®K)(r) for r > 1,r € /|k*| (see
[BGR, 9.3.6/1]). These form a co-final system of wide neighborhoods of V&K since
V/k*| is dense in Rx>g. Thus it is clear from Lemma 2.3.1 that for special V CCx U
in X we have V&K CCyxgyx URK and that these U®K form a co-final system of
wide neighborhoods of V&K . The rest of the proof is exactly the same as the proof
of Lemma 2.3.2 part 4. a

Let k C K denote an extension of complete valued fields. Let X (resp. Y) denote
an arbitrary analytic variety over the field k& (resp. K). The most convenient way
to define a general morphism f : Y — X is to say that f is a morphism of the
K-analytic spaces Y — X&K. If both X and Y are affinoid then this is simply
a continuous k-algebra homomorphism O(X) — O(Y), since any such factors as
O(X) - O(X)®&,K — O(Y). By the above, a general morphism f : V — X
gives rise to a morphism of topoi frigia : Y,5,;4 — Xy, The pullback functor,
written f* preserves overconvergent sheaves. We say that the morphism f is quasi-
compact if Y — X®K is quasi-compact. In this case f induces a morphism of sites
Yrigia = Xrigia and RY f, preserves overconvergent sheaves for all . (Use the lemma
above and Proposition 2.4.1.)

If, in addition, we are given a morphism Z — X of analytic varieties over k, then
we can form the fibre product:

YXXZ::YXX®KX®K

It is an analytic variety over K which satisfies a certain universal property regarding
general morphisms; we leave it to the reader to describe this property explicitly.
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2.7 BASE CHANGE

The aim of the base change theorem is to compare HY(Y,, S|y,) with (qu*S)a for
sheaves S on Y. Here Y, is the fibre of a morphism f over the analytic point a. Let
us first define this fibre.

Consider a morphism f : Y — X of analytic varieties over k£ and let an analytic
point a of X be given. The fibre Y, of f over a is defined as the fibre product of
the general morphism Spm(F,) — X with f. It can also be defined as the fibre of
f&F, : Y&F, - X®F, over the usual point « € X®F,. There results a general
morphism « : Y, = Y. We remark that « is quasi-compact; the morphism of sites
(Ya)rigia — Yrigia comes from the functor V +— V, on special subsets of Y. For a
sheaf S on Y we write S|Y, instead of a*(S). Finally, we remark that if both X and
Y are affinoid then Y, is affinoid with algebra O(Y)®o(x)Fa-

LeEmMA 2.7.1 (Key lemma for the rigid case.) Let a morphism f : Y — X of affinoid
spaces over k be given together with an analytic point a of X. Write o : Y, — X for
the resulting general morphism.

1. For every admissible open V' C Y, (i.e., V' € (Y,)rigia) there is an admissible
open W C Y such that V =W,.

2. Suppose W, Z are admissible open in Y and W, C Z,. There is a U in the filter
of a such that W n f~1(U) C Z.

Proof. (1) We may assume that V is a rational subset of Y,. Thus V is given by
inequalities |gi| > |g1], ..., [gm| With elements gi,...,gm € O(Y,) = O(Y)®o(x)F,
generating the unit ideal. Say that fig1 + ... + fmgm = 1. We may suppose that
the g; come from elements g; € O(Y') ®o(x) ka- So there is some U in the filter of
a and elements G; € O(Y)®o(x)O(U) = O(f ' (U)) mapping to the g;. If we take
F; € O(Y)®0(x)O(U) = O(f~*(U)) mapping to elements close to the f; then we see
that F1G1+...+F,Gy = 146 where § maps to an element of O(Y,) = O(Y)®o(x)F,
with small norm, say with spectral norm < 1. By Lemma 2.7.2 this implies that §
gets spectral norm < 1 in O(Y)®o(x)O(U) = O(f ' (U)) for some smaller U in the
filter of a. Hence we see that G, ..., G, generate the unit ideal in O(f~!(U)). Thus
W C f~'U given by the inequalities |G1| > |G1], ..., |G| works.

(2) We may assume that W is a rational subdomain of Y. Next we write Z
as a finite union Z = (JZ; of rational subdomains Z; of Y. The finite covering
Wa = U; Wa N (Z;)a can be refined by a rational covering W, = Uj V; given by a
number of elements g1, ..., g, in O(W,) generating the unit ideal. Arguing as above,
we may suppose that the g; come from G; € O(W) generating the unit ideal, after
replacing X by some U in the filter of a. The rational subsets W; of W defined
by |G;| > |Gil,...,|Gm| cover W and each (W;), is contained in some (Z;),. If
we solve the problem for all the pairs (W;, Z;) with (W), C (Z;)s then we solve
the problem for (W, Z). Thus we have reduced to the case that both W and Z are
rational subdomains of Y.

At this point we replace Z by Z N W, then we are in the situation that Z C W
is a rational subdomain, Z, = W, and we want to show that there is some U such
that Wn f~1(U) = Zn fY(U) C Z. Suppose that Z is given by inequalities
|ho| > |h1l, ..., |hn| where hg, ..., hy, generate the unit ideal in O(W). In particular, hg
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16 JOHAN DE JONG AND MARIUS VAN DER PUT

is an invertible function on Z, hence on Z, = W,. Arguing as in (1), we may shrink
X and assume that hg is invertible on W. Dividing by hy we see that we may suppose
that Z is given by the inequalities |hi| < 1,...,|hs| < 1. The h; have norms < 1 on
W,. Hence, by Lemma 2.7.2, we can find a U in the filter of a such that the h; have
norm < 1 on W N f=1(U), i.e., such that W N f~1(U)=Zn f~1(U). m]

LEMMA 2.7.2 Let f : Y — X be a morphism of afinoid spaces over k, let a be an
analytic point of X. Let g € O(Y') whose image a(g) € O(Y,) has spectral norm < 1
(resp. < 1). There is a U in the filter of a such that the spectral norm of g on f~'(U)
is <1 (resp. < 1).

Proof. Let us write O(Y) = O(X)(T4, ..., Tn)/(G1, ..., Gin). With obvious notations
we have O(Y,) = Fo(Th, ..., T0)/(G1(a), ..., G (a)). If the spectral norm of a(g) is
< 1 it follows that «(g) is integral over the ring F,(T},...T,,)°. Let such an equation
be

a(9)¢ 4 ce—1a(g) ' 4+ ...+ =0

Write ¢; = 3 ¢; g7 with all ¢; 5 € F, satisfying |¢; glo < 1.

Choose some 7 € k with 0 < |r| < 1. For the ¢; g with |¢; glo > |7| (there are
only finitely many of these!) we take a suitable U in the filter of ¢ and elements
Cip € O(U) with images a(C;3) € Fy such that |a(C;3) — ¢iple < |7|. (This is
possible, the image of O, is dense in F,.) It follows that |«(C;3)|la < 1. Thus the
inequalities |C; g| < 1 define a smaller U in the filter of a where the elements C; 3
have spectral norm < 1. For convenience we replace X by U and Y by f~'U. The
C;p € O(X) are elements with spectral norm < 1. We consider the expression

Ri=g°+90) _Ceo1 gT%g" " + ..+ 7> CosT?)

where 7 denotes the map O(X)(T1,...,T,,) = O(Y"). This element R € O(Y') has an
image a(R) € O(Y,) with spectral norm < |r|. If we can find a U in the filter of a
such that the spectral norm of R on f~'U is < 1 then we replace again X by U and
Y by f1U. After this is done the spectral norm of R on Y is < 1 and the spectral
norms of the (3" C; 3T7) are < 1. It follows at once that the spectral norm of g on
Yis<l1.

In this way we have reduced the case < 1 of the lemma to the case < 1. Let
us therefore assume that the spectral norm of a(g) is < 1. For some N > 1 the
element a(g") € O(Y,) has a pre-image g; € F,(T}, ..., T,) with norm < 1. Take also
a go € O(X)(Ty, ..., T;,) with image g™ € O(Y). Then a(g2) — g1 € Fo(T1, ..., T},) lies
in the ideal generated by the {G1(a),...,Gm(a)} and we can write

a(g2) — g1 = Z Gi(a)(z ai,ﬁTﬁ)
i B

where the coefficients a; 3 € F, have limit 0. For the a; g with |a;g| > || we choose
a U in the filter of a and elements A; 3 € O(U) such that the difference of the image
of A; g and a; g in Fy, has absolute value < |r|. We may suppose again that U = X.
We suppose that 7 is chosen such that all coefficients of 7G;(a) have norm < 1 (in
F,). After changing g» into g» — >2, Gi(3-4 A; 3TP) € O(X)(Ty, ..., T,,) we have the
situation that a(gs) — g1 € Fo(Th,...,Tn) and a(g2) € F, (T}, ...,T,) are power series
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with coefficients having absolute values < 1. For the finitely many coefficients in
O(X) of g» with absolute value > 1 we can find a U in the filter of a such that their
spectral norms on f'U are < 1. After shrinking X to U and Y to f'U we arrive
at the situation where all the coefficients of g, are < 1. Hence the spectral norm of
g"N on Y is < 1 and so the spectral norm of g on Y is < 1. |

LEMMA 2.7.3 In the situation of the Key Lemma.
1. The functor S — S|y, preserves flasque sheaves.

2. For any sheaf S on'Y the sheaf ay; ;,(S) = S|y, can be described as follows:
D(WauSly) = L  S(W N~ (0)).
a€UCX

Here W is any special subset of Y.

Proof. (1) This is clear from the first assertion of our Lemma 2.7.1. (2) From Lemma
2.7.1 it follows that for any S we have

P(Wa,Slv,) = lim  S(Z).
ZCY,Zq=W,

The limit is over all admissible open Z C Y such that Z, = W,. From Lemma 2.7.1
part 2 it follows that the Z = W N f~1(U) are co-final in this system. a

Finally, we come to the base change theorem. To give a natural statement recall
that a d-functor between to Abelian categories 4 and B is a sequence of functors
{Tn}n>0 (equipped with certain boundary operators) such that any short exact se-
quence in A is transformed into a long exact sequence in B. (For a more precise
definition see for example [H77]).

THEOREM 2.7.4 (Base change for rigid spaces.) Let f : Y — X be a quasi-compact
morphism of rigid analytic varieties over k. Take any analytic point a of X and denote
by Y, the fibre of f over a. The functors S + H"(Yq,S|y,) (resp. S — (R"f.S),)
on the category of Abelian sheaves on Y;4q form a d-functor. These j-functors are
isomorphic: (R"f*S)a = H"(Y,,S|y,) for any Abelian sheaf S onY'.

Proof. The functor S +— S|y, is exact and so is the functor F — F, on sheaves on X.
From this follows immediately that the functors under consideration form J-functors.
Let us define the canonical morphisms:

(+) (R"1.S), — H™(Ya, Sy,)

Since S|y, = a*(S) there are canonical homomorphisms H"(X,S) — H"(Y,, S|v,)
and these form a transformation of §-functors. For any open subvariety U C X, with
a € U, we have f1(U), =Y, and (S]y-1(17)) |y, = Sly,. Hence the same argument
gives

H™(f~'(U),S) — H"(Ya, Slv,).

Since (R"f. S)a =lim H"(f~*(U), S) (the limit is taken over U as above) we get the
desired map of §-functors.
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To prove that (*) is an isomorphism we may assume that X is affinoid. Let us
first do the case that Y is affinoid. The result for n = 0 is Lemma 2.7.3 with W =Y.
For a flasque sheaf on Y both sides of (*) are zero for n > 1 (use 2.7.3), hence the
standard argument gives the result for general n. (Inject S into a flasque sheaf and
argue by induction on n.)

There are two ways to get the result for general quasi-compact Y.

(1) Choose a finite affinoid covering Y = (J¥; such that all Y;, ;, = Y;, N...NY; are
affinoid (see 2.5.3). The maps (*) for Y and all ;. ;_ induce a morphism of spectral
sequences {1 EF7} — {3EP?} abutting to the maps (quﬂf*S)a — HPT1(Y,,S|y,)
and with as Es-terms the maps (*):

D (7

i0...0q

Yio...iq)*s)a — @ Hp((lfio...iq)aas Yio...iq)
iooniq

These maps are isomorphisms by the above hence we get the result.
(2) Here we just remark that the Key Lemma holds for f : Y — X with X affinoid
and Y quasi-compact. This follows immediately from the Key Lemma as it stands

now. The base change theorem now follows from the same argument as for the case
Y affinoid. |

REMARK 2.7.5 (1) The result is of course most useful for overconvergent sheaves S
since in that case the sheaves R"f,S are overconvergent too and hence ”determined”
by their stalks at analytic points.

(2) The proof given above is the one of [P82]. In [S93] the translation of rigid
overconvergent sheaves on Z to sheaves on M(Z) is used to translate the statement
into the topological base change theorem for the continuous map M(f) : M(Y) —
M(X).

(3) One aim of this paper is to develop a theory of étale points and étale overcon-
vergent sheaves such that the base change theorem and related theorems are valid.

3 ETALE POINTS AND ETALE OVERCONVERGENT SHEAVES

A morphism f : Y — X of analytic spaces over k is called étale if for every y € Y
the induced homomorphism of the local rings Ox f(,) — Oy, is flat and un-ramified.
The term un-ramified means that Oy, /mOy,, is a (finite) separable field extension
of the field Ox f(,)/m where m denotes the maximal ideal of Ox ().

This notion of étale morphism is somewhat complicated. First of all the image
of an étale morphism is in general not an admissible open subset. For affinoids Y, X
however, it has been shown in [M81] that f(1") is a finite union of affinoid subdomains

of X. We will give a proof of this fact below (see Proposition 3.1.7).

We define the étale site in 3.2 (see [S-S]) and we compare the étale topology with
the rigid topology. We define étale points and étale stalks in 3.3. In order to be able
to work with étale overconvergent sheaves we construct étale wide neighborhoods in
the affinoid case. The proof of the étale base change theorem is then similar to the
proof in the rigid case.
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3.1 ETALE MORPHISMS OF AFFINOIDS

Let an extension of rings A — B be given. Let d : B — QQ/A denote the uni-

versal finite differential module of B over A. By definition Qg /A is a finitely gen-
erated B-module and every derivation of B/A into a finitely generated B-module
factors uniquely over d : B — Qg e This module exists in many cases where
the usual universal differential module of B over A is not a finitely generated mod-
ule. For affinoid algebras A, B over the same field k one can give B a presentation
B = A(Ty,...,Tn)/(G1, ...,Gp,). In this case QQ/A exists and is the quotient of the
free B-module generated by dT1, ..., dT;, by its submodule generated by dGy, ..., dG,,.
Let m be a maximal ideal of B and n the corresponding maximal ideal of A. The

completions of the local rings are denoted by B,, and A,,. One can show that Qme /A,

coincides with QQ/A ® B,,. In the situation Y = Spm(B) and X = Spm(A) and y, z

corresponding to m,n one has that B‘m, A, are the completions of the local rings Oy,
and Ox f(,)- The map between the last two local rings is un-ramified if and only if
the map between the completed rings is un-ramified. The last statement is equivalent
with QfB AL = 0. From this and the fact that flatness is a local property one finds
the follo;vnvingn:

OBSERVATION 3.1.1 A morfphism of affinoid spaces }f — X is étale if and only if
O(X) — O(Y) is flat and QO(Y)/O(X) = 0. Further QO(Y)/O = 0 if and only if the

(X)
n X n minors of the matrix (%(;,;“) generate the unit ideal in O(Y").

A special étale morphism of affinoid spaces f : Y — X is a morphism such that
O(Y') has a presentation

OY) = O(X)(T1,...,Tn)/ (G4, ..., Gn)

such that the functional determinant A := det (0G;/0Tj;) is an invertible function
on Y. The morphism Y — X is indeed étale. We need only prove flatness. Let us
check this in a point y € ¥ where T; = 0. The completion of the local ring Oy, is
isomorphic to:

Ox tpl[Tis - Tall/ (G, .., Gn)

Our assumption on A gives that (G1,...,G,) = (T4,...,Ty) in this ring. Hence
the map Ox f(,) — Oy, is flat and un-ramified since it induces an isomorphism on
completions (this is not true for general points y € Y!).

We now present the proof by Huber of the fact that any étale morphism of
affinoids is special étale.

Let ¥ — X be an étale morphism of affinoids. Choose a surjection
O(X)(Ty,...,T,) = O(Y) with kernel I. Since the module of differentials of O(Y")
over O(X) is zero, there is an isomorphism

I)I? — O(Y)dT, & ... & O(Y)dT,.

Thus we may choose G1,...,G, € I whose classes mod I? are a basis of I/I?. Tt
follows that Sp(O(X)(Ty,...,Tn)/(G1,...,Gy)) is equal to Y II Z for some affinoid
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Z. Let us choose an element G € O(X))T1,...,T,) whichis 1 on Y and 0 on Z. It
follows that O(Y") has the presentation

OY)=0(X\T,T\,...,.Ty)/(TG — 1,G4,...,Gy).
It follows immediately that Y is special étale over X.

OBSERVATION 3.1.2 [Hu, 1.7.1] Any étale morphism Y — X of affinoids is a special
étale morphism.

Let f : Y — X be an étale morphism of affinoids and choose a representation
oY) =0(X)(Ty,...,Ty)/(G4,...,Gy) such that {A,G4,...,G,} generate the unit
ideal of the algebra O(X)(Ty,...,Ty). If Z — X is a general morphism, where Z is
an affinoid variety over K, then the fibre product Z xx Y is given by the affinoid
algebra:

O(Z)20(x)0(Y) = O(Z)(Ty, ..., Tp) (G4, ..., G)

Thus it is clear that Z xx Y — Z is again special étale.

OBSERVATION 3.1.3 Etale morphisms of affinoids are preserved by general base
change. It follows that arbitrary étale morphisms f : Y — X are preserved by
general base change. In particular, if b is an analytic point with image a in X then
F, is a finite separable extension of F,.

The following proposition shows that any étale morphism of affinoids can locally
be embedded in a finite étale morphism.

PRrROPOSITION 3.1.4 Let f: Y — X be an étale morphism of affinoids. There exists
a finite affinoid covering X = |J X}, finite étale morphisms g; : Z; — X; and open
immersions hj : f~1(X;) — Z; such that f|;-1(x,) = g; o h;.

Proof. Let us take an analytic point a of X. By compactness of M(X) we need
only to find a wide neighborhood of a in X over which f can be factored as in the
proposition. By Lemma 3.1.6 we may assume that f~({a}) = {b} for some analytic
point b of Y. By the above the field extension F, C F} is finite separable. Hence we
can find a wide U in the filter of a and a finite étale morphism ¢ : V' — U such that
= ({a}) consists of one analytic point v with F}, & F} as F, extensions. See Remark
2.1.2. Let us consider the fibre product ¥ x x V' and its projections. The projection to
the first factor is a finite étale map onto f~1(U), the projection to the second factor is
étale to V and there is an analytic point ¢ =”b x,v” with F,, = F. = F,. Thus by the
lemma below a wide neighborhood W of b is isomorphic to a wide neighborhood of ¢
which is mapped isomorphically to an affinoid subdomain of a wide neighborhood of
v. Lemma 3.1.6 shows that replacing U by a smaller wide U we get that f~1(U) Cc W
is isomorphic to an affinoid open subdomain of V. a

LEMMA 3.1.5 Let f : Y — X be an étale morphism of affinoids and b an analytic
point of Y. Put a = f(b). If F, = F, then there exists a wide U in the filter of a such
that f~1(U) = VIIW where V is a wide neighborhood of b in Y and the morphism
V — U is an open immersion. If f is finite then V' — U is an isomorphism.
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Proof. In the case that f is finite we may assume that f~!({a}) = {b} by replacing
X by U as in Lemma 3.1.6 and Y by a connected component of f~(U). Now O(Y)
is a finite locally free O(X)-module which we may assume to have constant rank
by replacing X by one of its connected components. Our assumptions imply that
F, = O(Y)®O(X)Fa = O(Y) ®o(x) Fa hence this rank must be one. This proves the
finite case.

The general case. We may replace X by a U as in the lemma below and Y
by one of its connected components, hence we may assume that f~'({a}) = {b}.
Let us consider the fibre product ¥ xx Y. Since f is étale, the diagonal A(Y) is a
union of connected components of Y x x Y: A is a closed immersion and it is étale
(look at local rings!), hence by the finite case above it is also open immersion. Put
Z =Y xx Y\ A(Y), it is an affinoid variety. By assumption, b is not in the image
of pry|z : Z — Y. Hence we can find a wide neighborhood V of b in Y such that
pr; 1(V)NZ = (. (Use that the spaces M(Z) and M(Y) are Hausdorff and compact.)
Next we replace X by a wide neighborhood U of a such that f~'(U) C V (see lemma
below) and Y by f~!(U). We see that Y xx Y =2 Y. Thus Y — X is an open
immersion ([BGR, 7.3.3], look at complete local rings in ordinary points of V') and
we have won. a

LEMMA 3.1.6 Suppose f : Y — X is a morphism of affinoids and a is an analytic
point of X.

1. It Y, = Y is the decomposition of the fibre of f into connected components,
then there is a wide U in the filter of a such that f~1(U) = [[V; with (V;), = Yi.

2. IfY, = {by,...,bs} and we are given wide neighborhoods W; C 'Y of b; then we
may choose U such that f~'(U) C |JW;.

Proof. The first assertion is a direct consequence of the base change theorem com-
bined with the fact that f.Z is overconvergent. For 2) take neighborhoods W) of b;
in Y such that W/ CCy W;. By our Key Lemma we can find a neighborhood U’ of a
such that f="(U’) c UW/. For some U C X with U’ cCx U we get f~'(U) c UW;.
(Since |y W} cCy | Wi, compare with proof of Lemma 2.3.2 part 4.) O

ProprosiTION 3.1.7 Let f : Y — X be an étale morphism with Y quasi-compact.

1. The image f(Y) of f is a special subset of X, i.e., it is a finite union of open
affinoid subvarieties of X .

2. An analytic point a of X comes from an analytic point of f(Y') if and only if
there exists an analytic point of Y mapping to a.

3. The formation of the image of f commutes with general base change: if X' — X
is a general morphism then f(Y xx X') = f(V) xx X".

Proof. We remark that the last assertion follows from the other two.

Let us take an admissible affinoid covering X = |J X;. The admissible covering
Y = f !(X;) has a finite affinoid refinement Y = (JI_, ;. It suffices to prove the
proposition for the maps Y; — X,(;). Thus we may assume that both X and Y are
affinoid. At this point let us prove the assertion on analytic points assuming proven
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the result on the image. Take an analytic point a of X. If a is not an analytic point
of f(V) then there exists a neighborhood U C X of a such that UN f(Y) = (. Hence
f7Y(U) =0 and so Y, = 0. On the other hand, if a = f(b) for some analytic point b
of Y then for any U in the filter of a, f=1(U) # (. Hence U N f(Y) # 0, hence a is
an analytic point of f(Y).

Let us prove the first assertion. Using our preceding proposition we may assume
that f factors as Y — Z — X where Y — Z is an open immersion and Z — X is
finite étale. We may also assume that Y is a rational subdomain of Z. We have a
morphism

p: Z — (Py)*"

with Y = ¢~ 1(R) where R = {(zo,...,%n); |z0| > |7i|}.
Suppose the degree of Z — X is constant and equal to d. Consider the d-fold
fibre product

74 = ZxxZx...xx2Z

The diagonals A;; = {(z1,...,24) € Z%z; = z;} are unions of connected components
of Z% since Z — X is étale. We put

W .= Zd\LJA,J

i,j
It is an affinoid variety, finite étale over X endowed with an action of S (the sym-
metric group on d letters). The quotient of W under this action is X in the sense
that T(W, Ow )% = I'(X,0x). (Since Z — X is finite we are doing just algebraic
geometry here.) There is a Sy-equivariant map

pX...xp: W -—P"x...xP"
which descends to a morphism
Sd((p) X = ((]Pn)d/sd)an

It is clear that f(Y) = Sq(¢) ' (R(d)/Sq) with

R(d)=U]PZ”><...><R><...PZ”.

i

There is an obvious formal scheme (Pz,m )" giving rise to (P4)® and R(d) corresponds
to a Sg-stable formal open subscheme of it, namely:

U = U(Pn7k°)/\ X ... X (A,ka)/\ X ... X (]Pn,k°)/\

It follows that R(d)/Sq corresponds to the formal open subscheme 4/ Sy of (P4 ;).
Thus R(d)/Sq is a special subset of ((P,,)¢/S4)*" and hence so is Sa(p)~" of it. O
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3.2 THE ETALE SITE

Let X be an analytic variety over k. In this subsection we recall the definition of
the étale site of X (see [S-S, p. 58]). We give a criterium for a presheaf to be a
sheaf and we give some examples of étale sheaves. Finally, we prove Hilbert 90 in
our situation and we prove that étale cohomology of coherent O-modules agrees with
rigid cohomology.

The underlying category of the site X447 will be the category of étale morphisms
f of analytic varieties f : Y — X. A morphism of f into f’ is a morphism ¢g: Y — Y’
such that f' o g = f; the morphism g is automatically étale.

We say that a family of étale morphisms {g; : Z; — Y };cr is an étale covering if
it has the following property:

For any (some) choice of admissible affinoid coverings Z; = |J; Z;,; we have
Y = UZJ 9i(Z; ;) and this is an admissible covering in the G-topology of Y.

This makes sense since the subsets g;(Z;, ;) are admissible (special) subsets (see Propo-
sition 3.1.7). We remark that the property is local on Y in the following sense: if
Y = |JV] is an admissible affinoid covering then {g; : Z; — Y} is an étale covering
if and only if {g; : g7' (V7)) — Y} is an étale covering for all /. This is so since both
assertions are equivalent to the following assertion:

For each [ there are finitely many (in,ja), « =1,...,n
such that Vi C UL _; gi. (Zi j.)-

From this it also immediately follows that if {Z; — Y} is an étale covering and
{Xi,; = Z;} are étale coverings then {X; ; — Y} is an étale covering.

LEMMA 3.2.1 Suppose {Y; — X} is an étale covering and Z — X is a general
morphism. The fibre product {Z xx Y; — Z} is an étale covering.

Proof. This follows immediately from the definition, the remarks above and Propo-
sition 3.1.7. a

It follows from the above that the category Xgiqre, equipped with the family of
étale coverings as defined above is a site. It is also clear from the lemma that any
(general) morphism f : Z — X defines a morphism of sites Zsiare — Xetare (given
by the functor (Y — X) — (Z xx Y — Z)). The functors on étale sheaves will be
denoted by f. and f* as usual.

For any object Y — X of X444, we get a morphism of sites

Ty/x : Xetale > Yiigid,

comparing rigid and étale topologies. It is defined by the inclusion of categories
Yiigia C Xétate, if S is a sheaf on Xgiqre then T'(V, (ry/x)«S) = T'(V,S). Sometimes
we will use the notation Sly,, ., in stead of (ry,x).S; we will also use this notation
for presheaves S on Xyae. If Y = X the morphism rx,x will be denoted r : X¢ja1. —
Xrigia- If a is an analytic point of X then we put S, := (S|x,,,.0)a = 7(5)a-

PROPOSITION 3.2.2 The presheaf S on Xgqie is a sheaf if and only if the following
two conditions hold:
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1. For any Y in X¢ta. the presheaf S|y, is a sheaf.

igid

2. For any surjective finite étale morphism Y' — Y of affinoids in Xgiqi. the
sequence ) — S(Y) — S(Y')Z S(Y' xy Y') is exact.

Proof. Suppose S satisfies 1) and 2). We claim that S also satisfies 2) for any finite
étale morphism Y’ — Y in Xy, with Y quasi-compact. Just cover Y by affinoids
as in Lemma 2.5.3 and use 1) to show that it suffices to know 2) for all the resulting
affinoid finite étale coverings.

Let us take a morphism ¢ : Z — U in X4 such that

1. ¢ is surjective,
2. Z and U are quasi-compact,

3. ¢ factors as Z — V — U with V — U finite étale and Z — V an open
immersion.

We claim that for any such ¢ the sequence
0= SU) = S(Z)jS(Z v 7Z)

is exact. We prove this by induction on the degree of the morphism V' — U. (If it is 1
then ¢ is an isomorphism and our claim trivial.) Suppose therefore that the degree of
V — U is d and that we have proved our claim in the cases where the corresponding
degree is less than d.

Since V' — U is finite étale we have that the diagonal A(V) C V xgy V is
a union of connected components of V xy V. Its complement W C V xy V is
thus a quasi-compact variety and the morphism pro : W — V is finite étale of
degree < d. Put Z' = Z xg VNW and U’ = pr2(Z'), both are quasi-compact
(see Proposition 3.1.7). The surjective étale morphism ¢’ = pry : Z' — U’ factors
through V' := W npry ' (U') — U’ which is finite étale of degree < d. Furthermore,
it is clear that V =U'n Z.

We have the following commutative diagram:

h — SU) — S(Z) = S(ZxuZ)
{ { {
D — SWU) — S(z) = S(Z'xy 7"

The diagram shows that any element s € S(Z) such that pi(s) = p3(s) gives a unique
element (by induction) s’ € S(U’) such that s'|z = s|z. It is also true that s'|pnz =
s|vrnz (use induction hypothesis for the morphism (¢')~'(U' N Z) — U’ N Z). Hence
by 1) for the covering V' = Z U U’ we get a unique section sy € S(V) with sy|z = s
and sy|pr = s'. We want to show that pj(sy) = pi(sy) on V xy V. Remark that
V x¢ V has the following admissible special covering

VxpV=ZxypZUU xupZUZxgU U xgU'.

Hence by 1) we need only to prove pi(sy) = p3(sy) on each of these. For the most
difficult case, namely U’ xy U’, we remark that the morphism Z' xy Z' — U’ xy U’
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is the composition Z' xy Z' = U' xy Z' — U’ xy U’ of morphisms to which our
induction hypothesis applies. Hence the map S(U’ xy U') — S(Z' xy Z') is injective.
At this point the commutative diagram

S(Z) T S(ZxyZ)

—

1 3
Sz . S(Z'xy Z")
gives the desired result.
To prove that the presheaf S is a sheaf we have to show that any étale covering
{9:: Zi = Y} in Xsiaie gives an exact sequence

D — S(V) — [[S(2) : T15Z xv 2)).

By choosing an admissible affinoid covering ¥ = |JY; and using 1) it is easy to
reduce to the case Y affinoid. Similarly we may reduce to the case all Z; affinoid
also. Using propositions 3.1.4 and 3.1.7 we may assume that each Z; — Y factors
as Z; » V; = U; CY as above. It is now easy to deduce the result from our claim
above. Compare also with [M80, IT 1.5]. O

EXAMPLES OF SHEAVES ON THE ETALE SITE. It follows easily from the criterium
given above that the following presheaves are sheaves. A general object of X¢;q7. will
be denoted by f:Y — X.

1. The structure sheaf G, defined by Y — I'(Y, Oy).
2. The sheaf Gy, defined by Y — I'(Y, O%).

3. For any real number r we can look at the subsheaf of G, given by Y — {f €
T'(Y,0v) : |f(y)| < rVy € Y}. We can also replace the <-sign by the < sign. If
r < 1 we can define a subsheaf of G,, by inequalities of the form |1 — f(y)| < r.

4. Any representable sheaf Y — Morx (Y, Z) given by some variety Z over X.

5. For any Abelian group A we have the constant sheaf Ax with stalks A defined
by: Y + the set of maps Y — A constant on connected components of Y. (This
is in fact a representable sheaf, namely represented by [],. 4 X.)

6. If n is prime to the characteristic of k£ then we define u,, as the kernel of the ho-
momorphism G,, — G,, given by multiplication by n. If k contains a primitive
n'" root of unity ¢ then p,, 2 Z/nZy - (. There is a Kummer exact sequence

11— pp — G, — G, — 1.

7. Suppose that F is a coherent sheaf of Ox-modules on X. We define a sheaf
W(F) of G,-modules on Xgqe as follows: Y — T(Y, f*F), here f* denotes
pullback of coherent O-modules: f*F := f*(F) ®p+0, Oy. It is clear that
W(Ox) =G,.
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Suppose that we are given an étale covering {Y; — X}. We claim that this
coverings allows effective descent of coherent O-modules. This means the following:
suppose we are given for each 7 a coherent Oy,-module F; and descent data. This
means isomorphisms of coherent sheaves

ij 1 priFi — praFj

on Y; xx Y; satisfying the co-cycle relation ¢;; 0 i, = i, on Yy xx ¥; xx Y. In
this situation there exists a unique coherent sheaf of Ox-modules F giving rise to
Fi on each Y; and inducing the isomorphisms ¢;;. In addition, homomorphisms of
systems (F;, ;) as above should correspond to homomorphisms of the corresponding
sheaves F. The proof of this is gotten by paraphrasing the proof of Proposition
3.2.2 in this case. Indeed, the question we are considering is whether the association
Y +— the category of coherent Ox-modules defines a sheaf of categories. It is clear
that rigid coverings and finite étale coverings allow effective descent for coherent O-
modules and hence the reasoning of the Proposition applies.

COROLLARY 3.2.3 Any descent datum for coherent sheaves over an étale covering of
X is effective.

COROLLARY 3.2.4 For any analytic variety X we have the following isomorphisms:
HY(X,G,,) = H' (X,0%) = Pic(X)

Proof. Of course the group Pic(X) is the group of isomorphism classes of line bundles
on X. Since H' = H' any element in H'(X,G,,) can be considered as descent data
for invertible O-modules. By the above these are effective and hence come from an
element of H(X,0%). |

PROPOSITION 3.2.5 Suppose F is a coherent sheaf of Ox-modules. The natural maps
HY(X,igia, F) — HY(X, W (F)) are isomorphisms.

Proof. The maps arise from the identification 7. W (F) = F and the adjunction map
r*F = r*r W (F) - W(F). Hence the result for i = 0. We are going to prove the
proposition by induction on i. Take n and suppose the proposition is proven for all
X, Fandi<mn-1.

For any f:Y — X in Xgsqe consider the map

H"(Y, f*F) = H"(Y, (ry/x)«W(F)) — H"(Y,W(F)).

This map is injective: by induction hypothesis the sheaves R'(ry;x )«W (F) on Yyigia
are zero for 1 = 1,...,n — 1 (they are the sheaves associated to the presheaves
U — HYU,W(F))). Thus the spectral sequence HY(Y,R'(ry;x).W(F)) =
Hi*i(Y,W(F)) gives the result. Consider the presheaf H"™ on Xgt47. defined by

Y — H" := Coker(H™(Y, f*F) — H"(Y,W(F))).

The sheaf associated to this presheaf is zero since any cohomology class in
H™(Y,W(F)) can be killed by an étale covering. Therefore, if we show that H"
is a sheaf then we are done. To do this we use the criterium from Proposition 3.2.2.
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Take any admissible covering ¢ : Y = [JY; of some étale f : Y — X. We have the
morphism of spectral sequences

HUH (f*F)) = HY(Y,[*F)
I |
HiU,H (W(F) = HY(Y,W(F))

(see for example [M80, IIT Proposition 2.7]). We leave it to the reader to verify that
this and our induction hypothesis immediately imply that

0— H"(Y) — [[H" (V) — [[H"inY))

is exact.

Finally, let Z — Y be a finite étale morphism of affinoids in Xg4.. Put A =
O(Y),B=0(Z)and M =T(Y,W(F)). We use the notation Z" = ZxxZx...Xx Z.
It is an affinoid variety. Thus we have that H*(Z} ;;,F ® O%) = 0 for all i,n.
Furthermore, the complex

00— M — M&sB — M& B& 4B —> ...

is exact. (As the ring extension A C B is finite we may replace the completed tensor
products by usual ones and then the result is classical.) Thus the spectral sequence
Hi(U, HI (W (F))) = H**+i(Y,W(F)) for the covering Y = {Z — Y’} and induction
hypothesis gives that

0 — H™(Y,W(F)) — H"(Z,W(F)) — H"(Z xy Z,W(F))
is exact. We have won. a

COROLLARY 3.2.6 Suppose the homomorphism A — B of affinoid algebras defines a
surjective étale morphism of affinoids. For any finite A-module M the complex

0— M — M&4B — M&@sB&sB —» ...

is exact.

3.3 ETALE POINTS AND STALKS

Let us define an étale point of the analytic variety X. An étale point e above the
analytic point a of X is a separable closure F, C H. of F,. We will always denote
by F,. the completion of .. Note that the field F, is algebraically closed (see [BGR,
3.4.1/6]). Therefore an étale point e over a also corresponds to an algebraically closed
complete extension F, C F, such that the algebraic closure of F, lies dense in F,.
The group Gal(H./F,) is equal to the group of continuous F,-isomorphisms F, — F;
this pro-finite group will be denoted G..

An étale neighborhood of e is a triple (Y,b, ¢), where YV is a variety étale over
X, the analytic point b of Y maps to a and ¢ : F, — F, is an F,-embedding. A
morphism (Y, b, ¢) — (Y', ', ¢') is a morphism g : Y — Y’ over X such that g(b) = b’
and ¢' = ¢ o g*. Two étale neighborhoods (Y71,b1,¢1) and (Y, bo, ¢2) are dominated
by a third one: take Y = Y; xx Y5, take the point b in Y corresponding to some
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factor of Fy, ®p, Fp, and ¢ = ¢ ® ¢2. In this way we see that the category of all
étale neighborhoods of e give a filtered system.
The stalk S, of a sheaf S on X4 at the étale point e is defined by the formula:

Se = lim S(Y)
—
(Y:b,¢)

The limit is take over the category of étale neighborhoods of e. If ' (given by F,, C
F,/) is another étale point lying over a, we get by choosing a continuous isomorphism
) : F, — Fo afunctor (Y, b,¢) — (Y, 0,1 0 @) of the category of étale neighborhoods
of e to the category of étale neighborhoods of e’. This gives an isomorphism of stalks

S.:= lm S) 5 So= lim S(V)
— —
(Y,b,0) (Y,0,0)

seSY) wrt. (Y,b,0) — seSY) wrt. (Y,b,¢09)

In particular we get an action of G, on the stalk functor S — S. It is clear that this
action is continuous (with the discrete topology on S.), since any ¢ is stabilized by
an open subgroup of G..

Let us construct some étale neighborhoods of e. Take a finite Galois extension
F, C L, say with group G, contained in F,. By Remark 2.1.2 we can find an affinoid
neighborhood U of @ in X and a finite étale morphism g : V' — U, such that G acts
on V over U, g~'({a}) = {v} and F, = L (G-equivariant). We may also assume that
V and U are connected. It is clear that (V,v, F,, = L C F.) is an étale neighborhood
of e. We claim that these étale neighborhoods are cofinal in the system of all étale
neighborhoods of e.

Indeed, given an arbitrary (Y,b, ¢) take L such that it contains ¢(F}). The fibre
product Y X x V contains a point ¢ with pri(c) =b, pro(c) =v and Fy, — F, 2 F, =
L C F, equals ¢. Using Lemma 3.1.5 we see that there is a commutative diagram

vV — Y
\J T
V +— YxxV

where V! C V is an affinoid subdomain containing ». By the Key Lemma we can find
a smaller affinoid neighborhood U’ of a in X such that ¢g~1(U’) C V'. It is clear that
(g7Y(U"),v,F, — L C F,) is of the form described above and dominates (Y, b, ).

LEMMA 3.3.1 In the situation above.

1. The association S + S, is an exact functor of the category of étale sheaves on
X to the category of continuous G.-sets.

2. For any étale neighborhood (Y, b, $) we have
(S|Y7‘igid)b = ((TY/X)*S),, = HO(Gal(He/¢(Fb))a Se)-
In particular S, = (r.S), = H°(G., S.).

3. The cohomological dimension c¢d(G.) of the pro-finite group G, = Gal(H./F,)
is less than or equal to dim X + cd(Gal(k*?/k)).
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Proof. (1) We have to show that a surjection of étale sheaves S — T induces a
surjection S, — T,. Take an element ¢t € T'(Y") for some étale neighborhood (Y, b, ¢).
There is some étale covering {Z; — Y} of Y and elements s; € S(Z;) such that s;
maps to the element t|z, in T(Z;). By Lemma 3.2.1 the family {(Z;), — b} is a
covering, hence there is some iy and analytic point b;, € Z;, mapping to b. Thus
(Zigs big, x) is a neighborhood of e (here x is some extension of ¢) and s;, gives an
element of S, lifting ¢. (Another proof follows from the result S. < i*S below.)

(2) We only do the case X =Y, a = b. Take an element s € S, which is fixed
by the group G.. By our results above we may assume that s € S(V') for some special
neighborhood (V,v, F,, — L C F.) constructed above. Our assumption is that s is
stable under the action of G acting on S(V) via its action on V. If we show that
V xypV =V xx V is isomorphic to V x G then the sheaf property of S will imply
that s comes from a unique section of S over U and hence we will be done. However,
this again is a consequence of Remark 2.1.2 at least after shrinking U a bit.

(3) We use the notations of Lemma 2.1.1. By [S64, IT 4.1] we may replace Fy,
by K, since this can at most increase the cohomological dimension. The field K is
the completion of k(t) = k(t1,...,ts) for some valuation and some d < dim X. But
then the group Gal(K*°?/K) is a closed subgroup of the group Gal(k(t)**?/k(t)). We
conclude by [S64, I Proposition 14, IT Proposition 11]. a

There is a more canonical way to understand the étale stalks S.. Consider the
general morphism
i 1 a =Spm(F,) — X.

It is clear that the category of sheaves on ag.. is equivalent to the category of
discrete Ge-sets. (Compare [M80, IT 1.9].) Therefore i% is a functor of sheaves on
Xetale to the category of discrete Gal — cont(F,/Fy)-sets. This functor is precisely
our functor S + S.. The functor (i,). has the following description: if M is a set
with a continuous G.-action, then

T(Y, (i) M) = [[ (Homp, (Fy, F.) x M)
beY,

We leave it to the reader as a nice exercise that this functor is exact. It follows from
the yoga of adjoint functors that S — (i,)*S = S transforms injective sheaves into
injective G.-modules.

COROLLARY 3.3.2 There are canonical isomorphisms
(Rqr*S)a = HY(G., Se).

Proof. For q = 0 this is the lemma above. It follows for general ¢ by the usual
argument using that if S is injective then both sides are zero. (See above.) a

As in the rigid case we do not have enough étale points to separate étale sheaves.
To overcome this difficulty we introduce the étale overconvergent sheaves: A sheaf S
on Xetare is said to be (étale) overconvergent if Sly,, ., is overconvergent for all ¥’
in X¢iq1e- Before we can prove interesting properties of these sheaves we need some
technical preparations; these will be done in the next section.
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3.4 ETALE OVERCONVERGENT SHEAVES ON AFFINOIDS

In this section X will be an affinoid variety. Let f : Y — X be a morphism with Y
affinoid and let b be an analytic point of Y. We will say that Y is a wide neighborhood
of b over X if there exists an affinoid generating system fi, ..., f, of O(Y) over O(X)
such that |f;|p < 1 for all ¢ = 1,...,n. Note that this agrees with our definition in
§3.1 in the case that f is an open immersion.

Next we define the notion of relative compactness over X. Let us take a quasi-
compact analytic variety Z over X and a quasi-compact open subvariety Y C Z. We
say that Y is relatively compact in Z over X, or that Z is a wide neighborhood of Y
over X, if for any analytic point b of Y there is an affinoid neighborhood V' C Z of
b which is a wide neighborhood of b over X. Notation: ¥ CCx Z. Remark that if
Y CCz Y’ in this situation then also Y CCx Y’. We note that if both Y and Z are
affinoid then this agrees with the definition of [BGR, p. 394] (proof same as proof of
[S93, Proposition 23], see also [B90, §2.5]).

Suppose that f : Y — X is an étale morphism with Y quasi-compact. We want
to construct wide neighborhoods of f. We only do this in the case that f is an étale
morphism of affinoids. Thus Y is affinoid and O(Y") has a presentation:

oY) =0X)(T1,...,Tu)/(G1,...,Gp)

such that A = det(0G; /9T;) generates the unit ideal of O(Y). A fundamental prop-
erty of special étale morphisms is that we may always choose this presentation such
that Gy,...,G, € O(X)[T1,...,T,]. This follows immediately from the proposition
below; in it we use |R| for the supremum norm of an element R € O(X)(Ty,...,T,).

LEMMA 3.4.1 In the situation above there exists an € > 0 such that if we take any
Ry,...,R, € OX){T1,...,T,) with |R;| < € then we have:

1. The affinoid algebra O(X)(T4,...,Tn)/(G1+ Ra,...,Gp+ Ry) defines a special
étale morphism f': V' — X.

2. There exists an isomorphism Y =Y’ of analytic varieties over X .

Proof. Let us write A + R for the determinant of the matrix (8(G; + R;)/0T;). It
is clear that if the R; have small norm then R has small norm. Since A, G; generate
the unit ideal of O(X)(T4,...,Ty) it follows that A + R,G; + R; also generate the
unit ideal if |R;| is small enough. This proves (1).

We claim there exists for any positive § < 1 an € > 0 such that for any affinoid
O(X)-algebra A the following holds: If there are ay,...,a, € A with all |a;] <1 and
all |Gi(a, ...,an)| < €, then there are by,...,b, € A such that all |a; —b;| < ¢ and all
Gi(b,...,bn) = 0.

We suppose given ay,...,a, € A with all |a;| <1 and all |G;(aq, ...,a,)| < €, the
size of € will be determined later. For an element b = (by, ..., b,) € A™ we write ||b]| =
max |b;|. Further G = (G4, ...,Gy) is seen as a map from {b € A™;||b]|] < 1} to A™.
Let G/JT denote the Jacobian matrix of G. Note that |(0G/IT)| is bounded from
below away from zero on Y, hence is bounded from below by 7 > 0 in a neighborhood
of the form |G;| < €y, some €y > 0. We apply Newton’s method; consider the map
Z :bw b— (0G/OT(b))"*G(b). By the remark above, and by considering a power
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series expansion of the map G, we see that for § small enough (so that the quadratic
and higher order terms of the power series are negligible) and € < nd (for the constant
terms) this defines a selfmap of the set S := {b € A";||b—a|l < d}. Moreover it is then
clear that the map Z : § — S is a contraction. The fixed point b of the contraction
satisfies G(b) = 0.

We apply this claim to A = O(X){(T\,....,Tn)/(G1 + Ry,...,Gp, + Ry) with
the |R;| < e and where a;, ¢ = 1,...,n is the image of T; in A. There re-
sults a morphism of affinoid O(X)-algebras a : O(X)(T4,...,Tn)/(G1,...,Grn) —
O(X)(Ty,....,Tn)/(G1 + Ry, ...,Gpn + Ry), with a(T;) close to T;. We can do the
same in the other direction to get 8 : O(X)(T1,...,Tn)/(G1 + R1,...,Gn + R,) —
O(X )T, ....,Tn)/ (G4, ...,Gy), with B(T;) close to T;. The composition is an endo-
morphism of O(Y) = O(X)(T4, ...,Tn)/(G1, ..., Gp) as an O(X)-algebra which is close
to the identity. It follows that this must be the identity by looking at the graph of it in
the fibre product Y x x Y, where the diagonal is a union of connected components. O

Let us take an étale morphism of affinoids f : Y — X and take a presentation
oY)=0X)(T,...,Tn)y/(Gy,...,Gy) with G; € O(X)[T1,...,T,]. The functional
determinant of this presentation A = det(0G;/9T;) is viewed as a function on X X
AN-an - We define a morphism f(r) : Y (r) = X for r € /|k*|,r > 1 as follows:

Y(r)= {(a:,tl,...,tn) € X x A |t;| <7 and Gi(z,ty,...,tn) = 0}

We claim that if our r is close to 1 then f(r) will again be special étale. To see this
we note that there is a presentation:

O () = O(X)(S1,...,Sn,T},..., T2/ ((T))™ — =™+ S;, Gi(xTY,...,7T}))

’ n 2

Here 7 is an element of k with ™ = |r| and the relation of the coordinates is that
S; = #7'T/™ and T] = n~'T;. The functional determinant of this presentation is
7" Aly(y). It is therefore clear that Y'(r) — X is special étale as soon as A €
L'(Y(r), Oy(y)) is invertible; this will be the case for r sufficiently close to 1 (the zero
locus of A lies a positive distance away from Y!). Finally it is clear that Y CCx Y (r).
We will use the notation Y (r) even if no explicit presentation of O(Y") is given, the
number r will always denote an element of 1/|k*| bigger than 1 and small enough.

At this point we want to prove the analog of Lemma 2.3.1 in this situation.
However, we need to be careful since any étale U — X has many non-separated wide
neighborhoods, so the wide neighborhoods Y C Y (r) can only be cofinal in the system
of separated wide neighborhoods. Although this is in fact true, we restrict ourselves
to the case of affinoid varieties.

LEMMA 3.4.2 With notations as above.

1. Let W, U CCx V be affinoid varieties étale over X and f : V — W a mor-
phism over X. If V' is a wide neighborhood of U in V', then f(V') is a wide
neighborhood of f(U) in W. For varying V' these give a cofinal system of wide
neighborhoods of f(U). If f|y is an isomorphism U — f(U) then for some
U cCy V' f induces an isomorphism V' — f(V').

2. If U cCx V are affinoid varieties étale over X and ¢ : Y — U is a morphism
then for some r > 1 there exists an extension ¢(r) : Y(r) = V of ¢. This
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extension is unique if r is sufficiently close to 1. In particular the Y(r), r > 1
form a cofinal system of affinoid wide neighborhoods of Y over X.

3. Suppose that Y; — X, i =1,...,n is étale and Y; affinoid. We have:

Yl(r) XX“.X)(Yn(T’)Z (Y1 XX“.X)(Ym)(’r’)

Proof. Suppose we show that if b is an analytic point of U (with image a in W), then
there is a wide neighborhood V;, of b in V' such that f(V}) is a wide neighborhood
of a in W. This immediately implies the first statement of (1). The statement on
co-finality then follows immediately by letting V' run through the inverse images of
such a system of wide neighborhoods of f(U). Let Z denote the complement of the
diagonal in V' xy V; it is a union of connected components and hence affinoid. Under
the last assumption of (1) we have pr1(Z)NU = . Thus for some wide neighborhood
V' of V we have V' xyw V' =2 V' and hence it will map isomorphically onto f(V')
(compare with Lemma 3.1.5).

Let us construct the neighborhood V3. By assumption there exists an affinoid
generating system fi,..., fr of O(V) over O(X) such that |f;|s < 1. Take a wide
neighborhood V; of b such that ||fi|lv, < 1. By Lemma 3.1.6 we can find a wide
neighborhood W, of a in W such that f='(W,) = |JV; as in 3.1.6.1 and V; C V} is
a wide neighborhood of b. Thus we may replace W by W, and V by V; and assume
that ||fi]lv < 1 for a generating system fi,..., f, of O(V) over O(W). But then V'
is finite over W [BGR, 9.6.3/6], so we get the existence of V, by Lemma 3.1.5.

To prove (2) we apply (1) to the projection Y (r) xx V — Y (r). We see that
there exists a wide neighborhood of the graph I'y, C Y xx U C Y (r) xx V which
maps isomorphically onto a wide neighborhood Y of Y in Y (r). Hence we can find
some ', 1 < 7' < r such that Y (') C Y’ (see Lemma 2.3.1). This ' works.

The proof of (3) is formal. i

The lemma above allows us to work with étale morphisms of affinoids only. There-
fore we introduce the special étale site of X. (Recall that X is affinoid.) It is denoted

X7 . and is defined as follows:

1. Objects are étale morphisms Y — X with Y affinoid, i.e. special étale ones.
2. Morphisms are morphisms of analytic spaces over X.

3. Coverings are those finite families of morphisms {f; : Y; — Y} such that

U/fi(Ys) =Y.

It follows from the remarks made after the definition of special étale morphisms and
Lemma 3.2.1 that this is indeed a site. It is functorial with respect to (general)
morphisms of affinoids: Z — X induces a morphism of sites ZZ} ,. — X/ ..

The morphism of site X¢gq7e = X gfale, given by the inclusion functor, induces an

equivalence of associated topoi. (Use 3.1.2.)

LEMMA 3.4.3 The topos of sheaves on X:!  is coherent (see [SGA 4, Exposé VI]).

étale
In particular, étale cohomology of étale Abelian sheaves on X commutes with filtered

direct limits, see [Ibid, 5.2].
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Proof. 1In the site X7} finite fibered products are representable and any object is
quasi-compact (see [Ibid, Definition 1.1]). Since it also has a final object we are done,

see [Ibid, 2.4.1]. ad

The following lemma characterizes overconvergent étale sheaves on X in terms
of the site X3P, .
LEMMA 3.4.4 A sheaf S on X;F

tale COrresponds to an overconvergent sheaf on Xegiqre
if and only if the natural map

lim §(Y(r)) — S(Y)
r>1

is an isomorphism for all Y — X affinoid étale.

Proof. Suppose that S is overconvergent. In this case S|y ,,) is overconvergent for
some 7o > 1. Hence 3.4.4 is an isomorphism since Y CCy(y,) Y (r), 1 <r < rqo forms
a cofinal system of wide neighborhoods of ¥ in Y (r).

Conversely suppose 3.4.4 is an isomorphism always. Let ¥ — X be an étale
morphism of affinoids. We have to show that S|y is rigid overconvergent. Let U C Y
be a rational subset of Y. Choose some 79 > 1 such that ¥ CCx Y (ro) and Y (7o)
is étale over X. Denote for r > 1 by U(r) the wide neighborhood of U in Y (7o)
defined in §3.3. It follows easily from Lemma 3.4.2 that these wide neighborhoods
U cCx U(r) form a cofinal system of affinoid étale wide neighborhoods of U over X.
Hence our assumption gives the isomorphism lim S(U(r)) = S(U).

However, we want to show that the map lim S(U(r) NY) — S(U) is an isomor-
phism. It is clear from the above that this is a surjection. Using for all the rational
subdomains U(r)NY of Y the bijectivity of the map S((U(r)NY)(r")) = S(U(r)nY),
it also follows that the map is injective. This proves our lemma. |
We will say that a presheaf on X:?  is overconvergent if the map 3.4.4 is always
an isomorphism. At this point we introduce a useful method to produce overconver-
gent (pre)-sheaves on X:? . Let S be a presheaf on X;’ . We define the presheaf

étale" étale’
cS on X7}, as follows:
L(Y,eS) = cS(Y) = lim T'(Y(r), )
r>1

for any Y in X7, .. Note that Lemma 3.4.2 implies that this is independent of the
chosen representation of O(Y) over O(X) and that ¢S is indeed a presheaf. The
construction ¢ is a functor, there is an obvious functorial arrow ¢S — S and the map
ccS — ¢S is an isomorphism. Hence the presheaf ¢S is overconvergent. It is therefore
clear that the functor ¢ is a right adjoint of the inclusion functor: overconvergent

sp sp
presheaves on X;, ;. — presheaves on X , .

LEMMA 3.4.5 With notations as above.

1. If S is a sheaf then ¢S is a (overconvergent) sheaf. The functor S +— ¢S is a
right adjoint of the inclusion functor: overconvergent sheaves on X — sheaves

on X. The functor S+ ¢S is left exact on the category of sheaves on X}; ..
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2. If J is an injective sheaf on X3!, and U = {Y; — Y} is a covering in X!,
then

HiU,eT)=0Vi>0.
It follows that ¢J is a flabby sheaf on X:P

étale”

3. Any overconvergent sheaf can be embedded into a sheaf of the form ¢J with J
injective.
Proof. LetU = {g; : Y; = Y} be a coveringin X’ . We want to show the following:
there exists a set of coverings U, such that for any (pre)sheaf S we have a canonical
isomorphism:

(+) lim C(Un, ) = C(U,cS)

(The symbols C denote Cech-complexes.) It is clear that this will prove that ¢S is a
sheaf if S is a sheaf and it will prove the second assertion of the lemma. We leave the
adjointness property to the reader, as well as the third part of the lemma.

We will only prove the above in the case that the coveringd = {g: Z — Y} is
given by one map. Since for an arbitrary (and hence finite) covering in X7 . there
exists a covering consisting of a single morphism giving an isomorphic Cech-Complex
there is no loss of generality. To do this we fix 7o > 1 small enough such that Y (r)
is étale over X and a r; > 1 small enough such that g extends to §: Z(r1) = Y (rp).
Next, for any 73, 1 < ro < ry, we choose a r3(rz), 1 < r3(r2) < 79 such that
Y (r3(r2)) C g(Z(r2)). This is possible by Lemma 3.4.2, which also implies that we
may choose r3(r2) to be a decreasing function of rs, decreasing to 1 in fact.

We put Z,, = Z(r2) N g~ (Y (rs(r2))). The coverings we are looking for are
Upy, = {Zy, = Y (r3(r2))}. Note that there are commutative diagrams for 1 < rh < ra:

Z — Zy — Ly

! ! !
Y — Y(rs(rh) — Y(rs(ra))

Hence we get the map (*). To show that (*) is an isomorphism we only need to prove
that

Z Xy ...Xy Z CCx Zr2 XY (rg(re)) -+ XV (rs(rs)) ZT2

forms a cofinal system of wide neighborhoods of Z Xy ... Xy Z as ry decreases to
1. This is clear from the following three facts: 1) Z,., xx ... Xx Z,, forms a cofinal
system of wide neighborhoods of Z x x ... X x Z (see Lemma 3.4.2),2) Z xy ... xy Z
is a union of connected components of Z Xx ... xx Z and 3) the intersection of
Zpy XY (rs(ra)) - -+ XY (rs(ra)) Zpy With Z xx ... Xx Zi8 Z Xy ... Xy Z. O

LEMMA 3.4.6 (Properties of overconvergent sheaves on X'

itoie-) In this lemma all
(pre-)sheaves are (pre-)sheaves of Abelian groups.
1. The sheaf associated to an overconvergent presheaf is overconvergent.

2. For any overconvergent sheaf S the presheaves Y + HY(Y,S) are overconver-
gent; for any q the rigid sheaf R(rx/y)«S is overconvergent on Y, in particular
the sheaves Rir,S are overconvergent on Xy,igiq.
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3. The category of overconvergent sheaves is an exact subcategory of the category

sp
of all sheaves on X ..

4. If f : Z — X is a general morphism of affinoids then f* and f, preserve
overconvergent sheaves. The same holds for R? f, for any q.

5. If {f; - X; — X} is a special étale covering of X then a sheaf on X}, . is
overconvergent if and only if each f}(S) is overconvergent.

6. An overconvergent sheaf S is zero if and only if its étale stalks S. are zero for
all étale points e of X.

Proof. 1) Let a(S) denote the sheaf associated to S. The map S — a(S) factors as
S — ca(S) — a(S) since S is overconvergent. By the universal property of a.S we get
a section a(S) — ca(9) (as ca(S) is a sheaf). It follows that a(S) is a direct summand
of the overconvergent sheaf ca(S) and hence overconvergent.

2) Embed S in an overconvergent flabby sheaf as in the preceding lemma: 0 —
S — ¢J. The quotient presheaf is overconvergent hence so is the quotient sheaf @) by
1). For any affinoid Y étale over X we get the exact sequence

0— H°(Y,S) — H"(Y,eJ) — H°(Y,Q) — H'(Y,S) — 0

and isomorphisms H?(Y,S) = H?~Y(Y, Q) for ¢ > 1. Tt follows immediately that the
presheaf Y — H(Y, S) is overconvergent and the usual induction on ¢ does the rest.

3) Follows from 1) and 2) and the results on rigid overconvergent sheaves.

4) Remark that if Y — X is affinoid étale then Y (r) xx Z 2 (Y xx Z)(r). The
rest of the argument is completely analogous to the proof of Lemma 2.3.2 part 4.

5) Same argument as in the rigid case.

6) This is immediate from Lemma 3.3.1 combined with the result for rigid over-
convergent sheaves. O

3.5 ETALE OVERCONVERGENT SHEAVES ON GENERAL X

Let X be an arbitrary analytic variety over k. Recall that a sheaf S on Xgzqe is
overconvergent if S|y is rigid overconvergent for any Y étale over X. It is clear from
Lemma 3.4.6 that this condition is local in the étale topology on X.

There are now a number of easy consequences of the above which we list here:

1. If f: Z — X is an arbitrary (general) morphism then f* preserves overconver-
gent sheaves.

2. If f : Z - X is quasi-compact then R?f, preserves overconvergent sheaves.
(Compare proof of Proposition 2.4.1.)

3. For any overconvergent sheaf S on X the rigid sheaves R?(ry,/x).S (in particular
Rr,S) are overconvergent.

Finally, we have the following result.

ProrosiTION 3.5.1 If X is paracompact and S is an overconvergent torsion sheaf
on X¢iare then H1(X,S) = 0 for all ¢ > 2dim X + cd(k), where cd(k) denotes the
cohomological dimension of k.
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Proof. Consider the spectral sequence with Es-term Hi(Xrigid,Rjr*S) converging
to Hiti(X,S). By Corollary 3.3.2 and Lemma 3.4.6 we get that the sheaves Rir,S
are zero for j > dim X + cd(k). Hence we get the result from Corollary 2.5.10. i

3.6 GALOIS ACTION ON COHOMOLOGY

Let us take a separable closure k*¢P of k and let us denote by K the completion of
k*¢P with respect to the absolute value ||. Note that K is algebraically closed (see
e.g. [BGR, 3.4]). We remark that the group G := Gal(k*®? /k) can be identified with
the group of continuous automorphisms of K over k.

Take an analytic variety X over k and an étale sheaf S on it. Consider the variety
X®K over K and the general morphism o : X®K — X. For any ¢ € G there is an
obvious general morphism ¢, : X&K — X&K. This is not a morphism of analytic
varieties over K unless o = idg; it lies over the continuous field homomorphism
o : K — K. Since it is clear that @« = «a o ¢,, we get an isomorphism «*(S) =
(a0 vs)*(S) = (vs)*a*(S). Thus we get

i H(X®K,a*S) — HY(XQK,a*S).

This defines an action of G on H{(X®K,a*S).
Another way to get a G-module is to consider the morphism

p: X — Sp(k)

As was noted above the sheaves Rip,.S correspond to G-modules (Rip* S)e. It will be
shown below that these two Galois modules agree in the case that X is quasi-compact.

3.7 ETALE BASE CHANGE

Let f : Y — X be a quasi-compact morphism of analytic varieties over £ and S an
étale sheaf on Y. The étale base change theorem compares the cohomology of S on
the étale fibre Y, with the étale stalks at e of the sheaves R?f,S. The étale fibre is
just defined as Y,&F,, or as the fibre product of the general morphism Sp(F.) — X
with the morphism Y — X. The result will be an isomorphism of G.-modules. As in
the rigid case the theorem will follow formally from a lemma describing the étale site
of the fibre Y, in the affinoid case.

Therefore we suppose that f : Y — X is a morphism of affinoids over k& and we
fix an étale point e lying over the analytic point a of X. For any étale neighborhood
(U, b, ¢) of e with U affinoid we can consider the special étale site of Yy := Y xx U.
Using ¢ we can see e as an étale point of U lying over b and then it is clear that
(Yu)e = Sp(F,) xy Yy = Sp(F.) xx Y =Y,. Thus a general morphism Y, — Yy
which gives rise to the functor

(Y0)ite — (Vo)

étale étale
VoYy — V.Y,

On the other hand, if the affinoid étale neighborhood (U’, V', ¢') dominates (U, b, ¢),
there is clearly a functor (Y7)2},,. = (Yur)%,. compatible with the functor described
above.
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LEMMA 3.7.1 The functors above define an equivalence of sites:

R

(;;_r);) (YU)Zfale - (Y;f)z)ale'

Proof. Note that all functors defined above underly morphisms of sites in the reverse
directions. The statement follows from the following three assertions:

1. For any étale morphism V' — Y, with V affinoid there exists an affinoid étale
neighborhood (U, b, ¢) and an étale W — Yy morphism of affinoids such that
W, =2V as varieties over Y,.

2. Given two étale morphisms W; — Yy, W; affinoid (i = 1,2 and U as above)
and a morphism v, : Wi . = W5, there exists an affinoid étale neighborhood
(U',V,¢') dominating (U, b, ¢) and a morphism g : Wy yr — Wo p such that
Yy e = e. This ¥y is unique if U’ is small enough.

3. If {g; : W; — W} is a finite set of morphisms in (Yy)iF  and {W;, — W,} is

étale
an étale covering then {W; ;v — Wy} is an étale covering if U’ is small enough.

Let us prove 1). By definition O(V') has a presentation
OWV)= O )T,...,Tn)/(G1,...,Gy)

such that A := det(9G;/9T}) is invertible. By Lemma 3.4.1 we may suppose that
the G; are polynomials. Since O(Y,) = O(Y)®O(X)Fe we can approximate the G; by
polynomials with coefficients in O(Y") ®(x) L for some finite separable field extension
F, C L C F.. By Lemma 3.4.1 we may assume G; € O(Y) ®o(x) L[T1,...,Tys].
We can construct (U,b,¢) such that ¢(Fp) DO L (see 3.3); for this U we can find
polynomials P; € O(Y)@O(X)O(U)[Tl,...,Tn] mapping to the G;. The function
A(P) = det(aPl/aT]) on

W = Sp(O(Y)®0(x)O(UNTY, ..., T}/ (Pi,- .., Pn)

is such that its restriction to W, is invertible. Hence, A(P) is invertible on W, hence
by Lemma 2.7.2 or 2.7.1 we get that A(P) is invertible on W after shrinking U. This
gives that W — Yy is special étale and W, 2 V by construction.

Next we do 2). Note that the morphism . : Wy . — Ws . gives rise to a graph
morphism T, : Wi . — (W1 xy, Wa). and that this morphism identifies W . with
a union of connected components of (W; Xy,, Ws).. Hence I, is an étale morphism
of affinoids. By 1) there exists a smaller étale neighborhood (U’,b',¢') and an étale
morphism of affinoids I'yy : W — (W Xy, Wa) xp U' = Wy i xy,, Wopr with
W, 2 Wiy, and T'yr . = T'.. We replace (U, b,¢) by (U',b,¢') and hence we have
I: W — W, xy,, Wa. Consider p» = pr, o I'. By the above we have that (p2). is an
isomorphism. It follows that (p2)s is a bijective (on analytic points) étale morphism
of affinoids and hence an isomorphism. Thus for any analytic point ¢ € W3, we have
that p, *(c) consists of one analytic point ¢ € W with F. = F,.. Lemma 3.1.5 implies
that ps is an open immersion in a wide open neighborhood Wi (c) of ¢ in W;. Finitely
many Wi (c)p’s cover Wi, and Wy, = Wi j, hence by the key lemma for the rigid case
we may shrink U and get that ps is an isomorphism (apply the key lemma to both
W and Wy). Clearly, the morphism pry o' o (py) ™! : Wy — W does the job.
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The uniqueness follows easily from the rigid key lemma by looking at graphs as
above.

Finally, if the assumptions are as in 3) then W, = (U, gi,c(Wi,.) implies Wj =
U gip(Wip), since formation of image commutes with arbitrary base change, see
Lemma 3.1.7. Thus the statement follows from the rigid case, i.e., if U small enough
then W = g;(W;). O

This was the hard part of the proof of the base change theorem in the étale case.
We can deduce the following analog of 2.7.3.

COROLLARY 3.7.2 Consider the general morphism o : Y, - Y.
1. The functor a* preserves flabby sheaves.

2. For any sheaf S on Y;?, | any (U,b,¢) and any W — Yy as above we have:

T(W,,a*S) = T(W xy U, S)

(U,b,¢)

(5

(U'p',¢'

v

Proof. For any S on Y;?, we have H(Y,,a*S) = lim H?(Yy, S), by Remark 2.5.9
and the previous lemma. The same argument gives HY(W,,a*S) = lim H*(Wy, S)
for W as in 2). The results of the corollary follow directly from this. a

THEOREM 3.7.3 Let f : Y — X be a quasi-compact morphism of analytic spaces
over k. Take an étale point e of X and denote by Y, the (étale) fibre of f at e. The
functors

S+ HY(Y.,a*S) resp. S+ (Rf.S).

are 6-functors of the category of Abelian sheaves on Yg;q. to the category of continuous
Ge-modules. These §-functors are isomorphic.

Proof. Remark that Y, = Y,®F, and that a*S is the pullback of S|y, ,,,,. via the
general morphism Y, — Y,. Thus we see by 3.6 that the groups H4(Y,, a*S) indeed
have a Galois module structure. In the same way as in the proof of the rigid base
change theorem it is proved that the functors under consideration form d-functors.
The maps

(R?f.S), — HI(Y.,a*S)

are defined similarly as in the proof of Theorem 2.7.4. These maps commute with
Galois action since the action on both sides is defined through the action of G, on F..

Let us prove that these maps are isomorphisms only in the case that both X and
Y are affinoid. The general case then follows as it did in the rigid case. The result
for ¢ = 0 is just Corollary 3.7.2 part 2) with W = Y. The general result follows by
induction on ¢ and the fact that a* preserves flabby sheaves. a

COROLLARY 3.7.4 If f : Y — X is quasi-compact and has finite fibres then RIf,S is

zero for ¢ > 1 and any overconvergent sheaf S on Yg;q1.. In particular the cohomology
of S onY is equal to the cohomology of f,S on X.
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COROLLARY 3.7.5 (Hochschild-Serre spectral sequence.) Let K be a completion of a
separable closure k*°P of k. Let G = Gal(k**? /k) denote the continuous Galois group
of K over k. For any quasi-compact variety X over k and any Abelian sheaf S on
Xe¢iale there is a spectral sequence

H(G, H (X&K,a*S)) = H*(X, 5).
Here o : X®K — X is as in 3.6 and H?(G,—) denotes continuous cohomology.

Proof. Let us write p : X — Sp(k) as in 3.6. Let a denote the unique analytic
point of Sp(k) and let e be an étale point lying over a. First we note that (if S is
overconvergent)

HY(X®K,a"S) = (R'p.S).

as G-modules by the theorem above. This shows that the G-module on the left has a
continuous G-action if it is given the discrete topology. It also proves that

H°(G,H*(X®K,a*S)) = H*(G, (pS)e) = (p8)a = H*(Sp(k), p..S) = H'(X, 5).

Here we used Lemma 3.3.2. Hence we only need to show that the functor which maps
S to the Galois module H*(X®K,a*S) transforms an injective sheaf S on X into an
acyclic G-module. Since we are taking continuous cohomology we have:

HY(G,H*(X&K,0*S)) = lim HY(Gal(k'/k), H*(X&K,a*S)9),
kCE'

where the limit runs over all finite Galois extensions k C k' contained in K. By an
argument as above this is the limit over the groups

HY(Gal(k'/k),H*(X @ k', 5)).
But since S is injective these groups compute the cohomology groups H?(X, S) (com-

pare [M80, Theorem 2.20]) and these are zero for ¢ > 1. O

4 COHOMOLOGY OF VARIETIES OF DIMENSION AT MOST 1

In this section we suppose that the field & is algebraically closed. Let p > 1 denote
the characteristic of the residue field of k. We put p = 1 if the residue field of &
contains the field of rational numbers. Further X will denote an analytic space over
k of dimension < 1.

4.1 SOME GENERAL RESULTS

For m» > 1 which is not divisible by the characteristic of k£, we consider the exact
sequence
0— pn — G — Gy, — 0

of sheaves on Xgiqe. This sequence induces the following distinguished triangle of
complexes on X,;gq:

— Rrypt, — RriG,, — Rr.G,, — Rr.u,[1]
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We already know quite a lot about the homology sheaves of these complexes: We
know that Rr.u, = 0 for all ¢ > 2 by Lemma 3.3.1 and Corollary 3.3.2 combined
with the fact that R7r,p, are overconvergent (Lemma 3.4.6). Further we know that
R'7,.G,, = 0 by Corollary 3.2.4. The following result is a formal consequence of this.

LEMMA 4.1.1 In the derived category of Abelian sheaves on X,;4;q¢ we have the fol-
lowing isomorphism
Rropu, = (0% = 0%),

where the first term on the right is placed in degree 0.

LEMMA 4.1.2 Let X be connected paracompact (and still have dimension < 1). We
denote by Z /nZx the constant sheaf with fibre Z /nZ on X¢ta1., where n is prime to
the characteristic of k. We have H°(X,Z /nZx) = Z/nZ and HY(X,Z/nZx) = 0 for
q=>3.

1. There is an exact sequence
0 — H' (Xpigia, Z/n7) — H (X, 7 [nZx) — H*(Xpigia, R'r.Z[/nZx) — 0

and we have H*(X, 7 /nZx) = H" (X, igia, R'rZ [nZx).

th

2. A choice of a primitive n*"-root of unity determines an exact sequence

0 — O(X)*/O(X)*™ — H'(X,Z /nZx) — ker(n, Pic(X)) — 0
and an isomorphism H?(X,Z /nZx) = Pic(X)/nPic(X).

Proof. The statement on H? is trivial. Consider the spectral sequence with Es-
terms HP(X,igia, R17.Z /nZx) abutting to HP*9(X,Z /nZx). Clearly 1) follows since
Rr,Z/nZx = (0) for ¢ > 2 and cohomology of rigid sheaves is zero on X in dimen-
sions > 2 by Corollary 2.5.10.

A choice of a primitive n*-root of unity determines an isomorphism of sheaves
Z|nZx = uy. Thus statement 2) follows from the lemma above and the vanishing of
rigid cohomology in degrees > 2 on X. m|

h

4.2 THE COHOMOLOGY OF Z/nZ WITH (n,p) =1

In this subsection we will determine the cohomology of X in certain cases where X
is smooth and irreducible. We will use the word curve to denote a separated analytic

variety of pure dimension 1. Recall that we are working over an algebraically closed
field.

PROPOSITION 4.2.1 Let C' be a nonsingular projective curve of genus g. We compute
the cohomology with values in Z /[nZ for (n,p) = 1 of an open subvariety X of C as
follows.

1. If X = C, then HY(X,Z /nZx) = (Z/nZ)*9 and H*(X,Z/nZx) = Z/nZ.

2. If X is the complement of finitely many points ¢i,...,¢, (a > 0) in C, then
HY(X,Z/nZx) = (Z/nZ)?T* ! and H*(X,Z /nZx) = 0.
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3. Suppose X is C'\ (D1 U...U D,) where the D; are disjoint open discs in C. In
this case H (X, Z /nZx) = (Z /nZ)?*9*t* ! and H*(X,Z /nZx) = 0.

In all of these cases, for any extension of algebraically closed complete valued fields
k C K, the natural map H'(X,Z /nZx) - HY(Xk,Z/nZx,) is an isomorphism.

Proof. Part 1) follows from Lemma 4.1.2 part 2) and the fact that Pic(C') corresponds
to the algebraic Picard group of C' by GAGA. Note that the isomorphism for H? is
given by the isomorphism Pic(C)/nPic(C) 2 Z /nZ induced by taking degrees of line
bundles on C'.

Note that in case 2) the space X is the admissible increasing union X = [J X,
of affinoid spaces X,, as in 3). Just take D; , to be smaller and smaller open discs in
C with center ¢;. Thus if we prove 3) then 2) will follow by considering the Cartan-
Leray spectral sequence associated to the covering X = [JX,,. (Here we also need
that the maps H* (X, 1) — H*(X,) are isomorphisms; this follows from the proof of
3) below.)

Let us assume X is as in 3). Any line bundle on X is the restriction of a
line bundle of degree zero on C'. In other terms, Pic?(C) — Pic(X) is surjective. In
particular Pic(X) is a divisible group and by Lemma 4.1.2 we get H*(X,Z /nZx) = 0.
For the calculation of the group H'(X,Z/nZx) we start with the case where X is
the closed unit disk B := {z € k;|z| <1}.

Now H'(B,G,,) = Pic(B) = 0 and by 4.1.2 one has H'(B,Z/nZp) =
O(B)* /O(B)*™. The invertible functions on B are of the form A(1 + f) with A € k*
and f € O(B) has a norm < 1. The condition on n implies that such a function has
an n-th root. Hence H'(B,Z /nZg) = 0.

Next, we want to investigate a ring domain (or annulus) B := {z € k;|z| =
1}. Again Pic(0B) = 0. Further every invertible function on 0B has uniquely the
form A\z°(3°,, amz™) where A € k*, s € Z and where the Laurent series satisfies
ap = 1, |ay| < 1 for all m # 0 and lim |a,,| = 0. It follows that H' (OB, Z /nZsp) =
O(0OB)* /O(OB)*™ = Z/nZ, a generator is given by the class of z. Clearly this is
independent of the base field k.

Now we start proving the general statement. The pre-sheaves U +—
H(Uetate, Z /nZc) are overconvergent on Crigiq. Hence it suffices to prove the state-
ment for all wide neighborhoods X' of X in C. For such an X' we can find closed
unit discs B; C D; such that X' N B; is isomorphic to a ring domain dB. If we have
this then the covering

O:XIUUBZ'

will be admissible. In particular it is also an étale covering of C. Therefore, we have
the Mayer-Vietoris sequence exact sequence [M80, p. 110]

0 — HY(C,Z/nLc) — HY(X',Z/nZc) & @ H (B;, Z/nc)
— @ H' (X' N B, Z/ne) — H?(C,Z/nle) — 0.
The zero on the right follows by the vanishing of H? on affinoid curves proved above

and the zero on the left is trivial to establish. The result follows by the computation
of cohomology of B and 9B given above.
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For a precise definition of the map HY(X,Z/nZx) - HY(Xk,Z/nZx,) see 5.1
below. The invariance of cohomology under extension of base field for X follows from
the invariance of cohomology for the algebraic curve C' and the spaces B, resp. 0B. O

REMARK 4.2.2 Let kg C k denote a complete subfield of k£ such that k is the com-
pletion of the separable algebraic closure of ky. Suppose that the g.c.d.(n,p) = 1.
Let B be the ring domain {z € ko;|z| = 1} over ky. The Galois action (see 3.6) on
HY(((0B)® k), n) = Z/nZ is trivial. By the proof above this cohomology group is
canonically isomorphic to O(OB® , k)* /O (0B, k)* ™. The generator of this group is
the class of the invertible function z. This is clearly invariant under the Galois group.

REMARK 4.2.3 The open unit disc D is the increasing union of closed discs. Thus we
see, by the argument that proved part 2 of the proposition, that HY(D,Z/nZp) = 0
for ¢ > 1. This result is partially generalized in the corollary below.

COROLLARY 4.2.4 Let L be a compact subset of P} and put X = P} \ L. Then
HY(X,Z/nZy) coincides with the group of Z /nZ-valued currents on the tree of X

(or the tree of L£). More generally, for any connected open subspace X of P}, the
group H'(X,Z[nZy) is equal to O(X)*/O(X)*".

Proof. The line bundles on any open subspace X of P, are trivial (see [FP]) and
hence H'(X,Z /nZx) = O(X)*/O(X)**. (Use Lemma 4.1.2.) The structure of the
group O(X)* is well known if X = P} — £. Namely, there is an exact sequence

0— k*— OX)* — C(T) =0,

where T' denotes the tree of £ and where C(T') denotes the group of currents with
values in Z on T. (See [FP].) It follows that O(X)*/O(X)** = C(T)/nC(T) is the
group of currents on T with values in Z /nZ. O

ProprosITION 4.2.5 If X is a connected smooth affinoid curve then there is an em-
bedding X C C as in Proposition 4.2.1 part 3) above. We deduce from this the
following results. Let A be an Abelian torsion group of exponent n, with (n,p) = 1.

1. There are natural isomorphisms H'(X,Z [nZx) ® A = H?(X, Ax).

2. The cohomology groups HY(X,Ax) are invariant under algebraically closed
extensions of base fields.

Proof. The existence of such an embedding X — C' is proved in [P80]. The group A
is the direct limit of its finite subgroups. Taking cohomology commutes with direct
limits (3.4.3), hence it suffices to do the case A is finite. Writing A as the direct sum
of cyclic subgroups it follows that we may assume A = Z /n'Z where n'|n. In this case
both 1) and 2) follow easily from Proposition 4.2.1. m|

REMARK 4.2.6 Other constant sheaves.

1. The cohomology of Qx . Since in this case the rigid sheaves RIr,Qx for ¢ > 1
are both torsion (by 3.3.2 and 3.4.6) and sheaves of Q-vector spaces, they are
zero. Hence we have

Hq(XaQX) = Hq(XTigidaQ)
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for all ¢q. If X is a separated quasi-compact smooth curve then we have
Hl(XaQX) = Hl(XTigidaQ) = Qb7

where b is the Betti number of the graph of a semi-stable reduction of X. A
semi-stable reduction of X is defined as follows: take a separated formal scheme
X of finite type over Spf(k°), whose associated rigid space X7 is isomorphic
to X. (See [R74] or [BL].) By blowing up X a bit we may assume that the
singularities of the special fibre are ordinary double points. This special fibre
is a semi-stable reduction of X. Since any other such formal scheme X' may
be compared with X by a sequence of blow ups and blow downs in points it
follows that the associated graphs have the same homotopy type. The result
now follows from Remark 2.5.9 and a computation of the Zariski cohomology of
a constant sheaf on an algebraic semi-stable curve.

2. The constant sheaf Z /pZx.

(a) Let the characteristic of £k be p > 1. We will give a calculation of
H'(B,Z/pZx) where B is the closed unit disk. Consider the Artin-Schreier
exact sequence

0 — Z/ply — Gy —2 Gy — 0

on X¢tare. Here of course ¢(f) = fP — f. On cohomology we get an exact
sequence

0 — Z/pZ — O(B) -2 O(B) — H'(B,Z/pZz) — 0,

since H'(B,G,) = (0) by 3.2.5. The co-kernel of ¢ : O(B) — O(B) is a
rather large group and is not invariant under algebraically closed extensions
of base fields. This reflects the fact that the closed disk has many p-cyclic
un-ramified coverings.

(b) Here the characteristic of k is zero, but the characteristic of the residue
field & is p > 1. With the methods above it follows that H'(B,7 /pZg) =
O(B)* /O(B)*P. This is again a very large group not invariant under base
field extensions. It can be shown that every (algebraic) finite étale covering
of the affine line over & lifts to a finite étale covering of B. The conjecture of
S.S.Abhyankar on the coverings of the affine line in characteristic p (proved
by M.Raynaud) implies that the totality of nontrivial finite étale coverings
of B is very large.

5 BASE CHANGE REVISITED

In this section we prove a general base change theorem for quasi-compact morphisms
and overconvergent étale sheaves. In order to be able to apply Theorem 3.7.3 we have
to prove invariance of cohomology under extensions of algebraically closed base fields.
This is done below for rigid and étale cohomologies and overconvergent, sheaves.
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5.1 A CHANGE OF FIELDS, ETALE CASE.

Let ¥ C K be an extension of complete and algebraically closed fields. For any
analytic space X over k we denote by px : Xx = X&, K — X the general morphism
associated to the change of fields. For an étale sheaf S on X we have the étale sheaf
PxS on X and comparison maps

HY(X,S5) — H*(Xk,pkS)-

We would like to know when these are isomorphisms. As before we put p > 1 equal

to the characteristic of the residue field of k£ (and p =1 if char(k) = 0).

THEOREM 5.1.1 The canonical maps H1(X,S) — H(Xk,p}S) are isomorphisms
if S satisfies the following conditions:

1. The sheaf S is overconvergent.

2. All étale stalks S, of S are torsion groups, with torsion prime to p.

Proof. By taking an admissible affinoid covering of X we see that it suffices to do the
case that X is affinoid. Let us consider S as a sheaf on the site X} .. For any n € N
with (n,p) = 1 let S, C S be the subsheaf of S consisting of sections annihilated by
n, i.e., S, := Ker(§ 3 §) is also overconvergent. By our two conditions on S and
Lemma 3.3.1 we see that any section s € S(Y") is torsion (Y — X is special étale,
hence Y affinoid, hence quasi-compact). Thus we see that S = (J S,,. By looking at
stalks we see that (p%-.S)n = p%Sn, hence also p%S = |Jpj Sn. Since cohomology
commutes with direct limits (3.4.3) it suffices to do the case that S is a sheaf of
Z /nZ-modules.

Consider fields L with ¥ C L C K, which are complete and algebraically closed.
We say that L has topological transcendence degree < r over k if there exist elements
t1,...,t. € L such that L is the completion of the algebraic closure of k(ty,...,t,).
The reasoning of Lemma 3.7.1 shows that the site (Xx)2},,. is the direct limit of
the sites (Xp)3},;., taken over all L of finite topological transcendence degree over
k. Therefore it suffices to prove H1(X,S) = HY(Xy,p}S) for k C L of topological
transcendence degree < r. By induction on r it suffices to do the case: ¥ C K of
topological transcendence degree 1.

Take an element ¢ € K such that K is the completion of the algebraic closure of
k(t). We may assume that |t| < 1. Consider the continuous k-algebra homomorphism
k(T) — K mapping T to t. This determines an étale point e of the closed unit disc
B over k with F, = K.

The problem we are studying may now be formulated with the help of the fol-
lowing diagram of analytic spaces and general morphisms.

Xr — XxB 2y x

R

Sp(K) = B 5 Spk).
There is a general base change morphism (see [SGA 4, Exp. XVII 4.1.5])

01 R (q2)+S — RY(p2)«p7 S (D).
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The comparison map from the theorem is the base change map for the big rectangle
of the diagram. Our étale base change theorem 3.7.3 asserts that the base change
map for the left square with piS is an isomorphism. By the functoriality properties
of the base change morphism it will suffice to prove that (1) is an isomorphism.

Let V' — B be étale and V affinoid. Put p: X x V — X equal to the projection.
We write H™(V) = H™(V,Z/nZy) and H™(V)x is the constant sheaf with fibre
H™(V) on X¢tar.. There is a natural map

Hm(V)X ®Z/nzs — Rmp*p*S. (2)
It is the composition
H"(V)x ® S — R™p.(Z [nZxxv) ® S — R™p.p*S,

the first map given by base change, the second deduced from S — p.p*S by the cup-
product R™p.(Z [nZx xv) @ R°p.p*S — R™p.p*S associated to Z /nZx xy @ p*S —
p*S. By étale base change 3.7.3 the stalk of R™p,p*S in the étale point f of X is
H™(V&Fy, (Sf)ver,). Hence, by Proposition 4.2.5 (2) is an isomorphism on étale
stalks for all f. Since both sides of (2) are overconvergent we get that (2) is an
isomorphism. Thus we get that R™p,p*S = (0) for n > 2. Finally, sincep: X xV —
X has a section, the maps H™(X,S) - H™(X x V,p*S) have sections. We conclude
that the spectral sequence H* (X, Rip,p*S) = HTI(X x V, S) degenerates and gives:

H™(X xV,5) H"(X,H'V)x®S) & H"YX,H'(V)x®S)

H (V) H"(X,S) @& HY W) H"1(X,S9)

~
~

Therefore, the sheaf associated to the presheaf V i H™(X x V,S) (on B} ,.) is the
constant sheaf with fibre H™(X,S). Clearly this means that the right side of (1) is

constant and hence that (1) is an isomorphism (look at fibres over 0 € B). O

5.2 A CHANGE OF FIELDS, RIGID CASE.

We think it is quite amusing that a similar theorem also holds for the rigid case.
Notations are as in 5.1.

THEOREM 5.2.1 Let S be an overconvergent sheaf on X;4iq. The canonical maps
HY(Xyigia, S) — H'((Xk)rigids PxS)
are isomorphismes.

Proof. As in the proof of the étale case we may assume that X is affinoid and k£ C K
of topological transcendence degree 1 (using X, in stead of X}, ). We consider
subfields L. C K, which are complete and are the completion of a function field of
transcendence degree 1 over k. In this case we remark that (X K):?gtid is the direct
limit of the sites (Xr);{%;, for such fields L. Again it suffices to do the case K = L.
(The field K is no longer algebraically closed!)

Suppose Z is a nonsingular projective irreducible curve over k, whose function
field k(Z) is a dense subfield of K. The embedding k(Z) — K defines an analytic

point a of Z with F, = K.
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OBSERVATION 5.2.2 There is an affinoid subdomain U C Z in the filter of a with
the following property: For every affinoid V' C U and any constant sheaf T on U the
cohomology groups H™(V,T) are zero for n > 1.

This follows quite easily from the stable reduction of Z. As was noted in Remark
4.2.6 part 1) the cohomology of a rigid constant sheaf on an affinoid smooth curve
depends only on the Betti number of the graph of its stable reduction. Thus we take
for U the pre-image of a Zariski open W of the stable reduction of Z, such that W
contains no cycles. The assertion of the observation then holds for V' = U. But also
for any such V' C U it holds, since this corresponds to a Zariski open part in a blow
up of the stable model of Z. Blow ups do not introduce extra cycles.

The rest of the proof of the theorem is similar to the proof of Theorem 5.1.1:
just replace B by U and étale by rigid cohomology. a

REMARK 5.2.3 Both theorems are false when & is not algebraically closed. Just take
X = Sp(k") where k C k' is a finite Galois extension and S = Z/nZx. In this case
HY(X,S) = Z/nZ and H(Xk,p%S) = (Z/nZ)F*. Even if X is a geometrically
connected smooth projective curve and S is a constant sheaf the result is false in
general. (Both rigid and étale case.)

COROLLARY 5.2.4 Suppose that S is an overconvergent sheaf of Z[1/p]-modules on
Xetate- The canonical comparison maps H(X, S) - HY(X g, p}S) are isomorphisms.

Proof. There is an exact sequence
0— Siors — S —>50Q—@ —0

By Theorem 5.1.1 the result is true for both Sio.s and Q. Since H4(X, S ® Q) agrees
with H?(X,igid, 7S ® Q) (compare Remark 4.2.6) we see the result is true for S ® Q
also by the theorem above. The snake lemma gives the result for the sheaf S. a

5.3 QUASI-COMPACT BASE CHANGE.

By a combination of our previous results we can now prove a general base change
theorem for quasi-compact morphisms.

THEOREM 5.3.1 (Quasi-compact base change.) Consider a diagram

ZxxY L v

[l

A A

and an overconvergent sheaf of Z[1/p]-modules S on Yeta1.. Here f is a quasi-compact
morphism of analytic varieties over k and g is a (arbitrary) general morphism of
analytic varieties. The base change morphism [SGA 4, Exposé XVII]

9"Rf.S — Rf.(g)"S

is a quasi-isomorphism.
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Proof. We only have to show that this morphism induces an isomorphism on the
étale stalks of the overconvergent sheaves ¢g*RYf.S and RIf!(¢')*S. Any étale point
e’ of Z lies over an étale point e of X, i.e., such that F, C F,.. By the étale base
change theorem 3.7.3 the map on the stalks is the map 5.1 between

(9°R'£.S),, = (R'£.S), = H'(Y.,Sly.)
and
(Rf(g)S), = H'(Yer, (9)"Slv,,) = H'(Ye®Fur, pj,, (Sly.))-
The statement follows from Corollary 5.2.4. m|

6 THE AXIOMS FOR COHOMOLOGY

Let k& be a complete valued field. An ‘abstract’ cohomology theory for rigid analytic
spaces over k is defined in [S-S, section 2] to be a cohomology theory X — H*(X)
satisfying four axioms. There is also given a candidate for such a cohomology theory.
Let A be a finite ring of order prime to the residue field of k. Let K be the completion
of the algebraic closure of k. We put

H*(X):= H*(X®K,Axs k).

As remarked in [S-S, p. 58], the nontrivial axioms to check in this case are the ‘ho-
motopy axiom’ and the axiom concerning the cohomology of the projective space. In
this section we will prove those axioms.

The homotopy axiom states that H*(X x D) = H*(X) for an open disc D. This
follows immediately from the following theorem.

THEOREM 6.0.2 (The homotopy axiom.) Let X be an analytic space over k. Let S
be an overconvergent sheaf of Z[1/p]-modules on Xsiq1.. Suppose D is an open or
closed disc over k; let p : X x D — X denote the projection. The canonical maps
H?(X,S) - HY(X x D,p*S) are isomorphisms.

Proof. 1If the disc D is open then it is the admissible union D = |J B,, of closed discs
B, of radius p, € /|k*|. The covering X x D = |JX X B, is the also admissible.
Therefore, it suffices to prove the theorem for a closed disc B.

In this case we prove that p.p*S = S and that RIp.p*S = (0) for ¢ > 1.
By the étale base change theorem the étale stalk at e of these sheaves are equal to
HY(BXF.,(Se)pgr,)- Note that BOF, = B, the closed unit disc of radius 1 over F,.
If we prove that H?(B, Ag) = (0) for ¢ > 1 for any Z[1/p]-module A then we are done.
A standard argument, compare with 4.2.5, reduces to the cases A = Q or A = Z /nZ.
These cases where done in Remark 4.2.6 and Proposition 4.2.1. |

For the formulation of the following theorem, we need to be more precise about
the Galois action on the cohomology groups. Let K denote the completion of the
separable closure k*°°? of k. The symbol G = Gal(k*??/k) denotes the continuous
Galois group of K over k. See 3.6. The finite ring A is given the trivial G action.
For any i € Z we define A(i) := A® (,un(K))@ as a G-module, where n = #G. The
following result also follows from the comparison theorem in the following section.
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THEOREM 6.0.3 (Cohomology of P?.) Let P? denote the d-dimensional projective
space over k. We have as Galois modules

d d A(—q/2) for q even, 0 < g < 2d,

Hq(]P ) = Hq(]PKaA]P’%,) = { (0) / otherwise.

Proof. The calculation of the cohomology is done by applying the Mayer-Vietoris
sequence to the covering {U, Uy } of P4 given by Up = {(20;...; 24)| |2j| < |20 for all 5}
and Uy = {(20;..-; za)| |20] < maz(|z1],...,|z4a])}. The space Uy is a product of disks
and has therefore trivial cohomology. The spaces U; and Uy N U; respectively, admit
a surjective morphism to P4~! given by (2¢;...; 24) = (21;...; zq). The fibres are disks
or ring domains respectively and the fiberings are locally trivial. Base change, with
respect to the first map, yields H*(U;) = Hi(P?!). Base change applied to the
second map gives rise to an exact sequence

0 — HY(U)) — H(UyNU,) — HHPH(-1) — 0.

The (—1) in the last cohomology group is a consequence of the Galois action on the
cohomology of a ring domain. See 4.2.2. Induction on d and the Mayer-Vietoris
sequence imply that H?(P4) = Hi=2(P?=1)(—1) for i > 2 and the expected values of
H° and H'. O

7 PURITY AND COMPARISON

Let X be a scheme of finite type over the complete valued field k. We write Xg; for
the small étale site of the scheme X. Further, X*" denotes the rigid analytic variety
associated to X. There is a morphism of sites
€: X — Xa

comparing the algebraic and rigid étale sites. It is given by the functor that associates
to the scheme Y étale over X the analytic space Y*" étale over X*". We want to
compare sheaves on both sides and their cohomology. It will turn out that if the
characteristic of k is zero then we get results as proved in [SGA 4] comparing étale
cohomology and classical cohomology over C. However, if the characteristic is p > 1,
only a weaker version holds. We will give counterexamples for the full statement.

In order to prove the statements above we use a purity result for rigid étale
cohomology. It tells us what the cohomology of the complement of a smooth divisor
in a smooth rigid analytic variety is.

7.1 A PRELIMINARY RESULT
We start by proving that sheaves of the form €*S are overconvergent.
LEMMA 7.1.1 For any sheaf S on Xg; the sheaf €*S is overconvergent.

Proof. Let Y — X be an algebraic étale morphism, with Y affine. We also denote
by Y the sheaf on Xg it defines. We only need to show that the sheaf e*(Y") is
overconvergent. (The sheaves Y generate the category of sheaves on X and the
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direct limit of overconvergent sheaves is overconvergent.) By Zariski’s main theorem
we can embed Y as a Zariski open set in a scheme Y finite over X. Suppose U C X"
is an affinoid subdomain and V' — U is an étale morphism of affinoids. The notation
V(r) — U is as in 3.4. We have to show that any morphism ¢ : V' — Y% over X"
extends (uniquely) to some V(r) — Y*". See 3.4.4. By Lemma 3.4.2 it suffices to
show that ¢(V) CCy Y x xan U. Clearly, we have that p(V) cCpy Y X xan U,
since the last space is finite over U. The result follows since Y*" X xan U is Zariski
open in V" X yan U. See for example [S93, §3 Proposition 3]. a

7.2 PURITY FOR RIGID KETALE COHOMOLOGY

Let i : Z — X be a closed immersion of analytic varieties over k. Let U = X \ Z
denote the admissible open subvariety of X which is the complement of Z. As usual
j : U — X denotes the open immersion of U into X. We want to prove that sheaves on
Zstale correspond to sheaves S on Xgiq1e such that j*S is a final object in the category
of sheaves on U, i.e., a sheaf which has exactly one section over each object of Ussqye-
This means that the category of sheaves on Z can be viewed as the closed sub-topos
of X[;,;. complementary to the open sub-topos UZ;,;,. Compare [SGA 4, Exposé IV
9.3.5]. Although this follows easily for overconvergent sheaves, we need the result in
general for the proof of purity below. It implies in particular that Ri,F =2 i, F for
any Abelian sheaf F on Zsqe.

LEMMA 7.2.1 The functor i. identifies the category of sheaves (of sets) on Z with
the category of sheaves S on X such that j*S is a final object of Uj,;..
Proof. Let us take an admissible affinoid covering X = [J X; of X and admissible
affinoid coverings X; N X; = |J X;;x- Any sheaf on X is given by sheaves on X; glued
on the X;ji, whereas a sheaf on Z (resp. U) is given by sheaves on Z N X; (resp.
U N X;) glued on the Z N X (resp. U N X;j1). In this way one reduces to the case
that X is affinoid.
In this case we work with the sites X:7 and Z:F . The functor X:P — Z:P

étale étale” étale étale

is denoted W — Wz = Z xx W. Consider the following statements:

1. For any étale Wy — Z, Wy affinoid, there exists an étale W — X morphism of
affinoids such that Wy = Wy.

2. IfV,W e XZP, and ¢9 : Wz — V7 is a morphism over Z then there is a
Weierstrass domain W' C W with W, = Wz and a morphism ¢ : W' — V
lifting ¢g.

3. f W e X}, then any special étale covering {W; o — W7} may be lifted to a

special étale covering of .

Let us first prove that these imply the lemma.
We denote by e a final object of (Ustare)™. Further for any sheaf S on X we
denote by P(S) the presheaf on Z;F , defined by the formula:

étale
P(S)(Wo)=  lm  T(V,)
V,p0:Wp—Vz
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By definition, i*S is the sheaf associated to the presheaf P(S). It is clear from 1) and
2) above that P(S) may be described as follows

PS)Wy) =  tm  TWS).
W'CW as in 2)

Such a subdomain W' is automatically a wide neighborhood of Wz in W, since Wy
is closed in W. Therefore there exists a special subset V' C W, disjoint with W
such that W = W' U V. This means that if S has the property that j*S = e then
r(w,S) = T(W',S) since both T'(V,S) and I'(V N W', S) consist of one element.
In particular we see that for such S we have P(S)(Wz) = I'(W,S). Property 3)
above implies that P(S) is a sheaf in this case and hence i*(S) = P(S). It follows
immediately that i,:*S = S for such sheaves S.

Conversely, if F is a sheaf on Z, it is immediate that j*i.F = e. Hence by the
above we have that i*i,F = P(i,F) and

T(Wy,i*i, F) = T(W,i. F) = (W, F).

We have proved that i, and ¢* are mutually inverse functors defining the desired
equivalence of categories.

Let us prove 1). Let Yy — Z be an étale morphism of affinoids. We can choose
a presentation (see Lemma 3.4.1)

OYo) =O0(Z2)(Ty,...,Tn)/(G1,...,Gr)

with Gy,...,G, € O(Z)[Th,...,T,] such that the determinant Ay = det (6Gj/6Ti)
is invertible in O(Z). Let us lift the polynomials G; to polynomials F; €
O(X)[Ty,...,T,). Put A = det(9F;/0T;). Take m € k* such that |r| is smaller
than the infimum of |Ag| on Z. We consider the algebra

O(X)(TOaTla'"aTn>/(Fla"'aFn7AT0 —71').

This defines a special étale morphism Y — X since the corresponding functional
determinant is A2, which is invertible. The isomorphism Yy = Z xx Y follows by
construction.

The proof of 2) is similar to the proof of 2) in Lemma 3.7.1. We consider the
product V' x x W and the graph morphism I’y : W; — (V' xx W)z. This morphism
is étale. By 1) (with W xx V in stead of X) we can find T' : ¥ — V xx W such
that Y; 2 W, and 'z = I['y. Next argue as in the proof of 3.7.1 to see that there is
some wide neighborhood W' C W of W such that pry o T : T=HV xx W) — W'
is an isomorphism. Thus we get W' — V. Finally, the Weierstrass domains in W
are cofinal in the set of neighborhoods of Wz in W. To see this apply the rigid key
lemma to a morphism f: W — B" with W, = f1(0).

For 3) we first note that by 1) we may lift each of the special étale W; o — Wy
to special étale f; : W; — W. The special subset |J f;(W;) is a neighborhood of W
in W, hence a wide neighborhood, hence there exists some special V' C W such that
VNWz =0and W=V Ul f;(W;). Write V = |JV; as a finite union of rational
subdomains of T, then the special étale covering of W we are looking for is the
covering {W; — W,V; - W} o

DOCUMENTA MATHEMATICA 1 (1996) 1-56



ETALE COHOMOLOGY OF RIGID ANALYTIC SPACES 51

Next, we prove some kind of purity in the rigid étale case. Let X be a smooth
rigid variety over k. let ¢ : H — X be a closed immersion, with H smooth over k
and everywhere in X of co-dimension 1. Thus it is a smooth divisor in X. Let U
denote the admissible open subset X \ H of X and let j denote the open immersion
j:U = X.

THEOREM 7.2.2 (Purity.) With the notations as above and with n prime to the
characteristic of k we have

Z/TLZX q= 0
RUjZ[nLy = | i(py™") q=1
0  g>2

Proof. The statement is local on X, hence we may assume X affinoid. Locally on X
(in the Zariski topology) the ideal of H is generated by a single function, hence we
may assume that H is given as f = 0 for some f € O(X). By [K68] we can find an
affinoid neighborhood of H in X which has an admissible covering by affinoids of the
form H; x B. Here B is the closed unit ball over & with coordinate z. Thus we may
assume that X = H x B and U = H x B* where B* is the punctured unit disc. Let
us write f : X — H for the projection and f = f|y so that we have the following
commutative diagram: . .
U - X < H

F N\ lf  id

H

We note that the sheaves R?j.Z /nZy for ¢ > 1 have are zero restricted to U,
hence are of the form i, Fj for certain sheaves F;, on H (use lemma above). Further,
it is clear that j.Z/nZy = Z/nZx on X. We study the spectral sequence associ-
ated to the isomorphism Rf, = Rf. o Rj.. For the sheaf Z/nZy its Er-terms are
Egb = R“f*ij*Z/nZU and it abuts to R***f,Z /nZy. In view of the fact that
RY§.7 InTy = ivFy =2 Ri Fy, for b > 1 (by 7.2.1), we see that E$® = 0 for a,b > 1
and E® = Fj, for b > 1. Also we have E$® = R®f.7Z /nZx. This is an overconvergent
sheaf, whose étale stalks are H®(B,Z /nZg), over various algebraically closed base
fields. Hence, by Lemma 4.1.2 and since Pic(B) = (0), we see that R®f.Z /nZx = (0)
for @ > 2. The upshot of all of this is: 1) we have R f.Z /nZy = Z /nZg, 2) there is
an exact sequence

0 — R'f.Z/nZx — R f.Z./nZy — Fy — 0

and 3) there are isomorphisms R?f.Z /nZy = F, for ¢ > 2.
We have already used the morphism

Rf.Z/nZx — Rf.7/nLy.
In addition, there is a map
Z/’I’LZH[—l] — Rf*un,

which associates to 1 € Z/nZ the section of R!f.u, corresponding to the p,-torsor
of U = H x B* given by the equation y™ = z. We claim that together these induce a
quasi-isomorphism

Rf.Z/nZx & u®'[—1] — Rf.Z /nZy. (1)
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From the considerations above it follows that this implies the theorem.

To prove the claim we may assume that n is a prime power n = p”. Let us treat
the case that p equals the characteristic of k. In this case k is a p-adic field. The
other cases are easier and similar arguments work.

Let us take ¢ € N large enough. For m € N we put R,,, = {z € B;|z| > |[p*™|},
a ring domain. Put U,, = H X R, note that the covering U = |JU,, is admissible.
Let us write f,, : U, — H for the projection. We will study the overconvergent sheaf
R fp, «ftn. Its étale fibres are Hq(Rm®Fe, in). These are zero for ¢ > 2 and equal to
in, for ¢ = 0. Note that

P! = {|z] > [P} U {|2] < 1},
hence that we have an exact sequence
0— F — O"(|z| > [p™]) ® O*(]z] < 1) — O*(Ry,) — Z — 0.

This follows by the computation of cohomology of P!, use for example Lemma 4.1.2.
We see immediately that

HY (R, &®F.) =7Z/nZ& H'(|2| < 1) ® H'(]2| > |p*™|).
This implies a corresponding decomposition of the overconvergent sheaf
R frnstin = Z/nZg & R fupin © Rest,,.

The maps Rest,,+1 — Rest,, are zero, since by [L.93, Theorem 2.1] the maps on the
étale fibres H'(|z| > |p*(™+V)|) — H'(|z| > |p®™) are zero if ¢ is large enough.
This means that for any V' — H affinoid étale we have a decomposition

HY(V x Ry,) = H YV, u® ") @ HY(V x B) @ Resty,,

the transition maps H%(V X Rp41) = HY(V X Ry,) are the identity on the first two
summands, zero on the last one. This proves that

im HY(V x Ry) = H7'(V, 07" @ HI(V x B)
m

and the derived limit
lim W HY(V x Ry) = (0).
pa

We conclude that HY(V x B*) = H?Y(V,u21) @ HY(V x B), hence (1) is an iso-
morphism. O

7.3 COMPARISON

In this section X will denote a variety of finite type over over the complete valued
field k. We state the results corresponding to [SGA 4, Exposé XI Theorem 4.4] in our
case. Further, we will indicate the necessary changes in the proof given there so that
it will work in our case also.

THEOREM 7.3.1 Suppose the characteristic of k is zero. There is an equivalence
between the category of locally constant sheaves on Xg with finite stalks and the
category of locally constant sheaves on X§;*, with finite stalks. The equivalence is
given by the functors €* and e,.
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Proof. Since sheaves of this kind are representable by finite étale coverings we see
that it suffices to prove the following statement: If Y — X " is finite étale then there
exists a (unique) finite étale morphism of schemes Z — X such that Y = Z%". This
was recently proved by Liitkebohmert, see [L93]. a

In the next theorem k is no longer of characteristic zero.

THEOREM 7.3.2 Let X be smooth over Spec(k) and let k be algebraically closed.
Suppose S is an Abelian locally constant sheaf on X¢ with finite stalks where all or-
ders of torsion are prime to the characteristic of k. In this case we have R%.e*S = (0)
for ¢ > 1. The canonical morphisms HY(X¢;,S) — HY(X$,.,€*S) are isomorphisms.
In particular we have

HY (X, 7./nZ) & HY(X, 7, [nZxon).

Proof. With the results proved above, we can use the proof of [SGA 4, Exposé XI
Theorem 4.4 part (ii)]. In stead of the ‘calcul direct’ of line 1 on page 13 we use
Theorem 7.2.2. The only other fact used in the proof which is not immediately clear
is the following: Suppose f : X — S is a family of smooth projective curves over
the scheme S, which is of finite type over k, suppose n is relatively prime to the
characteristic of k. In this case R' f3"Z /nZga» is a locally constant sheaf on S%7, .
However, this is immediately clear from: 1) The corresponding fact in the algebraic
case. 2) The base change map e¢*R!f.Z/nZ — R'f*7Z/nZ xan is an isomorphism
(look at étale fibres). O

REMARK 7.3.3 The more general results proved in [SGA 4, Exposé XVT §4] should
hold true for the rigid analytic case also. At least if the characteristic of k is zero
then it should be possible with some effort to follow the reasoning of locus citatus in
this case.

7.4 COUNTEREXAMPLES IN CHARACTERISTIC p > 0.

Take k algebraically closed of characteristic p > 0. Riemann’s existence theorem is
no longer valid in this case. We give an example of this.

LEMMA 7.4.1 Consider the covering v : Y — Al 2" given by the equation TP — T =
F:=%., a;z?", where the series F' converges on A' . We suppose that there are
infinitely many non zero a; and that for every k > 0 one has

P p’ p* P
|ak +ap,_+a,_ o+ ... +a; | = max 0§i§k(|ai| )
Then Y is not isomorphic to Z%" for any covering Z — Al.

Proof. Any p-cyclic (un-ramified) covering of the unit disk D is given by an equation
TP —T = f with f € O(D). Two functions fi, fo € O(D) define isomorphic coverings
if and only if A1 fi + X2 fo = k¥ — h holds with A\, A2 € F; and h € O(D). Using that
the structure sheaf O on the analytic space A1%" has trivial cohomology, one finds
for AL similar results. Namely: Any p-cyclic analytic covering of Al " is given by
an equation T? — T = f with f a holomorphic function on A! . Two holomorphic
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functions fi, fo define the same p-cyclic extension if and only if there is a A € [, such
that the equation T? — T = Ay fi + A2 f> has a holomorphic solution.

If Y = Z° then Z is a p-cyclic covering of Al given by an equation of the
form UP — U = g with g € zk[z]. Let the equation TP — T = —G := F — Ag have
a holomorphic solution h = ) .o, hiz'. In some disk around 0 the spectral norm

of G is less than 1. Therefore >, GP" converges and is on this disk a solution
of TP — T = —G. So h coincides with }_,5, G?" on this disk and the power series

expansion of h is equal to the power series expansion of ) .., GP". One takes a
disc D(0, R) around 0 such that 1 < B := |G|lr = |F||lr > ||gllr- After replacing
z by z)A for a suitable A € k*, we may suppose that R = 1. First we look at
Yo P = > k0 ApzP" with A, = (ap +ap_; + azZ_Q + .+ agk). A calculation
shows that for N >> 0 one has |Ay| = |An-1|? and |Ax| > B. Then we look at
Sis0 9" = 34> buz®. One can calculate that the absolute value of by grows less
fast than |Ay|. This implies that the power series representing h is not convergent on
D(0,1). This contradiction ends the proof. ad

COROLLARY 7.4.2 The map

H' (A, Z/pZ) — H' (Acyare, Z./pZ)
is injective but not surjective. In particular Theorem 7.3.2 is not valid for sheaves
consisting of p-torsion.

COROLLARY 7.4.3 Let n > 1 with p|¢(n) and with n not divisible by p. There is a
locally constant sheaf S on AL 2% with stalk 7 /nZ, which is not of the form €,T.

Proof. We consider the p-cyclic analytic covering ¢ : ¥ — Al ? of Lemma 7.4.1.
Let o denote the generator of the Galois group G of this extension. Let M denote the
constant étale sheaf on Y with stalk Z/nZ. Let a € Z/nZ* be an element of order
p. We define an action G on Z/nZ by o(i) = ai. This induces an action of G' on
Z/nZxY by o((i,y)) = (ai,o(y)). The quotient by this group action is a sheaf S on
AL which is locally the constant sheaf with stalk Z /nZ. (And of course ¢*S is the
constant sheaf on V). However, there is no étale covering {Y;} of Al which trivializes
S. Indeed, such an étale covering would give a trivialization of ¥ — Al 27, a

REFERENCES

[SGA 4] M. Artin, A. Grothendieck and J.-L. Verdier, Théorie des topos et coho-
mologie étale des schemas, Lecture Notes in Mathematics, 269, 270, 305,
Springer Verlag, Berlin-Heidelberg-New York, 1972-1973.

[B90] V.G. Berkovich, Spectral theory and analytic geometry over non-archimed-
ean fields, Mathematical surveys and monographs, vol. 33, American Math-
ematical Society, Providence 1990.

[B93] V.G. Berkovich, Etale cohomology for non-Archimedean analytic spaces,
Publ. Math. LH.E.S. 78, 5-161 (1993).

DOCUMENTA MATHEMATICA 1 (1996) 1-56



[B94a]

[B9Y4b]

[B94c]

[BGR]

[BL]

[D92]
[FM]

[FP]

[GG]

[K68]

[LP]

[L93]

[M81]

[M80]
[P80]

ETALE COHOMOLOGY OF RIGID ANALYTIC SPACES 55

V.G. Berkovich, Vanishing cycles for formal schemes, Invent. math. 115,
539-571 (1994).

V.G. Berkovich, Vanishing cycles for non-Archimedean analytic spaces,
Preprint.

V.G. Berkovich, On the comparison theorem for étale cohomology of non-
Archimedean analytic spaces, Preprint.

S. Bosch, U. Giinther and R. Remmert, Non-Archimedean analysis, Springer
Verlag, Berlin-Heidelberg-New York 1984.

S. Bosch and W. Liitkebohmert, Formal and rigid geometry, Math. Ann. 295
(1993), 291-317.

P. Deligne, letter to Raynaud of 23/8/1992.

J. Fresnel and M. Matignon, Annali di Matematica pura ed applicata (4)
145 (1986), 159-210.

J. Fresnel and M. van der Put, Géométrie analytique rigide et applications,
Progress in Mathematics, vol. 18, Birkhauser, Boston 1981.

L. Gerritzen and H. Grauert, Die Azyklizitit der affinoiden Uberdeckungen,
in: Global analysis, Papers in honor of K. Kodaira, 159-184, Princeton Uni-
versity Press, Princeton 1969.

L. Gerritzen and M. van der Put, Schottky groups and Mumford curves,
Lecture Notes in Mathematics 817, Springer Verlag, Berlin-Heidelberg-New
York 1980.

R. Hartshorne, Algebraic geometry, Springer Verlag, Berlin-Heidelberg-New
York 1977.

R. Huber, Etale cohomology of rigid analytic varieties and adic spaces,
preprint, July 1994.

R. Kiehl, Die de Rham Kohomologie algebraischer Mannigfaltigkeiten iiber
einem bewerteten Kérper, Publ. Math. I.H.E.S., 33 (1968), 5-20.

Q. Liv and M. van der Put, On one dimensional separated rigid spaces. To
appear.

W. Liitkebohmert, Riemann’s existence problem for a p-adic field, Invent.
math. 111 (1993), 309-330.

F. Mehlmann, Fin Beweis fiir einen Satz von Raynaud iiber flache Homo-
morphismen affinoider Algebren, Schriftenreihe des mathematischen Insti-
tuts der Universitdt Miinster, 2. Serie, Heft 19 (1981).

J.S. Milne, Etale Cohomology, Princeton University Press, Princeton 1980.

M. van der Put, The class group of a one-dimensional affinoid space, Ann.
Ist. Fourier 30 (1980), 155-164.

DOCUMENTA MATHEMATICA 1 (1996) 1-56



96

[P82]

[P92]

[R70]

[R74]

[S91]

[S93]

[S-S]

S64]

JOHAN DE JONG AND MARIUS VAN DER PUT

M. van der Put, Cohomology on affinoid spaces, Comp. Math. 45 (1982),
165-198.

M. van der Put, Serre duality for rigid analytic spaces, Indag. Mathem., N.S.
3(2) (1992), 219-235.

M. Raynaud, Anneaux locaux Henséliens, Lecture Notes in Mathematics
169, Springer Verlag, Berlin-Heidelberg-New York 1970.

M. Raynaud, Géométrie analytique rigide d’apres Tate, Kiehl,.. , Bull. Soc.
Math. France, Mémoire 39-40 (1974), 319-327.

P. Schneider, The étale topology on rigid analytic spaces, informal notes,
Kyoto 1991.

P. Schneider, Points of rigid analytic varieties, J. reine angew. Math. 434
(1993), 127-157.

P. Schneider and U. Stuhler, The cohomology of p-adic symmetric spaces,
Invent. math. 105 (1991), 47-122.

J.P. Serre, Cohomologie Galoisienne, Lecture Notes in Mathematics 5,
Springer Verlag, Berlin-Heidelberg-New York, 1964.

Dr. A. J. de Jong Prof. M. van der Put

Department of Mathematics
Harvard University

One Oxford Street
Cambridge

Massachusetts 02138, USA
dejong@math.harvard.edu

Department of Mathematics
University of Groningen
P.0.B. 800

9700 AV Groningen

The Netherlands
M.van.der.Put@math.rug.nl

DOCUMENTA MATHEMATICA 1 (1996) 1-56



