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0 INTRODUCTION

Our main concern in this work is to provide concrete formulas for the invariant inner
products and hermitian forms on spaces of holomorphic functions on Cartan domains
D of tube type. As will be explained below, the group Aut(D) of all holomorphic
automorphisms of D acts transitively. Aut(D) acts projectively on function spaces
on D via f = UN(p)f == (fop) (Jp)MP, ¢ € Aut(D), X € C, but these actions
are not irreducible in general. The inner products we consider are those obtained
from the holomorphic discrete series by analytic continuation. The associated Hilbert
spaces generalize the weighted Bergman spaces, the Hardy and the Dirichlet space. By
“concrete” formulas we mean Besov-type formulas, namely integral formulas involving
the functions and some of their derivatives. Possible applications include the study
of operators (Toeplitz, Hankel) acting on function spaces and the theory of invariant
Banach spaces of analytic functions (where the pairing between an invariant space
and its invariant dual is computed via the corresponding invariant inner product).

Our problem is closely related to finding concrete realizations (by means of inte-
gral formulas) of the analytic continuation of the Riesz distribution. [Ri], [Go], [FK2],
Chapter VII.
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214 ARAZY AND UPMEIER

In principle, the analytic continuation is obtained from the integral formulas
associated with the weighted Bergman spaces (i.e. the holomorphic discrete series)
by “partial integration with respect to the radial variables”. This program has been
successful in the case of rank 1 (i.e. when D is the open unit ball of C?, see [A3]).

The case of rank r > 1 is more difficult, and concrete formulas are known only in
special cases, see [A2], [Y4], [Y1], [Y2].

This paper consists of two main parts. In the first part (Sections 2, 3, and 4) we
develop in full generality the techniques of [A2], [Y4], and obtain integral formulas
for the invariant inner products associated with the so-called Wallach set and pole
set. In the second part (section 5) we introduce new techniques (integration on
boundary orbits), to obtain new integral formulas for the invariant inner products
in the important special cases of Cartan domains of type I and IV. This approach
has the potential for further generalizations and applications, including the infinite
dimensional setup.

The paper is organized as follows. Section 1 provides background information on
Cartan domains, the associated symmetric cones and Siegel domains and the Jordan
theoretic approach to the study of bounded symmetric domains [Lo], [FK2], [U2].
We also explain some general facts concerning invariant Hilbert spaces of analytic
functions on Cartan domains and the connection to the Riesz distribution. Section 2 is
devoted to the study of invariant differential operators on symmetric cones. We study
the “shifting operators” introduced by Z. Yan and their derivatives with respect to
the “spectral parameter”. Section 3 is devoted to our generalization of Yan’s shifting
method, to find explicit integral formulas for the invariant inner products obtained
by analytic continuation of the holomorphic discrete series. In section 4 we study the
expansion of Yan’s operators, and obtain applications to concrete integral formulas
for the invariant inner products. Some of these results were obtained independently
by Z. Yan, J. Faraut and A. Koranyi, [FK2], [Y4]. We include these results and our
proofs, in order to make the paper self contained, and also because in most cases our
results go beyond the results in [FK2], [Y4].

In section 5 we propose a new type of integral formulas for the invariant inner
products. These formulas involve integration on boundary orbits and the applica-
tion of the localized versions of the radial derivative associated with the boundary
components of Cartan domains. We are able to establish the desired formulas in the
important special cases of type I and IV. The techniques established in this section
can be used in the study of the remaining cases.

Finally, in the short section 6 we use the quasi-invariant measures on the bound-
ary orbits of the associated symmetric cone in order to obtain integral formulas for
some of the invariant inner products in the context of the unbounded realization of the
Cartan domains (tube domains). These results are essentially implicitly contained in
[VR], where the authors use the Lie-theoretic and Fourier-analytic approach to analy-
sis on symmetric Siegel domains. We use the Jordan-theoretic approach which yields
simpler formulation of the results and simpler proofs.
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sending us drafts of their work and for many stimulating discussions. We also thank
the referee for valuable comments on the first version of the paper.
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INVARIANT INNER PRODUCTS 215

1 PRELIMINARIES

A Cartan domain D C C?is an irreducible bounded symmetric domain in its Harish-
Chandra realization. Thus D is the open unit ball of a Banach space Z = (C%, || - ||)
which admits the structure of a JB*-triple, namely there exists a continuous mapping
ZxXZxZ5> (z,y,2) = {x,y,2} € Z (called the Jordan triple product) which is
bilinear and symmetric in z and z, conjugate-linear in y, and so that the operators
D(z,z) : Z — Z defined for every z € Z by D(z,z)z := {z,z,2} are hermitian,
have positive spectrum, satisfy the ”C*-axiom” ||D(z, z)|| = ||z||?, and the operators
0(z) := iD(x,z) are triple derivations, i.e. the Jordan triple identity holds

o)y, z,w} = {0(2)y, z,w} + {y,0(z)z,w} + {y, 2z, d(x)w}, Vy,z,we Z.

The norm || - || is called the spectral norm. We put also D(z,y)z := {z,y,z}. An
element v € Z is called a tripotent if {v,v,v} = v. Every tripotent v € Z gives rise to
a direct-sum Peirce decomposition

1
Z =7Z1(v) + 73 (v) + Zo(v), where Z,(v) :={z € Z; D(v,v)z =vz}, v=1, 5,0.

The associated Peirce projections are defined for z,, € Z.(v), k = 1, %, 0, by

Py(v)(z1 + 21 +20) =20, V=1, %,0.

In this paper we are interested in the important special case where Z contains
a unitary tripotent e, for which Z = Z;(e). In this case Z has the structure of a
JB*-algebra with respect to the binary product z oy := {z,e,y} and the involution
z* := {e,z,e}, and e is the unit of Z. The binary Jordan product is commutative,
but in general non-associative. The triple product is expressed in terms of the binary
product and the involution via {z,y,z} = (zoy*)oz+ (z0y*)ox — (zoz)oy*. In this
case the open unit ball D of Z is a Cartan domain of tube-type. This terminology is
related to the unbounded realization of D, to be explained later.

Let X = {& € Z;z* = z} be the real part of Z. It is a formally-real (or
euclidean) Jordan algebra. Every x € X has a spectral decomposition x = Z§:1 Ajej,
where {e;}i_, is a frame of pairwise orthogonal minimal idempotents in X, and
{Aj}j=, are real numbers called the eigenvalues of z. The trace and determinant (or,
“norm”) are defined in X via

tr(z) = Zx\j, N(z) := H Aj

respectively, and they are polynomials on X. The maximal number r of pairwise
orthogonal minimal idempotents in X is called the rank of X. The positive-definite
inner product in X, (z,y) =tr(zoy), =,y € X, satisfies

(zoy,2) =(z,y02), wyz€X.

Equivalently, the multiplication operators L(z)y := z oy, z,y € X, are self-adjoint.
The trace and determinant polynomials, as well as the multiplication operators, have
unique extensions to the complexification X© := X +iX = Z. Let

Q:= {2z € X,N(z) #£0}.
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216 ARAZY AND UPMEIER

Then  is a symmetric, open convex cone, i.e. € is self polar and homogeneous with
respect to the group GL(Q) of linear automorphisms of 2. We denote the connected
component of the identity in GL(Q) by G(2). Define

P(z) :=2L(x)* — L(2*), = € X, (1.1)

then P(z) € G(Q) for every = € Q, and x = P(z'/?)e. Thus G(Q) is transitive on
Q. The map x — P(z) from X into End(X) is called the quadratic representation
because of the identity

P(P(z)y) = P(x)P(y)P(x), Vz,y€ X. (1.2)

The domain T'(Q2) := X + i€, called the tube over Q. It is an irreducible symmetric
domain which is biholomorphically equivalent to D by means of the Cayley transform

c¢: D — T(Q), defined by
etz

c(z):=1 z € Z.

e—z’
This explains why D is called a tube-type Cartan domain.

Let e, es,...,e. be a fixed frame of minimal, pairwise orthogonal idempotents
satisfying e; + e2 + ...+ e, = e, where e is the unit of Z. Let

7 = j{: Zi

1<i<j<r

be the associated joint Peirce decomposition, namely Z;; 1= Z; (e;) N Zy (ej) for
1<i<j<randZ,;:= Zi(e) for 1 <i <r. The characteristic multiplicity is the
common dimension a = dim(Z;;), 1 <i < j <r,and d =r+r(r—1)a/2. The
number p:= (r — 1)a+ 2 is called the genus of D. It is known that

Det(P(z)) = N(z)?, VrelX,

where “Det” is the usual determinant polynomial in End(Z). From this and (1.2) it
follows that
N(P(@)y) = N(z)°N(y) Va,y € X. (1.3)

Let uj :=e; +ex+...4+¢; and let Z; := Zl<i<k<]’ Z; 1. be the JB*- subalgebra
of Z whose unit is u;. Let IN; be the determinant polynomials of the Z;,1 < j <
they are called the principal minors associated with the frame {e;};_;. Notice that
Z, =7 and N, = N. For an r-tuple of integers m = (m,ms, ..., m,) write m > 0 if
my > mg > ... > m, > 0. Such r-tuples m are called signatures (or, “partitions”).
The conical polynomial associated with the signature m is

Nam(2) := Ny (2)™ ™™ Ny(2)™~™ Ny(2)™~™s . N, ()™, z€ Z.

Notice that Nm(3"j_; tje;) = [1j_ot; ", thus the conical polynomials are natural
generalizations of the monomials. Let Aut(D) be the group of all biholomorphic
automorphisms of D, and let G be its connected component of the identity. Let
K = {g € G;9(0) = 0} = GNGL(Z) be the maximal compact subgroup of G.

For any signature m let Py, := span{Npy o k;k € K}. Clearly, Py, C Ps, where
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INVARIANT INNER PRODUCTS 217

{=|m|= Z;Zl m; and P, is the space of homogeneous polynomials of degree /.

By definition, Py, are invariant under the composition with members of K. Let
1 — 2
(f,9)5 = 05(¢*)(0) = F/Zf(Z)g(Z)e = dm(z) (1.4)

be the Fock-Fischer inner product on the space P of polynomials, where g#(z) :=
g(z*), 0; = f(£), |2| is the unique K-invariant Euclidean norm on Z normalized
so that |e1| = 1, and dm(z) is the corresponding Lebesgue volume measure. (Thus
(1,1)7 = 1). The following result (Peter-Weyl decomposition) is proved in [Sc], see
also [U1]. Here the group K acts on functions on D via n(k)f := fok™!, k € K.
Notice that Py, £ =0,1,2,... and P are invariant under this action.

THEOREM 1.1 (1) The spaces {Pm}m>o0, are K-invariant and irreducible. The rep-
resentations of K on the spaces Py are mutually inequivalent, the Py '’s are mutually
orthogonal with respect to (-,-) ., and P =3, < Pm.

() If H is a Hilbert space of analytic functions on D with a K -invariant inner
product in which the polynomials are dense, then H is the orthogonal direct sum
H =3 50 PPm. Namely, every f € H is expanded in the norm convergent series
[ = > as0fm, With fm € Pm, and the spaces Pm are mutually orthogonal in H.
Moreover, there exist positive numbers {cm}m>0 so that for every f,g € H with

expansions f =3 <o fm and g=>-,9m we have

<fag>7-[ = Z Cm (fmagm>y-"

m>0

For every signature m let K (z,w) be the reproducing kernel of Py, with respect to
(1.4). Clearly, the reproducing kernel of the Fock-Fischer space F (the completion of
P with respect to (-,-),) is

F(z,w) := ZKm(z,w) =),

An important property of the norm polynomial IV is its transformation rule under
the group K
N(k(z)) =x(k)N(z), ke K, z€ Z

where x : K — T := {A € C;|A| = 1} is a character. In fact, x(k) = N(k(e
Det(k)*>/? Yk € K. Notice that (1.5) implies that Pinm,...omy = CN™ for m =
0,1,2,....

The subgroup L of K defined via

L:={ke K;k(e) =1} (1.6)
plays an important role in the theory.

LEMMA 1.1 For every signature m > 0 the function

() = [ N2 (1.7)

is the unique spherical (i.e., L-invariant) polynomial in Py, satisfying ¢m(e) = 1.
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218 ARAZY AND UPMEIER

For example, ¢(p,m,....m) = N by (1.5). The L-invariant real polynomial on X
h(z) = h(z,z) := N(e — z°)

admits a unique K-invariant, hermitian extension h(z,w) to all of Z. Thus,
h(k(z),k(w)) = h(z,w) for all z,w € Z and k € K, h(z,w) is holomorphic in z
and anti-holomorphic in w, and h(z,w) = h(w, z), [FK1]. The transformation rule of
h(z,w) under Aut(D) is

h(e(z), p(w)) = Jgo(z)% h(z,w) Jcp(w)%, p € Aut(D), z,w € D, (1.8)

where Jp(z) := Det(p'(z)) is the complex Jacobian of ¢, and p is the genus of D.
For s = (s1, 82,...,8,) € C" one defines the conical function Ng on Q via

Ns(z) = Ny %2 (2) N2 (z) N3* % (z)...- N (z), = €Q,

which generalize the conical polynomials Ny,. In what follows use the following no-
tation: a
/\j :(]_1)§a 1S]Sr

The Gindikin - Koecher Gamma function is defined for s = (s1, $2,...,s,) € C" with
R(sj) > A4, 1 <j<r, via

Tq(s) := / e~ " @ Ny (z)dpq (z).
Q
Here tr(z) = (z,e) is the Jordan-theoretic trace of z, and
dug () = N(:E)_%dl”

is the (unique, up to a multiplicative constant) G(Q)-invariant measure on Q. The
following formula [Gi] reduces the computation of I'q(s) to that of ordinary Gamma
functions:

Ta(s) = 2m) /2 T T(s; — \p), (1.9)
1<j<r

and provides a meromorphic continuation of I'q to all of C". In particular, T'q(}\) :=
Lo\ A, ..., A) is given by

Ta() = [ ¢ N@) dua(a) = 20 T[ TO-4),
1<j<r

and it is an entire meromorphic function. The pole set of I'q(\) is precisely

P(D) := UlSjST(/\j —N) = {)\] —n; 1<j<r,n¢€ N} (1.10)
For A € C and a signature m = (my,ma, ..., m,) one defines
r r mj—1
F'o(m+ X
()‘)m = % = H(/\_/\j)mj = H H (TL+/\—/\]'),
j=1 j=1 n=0
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INVARIANT INNER PRODUCTS 219

where m+ A := (m; + A\,ma + A, ...,m, + A).

We recall two important formulas for integration in polar coordinates [FK2],
Chapters VI and IX. The first formula uses the fact that K - Q@ = Z, namely the
fact that every z € Z can be written (not uniquely) in the form z = k(z), where
x € Q and k € K. This is the first (or “conical”) type of polar decomposition of x,
and it generalizes the polar decomposition of matrices. This leads to the formula

/Zf(z)dm(z):#(dg)/g(/Kf(k(x%))dk> dx (1.11)

which holds for every f € L'(Z,m). Next, fix a frame ey, ...,e,, and define

r
R :=spang{e;}j_; and R, := {Z tjej; t1 >te > ... >t >0}
i=1

and
R! = {t=(ti,...t,); t1 > ta > ... >t > 0}.

Then Z = K - R, namely every z € Z has a representation z = k(Z;:1 tje;) for some

(again, not unique) 2;21 tje; € R and k € K. This representation is the second
type of polar decomposition of z. Moreover, m(Z \ K - R;) = 0, namely up to a

subset of measure zero, every z € Z has a representation z = k(Z§:1 t;/ %e;) with
ti >ty > ... >t, > 0. This leads to the formula

/Zf(z)dm(z):co/mr /Kf(k(;t;ej)) dk | [ i —tp)" dty dty .. dt,,

1<i<j<r
(1.12)
which holds for every f € L'(Z,m). The constant co will be determined as a by-
product of our work in section 5 below. For convenience, we can write (1.12) in the
form

[ 1@ame) =a [ 0w . (1.13)
Z R,’jr
where

LY
f#(t) = /Kf(k(Zt]?ej)) dk, t=(t1,t2,...,t,) € R
j=1
is the radial part of F' and

wt):= [ ti—t), t=(t,ts..., 1) €R] (1.14)
1<i<j<r

is the Vandermonde polynomial.

By [Hu], [Be], [Lal], [FK1], we have the binomial formula:

THEOREM 1.2 For X\ € C we have

Ne-2)"=>" (Mm

m>0

Pm(7)

Im  VzeQn(e—Q), (1.15)
llpml|5
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220 ARAZY AND UPMEIER

and
h(z,w) ™ = (Nm Km(z,w), Vz,w € D. (1.16)
m>0
The two series converge absolutely, (1.15) converges uniformly on compact subsets of

(Az) e Cx (2N (e—Q)), and (1.16) converges uniformly on compact subsets of
(A, z,w) €eCx D xD.

In particular, it follows that for fixed z,w € D, the function A — h(z,w) ™ is analytic
in all of C (this can be proved also by showing that h(z,w) # 0 for z,w € D).

The Wallach set of D, denoted by W (D), is the set of all A\ € C for which the
function (z,w) — h(z,w)™" is non-negative definite in D x D, namely

Zaiﬁj h(ZZ, Z]')_)\ >0
i,]

for all finite sequences {a;} C C and {z;} C D. For A € W(D) let Hx be the
completion of the linear span of the functions {h(-,w)~*; w € D} with respect to the
inner product (-,-)» determined by

<h('7w)7)‘7h('7z)7)‘>/\ = h(zaw)i/\a Z,w € D.

Since h(z,w)™ is continuous in D x D, it is the reproducing kernel of Hy. The

transformation rule (1.8) implies that (-,-)» is K-invariant, namely (f o k,go k) =
(f,g9)» for all f,g € Hy and k € K. Thus, by Theorems 1.1 and 1.2, for every
f,9 € Hx with Peter-Weyl expansions f = <o fms 9 = Ym0 Im, We have

(f.9 = LAY (1.17)

m>0 ()‘)m

This formula defines A — (f, g)x as a meromorphic function in all of C, whose poles
are contained in the pole set P(D) of I'q, see (1.10) and (1.16). Of course, for
A€ C\W(D) (1.17) is not an inner product, but merely a sesqui-linear form; it is
hermitian precisely when A € R.

Using (1.16) and (1.17) one obtains a complete description of the Wallach set
W (D) and the Hilbert spaces Hy for A € W (D).

THEOREM 1.3 (1) The Wallach set is given by W(D) = Wy(D) U W, (D) where
Wy(D) :== {X\j = (j —1)§;1 < j < r} is the discrete part, and W.(D) :=
(A\r,00) is the continuous part.

(11) For A\ € W.(D) the polynomials are dense in Hx and Hx = Y, ~o PPm as in
Theorem 1.1; B

(m) For 1 < j <, let So(N;) == {m > 0;m; = mjp1 = ... = m, = 0}. Then
H)‘]' = ZmeSO()\j) Pm and

hz,w) ™ = > (A)mKm(z,w), z,weD.
meéeSy(A;)
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INVARIANT INNER PRODUCTS 221

For A € C, ¢ € G and a functions f on D, we define

UN(p)f = (fop) - (Jo)7
Then, UM (idp) = I and for ¢, € G we have
UN(p o) = exlp, ) UM (1) UM (),

where ¢y (i, ) is a unimodular scalar which transforms as a cocycle (projective rep-
resentation of G). In particular, UM (p=1) = UM (p)~!.

Using (1.8) we see that

>
s>

h(p(z), p(w)™ Jp(w) ? = h(z,w)™, Vz,we D, Vo €G.

From this it follows that the hermitian forms (-,-), given by (1.17) are UM-invariant:

(UM f, UM (g ), = (f.9),, Yf9€H,, Yp€Q.

Jo(2)

In particular, for A\ € W(D) the inner products (-,-)x are UM-invariant and
UM (g), ¢ € G, are unitary operators on #y.

There are other spaces of analytic functions on D which carry U™-invariant
hermitian forms, some of which are non-negative. For any signature m and A € C let
g¢(A,m) := deg,(-)m be the multiplicity of A as a zero of the polynomial & — (£)m.
Notice that 0 < g(A,m) < r for all A and m. Let

q(A) := max{q(A,m);m > 0}. (1.18)

Let
PN = span{UN (¢)f ; f polynomial ,¢ € G}

For 0 < j < q()) set

SN = {m > 056\ m) <j} MM :={f€PV;f= 3" fm, fm € P}

mGSJ' ()\)
(1.19)
The following result is established in [FK1], see also [A1], [O].
THEOREM 1.4 Let A € C and let 0 < j < q(A).
(1) The spaces ./\/lg.)‘), 0<j<q(\), are UM -invariant,
MY c MP c M o MY =P, (1.20)

and every non-zero U™ -invariant subspace of PX) is one of the spaces
MM, 0 <j <.

(11) The quotients M;A)/M()‘) 1< j <q(N), are UM -irreducible.

j—1s
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222 ARAZY AND UPMEIER

(1) The sesqui-linear forms (-,-), ; on M;A), 1< j <q(N), defined for f,g € /\/lg)‘)
by
— 1 —_\)
<fag>x,j T £hj>rf\ (5 A) <fag>5
are UM -invariant and {f € ./\/lg-)‘); (f,9),; =0,Vg € M;A)} = ./\/lg)i)l

(1v) For f,g € ./\/lg-)‘) with Peter-Weyl expansions f =3 fm and g=>_ gm,

we have y )
(fa g),\,]- = Z w
A LY,
where © o
N, o= fim (€ _1;)3' = (d_g)] (Om,_, - (1.21)

(V) The forms (-,-), ; are hermitian if and only if X € R.

(vi) The quotient M;A)/Mgi)l is unitarizable (namely, (-,-), ;

inite or negative definite on MS-A)/ME-’\_)l) if and only if either: A € W(D) and
j=0,0r: Xe P(D), j=q(N\), and A\, — X € N.

is either positive def-

The sequence (1.20) is called the composition series of P,

DEFINITION 1.1 Hy; = Ha;(D) is the completion of Mg)‘)//\/l;i)l with respect to

<'7 '>A,j'
Observe that Hyo = Hy for A € W(D). Also, ¢(A) > 0 if and only if A € P(D).

The main objective of this work is to provide natural integral formulas for the
UM-invariant hermitian forms (-,-)x,j, with special emphasis on the case where the
forms are definite, namely the case where #H, ; is a UM-invariant Hilbert space. These
integral formulas provide a characterization of the membership in the spaces H ; in
terms of finiteness of some weighted L2-norms of the functions or of some of their
derivatives. We discuss now some examples which motivate our study.

The weighted Bergman spaces: It is known [FK1] that for A € R the integral ¢(\) ! :=
[p h(z,2)*"Pdm(2) is finite if and only if A > p — 1, and in this case

7Td FQ (A — ;)
For A > p — 1 we consider the probability measure
dux(2) := c(N) h(z,2)* 7P dm(2) (1.23)

on D. The weighted Bergman space L2(D,uy) consists of all analytic functions in
L?(D, u1y). Using (1.8) one obtains the transformation rule of py under composition
with ¢ € G:

dur(p(2)) = |Jo(2)| 7 dpa(2).
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(The same argument yields the invariance of the measure dug(z) := h(z, z)"Pdm(z)).
From this it follows that the operators U () are isometries of L?(D, j15) which leave
L2(D, py) invariant. It is easy to verify that point evaluations are continuous linear
functionals on L2(D, uy) and that the reproducing kernel of L2 (D, uy) is h(z,w) ™.
(For w = 0 this is trivial, and the general case follows by invariance.) It follows that
Ha = Li(D,,u,)‘).

The Hardy space: The Shilov boundary S of a general Cartan domain D is the set of
all maximal tripotents in Z. S is invariant and irreducible under both of G and K.
Let o be the unique K-invariant probability measure on S, defined via

/ £(6) do(€) == / F(k(e)) d.
S K

The Hardy space H*(S) is the space of all analytic functions f on D for which
2 ST 2
lfes) = lim [ 160 ao(e)

is finite. The polynomials are dense in H?(S) and every f € H?(S) has radial
limits f(¢) == lim, 1 f(p€) at o-almost every & € S. Moreover, for f € H?(S),
I fllz(sy = IIfllz2(s,0)- This identifies H?(S) as the closed subspace of L2(S,0)
consisting of those functions f € L?(S, o) which extend analytically to D by means of
the Poisson integral. Again, the point evaluations f — f(z), z € D, are continuous
linear functionals on H2(S). The corresponding reproducing kernel is called the Szegi
kernel and is given (as a function on S) by S.(£) = S(&,2) := h(€,2)~%". See [Hul,
[FK1]. This non-trivial fact implies that Hq/, = H 2(8S). The transformation rule of
the measure ¢ under the automorphisms ¢ € G is

do(p(§)) = |Jp(&)| do ().
Hence, U™ () f = (f o ¢) (Jp)'/?, ¢ € G, are isometries of L?(S, o) which leave
H?(S) invariant.

The Dirichlet space: The classical Dirichlet space Bs consists of those analytic func-
tions f on the open unit disk D C C for which the Dirichlet integral

1713, = /D (=) dA(2) (1.24)

is finite. Here dA(z) := ldzdy. Clearly, B, is a Hilbert space modulo constant
functions, and ||f o ¢||B, = ||fl|B, for every f € By and ¢ € Aut(D). Thus, B, is
U©)invariant. The composition series corresponding to A = A\; =01is Cl1 = Méo) C
Ml(o) = P, Hence By = Ho1(D). The inner product in By can be computed also
via integration on the boundary T := @D (which coincides with the Shilov boundary
in this simple case):

(s, = 57 [ €€ 9000 I (1.25)

Motivated by this example we call the spaces Hg 4(o) for a general Cartan domain
D the (generalized) Dirichlet space of D. The paper [A2] provides integral formulas
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generalizing (1.24) and (1.25) for the norms in Hy 4(x) for A € W4(D), in the context
of a Cartan domain of tube type (in [A1] these formulas are extended to all A € P(D)).
Formula (1.24) says that f € B = Hg 1 if and only if f’ € H,. Namely, differentiation
“shifts” the space corresponding to A = 0 to the one corresponding to A = 2. This
shifting technique is developed in [Y3] in order to get integral formulas for the inner
products in certain spaces H) with A < p — 1. The general idea is to obtain such
integral formulas via “partial integration in the radial directions”, see [Ri], [Go], and
[FK2], Chapter VIL. (For the open unit ball of C%, the simplest (i.e. rank-one) non-
tube Cartan domain, cf. [A3], [Pel]).

Finally, we describe the relationship between the invariant inner product and the
Riesz distribution. The Riesz distribution was introduced in [Ri] for the Lorentz
cone, i.e. the symmetric cone associated with the Cartan domain of type IV (the “Lie
ball”). It was studied in [Go] for the cone of symmetric, positive definite real matrices
(associated with the Cartan domain of type IIT) and for a general symmetric cone in
[FK2], chapter VII. Let Q be the symmetric cone associated with the Cartan domain
of tube type D. For a € C with ®a > (r —1)§ let R, be the linear functional on the
Schwartz space S(X) of X defined via

Ra(f) = r;@ /Q f@)N ()™ de.

Then R, is a tempered distribution satisfying On Ry = Ra—1, Ro*Rg = Rot8, Ro =
d,i.e. Ry is the fundamental solution for the “wave operator” Oy := N (8%). These
formulas permit analytic continuation of & — R, to an entire meromorphic function.
It is very interesting to find the explicit description of the action of R, for general a,
but this is still open. What is known is that the Riesz distribution R, is represented
by a positive measure if and only if « € W (D).

Writing the inner products (-, -)
A>p—1

, in conical polar coordinates (1.11), we get for

TFa())

(.fag>,\ = FQ(%)FQ(/\— %)

/ (f9)(z) N(e— 2> dz, Vf,g € Ha(D),
QN(e—Q)

where (£3)(z) := [ f(k(z*)) g(k(z?)) dk. Thus

Ta())

<f:g>x = FQ(%)

(Bsa % (19)) (o),
where the convolution of functions u and v on € is

@eo@ = [ u ety dy

Also, the inner product (-,-),, A > p — 1, in the context of the tube domain
T(Q) := X +iQ (holomorphically equivalent to D) is

b= e [ ([ 5o+ in) 7 an) N2 dy,
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See section 6 for the details. Thus
(o) =712 Ta() Ry_s ((£9)).

where (f9)")(y) = [y f(z +iy) g(z + iy) dz, y € Q.

In view of these formulas the problem of obtaining an explicit description of
the analytic continuation of the maps A\ — (f,g), is equivalent to the problem of
determining the analytic continuation of the maps A — R, 4 (u).

2 G(N)-INVARIANT DIFFERENTIAL OPERATORS

Let ©Q be the symmetric cone associated with the Cartan domain of tube type D,
i.e. the interior of the cone of squares in the Euclidean Jordan algebra X. In this
section we study G(Q)-invariant differential operators that will be used later for the
invariant inner products. The ring Diff(Q)%(?) of G(Q)-invariant differential opera-
tors is a (commutative) polynomial ring C[X, Xo,...,X,], [He], [FK2]. By [FK2],
Proposition IX.1.1, © is a set of uniqueness for analytic functions on Z (namely, if
an analytic function on Z vanishes identically on Q, it vanishes identically on Z).
Similarly, QN D = QN (e — Q) is a set of uniqueness for analytic functions on D.
Thus, if f,g and ¢ are polynomials on Z so that d;(g)(z) = f(L)g(z) = q(z) for
every z € €, then 9;(g)(2) = f(2)g(z) = q(z) for every z € Z. We begin with the
following known result [FK2], Proposition VII.1.6.

LEMMA 2.1 For every s = (s1,82,...,8.) € C" and £ € N, we have

NUC) Nola) = 1a(8) Nocela), Vi €,

where
r (-1

d (s a
lls(ﬁ) .— (T)s FQ + HH 4 T_j)g),

it o 7

and
d

dz
Let N7 be the norm polynomial of the JB*-subalgebra V; := >~ _ —jH1<j<k<r Zi ks

where Z; ;, are the Peirce subspaces of Z associated with the ﬁxed frame {_eﬂ -_,. For
every s = (81,...,8,) € C" let

La(s) N(—=) Ny(@ ) = (~1)" Tals + 1) Neps (2 ).

Ng(z) := Ny (z)® %2 Ny (x)%27% ... N ()", x€Q,

and

S* = (sr,srfl,srfm . .,81).

Then we have Ng(z71) = N*_.(z) for = € Q, [FK2],Proposition VII.1.5.

DEFINITION 2.1 For £ € N and X € C let Dy(\) be the operator on C*®(Q) defined

by
Di(N) = N ) NO (L

p) N2 (). (2.1)
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In the special case of the Cartan domain of type II the operators D;(\) have been
considered by Selberg (see [T], p.208). The operators D;(\) were studied in full
generality in [Y3], see also [FK2], Chapter XIV. Notice that by Lemma 2.1 we have

FQ(S+A+Z)

De(3) Ns = To(s+ A)

Ns. (2.2)
In section 4 below we will extend Dy(A) to a polynomial differential operator on
Z,i.e. Dg(A) = Qe (z, 67) for some polynomial Q.
LEMMA 2.2 The operator Dy(\) is K-invariant, i.e.
De(N)(fok) = (De(A)f) ok VfeC®(Q), VkeK.

ProoF: We have N (kz) = x(k)N(z) for every z € Z. Since the operator dy = N(a%)
is the adjoint of the operator of multiplication by /N with respect to the inner product
(-,-), K-invariance of (-,-), implies On(f o k) = x(k)(On f) o k. It follows that

TADY

DNk = XBTTF N N (N4 (k) f(h2))

— 42 —2 a 0

= XN 0 (N ) )

= NEAE) (NGO D) () = DN k). w

Using (2.2) and the fact that @ ND = QN (e — N) is a set of uniqueness for analytic
functions on D, we obtain the following result.
COROLLARY 2.1 The spaces Pm are eigenspaces of Dy(\) with eigenvalues

FQ(m+/\+€)

Hem(A) = To(m+ \)

(2.3)

Thus for every analytic function f on D with Peter-Weyl expansion f =73 <o fm,

Nf= 3 A0 ey S B )

m>0 FQ m + /\ m>0 (/\)m
Indeed, for every signature m and every k € K,
. . I'g (m + A+ f)
De(N)(Nen oK) = (DN Non) 0 b = ~£ZE2 Noy o

Since Pm = span{Nm o k; k € K}, (2.4) follows from the continuity of D,(\) with
respect to the topology of compact convergence on D.

COROLLARY 2.2 Let A€ C\P(D), £ € N, and w € D. Then

D¢(AN) h(-,w) = N(e.e,....0) h(-,w)~ A0, (2.5)
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Proor: Using (1.16) and Corollary 2.2, we get

DE(/\)h('aw)i/\ = Z()‘)mDF()‘)Km(aw)
m>0
= N0 Z(,\)mM Kn(-,w)

N ety D At Om K w) = (e, bl w)"0H0
m>0

Notice that the assumption that A is not in P(D) is used in the above proof to ensure
that (A)m # 0 for every m > 0. This is due to the fact that the zero set of the
polynomial (), is

Z((Ym) = Uiy N —ksk = 0,1,...,m; — 1}, (2.6)

while P(D) = Uj_; (Aj = N) = Um>0 Z((*)m)- Similarly, for each m > 0 the zero
set of the polynomial defined by (2.3) is given by

Z(pem () = Ujzy {Aj — ks my <k <my +£— 1} (2.7)

The multiplicities of the zeros are equal to the number of their appearances on the
right hand side of (2.7).

COROLLARY 2.3 Let A € C, £ € N be so that {m > 0;(A\)m = 0} C {m > 0; (A +
f)m = 0}. Then (2.5) holds.

PROOF: Notice first that (X)X +)m = (M)me for all A € C, £ € N, and
m > 0. Hence, using the fact that {m; (A + )y # 0} C {m; (A\)m # 0}, we get for
every w € D

DM w)™ = DN DY NmKm(-,w)

= Nty D, A+ OmEm(w)
(AN m#0

= (/\)(l,...,l) Z (/\ +Z)me('7w)
(A+£) m#0
= (/\)(57...7€)h('7w)_()\—H)' |

For A € P(D) let ¢ = ¢(\) be as in (1.18), and for 0 < j < ¢ consider S;()) and
MW asin (1.19).

LEMMA 2.3 Let A\, and ¢ = q(\) be as above, and choose an integer £ so that X+ £ >
4=\, +1. Then

r

(1) degx(()(e,c,...0)) = -
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(11) For every j =0,1,2,...,q and every m € S;(A) \ S;—1(X), degr(fte,m) = ¢ — 3.
() If 0<j<gq and me€ S;_1(N), then degr(pe,m) >q—j+1.
ProOOF: Using (2.6) it is clear that

gAdm)y=¢q¢ & N-mi+1<AVji & A-m,+1<A

Since A\, +1 > A+ /£, we see that m = (£, ¢, . .., £) satisfies the above condition, namely
degx(()(,....p) = a(A, (¢,...,£)) = q. This establishes (i). Next, m € SJ(.)‘) \S;i)l is
equivalent to g(A,m) = j. By the argument given above, ¢(A\,m + ¢) = ¢. Since
degx(f/g) = degr(f) — degx(g), we get

degx(jte,m) = degx <(-)m+£> =

(')m
= degxa((')m+e) — degr(()m) = ¢(A, m + £) —q(A\,m) = ¢ — j.
This yields (ii). Finally, (iii) follows by similar computations. (]

Let A € P(D), ¢ € N, and ¢ = g()\) as above. For every m > 0 and v € N we

define L g
Hem(A) = (8_£)Vﬂl,m(€)|5:)\-

T

Using Lemma 2.3 (ii), we have

COROLLARY 2.4 (1) Ifm € S;(A) \ Sj—1(\) then

/ mj+l71

h=m;  TONges over all non-zero terms. In particular,

where the product ]
115 m(X) # 0.
(1) If m € S;_1(\) then ug;{(/\) =0.

DEFINITION 2.2 For A € C and v,l € N let D} ()) be the operator on C* (D) defined

by 1. 0
—(52)"(De(€) f)je=n- (2.8)

v o
Notice that if f = > <,fm is analytic in D, then Dj(\)f :=
By [FK2], Chapter VI the group G() admits an Iwasawa decomposition G(2) =
NAL, where L is the group defined via (1.6), and N A is a maximal solvable subgroup
of G(2) (called the triangular subgroup with respect to the frame {e;}/_;) which acts
simply transitively on Q and for which all the conical functions Ng, s € C7, are
eigenfunctions:

D\ f =

Ns(7(z)) = Ns(7(e)) Ns(z), VT € NA, Vz e (2.9)
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LEMMA 2.4 The operators D;(X) are G(Q)-invariant, i.e. Dy(A)(fop) = (Di(X)f)o
w, YfeC®(Q), Ve G).

PRrROOF: By the L-invariance of Dy(\) (see Lemma 2.2) it is enough to verify the
N A-invariance of Dy(A) for functions f of the form f = Ng o/ for some s € C” and
L€ L. Let 7 € NA, and decompose £ o 7 uniquely as £o7 = 7/ o /' with 7/ € NA and
¢' € L. Then, using (2.2) and (2.9), we get

De(N)(for) = De(N)(Nsolor)= DX (Nsor'ol')

= (D¢y(N)(Ngo1"))ol' = Ng(7'(€))(Dg(A)Ng) o ¢

Fa(s+A+1) Fa(s+A+1)

— ! AL ro__ 2\ VAP ! !
= Nq(7'(e)) Tols + 0 Ngol/ To(s £ ) Ngot' ol
_ Ta(s+A+10) _ Ta(s+A+14)

T TToes+n) EoleT = ThoEwy feT

= (DeN)f)or. |

COROLLARY 2.5 The operators Dj(X\) are G(Q)-invariant.

3 INTEGRAL FORMULAS VIA THE SHIFTING METHOD

In this section we develop general shifting techniques (introduced in [Y3], for the case
of integer shifts). The simplest case where this technique is applied is the case of the
Dirichlet space D = Hp,1 over the unit disk D (see Section 2). For any a € C and
B € C\ P(D) we define an operator S, g on H(D) via

Sus( Y fa) = 3 % fen

m>0 m>0

Theorem 5 of [A4] and the known estimate

E;;m ~ H(mj +1)"7Y VryeR
m =1

(an easy consequence of (1.9) and Stirling’s formula) ensures that S, g is continuous
on H(D). For 3 € P(D) we define operators S, 3,;, 0 < j < ¢(8), on the space of
analytic functions on D of the form f =737 s;(5) fm by

. j (@)m
Sa,p,if == lm({ = B) Sapf = fm,
’ £ mESJ‘(%SJ‘—l(ﬁ) (B)m.s

where (8)m,; are defined by (1.21). Again, S, 3,; is continuous in the topology of
H(D) AlSO, SQ,B,O = Sa’g.
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PROPOSITION 3.1 Let a, 3 > (r —1)§. Then (f,g9), = (Sa.sf,9). for every f,g €
Hg.

ProoF: By (1.17) the operator Siﬁ : Hg — Hqo defined by

S5 = 3 (92 4

m>0 m>0

1
is a surjective isometry, and || f||3 = |SZ 3|2 = (Sa,5f, f)..- Now the result follows
by polarization. B

In a similar way one proves the following result.

PROPOSITION 3.2 Let a > (r — 1)§ and let 3 € P(D). Then for every 0 < j < q(f3)
and all f,g € Hg j,
(£:9)8.5 = (Sa.8,ifs9)a- (3.1)

The operators S, 3,; allow the computation of the invariant hermitian forms
(f,9)5,; by “shifting” the point 3 to the point . This is the “shifting method”. One
typically chooses either « = £ or & > p — 1, so the forms (f,g), , can be computed
by the integral-type inner products of H2(D) or L2(D, uus). In order for the shifting
method to be useful, one has to identify the operators S, 3,; as differential or pseudo-
differential operators. Essentially, this is our aim in the rest of the paper. Yan’s paper
[Y3] deals with the case where £ := o — 3 is a sufficiently large natural number. The
following result is a minor generalization of a result of [Y3].

THEOREM 3.1 Let A > A\, = % — 1 and let £ € N. Then for all f,g € H)
(£,9), = X, O(De(N) f,9) 1405 (3.2)

where o() .
(0] /\,E = Q = .
.6 CoA+0)  (Ne,....0

We include a short proof for the sake of completeness.

PROOF: Let f,g € Hy with expansions f =", fmand g =3 ., 9gm respectively.
Then B B
Hf,m()‘)

(D‘()\)f, ),\+z = U (fma m>}'
(N f,g mz;o Ot O (Fmd

FoA+0) ~ migm)s _ .
FQ(}\) ngo ()\)m - a(/\vg) <fag>x' [ ]

COROLLARY 3.1 Let A > A\, = % —1, and £ € N be so that A+ > p— 1. Then
H)\+l = LZ(DaID\H{), and fOT every f’g € LZ(D,M)\+(),

(£:9)s = a(X0) c(A+0) / (De(N)f)(2) 9(2) h(z, )P dm(2).

D
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Our main result in this section is a generalization of both Theorem 3.1 and the
other results of [Y3] to the case of invariant hermitian forms associated with the pole
set P(D) = U7_;(\; — N). Since W(D) C P(D), this covers cases not studied in
[A1].

THEOREM 3.2 Let A\ € P(D), £ € N and assume that A\ + { > % = A +1. Let
g=q(A),0<j<q, andv=gq—j. Then for all f,g € Hxj,
(£r9)5; = YD, )i (3.3)
where v = v(\, £) is the non-zero constant
1,0
V= a(a—g)q () ttre)) e - (3.4)
In particular, if X+ >p—1, then
(Fr9).; =ve(A+10) /D(DZ(A)J‘)(Z) g(2) dm(z). (3.5)

Moreover, if \, — X\ € N and ( is chosen so that A\ +£ =% =\, + 1, then

r

(£:9)x, =7/S(DZ(/\)J”)(£) g(&) do(§). (3.6)

We shall also give a new proof of the following known result (see [FK1], Theorem
5.3) and of a part of Theorem 1.4 above, based on our analysis of the structure of
zeros of the polynomials (-)m. Recall that 7 ; is said to be unitarizable if (-, )» ; is
either positive definite or negative definite.

THEOREM 3.3 Let \,{,q, and j be as in Theorem 3.2. Then H, ; is unitarizable if
and only if either

(a) j=q and \, — X\ € N, or

(b) j =0 and X € W4(D) = {\}]_,.

For the proof of Theorems 3.2 and 3.3 we consider separately the cases j = 0,
Jj=¢and1<j<qg-1

CASE 1: j=0. Since A € P(D), there is a smallest k € {1,2,...,r} and a unique
s € N so that A\ = Ay — s. We claim that Sp(A) = {m > 0;m; < s}. Indeed,
if m > 0, then Hf;ll T;SI(A + v — \;) # 0, by the minimality of k. The term
T O+ v — M) =TI, (v — 5) is non-zero if and only if my < s. If my, < s
and k£ < n <r then

ﬂ A+v—2) = ﬂ (M —An)+(v—5)) #0
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because m,, < my, < s. This establishes the claim. Notice that since A + ¢ > A, + 1,
we have (A + £)m > 0 for any m > 0. Also, degx((+)(sy,....e)) = ¢ by Lemma 2.3. It
follows that for m € Sp(A), degx(pe,m) = ¢, and

Him(A) = qlv(ag) pem(®) je=r = 1(8_£)q<%(5)“’“’0> 6=

040w, 0 i
= a7 O e =y

Hence, for f,g € Ha,,

<DZ()‘)fag>A+z = Z M?,m()‘) %

meSp(N)

= 7 Z M = 7<fag>x,0'

meSp(A) ()\)m

This proves Theorem 3.2 in case j = 0. If A € Wy(D), i.e. A = Ay and s = 0,
then (A)m > 0 for every m € Sp(A), namely 0 = my = mpsq = -+ = m,. If
A€ P(D)\ Wy(D), then A = A\, — s with 1 < s. In this case (A)m assumes both
positive and negative values as m ranges over Sp(A). Indeed, if m and n are defined
by mj=n;=0for1<i<k—1land k<i<r, and my =0, ny =s — 1, then (A
and (A)n have different signs. Thus (-, ), , is not definite (positive or negative), and
thus #Hy o is not unitarizable. This proves Theorem 3.3 in case j = 0.

CASE 2: j = q. In this case v = ¢ — j = 0. Also, Lemma 2.3 yields degy(ft¢,m) =0
if me S;(\) and dega(pe,m) > 1 if me S,_i(A). It follows that for f,g € Hax 4,

(fm’ m)]—'
(DN ghie = mxm(k)ﬁ
meSg ()
Now,

At Om
A

where 7 is the non-zero constant defined in (3.4). It follows that

,uLm(/\) = gh_[g\%

<D€(/\)fv ape — Z fmagm 7<f7 g>)\,q

meS,(\) ) g

This proves Theorem 3.2 in case j = gq. To prove Theorem 3.3 in this case, assume
first that A = A, — s for some s € N. We claim now that

S\ Sgm1(A) ={m > 0;m, > s+ 1}. (3.7)

Indeed, if m, > s+ 1 then T[]/ (/\—l—u—/\) =0. If XA € X —N, then
Hum:ial()\+u—)\r) =0 because m; > m, > s+ 1. Thus deg)((-)m) = ¢. Conversely,
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if degx((-)m) = ¢, then in order that Hum:”(;l()\ +u — Ay) =0 it is necessary that
s < m, — 1. This establishes (3.7).

Next, let m € S;(A\), and let 1 <i<r besothat A€\, —N,say A=\ —k;.
Then

m;—1 k;—1 m;—1
gg(s—»*l ITE+u-2)=J[+u-x) J] A+u-X)=7mbi
u=0 u=0 u=k;+1

with 8; Z0 and vim > 0. f A ¢ X\; — N we let §; = Hu<x4(/\+u — X)) #0 and
Yi,m = Hu>xﬂ(z\+u — A;) > 0. Then

v Om Y7L s
()\)m,q - gLI}}\ (é. — /\)q - i];[l'}/z,m ﬂz-

Hence, all the numbers {(A)m,q}mes,(n) have constant sign (equal to sgn([T;_, 8:)),
and thus ) , is unitarizable. Assume now that A ¢ A, — N. Then, necessarily, the
characteristic multiplicity a is odd and A € A._1 — N. Writing A = \._1 — s, s € N,
it is clear by the above arguments that

S M\ Sgm1(A) ={m>0; m,_; >s+1}.

Letm = (s+1,s+1,...,s+1,1)andn = (s+1,s+1,...,5+1,0). Then m,n € S;(A)
and (A)m,g = A= Ar)(Mn,g- Thus (A\)m,q and (A)n 4 have different signs, and so Hy 4
is not unitarizable. This proves Theorem 3.3 in case j = q.

CASE 3: 1<j<q-—1. Put v = q—j. As before, £ € N is chosen so that A + ¢ >

Ar + 1, and this guarantees that degx((*)m+¢) = ¢ and (A + £)m > 0 for all signatures
m > 0. Let f,g € Hy ;. Then

(fmagm>.7-'

DHOVANESSY) MmN SR

mGS]'(A)

If me S;(A)\ Sj—1(N), then

degx (pe,m) = degx <('()f)“+£> =q-j=v

v Cowem(@) L OmE= Ny A+ Om
W) = e T T N TOm ) Dy
Ifme€ Sj_1(A), then degr(pr,m) >q—j+1=v+1,andso py,,(A)=0. Thus

A+Om (fm;gm) -
Mmj A+ Om

DYNfighye = 7 D

meS;(M\Sj-1(X)

= 7 Z M = 7<f’g>)\,j'

meS;(A\S;-1(A) (Mm.j
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This proves Theorem 3.2 in case 1 < j < ¢ — 1. To prove Theorem 3.3 in this case
we need to show that as m varies in S;(A) \ Sj—1(A), (A)m,; assumes both positive
and negative values. Notice first that there exists a unique pair (k, s) of integers with
1<k <s<rsothat Ay — X and A; — X are positive integers and

me S;(MN)\Sj-1(A) <= mp>XA—A+1and my <Ay — A

In fact, s = k + 1 if the characteristic multiplicity a is even, and s = k + 2 if a is
odd. Next, Ay = A=Ay = A+ (s — k)5 > 1. Definem,nby m; =n; =\ —A+1
if 1<i<k,mi=n;=01if k+2<i<r,and mgy; =0, ngy; = 1. Then
m,n ¢ S](/\) \ Sj_l(/\) and (/\)HJ = (/\)m7](/\ — )\s) Thus ()‘)117]' and ()\)m7j have
different signs, and so H,,; is not unitarizable. This proves Theorem 3.3 in case
1<j<q-1. "

A special case of Theorem 3.2 is the following essentially known result.
COROLLARY 3.2 Let A € P(D) be so that s = s(\) := £ — X € N. Then

(1) Ha,q is unitarizable, and

foghr, = /S N*(€)(@% )(€) 9@ do(€), Vf.g € Hag.

Thus, an analytic function f on D belongs to Hy 4 if and only if (Nsafv)l/2f €
H2(S).

(11) Moreover, if £ € N is chosen so that A + £ > p — 1, then

gy, = /D (Do) (=) 902) bz )P dm(z), Vg € Hag.

Consequently, an analytic function f on D belongs to Hy, if and only if
(De()V?f € L3(D, pavre)-

In the last statement (Dg(\))!/? is the positive square root of the positive operator
D,()), see Corollary 2.1 Indeed, part (i) follows from Theorem 3.2 with j = ¢, v =
g—37=0,¢=s5and Ds(\) = N°9%. In this case Hxy+s = Ha is the Hardy space
H?(S) on the Shilov boundary S. Corollary 3.2 (i) for A € V{/'d(D) was proved in
[A2]. The proof of part (ii) is similar.

The case where A € P(D) and s := % — X € N (i.e. the highest quotient of the
composition series of UM-invariant spaces is unitarizable) is of particular interest.

THEOREM 3.4 Let A\ € P(D) and assume that s := % — X € N. Then, for each
p € Aut(D) and f € H(D)

OR(UN () f) = UV ()93 ) (3-8)

Namely, the operator 0% intertwines the actions UM and UP—N of Aut(D). More-
over,

(fa g),\,q = <a]s\ffa 6;\[9);,_,\) vfag € H/\,qa (39)

DOCUMENTA MATHEMATICA 2 (1997) 213-261



INVARIANT INNER PRODUCTS 235

where

r ;51

_ d
Cll = (;)(573,...,5) H HUZO()"I'U_/\j)a (3.10)
i=1
and the product H'Z;t ranges over all non-zero terms. In particular, if A < 1, then

(f:9)s, =crclp—=2A) /D(afvf)(Z) (O3 9)(2) h(z,2)"* dm(z), Vf,g €My, (3.11)

PROOF: (3.8) is proved in [A1], Theorem 6.4. For the proof of (3.9) and (3.11) we
define an inner product on the polynomials modulo Mg’\_)l by

[f,9] == (OX [, ONG) p—r, [r9 € Hiny-

We claim that [-, ] is UM-invariant. Indeed, using (3.8) we see that for every ¢ €
Aut(D) and polynomials f and g,

UM (@) f,UMN()g] = O[T () f), 0% (UM (9)g))p—r
= (UP(@)OF 1), UP™ ()(0%9)) p-x
= <a]s\ffaa]s\fg>l)*/\: [fag]

Since polynomials are dense in #) 4, the fact that its inner product is the unique
UM -invariant inner product (see [AF], [A1]) implies that

<fag>)\,q =C [fag]a vfag € H)\,Q'

The value (3.10) of ¢; is found by taking f = ¢ = N¥, and using the facts that
(N, N)F = (£)(s,5,.08)s [N®, N] = (93 N*)* = (N*, N*)3, and

) (N*,N*)F (N, N*)Fr
N*,N*), . = lim (€ — \)° - L . N
( > ’ £LI>T}\(§ ) (6)(s,s...,s) H;:l H,uzt()‘ +u— A])

ExAMPLE: In the special case where A = 0 and s := £ € N, H, 4 is the generalized
Dirichlet space, and formula (3.11) is the generalized Dirichlet inner product

(f:9)o, =c1cp—A) /D(af'vf)(Z) (O3 9)(2) dm(z), Vf,g € Hog-

4 THE EXPANSION OF THE OPERATORS D;()\)

Yan’s operators Dy(\) = N%”\OJE\,N’\H’% and their derivatives play an important
role in the previous section. In this section we obtain an expansion of Dy(\) in powers
of A. This expansion will exhibit D;(\) as a polynomial in z, 3%7 and A, showing that
D,()) is a differential operator (with parameters A and ¢) in the ordinary sense. It

also facilitates the computation of the derivatives

DY) = o

a—f)uDe(ﬁ)K:A,
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236 ARAZY AND UPMEIER

needed in formulas (3.3), (3.5) and (3.6) for the forms (f,g),,. Another conse-
quence will be that for any r distinct complex numbers a,...,a, the operators
Di(an),...,Di(a,) are algebraically independent generators of the ring of invariant
differential operators on the cone 2, a result obtained independently also by Kordnyi
and Yan (see [FK2], Chapter XIV). We shall work in the framework of the cone ,
but all the results will be valid for Z, because Q is a set of uniqueness for analytic

functions on Z.

EXAMPLE 4.1. Let D C C%, d > 3 be a Cartan domain of rank r = 2 (called the Lie
ball). The associated JB*-algebra Z = C¢, called the complex spin factor, is defined
via

2w = (21w1 — 2w zw w2, 2F = (Z, -7,
where 2z = (z1,2'), = (29,23,---,24), and 2z - w := 2?21 zjwj. The unit
of Z is e := (1 0, 0 .,0), and the canonical frame is {ej,e2}, where e; :=

%(1,@',0,0,...,0), ey = %(1,—2’,0,0,...,0). The norm polynomial and the asso-
ciated differential operator are given by

d

d
N(z)::z-z:Zz?- and Oy = N 8_ :iza_

j=1

‘M

respectively, since (z|w) = 2z - w is the normalized inner product. Since r = 2 and
a = d — 2, the Wallach set is

d—2 d—2

W(D) =Wy(D) UW(D), Wa(D) ={0,—~}, We(D) = (—5—,00).
One can show that D is given by
1
d 2 n
D={ze Z; | Q_ Iz’ = INGP | < 1= Iz} (4.1)
j=1 j=1
For every a € C
0? 0 0
— N* = 2aN*""z, + N
0z} Oz1 (20 %+ 6zk)
= 2aN*!4 4aN“’1zki +da(a—1)N* 227 + N“6—2
Oz, k 023"

Since R = Z 125 Bz , we obtain

2

O No = ala — g) N1 4 aN* 'R+ N0y.

e
||D1@~

2
Zj
It follows that for every a € C and £ € N,

d—2
leaaNN“ = NOn + aR + ala+ T)I = NOn + (a)(LO)R + (a)(l,l)I- (4.2)
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INVARIANT INNER PRODUCTS 237

Since
D) = (N%_)‘ONNH)‘_%) (N%_)‘_laNNQH‘_%) (N%“_’Z_AONNH}‘_%) :

we finally obtain
‘ d d
HN6N+ A=5 + DR+ A=1+7)(A =5 +5)I). (4.3)

Note that the factors on the right hand sides of (4.2) and (4.3) commute, since they
are G(Q)-invariant, and the entire ring of G(Q)-invariant operators is commutative.
Also, the operators R and N0y are K-invariant. Hence the factors on the right hand
sides of (4.2) and (4.3) are multipliers of the Peter-Weyl decomposition of analytic
functions on D (see Corollary 2.1).

Consider a general Cartan domain of tube-type D C C? with rank r. Let Q be
the associated symmetric cone in the Euclidean Jordan algebra X and fix a frame
{e1,...,e,} of pairwise orthogonal primitive idempotents in X, whose sum is the unit
element e. For 1 <wv <r, let ¢, := ¢1, be the spherical polynomial associated with
the signature 1, := (1,1,...,1,0,0,...,0), where there are v “1”’s and r — v “0”’s.
Put also ¢o(z) = 1. Let {A,}7_, be the differential operators on Q defined via

(A)f(@) = o () (F(Plat)a)) (14)

|lz=e

where for b € X, P(b) is defined via (1.1). Recall that P(b) € G(Q) for every b € Q,
and that Q = {P(b)e;b € O} since P(a?)e = a. Moreover, the L-invariance of the
¢,’s and the “polar decomposition” for 2 imply that

(A)f(@) = 0 (o) (fb() ., aeq (15)

for every 1 € G(Q) for which ¢(e) = a. This implies that the operators {A,}7_, are
G(Q)-invariant, namely

Ay(foy) =(Avf)oy, VY eG(Q), Vfe ™ (Q).

We remark that (4.4) and (4.5) are equivalent to

Ay, = 6 (" (1) e = ¢, (P(a2)y) ™Y, a,y € Q, (4.6)

where ¢ € G(Q) € GL(X) satisfies ¢(e) = a, * is the adjoint of ¢ with respect to
the inner product (-,-) on X, and A, differentiates the coordinate x. Notice also that
the operators A, can be written as

0

A, = Cme(wa %)7

where m = (1,1,...,1,0,...,0) (v “ones” and r — v zeros), and ¢, is an appropriate
constant.
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238 ARAZY AND UPMEIER

For v = 0,1, r it is easy to compute A,,. Clearly, Ag = I. Since N is L-invariant,
¢r = N. Using (4.6) and (1.3), we find that

A, = NOn.

Also, ¢y (z) = Ltr(z) = 1 (z,€). Indeed, using Ny (z) = (z,e1) and the fact that L is

r

transitive on the frames, we get

p1(z) = /L<za:,e1>dz= %é/L(&n,ej)dz

1 1 1
= — E de = - g dﬁ - - .
- [nar= [ ey at= oo
Using the fact that tr(P(a?)y) = (P(a2)y,e) = (y, P(a?)e) = (y,a), Va,y € Q, we
find that
A; = —R,
T

where Rf(z) := %f'(taz)‘t:1 is the radial derivative.

Our main result in this section is the expansion of D;()) = N9y NHA—%,
This result was obtained independently by A. Koranyi, see [FK2], Proposition
XIV.1.5.

THEOREM 4.1 For every X € C,

Di(\) = ;} (Z) jzl:[ﬂ(x —\) A, (4.7)

PROOF: For z € Q, the function a — N (z)% is entire in a. Hence both sides of (4.7)
are entire in A, and it is therefore enough to prove (4.7) for A with A < 0. Let
a = A. — A. Since RX > A, we get for every z € Q

1
FQ (Ol)

N(z) ™ = /Q e O N (1) dug(t),

where duq(t) := N ()~ dt is the G(Q)-invariant measure on 2. Fix a,y €  and put
fy(x) == ef®¥). Then

(N*THONN="f,)(a)

_ LV (a)a+1 d z,y—t @
_ (a)OH_l e(a7y t) _ a
- “FQ(OA) /Q N(y — t)N()* dua(t)
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INVARIANT INNER PRODUCTS 239

Letting b = P(a?)y, the substitution ¢ := P(a~2)P(b?)T gives

(Ve HONN ) @) = A NG N @ [ e CON G = DN duolr).

Now, the well-known “binomial formula”
" (r
N = v (), X 4.
(e +2) VZ_‘B(V)wx) re (4.8

(which follows from Theorem 1.2 and the knowledge of the norms of the ¢,’s) and
the fact that for every s € C" and b € ()

1
FQ (S)

/Q =) o) du(r) = $a(b™) (4.9)

(which follows from the analogous formula for the conical functions), imply

<Z> /Q€_<b7T>¢1u+a(7') dua(T)

- Z ( ) L +a) dusal) = N 3 () Po(ly +a) g, (07").

v=0

r

/Q e” "IN (e — T)N(r)® dp(r) = >

v=0

We claim that for every b€ Qand 1 <v <r,

Gu(b") = ¢ (D) N(b) . (4.10)
Indeed, using (4.8) we have N(e +tb=") =37 _ (7)) 6, (b~") t¥, as well as
N(e+tb™") = NP ) (b+te)) = N(b) """ N(e+t 'b)
— Nt kz_‘s (Z) e (b) tF

Comparing the coefficients of ¥ in the two expansions, we obtain (4.10). It follows
that

(N*TLONNTf,)(a)

a 1+a a)lte r
O N O S () Tty +a) o000

r\ Fa(l, + )
)7%((1) br ()

Il
;s
—_

<)
N
-
T
=
N
R

HA — @) ¢ry(P(a®)y).

I
&N
N
I M
o
<>
NI~
|
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240 ARAZY AND UPMEIER

Comparing this with (4.6), we conclude that

e $ ) o os -0 -

v=0 j=1 k=0

Using the relations o = A, — X and % =1+ A, we obtain (4.7). ]

REMARK: The “binomial formula” (4.8) yields that for every v = 1,2, ..., r and every

z€X,
¢v(x) = > Aiy Ay - )\iu/C) = Sr,u(/\)/C),

1<i1 <2< <, <7

where A = (A1, A2, ..., Ar) is the sequence of eigenvalues of z, and S, , is the elemen-
tary symmetric polynomial of degree v in r variables.

Combining the definition Dg(\) = i;t Dy (X + k) with Theorem 4.1, we obtain
COROLLARY 4.1 For every A € C and £ € N,

- ﬁ Z (Z) H A+ k=) A, (4.11)

k=0 v=0 j=v+1

For any signature m > 0 let Ay, be the differential operator associated with the
spherical polynomial ¢, via

(Amf)(@) = ¢m(5-) f(P(a®)) , a€Q. (4.12)

Equivalently, )
A, = dm(P(a?)y) Y, a € Q. (4.13)

Again, one can replace in (4.12) and (4.13) P(a?) by any ¢ € G(Q) satisfying ¢ (e) =
a. Hence the operators A,,, are G(Q)-invariant, namely

Am(f o) =(Amf)oy, V¢ eG(Q).

THEOREM 4.2 For every A € C and £ € N,

) To(d+0)To(d—-\—m* dm
DY DR Ly,

m>0
(4.14)
d dm
= (= A= O Z (— 2 A,
2 Om D
Here m* := (m,,m,_1,...,mq), dpm = dim(Pm), and the summation Zm>0(l)
extends over all m = (my,ma,...,m,) € N" with £>m; >my>...>m, >0.

DOCUMENTA MATHEMATICA 2 (1997) 213-261



INVARIANT INNER PRODUCTS 241

PRrOOF: The general binomial formula (1.15) and the relations

$m 2~ Dm
Km(:E,@) =T 2 ||¢m|| = =
| Pl "
(see [FK2], Chapter XI) imply for £ € N and z € X
(6) dm
Ne+n) =c) 2 fm(2), (4.15)
m>0 (F)Efm* (?)m

where ¢ := (£)(4 ¢, and m* and 3, "

(1.15),

are as in Theorem 4.2. Indeed, by

Ne+z)'=> (~Om

d

From this (4.15) follows by the fact that (=), = 0if my > ¢, whereas in case m; < £,

() ()il = Dttt
(%)(—m*
As in the proof of Theorem 4.1, it is enough to prove that for every a € C with
Ra > A, and every £ € N,

N o © ()¢—m+ dm
Nt OE N =c ) 5_1)74 Am. (4.16)
m>0 (T)lfm* (r)m

From this one obtains (4.14) by the substitution a = ¢ — ¢ — X. To prove (4.16), fix
a,y € Q and let f,(x) := e{®¥), Then

N(a)*** f,(a)

(N*+ 9% N2 £,)(a) / =0 N(y — )¢ N(t)* dua(t)

Lo(a)
o+t
N(b}Q(a.;fy(a) /Qe—(b,u) N(e— u)l N(w)® dug(u),
by the substitutions b= P(a%)y and u= P(b~%)P(a?)t. Using (4.15), (4.9), and
$m(@ ") = $r—m- () N(z)"* (4.17)

(a consequence of [FK2], Proposition VII.1.5), we obtain

(N o N ) = ¢ U 52 TR (Pt

With the change of variables n := ¢ — m*, the fact that dmy = dy (use (4.17) or the
general formula for dp, in [U1]), the definition (4.12), and

(V0 N g 0) = Syl 2 SR G (Platy),

Z @ ()

we obtain (4.16). ]
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242 ARAZY AND UPMEIER

COROLLARY 4.2 The operators {Ap},_, are algebraically independent generators of
the ring Dif(Q)¢ ) of G(Q)-invariant differential operators on €.

ProoF: Comparing the two expansions (4.11) and (4.14) of D,()), we see that
Am € C[A17A27 s '7Ar]

for every signature m > 0. Since {¢m}m>0 is a basis for the space of spherical
polynomials, the one-to-one correspondence between spherical polynomials and the
elements of Diff(Q)%(?) (see [FK2], Chapter XIV) implies that {Am}m>o is a basis
of Diff(Q)%(®), Thus Diff(2)“?) = C[A;,As, ..., A,]. Since the minimal number of
algebraic generators of Diff(Q)%(?) is r = rank(Q) [He], it follows that A;, Ay, ..., A,
are algebraically independent. [

The divided differences of a C'-function f on R are defined by

f(to) — f(t)

i -
(o, 1) - P

for to # t1, and f(tg,t) := f'(to). The higher order divided differences of a smooth
enough function f are defined inductively by

Fl o, tr, . tn) == gM (et ),

where g(z) = fI" U(to,t1,...,tn_s,x). Then fI(ty,t1,...,t,) is symmetric in
to,tl, ce ,tn, and

e ) = L (t).

n! dtn

Moreover, if f is analytic in a domain D C C, then
1 f(©)
M (tg, b1, ...t =—/7d
f ( 0,41, I n) 271_2 r H;lzo(g _ t]) 6

for all tg,t1,...,t, € D and every Jordan curve I' in D whose interior contains
to,t1,...,t, and is contained in D. The divided differences of vector-valued maps
are defined in the same way and have analogous properties. For convenience we put

also flO(t) := f(t).

THEOREM 4.3 Let i, az,...,a € C be distinct. Then {D1(a;)}_; are algebraically
independent generators of Diff(Q) D). Moreover, for ¢ =1,2,...,r,

r— r
Ay =D} ‘](Az,xwl,...,Ar)/(V), (4.18)

where Dgr_l] (Mey ..., An) are the divided differences of order r — £ of D1()\), evaluated
at (Ala AlJrla RN )‘T)
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PROOF: Let hy(z) := (}) [T}pyt (z — Ay), 0 < k <. Then h™ (2o, 21, ..., 20) =0

whenever m > r — k, and hE:*k] (zo,®1,...,xr—) = () for all choices of
To,T1, ..., Tpr—k. By Theorem 4.2, Di(a) = > ;_, hi(a) Ag. Hence, for 1 < ¢ <,

¢
DE"*E] (ae,@pq1,---,0p) = Zhgfﬂ(af,a‘qﬂ, ) Ap
)

Solving this system of equations for the Ay’s, we see that Diff(Q)%(® =
Cl[A1, Ay, .., A coincides with the ring generated by the operators

{D[lrfl](ag,a,gﬂ, ooy ap) fy_y- If the {a;}7_; are distinct, then
DY~ ap, 41, 00) € CDi(n), Di(az),..., Di(ay)).
Hence,
Diff(Q)%CY) = C[A1,As,...,A,] = C[Di(ay),Di(as),...,Di(ay)].
(

The operators { D (a;}7_, are algebraically independent, since Diff(2)¢(”) cannot be
algebraically generated by less than r elements. If a; = A; for j = 1,2,...,r, then

hE:_Z](az,...,ozr) =0for k < (. Thus, for £ =1,2,...,r,

_ _ r
Dgr l] (a[,a[+1, e ,Ozr) = hy l] (Ozl, Qpy1y..- ,Ozr) Ag = <€> Ag. [ |
REMARK: The first statement in Theorem 4.3 was proved independently also by A.
Kordnyi [FK2] and Z. Yan [Y1]. Our result is slightly stronger, giving the exact
formula (4.18).

Combining Theorems 3.2 and 4.2 (or, 4.1) we obtain integral formulas for the
invariant hermitian forms (-,-)»,;, A € P(D), 0 < j < ¢q(A).

COROLLARY 4.3 Let A\ € P(D), £ € N and assume that A+ > £ = X\, + 1. Let
g=q(\),0<j<q, andv =q—j. Consider the G(Q)-invariant differential operator

(0 dm
Ty = ’YZ cm(A, £) W Am, (4.19)
m>0 r/m

where v is given by (3.4), and for every m > 0 with m; </

a0 0) = L (D To(2 +0) To(2 — ¢ — m”)
miN\, = 5 ‘62)“

198 \ o€+ f—mr) T — (-9 (4.20)

Then T) ; is defined on all analytic functions on D, and for all f,g € Hy ;

<f7 g),\,j = (T/\Jfa g),\+z' (421)
In particular, if \+¢>p—1or A+/{= % then we have

(foahn = /D (T0i£)(2) 302 durse(z) and (f,g)r; = /S (T2 F)(©) 70 do(©)

(4.22)
respectively.
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244 ARAZY AND UPMEIER

The case A = A, is particularly simple, since then % — X+ = 1, and we can use
(4.7) rather than (4.14).

COROLLARY 4.4 Let D be a Cartan domain of tube type and rankr > 2 in C?, d > 3.
Then

r—1 r—v r
(f,9)r.0 = (ﬁz <Z> H Ai ALS, g)HQ(S), where (3 := H i (4.23)
v=0 i=2 =2

PrOOF: In this case ¢ = ¢(A\,) =1, j =0, and v = ¢ — j = 1. We choose £ = 1, so
Ar+14 = %. In order to apply Theorem 3.2 we use Theorem 4.1, and compute

Di(\) = %Dl(ﬁ)\gzx = (%(2_% (Z) II =) Au>

]
=r le=An

_ i(;) o) AFEC) 1;[2A A,.

v=0 i=v+1 v=0
Using this, (4.23) follows from

r—1

ﬁi=(% <H(f—/\i)> Zf[(/\r—/\i)=H/\i- [
i g=x =1 i=2

EXAMPLE 4.2. Let D be the Cartan domain of rank r = 2 in C? (the Lie ball), d > 3.
Then

2
(fa g>%‘0 = <(m R+I)fa g>H2(s)' (424)
Namely, in this case A = Ay = %, g=qA\) =1,j=0,and v = ¢ —j = 1. With
=1, A+/(= % =X+1= % we get by using Theorem 3.2 and Corollary 3.2,

(9 aa, = HDIESD0)

d
2

d—2 2
B+ —5=Df,9) y2s) = (G=5 B+ DS, 9) o5

Since the Shilov boundary S of D is given by
d
S ={e"(xy,ixy,ixs,... ixq);0 € R, fo =1}=g8'.871,
=1
the unique K-invariant probability measure on S is do(ei (z1,i2')) = Ldv, 1 (z),

where v4_1 is the unique O(d — 1)-invariant probability measure on Sg_l. Thus
(4.24) provides a very concrete formula for the inner product (-,-),_, .
=
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5 INTEGRATION OVER BOUNDARY ORBITS OF Aut(D)

In this section we obtain formulas for the invariant inner products in terms of inte-
gration over an orbit of Aut(D) on the boundary dD. We focus on the inner products
(Va0 = -)%, and conjecture that our method can be generalized for the deriva-
tion of similar formulas for the inner products (-, -)Aj’o = {(, -)Aj, A= (- 1s,
j =3,4,...,r, in terms of integration on an appropriate boundary orbit. (Notice
that the case j = 1 is trivial, since Ay =0 and Ho o = Ho = C1).

In order to describe the facial structure of a Cartan domain of tube-type D C C¢
[Lo], [A1], let S; be the compact, real analytic manifold of tripotents in Z of rank
¢ =1,2,...,r. The group K acts transitively and irreducibly on Sy. Let o, be the
unique K-invariant probability measure on S, given by

/S o= /K F(k(ve)) dk, (5.1)

where v is any fixed element of S¢. For any tripotent v let Z = Z1(v) + Z1 (v) + Zo(v)
be the corresponding Peirce decomposition. Then D, := DNZy(v) is a Cartan domain
of tube-type, which is the open unit ball of the JB*-algebra Zy(v). If v € Sy then the
rank of D, is r, := r — £, its characteristic multiplicity is a, := a if £ < r — 2 and
ay, =0if £ =r — 1, and the genus is p, = p — £a. The set v + D, is a face of the
closure D of D. For any function f on D let f, be the function on D, defined by

fol2) = f(v+2), z€Dy. (5.2)

The fundamental polynomial “h” of Zy(v) is defined by
hy(z,w) := h(z,w), z,w € Zy(v). (5.3)
For ¢ =1,2,...,r, 9D := Uyes, (v + D,) is an orbit of G: 9;D = G(v,). If v € S,
is a maximal tripotent, then D, = Zp(v) = {0}. Hence 9,D = S, = S is the Shilov

boundary. In particular, S is a G-orbit. The only tripotent of rank 0 is 0 € Z, and
D = Dy is also a. G-orbit. Thus the decomposition of D into G-orbits is

D=DuU LTJ O¢D.
=1

For every tripotent v € Z and A > p, — 1 consider the probability measure f, \ on
D,, defined via

/ Fdion = con / F(2) (2,27 dima(2), (5.4)
D, D,

where m,, is the Lebesgue measure on D, and ¢, ) is the normalization factor. Simi-
larly, one defines a probability measure o, on the Shilov boundary S, of D,, via

/5 o, = /K k) d,
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where v’ is any tripotent orthogonal to v and K, :={k € K;k(Z,(v)) = Z,(v)}, v =
0,1/2,1, so that K,(v') = S,. The combination of u, » and o, yields K-invariant
probability measures ppy on yD, 1 <{<r—1,A>p—~La—1,via

oD fdpe = /Se </Dv fo(2) d,u,,,,/\(z)> dog(v).

Next, consider the “sphere bundle” By, 1 < ¢ < r, whose base is Sy and the fiber
at each v € Sy is v + S, (where S, := 0,_¢D, is the Shilov boundary of D,). The
group K acts on By naturally, and this action is transitive. The combination of the
measures o,, v € Sy and oy yields K-invariant probability measures v, on By via

[ fau= [ | ( / S+ dav@)) oy (v).

For v € Sy, consider the symmetric cone Q, in Zy(v), and let Agv),Agv), e, Aff)_)( be

G(2)

the canonical generators of the ring Diff(Q,) as in section 4. We also denote

AW =1, A® = (AP AL AM ) and ) = (j—l)g, 0<j<r

CONJECTURE: For every2 < j <r and every A > \;_; there exists a positive function
pix € C*®([0,00)771), so that the inner product (-, -)Aj = (") is given by

2.0
(fvg>xj :/S <pj7)\(A(v))fvagv>HA(Dv) dO’,-_]'_H(’U). (55)
r—it1

Moreover, if A = \j_1 + 1 = dim(Dy,)/rank(D,), then p; := p; x is a polynomial with
positive coefficients.

If X is chosen appropriately then (5.5) becomes an integral formula for (f, g)AJ_.

For instance, if A = X\;_1 + 1 in (5.5), then we have H,(D,) = H?(S,), and (5.5)
becomes

o= [ () 1@a1)0 2 @0) dorsia ). 60

Also, if A > (j —2)a+1in (5.5) then Hx(D,) = L2(Dy, py,»), and (5.5) becomes
Gt = [ ([ 0 0 duon@)) dorgae). (51

Note that the integral in (5.7) can be expressed as an integral on 9, ;41 D with respect
to dpty—jy1,x. Similarly, (5.6) is an integral on B,_j;1 with respect to v,_ ;1.
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INTEGRAL FORMULAS FOR (f,g) ,. VIA INTEGRATION ON &,_1D

a/2

In what follows we shall establish (5.5) for j =2 (i.e. A2 = §) in two important
special cases, namely for Cartan domains of type I and IV. Our method suggests an
approach for the general case. For j = 2 (5.5) becomes

sy = [ o s 0r B o) o (5.8)

a
2

where py(z) = p2.a(z) € C*(]0,00)) is a positive function, Agv) = R, where R()
is the localized radial derivative (i.e. the radial derivative in Zy(v)), and D, =D =
{z € C;|z] < 1}. We will show that in our two cases

T(z+A)

T+ 1) 10

pa(z) =
where ¢(z) is a polynomial with positive rational coefficients. In particular, for A =
1,2,..., pa(z) itself is a polynomial with positive rational coefficients. If X is chosen

appropriately, then (5.8) becomes an integral formula analogous to (5.6) or (5.7). For
A =1, (5.8) becomes

Ry = [ Ao @01 (R o)y (5.9)
and for A > 1, (5.8) becomes

Py = [ dr s O OAE s 0, (5.10)

LEMMA 5.1 The right hand side of (5.5) is K-invariant. Consequently, the right
hand sides of (5.6), (5.7), (5.8), (5.9), and (5.10) are K -invariant.

PROOF: Let £ = r — j + 1, and note that for each fixed smooth function f the maps
Sedv— Ag”) (fv), 1 <i<j—1,are K-invariant, in the sense that

AP (g ok =AM ((fFok),), VkeK, Yve S

From this it follows that if v, € Sy is any fixed element, then

/S(pj,/\(A(v))f,,,gv)HA(Dv)dog(v)

_ /K PiA(ACO)(f 0 K)oy (90 )u) o, b

The K-invariance of the right hand side of (5.5) follows from the invariance of the
Haar measure dk. |

Since /\/l(()%) =3 Pinoo,.) and

(f,9)s = > U, g

a
2
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in order to establish (5.8) it is enough, by the K-invariance of both sides, to find
positive functions py(z) € C*(]0,00)) so that (5.8) holds for the functions f(z) =
g(z) = N™(z), m > 0. This is equivalent to

v m m m!
| o o RN (VD) = 7 (5.11)
S,_1 (2)m
Fix a frame ej,e2,...,e, in Z. Then N;(z) = (z,e1), where (-,-) is the unique K-

invariant inner product on Z for which (v,v) = 1 for every minimal tripotent v. Let
e :=ex+e3+...+e.. Then for z = k(fey +€') with k € K and £ € T, we have

NP'(2) = (€k(er) + k() e)™ = 3 (?) (k(er), o)’ (k(e'),e1)™ " €".

£=0

Thus, for v = k(e'), m > 0 and any continuous function f we have

(F(RDIN)( =Z( ) ),e0) (k(€), )™ £(0) €.

Let us define

Tt = / |(k(e1),er)|? |(k(e'),e)]?™ D dk, 0<l<m < 0. (5.12)
K

It follows that the function py should satisfy

>
[ 0 (0) A (RN (V7)o Zm( ) 55 .

Thus (5.11) becomes

m 2 1
ij,g <TZ> Q= :I;I’L. , m=0,1,2,..., (513)
— (5)m
where the numbers o
= J4 {=0,1,2,... .14
qe (A)é p)\( )7 0: y &y (5 )

do not depend on A. The infinite system of linear equations (5.13) in the unknowns
{ae}72 corresponds to the lower triangular matrix A = (ap,¢)pr j—g, Where am ¢ =

I, e (7)2 for m > ¢, and ay,¢ = 0 for m < £. Since ap,;, > 0 for m =0,1,2,...,
there exists a unique solution {g¢}7°, to (5.13). There are many smooth functions
which interpolate the values {g¢}7°,. We will show that g, > 0 for every £ > 0, and
prove that {g,}32, can be interpolated by a polynomial of degree r — 1 with positive
coefficients. For Cartan domains of type I and IV, we will solve the system (5.13) by
calculating explicitly the numbers .J,,, , and applying powers of the difference operator

6()(t) = f(t) - f(t—1), teR.
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If f is defined only on [0,00) then we define §(f) := 6(F), where F(t) := f(t) for
0 <t and F(t) =0 for 0 > ¢. Similarly, 0 can be defined on two-sided sequences (i.e.
on functions on Z) or on sequences (i.e. functions on N). The powers of § are defined
inductively by é*t! :=§ o §".

CasE 1: CARTAN DOMAINS OF TYPE 1. Let D = D(I,,) := {z € M,..(C); ||z]] < 1}.
The rank of D is 7, the dimension is d = 72, the genus is p = 2r, and the characteristic
multiplicity is a = 2. To every k € K there correspond u, w € U(r) (the unitary group)
so that det(u) = det(w), and

k(z) = uzw*, z € D. (5.15)
Thus [, f(k(z)) dk = fU(T) fU(r) f(uzw*) dudw, where dk is the Haar measure of
K. Choose the canonical frame of matrix units e; :=e; ;, j =1,2,...,r, and denote
e=3y,ejande =e—e =3 ,e;.

PROPOSITION 5.1 Let D = D(I,,). Then for every integers m,{ with 0 < £ < m <
00, we have

T g = (r=D ) (m—-Ol(m—L+r-2)

7 (P (m +r — 1) (5.16)

PROOF: Let k € K be given by (5.15). Then (k(e1),e1) = w1, ;w11 and (k(e'),e1) =
> img w1, j. Thus, for 0 <€ <m < oo,

Jm,l :/ / |u1,1|2€|w1,1|2’5| Zu17]~w1,]’|2(m_l) du dw.
U(r) JU(r) j=2

This integral can be written as an integral on the product of the unit spheres 0B, C
C" with respect to the U(r)-invariant probability measure o:

— 01210121 (¢! 0o [2(m—E)
Tt /8 . /8 I )0 do© doo),

where ¢ := (&,...,&.) and i’ := (1)2,...,m). Now, by the U(r)-invariance,

/8 ELPIE, 1) 20 do(€)

r

= | /@ RIe U dote

L(m —0)!
(Mm

1P =L €S 3,y = Il PO

It follows by using [Ru], 1.4.5, that

_ M 201 _ 1on 12V dor
Ine = SR [ R =t doto)

_ M r— ! L1 _ p\ym—~L+r—2
- Sk 1)/075(1 ) dt
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- W(T—DB(HLWL—HT—D
(r—1)(H2(m - O (m — L+ 7 —2)!
(M)m(m +r—1)! '

COROLLARY 5.1 For D = D(I,,) the system of equations (5.13) is equivalent to the
system

“ (47 —2 -1\’
qul:(r—z)!<m+rl ) . m=0,1,2,.... (5.17)
=0 "

PROPOSITION 5.2 For every r > 2 there exists a polynomial q(x) = q.(x) of degree

r — 1 with positive rational coefficients, so that q(£) = qg for £ = 0,1,2,... , where
{qe}32, is the unique solution of (5.17).

For small values of r it is easy to solve (5.17) explicitly by applying powers of . Thus,
1
@) =2r+1, @(z)=322+3z+1, and q(z)= 5(103:3 + 1522 + 11z + 3).

The proof in the general case requires more preparation. Define
n n
fo(z) = (z+ 1), Hac-l-j n>1, and g,(z Hx-l—] )?, n>0. (5.18)
: j:O

Then gn(z +1) = fn+1(x)2a and
& f)@)=nn—-1)(n—k+1) fu_i(z), k>0, (5.19)

where 4 is defined by 0(f)(z) := f(z) — f(z — 1). Indeed, (5.19) is trivial for £ = 0.
For £k =1 and all n we have

:H(x-l—] Hx+]—1 ﬁ(ac+j)(x+n—x):nfn,1(x).

Assuming (5.19) for k, let n > k and compute §**1(f,)(z) = n(n —1)---(n — k +
1) 0(fn-r)(x) =n(n—=1)---(n —k+1)(n — k) fu—k—1(x). This establishes (5.19).
Next, define an operator o, analogous to §, via

(cf)(z) := f(z)+ f(z—1), z€R.

Clearly, do = 0§, and both ¢ and § commute with all the translation operators

(ref)(2) := f(x + ).

Denote by Py the set of polynomials in one variable with non-negative coefficients.
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LEMMA 5.2 Let f(x) be a polynomial and let ny,m € N. If §"f € Py, then
6"t o f € Py for every integer 0 < j < m.

PROOF: Since § commutes with translations, we may assume that n = 0 and m = 1.
It is therefore enough to check that o7 /233’“ € P, for every k € N. This follows from
the binomial expansion:

(LE2Y
k 1 k 1 k - k —2j,.k—2j—1
j=0

LEMMA 5.3 Let f(z) be a polynomial and let n € N. Assume that §o" I f €
Py for every 0 <j <n. Then 60" ((z+c)*f(z)) € Py for every k € N,
c>5 and 0<j<n.

PROOF: Again, since § and o commute with translations, it is enough to assume that
k = 1. We shall prove the assertion by induction on n. The case n = 0 is trivial since
P4 is closed under sums and products. Assume that n > 0 and that the assertion
holds for n — 1. A computation yields

5 (@4 3)f@) = @+ 16N @) + 500)@) (5.20)
and n n—1 1
o ((@+5)f@) = @+ 50 N)(@) + 566 (@). (5.21)
If 0 < j < n then using (5.20) we get
j n—j n _ 5i—1 (n=1)=(j=1) n—1 1
5o (@ + D) f@) =570 (@4 50N @ + 500)@)

By assumption,
§=1gn=1=U=Ngf = §i-1gn=U-f ¢ Py, for0<j<n.

Similarly, . . ' '
§ 1 g(n=D=U=Ngf = §ign=if e P, for0 < j<n.

Thus, by the induction hypothesis on n — 1,

. . -1
§ 1 gn=H=G-1) <(ac + 2 5 )§f(ac)> € Py, for0<j<n.

Next, using (5.21) we get

0" ((@+ (@) = o"" <(a: + = Dof@) + %5]”(%)) .

By assumption, 0"~ 1§f(z) € Py and §‘c" ' ~fof(z) € Py for 0 < ¢ <n — 1. Thus,
by the induction hypothesis, §‘c™ ¢ ((ac + ”T_l)of(x)) € Ppfor0<{<mn-—1,and
in particular 0" ! ((z 4+ 251)o f(z)) € Py. It follows that 0" ((z + 2)f(z)) € P4.
This completes the induction step. [
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LEMMA 5.4 Let g,(x) be the polynomial defined by (5.18). Then 6ol g, € Py when-
everi+ j <n.

PrOOF: We proceed by induction on n. The case n = 0 is trivial, since go(z) =
22 € P,. Assume that n > 0 and that 6'07g, | € P, whenever i +j <n—1. A
computation yields

Son(x) = 2(n + 1)(@ + ”T_l) i1 (@) (5.22)
and . .
o () =2 ((x PP (2 )2> Gn1 (@), (5.23)

Now assume i +j < n. If i > 0, (5.22) yields

507 gu(2) = 67109 (3gu () = 2(n + 1)o7 ((x + ”T‘l>gn1(x>) ,

and by induction hypothesis and Lemma 5.3

7100 (o4 "5 0 @) € P,

so that §'07g, € Py. If i = 0 and 0 < j < n, then (5.23) implies

n—1

ogn(2) = 1 agn(a) =207 ( (@4 2502+ (P ) gaea @)

The polynomial 07/=1g,_; belongs to P, by the induction hypothesis. Also, the
induction hypothesis (6°0/"1g,—1 € P, whenever i + j < n) and Lemma 5.3 imply

that
- -1
§igi—1 ((x + nT)gnl(x)> € Py whenever i+ j <n.

In particular, /1 ((z + 251)g,—1(z)) € P4. Hence oig, € Py YO0<j<n. ]

COROLLARY 5.2 (1) 67g, € Py for all j,n € N satisfying 0 < j < n.
(1) 07 ((x + B)gn(z)) € P+ for all j,n,m € N satisfying 0 < j <n +m.
(111) 87 fn(x)% € Py for all j,n € N satisfying 0 < j <n + 1.

PROOF: (i) is a special case of Lemma 5.4, and (ii) follows by (i) and Lemma 5.2.
Since f,(z)? = gn—1(x + 1), (iii) follows from Lemma 5.2 with m = 2. ]

REMARK The result in part (iii) of Corollary 5.2 is best possible in the sense that
8" 2(£2)?) need not be in Py. Indeed, §°(f7)?) is not in Py.
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PrOOF OF PROPOSITION 5.2: In terms of the polynomials (5.18), the system of
equations (5.17) with unknowns ¢, has the form

; fr—a(m —=10) qo = (rfl)l—% m > 0. (5.24)

Applying powers of the operator é with respect to the variable m and using (5.19),
we get by induction on £ that

ot (Zfr—z(m ) q4> — =2 =)=k =1 frai(m =) g
=0

=0
for 0 < k <r —2 (here fo(z) =1). From this it follows that

ot (i fr—2(m = 0) qe) =(r=2)gm, m=0.
=0

Applying 6" ! to both sides of (5.24), Corollary 5.2 (iii) implies that there exists
a polynomial ¢(z) of degree r — 1 with positive rational coefficients so that g, =
qg(m), ¥Ym > 0. (]

THEOREM 5.1 Let D = D(I,,;.). Then for every f,g € Ha(D) and A > 0 we have

ity = [ dre s OO s o

a
2

where py(z) :=T(z+X) T(\)"'T(z+1)~! q(z), and q(z) is the polynomial of degree
r — 1 with positive rational coefficients as in Proposition 5.2.

CASE 2: CARTAN DOMAINS OF TYPE IV. Let D C C%, d > 3, be the Cartan domain
of rank r = 2 (see Examples 4.1 and 4.2), and fix a frame {ej,es}. Since a = d — 2,
(5.13) becomes

m

2
m m!
Ime @@ = 47—, m >0, (5.25)
Z <£> (5 - l)m

£=0
where for 0 </ <m

I = [ \k(en),en) PI(hea), e dk.
K
Without computing the numbers .J,,, ; explicitly we show that

Ime = Imm—e, 0< €< m. (5.26)

Indeed, let k' € K satisfy k'(e;) = e> and k'(ea) = e;. Then, by invariance of the
Haar measure dk,

Tt = [0 ), e) PRE ), e P di

/ |(k(e2), e1)[*|(k(e1), 1) P dk = T -
K
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THEOREM 5.2 The polynomial

4
= — ]_:
q(z) _ Tt

1
d_2x+

satisfies q(£) = qo for every £ > 0, where {q/}32, is the unique solution of (5.25).
Therefore, for every A >0 and every f,g € Ha (D),

g = [ OAF s, A2 0),

where the functions py, 0 < XA < 00, are given by
T(z+A) 4

=——"— (- 1). 2
In particular, for A = 1,2,... px is a polynomial of degree A\ with positive rational
coefficients.
ProOF: We claim first that
m 2 |
<TZ> Tt = ——, m > 0. (5.28)
£=0 (§)m
Indeed, it is clear that
m 2
. dt
S™Y) T =/ / I(k(eer + es),en)™ P LY dk.
—0 E ’ K T 271'

Interchanging the order of integration and using the transitivity of K on the frames,
we get

m 2

m m]!
2(5) T = [ |(e)ey™ dk = INPI,,, = =m0,
=0 K (§)m

by using the well-known fact that ||(-, 2)™[|% = m!(z, 2z)™ for every z € Z and m > 0.
Using (5.26) and (5.28) we see that

gz(’;fjm,g = i(m—é) (m”i €>2Jm’mg

=0
i m\ > m-m)! i m\ >

- (m—f)( ) T =t e( ) o
£=0 ¢ (§)m £=0 ¢

Thus )

m .m)

Zz(’?) Tmi =2 >0 (5.29)

(=0 2(5)1’7’1

form >0

™ m\? 4 4 m-m! m! m!
Z:(ﬁ) R T M T I
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In view of (5.14), this completes the proof. (]

—large THE COMPUTATION OF (f,g) BY INTEGRATION ON 01D

p—1
We conclude this section with the derivation of a formula for (f,g) _, via inte-

gration on 0; D

—1

PROPOSITION 5.3 Let F € C(D). Then

Jim [ P = [ (f Rw) oy 1)) dn (), (530)

where the measures py p—1 are defined by (5.4).

ProOF: Using (1.13) and (1.14) as well as (1.22), (1.23), and (1.9), we can write

r

/DF(z)dm(z) = coe(N) F#(tyw(t)" T (1 —t;)" dt

R, i

= Co C(A) /(; 11]()51) (]. — tl))‘ip dtl,

where
Y(t1) ;:/ Fr,t) [ ti—t)) H 1— ;)P at,
[0,6) " 1<i<j<r j=2
and ¢(\) = ¢p(A) is given by (1.22). Here t' := (t2,t3,...,t), dt’ := dta dts ...dt,,

and [0, 151)7”_1 ={t' e R" Yty > t3 > ... > t, > 0}. Since ¢ € C([0,1]), we have

lim o ( fo )1 =)t dt) ¥(1). Since limy;,— 1 TA=—p+1) (A —-p+1) =1
and ¢(p— 1) = 0, we get

Jim [ PG () = b

= b/ FrLt)y [ ti—ty) H 1—t;)* Lt
0,3 2<i<j<r j=2

where b := ¢y ¢/(p — 1). Using the definitions (5.1), (5.3) and the fact that for v € Sy
the genus of D, is p — a, we have (with the obvious meaning of the constants)

/51 </DU Fy(w) dl‘ﬂﬁl(“’)) doy (v)
=cp,, (P—1) /K </D

Fi(er) (k(€)) h(k(€), k(€)" dm(k(f))> dk

€1
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= CDE1 (p - 1) CO(Del)

x/ / / F(k(e1+k'(2tfej k') | w(t) T -t dt' ) dk,
K \Jot \ /K =2

e1 j=2

where K., := {k € K;k(e1) = e1} and w(t') := [[5<; ;<. (ti —t;)*. Interchanging
the order of integration, and using the fact that k'(e;) = e; and the invariance of the
Haar measure dk, we see that the last expression is equal to

r

cp =D ewDa) [ PO wiy [T -6 .

r—1
[0,1)% j=2

Comparing the computations for the left and right hand sides of (5.30), we see they
are proportional. Taking F'(z) = 1, the proportionality constant is 1. [

COROLLARY 5.3 The constant co = co(D) in the formula (1.12) is

7l T(
(M= ) T(r

)r72

T T(eg)>

12 ol

co(D) =

2

PROOF: Define v, =0, vp:=e1 + ... +epy, £ =1,2,...,r — 1, and vy := co(Dy,).
Then the above proof (with r replaced by ¢) yields

Yo CDvH_1 ((f — l)a + ].) 71—(Efl)aJrl F(%)

Ye-r  ep, ((=Da+1) T(((-1)5+1)T(F)

for £ = 2,3,...,r. Therefore, using the easily proved fact that v; = 7, we get

(D) = pp=— Tt B,
Yr—1 Vr—2 §a!

r 71.(l71)¢z+1 F(%) P F(%
= T a ray r— a a r— a .

2

)r72

Proposition 5.3 allows the computation of the inner products (f,g),_, by inte-
grating over the boundary orbit 0, (D) = G(e;) of G.

THEOREM 5.3 Let f,g € Hp—1. Then

(o = [ (f o)) o s (w)) o 0), (531)

ProOF: It is enough to establish (5.31) for polynomials f and g, and this case follows

from Proposition 5.3 with F'(z) = f(2) g(2). ]
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6 INTEGRAL FORMULAS IN THE CONTEXT OF THE ASSOCIATED SIEGEL DOMAIN

In what follows we shall use the fact [FK2] that D is holomorphically equivalent to
the tube domain
T(Q) =X +iQ

via the Cayley transform ¢ : D — T(Q), defined by c(z) := i(e + z)(e — z)~'. For
A € W(D) the operator VN f := (foc')(Je ')P maps the space Hy = Hx (D) iso-
metrically onto a Hilbert space of analytic functions on T'(€2), denoted by H(T'(2)).
We will denote (f,g)yu, () simply by (f,g)x. It is known that the reproducing
kernel of Hx(T(?)) is

*

Kx(z,w) = <N(Z_iw )) _A, 2w € T(9). (6.1)

Recall that for A > p — 1 we have H,(D) = L2(D, u1»), where u, is the measure on
D defined via (1.23). Using the facts that h(c™!(w), ¢ (w)) = 47| N (w + ie)| 2N (v)
and J(c™Y)(w) = (20)IN(w +ie)™P, Vw € T(Q), we get by a change of variables
that

HA(T(Q)) = L2(T(Q),vx) = L*(T(R),vy) N {analytic functions},

where
dvx(2) :=c(\)dz N2y)* Pdy, z=x+iy, z€ X, y € Q, (6.2)

and ¢()) is defined by (1.22). In this case V®) extends to an isometry of L?(D, )
onto L?(T(2),vy).

In this section we obtain integral formulas for the invariant inner products in
the spaces Hx(T(Q)). Using the isometry VY : Hy (D) — Hx(T(Q)) one obtains
integral formulas for the inner products in the spaces H (D). Our results are essen-
tially implicitly contained in [VR], where the authors determine the Wallach set for
Siegel domains of type II, using Lie and Fourier theoretical methods. The Jordan-
theoretical formalism allows us to formulate our results in a simpler way, avoiding
the Lie-theoretical details. Since the Fourier-theoretical arguments in our proofs are
contained in[VR], we omit all proofs.

For A > (r — 1)5 consider the measure o) on Q defined by doy(v) :=
By N(v)7 > dv where By := (27) 24T ().

PROPOSITION 6.1 Let X > (r — 1)% and let f be a holomorphic function on T(12).
Then the following conditions are equivalent:

(1) feHA(T(DQ));

(11) The boundary values f(z) := limosy—o f(x +iy) exist almost everywhere on X,
and the Fourier transform f of f(x) is supported in Q and belongs to L*(Q, 0y).

Moreover, the map f — f is an isometry of Hx(T(Q)) onto L2(Q, ).

Proposition 6.1 yields the following result.
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THEOREM 6.1 Let A > (r —1)§ and let f,g € HA(T(Q)). Then

p o Fao(A e d_
(Frgmacrion = )i = sy | F050 N@)# dr
(2m) Q
The group GL(Q) := {p € GL(X);p(Q) = Q} acts transitively on Q . It acts
also on the boundary 99, but this action is not transitive. The orbits of GL(2) on
0N are exactly the r disjoint sets

O := GL(Q)(ex) = {z € Q; rank(z) =k}, k=0,1,...,r -1,

where {¢1,...,¢.} is a frame of pairwise orthogonal primitive idempotents, eq := 0,
and e := Zle cj, k=1,2,...,r—1. Consider the Peirce decomposition X, =
X,(er) = {z € X;exz = vz}, v = 0,1,1. Let Q(k) be the symmetric cone of
Xi(ex), and let Tq(y) be the associated Gamma function. Let GL(f2) = LNqA be
the Iwasawa decomposition. Then NqA(er) = {z € 9Q; Np(z) > 0} is an open
dense subset of 0,2, and every x € NqA(ey) has a Peirce decomposition of the form
T=mz1+z1+2(— ek)(m%(m%mfl)) [La2]. Let us define a measure v;, on 9, with
support NoA(ex) by

dvy(x) = Ni(a1)* 3~ dary dar . (6.3)
It has the following fundamental properties (see[VR] and [La2]).

THEOREM 6.2 Let 1 < k <r — 1. Then the measure v, satisfies
[ e @) = N H, wen, (69
NQA(ek)

where 7;, = (2m)Fr—k)3 Loy (k3), and
dvi(p(z)) = Det(p)*8)/% dyy(z), Yo € GL(Q). (6.5)

Since 2 is a set of uniqueness for analytic functions on T'(Q2), (6.4) implies by analytic
continuation

* z—w*

-k
/ e~ T dup(z) =y 2703 (N( . )) , Vz,weT(Q).
NaA(ex) t

—kg

Thus (N(Z’;”* )) is positive definite, and so k§ is in the Wallach set W (D) =
W (T(2)).

By complexification, GL(f?) is realized as a subgroup of Aut(T(Q2)) which nor-
malizes the translations 7,(z) := z + z, i.e.

0Tt =Tow), Yo EX, VpeGLQ).

Let G C Aut(T(2)) be the semi-direct product of X and GL(Q?). It acts transitively
on T(Q?). Let N C G be the semi-direct product of X and Ng. Then the Iwasawa
decomposition of Aut(T'(2))e is KAN. For

d
ar="4k2 k=01,2,...,r—1
r 2
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let Mo, = Ha (T(Q)) be the Hilbert space of analytic functions on T'(2) whose
reproducing kernel is K, (z,w) := (N(Zf.’”* )) *. Note that ar_1 =p—1 and for

(3

k =0 we have oy = % and vy = dg, the Dirac measure at 0.

THEOREM 6.3 For k=0,1,...,r =1 Ha, (T(R)) consists of all analytic functions f
on T(Q) for which

teQ

1B, oo = Besup [ - ( [ i+ o da:) () (66)

is finite, where
Lo (o)27%3

Lo (k5)
Moreover, for every f,g € Ha, (T(2)),

(QW)—(d-Hc(r—k) $)

Br =

(f:9ar = Br lim (/Xf(w+i(y+t)) glz +ily +1)) dw) dvy(y)-

Q5t—0 NQA(ek)
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