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ABSTRACT. Let F be a field of characteristic different from 2, ¢ a quadratic
F-form of dimension > 5, and D a central simple F-algebra of exponent 2.
We denote by F'(1, D) the function field of the product X, x Xp, where
Xy is the projective quadric determined by ¢ and Xp is the Severi-Brauer
variety determined by D. We compute the relative Galois cohomology group
H?*(F(¢, D)/ F, 7 /2Z) under the assumption that the index of D goes down
when extending the scalars to F(¢). Using this, we give a new, shorter
proof of the theorem [23, Th. 1] originally proved by A. Laghribi, and a new,
shorter, and more elementary proof of the assertion [2, Cor. 9.2] originally
proved by H. Esnault, B. Kahn, M. Levine, and E. Viehweg.

1991 Mathematics Subject Classification: 19E15, 12G05, 11E81.

Let ¢ be a quadratic form and D be an exponent 2 central simple algebra over a field
F (always assumed to be of characteristic not 2). Let X, be the projective quadric
determined by 1, Xp the Severi-Brauer variety determined by D, and F(v, D) the
function field of the product Xy x Xp.

A computation of the relative Galois cohomology group

H?(F (4, D)/F) < ker (H*(F,7./27) — H*(F (¢, D), Z./2Z))

plays a crucial role in obtaining the results of [8] and [10] concerning the problem of
isotropy of quadratic forms over the function fields of quadrics.

The group H?(F (¢, D)/F) is closely related to the Chow group CH?(Xy, x Xp)
of 2-codimensional cycles on the product Xy x Xp. The main result of this paper is
the following theorem, where both groups are computed assuming dim ¢ > 5 and the
index of D goes down when extending the scalars to the function field of :

THEOREM 0.1. Let D be a central simple F-algebra of exponent 2. Let i be
a quadratic form of dimension > 5. Suppose that ind Dp(y) < indD. Then

Tors CH?* (X, x Xp) = 0 and H*(F (¢, D)/F) = [D]U H'(F).

A proof is given in §8. The essential part of the proof is Theorem 6.9, dealing
with the special case where D is a division algebra of degree 8. This theorem has two
applications in the theory of quadratic forms. The first one is a new, shorter proof of
the following assertion, originally proved by A. Laghribi ([23, Th. 1]):
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COROLLARY 0.2. Let ¢ € I*(F) be an 8-dimensional quadratic form such that
ind C(¢) = 8. Let v be a quadratic form of dimension > 5 such that ¢y is isotropic.
Then there ezists a half-neighbor ¢* of ¢ such that ¢ C ¢*.

The other application we demonstrate is a new, shorter, and more elementary
proof of the assertion, originally proved by H. Esnault, B. Kahn, M. Levine, and E.
Viehweg ([2, Cor. 9.2]):

COROLLARY 0.3. Let ¢ € I*(F) be any quadratic form such that ind C(¢) > 8. Let A
be a central simple F-algebra Brauer equivalent to C(¢) and let F(A) be the function
field of the Severi-Brauer variety of A. Then ¢p(a) ¢ I*(F(A)). In particular, br(a)
is not hyperbolic. Moreover, if dim ¢ = 8 then ¢p(a) is anisotropic.

Our proofs of Corollaries 0.2 and 0.3 are given in §7.

An important part in the proof of Theorem 6.9 is played by the formula of
Proposition 4.5, which is in fact applicable to a wide class of algebraic varieties.

A computation of the group H?(F (i, D)/F) in some cases not covered by The-
orem 0.1 is given in [8] and [10].

1. TERMINOLOGY, NOTATION, AND BACKGROUNDS

1.1. QUADRATIC FORMS. Mainly, we use notation of [24] and [30]. However there is
a slight difference: we denote by {(ai,...,ay)) the n-fold Pfister form

<]-a _a1> ®---® (17 _an> :

The set of all n-fold Pfister forms over F' is denoted by P,(F); GP,(F) is the set of
forms similar to a form from P, (F).

We recall that a quadratic form 1 is called a (Pfister) neighbor (of a Pfister form
), if it is similar to a subform in 7 and dim ¢ > % dim 7. Two quadratic forms ¢ and
@* are half-neighbors, if dim ¢ = dim ¢* and there exists s € F* such that the sum
¢ Lsgp* is similar to a Pfister form.

For a quadratic form ¢ of dimension > 3, we denote by X4 the projective variety
given by the equation ¢ = 0 and we set F'(¢) = F(X,).

1.2. GENERIC SPLITTING TOWER. Let v be a non-hyperbolic quadratic form over F.

Put FO déf F and Yo déf Yan- For i Z 1 let Fz déf Fi—l('yi—l) and Yi déf ((’Yi—l)Fi)an-

The smallest h such that dim~, < 1 is called the height of v. The sequence
Fy, Fy, ..., Fy is called the generic splitting tower of y ([21]). We need some properties
of the fields Fj:

LeMMA 1.3 ([22]). Let M/F be a field extension such that dim(yar)en = dim~ys.
Then the field extension M Fy/M is purely transcendental.

The following proposition is a consequence of the index reduction formula [25].

PROPOSITION 1.4 (see [6, Th. 1.6] or [5, Prop. 2.1]). Let ¢ € I?(F) be a quadratic
form with ind(C(¢)) > 2" > 1. Then there is s (0 < s < h(¢)) such that dim ¢s =
2r +2 and ind C(¢s) = 2".

COROLLARY 1.5. Let ¢ € I*(F) be a quadratic form with ind(C(¢)) > 8. Then there
is s (0 < s < h(d)) such that dim ¢s = 8 and ind C(¢s) = 8. O
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1.6. CENTRAL SIMPLE ALGEBRAS. We are working with finite-dimensional associa-
tive algebras over a field. Let D be a central simple F-algebra. We denote by Xp
the Severi-Brauer variety of D and by F(D) the function field F/(Xp).

For another central simple F-algebra D' and for a quadratic F-form 1) of dimen-

sion > 3, we set F(D', D) Y F(Xp x Xp) and F(, D) & F(X, x Xp).

1.7. GALOIS COHOMOLOGY. By H*(F) we denote the graded ring of Galois coho-
mology
H*(F,Z/27) = H*(Gal(Fsep /| F), Z | 27).

For any field extension L/F, we set H*(L/F) def ker(H*(F) — H*(L)).

We use the standard canonical isomorphisms H?(F) = Z /27, H'(F) = F* | F*?,
and H?(F) = Bry(F).

We also work with the cohomology groups H"(F,Q/Z(i)), i = 0,1,2 (see e.g.
[12] for the definition). For any field extension L/F', we set

H*(L/F,Q/Z(i)) < ker (H*(F,Q/Z(i)) - H*(L, Q/Z(i))) .
For n =1,2,3, the group H"(F) is naturally identified with

Torse H"(F,Q/Z(n — 1)) .

1.8. K-THEORY AND CHOW GROUPS. We are mainly working with smooth algebraic
varieties over a field, although the smoothness assumption is not always essential.

Let X be a smooth algebraic F-variety. The Grothendieck ring of X is denoted
by K (X). This ring is supplied with the filtration “by codimension of support” (which
respects multiplication); the adjoint graded ring is denoted by G*K(X). There is a
canonical surjective homomorphism of the graded Chow ring CH*(X) onto G*K (X);
its kernel consists only of torsion elements and is trivial in the 0-th, 1-st and 2-nd
graded components ([32, §9]). In particular we have the following

LEMMA 1.9. The homomorphism CH!(X) — G'K(X) is bijective if at least one of
the following conditions holds:

¢ i=0,1, or2,
e CH'(X) is torsion-free.

Let X be a variety over F' and E/F be a field extension. We denote by ig/p
the restriction homomorphism K(X) — K(Xg). We use the same notation for the
restriction homomorphisms CH*(X) - CH*(Xg) and G*K(X) - G*K(Xg). Note
that for any projective homogeneous variety X, the homomorphism ig/p: K(X) —
K (Xg) is injective by [27].

1.10. OTHER NOTATIONS. We denote by F a separable closure of the field F. The

order of a set S is denoted by |S| (if S is infinite, we set |S] def 00).

DOCUMENTA MATHEMATICA 2 (1997) 297-311



300 O. T. IzuBoLDIN AND N. A. KARPENKO

2. THE GrROUP Tors G*K (X))

LEMMA 2.1. Let X be a variety over F and E/F be a field extension such that
the homomorphism ig/p @ K(X) — K(Xg) is injective and the factor group
K(Xg)/ig/p(K(X)) is finite. Then

|G*K(XE)/ig/r(G*K(X))]
ker(G*K(X) - G*K(Xg)| = -
| = TR o) iy (KC))
Proof. The proof is the same as the proof of [15, Prop. 2]. O

LEMMA 2.2. Let X be a variety, i be an integer, and E/F be a field extension such
that the group G'K(Xg) is torsion-free. Then

ker(G'K(X) = G'K(Xg)) = TorsG' K (X) .

Proof. Since G'K(Xp) is torsion-free, one has ker(G'K(X) — G'K(Xg)) D
Tors G'K (X).

To prove the inverse inclusion, let us take an intermediate field Ey such that
the extension Ey/F' is purely transcendental while the extension E/E, is algebraic.
The specialization argument shows that the homomorphism G*K (X) — G'K (Xg,)
is injective; the transfer argument shows that ker(G'K(Xp,) — G'K(Xg)) C
Tors G'K (Xg,). Therefore ker(G'K(X) — G'K(Xg)) C Tors G'K (X). O

LEMMA 2.3. Let X be a smooth variety, i be an integer, and E/F be a field extension
such that the group CH'(Xg) is torsion-free. Then

. CH’:(XE) ~ GiK(XE) (and hence the group G'K(X) is torsion-free),

e CH'(Xg)/ig/r(CH (X)) ~ G*K(XE)/ig/pr(G*K(X)).

Proof. The first assertion is contained in Lemma 1.9. The canonical homomorphism
CH'(Xg) = G'K(Xg) induces a homomorphism

CH'(Xp)/ig/r(CH'(X)) = G'K(Xp)/ip/r(G'K (X))

which is bijective since CH (Xg) — G'K(Xg) is bijective and CHY(X) — G'K (X)
is surjective. o

PROPOSITION 2.4. Suppose that a smooth F-variety X and a field extension E/F
satisfy the following three conditions:

e the homomorphism ig/p : K(X) — K(Xg) is injective,

e the factor group K(Xg)/ig/r(K(X)) is finite,

o the group CH*(XE) is torsion-free.

Then
oG K ()| = (G KB (G K (X))|_ CH (Xp) i (CHT K (X))
|K(XE)/ip/r(K(X))]| |K(XE)/ig/r(K(X))]|
Proof. Tt is an obvious consequence of Lemmas 2.1, 2.2, and 2.3. O
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3. AUXILIARY LEMMAS
For an Abelian group A we use the notation rk(A4) = dimg (4 ®z Q).

LEMMA 3.1. Let Ag C A, By C B be free Abelian groups such that tk Ag =tk A = ry,
rk Bo =tk B =rg. Then

TA

A®z B
By

Ap ®z By

_ A
- |4

B ‘B

Proof. One has
(A® B)/(Ao © B) = (A/Ag) © B = (4/Ag) ® L7 = (4/Ag)"®,
(AO ®B)/(A0 ®Bo) ~ AO X (B/Bo) ~ 7" X (B/BO) ~ (B/BO)TA .

Therefore,
rA

_|A
-5

By

A® B
A0®BO

_ A® B Ay® B
T |4y ®@B| |Ay® By

B ‘B

The following lemma is well-known.

LEMMA 3.2. Let A be an Abelian group with a finite filtration A = F°A D F'A D
-~ D F¥A = 0. Let B be a subgroup of A with the filtration FPB = BN FPA. Let
G'A=ED, FPAJFPTLA and G*B = ®D,>0 FPB/FPLB. Then

e |A/B|=|G"A/G"B],

e if A is a finitely generated group then rk G*A =rk A. O

In the following lemma the term “ring” means a commutative ring with unit.

LEMMA 3.3. Let A and B be rings whose additive groups are finitely generated Abelian
groups. Let I be a nilpotent ideal of A such that A/I ~ Z. Let R be a subring of
A®zB and Ag be a subring of A such that Ap®1 C R. Then the following inequality
holds

TA

A®z B < A
R - AR
where r4 =tk A and rg = rk B.

"B A®z B
R+ (I ®z B)

Proof. Let us denote by Bg the image of R under the following composition A ® B —
(A/I)® B ~7Z ® B ~ B. Obviously,
A®z B _| B
R+ (I®zB)| |Bgr
For any p > 0 we set FPA = {a € A|3Im € N such that ma € I?}. Clearly,
Tors(A/FPA) =0, and so A/FP is a free Abelian group. Therefore all factor groups
FPAJ/FPTA (p=0,1,...) are free Abelian. Since A/I ~ 7Z, it follows that F* A = I.
Thus A/F'A ~ 7. Since I is a nilpotent ideal of A, there exists k such that I* = 0.
Then F*A = 0. Thus the filtration A = F9A > F'4 > F2A > ... is finite and

results of Lemma 3.2 can be applied.

Let 7P Ap & RN FrA, FP(A9 B) ¥ im(FPA® B - A® B), and PR RN
FP(A® B). If K is one of the rings A, Ag, A® B, or R, we set GPK def FPK/FPHIK

and G*K © @, FPK/FPT K. Obviously, FPK - F/K C FPHIK for all p and g.

DOCUMENTA MATHEMATICA 2 (1997) 297-311



302 O. T. IzuBoLDIN AND N. A. KARPENKO

Therefore, K = F°K > F'K > --- D FPK D ... is a ring filtration. Hence, the
adjoint graded group G*K has a graded ring structure. Since the additive group of
B is free, we have a natural ring isomorphism G*A ® B ~ G*(A ® B).

Since Ag ® 1 C R, we have G*Ar ® 1 C G*R. Clearly G°(A® B) = (A/I) ® B,
and G°R coincides with the image of the composition R - A ® B — (A/I) ® B.
By definition of Bg, one has G°R = 1«4 ® Bpr (here 15«4 denotes the unit of the
ring G*A). Therefore 1g:4 ® Bg C G*R. Since G*Ar ® 1 C G*R, 1g+a ® Bg C
G*R, and G*R is a subring of G*A ® B, we have G*Ar ® Bp C G*R. Therefore
|G*(A® B)/G*R| < |(G*A ® B)/(G*Ar ® Bgr)|. Applying Lemmas 3.1 and 3.2, we
have

‘A@B‘_‘G*(A@B) <‘ G*A® B _‘ G A "B_‘E“_
R G'R |~ |G-Ar@Bgr| |G"4r| |Br
LA B A" | AesB |
_‘A_R "B_R _‘A_R "m

4. ON THE GrOUP CH*(X x Y)
Let X be a smooth variety. We denote by FPCH"*(X) the group

P cH'(x).

i>p

Let Y be another smooth variety. For a subgroup A of CH*(X) and a subgroup B
of CH*(Y'), we denote by AKX B the image of the composition A ® B — CH*(X) @
CH*(Y) - CH*(X x Y).

The following assertion is evident (see also [20, §3] or [11]).

PROPOSITION 4.1. Let X and Y be smooth varieties over F. Then

e the natural homomorphism CH*(X x Y) — CH*(Yp(x)) is surjective,
o the kernel of the homomorphism CH*(X xY) — CH*(Yp(x)) contains the group
FI!CH* (X)X CH*(Y).
(]
COROLLARY 4.2. If the natural homomorphism CH*(X) @ CH*(Y) - CH"(X x Y)
is bijective and CH*(Y") is torsion-free, then the homomorphism CH*(X xY) —
CH*(Yr(x)) induces an isomorphism
CH"(X xY)
FICH* (X)X CH"(Y)

— CH* (YF(X))

Proof. Since CH*(X)® CH*(Y) ~ CH*(X xY) and CH*(X)/F'CH*(X) ~ CH’(X),
the factor group CH*(X x Y)/(F'CH*(X) X CH*(Y)) is isomorphic to CH’(X) ®7
CH*"(Y) ~ Z @z CH*(Y) ~ CH*(Y). Thus, it is sufficient to prove that the ho-
momorphism CH*(Y') = CH"(Yp(x)) is injective. This is obvious since CH*(Y") is
torsion-free. O
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COROLLARY 4.3. Let X and Y be smooth varieties and E|F be a field extension such
that the natural homomorphism CH*(Xg) ® CH*(Yg) - CH*(Xg x Yg) is bijective
and CH*(Yg) is torsion-free. Then there exists an isomorphism
CH*(XE X YE) - CH*(YE(X))
’LE/F(CH*(X X Y)) + fch*(XE) X CH*(YE) B ZE(X)/F(X)(CH*(YF(X)))

Proof. Obvious in view of Corollary 4.2. O

REMARK 4.4. It was noticed by the referee that the conditions of Corollary 4.3 (which
appear also in Proposition 4.5) hold, if the variety Yy possess a cellular decomposition
(see e.g. [13, Def. 3.2] for the definition of cellular decomposition). In the case of
complete varieties X and Y, this statement follows e.g. from [19, Th. 6.5]. In the
present, paper, we shall apply Corollary 4.3 only to the case where Y is isomorphic
to a projective space.

PROPOSITION 4.5. Let X and Y be smooth varieties over F' and E/F be a field
extension such that the following conditions hold

e CH*(Xg) is a free Abelian group of rank rx,

o CH*(YE) is a free Abelian group of rank ry,

e the canonical homomorphism CH*(Xg) ®z CH*(Yg) — CH"(Xg % Yg) is an

isomorphism.
Then
CH"(Xg x Yg) ‘ CH*(Xg) | _ CH*(Yg(x)) rx
ip/p(CHY(X xY))| = |ig/r(CH" (X)) ipx)/Fx)(CH (Yr(x)))

Proof. Let A = CH"(Xp), Ar = ig/r(CH* (X)) and I = @,.,CH (Xp) =
FICH*(XEg). Let B = CH*(Yg). By our assumption, we have CH*(Xg x Yg) ~
A ®z B. We denote by R the image of the composition CH*(X x V) —» CH*(Xg ®
Yr) ~ A ®yz B. Clearly, all conditions of Lemma 3.3 hold. Moreover,

CH* (X x ) ‘: AwsB| CH* (Xp) ‘: ‘i |
ig/r(CH (X xY)) R ig/r(CH* (X)) AR
By Corollary 4.3 we have
A®z B ‘ 3 CH"(Vg(x)) ‘
R+ (I®zB)| |igx)rax) (CH (Yrx)) |

To complete the prove it suffices to apply Lemma 3.3. O

5. Tue GroupP Tors CH?(Xy x Xp)
The aim of this section is Corollary 5.6.

PROPOSITION 5.1 (see [14, §2.1]). Let ¢ be a (2n + 1)-dimensional quadratic form

over a separably closed field. Set X def Xy and d C fim X = 2n — 1. Then for all
0 < p < d the group CHP(X) is canonically isomorphic to Z (for other p the group
CHP(X) is trivial). Moreover,

e if 0 < p<n, then CH?(X) = Z - h?, where h € CH'(X) denotes the class of a
hyperplane section of X ;
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o ifn <p<d, then CH?(X) =Z-l4_p, where lq_, denotes the class of a linear
subspace in X of dimension d — p, besides 214, = hP.

COROLLARY 5.2. Let ¢ be a (2n + 1)-dimensional quadratic form over F and let
X =Xy. Then

CH*(X ) is a free Abelian group of rank 2n,

0 < p<n then [CH?(Xp) /i, p(CH(X))| =1,

ifn<p<2n—1 then |CH(Xg) figr(CHP(X))| <2,
|CH"(XF)/ip,r(CH™(X))] <27 O

PROPOSITION 5.3. Let D be a central simple F-algebra of exponent 2 and of degree 8.
Let E/L/F be field extensions such thatind Dy, =4 andind Dy = 1. Let Y = SB(D).
For any 0 < p < dimY = 7, the group CH”(YE) is canonically isomorphic to Z.
Moreover, the image of the homomorphism ig,r, : CH?(Yy) — CH?(Yg) ~ Z contains
1ifp=0,4;2ifp=1,2,56;4ifp=3,7.

Proof. Since deg D = 8 and ind D = 1, Y is isomorphic to P%,. Hence, the group
CHP(Yg) = CHP(PY) (where p = 0,...,7) is generated by the class h? of a linear
subspace ([4]).

The rest part of the proposition is contained in [16, Th.]. For the reader’s con-
venience, we also give a direct construction of the elements required. The class of
Yy, itself gives 1 € iE/L(CHO(YL)). Let ¢ be the tautological line bundle on the pro-
jective space P%, ~ Yp. Since exp D = 2, the bundle (%2 is defined over F and, in
particular, over L. Its first Chern class gives 2 € iE/L(CHl(YL)). Since ind Dy, = 4,
the bundle ¢4 is defined over L. Its second Chern class gives 6 € iE/L(CH2(YL)).1
Thus 2 € iE/L(CH2(YL)). The third Chern class of £%4 gives 4 € iE/L(CHS(YL)).
The fourth Chern class of {%* gives 1 € ip, (CH*(Y7)). Finally, taking the product
of the cycles constructed in codimensions 1, 2, and 3 with the cycle of codimension
4, one gets the cycles of codimensions 5, 6, and 7 required. O

COROLLARY 5.4. Under the condition of Proposition 5.3, we have

|CH"(Yp)/ip/r,(CH"(Y1))| < 256 .
7
Proof. T[ |CH?(Y)/ipr(CHP(YL))| <1-2-2-4-1-2-2-4=256. 0
p=0

PROPOSITION 5.5. Let D be a central division F-algebra of degree 8 and exponent 2.
Let 1) be a 5-dimensional quadratic F'-form. Suppose that Dp(y) is not a skewfield.
Then Tors G*K (X, x Xp) = 0.

Proof. Let X = Xy and Y = Xp. Corollary 5.2 shows that CH* (X ) is a free abelian
group of rank rx = 4 and |CH" (X ) /ip,r(CH*(X))| < 2% = 4.

Since D is a division algebra of degree 8 and Dp(y,) is not division algebra, it
follows that ind Dp(x) = 4. Applying Corollary 5.4 to the case L = F(X), E = F(X),
we have |CH*(Yp(x))/ip(x)/r(x) (CH* (Yr(x)))| < 256.

'In fact, it is enough only to know that the Grothendieck classes of the bundles £€®2 and £¢94 are
in K(Yr) what can be also seen from the computation of the K-theory.
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Since Yz = SB(Df) ~ P%, the group CH*(Y) is a free Abelian of rank ry =8
and CH" (X p)®@CH" (Yr) =~ CH* (X7 xYF) (see [3, Prop. 14.6.5]). Thus all conditions
of Proposition 4.5 hold for X, Y, E = F and we have

CH*(XF- X Yp)
ip/F(CH*(X xY))

< 48.256% = 218,

Using [29, Th. 4.1 of §8] and [33, Th. 9.1], we get a natural (with respect to
extensions of F') isomorphism

K(X xY)~K((F*®xC)@p (F** x D) ~
~ K(FX12 X O><4 X D><12 X (C ®F D)X4)

where ¢ % Co(¢) is the even Clifford algebra of ¢). Note that C' is a central simple
F-algebra of the degree 2°. Since Dy is not a skew field, [25, Th. 1] states that
D ~ C ®F B with some central division F-algebra B. Therefore, ind C' = deg C' = 22
and indC ® D = ind B = deg B = 2. Hence

K(Xp x YF)
i (K (X x 1))

= (ind 0)* - (ind D)'? - (ind C' ® D)* = 224F312+14 - 948

Applying Proposition 2.4 to the variety X x Y and E = F, we have
CH" (X xYg)/ip/p(CH* (X XY 248
Tors G K )| = IS (X X Ve ig e CH(X x V)| _ 22
|K (X7 % YE)/ipp(K(X xY))| 2

Therefore, Tors G*K (X xY) =0. O

=1.

Applying Lemma 1.9 we get the following

COROLLARY 5.6. Under the condition of Proposition 5.5, the group CH2(X¢, x Xp)
is torsion-free. O

6. A SPECIAL CASE OF THEOREM 0.1

In this section we prove Theorem 0.1 in the special case where D is a division algebra
of degree 8.

PROPOSITION 6.1 ([1, Satz 5.6]). Let be a quadratic F-form of dimension > 5. The
group H?(F(¢)/F) is non-trivial iff ¢ is a neighbor of an anisotropic 3-Pfister form.

PROPOSITION 6.2 (see [28, Prop. 4.1 and Rem. 4.1]). Let D be a central division F'-
algebra of exponent 2. Suppose that D is decomposable (in the tensor product of two
proper subalgebras). Then H3(F(D)/F) =[D]U H'(F).

PROPOSITION 6.3. If D and D' are Brauer equivalent central simple F-algebras, then
the function fields F(D) and F(D') are stably equivalent.?

2Two field extensions E/F and E'/F are called stably equivalent, if some finitely generated purely
transcendental extension of E is isomorphic (over F') to some finitely generated purely transcendental
extension of E’.
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Proof. Since the algebras Dp(p/) and D};(D) are split, the field extensions
F(D,D")/F(D') and F(D,D')/F(D)

are purely transcendental. Therefore each of the field extensions F(D)/F and
F(D")/F is stably equivalent to the extension F(D,D")/F. O

COROLLARY 6.4. Fiz a quadratic F-form 1 and integers i,j € Z. For any central
simple F-algebra D, the groups H'(F(D)/F), H(F(D)/F,Q/Z(j)), H(F(y, D)/ F),
HY(F(y,D)/F,Q/Z(35)) only depend on the Brauer class of D. O

PROPOSITION 6.5. Let D be a central simple F-algebra of exponent 2 and let 1) be a
quadratic F-form. The group H?(F(¢y, D)/ F,Q/7Z(2)) is annihilated by 2.

Proof. Let 19 be a 3-dimensional subform of ¢. Clearly,
H*(F(y,D)/F,Q/Z(2)) C H*(F (o, D)/F,Q/Z(2)) .

Therefore, it suffices to show that the latter cohomology group is annihilated by 2.
Replacing o by the quaternion algebra Cy (1)), we come to a statement covered by
[7, Lemma A.8]. O

COROLLARY 6.6. In the conditions of Proposition 6.5, one has
H*(F(y,D)/F,Q/Z(2)) = H*(F (¢, D)/F) . O

PROPOSITION 6.7. Let D be a central simple F-algebra of exponent 2 and let 1) be a
quadratic F-form of dimension > 3. Suppose that ind D) < ind D. Then ¢ is not
a 3-Pfister neighbor and there is an isomorphism

H*(F(¢,D)/F)

HS(F(¢)/F) + [D] UHl(F) ~ TOI“SCHQ(Xw X XD) )

Proof. By [9, Prop. 2.2], there is an isomorphism

H®(F(4, D)/ F,Q/Z(2)) -
H(F(y)/F,Q/Z(2)) + H*(F(D)/F,Q/%(2))
N Tors CH? (X, x Xp)
N pry, Tors CH?*(Xy) + pri TorsCH?*(Xp)

By Corollary 6.6, we have H*(F (¢, D)/F,Q/Z(2)) = H3(F (), D)/F); by [9, Lemma
2.8], we have H3(F(¢)/F,Q/Z(2)) = H*(F(y)/F); and by [7, Lemma A.8], we have
H(F(D)/F,Q/Z(2)) = H*(F(D)/F).

Let D' be a division algebra Brauer equivalent to D. By Corollary 6.4, we
have H3(F(D)/F) = H3(F(D')/F); by [18, Prop. 1.1], we have Tors CH?(Xp) ~
Tors CH?(X /). Since D}(w) is no more a skew field, there is a homomorphism of F-
algebras Co(v)) — D' ([34, Th. 1], see also [26, Th. 2]). Although the algebra Co(¢))
is not always central simple, it always contains a non-trivial subalgebra central simple
over F. Therefore, D' is decomposable, what implies H*(F(D')/F) = [D] U H'(F)
(Proposition 6.2) and Tors CH?>(Xp/) = 0 ([17, Prop. 5.3]). Finally, the existence of
a homomorphism Cy(yp) — D' implies that ¢ is not a 3-Pfister neighbor; therefore
Tors CH?*(X ) = 0 ([14, Th. 6.1]). O
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COROLLARY 6.8. Let D be a central division F-algebra of degree 8 and exponent 2.
Let 4 be a 5-dimensional quadratic F-form. Suppose that Dp(y) is not a skew field.
Then H?(F(y,D)/F) = [D]U H'(F).

Proof. Tt is a direct consequence of Proposition 6.7, Corollary 5.6, and Proposition
6.1. O

THEOREM 6.9. Theorem 0.1 is true if D is a division algebra of degree 8.

Proof. Let 19 be a 5-dimensional subform of . Applying Corollary 6.8, we have
[D]u HY(F) c H?*(F(y,D)/F) C H3(F(yy,D)/F) = [D] U H*(F). Hence
H3(F(, D)/F) = [D] U H'(F).

The assertion on Tors CH?(Xy x Xp) is Corollary 5.6. O

COROLLARY 6.10. Let ¢ € I*(F) be a 8-dimensional quadratic form such that
indC(¢) = 8. Let D be a degree 8 central simple algebra such that ¢(¢) = [D].
Let 4 be a quadratic form of dimension > 5 such that ¢ (y) is isotropic. Then

1) D is a division algebra;

2) Dpy) is not a division algebra;

3) H*(F(¢,D)/F) = [D]U H'(F). O

7. PROOF OF COROLLARIES 0.2 AND 0.3
We need several lemmas.

LEMMA 7.1. Let ¢ € I?(F) be a 8-dimensional quadratic form and let D be an algebra
such that c(¢) = [D]. Then ¢ppy € GP3(F(D)).

Proof. We have c(¢r(p)) = (@) r(p) = [Dr(p)] = 0. Hence ¢p(py € I*(F(D)). Since
dim ¢ = 8, we are done by the Arason-Pfister Hauptsatz. O

LEMMA 7.2. Let ¢,¢* € I*(F) be 8-dimensional quadratic forms such that c(¢) =
c(¢*) = [D], where D is a triguaternion division algebra.®> Suppose that there is a
quadratic form 1 of dimension > 5 such that the forms ¢py p) and ¢}(¢7D) are
isotropic. Then ¢ and ¢* are half-neighbors.

Proof. Lemma 7.1 implies that ¢r(y, p), ¢}(w,D) € GP;(F (¢, D)). By the assumption
of the lemma, ¢p(y, py and (ﬁ"(w’D) are isotropic. Hence ¢p(y p) and (ﬁ"(w’D) are
hyperbolic. Thus ¢, ¢* € W(F (¢, D)/F).

Let 7 = ¢ L ¢*. Clearly 7 € W(F (¢, D)/F). Since c(r) = c(¢) + c(¢*) =
[D] + [D] = 0, we have 7 € I3(F). Thus e*(r) € H*(F(y,D)/F). It follows from
Corollary 6.10 that e3(r) € [D]U HY(F). Hence there exists s € F* such that
e3(r) = [D]U (s). We have e*(1) = [D] U (s) = c(¢) U (s) = e*(¢{(s))). Since
ker(e? : I3(F) — H3(F)) = I*(F), we have 7 = ¢ {(s)) (mod I*(F)). Therefore
p+¢*=17=¢{s) =¢—s¢ (mod I*(F)). Hence ¢* + s¢ € I*(F). Hence ¢ and ¢*
are half-neighbors. O

The following statement was pointed out by Laghribi ([23]) as an easy conse-
quence of the index reduction formula [25].

3An F-algebra is called triquaternion, if it is isomorphic to a tensor product of three quaternion
F-algebras.
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LEMMA 7.3. Let ¢ be a quadratic form of dimension > 5 and D be a division tri-
quaternion algebra. Suppose that Dp(y) is not a division algebra. Then there erists
an 8-dimensional quadratic form ¢* € I>(F) such that ¢ C ¢* and c(¢*) =[D]. O

Proof of Corollary 0.2. Let D be triquaternion algebra such that ¢(¢) = [D]. Since
ind C(¢) = 8, it follows that D is a division algebra. Since ¢p(y) is isotropic, Dp(y) is
not a division algebra. It follows from Lemma 7.3 that there exists an 8-dimensional
quadratic form ¢* € I%(F) such that ¢ C ¢* and c(¢*) = [D]. Obviously, all
conditions of Lemma 7.2 hold. Hence ¢ and ¢* are half-neighbors. O

LEMMA 7.4. Let D be a division triquaternion algebra over F. Then there exist a field
extension E/F and an 8-dimensional quadratic form ¢* € I?(E) with the following
properties:

(i) Dg is a division algebra,
(i) e(¢*) = [Dg],

(iii) Pp(py 1S anisotropic.

Proof. Let ¢ € I>(F) be an arbitrary F-form such that c(¢) = [D]. Let K =
F(X,Y,Z) and v = ¢ L (X,Y,Z) be a K-form. Let K = Ko, Ki,...,Kp;
Y0, V1, - - - »7Yn be a generic splitting tower of ~.

Since v = ¢k (mod I*(K)), we have c(vy) = ¢(¢x) = [Dk]. Since K/F is purely
transcendental, ind Dg = ind D = 8. Hence ind C(y) = 8. It follows from Corollary
1.5 that there exists s such that dim~y, = 8 and ind C(ys) = 8. We set E = Ej,
" =s.

We claim that the condition (i)—(iii) of the lemma hold. Since ¢(¢*) = ¢(yg) =
c(¢pr) = [DEg], condition (ii) holds. Since [Dg] = ¢(¢*) = ¢(vs), we have ind Dg =
ind C(ys) = 8 and thus condition (i) holds.

Now we only need to verify that (iii) holds. Let My/F be an arbitrary field
extension such that ¢ps, is hyperbolic. Let M = My(X,Y, Z). We have vy = ¢pr L
(X,Y,Z),,. Clearly (X,Y,Z)) is anisotropic over M. Since ¢, is hyperbolic, we
have (Yamr)an = (X,Y,Z),, and hence dim(yar)en = 8. Therefore dim(yar)an =
dim ;. By Lemma 1.3, we see that the field extension ME/M = M K,/M is purely
transcendental. Hence dim(yarg)an = dim(yar)aen = 8. Since (¢35)an = (YME)an,
we see that ¢4, is anisotropic. Since @ar is hyperbolic, it follows that [Das] =
c(pnr) = 0. Hence [Dyrg| = 0 and therefore the field extension M E(D)/M E is purely
transcendental. Hence ¢7\/[E( D) is anisotropic. Therefore ¢E( D) is anisotropic. O

LEMMA 7.5. Let ¢,¢* € I*(F) be 8-dimensional quadratic forms such that c(¢) =
c(¢*) = [D], where D is a triquaternion division algebra. Suppose that qﬁ}(D) is
anisotropic. Then ¢p(py is anisotropic.

Proof. Suppose at the moment that ¢p(p) is isotropic. Then letting ¢ def o*, we see
that all conditions of Lemma 7.2 hold. Hence ¢ and ¢* are half-neighbors, i.e., there
exists s € F* such that ¢* + s¢ € I*(F). Therefore Prpy + 5PF(D) € I*(F(D)).
Since ¢ (p) is isotropic, it is hyperbolic and we see that ¢}(D) € I*(F(D)). By the
Arason-Pfister Hauptsatz, we see that gb}(D) is hyperbolic. So we get a contradiction
to the assumption of the lemma. O
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PROPOSITION 7.6. Let ¢ € I*(F) be an 8-dimensional quadratic form such that
ind C(¢) = 8. Let A be an algebra such that c(¢) = [A]. Then ¢r(a) is anisotropic.

Proof. Let D be a triquaternion algebra such that ¢(¢) = [D]. Since ind C(¢) = 8,
D is a division algebra. Let E/F and ¢* be such that in Lemma 7.4. All conditions
of Lemma 7.5 hold for E, ¢g, ¢*, and Dg. Therefore ¢p(p) is anisotropic. Hence
¢r(p) is anisotropic. Since [A] = c(¢) = [D], the field extension F(A)/F is stably
isomorphic to F(D)/F (Proposition 6.3). Therefore ¢p(4) is anisotropic. O

Proof of Corollary 0.3. Suppose at the moment that ¢pa) € I*(F(A)). Since
ind C(¢) > 8, it follows that dim¢ > 8. By Corollary 1.5 there exists a field ex-
tension E/F such that dim(¢g)e, = 8, ind C(¢r) = 8. Since dim(¢g)en = 8 and
dp(a) € I'(E(A)), the Arason-Pfister Hauptsatz shows that ((¢5)an)E(a) is hyper-
bolic. We get a contradiction to Proposition 7.6. O

8. PrROOF OF THEOREM 0.1

By Proposition 6.7, there is a surjection
H(F(y, D)/ F)
[DIUH'(F)
Thus, it suffices to prove the second formula of Theorem 0.1.

Proving the second formula, we may assume that dim = 5 (compare to the proof
of Theorem 6.9) and D is a division algebra (Corollary 6.4). Under these assumptions,
we can write down D as the tensor product Cy(¢) ®p B (using [25, Th. 1]). In
particular, we see that Cp(v)) is a division algebra, i.e. ind Cy()) = deg Co(vp) = 4.

If degD < 8, then D ~ Cy(¢). In this case, ¥ppy is a 5-dimensional qua-
dratic form with trivial Clifford algebra; therefore v)r(p) is isotropic; by this rea-
son, the field extension F(i, D)/F(D) is purely transcendental and consequently
H3(F(y,D)/F(D)) = 0. It follows that

H*(F(,D)/F) = H*(F(D)/F) = [D]|UH'(F)

where the last equality holds by Proposition 6.2.
If deg D > 8, then ind B > 4. Applying the index reduction formula [31, Th.
1.3], we get

— Tors CH?* (X, x Xp) .

ind Co(¢) p(py = min{ind Cp(¢), ind B} = 4.
Therefore ¢ppy is not a 3-Pfister neighbor and by Proposition 6.1 the group
H3(F(,D)/F (D)) is trivial. Thus once again
H®(F(4,D)/F) = H*(F(D)/F) = [DJUH'(F) .
Finally, if deg D = 8, then we are done by Theorem 6.9 and Proposition 6.7.
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