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ABSTRACT. We investigate stability of matter of the Hartree-Fock functional
of the relativistic electron-positron field — in suitable second quantization —
interacting via a second quantized Coulomb field and a classical magnetic
field. We are able to show that stability holds for a range of nuclear charges
Z1,.., 2k < Z and fine structure constants « that include the physical value
of a and elements up to holmium (Z = 67).
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1 INTRODUCTION

Electrons and positrons can be described just interacting with themselves and the
electromagnetic field. However, in many interesting applications these particles do not
exist separated from the rest of the world but interact with nuclei, in fact very often
with many nuclei. It is therefore of interest, to investigate the stability of quantum
electrodynamics, the basic theory describing relativistic electrons and positrons, when
coupled to many nuclei. A standard model to incorporate nuclei is to assume them as
external sources of the electric field and minimize the energy over all possible pairwise
distinct nuclear positions. This is known as the Born-Oppenheimer approximation.

Stability in the context of field theory means, that the energy is bounded from
below by a multiple of the number operator of the electron-positron field plus a
constant times the number of nuclei involved. In fact, we would like to show positivity
of the energy.

The purpose of this paper is to make a step towards this direction. Based on
paper of Chaix et al. [4] we showed [2] that the Hartree-Fock functional of the vacuum

! Financial support of the European Union through the TMR network FMRX-CT 96-0001 is
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and of atoms with sufficiently small nuclear charge is nonnegative (with or without
self-generated magnetic field) provided the Sommerfeld fine structure constant o = e2
is also small where e is the elementary charge unit. These results included the physical
value a & 1/137 and atoms with atomic number up to 67 (holmium). Here we show
that positivity even holds when the number of nuclei is no longer restricted, in fact
without any essential loss: it holds again up to holmium for the physical value of a.

Our paper is organized as follows: For the readers convenience we fix some nota-
tions in Section 2 and Appendix B. Some inequalities used in the proof are collected
in Appendix A. Section 3 contains our positivity result for the Hartree-Fock func-
tional disregarding the magnetic field. Section 4 extends this to the case when the
self-generated magnetic field of the particle is taken into account on a classical level.

2 DEFINITION OF THE PROBLEM

Before stating our problem precisely, we fix our notations following [2]. (See also
Appendix B for additional notations.)

DirAC OPERATOR The operator for a particle of charge —e, in magnetic field V x A
and interacting with K nuclei of same charge is

1
DAY = q - (;V +eA) +mpB + €%V,

acting in the four components vector space $ = L?(R*)®C*. The 4 x 4 matrices
a and 3 are the Dirac matrices in the standard representation [14]. The vector
potential A is assumed to be such that the magnetic induction B = V x A is
square integrable. The multiplication operator —eV is the electric potential of

K nuclei with charge eZ located at Rq,... ,Rk, i.e.,
K
VA
k=1

Note that DAV is self-adjoint with form domain H'/?(R*) ® C* under the
assumption on e and Z stated in Theorems 1 and 2.

ENERGY OF A STATE We define © to be the set of all states p with finite kinetic en-
ergy, i.e., Z@jez(DO’O)i,j p(: ¥F¥;: ) converges absolutely where colons denote
normal ordering where we fixed an orthonormal basis such that all basis vectors
e; arein H'/2(R?)®C*. We denote by (DAV); ; = (e;, D*Ve;), and by Wi jix s,
the matrix elements of the two-body Coulomb potential W(x,y) = 1/|x — y|,
ie.,

Wi jia = (€5 @ e, Wep @ e)) = / dac/ dy ei(x)ej(y)er(z)er(y)
G G Ix -yl

where dx denotes the product measure (Lebesgue measure in the first factor and
counting measure in the second factor) of G := R® x {1,2,3,4}. The energy of
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a state p € ® is thus

Eavalp) = Z (DAY)ijp(: @352 ) +alU
i,jEZ
o' N 1
+3 > Wiwan(: \Iriqumlmpk:)+8—7r B2, (2)
1,5,k lEZ

with U == 37, . r<x Z° /IRy — Ry describing the energy of the nuclei.

ENERGY OF GENERALIZED HARTREE-FOCK STATES Following the proof of Theo-
rem 1 in [2], we can show that for all generalized Hartree-Fock states p € Dpp
(see Appendix B), the energy (2) can be rewritten as a functional of I',, the
1-pdm of p:

Envinlp) = 85,00 =@V 40U+ 5 [ sty U2IL 4 by, )

WE)P . 1 [
2/dd|—y|+ /B .

where D(f,g) := (1/2) [0 dxdy f(x)g(y)|x — y| ! is the Coulomb scalar prod-
uct, v(x,y) = 3, iezleivej)ei(@)e;(y), v(@,y) = 32, jeq(ei, vej)ei(w)e;(y)
(note the difference to v), and p,(x) := Zizl ~v(z,z). (We use the notation
r:=(x,0) € R® x {1,...,4}.) We also remind the reader that a = e?.

The main goal of this paper is to show positivity of Ea v,a(p) for quasi-free
states.

More notations can be found in Appendix B.

3 STABILITY OF RELATIVISTIC MATTER WITHOUT MAGNETIC FIELD

We prove here, in the case A = 0, that the energy functional £a v, defined in (2) is
positive on generalized Hartree-Fock states for suitable choice of the electron subspace
and a and Z small enough. More precisely, $4 = [X[0,00)(D%"*")](£) is the positive
spectral subspace associated to D®9 + aV,g, where

XTk
-7 Z < |x - Rk| @

Here Y, := {x € R* : |x—Ry| < |x—Ry|,Vk =1,..., K} denotes the x-th Voronoi
cell and y s is the characteristic function of the set M. Our first result is

THEOREM 1. Pick $1 = [X[0,c0) (D%Verr)]($)) as electron subspace. Let Ly/a,3 be the
constant in the Lieb-Thirring inequality? for moments of order 1/2. If ¢ € (0,1),
a € [0,4/7] and Z € [0,00) are such that

1—e—72a?/16 —4(1/e — 1)a*Z* > 0,

2See Appendix A.
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Figure 1: The plain curve gives an estimate from below of the critical value of the
pair (o, aZ), for which the energy o v, is positive. For the physical value a =
1/137.0359895 we obtain aZ = 0.489576, i.e., Z ~ 67.089649. The dashed curve is
the one obtained in [2] in the case of a single nucleus of atomic number Z

and
2629671'.[/1/273(1/6 - ].)2

277 <1
105(1 — e — 202 /16 — 4(1/e — 1)a2zz)3/2a =4

then Eo v, s nonnegative on Dyr.

Remark that we do not assume that 0 is not in the spectrum of D% V=", This
means in particular that $); includes the null space of D%V, Note also that € is a
free parameter that we can use to optimize the value of a and Z. Instead of giving a
cumbersome analytic formula, Figure 1 gives the result when picking € suitably.

The proof of the theorem consists of five steps:

e Replace the Dirac operator D%V by DOVerr which is done by reducing the
Coulomb potential V' in each Voronoi cell to a one-nucleus/electron Coulomb
potential Vig.

e Dominate the exchange energy Wx by the kinetic energy.

e Control the difference of the kinetic energy and the energy of the modified Dirac
operator D%V=tt by applying the Birman-Koplienko-Solomyak inequality [3] to

obtain a Schrédinger like operator.

e Estimate the resulting expression by a localized Hardy inequality of Lieb and
Yau [12] going back to Dyson and Lenard [5].

e Apply the Lieb-Thirring inequality [10] for moment 1/2 to estimate the trace.

Proof. Set dy to be half the distance of the k-th nucleus to its nearest neighbor, then
the electrostatic inequality of Lieb and Yau [12], p. 196, Formula (4.4), implies with
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Sova > tr(D%Vv)+alU +aD(py,py) /d dy —y|
> tr(D%Ver) aZ2 Zd - /d d % (5)
Using Kato’s inequality (see Appendix A) and then Inequalities (22) and (23) we get
S [P0 g4y <)o 177 < wgpo2p)
T si=1

< tr(|DO0 (v —7-2))- (6)

So far we have not used the choice of the subspaces $; and $_ specified in the
hypothesis. In order to control the trace in (6) with the trace on the right hand
side of (5), we now use that $, is the positive spectral subspace of D%Vt ie.,
91 = [X[0,00) (DOY*)] (9). This implies tr(D%Vey) = tr(|DOVerr|(yy 4 — y-_)),
and thus

K
aZ?

T —
Eoa 2 tr[(IDV| = TEDO0) (ves —1-0) | + 2= (D)
k=1

If we bound below the trace on the right hand side of (7) by using the Birman-
Koplienko-Solomyak inequality [3] (see also Appendix A), and noting that 0 < v 4 —
v—_— < 1, we obtain

tr [(IDY] — an DO /4]) (g = 7-2)] 2 = r (IDV| — am| DO /4)_
Z _tr{[(DO,Veff) 7T a (DO 0) /16]1/2}
> —tr{[(1— e = 722 /16)(DO°)? — (1/e = )a?V] "} (®)

where the subscript minus denotes the negative part (|A] — A)/2 of the operator A.
To bound the trace on the right hand side of (8) from below, we use the localized
Hardy inequality of Lieb and Yau [12, Formula (5.2)] (see also Appendix A), K times
with k =1,..., K and By := By, (Ry), we have

IREIREE i:j ([ GGemp - 20+ 55 D) e . o

Inequality (9) together with (8) gives

Eov,a > —tr{ [ (1 —e—a’n?/16 — 4(1/e — 1)a*Z*) (D*°)?

1

2 K
XY \Bk 4 |X—R,k|2 : OéZ2 1
(1/e—1) 2Z2 5 -1+ —— — .
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Using the Lieb-Thirring inequality (see Appendix A) for the exponent 1/2 in (10)
implies

—L1/2 3(— - 1)2 1z Z/ 1 x
(1——6—7@0@/16—4“1/6—]_a2Z23/2 TABk|X“R%H

K 1 |x — Ry |? aZ?
— Ry .
k=1 k k=1

aZ? w3+ 64(1/3+1/10 + 1/112)L; ;5 5(1/e — 1)20*Z* | &
8 B 2,2 7 3 de '
(1-e— & —4(1/e—1)a222)? k=1

507V,oz Z

>

Note that the numerical value of the Lieb-Thirring constant L5 3 does not exceed
0.06003. In (11), we have estimated the first term in the parenthesis with Inequality
(4.6) in [8]. O

4 INCLUSION OF THE MAGNETIC FIELD

We now consider the whole energy functional £a v, given in (3), i.e., we include also
magnetic fields B := V x A of finite field energy.

THEOREM 2. Take §4 = [X[0,00)(D*V")]($). If e € (0,1), € € (0,00), a € [0,4/7]
and Z € [0, 00) verify

1—e—72a?/16 —4(1/e — 1)a®Z* > 0, (12)

262967 Ly /5,5(1/¢ — 1)>(1 + ¢')

372 <1 13
105(1 — e — w22 /16 — 4(1 /e — 1)a2z2)3/2a =5 (13)

and

87TL1/2,3(1 — 6)2(1 + 1/6’)
(1 —c—%a2/16 — 4(1jc — )a222)7

a<l1 (14)

then Ea v,a is nonnegative on Dpp.

Again, note that € and € are free parameters that can be picked arbitrarily
within the given ranges. However, we refrain to give cumbersome optimal expressions.
Instead we — once again — optimize numerically, insert, and show the result in Figure
2.

Proof. By the (relativistic) diamagnetic inequality (see, e.g., the appendix of [8], see
also Appendix A)

S [ e [t fix - v1 < T 7] = iV + VaAl) (15)
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Figure 2: The plain curve gives an estimate from below of the critical value of the
pair (o, aZ), for which the energy £a v, is positive. For the physical value a =
1/137.0359895 we obtain aZ ~ 0.48899985, i.e., Z ~ 67.0105779. The dashed curve
shows the critical curve obtained in [2] in the case of a single nucleus. The numerical
value where both curves cut the abscissa is ag ~ 0.5235.

Now, following the proof of Theorem 1 using (5) to (8) and (15), we obtain for
N4 1= [X[0,00) (DY=1)]($) and for any € € (0,1)

__ A0 _« ly(z, )
T :=tr((D™" + aVer)y) 5 / Ty dxdy

A,0\2 1 2 2 >’ . 2%
>—trq [(1—¢)(D*) — (= = Da*Vegr T —zV+\/5A|
€

1
2

> —tr{ (== ) iV + VAT ~ (; — DaVia® - (1 —e>\/a|B|]_}.

Combining first (9) with the nonrelativistic diamagnetic inequality for Schrodinger
operators (Simon [13], see also Appendix A) gives

/R (Y VEA)f ()

> i:j (f k (5w - Z1+ %)) faPdx) . (10

Using this inequality we are able to control the |x — Ry|™? singularities for V% in
balls of radius d; around Ry by a piece of (—iV + /aA)?2. This gives

ma’ 1 2 72 ; 2
T > —tr 1—e— 16 —4(=-1)a’Z% ) | —iV ++aA|]® — (1 —€)Va|B|
€

1 2 r72 K XTk\Bk(X) 4 |X—Rk|2 2
_(E - ]-)a Z Z (m - d_i(l + W)XB,C(X))] }

k=1
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The Lieb-Thirring inequality for the moment 1/2 implies

—Lyyas / o2 2[ XTk\Bk
T > ’ A
T (l—e— =2t gl _1)g272)" Js Z IX—RkI2
K1 xR :
+43 = 1+7’“ XBi(x)| + Va(l —€)|B
@ Ad?

—L
> 1/2,3

2,2

gt sy

X1\ By ( |X_Rk|
{Z/Rg |xk_]_2: |4d +16Z d4/ < XBk(X)dx

+(1+l,)(1—e)2a/ B?dx}.
€ R3

Collecting all terms and using the previous inequality gives with § := 3 + 64(1/3 +
1/10+ 1/112) — for any €' € (0, 00) and under assumptions (12)-(14) —

1
7 {(1 +)(Z ~1Pa'z!

Eavia > tr[(DA0+aVer)y /'7 dd +—Zd + [ B?
R3
2 [ 8moLyja(t — 121 '322_K
> aZ 1 mdL1 /2 3( (1 +¢€)a - Zdlzl
8 (-e-m2 4t -1a222)" | S
i 8L 1—e)?(1+ & ]
-I-i 1 G 1/3,32( ) (1+ 7)o - / B2.
87 I (I_G_ﬂlg _4( ) 2z2) R3

A INEQUALITIES

BKS INEQUALITY Let p > 1 and consider two non-negative self-adjoint linear oper-

ators C' and D such that [C? — D”]l_/ P is trace class. Then [C' — D]_ is trace
class

tr[C' — D]_ < tr[CP — DP]M/P
(Birman, Koplienko, and Solomyak [3], see also [9]).

DIAMAGNETIC INEQUALITIES Let A € L7 (R3,R?), then, for all u with |u| € H'(R?)

[ < [ 17 = Ay
(Simon [13]) and for all u € D(|p|)

(lul, Ipl [u]) < (u, Ip + Alw)
(see [8, Formula (5.7)]). (Note that we allow for the right side to be infinite.)
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ELECTROSTATIC INEQUALITY Let v be any bounded Borel measure on R?, then with
the notations of Theorem 1 we have [12, Lemma 1]

dv(x W7 % .
/IR3 /IR3 |X—y| _a/R3(V(X) _%H(X))dl/(x) + aU Z T;d_k

KATO’S INEQUALITY Let Hy be the closure of the essentially self-adjoint operator
—A on C§°(R?). Then for u € D(Hé/Q) and a € R?, ([7, chap. V, §5, Formula
(5.33)])

™
[ b=l uGx < 5 [ klladodk < 7 (Holu, w)
R3 R3

LocALIZED HARDY INEQUALITY Let R be any point in R? and d any positive real
number. If B;(R) denotes the ball in R® with center R and radius d, then, for
any f € L?(Bq(R)) such that Vf € L?(B4(R)) we have [12, Formula (5.2)]

x> R
/BAR)'W( Sl >d2/BdR)<4|x—R|2 (1+ =) ) [f(x)Pdx.

L1EB-THIRRING INEQUALITY (d = 3, v = 1/2) Given a positive constant p, a real
vector field A with square integrable gradients, and a real valued function V in
L?(R?), we have for Vi := (|V|+V)/2

. 1/2 1/2 3 2
tr{ [(—ipV — A)? -V < V.
{1 poviPyemas | v
(see Lieb and Thirring [11] for the case A = 0 and Avron, Herbst, and Simon
[1] for the general case).

B NOTATIONS

We collect some additional notation that was already used in [2]:

Fock SPACE AND FIELD OPERATORS For a given orthogonal decomposition
L2(]R3) @ Rt = H+ P H_ into the one-particle electron and positron sub-
space, one constructs, following [14] (see also [6] and [2]), the Fock space §. We
denote the orthogonal projections onto ) and §  are denoted by Pg, and
Pg_ respectively. For any f € §, we also denote the particle annihilation (re-
spectively creation) operator by a(f) (respectively a*(f)) and the antiparticle
annihilation (respectively creation) operator by b(f) (respectively b*(f)). (Note
that — according to the convention used in [6] and also here — a(f) = a(Ps, f)
and b(f) = b(Pgs_f).) They fulfill the canonical anticommutation relations for
all fand gin 9

{a(f), alg)} = {a”(f), a*(9)} = {b(F), b(9)} = {b"(f), b*(9)} =0,  (17)

{a(f)a a*(g)} = (fa PfJJrg)a {b*(f)ab(g)} = (fa Pfjfg) (18)
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where { , } denotes the anticommutator.

For any f € §), the field operator is the antilinear bounded operator

U(f) = a(f) +b*(f)

acting in §. Its adjoint is linear and equal to ¥*(f) = a*(f) + b(f). Given an

orthonormal basis {...,e_2,e_1,eq,€1,...

} of $), where vectors with negative

indices are in $_ and vectors with nonnegative indices are in $;, we denote
a; := a(e;), a¥ :=a*(e;), b; := b(e;), bF := b*(e;), U; := a;+bf and ¥F := af +b;.

K3

ONE-PARTICLE DENSITY MATRIX A trace class operator I" on §) x § is called a one-
particle density operator (1-pdm), if

I'=T*and -1<TI'<1.

with
v* =5 and v’ = —v (20)

where the superscript ¢ refers to transposition, i.e., given our basis fixed
initially, the matrix elements of B* are (B*); ; := Bj ;.

Since the Hilbert space § is the orthogonal sum of $; and $)_, we can write

T++ Y+— U++ V-

r=|7"+ 7 v+ v~

Vip VIp T+ -

(T Vo AT
with v = Po,vPs,, v4— = Py, YPs_, 7—4+ = Py _vPs, = 7} , and
Y—— = Pg_7Py_ appropriately restricted. Similarly vy = Py vPs_,
Uy— = Py, UPs_, v_y = Py_vPy, = —v'_, and v__ := Py_vPs_ also

appropriately restricted.

For each state p € D, we define the associated 1-pdm I', by its matrix elements

as

(h, Tog) = p (- [9(g1) + T (@) (1) + 9" (Ro)]: ) (21)

where h := (hy, h2) € $2, g := (g1, g2) € H? and given f = Y okez AkCr, We
define f = Y okez Arer. The colons denote normal ordering, i.e., anticommuting
all stared operators to the left ignoring the anticommutators. Note that for a
fixed basis, I', is uniquely defined. The matrix elements of I', are thus v; ; =

p(: Ui, ), (v4+)iy = plajai), (v4+-)iy = pbjai), (v—-)ij =

—p(b;b;) and

vig = p( ), (Vg )i = plajai), (Vi-)ij = p(bjai), (v—-)i; = p(b;b}).
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We also recall that

Y+ (22)
—y__. (23)

Vit + V-Vt
YoYr- +7

IN A

holds [2].

STATES — GENERALIZED HARTREE-FOCK STATES A state is a bounded positive lin-
ear form p on the space of bounded operators on § with p(1) = 1. The set of
generalized Hartree-Fock states (or quasi-free states with finite particle number)
is the set of states p that fulfill

i) For all finite sequences of operators di,ds,--- ,d2k, where d; stands for
a(f), a*(f), b(f), or b*(f), we have p(dids -+ - dax—1) = 0 and

pldids -+ dyg) = Z sgn(0)p(dy(1)ds(2)) - p(ds2k —1)do(2K))
gES

where S is the set of permutations ¢ such that o(1) < ¢(3) < -+ <
02K — 1) and 0(2i — 1) < 0(2i) for all 1 < ¢ < K. This implies in
particular

p(didadsds) = p(didz)p(dsds) — p(dids)p(dada) + p(dids)p(dads). (24)

ii) The state p has a finite particle number, i.e., if N := 37, (aja; + b}b;)
denotes the particle number operator, we have p(N) < 0o, or equivalently,
written in terms of the one-particle density matrix, tr(vyy —vy——) < oc.

We write D g for the set of all generalized Hartree-Fock states p with finite
kinetic energy, i.e., 3=, ;7 (D%%); jp(: ¥ ¥;: ) is absolutely convergent.
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