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ABSTRACT. For an algebraic, normal-crossings degeneration over a
local field the local monodromy operator and its powers naturally
define Galois equivariant classes in the f-adic (middle dimensional)
cohomology groups of some precise strata of the special fiber of a
normal-crossings model associated to the fiber product degeneration.
The paper addresses the question whether these classes are algebraic.
It is shown that the answer is positive for any degeneration whose
special fiber has (locally) at worst triple points singularities. These
algebraic cycles are responsible for and they explain geometrically the
presence of poles of local Euler L-factors at integers on the left of the
left-central point.

1991 Mathematics Subject Classification: 11G25, 11540, 14C25,
14E10

INTRODUCTION

Let X be a proper and smooth variety over a local field K and let X’ be a regular
model of X defined over the ring of integers O of K. When X is smooth over
Ok, the Tate conjecture equates the f—adic Chow groups of algebraic cycles on
the geometric special fiber Xz of X — Spec(Ok) with the Galois invariants in
H?*(X,Q,(x)). One of the results proved in [2] (cf. Corollary 3.6) shows that
the Tate conjecture for smooth and proper varieties over finite fields together
with the monodromy—weight conjecture imply a generalization of the above
result in the case of semistable reduction. Namely, let p € Spec(Ok) be a
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66 CATERINA CONSANI

prime over which the special fiber X x Spec(k(p)) =Y is a reduced divisor with
normal crossings in X’ (i.e. semistable fiber). Then, assuming the above two
conjectures, the f—adic groups of algebraic cycles modulo rational equivalence
on the r—fold intersections of components of Y (r > 1) are related with Galois
invariant classes on the Tate twists H>*~ ("~ (X, Qu(x — (r — 1))).

An interesting case is when one replaces X by X xg X, so that Galois in-
variant cycles may be identified with Galois equivariant maps H* (X, Q¢) —
H*(X%,Q¢(-)). Examples of such maps are the powers N’ of the logarithm
of the local monodromy around g. The operators N' : H*(Xz,Q¢) —
H*(Xz,Qu(—i)) determine classes [NY] € H?((X x X))z, Qu(d — 7)) (d =
dim Xp) invariant under the decomposition group. In this paper we study in
detail the structure of [N?] when the special fiber Y of X’ has at worst triple
points as singularities. That is, we exhibit the corresponding algebraic cycles
on the (normal crossings) special fiber T' = U;T; of a resolution Z of X’ xp, X.
Denote by N =1® N + N ® 1 the monodromy on the product, and let F' be
the geometric Frobenius. Then the classes [N] naturally determine elements in
Ker(N)NH?* (X x X) %, Q¢(d—i))"="'. Assuming the monodromy-weight con-
jecture on the product (i.e. the monodromy filtration L. on H*((X x X) %, Q¢)
coincides—up to a shift—with the filtration by the weights of the Frobenius
cf. [16]) and the semisimplicity of the action of the Frobenius on the inertia
invariants, the following identifications hold

(0.1) Ker(N)NH* (X x X) g, Qu(d—14)F~!

- L 2d . =t
_(<gr2<di>H (T,Q0)(d z))

~

er(p(2(i+1)) . f2(d—i) (T(2i+1),QE)(d_Z')_)HQ(dfi) (T(2(i+1)), Q/)(d—1)) F=1
Image p(2i+1) '

Here T) denotes the normalization of the j—fold intersection on the closed
fiber T. These isomorphisms show that the classes [V?] have representatives
in the cohomology groups of some precise strata of 7. Moreover, the Tate
conjecture and the semisimplicity of the action of the Frobenius on the smooth
schemes T() would imply that these classes are algebraic. We refer to § 1,
(1.6) for the description of the restriction maps p in (0.1).

To better understand the geometry related to the desingulatization process
Z = X xp, X, and to avoid at first, some technical complications connected to
the theory of the nearby cycles in mixed characteristic, we start by investigating
this problem in equal characteristic zero (i.e. for semistable degenerations over
a disk). There, one can take full advantage of many geometric results based
on the theory of the mixed Hodge structures. Under the assumption of the
monodromy—weight conjecture and using some techniques of [16], our results
generalize to mixed characteristic. The cycles we exhibit on T+ explain
geometrically the presence of poles on specific local factors of the L—function
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related to the fiber product X x X. In fact, theorem 6.2 equates, under the
assumption of the semisimplicity of the action of the Frobenius F on the inertia
invariants H*((X x X)z,Q)", the rank of any of the groups in (0.1) with
ords—gq—; det(Id — FN(p)~*|H?**((X x X)g,Q¢)!). Here, N(p) denotes the
number of elements of the finite field &(p).

A study of the local geometry of the normal—crossings special fiber T shows
that [N7] are represented by certain natural “diagonal cycles” on T2 1) to-
gether with a cycle supported on the exceptional part of the stratum that
arises because the classes [N?] must belong to the kernel of the restriction map
pUHD) (¢f. (0.1)). This result is obtained via the introduction of a generalized
correspondence diagram for the map

(02)  N':H'(Ygrf RE(Qu)) — H(Y, (gl RU(Qx))(~1).

This morphism describes the monodromy action on the E;—term of the spectral
sequence of weights for the filtered complex of the nearby cycles (R¥(Qx), L.)
(cf. § 2, (2.1)). For i > 0, the classes [N?] do not describe an algebraic cor-
respondence in the classical sense. In fact, the algebraic cycles representing
them are only supported on higher strata of the special fiber T (i.e. on T(%*l))
and they do not naturally determine classes in the cohomology of T'. This is a
consequence of the fact that for i > 0, the cocycle [N] does not have weight
zero in the f—adic cohomology of the fiber product (X x X)), as one can easily
check from (0.1). Nonetheless, we expect that each of these classes supplies a
refined information on the degeneration. Namely, we conjecture that the geo-
metric description that we obtain up to triple points can be generalized to any
kind of semistable singularity via a thorough combinatoric study of the toric
singularities of the special fiber of the fiber product resolution Z.

The correspondence diagram related to the map (0.2) is built up from the
hypercohomology of the Steenbrink filtered resolution (A%, L.) of R¥(Qx). In
§ 3 we establish the necessary functoriality properties of the Steenbrink complex
and its L. filtration. A difficult point in the description of the correspondence
diagram is related to the definition of a product structure on the E;—terms of
the spectral sequence of weights. Example 3.1 points out a problem related
to a canonical definition of a product structure for (A%, L.) in the filtered
category. It comes out that the monodromy filtration L. is not multiplicative
on the level of the filtered complexes. A partial product, canonical only on the
E> = E-terms is provided in the Appendix. This suffices for purposes of our

paper.
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1. NOTATIONS AND TECHNIQUES FROM MIXED HODGE THEORY

In this paragraph we introduce the main notations and recall some results on
the mixed Hodge theory of a degeneration.

We denote by X a connected, smooth, complex analytic manifold and we let
S be the unit disk. We write f : X — S for a proper, surjective morphism and
we let Y = f~1(0) be its special fiber. We assume that f is smooth at every
point of X* = X Y and that the special fiber Y is an algebraic divisor with
normal—crossings. The local description of f near a closed point y € Y is given
by:

flz1,..0 2m) = 27" 2"

for k <m =dim X and {z1,...,2,} alocal coordinate system on a neighbor-
hood of y in X centered at y and e; € Z, e; > 1. The fibers of f have then
dimension d = m — 1.

A normal—crossings divisor as above is said to have semistable reduction (strict
normal-crossings) if one has: e; = 1 Vi, in the local description of f.

We fiz a parametert € S. For t # 0, let f~(t) = X; be the fiber at ¢. Because
the restriction of f at S* = S\ {0} is a C*°, locally trivial fiber bundle, the
positive generator of m; (S*,¢) ~ Z induces an automorphism T; of H*(Xy, Z),
called the local monodromy. We will always suppose throughout the paper
that T} is unipotent. This assumption, together with the local monodromy
theorem (cf. [7], Theorem 2.1.2), implies that (T} — 1)i*! = 0, on H (X}, Z).
The unipotency condition of the local monodromy is for example verified when
g.cd.(e;, i € [1,k]) = 1, Vy € Y (¢f. op.cit. ). Under these conditions, the
logarithm of the local monodromy is defined to be the finite sum:

1 1
Nt 3:loth:(Tt—].)—§(Tt—1)2+§(Tt—1)3—---

It is known (cf. [5]) that the automorphisms T} of H!(X;, C) (t € S*), are the
fibers of an automorphism T of the fiber bundle Rf.(Q% /S(log Y)) over S,
whose fiber at 0 is described as Ty = exp(—2miNy). By definition, the endomor-
phism Nj is the residue at 0 of the Gauss-Manin connection V on the “canon-
ical prolongation” Rif*(Q;(/S(log Y)) of the locally free sheaf Rif*(Q;(*/S*).
Because of the definition of Ty, it makes sense to think of a nilpotent map
N := —ﬁ log T' as the monodromy operator on the degeneration f: X — S.
Via the canonical isomorphism (¢f. [11], Thm. 2.18)(t € S):

R'f.(%/s(log Y)) @0, k(t) = H' (X, Q%/s(log V) ®ox Ox,)
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LocAL MONODROMY 69

where k(t) is the residue field of Og at t, we can see the map Ny as
an endomorphism of the hypercohomology of the relative de Rham com-
plex Q% /S(log Y) ®o, Oy. This complex represents in the derived cat-

egory DFT(Y,C) of the abelian category of sheaves of C-vector spaces on
Y, the complex of the nearby cycles R¥(C). Namely, there exists a non-
canonical quasi-isomorphism (i.e. depending on the choice of the parame-
ter t on §) Q% 5(logY) ®o, Oy ~ R¥(Cy.) := i 'Rk.Cx. (cf [11],
§ 2). This isomorphism, composed with the canonical map Qk/s(log Y) ®oy
Oy — Q;(/S(log V) ®0y Oyrea (Y4 = reduced, induced structure scheme on
Y), induces a quasi-isomorphism (i 'Rk.Cz.)un =~ 0% /s(log V) ®oy Oyrea
(¢cf. op.cit. § 4). Here, we denote by (i 'Rk, C . )un the maximal subobject of
i'Rk,C . on which m (S*) acts with unipotent automorphisms. We refer to
the following commutative diagram for the description of the maps:

X P, x Y

I

S P2 4 5 {0}.

The space $* = {u € C |Im u > 0} is the upper half plane, the map p : S* — S
p(u) = exp(2miu) = t, makes S* in a universal covering of S* and X* is the
pullback X xg S* of X along p. The morphism k is the natural projection. It
factorizes through X™* by means of the injection j : X* — X. Finally, ¢ is the
closed embedding.

Steenbrink, Guillen and Navarro Aznar and Masaiko Saito (¢f. [11], [6], [12])
defined a mixed Hodge structure on the hypercohomology of the unipotent
factor of the complex of the nearby cycles H*(X, Q;(/S(log Y) ®oy Oyrea).
This is frequently referred as the limiting mixed Hodge structure.

We will assume from now on that f is projective. Then, the weight filtration on
the limiting mixed Hodge structure is the one induced by the nilpotent endo-
morphism N, namely by the logarithm of the unipotent Picard-Lefschetz trans-
formation T that is already defined at the Q-level. This filtration, which one
usually refers to as the monodromy—weight filtration L., is defined inductively.
On the limiting cohomology Hi(X'*, Q), it is increasing and has lenght at most
2i. By the local monodromy theorem N*! = 0, hence one sets Ly = Im N?
and Ls;_; = Ker N?. The monodromy filtration L. becomes a convolution
product of the kernel and the image filtration relative to the endomorphism N.
These filtrations are defined as

K H'(X*,Q) :=Ker N'*', [/ H(X*,Q) :=Tm N7
and their convolution is

(1.1) L=K=xI, Ly:==Y» KnI.
l—j=k
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It is a very interesting fact that there is no explicit construction of the
monodromy-weight filtration L. on Q% ¢(log Y) ®o Oy itself. The filtration
L. is defined on a complex Ag which is a resolution of 2% 4(log V) @0 Oyrea.
More precisely, the complex Q% / s(og Y) ®oy Oyrea is isomorphic, in the de-
rived category DF(Y,C), to the complex A% of Ox-modules supported on
Y. The complex Ay is the simple complex associated to the double complex

(p, ¢>0):
AR = QI (log V) /W, Q% (log 1)

where W,.Q%(log V) is the weight filtration by the order of log-poles
(cf. [3], § 3). The differentials on it are defined as follows

d AR AR (W) = dw
is induced by the differentiation on the complex Q% (log Y) and

d' AR — AR d'(w)=0Aw

where § := f*(Z) = Zle e; %t is the form defining the quasi-isomorphism we

i

mentioned before (cf. [11], § 4)
0%/s(log V) @0, Oyrea 4 AL

The total differential on Ag is d = d' +d". The weight filtration W, Q% (log Y)
induces a corresponding filtration on Ay (r € Z):

(12)  WoARle = Wit 057 (log V) /W, 057 (log 1).

The filtration that W,.Ag, induces on H*(Y, A&) ~ H*(X*,C) is the kernel
filtration K (cf. (1.1))

K.H*(X* C)=W,H*(Y,A%) =:Im <H*(Y, W,AL)—»H*(Y, Aé)) =Ker N"*L

The monodromy-weight filtration is then defined as
L AP = Wy Q5T (log V) /W, 057 (log V).
Via Poincaré residues, the related graded pieces have the following description
(1.3) grFAE ~ P (akrrs1) Qi [7 — 2]
k>max(0,—r)

Here, we have denoted by ¥ (") the disjoint union of all intersections Y3, N...N
Y;,, for1<ip <...<im<n (Y =YiU...UY,). We write (an). : Y™ = X
for the natural projection.

The monodromy operator N is induced by an endomorphism # of Ag, which is
defined as (—1)PT9*! times the natural projection

. APs4 p—1,q+1
v: AGT = AG .
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The endomorphism 7 is characterized by its behavior on the L-filtration,
namely

V(LyAE) C Lr—2 A
and the induced map
(1.4) T grl Ay — grl A

is an isomorphism for all » > 0. The complex Ag contains the subcomplex
WyAg = Ker(9) that is known to be a resolution of Cy. The filtration L
and the Hodge filtration ' on Ag induce resp. the kernel and F filtration on
WyAg. The resulting mixed Hodge structure on H*(Y,C) is the canonical
one. Similarly, the homology H.(Y,C) (i.e. Hy (X, C)) with its mixed Hodge
structure is calculated by the hypercohomology of the complex Coker(7).
Because of the description given in (1.3), the spectral sequence of hyperco-
homology of the filtered complex (Ag,L) (frequently referred as the weight
spectral sequence of R¥(C)) has the E; term given by

E;r,nJrr — @ Hn—T—Qk(Y/'(Qk-H”-Fl), C)
(15) k>max(0,—r)
dy =Y (1) Hdy + (—=DFdy).
k

The explicit definition of the differentials, in the strict normal—crossings case
(i.e. semistable degeneration), is the following:

r4+2k+2
dy = p(r+2k+2) — Z (_1)u—1p1(;~+2k+2)
u=1
(1.6) r2k+1
d! = —A(r+2k+1) — Z (—1)Un(r2k+1)
u=1

where

p2r+2k+2) — (51(Lr+2k+2))* :Hn—r—Qk(f/(Qk—&-r-&-l),C) N Hn—r—Qk(i}(Qk—i—r—i—Q)’ C)

71([‘+2k+1) — (5ur+2k+1))! . Hn7r72k(}~/(2k+r+1),c) N Hn7r72k+2()7(2k+r),c)

are the restrictions, resp. the Gysin maps, induced by the inclusions (u,t € Z)
Dy, N nY;, =Y, NN (Y, )N NY,.

In the general normal-crossings case (i.e. fibrations locally described by
f(z1,0- 5 2m) = 27" --- 2%, e; > 1), the definition of d| has to take into ac-

count multiplicity factors +e;; before each map (5]@)*. The map d is infact

induced from a “wedging” operation with the form 6 = Zle €; dzzlf' (cf. last
page). The definition of d{ is analogous to the one given in the strict normal-
crossings case.

Notice that the weight spectral sequence (1.5) is built up from a filtered double
complex. This property distinguishes this weight spectral sequence from others
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as e.g. the spectral sequence of weights which defines the mixed Hodge structure
on a quasi—projective smooth complex variety (cf. [3]).

The complex Ag is the complex part of a cohomological mixed Hodge complex
Ag whose definition is less explicit than Ag and for which we refer to [7]. This

rational complex induces on H (X' *,Q) a rational mixed Hodge structure. The
rational representative of the above spectral sequence (1.5) is

(17) El—r,n+r — @ anr72k(f}(2k+r+l),Q)(_r _ k)
k>max(0,—7)

The index in the round brackets outside the cohomology refers to the Tate twist.
Both these spectral sequences degenerate at E> = E,, and they converge to
H"™(X*,C) and H™(X*, Q) respectively.

For curves (i.e. d = 1), the degeneration of the weight spectral sequence pro-
vides the exact sequences

~ -L,2 ~ ~
0 B2 5 HOT®,Q)(-1) " H2YW,Q) — H2(X*,Q) >0

and

(18) 0 H'(X*,Q) — H'(TW,Q) % HOFT®,Q) 3 H'(X*,Q).

The differentials d; "** and d"° are defined as in (1.6) and the map a in (1.8)
is the edge map in the spectral sequence. We also have a non canonical decom-
position

Hl(X*,Q) — Hl(?(l),Q) EBE;lJ EBE21,0‘

with E,° = Im(a).

Steenbrink proved that the L-filtration induced on the abutment of the spectral
sequence of the nearby cycles is the Picard-Lefschetz filtration, hence it is
uniquely described by the following properties

N(Ln+an(X*: Q)) C (Ln+r—2Hn(X*a Q))(_l)
and
N :grl HY(X*,Q) = (gry_ H"(X*,Q))(-7)

for r > 0. In the rest of the paper we will refer to it as the monodromy filtration.

2. THE MONODROMY OPERATOR AS ALGEBRAIC COCYCLE

We keep the notations introduced in the last paragraph. As n varies in [0, 2d]
(d = dimension of the fiber of f : X — S) and 7 > 0, the power maps

N': H"(X*,Q) — H*(X*,Q)(—i)

induced by the endomorphism N : R" f, (2%, 5(log Y)) = R" £, (Q% s (log Y)),
define elements

Ni S Hom(H(X*,Q),H(X*,Q)(_'L))
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which are invariant for the action of the local monodromy group 7;. They can
be naturally identified with

m
Nie @I, Q)@ & (T Q-] = [ x X Q-

n>0

T

The space X* x g X* is the generic fiber of the product degeneration X xgX —
S. After a suitable sequence of blow-ups along Sing(Y x Y) D Sing(X xg X):

Z—=-—25XxgX—>S

we obtain a normal-crossings degeneration h : Z — S with Z non singular and
whose generic fiber is still X* x X*. Its special fiber T = h=1(0) = TY U---UTn
has normal crossings singularities. The local description of h along T looks like:

€r

h(wy, ..., wepm) = wit -+ ws

for {w1,...,ws,} a set of local parameters on Z and ey, ... ,e, non-negative
integers.

The semistable reduction theorem (cf. [9]) assures that modulo extensions of the
basis S and up to a suitable sequence of blow-ups and down along subvarieties of
the special fiber T', we may eventually obtain from h a semistable degeneration
W — S with Wy = Wy, U...UW,,, as special fiber.

Because of the assumption of the unipotency of the local monodromy on
H*(X:,C) (cf. § 1), the local monodromy o of h will be also unipotent. We then
call N = log (¢). By the Kiinneth decomposition it results: N = 1@ N+N®1
and we have:

Nie <H2d(X'* x X*,Q(d — z’))) " Ker(N) N H*4(X* x X*,Q(d — i)).

Let consider the monodromy filtration L. relative to the degeneration h. We
denote by Hom e (Q(0),V) (Hom(Q, V) shortly) the subgroup of Hodge cy-
cles of pure weight (0,0) of a bifiltered Q-vector space V: (V, L, F), endowed
with the corresponding mixed Hodge structure. Then, we have the following

ProrosiTION 2.1. For¢ > 1

N' e Homarsr <Q(0),Ker(J\7) NH*(X* x X* Q(d — i))) C
 Homasar (QUO) Ker(¥) 0 (grf (X x X, Q) —1)

= Homasn (QUO) arfy o H(T. Q) 1)) = Hom(Q, 4),

B Ker(p2(i+1) - fp2(d—i) (T(2i+1), Q)(d _ Z) —y F2(d—i) (T(2(i+1)),Q)(d _ Z))

A Image p(2i+1)
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Here p is the restriction map on cohomology and by T we mean the disjoint
union of all ordered j—fold intersections of the components of T (cf. §1).

Proof. The identification of N? with a Hodge cycle is a consequence of N
being a morphism in the category of Hodge structures. The first inclusion
derives from the well known facts that Ker(N) has monodromic weight at
most zero and that its Hodge cycles are included (Hom being a functor left
exact on the second place) in the corresponding ones for the graded piece
(grQL(d_i)HM(X'* x X*,Q))(d—1) of Ker(N)ﬂ@j(gr]LHM(X* x X*,Q))(d—1).
The second isomorphism comes from the local invariant cycle theorem, namely
from the following exact sequence of pure Hodge structures (cf. [2], lemma 3.3
and corollary 3.4)

0= gryg_o H*(T,Q) = gry,_ H*(X* x X*,Q)
N vk vk
- 9T2L(d—i—1)H2d(X x X*,Q)(-1)
Finally, the last isomorphism is a consequence of the description of the graded

piece (grf, ,H?*(T,Q))(d — i) as sub-Hodge structure of (grg(dfi)HQd(f(* X
X*,Q))(d —1) (¢f. op.cit. lemma 3.3). O

Proposition 2.1 shows how the operators N can be detected by classes [N7]
in the cohomology of a fixed stratum of the special fiber T. Equivalently, we
can say that N determine classes [N?] € H?4(T, (grL,,R¥,(Q))(d —i)) in the

(E? iz(d*i))(d —1i)-term of the spectral sequence of weights for the degeneration
h. Here we write gr’,, R¥,(Q) for geriA{MQ. '

The goal of this paper is to identify the class [N*] with an algebraic cocycle
related to the degeneration f : X — S. In all those cases that we will consider
in the paper, this identification is obtained via a “correspondence-type” map
(i >0)

N'HA (Y, gry A% ) — H' (Y, (gr7_2;A% ) (—1)) = H* (Y, gr; (A% (1))
which makes the following diagram commute

E—r+2i,*+r+2(d—i)

1
I
* . [Nl] ) * . -
H*(T, grfAzQ) —— H>H(T, (gT£72iAZ7Q)(d — 1))

(2.1) (Pl)*T l(PZ)*
H*(Y,grl A% ) ——  H*(Y,grl (A% o(—)))

—7r k4 —r+2i,%+r—24
El El
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The projections pi, p» : X* x X* — X* on the first and second factor, deter-
mine pullbacks and pushforwards on the hypercohomology as we shall describe
in § 3.

From the theory we will explain in the next paragraphs and in the Appendix
it will follow that N’ has the expected shape. Namely, it is zero when N? = 0
and it is the identity when N7 induces an isomorphism on F; ™**". Also, it
will result that p;, (p2).« and [N?] - all commute with the differential on FEj.
That will imply an induced commutative diagram on FEj.

For ¢ = 0, i.e. when the correspondence map is the identity, proposition 2.1 can
be slightly generalized, using the theory developed in [2] (¢f. lemma 3.3 and
corollary 3.4) and in [1] so that the identity operator is seen as an element in

Ker(p? : H*(TW), Q)(d) - H*(T®, Q)(d)) ) -

m (=i* iy : Hyq)(TO, Q)(d — 1) — H>UTW,Q)(d))
Im(i* : H*Y(T,Q)(d) - H*/(T"), Q)(d)) )

Im (=i* -y : Hyqo1y (T, Q)(d — 1) = H>(TM,Q)(d) /)

Here the map i* (resp. i.) represents the pullback (resp. pushforward) relative
to the embedding T") — T. Proposition 2.1 shows this class as a Hodge cocycle
in H?*(X* x X*,Q(d)). That agrees with the classical theory of algebraic
correspondences describing the identity map via an algebraic correspondence
with the cycle diagonal. Namely, the identity is determined by the diagonal
Ag. C X* x X* seen as specialization of the cycle diagonal on X x X on the
fiber product X* x X*. (cf. [8]).

The cases described in the next paragraphs will also supply some evidence for
our expectation that [N?] can be always described by an algebraic (motivic)
cocycle. Finally, notice that the calculation on the E; involves the cohomology
of individual components of the strata and it is therefore in some sense local,
whereas F» introduces relations among components of strata, so that any cal-
culation on it becomes of global nature. That is the reason why the description
of the monodromy cycle is carried out mainly at a local level in this paper.

Homym <Qa I

~ Homyy (Q,

3. FUNCTORIALITY OF THE STEENBRINK COMPLEX AND REMARKS ON
PRODUCTS

Let ¢ : Z — X be a morphism between two connected, complex analytic
manifolds over a disk S. Let f : X — S and h: Z — S be the degeneration
maps. Let assume that both Z and X are smooth over C and they have
algebraic special fibers f~1(0) =Y and h~!(0) = T with normal crossings. We
have the following commutative diagram

T — Y
i li
Z SN X
h ™\  f
S
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Locally on the special fibers, f and h have the following description

f(z1, o0y 2m) = 270 - 205 h(wy,. .., wyr) :wf1 wif
for {z1,...,2zm} and {wy,... ,wp} local parameters resp. on X and Z, 1 <
E<m, 1<K <M andey,...,eg; €,...,e% integers.

Because g~ (Y) = T, at any point y € g(T) C Y (y = g(t), for some t € T)
where the local description of Y is 2{* - -+ z;* = 0, the pullback sections g*(z;;)
(V1 <i; <k) define divisors on Z supported on T' (not necessarily reduced or
irreducible).

Let order the components of Y as Y = Y; U...UY}, and let denote by V(") the
disjoint union of all intersections Y;, N...NY; for1 <i; <--- < i, < k. There
is a local system e of rank one on V(") of standard orientations of r elements
(cf. [3]). The canonical morphism

9" 0% (log V) = Q% (log T)

is a map of bifiltered complexes with respect to the weight and the Hodge
filtrations on X and Z resp. (cf. op.cit. ). In particular it induces the following
map of bicomplexes of sheaves supported on the special fibers (r > 0)

g" (WTAB(,C) - WTA.Z,C

where Ag is the Steenbrink complex which represents in the derived category
the maximal subobject of the complex of nearby cycles where the action of the
monodromy is unipotent (cf. § 1). W, Ag is the induced weight filtration on
A (cf. (1.2)). Because the weight filtration on the complex Ag is induced by
the weight filtration on the de Rham complex with log-poles, g induces a map
in the derived category

g* (WrR\I’f(QX)) — WTR\I’h(QZ)
dzi].

Zi,

Notice that g*(

deduce the functoriality of the monodromy filtration

9" (Lr A% c) = LrAZ ¢

) € W1QL (log T), i.e. pullbacks preserve poles. Hence, we

Because ¢! is an exact functor, g determines on the graded pieces a pullback
map

g 97‘5143(,0 - grfA.Z,c
where

grfA.Z,c = @ (@2k+7+1) « L rgrsn () [=r — 2k].
k>max(0,—7)

The functor g~ ! is also compatible with both differentials d' and d" on Ag.
Hence, ¢g* induces a morphism of bifiltered mixed Hodge complexes (F" =
Hodge filtration cf. [3])

g ( },C:LaF) = ( .Z,CvaF)
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which in turn induces a map between the spectral sequences of weights
9" By (X)) = HI(Y, grp A%) = HY(T, grf Ay) = E;7(2).

On the rational level this morphism between spectral sequences is described by
a direct sum of maps as

(3.1)
g* . Hq—T—Qk()}(Qk-i-r-‘rl),Q)(_r _ k) N Hq—r—?k(f(2k+r+1),Q)(_r _ k)

Both spectral sequences degenerate at Fy = E,,. Keeping track of the mul-
tiplicities and the signs for these pullbacks can be rather hard. Let suppose

that locally the defining equations for Y and 7" are ¢t = [[, z;* and ¢t = []; w;j
respectively, and we are given strata Y; = Y; N...NY;, (i1 < ... <ip) and
Y; =Y;, n...NnYj . Then the computation of the multiplicities involved in
g*: H*(Y7,Q) — H*(T;, Q) essentially amounts to determine the coefficients
of L1 A A
Wiy
used in the paper.
As an example, we describe the map (3.1) when f : X — S is a degeneration
of curves with normal crossings singularities on its special fiber Y and Z is the
blow-up of X at a closed point P € Y. Let g : Z — X be the blowing up map.
If P is a regular point in the special fiber, the number of components of the
special fiber T of Z will simply increase by one (the exceptional divisor F) and
the remaining components are the same as for Y. Hence g* : H° (Y(l),C) —
HY(T™,C) is simply the map g*(1y,) = 17, + 15 on the components.
Let suppose instead that P is singular. Since the description of g* is local
around each closed point, we may assume that the degeneration f is given, in
a neighborhood of P, by the equation z{*z5? = t, being ¢ a chosen parameter
on the disk S and e, ez positive integers. Let assume that e; < es. Then,
locally around P: Y1) = ¥;[[Ys. Set-theoretically one has Y; = {z; = 0}
(i=1,2) and Y® =Y, NY; = {P}. Then, T = T, [[T> [[ T5 where T} and
T, are the strict transforms of the two components Y;, while T3 represents the
exceptional divisor. We implicitly have fixed the standard orientation on Yy
(e.g. VR =y, NY, = Yi2). On T(T), we choose the orientation for which the
exceptional component T3 is always considered as the last one.
There are only three graded complexes grl A, non zero both on X and Z. On
X they have the following description

U)]‘p

in g*(dzi—? A dj]—’:) This technique will be frequently

griiA% e = (a2): Q5 [-1]
97‘5143(,0 = (al)*Q;;(l)
and via the isomorphism (1.4) one has:
U grlLAkC 5 gr£1A3(7C.
Hence E;1~" = HI(Y, grflA},c) = 0 unless ¢ = 1, in which case we get

g H' (Y C) - HY(T?, ).
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To understand the description of this map, one has to look at the local geometry
of the blow-up at P. It is quite easy to check that Z is covered by two open
z z2

sets, say Z = UUV. To make the notations easier, let call t; = = and ty = 2.
On U, described by t5* = —4~—, one has coordinates {t2, 21}, T5¢ = {t5 = 0}

e1Fes
Z1

and T = {z; = 0}. On V, described by #{* = 2261+e2,

{t1, 2}, Tred = {t; = 0} and Ti¢d = {25 = 0}. Then T® = Ty3]] Tos, here
we denote T;; = T; N Tj.

one has coordinates

On U we have g*(%- A §22) = 22 A 22 whereas on V one gets g* (%L A
Zf;) = Z—ii A df;. Hence, keeping in account the fixed orientation among the

components of 7', the description of the pullback ¢*(1y)) = g*(1y;,) is given
by

g*(lym) = ]-T13 - 1T23'

The presence of a negative sign is due to the change of orientation. This
description defines the above map ¢* on H°. Similarly, we find that

g - H'(YM C) = HY(TW,C)
is given by g*(1y,) = 17, + 11, and ¢g*(1y,) = 17, + 11,. The description of g*
on the terms H' goes in parallel.
Let now consider the proper map that g induces on the closed fibers. For
simplicity of notations we callit g : T = Y. Let d = (dim T —dim Y). The
above arguments have shown that g induces a pullback map g* between the
cohomologies of the strata: ¢f. (3.1). Since each stratum is a smooth projective
complex variety (not connected), we can use the Poicaré duality to associate
to each pullback in (3.1) that contributes to the definition of the map g* its
dual so that we naturally obtain a dual pushforward on the E;—terms of the
spectral sequence of weights that is described by a direct sum of maps as

(32) g : HIT 2= d(TOMTD Q) (—r — &+ d)
N H—qfrf2lc(f}(2k+r+1)7 Q)(—T _ k‘)
On each stratum g is defined by the following formula
1 d—2k—r / 1 2d—2k—r / *
— UB=(—— U
(271'\/—].) Y (2k+r+1) 9 (Oé) ﬁ (271'\/ —].) T(2k+r+1) @ g (ﬁ)

where [ denotes the morphism trace described by the cap—product with the
fundamental class of each component of the stratum, for any chosen cou-
ple of elements o € HIT2(2d=2k=—r)(Tktr+1) Q(2d — 2k — 7)) and B €
H-(YCH4D Q) g€ Z, ¢ > 0.

Notice that although we have a notion of bifiltered pullback

9" (A%, L,F) = (A%,L, F)

this does not imply a canonical definition of a product structure on Ag obtained
via pullback along the diagonal map A : X — X xg X. In fact, the property
of f: X — S to have normal crossings reduction is not preserved by the
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product map f x f: X xg X — S. The space X xg X is in general not even
smooth over C! Finally, we remark that although the monodromy filtration
is not multiplicative on the level of the filtered complexes (Ag, L) (the simple
example shown below will motivate this claim), it becomes multiplicative on
the limiting cohomology with its mixed Hodge structure.

ExXAMPLE 3.1.

Let f : PY — S be a P'-fibration over a disk S. We blow a closed point
P € P} =Y in the fiber P} over the origin {0}. The resulting map h: Z — S
has a normal crossings special fiber hil(O) =T = T; UTs, where T} is the
strict transform of ¥ and T5 is the exceptional component (i.e. P'). The
intersection Q = Ty N Ty = Ty, is transverse. Locally around @, h has the
following description

h(Zl, 2’2) = Z1%22.

Consider the subcomplex Wy (AY o) of Ay  filtered by the monodromy filtra-
tion L induced on it by the one on A% & (cf. § 1, (1.2)). Its hypercohomology
computes H*(T, C) and it can be determined in terms of the homology of the
complex

{c*: H(TH,c) S H(T®,C)} =
{c*: H'(T\,C)® H'(T,C) % H'(T12,C)}
where C*® sits in degrees zero and one. The differential d on C® is of “Cech type”
i.e. it is an alternate sum of pullback maps as defined in (1.6). A product in
the filtered derived category (A% ¢, L) if any exists, should induce a product

on C*. The tensor product C®* ® C® is a complex sitting in degrees zero, one
and two and it has the following description

{croct: @ H (T, C)oH (T;,C)) B PI(H (T;,C)o H' (T12,C))®
i,j€[1,2] i=1

® (H'(Ty5,C) @ H'(T;,C))} B (H'(T15,C) ® H (T, C))}.
However, there is no way to define canonically the product
n:C*RC* —C*.

In fact, let’s look for a possible description of it in each degree. In degree zero
a product should satisfy

H(T),C)® H(T\,C) » H (T},C),
H(T27C) ®H(T27C) = H.(T27C)7
H(T;,C) ® H'(T;,C) = 0, i,j=1,2.
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In degree one, one could start by setting
H (Th,C) ® H (T1»,C
H (Ty,C) ® H (T»,C
H (T,,C) ® H (T1»,C
H (T\»,C)® H (T},C

Notice however, that this definition is not at all canonical, as one could alter-
natively set

Finally, in degree two one would have

H.(T12,0)®H'(T12, C) — H'(Tlg, C)

4. SEMISTABLE DEGENERATIONS WITH DOUBLE POINTS

This section is mainly devoted to the determination of [N] for one-dimensional
semistable fibrations with at worst double points as singularities. The descrip-
tion of [N] is obtained via the introduction of the algebraic correspondence-type
square on the cohomology groups of the special fiber as described in (2.1). A
one—dimensional double point degeneration is the simplest example of a nor-
mal crossings fibration. The generalization of these results to double points
semistable degenerations of arbitrary dimension is done at the end of this para-
graph where we also report as an example of application of these results the
case of a Lefschetz pencil.

We keep the same notations as in § 3, in particular we denote by f: X — S
a semistable fibration of fiber dimension one. Its special fiber is denoted by Y.
By definition, locally around a double point P € Y the description of f looks
like

f(21,22) = 212
for {z1, 22} local parameters on X at P. For one dimensional fiberings, the only
group where the local monodromy may act non trivially is gri H'(X*, Q), in
which case the identity map on the Ej-terms of the weight spectral sequence
(1.5)
B = HO(Y®,Q)(-1) B HO(Y®, Q)(-1) = E}°(-1)

determines an isomorphism of rational Hodge structures of weight two on the
related graded groups E> = F . This isomorphism is induced by the action of
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the local monodromy N around the origin:
N :gry HY(X*,Q) = (gry H' (X", Q))(-1)

It is a well known consequence of the Clemens-Schmid exact sequence (consid-
ered as a sequence of mixed Hodge structures) that (cf. [9])

gryH' (X", Q) #0 &
& Ker(p® : H'(YM,Q) » H'(Y®,Q)) #0 & h'(IT|) #0

where h!(|T|) is the dimension of the first rational cohomology group of the
geometric realization of the dual graph of V. It follows from proposition 2.1
that [N] € H*(T, (gr2,A% o)) = H*(T®, Q) determines a Hodge class

(4.1) [N] € Homarr(Q(0), grg H*(T, Q)) =~

H(T®),Q) )
"Image(p® : HO(T®),Q) —» H*(T®),Q)) /-
Here T is the special fiber of a normal-crossings degeneration h : Z — S.
The variety Z is a smooth threefold over C obtained via resolution of the
singularities of X xg X. Notice that no more than three components of T’
intersect at the same closed point since dim Z = 3. .

We shall determine the Hodge cycle [N] € E?%(Z) = HY(T®), Q) by means of
a “correspondence type” map

N :H* (Y, gry A% q) = H*(Y, (917, A% o) (1)) = H* (Y, gr (A% o (1))

~ Homun <Q(0)

as we explained in (2.1). From the proof it will easily follow that the map N is
zero for x # 1 and is the identity for * = 1 = r. On the Fs-level it will induce
(for x = 1 =r) a commutative diagram

b H (X x X7,Q) L @b HI(X* x X%,Q) = B}

(Pl)*T l(Pz)*

By = grf H'(X*,Q) —— (gry H'(X*,Q))(=1) = (B,)(~1)
The pullback pf and pushforward (p2). are defined as in § 3. The above di-
agram will determine uniquely both [N] € Hom i (Q(0), grk H*(T, Q)) and
the product [N] -.
The following result defines the geometry of the model Z and the special fiber
T after resolving the singularities of X xg X and Y x Y.

LEMMA 4.1. Let z120 = wiws be a local description of X xg X around the
point (P, P), with P € Y =Y UYs a double point of f and {w1, w2} a second
set of regqular parameters on X at P. After a blow-up of X xg X with center
at the origin (21,22, w1, ws), the resulting degeneration h : Z — S is normal-
crossings. Its special fiber T is the union of five irreducible components: T =
U2_,T;. We number them so that the first four are the strict transforms of the
irreducible components Y; xY; of Y XY, namely T1 = (Y1 x Y1), T = (Y1 xY3),
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T; = (Yo x Y1), Ty = (Yo x Y3). The last one Ty represents the exceptional
divisor of the blow-up. We have T(") = LI, T;. The scheme Z is covered by
four affine charts U;. On each of them there are three non empty components
Ti.. The scheme T®) is the disjoint union of four zero dimensional schemes
(closed points): Tias € U, Tizs € Uy, Toss € Us and Ts45 € Uy, each of whose
supports projects isomorphically onto the diagonal Ay : Yis — Yia X Yio.

Proof. The local description of X x ¢ X around (P, P) is given by the equations
2122 = wiws and z129 = t, for t € S a fixed parameter on the disk. We
choose the standard orientation of the sets {z1,22} and {wy, w2} and we write
wy, =P, w, =0, wi = ;‘U’J, h= 2b, 2, = 2L and 245 = ::—J, fori,j =1,2.
After a single blow-up of X xg¢ X at the origin (21, 22, w1, w=), the resulting
model Z is non singular as one can see by looking at the first of the following
tables which describes Z on each of the four charts {{; who cover it. In the
second table, we have collected for each U{;, the description of the non empty
divisors T}, € T(") there. We use the pullbacks p{(dz—zl1 A dz—zj) and pﬁ(dw—wl1 A dw—“f)

to define in the third table the pullbacks p¥(1y;,) € H(T?), Q).

Open sets | Loc. coordinates and relations

! ! ! ! —

U {w117w21721}7 Wy, Wy, = 221
! ! ! ! —

U {w127w22722}7 Wy, Wy, = 212
! ! ! ! —

Us {z1,, 25, , w1}, 21,25, = wa1
! ! ! ! —

Uy {21, 25, w2}, 21,25, = wia

Open sets | Divisors

Zf{l ng{wlll :0}, T4:{w§1 :0}, T5:{Zl :0}

Z/{Q T1 = {w’12 = 0}, T2 = {wéQ = 0}, T5 = {22 = 0}

Us Ty = {2}, =0}, Ty = {25, =0}, T5 = {wy = 0}

U4 T1 = {212 = 0}, T3 = {252 = 0}, T5 = {w2 = 0}
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Open sets | P (ly,,) | P5(1y,,)
U 17, — 17, 17, + 11y, + 17,
Us 17, + 17, 1, + 17, + 17,
Us —17y + 1y + 17y, —1r, — 11y,
Uy —17,, + 17, + 17, 17, + 17,

The global description of the pullbacks pf(1y,,) and p3(1ly,,) is
p;(]-Yu) = (]-T15 + ]-Tzs - 1T35 - 1T45) + ]-T13 + 1T24

p;(lYm) = (1T15 - 1T25 + 1T35 - 1T45) + 1T12 + 1T34'

Finally, notice that each I/; is isomorphic to A% and in each of them one has
three non empty components T}. O

The following result holds

THEOREM 4.2. Let f: X — S be the semistable degeneration of curves as de-
scribed above. Then, the following description of [N] € H(T®, Q) (cf. (4.1))
holds:

[N] = a1251 705 + @13517,55 + G245 7045 + a345 1755
where the (rational) numbers a’s are subject to the following requirement:
—2a125 + 20135 — 2a245 + 2a345 = 1.

The induced class [N] in grl H*(T, Q) (i.e. modulo boundary relations via the
restriction map p® cf. (1.6)) determines a unique zero—cycle.

Proof. We determine [N] as a cocycle making the following square commute
gry H'(X* x X*,Q) M, gri H3(X* x X*,Q) = E}?
(4.2) o [ @
By = grf H'(X7,Q) —— (grf H'(X*,Q))(=1) = (B,)(~1)

In terms of cohomologies of strata, we have to describe explicitly a representa-
tive of [N] in E>*°(Z) that satisfies the commutativity of

HO(TO,Q)(-1) - H(T®),Q)
(43) il |-

Ef? = HY(Y®,Q)(-1) == H°(Y?®),Q)(-1) = E;"(-1).
With the notations used in lemma 4.1 the description of [N] is given by

[N] = a1251T125 + a1351T135 + 02451T245 + a’3451T345 :
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For the standard choice of the orientations of {z1, 22} and {w;,ws} and the
numbering of the T;’s defined in lemma 4.1, the local description of the pull-
backs pf(1ly,,) for i = 1,2 is given in the third table of the above lemma.
Following the definition described in the Appendix (¢f. (7.6)), the product
[N] - pi(1y;,(—1)) is then the following

(4.4) [N]-pi(lvip(=1)) =

[N]- (15 (=1) + 115 (—1) = 1mps (—1) = 175 (—1))
125 (91 (17355 - 1135 (—1)) — 92 (L1305 - 1135 (—1)))

+ a135(91 (1755 - 175 (=1)) + g3(1755 - 1735 )
+ a245(92 (1745 - 175 (=1)) + ga(17s5 - 175 )
+ 345 (=93 (11545 - 1135 (—1)) + 94(L1yys - 115 (—1)))
a125(11y, — 11y;) + arss(Iys + 11ys)

+ a245(17y5 + 175) + azas (=175 + 1755).

The maps g1, g2, g3 and g4 are the pushforwards as introduced in the Appendix.
The following formula illustrates the product 17z,,, - >, ., 17, (—1) following
the definition of it given in the Appendix:

(=1)
(=1)

1Ti]‘k ’ Z 1Tlm(_1) = 1Tijk ’ (1Tik(_1) + 1Tjk (_1))
l,m

= gi(]-Tijk ' ]‘Tik(_]‘)) - gj(]‘Tijk . ]‘lee(_]‘)) = gi(]-Tijk) - gj(]‘Tijle)
€ Tmage(P g: - H' (TP, Q)(-1) » H*(T™?, Q)).
t

In (4.4), we have denoted, for simplicity of notations, the difference g;(1r,,, ) —
gj(1r,;,,) with 17, — 17,,. The map g; represents the pushforward on cycles
deduced from the embedding g; : T;jx — Tj,. The definition of g; is similar.
Therefore, via the local definition of the pushforward (ps). along the affine
charts (¢f. §3 and third table in lemma 4.1), we obtain:

(p2)«([N] - pi(1y1,(—1))) = (—2a125 + 2a135 — 20245 + 2a345) 1y, (—1).

The commutativity of (4.3) and hence of (4.2) is then equivalent to the re-
quirement

—2a125 + 2a135 — 20245 + 2a315 = 1.
Hence, the operator [N] is determined as a cocycle in H(T'®3), Q) by the setting
(4.5) [N] = a12517555 + a135 17155 + G245 17505 + 345175455
— 2a125 + 20135 — 2a245 + 2a345 = 1.

Up to boundary relations by means of the restriction map p(3) which connects
the elements 17,,, with 1p,,, and 1p,, with 1p,., (4.5) determines a unique
zero—cycle in the quotient E3°(Z) (¢f. (4.1)). Of course, if N = 0, this class
may be trivial. O
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REMARK 4.3.

The description of [N] € EZ°(Z) as well as the relation among the coefficients
a;jr in (4.5) is not unique in E;. In fact, it depends on the choice of the
desingularization process, as well as on the ordering of the components T} €
TW. For example, for the ordering of T}, for which T) represents in each

chart the exceptional divisor of the blow-up (7> = (Y1 x Y1), T3 = (Y1 x Y3),

Ty = (Yo x Y1), Ts = (Y2 x Y3)), the setting (4.5) becomes
[N] = a12317y05 + 124175, + a135175 + Gras 1y,
— 123 + G124 — Q135 + ags = 1.

If instead we choose to desingularize X xg X via a blowing-up along z; =
w; = 0 and we set the order among the T}’s so that the exceptional divisor
is represented in each chart by the last component (i.e. T} = (Y7 x Y3), Ty =
(Ya x Y1), T3 = (Yo x Y3), Ty = (Y7 x Y7),), then we would get

[N] = a1341l7y5, + a23alm,,,;
— @134 + az34 = 1.

It is a consequence of the uniqueness of the product structure on the correspond-
ing E>—terms that all these different settings determine a unique description of
[N] € E°(2).

In what it follows we support some evidence for our belief that the description
of [N] for a double points degeneration of higher fiber dimension (i.e. locally
described by f(z1,...,2n) = 2;2;, ¢f. below) is deducible from the case worked
out for curves. As already remarked, the description of [N] in the cohomology
of the strata of the special fiber of the fiber product resolution is of local
nature, i.e. it can be described locally around each double point. For a higher
dimensional double points degeneration [N] should be again described in terms
of a “diagonal” cocycle whose support projects isomorphically onto the diagonal
Ajs € Yo X Y15 as it was shown in theorem 4.2. In general, that “diagonal”
cocycle would be formally locally a bundle over the corresponding diagonal
cocycle which comes up for a degeneration of curves. This is a consequence of
the local description of the degeneration map around a double point. We give
now some details for these ideas.

Let f : X — S be a semistable degeneration with double points of fiber dimen-
sion d over the disk S. Then, locally in a neighborhood of a double point P on
Y, f has the following description

flz1,. o0 2n) = 2i2j
for {z1,...,2,} a set of regular parameters on X at P and suitable in-
dices i < jin I = {1,...,n}. Let Y = Y¥; UY>3 be the local descrip-
tion of Y in a neighborhood of P € Y1 NY; = Yj5. Locally around P,
{#1,...,2i,...,2j,... ,2n} are free parameters for this description. Hence,
the special fiber is locally around the point, formally isomorphic to A4~! x Y
with ¥ = )}1 U )}2 of dimension 1. In a formal neighborhood of P, Y
is defined by Spec(C{{z1,...,%i,...,%j,-..2n}}Hzi,25]/2izj). The model X
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is formally locally isomorphic to A4~! x X , with X of fiber dimension 1
and special fiber Y. The formal description of X xg X is similar, namely
X xg X ~ A% 1 x A4l x (X xg X). Keeping the same notations introduced
before, we get a formal local description of the stratum T®) (containing the

2 (3) 2 (3)
cocycle [N]) as A1 x A1 xT | withT  collection of points. [N]is a cycle

A (3

(of dimension d — 1) in T®) formally, locally described by Aa-1 x T( . This
scheme is isomorphic to the formal completion of the diagonal Ay,, C Y12 xY12,
i.e. AYH ~ Ad-l x Ylg, (d1m Ylg = 0)

In this way, the description of [N] would be deduced from a formal local de-
scription of the Lefschetz pencil of fiber dimension one f : X — C{{t}}. Hence,
one would get a formal local class representative of N as a bundle over the di-
agonal cocycle which describes [N] in theorem 4.2. What said so far supports
evidence for the following

CONJECTURE 4.4. Let f : X — S be a semistable double points degeneration of
fiber dimension d. Then, the local monodromy operator is described by a unique
algebraic cocycle of codimension d-1 in the stratum T®) (dim T®) =2(d—1))
i.€.

CH*Y(T®)
Image(p®) : CHI=1(T®) — CHI-Y(T®)))’

[N] e

A (3
The formal local description of [N] is given by the algebraic cycle Apa— XT( )
Notice that for a double point degeneration of fiber dimension d > 1, [N] may
represent the monodromy map acting non trivially on different graded pieces
of the limiting cohomology. However, they are all of type gquHH q(f( * Q) =
EyYTTH(X) for ¢ € [0,d]. In fact, for double point degenerations we have
always N = 0 on gquHq(X'*,Q), and H*(Y,griLA}S) =0fori#-1,0,1
because no more than two components of Y intersect simultaneusly at the same
closed point.

Asg an example of application of these results we consider the case of a Lefschetz
pencil of fiber dimension at least three. The description of [N] is the same to
the one just described for a degeneration with double points. We will only show
how to reduce in this case the study of [N] to the previous one. A Lefschetz
pencil of fiber dimension greater than one is not even normal-crossings because
the special fiber is irreducible and singular. We will only consider the case of
odd fiber dimension since Lefschetz pencils of even fiber dimension have trivial
monodromy always.

Let f' : X — S be such a pencil and let n = 2m + 1 be the dimension of its
fiber. Locally, in a neighborhood of the singular point of the special fiber ),
the pencil f' is described by

m
fl(Zo, [ ,Zn) = Z Z,/Z,/+1+m
v=0
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where as usual {zo, ... ,2,} represents a set of regular parameters on X. It is
clear from the definition that the special fiber ) is irreducible and singular at
the origin (2o, ... ,2n). However, after a single blow-up at that point we get a
normal-crossings degeneration f : X — S with special fiber locally described
by Y = Y; UY5. The component Y; is the exceptional divisor of the blow-up,
a projective space of dimension n which intersects the strict transform Y5 of Y
along a quadric hypersurface Y;2 of dimension 2m. The component Y; appears
with multiplicity e; = 2 whereas Y5 is reduced (i.e. e = 1). Let h: X — X
be the blow-up map. It is a (proper) map of S-schemes, therefore it induces a
morphism

g"RY;(Qx) - R¥;(Qx)

of complexes of nearby cycles. This morphism induces in turn a homomorphism
between the corresponding hypercohomologies

9" :H'(Y,R¥;(Q)) — H'(Y,R¥(Q))

In order to work with the resolution Ag of R¥(Q) which carries the mon-
odromy filtration, we have to consider Y with its reduced structure (the ex-
ceptional divisor has multiplicity e; = 2 as algebraic cycle on X). Because
g.c.d.(e1,e3) =1 Vy € Y the action of the local monodromy on the complex of
sheaves R¥ (Y, Q) is unipotent (¢f. § 1). That implies that the monodromy
operator acts unipotently on cohomology.

Because f' is a Lefschetz pencil of fiber dimension n, the only group where N
acts non trivially is H?(X*, Q). Also, [N] determines an element in (H>"(X* x
X*,Q(n — 1)))™ and because the generic fibers of f’ and f are the same, we
may as well consider [N] € H**(Y x Y,RV¥;(Q))™.

The map f is locally described by 22q(20,...,2i,...,2,) = t for some i €
[0,n], t being a local parameter on S and ¢(zo,...,%;,...,2,) an irreducible
quadratic polynomial. Via the extension of the basis S’ — S 7 — /¢, the
degeneration f is deformed to w;z; = 7, with w; = Zl and w? = h. Tt is clear
that this procedure does not affect the special fibers (i.e. the reduced closed
fibers are the same). Hence, after a possible normalization of the resulting
model, we obtain a double point semistable degeneration h : Z — S. Let
T = Ty UT;, be its special fiber. Then [N] can be seen as a Hodge cycle in
H>(T xT,R¥,(Q))™ = Ker(N)NH>**(X*x X*,Q),for N=19N+N®1.
The geometric description of [N] is then the same as the one we have shown
before. The class [N] represents the monodromy operator acting non trivially
only on grl,  H"(X*,Q).

5. SEMISTABLE DEGENERATIONS WITH TRIPLE POINTS

A semistable degeneration with triple points is the first case where both the
operators N and N2 may be non trivial. In this paragraph we will mainly
consider a triple point degeneration of surfaces. The description of [N] and
[N?] for higher dimensional triple points degenerations can be deduced from
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the one for surfaces using the same kind of arguments described in the last
paragraph for double points degenerations of higher fiber dimension.

Let f: X — S be a surfaces degeneration with reduced normal crossings and
with triple points on its special fiber Y. We keep the basic notations as in the
previous sections. Then, locally around a triple point P € Y we may assume
that f has the following description:

f(21,22, 2’3) = 212223.

As usual, {z1,22,23} is a regular set of parameters on X at P. Globally on
X, the special fiber can be the union of more than three components i.e. Y =
Y1 U...UYy, but at most three of them intersect at the same closed point.
The Clemens—Schmid exact sequence of mixed Hodge structures describes the
behavior of the operators N and N2 in terms of some invariants on the special
fiber. Namely

LEMMA 5.1. (Monodromy criteria) Let f : X — S be a semistable degeneration
of surfaces, then
N=0onH(X*,Q) & h(T)=0
N =0 on H*(X*,Q) & h*(|IT|) =0 and p®? : H' YV Q) » H'(Y?,Q)
N% =0 on H*(X*,Q) & h%(|T]) = 0.

Here hi(|T'|) denotes the dimension of the ith-cohomology group of the geometric
realization of the dual graph of Y.

Proof. cf. [9]. O

A degeneration of K-3 surfaces with special fiber made by rational surfaces
intersecting along a cycle of rational curves, is an example for which both N
and N? are non zero (cf. [9]).

Let us suppose that at least one of the groups griH (X*,Q) and
gr¥H?(X*, Q) is non zero (for the above example it is well known that
grfHY (X*,Q) = 0, as H'(X*,Q) = 0). The map N acts on them as an
isomorphism of pure Hodge structures

N gry HY (X, Q) = (gr§ HH (X", Q))(-1)

N:griH*(X*,Q) = (gr{ H*(X*,Q))(-1).

The only group where N? behaves as an isomorphism is grl H? (X'*, Q). The
map N2 is defined by the composition

gri (X, Q) 5 (grf H(X,Q))(-1) B (9rf H*(X*,Q))(-2).

The sequence is not exact in the middle. The map N on the left is injective and
the one on the right surjects (grf H2(X*,Q))(—1) onto (gry H*(X*,Q))(—2).
Its kernel, in term of the spectral sequence of weights is

(Im(H?(Y, gr{" Q%" (log V) ® Q = H*(Y, A% q))) (1) =
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_ Ker(p® : H>(¥(),Q)(=1) = H*(Y?,Q)(-1))

~ Im(y®: HO(Y®,Q)(=2) » H2(Y(1),Q)(-1))
We first consider N and its related class [N]. Both gr2LH:1 (X*,Q) and
grE H?(X*,Q) are described in terms of cohomology classes on Y'(?) (¢f. (1.7)).
The study of the correspondence-diagram (2.1) is similar for them. Namely,
once one has found an algebraic cycle representing [N], it certainly makes both
the correspondence diagrams commute. For degenerations of surfaces it follows
from proposition 2.1 that

(5.1)

[N] € (gry HY(T,Q))(1)

_ Ker(p®W : H*(T®),Q)(1) » H*(T™, Q)(1))
~ Im(p® : HX(T®),Q)(1) — H>(T®),Q)(1))
where h : Z — S is a normal crossings degeneration with special fiber T' and

generic fiber X* x X* obtained via resolution of the singularities of X xg X.
Similarly, one has

HY(T®),Q)
Im(p® : HY(T™*), Q) — HY(T®),Q))’
Both [N] and [N?] have the further property to be Hodge cycles in the co-
homologies of the corresponding strata. The following lemma determines the

geometry of the model Z and the special fiber T after resolving the singularities
of X x¢g X and Y x Y.

(5.2) [N?] € grg HY(T, Q) ~

LEMMA 5.2. Let z12223 = wywows be a local description of X xg X around
the point (P, P), being P € Y = U?_,Y; a triple point of f and {w1, wa, w3}
a second set of reqular parameters on X at P. After three blows-up of X xg
X with centers at z; = 0 = w; (i = 1,2,3) the resulting degeneration h :
Z — S is normal-crossings. Its special fiber T is the union of nine irreducible
components: T = U_,T;. We number them so that the first siz are the strict

transforms of the irreducible components Y; x Y; of Y xY: T1 = (Y1 x Y3),
Ty = (Y1 xYs), Tz = (YaxYy), Ty = (YaxV3), Ts = (Y3 x Y1), T = (Y3 x Y3).
The last three components are the exceptional divisors of the three blows-up:

Ty = (Vi x Y1), Ts = (Yo x o), Ty = (Y3 x Y3) . We have T = [[, T:.
The scheme Z is covered by eight affine charts, on each of them there are
at most five non empty components T;. Among the components Tyj, whose
disjoint union defines the scheme T(3), Ti7s and Tz7g contain resp. the curves
“diagonal” 512 and 812 whose supports project isomorphically onto the diagonal
A1z : Yo — Y1 xYio. Similarly, Torg and Tsr9 contain resp. 513 and 013 whose
support projects isomorphically onto Aq3 : Y13 — Yi3 X Yi3. Finally, Tyge and
Tss9 contain 523 and o3 whose support is isomorphic to Asz. The exceptional
surface Trgg—intersection of the three exceptional divisors of h—is isomorphic to
the blow-up Bl of Pt x PL at the points {(0,1) x (1,0)} and {(1,0) x (0,1)}.
Finally, the scheme T®) is the disjoint union of siz irreducible components
(points). They are: Tiazsg, Tie789, Toa7s9, T3a789, Tas789, Tse780. Their support
maps isomorphically onto the (point) diagonal Aqss : Yisg — Yiag X Yio3.
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Proof. The local description of X xg X at (P, P) is given by the equations
212223 = wiwows and z12923 = t, for t € S a fixed parameter on the disk. We
choose the standard orientation of the sets {z1, 22,23} and {w1, w2, w3} and we
write w} = ‘Z”—, zl = 5}— for i = 1,2,3. After three blows-up of X xg X along
the subvarieties z; = 0 = w;, the resulting model Z is non singular as one can
see by looking at the first of the following tables which describes Z on each
of the eight charts ¢/; who cover it. In the second table, we have collected for
each U}, the description of the non empty divisors T}, € TM there and the third
table shows the “diagonal” curves § and 4 defined in each chart. The remaining

charts describe the pullbacks pl(dz’ A dz]) p2(d“" A dw’) pl(dz1 A dZQ A La)

23
and pQ(d“’1 A d“’Q A d“’3) in terms of the related descrlptlons by cocycles classes
in the correspondlng cohomologies.

Open sets | Loc. coordinates and relations
U {wl,wh,wh, 21, 22,23}, wiwhwi =1
Us {wl,wh, z1, 20, w3}, wiwh =z}
Us {w],wh, z1, 23, w2}, wiwh = 2z}
Uy {2}, 2%, z1,wa, w3}, 2hzh = w)
z/[5 {w’2,w’3,22,23,w1}, wl2w13 = Zi
Us {21, 25, 22, w1, w3}, 2125 = wh
U {21725723711}171”2}7 2125 = wé
Z/{g {ziazéazéawlaw%wS}, 21252:’3 =1
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Open sets | Divisors

L[l T7 = {Zl = 0}, Tg = {ZQ = 0}, Tg = {23 = 0}

Z/{Q T5 = {w’l = 0}, T6 = {w’2 = 0}, T7 = {Zl = 0},
Tg = {22 = 0}, Tg = {UJ3 = 0}

U3 T3 = {w’l = 0}, T4 = {’IUIS = 0}, T7 = {Zl = 0},
Tg = {w2 = 0}, Tg = {23 = 0}

U4 T3 = {Zé = 0}, T5 = {Zé = 0}, T7 = {Zl = 0},
Tg = {wg = 0}, Tg = {w3 = 0}

U5 T1 = {w’2 = 0}, TQ = {w’3 = 0}, T7 = {w1 = 0},
Tg = {ZQ = 0}, Tg = {23 = 0}

UG T1 = {Zi = 0}, Te = {Zé = 0}, T7 = {w1 = 0},
Tg = {ZQ = 0}, Tg = {w3 = 0}

L{7 T2 = {Z{ = 0}, T4 = {Zé = 0}, T7 = {w1 = 0},
Tg = {wg = 0}, Tg = {2’3 = 0}

L{g T7 = {w1 = 0}, Tg = {w2 = 0}, Tg = {w3 = 0}
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Open sets | “Diagonal” curves

Uy none

Us di3 ={w] =2z =w3 =0, wh =1} C Tsyg, d13NTg #
da3 = {wh = 20 = w3 =0, w} =1} C Togg, doz NT7 £

Us do ={w] =21 =ws =0, wy =1} C Tsrg, d12NTy #
bo3 = {wh = 23 =ws = 0, w| =1} C Tygo, d23 N Ty #

Uy do={zb=21=wy =0, 2§ =1} CTss, 612oNTo #
d3={zt =21 =w3 =0, 25, =1} C Ts79, d13NTs #

Us 812:{w;:z2:w1:0, wh =1} C Tirs, SlgﬂTQ;«é@
513={w§=z3=w1=0, wh =1} C Targ, b1sNTs # 0

Us 512:{21222:11;1:0, 2z =1} C Thrs, SlgﬁTQ;«é@
og = {2 =2 = w3 =0, 2, =1} C Tego, 023 NTr # 0

Uz 013 ={2] =23 =w; =0, zb =1} C Torg, 013N Tx # 0
b3 ={2h =23 =wy =0, 2} =1} C Tyge, d2sNTy # 0

Us none

Denote by vy;; a class in H*(Y;;, C) and by vy, a class in H*(T®,C). Then

we have
Open sets | Pi (vy,) D5 (Vyy,)
U UTrg UTrs
U UTrs UTss + VUTss — UTsr + UTyg
Us —UTy; — UTyy + UTyg UTys + VUTyg
Uy —UTy; + UTyg VT + UTzs + UTsg
Us UTys + UThg + UTyg UTzs — Uiz
Us UTys + Vg UTvs — U7 — UTsr
Ur UTyy + UTys — UTyy + Ui UTyg
Us UTrg UTrs
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Hence, the global description of the pullbacks pf(vy,,) and p}(vy,,) are

pI (va) = (va + Uy — UTyy — UTyy + UT78) + Uy

pS (’UYm) = (_UT17 T UTyy + VUTsg — VT, + UT’TS) + VT

Open sets | Pi (vys) D5 (Vyys)
U VT UTrg
Us —UTs; = UTsy + UTyg UTy + UTyg
Uz UTrg UTpg = Uy + UTsg + Uiy
Uy —UTy; + UTyg VT + UTzg + UTsg
Us UTy + Uy + UTyg UTzg — UTy;
Us UTyg + VUTyg — UTsy + UTyg Uy
Uy UTyy + UTyg UT7g = UTay — UTyr
Us VT UTrg

Hence we have the global descriptions

pI (UY13) = (UT19 T Uy — VT, — VT + UT79) + U6

p; (’UYm) = (_UT27 + VT — VT, + VT + UT79) + 0Ty, -

Open sets | D7 (Vyas) D5 (Vyys)
U UTgo UTso
U —UTsg — UTss T UTyg VT + UTgo
Us VT3 + UTye + UTyg UTgo — UTus
Uy UTys + VUTyy — UTsg T UTgg UTgg
Us UTyo UTgg = UTyg + UTyy + VT
Us —VUTyg + UTgg UTgy + UTy + UTge
Uz UTye + Uy UTgo = VUTg — UTug
Us UTgo UTso
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Finally we have
* —
Y41 (Ust) = (’Ung T UTyy — UTsg — VT + UTSQ) + U1y,
* —
Y2 (UY23) - (UT19 — UThg = VTyg + UTse + UTSQ) + U7,

Using the above tables we deduce the following

Open sets | P} (1y105) | 5 (1vins)

Uy 1740 1780

U I7ss + 17558 + L1oge 1Tsee + 175g0 — 17070 + 1o
Us 1710 = 179 + 17ge —17pe + 1750 + 1700s + 170ss
en ITsr = 1770 + 17ns + Vg 1o + 17550 + 170go

Us I7yge + 1nge + 1rygg 17y, — 11y 4 11ysg + UTgg
Us —1rgs + 1750 + 17 + 17y 170 = 1500 + VT

Ur 17y, + 11ygy — 17400 + 17050 170 + 1Ty — UTogo

Us 17 17

We then obtain

DI (Lyvins) = (Iyee + Lnse + 11nee — 11mrs — 17y + 11sg)
— Iy + 1y + 11y + 11

Da(Lyins) = (—1pyg + 1ruee + 11ngo + L1neg — 17570 + 170as)
+ 17y, + 17y — 11, + 17y

Notice that with the exception of ¢/, and Us that are open sets in A® on which
only the exceptional components 77, Ts and Ty are non empty, all the remaining
charts U; are isomorphic to A® and in each of them one has five components
T}, non empty.

On Uz N U, the surface Ty7g contains the curve d12, and on Us N U, Ti7s
contains the curve 512. The curves §;5 and 512 are different: i.e. Ty = 0 on
Us and Uy, but their supports map isomorphically onto the same diagonal
A12 : Y12 — Y12 X Y12.

Similarly, Us N Uy contains §13 whose support maps isomorphically onto A3,
whereas Us N U7 contains 413, whose support maps still isomorphically onto
A132 (513 N (513 = @ B B

Finally, oz C Us N Us, 0oz =~ Agg, while d23 C Us N Uz, 023 ~ As3 and
The blow-up Z; of X xg X at z; = 0 = w; is the strict transform of X x¢ X in
the blow-up of A% along the corresponding linear subvariety. Let (21,;) be a
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couple of homogeneus coordinates. The exceptional divisor, say Efl), is locally

a P%gl wl)fbundle over {z; =0 = w; }. Then, the intersection Efl)ﬂZl is locally

defined on Efl) by 232321 —wswsW; = 0. The blow EF) of P! x{z1 =0=w}

on P! x {21 = 2o = w; = wy = 0} defines the strict transform of E{l) after

the second blow-up along {z2 = ws}. Said E§2) the exceptional divisor of the
second blow-up and (Z2,ws>) another couple of homogeneus coordinates, one
has B\ 0B = Pl

(21.in) X P%Ezﬂfiz) x {z1 = 22 = w1 = wy = 0}. Finally, after

the third blowing at {z3 = 0 = w3} the three exceptional divisors EfS), E§3)

and Eb(,S) will intersect the strict transform Z of X xg X along the exceptional
surface Trgg. This surface is described by the equation Z; 223 — wiwsw3 = 0 in
E?) ﬂEéB) ﬂEéS) = P%Elﬂj)l) X P%Ezﬂﬂz) X P%53,U')3)
ws = 0} = (P1)3, (23, wW3) being a third couple of homogeneus coordinates. Let
consider the projection Trgg — P%52,ﬁl2) X P%Zg,d]g)' The fiber of this map over a
given point in the base (P')? is defined by a linear equation as az; — fw; = 0.
If either « or 8 (or both) is not zero, then this fiber is reduced to a single
point, so the projection map is locally an isomorphism. On the other hand,
a =0 = 8 happens over the two points (1,0) x (0,1) and (0,1) x (1,0), where
the fiber is a P'. Since Tygg is non singular, these two copies of P! are Cartier
divisors, so by the universal property of blow-ups the map factors through the
blow-up Bl of (P!)? at the two points (i.e. Trgg — Bl — (P1)?). It is easy to
see from this description that Trgg ~ BI.

It is straighforward to verify from the second table the description of 7 on
each chart ¢{; and the statement concerning its support. O

x{21=22=z3=w1 = Wy =

The following result generalizes the description of [N] given in theorem 4.2 for
double points degenerations.

THEOREM 5.3. Let f : X — S be a semistable degeneration of surfaces as
we have considered above. With the same notations as in lemma 5.2, let 7 :
Bl = P! x P! be the morphism definying the blow-up of P' x P! at the points
{(0,1) x (1,0)} and {(1,0) x (0,1)}, being Bl ~ Trgg. Let Fy = w*({pt} x P')
and Fy = 7 (P! x {pt}) be the two fundamental fibers and let E; and Ey be
the two exceptional divisors of m. The following description of [N] € Ker p®
(cf. (5.1)) holds:

[N]= 0178512 + a279513 + azrgdiz + 0489523 + as79013 + Gggodaz + L.

The 1-cycle T' C Bl and the (rational) numbers a’s are subject to the following
requirements:

=xaF +yF> + 2B + wks, with w=z-1, z,y,z,w € Q

178 — G378 = Q279 — G579 = Q489 — (89 — 1
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and the relations among them are given by the following set of equalities
ai7g = —W, azrg = —(y +w), agrg = —2,
(489 = T + 2, asry = —(y + 2), Ges9 = T + w.

Furthermore, for those degenerations with N2 # 0, the class [N?] € EY*(Z) =
HY(T®),Q) (cf (5.2)) can be exhibited as:

2
[N?] = biarsoTh12789 + bi6789T 16780 + baazsoToarso
+ 34789134789 + b35780 T 35789 + bsersnT56780-

The (rational) numbers b’s must satisfy the following equation:

—bi2789 + bi6789 — b2a7s9 + b3ars9 — b3s7se — bserse = 1.
Hence, the induced classes of [N] in gr¥H*(T,Q)(1) and of [N?] in
gri HY(T, Q) (i.e. modulo boundary relations via the restriction maps p©® and
p®) cf. (1.6)) determine algebraic cocycles of dimension one and zero respec-
tively.

Proof. We will determine [N] as a cocycle making the following square commute
(i.e. this is the one one has to study for a degeneration of K-3 surfaces of the
type mentioned above)

grE (X x X4,Q) L grEHS(X* x X%, Q)(1) = (EL™)(1)

(m)*T l(pz)*

By = b 2 (X,Q) —s (g HA(X*,Q))(-1) = (B2Y)(-1)

Note that besides the commutativity of the square, one has to impose another
condition on [N] in order for it to represent the operator N. That arises from
(5.1). Namely, the representative of N in (E>?)(1) = H*(T®),Q)(1) must
belong to the kernel of the related restriction map p*). This condition was
automatically satisfied for double point degenerations since T*) = (§ always in
that case. We will explicitly describe a representative [N] of N in (E>?)(1)
that satisfies the commutativity of the following square

HY(T®,Q)(-1) 15 H3(T),Q)(1)

(5.3) 4l [ @

H'(Y®,Q)(-1) == H'(Y?,Q)(-1).
With the notations introduced in lemma 5.2 we first remark that the cocycles
[6ij] = (Aij)«(ly;;) (6,5 = 1,2,3, 0 # j), Ayy : Viy = Y5 x Yj; being the
diagonal embedding, evidently satisfy the cohomological equality
(P2)+« (Ax(Ly;;) - (p1)*(v) = (P2)« (AL A™PI(0)) = (P2)+(Au(v)) =¥
for 1y, € H°(Y;;,Q) and any element v € H'(Y(®),Q)(—1). However, since a

simple linear combination as 178019 + 279013 + Az78012 + (4g9d23 + As79013 +
agsodas (the coefficients a’s are integers) does not satisfy the requirement of
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being in the kernel of the restriction map p* (¢f. (5.1) and (1.6)), we have
to add to the above “diagonal” definition a 1-cocycle T' C Trgg, so that the
completed linear combination defines an element in (E3*)(1) representing N.
Notice that since the exceptional surface T7g9 projects down via ps, onto the
triple point P, this modification by I" does not spoil the commutativity of (5.3),
once we have checked it for the partial representative of [N] given in terms of
the above diagonals.

The 1-cycle T' will be described as a combination of the generators
Fy, F», Ey, E> of the Neron-Severi group NS(Trgg). First of all, let consider
the six curves Ty7g9 for £ = 1,...,6. They are elements of T™. We describe
them using the generators of N.S(Trsg9). Because m(T17s9) = {(0,1) x (1,0)},
T1789 = E2. Similarly, we have T3789 = El, as 7T(T3789) = {(1, 0) X (0, ].)} The
remaining four curves are described using the projection formula. For example,
we know that 71'(T2789) = (0, 1) x P! and that 71'*((0, 1) X Pl) =F| = Es+Thyg9.-
Hence we have Tyrgg = Fi — E>. With a similar procedure we obtain
T4789 = F2 — El, T5789 = F1 — E1 and T6789 = F2 — E2. The geometry of
the intersections among the generators of NS(T7g9) is well known, namely
E,-Ey =FE,-F, =FE-F, =FEy, Fy =FEy-F, =F -F = F,-F, =0,
E1 'El =—1=E2'E2 andFl-Fg =1.

Let T' = 2 Fy +yFs+2Ey +wE> be an element of NS(Trgg), with z,y,2,w € Q.
Then, we must solve

[N]= 0178512 + a279513 + azrgdiz + 0489523 + as79013 + aegedas + I
for T subject to the condition that [N]is in ker p®), for p(Y) = 2% _ (—1)u=1ptH

u

(Cf. (16)) For exia,mple we have ,0(4)(0/178512) = —a178(812 . Tg), while
p® (a279013) = a279(013 - Ts). Following these rules we obtain the system

arrg =1 - Tirgg = —w, 79 = —I' - Torgg = —(y + w)
(5.4) agrs = I'+Tz789 = —2, asgg =" Tiarg9 = x + 2
as7g = —I' - Ts789 = —(y + 2), aggg = I' - Torgg = = + w.

For the standard choice of the orientations of {z1, 22, 23} and {w;, ws, w3} and
the numbering of the T;’s setted in lemma 5.2, the local description of the
pullbacks dzi A dzijf and dwi A % (1 #j,1,7 =1,2,3) in terms of cohomol-
ogy classes vr;; and vr,
lemma 5.2.

Let v;; € H'(Y®, Q)(—1), then via the multiplicative rule described in the
Appendix (¢f. the similar calculation done in the proof of theorem 4.2) we
obtain

x> is given following the tables shown in the proof of

[N] - pi(viz + viz + va3) =
= [N]- (Vs + Vg + Vg + V10 + U1, + V1) =
= a1rggi (512 'UTlg) — azrggr(012 "UT78) + a27992(513 'Ung) — asrog7(d13 'UT79)+
+aso (94 (023 * VTyg) — gso (g8 (023 - V1) =

= a178v78(1) — agrsvss(1) + a279v79 (1) — asrovsg (1) + asgovse (1) — assoves (1)
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where g; are the pushforward maps defined in the Appendix. Applying the
map (p2).« we have

(p2)«(INT - pi(vi2 + v13 + v23))
= (ai17s — azrg)via + (a279 — as79)viz + (a4g9 — ags9)va3.
The commutativity of the diagram (5.3) is then equivalent to the requirement
(5.5) 178 — Q378 = Q279 — Q579 = Q480 — (g9 = 1
The linear system (5.4) may be then read as z — w = 1. Therefore, any curve
' = xF, + yFs + zE; + wE, satisfying the condition z —w = 1 can be used in
the description of [N] € (EZ?)(1).
The description of [N?] is similar. For instance, from proposition 2.1 we have
H(T?, Q)
Im(p® : HY(T®W,Q) - H(T®),Q))
Via the procedure described in (2.1), [N?] is then determined in terms of the
commutativity of the following square

[N?] € gry HY(T, Q) =~

~ ~ 2 . ~ ~
gl (X x X*,Q) Ny g lHS(X x X*,Q) = B2

(Pl)*T l(Pz)*

— U % N? vk s
Ey > = grl HY(X*,Q) —— (grf H*(X*,Q))(-2) = (EY°)(-2).
The related F; description is

HOT®,Q)(-2) XLy g T®) Q)

pﬂ l(m)*

HO(Y®,Q)(-2) == H'(Y®,Q)(~2).

The scheme T®) is the disjoint union of the zero dimensional schemes T}27g9,
T16789, T35789 and Tsg7s9. Their support map all isomorphically onto the di-
agonal Aqs3 : Yia3 — Yia3 x Yio3. With a similar procedure as the one used
above to describe [N], we write
[N?] = bi27s9Ti2789 + 16789 Ti6789 + b2a7s9T2a789
+ 34789134789 + b35789T 35789 + bsg7s9 56780

for some integers b’s. Imposing the commutativity of the above diagram, by
means of the description of the pullbacks pf(1y;,,) and p3(ly,,,) as shown in
the last table appearing in the proof of lemma 5.2, we finally get the condition

—bi2789 + b16780 — b24789 + b3a7g9 — 35789 — bsgrae = 1.
O

It is straightforward to verify that both [N] and [N?] make diagrams like (2.1)
commute, for any choice of the indices * and r.
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REMARK 5.4.

It is easy to verify that the description of [N] and [N?] given in theo-
rem 5.3 holds also for a normal—crossings degeneration (not semistable) like
f(z1,...,2n) = 272j,4,j € [1,n], i # j. This applies in particular to the case
of normal—crossings degenerations of curves with triple points as described
above. The desingularization process of the threefold X x ¢ X is obtained via
two blow-ups along z; = 0 = w; and z; = 0 = w; by analogy to what we
have done in Remark 4.3. For the description of [N] we also refer to the same
Remark.

6. AN ARITHMETIC INTERPRETATION OF THE MONODROMY OPERATOR IN
MIXED CHARACTERISTIC

The calculations on the geometric description of [N] that we have done in
the previous sections only involve the (local) geometry of the special fiber of a
degeneration. Hence they equally hold in mixed characteristic also, i.e. for a
degeneration f : X — Spec(A) = S, where A is a Henselian discrete valuation
ring with n and v as its generic and closed points respectively. In analogy
with the classical case, the model X’ is assumed to be proper and the map
f is supposed to be flat, smooth over the generic point  and with a normal-
crossings special fiber Y defined over the finite field k(v) of characteristic p > 0.
Locally, for the étale topology X is S-isomorphic to S[z1,... ,z,]/(2] ---23* —
7), where 7 is a uniformizing parameter in A and e; € Z, Vi = 1,... ,k. For
simplicity, we also assume that A is a finite extension of Zy or Qg, where [ # p
is a prime number.

The complex of nearby cycles is then defined as R¥(A) := i~'Rj,A. Here
i:Y = X (resp. j: X, — X) is the natural closed (resp. open) embedding
that one “extends” to the algebraic closure k(o) of k(v) (resp. a separable
closure k(77) of k(n)). Assume that the multiplicities e; are prime to ¢ and
g.c.d.(e;,p) = 1. Then, the wild inertia acts trivially on R¥(A) and the theory
exposed in [16] shows that the nearby cycle complex has an abstract description
in the derived category D+ (Y, A[Z(1)]) of the abelian category of complexes of
sheaves of A[Z;(1)]-modules on Y, by a complex A% ,, supported on Y. A% x
can be interpreted as the analogue of the Steenbrink resolution in the classical
case. Therefore, the related study of it goes in parallel with the classical one
in equal characteristic zero. We refer to op.cit. and [7] (e.g. Théoreme 3.2) for
further detail.

The power maps (n € [0,2d], i > 0, d = dim X)) N* : H"(X;A) —
H"(X5,A)(—i) define elements

G G

Nep [HM”(Xﬁ,A)(d) ® H™(Xg, A)(—i)| = [H* (X5 x Xy, A)(d — i)

n>0

invariant for the action of the Galois group G = Gal(7j/n) on the cohomology of
the product Ay x A, Assume that f : X — S has at worst triple points. Then,
the singularities of both X xg & and Y x Y can be resolved locally around
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each singular point by a sequence of at most three blows-up, as we described in
details in §§ 2,4,5. The resulting degeneration h : Z — S is normal—crossings
with special fiber 7' =T U...UTn. Let Ay x X7 = Z5 be its geometric generic
fiber. Denote by N = 1® N + N ® 1 the logarithm of the local monodromy
on the product degeneration h. Then, the analogue of proposition 2.1 is the
following

PROPOSITION 6.1. Assume the monodromy-weight conjecture on H*(Z5, A)
and the semisimplicity of the Frobenius on the inertia invariants. Then

N € [Ker(N)n H*(Z5,A(d— )]
~ [Ker(R) N (grhig o H* (29, A))(d — i)] 7"
W F=1
~ ((gria_sy H*(T, N))(d — i)
Ker(pli+1) o [2d=i(FRi+1D) A)(d—4) — H24=)(TCRIEHD)| A)(d—i)) F=t
Image p

where F' is the geometric Frobenius.

The following result shows the relation of proposition 6.1 with the arithmetic
of the degeneration h

THEOREM 6.2. Assume the monodromy-weight conjecture on Z; and the
semisimplicity of the action of the frobenius F on H*(Z5,A)!. Then, fori >0
and d = dim Aj

ord det(Id — FN(v)™°|H*4(Z;,\)") =

s=d—i
Ker(p2H1) : H2(d= (T 1) A)(d—i) — H24=0(TCED) A)(d—i)) "
Image p ’
N (v) is the number of elements of the finite residue field k(v).
Proof. cf. [2], theorem 3.5. O

rk

This result explains geometrically the pole of the local factor at v of the L-
function L(H?*(Z;,Qy),s) at the points s = d — 1 and s = d — 2, with the
presence of the “diagonal” cycles representing the monodromy powers on the
strata of T" as we previously described.

7. APPENDIX (BY SPENCER BLOCH)

Our objective in this appendix is to define a multiplication between the to-
tal complex of Fj-terms of the Steenbrink spectral sequence and the graded
complex

(7.1) H*(Y(*)), p = restriction

DOCUMENTA MATHEMATICA 4 (1999) 65-108



LocAL MONODROMY 101

which is the F; complex converging to the cohomology of the special fiber
Y. We order the components ¥ = Y; U ... U Yy and write a;,...i,, €
H*(Y%, .in, Q). The Ei-terms of the Steenbrink spectral sequence can be
arrayed in a triangular diagram (compare [7], (2.3.8.1)) where each e denotes
some H*(Y(™) Q(n)).

TN
[ ] $— [ ]
(7.2) TN TN
[ ] — [ ] — [ ]
S L e :
[ ] $— [ ] $— [ ] — o

Here the horizontal arrows are Gysin maps and the vertical arrows are re-
striction maps. The diagonal arrows are (upto twist) the maps N which, on
the level of E; are either the identity or 0. The Steenbrink E;-terms, i.e. the
H*(Y,grlR¥(Q)), are direct sums of terms on a NE-SW diagonal, with weight
r meeting the ”z-axis” at 2 = r. The complex H*(Y'(*)) is embedded as the left
hand column, and the resulting multiplication on it is the usual (associative)
product

0 'Lm#]o

(@ B)igy.osimriiyenn im = Jo

(7.3) ig,..osim @ jo,yjn {

The bottom row is a quotient complex calculating the homology of the closed
fiber H,(Y) (with appropriate twist). Our multiplication induces an action of
the left hand column on the bottom row, which we will show induces the cap
product ([14], p. 254)

(7.4) HI(Y)® Hn(Y) = Hy_o(Y).

This module structure, unifying and extending the classical cocycle calculations
for cup and cap product, is of independent interest. Quite possibly it can
be extended to a product on the whole FE;-complex, but the daunting sign
calculations involved have prevented us from working it out.

We will apply this construction to calculate the product

(7.5) [N - H*(T,grf A3 o) = H* PN T, grl_,; A% o(d — i)

r—2%

from (2.1).

We return to the situation in section 2. In particular, Z7 — X xg X is a
resolution, and T C Z is the special fiber, which we assume is a normal crossings
divisor. We write E(Z) for the Steenbrink spectral sequence associated to the
degeneration Z/S.

LEMMA 7.1. There exists a class [N'] in E1(Z) satisfying
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1. di[NY] = 0, and the induced class in Eo is the i-th power of the mon-
odromy operator

N' e g gy H*(X* x X*,Q(d —i))

2. N([N]) =0, i.e. in the diagram (7.2), [N?] lies in the left hand vertical
column.

Proof. We see from proposition (2.1) that the class of N’ is killed by N in
E5(Z). Let M denote the map on E; which is inverse to N insofar as possible,
i.e. M maps down and to the right in diagram (7.2). M is zero on the bottom
line. Let € F; represent N® in E;. Then Nz = dyy. (Here d; = d' + d" is
the total differential.) Since N commutes with d’ and d”, and Nz has no term
on the bottom row, it follows that [N?] := x — dy My is supported on the left
hand column, i.e. killed by N. O

Here is some notation. The special fiber will be Y = (JV;, with 0 < i < N.
Write H*(Y") for cohomology in some fixed constant ring like Z or C.

I=V{io,-..yim}t; J={jo,.-.,jn} (strictly ordered); Y= ﬂ Yi,
ir€l

We will say the pair I, J is admissible if
Jp such that i, = max(I) = j, and {jo,... ,jp} C I.
In this case, write jo = ipy,... ,Jp-1 = 4p,_,. Define
a(I,J):=bo + ...+ bp_1 +mp.
With I, J admissible as above, write
I = Lo, iphs T =gy wdndy T=T 0T T 0T = {jp} = {im}
Write
I'=J;1"=-J)YU{in}; I=TUI"; {in}=I'NnI"

Let K =I"UJ", and define
(7.6) 6(1,.7) : H*(Yr) ® H°(Yy) — H* P27 (Yy)
(7.7) 01, 1)z @y) = (=1)""gj 0 g5, ().
Here z -y € H**?(Y7,7), the g; are Gysin maps, and

Gjo ©*+ Gip_y : H*(Yr0s) = H* 2P (Y m).
If the pair I, J is not admissible, define 6(1I,.J) = 0. Define for I as above and
0<k<N

o(l,k):=#{iel|i<k}

For k ¢ I we have the restriction resty, : H*(Y7) — H*(Yyqxy). Define

d = Z(—l)"“”“)rest,c :H*(Y7) — @H*(Ylu{k})
k¢I k¢I
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Similarly, for k € I we have the Gysin gy, : H*(Y;) — H**2 (Y7—¢xy)- We define
d'=> (17 "ge s H' (VD) = PH™ Vi-gry).

kel kel

THEOREM 7.2. With notation as above (I,J not necessarily admissible) the
following diagram is commutative:

0(1,7 .
H ()oY 20 g (vi)
ld’®1+(71)m1®(d’+d”) ld’er”
. . o(1,J) N
@H( e H(Y;) —— @O H*(Yg)
K I”UJ”

REMARK 7.3.

A priori the theorem does not suffice to determine the desired mapping
H* Y )®FE, - E, a®b—axb

because a given H*(Yk) occurs many times in the diagram (2.1) (at every point
along a NW pointing diagonal). However, if we add the condition that the
weights (SW-NE diagonals in (7.2)) should be added, the mapping is defined.
It has the property that

axNb= N(axb)

In particular, there is an induced action on E; /N E; which we identify with the
bottom row in (7.2). This simple complex calculates H.(Y"), and the product
coincides with the cap product. To see this, one notes that the product is
correct for two elements in weight 0, and that if each H*(Y7) is replaced by Z,
the acyclic model theorem ([14], p. 165) can be applied.

proof of theorem. The proof consists of many separate cases. In each case we
will check the sign carefully (this is the delicate part) and omit checking that
the maps coincide set-theoretically (which is straightforward).

case: im ¢ J.

In this case, the pair I, J is not admissible, so §(I,J) = 0. We must show

(7.8) @O, J)o(d @1+ (-1)"1®(d +d") =0.
I1,J

We may ignore non-admissible I, J. The only way admissible I, .J can occur in
this situation is if for some p > 0 we have j,—1 < iy, < jp and {jo,... ,jp=1} C
I. (If a subscript for j doesn’t fall in {0,...,n}, ignore it, i.e. take j_; =
—00, jnt1 = +00.) Assume these conditions hold. Then the pair I U {j,}, J
is admissible and occurs in the image of d' ® 1. Also the pair I, J U {i,,}
is admissible and occurs in the image of (—1)"(1 ® d’). We must show these
two contributions cancel. Suppose jo = ip,,-.- ,Jp—1 = Ip,_,. Then the sign
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condition we need to verify is

o(I,jp) +bo+---+bp_1 +p(m+1) =
1+m+o(J,im)+bo+---+bp_1 +pm mod (2)
This is correct because o(I,j,) = m+ 1 and o(J, i) = p.
case: im = jp € J, {jo,. -, Jp—1} € J.
This is the~ot~her case where I,J is not admissible, so 8(I,J) = 0. To get
admissible I,.J we must have

3k, 0 < k < p—1such that ji € I, {jo,. ., Jk>--+ ,dp_1} CI.

Assume this. Then the pairs (IU{ji},J) and (I, J —{k}) are admissible. The
first occurs in 8(TU{j }, J)o(d’'®1) and the second in (—1)™0(I, J—{ji})ol®d".
The necessary sign condition for cancellation is

o(I,jk) +a(TU i}, ) Em+1+k+a(l,J — {jz}) mod (2).

To check this sign condition write j,. = ip, for 0 <r <p—1, r # k. Then
a(l,J—{jk}) =bo+ - +bp1+bpyp1+--+by 1+ (p—1)m
a(IU{jx},J)=bo+---+br—1+0(,ji)+ (bpt1 +1) +
+ 4 (bp—1 + 1) +p(m +1).

This yields the necessary congruence.
For the rest of the proof we assume I, J is admissible. We examine the various

terms in (7.8) and show they occur with the same signs in (d' + d") o 6(I, J).
We first consider terms coming from d’ ® 1, so the target is labelled by I =
TU{k}, J=1.
case: k < imy = jp. In this case, since j, = minJ"” and k ¢ I D J', we have
k ¢ J. The pair [ = T U {k}, J is admissible with I = I"" U {k} and the same
decomposition J = J'UJ". Let K = I"UJ" = KU{k}. Since k < j, = min J",
we have

o(K,k)y=0c(I",k)=0c(I,k) —o(J k)
What we must show, therefore, is that

a(I,J)—a(I,J)=0(J' k) mod (2)

Write
I= {go,... ,zm+1}; Jo :%EO,... s Jp—1 :%pil;
a(I,J) =bg+ - +by_i + (m+1)p
I'={io,-. sim}; jr =1p,,0<r<p-1
a(l,J)=by+---+bp_1 +mp
where

~ by Z'be <k
be = .
by +1 Zbe>k
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Thus

oI, J)—a(l,J) =p—#{j € J = {ip} | j > k} =
#{jeJ |j<k}=a(J k).
This is the desired congruence.
We continue to consider the contribution of d’ ® 1 with I,.J admissible.
case: k> ipm, k7 Jpt1-
In this case I U {k},J is not admissible so §(I,.J) = 0.
case: k = jpi1.
Here I := T U {k},J := J is admissible with
T = {jos- - sdprry = T ULk} = J'U {jps1 }
J' = {pt1s--nint =J" = {iphs K =1"UJ" = K — {j,}
Note in this case k > i, so o(I, k) = m+1. The claim is here that the diagram

o(1,
H*(Y7) @ H*(Yy) 250 g (vy)
l(fl)"""lrest.@l l(—l)’(K‘jP)Gysin]-p
o(1,J)

H*(Y;) @ H*(Yy) —— H*(Yg)

commutes. Note that the right hand vertical arrow (with the sign) is part of
1® d". To verify the signs we need

a(l,J) 4+ o(K,jp) =m+1+a(l,J).
Since K = I'"" U J"” and k¥ = max(I") = min(J") it is clear that
o(K,j,) =#I"—1=m —p.
Also jp = iy, so with the usual notation j, =iy, we get
a(I,J)=by+- +by_1 +m+(m+1)(p+1).
Now the desired congruence becomes
bo+--+bp_1+pm+m—p=by+---+bp_1+m+(m+1)(p+1)+m+1

This is correct.

We now consider terms occurring in (—1)"(1 ® d') on the left of the diagram
in the statement of the theorem. We assume given k ¢ .J.

case: k > jp.

Note in this case k ¢ I. Taking J = JU{k}, K = KU{k}, I claim the diagram
below is commutative:

H(V7) ® H*(y) 280,

H*(Yr)

l(fl)m*""w’k)l@rest l(fl)”(K'k)rest

0(1,J)

H*(Yr) @ H*(Yj) H*(Kg)
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(In other words, the contribution in this case is to d’ on the right.) Set
J=J0uJ" J=J"u{k}; K=T1"UJ"
We have
a(I,J) = a(I, J)
o(J,k)=0o(J" k) +p+1
o(K,k)=o(J" k) +#I" =a(J" k) +m+1—p

It follows that

m+o(J k) +a(l,J) =o(K,k)+a(l,J) mod (2)

which is the desired sign relation in this case.

case: k < jp, k ¢ I.

In this case, the pair I, J U {k} is not admissible, so the contribution is zero.
case: k < jp, k € I.

In this case the pair I,.J is admissible with
J=JUu{ky=JUJ"; J =J U{k}
I=I=Jul"; I"=1"-{k}; K=K - {k}=1"UJ"

The term in question contributes to d” on the right, and the diagram which
commutes is:

H*(v7) © H*(Vs) 7% (v
l(fl)m""'(‘]‘k)rest l(fl)”(K‘k)Gysink

o(1,J N
H(v7) @ H*(v;) <205 me(vy)
The signs will be correct if
a(l,J) +o(K, k) =m+o(J, k) +6(I,J) mod (2)

Write J = {jo, ..., jms1} and j, = i5,» 7 < p. The desired congruence reads

bo+ - +byy +mp+o(K, k) =m+a(J,k)+bo+-+bp+ (p+1)m
We have
be 0<a(J k)
b= o(l,k) £=o(J,k)
bt 0> o(Jk)
The condition becomes
o (K, k) = o(J,k) + (I, k) = o(J', k) + o(J', k) + o (I", k),

which is true.
Finally we consider terms coming from (—1)"(1 ® d") in the lefthand vertical
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arrow in the diagram of the theorem. In what follows j € J.
case: j € J", j # j,. Define

J=J-{j}; K=I"UJ", K=K - {j}=I"UJ".
The diagram which commutes is:

o(1,J .
H(Y;) © H*(Yy) 220 B+ (vy)

ll@(—l)mh’(]’j)(}ysin]- l(—l)”(K‘j)Gysinj

o(I,J N
H(v7) @ H*(Y;) <205 me(vy)

The sign condition to be checked is
m+o(J,§) +a(l,.J) < a(I,J)+o(K,j) mod (2).
Our conditions imply j > j, so a(I,J) = a(I, J). Also,
#I"+#J =m+2=m mod (2),
80
o(K,j)=#I"+0c(J",j)—1=m+#J +c(J",j) -1
o(J,))=0c(J,))+c(J"j)—1=#J —1+a(J",j).

This is the desired condition.

case: j = jp.

In this case, I, J — {j} is not admissible, so we get no contribution.
case: j € J, j < jp.

In this case, j € J', j # jp. Set

J=T—{jy J' =0 —{j); ] ="
I=n,I"=1"u{j}; I=r=Jul"
K=1"uJ"s K=I"UJ"=K - {j}.
The sign condition to show we gat a contribution to d” on the right is
a(l,J) +o(K,j) = m+o(J,§) + a(l,J) mod (2).

Writing 7 = j; = 4s, the condition becomes

bo+---+b, 1 +mp+o(K,j) <
bo+ - +be+bppr + -+ by +m(p—1) +m+0a(J,j)
This is true because
be=0(l,5) =a(",j)+a(J,j)
o(K,j)=o(I",j); o(J,j)=0o(J,]).

The proof is completed by checking that all the terms on the right in the theo-
rem (i.e. in d’ + d") are accounted for precisely once in the above enumeration
of cases. O
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