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ABSTRACT. In his paper Motivic equivalence of quadratic forms, Izh-
boldin modifies a conjecture of Lam and asks whether two quadratic
forms, each of which isomorphic to the product of an Albert form and
a k-fold Pfister form, are similar provided they are equivalent modulo
I*+3_ We relate this conjecture to another conjecture on the dimen-
sions of anisotropic forms in I*+3. As a consequence, we obtain that
Izhboldin’s conjecture is true for k < 1.
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In what follows, we will adhere to the same terminology and notations used in
Izhboldin’s article [I] mentioned in the abstract. In particular, if two quadratic
forms ¢ and ¢ are similar, we will write ¢ ~ 1.

Let F be a field of characteristic # 2. Recall that an Albert form « over F'is a
6-dimensional quadratic form over F with signed discriminant 1 € F*/F*? (i.e.
a € I?’F), and an n-fold Pfister form over F is a form of type (a1, -,an) :=
(1, —a1)®---®(1, —ay), a; € F*. In his paper [I], Izhboldin states the following
conjecture :

CoNJECTURE 1 (Cf. Conjecture 5.1 in [I].) Let g1 and g2 be Albert forms over
F and let w1 and 72 be two k-fold Pfister forms over F' (k > 0) such that ¢; @7,
i = 1,2 is anisotropic and g1 @1 = g2 @7 mod I*3F. Then g1 @m ~ g2 s

IThis research has been carried out in the framework of TMR Network ERB FMRX
CT-97-0107 “Algebraic K-Theory, Linear Algebraic Groups and Related Structures.”
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In fact, this conjecture is a special case of a question asked by Lam [L, (6.6)].
Lam’s original question was as follows. Suppose o;, p; € P, F, i = 1,2, and let
¢i = (0; L —p;)an be the anisotropic part of o; L —p;. If ¢1 = ¢o mod I F,
does it then follow that ¢1 ~ ¢2 7 By a result of Elman and Lam [EL, Theorem
4.5], it is known that dim¢; € {21 — 2™ 1 < m < n + 1}, and that if
dim ¢; = 2" — 2™ then p; and o; are (m — 1)-linked, i.e. there exists an
(m — 1)-fold Pfister form which divides both p; and o;. It is an easy exercise
to show that Lam’s question has a positive answer if dim ¢y (or dim ¢») equals
0 of 2" (i.,e. m =n+1or m = n). In [I, Section 4], Izhboldin constructs
counterexamples with dim ¢; (or dim ¢») equal to 21 —2™ with 1 < m < n—2.
The only remaining case m = n — 1 boils down to Conjecture 1 above.

It turns out that this conjecture would have a positive answer if another well-
known conjecture on quadratic forms were true, this other conjecture being

CONJECTURE 2 Letn > 2 and let q be an anisotropic form in ["F. If dimq >
27 then dimgq > 2" 4+ 2771,

PRrROPOSITION 1 Conjecture 2 for n = k + 3 implies Conjecture 1 for k.

It was shown in [H 2] that Conjecture 2 holds for n < 4. As a consequence, we
have

COROLLARY Conjecture 1 holds for k < 1.

Note that for k¥ = 0 this is essentially Jacobson’s theorem saying that two
Albert forms are similar if and only if their associated biquaternion algebras
are isomorphic (see [MS] for a quadratic form-theoretic proof of Jacobson’s
theorem).

Proof of Proposition 1. Suppose that Conjecture 2 holds for k + 3. Let ¢; and
q> be Albert forms over F' and let w1 and > be two k-fold Pfister forms over
F (k > 0) such that ¢; ® ™ = g2 ® ™ mod I**3F and such that ¢; ® m; is
anisotropic for i = 1, 2.

First, we note that we may assume m; = my (cf. the remarks following Conjec-
ture 5.1 in [I]). We denote this k-fold Pfister form by . Since ¢; ® 7 € I*2F,
we can scale ¢; (and thus ¢; ® 7) without changing the equivalence mod I*+3 F,
and we may thus assume that ¢; = (1) L ¢}, dim g} = 5 for i = 1,2. This yields
¢, ®m=qh®mmod I*3F.

In particular, 7 ® (¢, L —¢b) is a form of dimension 2% (2% + 2) = 2k+3 4 2k+1
in I*+3F. By Conjecture 2, 7 ® (¢} L —gb) is isotropic. In particular, there
exists z € F* such that x is represented by both 7 ® ¢ and 7 ® ¢}. Using
the multiplicativity of Pfister forms (cf. [EL, Theorem 1.4]), there exist 4-
dimensional forms ¢}, i = 1,2, such that 7 ® ¢} 2 7 ® ((z) L ¢}).

From this, it follows readily that 7 ® ¢ = 7 ® ¢4 mod I**3F. Note that
dim(7 ® ¢') = 2¥*2, so that 7 ® ¢{' and 7 ® ¢ are (anisotropic) half-neighbors.
As a consequence, T ® ¢ becomes isotropic over the function field of © ® ¢4
(see, e.g., [H3, Corollary 2.6] or [I, Lemma 3.3]). By [H1, Theorem 1.4], this
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implies that 7 ® ¢{ and 7 ® ¢} are similar, so that there exists some y € F*
such that 7 ® ¢/ = y7 ® ¢4. Thus, we obtain

TR q T (l,z) L7®q modI*+t3F
TR ¢ modI*+t3F
YT @ @2 modI*+t3F

yr @ (1,z) Lyr®qy modI*3F
yr @ (L,r) La®q! modl*3F

and hence 7® (1, 2) = yr®(1,z) mod I**3*F. Now dim(r®(1,2)) = 2*¥*! and
the Arason-Pfister Hauptsatz therefore implies that 7 ® (1,z) & yr ® (1,z).
We conclude that

T (Lz) LTtedqg
yr @ (1,z) L ym @ ¢
ym R qs -

™R q

IR1R 1R

O

Note that we didn’t really make use of the fact that ¢; and ¢» are Albert
forms. However, it is not difficult to show that if 7 is a k-fold Pfister form and
q=¢ L (a) € IF such that 7 ® ¢ € I**2F, then if one chooses b € F* such
that § = ¢’ L (b) € I?F, one has 7 ® ¢ = 7 ® ¢. So what is essential is the fact
that 7 ® ¢; is in I**2F, in which case we may as well assume by what we just
mentioned that ¢; is an Albert form.

In the proof of Conjecture 2 for n = 4 in [H 2], one makes use of a certain prop-
erty PDs. It turns out that this property can be used to establish Conjecture
1 for £ = 1 without invoking Conjecture 2 for n = 4. Let us recall the general
definition of property PD,,.

DEFINITION Let n be an integer > 1. The field F' is said to have the Pfister
decomposition property for Pfister forms of fold < n, PD, for short, if for
each m (1 < m < n), for each anisotropic © € P,,_1F, for each r € F, and
each anisotropic ¢ € nWF, there exist forms o and 7 over F' such that for
pr=m@{r) onehas p =7 @0 L p®7and (Pr(y))an = (T @ 0)p(p)-

PROPOSITION 2 Suppose that F' has PD,, for some n > 1. Then Conjecture 1
holds for k =n — 1.

Proof. Suppose that F has PD,, for n = k + 1. As in the previous proof, we
may assume that we are in the situation where 7 ® ¢ = ™ ® ¢ mod I*+3F
with Albert forms ¢;, i = 1,2, a k-fold Pfister form 7 and with 7 ® ¢; being
anisotropic for 1 = 1,2. After scaling, we may assume that ¢; = (1, —r) L ¢}
for some r € F*. It follows that = ® ¢; contains the subform p =7 ® (r)).

In particular, 7 ® ¢; becomes isotropic over the function field F'(p), and thus
T® ¢z also becomes isotropic over F(p) (cf. [I, Theorem 4.3]). Property PDjy1
then implies that 7 ® ¢y contains a subform similar to p, and since we may scale
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T ® qo € I"2?F without changing the equivalence mod I**?F, we may assume
that 7 ® g2 =2 7 ® ({1, —r) L ¢4) for some 4-dimensional form ¢j.

It follows that ™ ® ¢} = 7 ® ¢} mod I**3F. As in the proof of Proposition 1,
this implies that 7 ® ¢} and 7 ® ¢} are similar, and thus that 7® ¢; and 7 ® ¢2
are also similar. o

It was proved by Rost that each field has property PDs (see [H2, Lemma 2.6]).
Again, we can conclude that Conjecture 1 holds for k£ < 1, this time by invoking
PDs.

In the case n > 3, we do not know whether PD,, holds for all fields nor whether
PD, for a field F implies that Conjecture 2 holds for F' for n+2 (or vice versa).
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