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ABSTRACT. We prove the minimax principle for eigenvalues in spec-
tral gaps introduced in [5] based on an alternative set of hypotheses.
In the case of the Dirac operator these new assumptions allow for
potentials with Coulomb singularites.
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1 INTRODUCTION

Recently Dolbeault, Esteban, and Séré [4, 3, 2] have found a minimax principle
for Dirac operators with Coulomb potentials. Independently, Griesemer and
Siedentop [5] have found a minimax principle characterizing the eigenvalues of
self-adjoint operators in their spectral gaps, which is flexible enough to adapt
to various situations. In particular it can also be applied to Dirac operators.

Such a minimax principle is of particular interest for applications, e.g., in solid
state physics and relativistic quantum chemistry where differential operators
having gaps in their spectra naturally arise. Apart from the computational
point of view (see, e.g., Kutzelnigg [7]) it can serve as a tool to obtain non-
asymptotic eigenvalue estimates, e.g., comparing the number of eigenvalues of

I This work has been partially supported by the European Union through the TMR
network FMRX-CT 96-0001.
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the Dirac operator in the gap with the number of negative eigenvalues of a
corresponding Schrédinger operator (see [5]).

Comparing [3, 2] and [5] shows, that although the hypotheses for the validity of
the minimax principle overlap, the methods of proof are quite different. On the
other hand, with these different hypotheses different classes of operators can
be treated: Dolbeault, Esteban, and Séré’s result allows for Dirac operators
with singular potentials of Coulomb type. Griesemer and Siedentop’s result
allows for a flexible formulation of the minimax principle adaptable to various
situations, e.g., an earlier minimax principle for the first positive eigenvalue of
the Dirac operator considered by Talman [9] and Datta and Deviah [1] can be
proved.

This difference in hypotheses indicates that the optimal assumption for the
abstract minimax principle is yet to be found. The present paper is a step in
this direction.

In Section 2 we prove the abstract minimax principle under assumptions al-
ternative to those in [5]. In Section 3 we show that these hypotheses allow for
Dirac operators with Coulomb potentials. Applications to other self-adjoint
operators with eigenvalues in spectral gaps like perturbed periodic Schrédinger
operators are also conceivable.

2 THE MINIMAX PRINCIPLE

In this section we formulate and prove the abstract minimax principle. Suppose
A and Ay are self-adjoint operators in a Hilbert space $) and assume that their
form domains are equal

Q(A) =Q(40) = Q. (1)

Let ©(A) and D(Ag) denote the domains of A and Ay respectively and let
P;(A) be the spectral projection of A corresponding to the interval I C R.
Define

Ay = Po,0)(Ao), Ao =1-A4,

2)
P+:P(O,oo)(A)a P_=1-P,.

We set 1 := AL and Q1 := ALQ. Then H = H ® H_ and, by assumption
(1), Q4+ C Q. The minimax values in which we are interested are given by

An(A) = inf , A, 3
(A4) oy weg)s;igg_(@b Y) (3)
dim(Mp)=n " ||y||=1

and have been introduced in [5]. These minimax values are to be compared
with the standard (Courant) minimax values

n(B):= inf su ,B
polB) = inf s (0, BY)
dim(M)=n ||y||=1
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for the eigenvalues of a self-adjoint operator B which is bounded from below.
The value p,(B) is the n-th eigenvalue of B counting from below (see, e.g.,
Reed and Simon [8]).

THEOREM 1. Suppose A and Aq are self-adjoint operators in §) with the same
form domain Q and define AL, Py, Qi, A(A) and un(-) as above. If
(1, A) <0 for all yp € Q_ and if

1(14o] + 1)Y? A P-(| 4] + 1)71/2| < 1 (4)
then Ap(A) = pn (Al PL9) for all n < dim §..

We remark that |Ag| + 1 can be replaced by |Ag| in (4), if we assume that 0 is
in the resolvent set of Ayg. This will be obvious from the proof.

Proof. We prove the theorem in two steps. Although these are partly contained
in [5] we do not omit the similar parts in order to be self-contained: First, we
show that it suffices to prove that Ay : PyQ — 4 is a bijection. Secondly,
we verify this property using assumption (4) and the negativity of (¢, Ay) on
9Q_.

Step 1. If AL P, =, then we have

An(A) =  inf A
(4) m+c1£+P+nwe§£%Q,w ) (5)
dim@p)=n " jy|=1

using the defining Equation (3). Since for each 9, C A{P;9Q with
dim(Mt;) = n, we can find a subspace M C Py O with dim(9M) = n such
that 9 = A;9 and since A 9M & Q_ D M, we get from (5)

An(4) = inf ,A
(4) o, ot g we;{li%&(w Y)
dim(@)=n " lp]=1

> inf Ah) = p, (Al Py §).
> pinf o s (Y, AY) = pn (Al Py $)
dim(M)=n_||y||=1

To prove the converse inequality we proceed as in [5]: pick € > 0 and let
M := P u,+e)(A)Q. Then dim(9) > n and hence dim(A9) > n by the
remark above. Therefore

An < sup (P, AY) = sup (P, AY),
YEA L MBO _ YEM+Q -
lvll=1 l¥ll=1

where AL d Q- = M+ Q_ was used. To estimate this from above we
first decompose ¥ € M+ Q_ as ¥ = 1 + 2, where ¢ € MM and Yy €
ML N (M +Q_), and then 15 as s = 13 + 1h_ where ¢p3 € M and ¢_ € Q_.
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Since Atz € M and 3 + 1 € ML we have (As, ) = —(Asps,13). Using
thiS, (Aw37¢3) Z 0: and (1/&, Alﬁ) S 0 we find

(0, A) = (Y1, Apr) + (12, Ato)
= (Y1, Ap1) — (3, Arps) + (b, Ap_) < (b1, A1) < (pn + €) (40, 9)

which implies A\, < pp,.

Step 2. Surjectivity: Since AL P19 C Q. it suffices that AL P9, = 9y,
which is equivalent to (|Ao|+1)?A, Py (|Ao|+1) /26, = H,. Now A, P, =
1— AP on H,; so that

(|40l + DAL P (JAo] +1) 7% = 1= (JAo| + 1)'/2A4 P— (| Ao| + 1)1/

on $;. By assumption (4) the latter is an isomorphism from $; to 9.
Injectivity: Suppose A, : Py9Q — £, would not be one-to-one. Then there
would exist a non-zero ¢ € H_ N P, N such that

0> (v, A) = (P14, APy i) > 0.

3 APPLICATION TO THE DIRAC OPERATOR

The hypothesis (4) of Theorem 1 contains the a priori unknown operator P_,
i.e., it is not straightforward to check. In this section we will show how to
verify it for given operators nevertheless. To be specific we restrict ourselves to
the Dirac operator D., with a screened Coulomb potential, i.e., D, := (1/i)V -
a+mpB —yp in $ = L*(R®)*, where p(z) = y(x)/|z| with measurable y
and y(R*) C [0,1]. By Hardy’s inequality we have that D, is an operator
perturbation of Dg for v € (—1/2,1/2). We will assume this restriction on ~y
henceforth. Tn particular, perturbation theory for |Do| = (—A4m?)'/? implies
by Hardy’s and Kato’s inequality

Viepi/2) D(Dy) =H'(R)oC =9, 6)
Voeoo/m QDy) = HZ(R) @ C =0 (7)

for the operator and form domain of D., respectively. To make connections
with Section 2 we pick Ay := Do and A := D,. The notation (2) is used
correspondingly here.

By 70 we denote the real solution of 2v3 — 373 + 479 = 1. Note that 0.305 <
Yo < 0.306 holds.

THEOREM 2. For v € [0,7)

inf sup ¥, D 8
oM, ¢ezm+@g,( ) (8)
dimMy=n " p||=1

is equal to the n-th positive eigenvalue — counting multiplicity — of the Dirac
operator D., or equals the mass m.
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Our strategy is to roll the proof back to a verification of the hypotheses of
Theorem 1. The main step is the verification of (4) which we break up into
several steps:

LEMMA 1. For all f € $

AP f= —5-Ay [7 (Do —iz) to(D, —iz) tdzf 9)
= —2A; [;° [(D3 + 22) " (DowD~ — 229) (D2 + 2%) '] dz f.

Proof. Since for v € [0,2/), zero is in the resolvent set of D., we have that

1 [> 1,1 [
+ — (D, —iz) tdz = gE= / D, (D3 +2°)"'dz  (10)
™ Jo

1
Pi=-
T2 o)

(Kato [6], Chapter VI.5, Lemma 5.6); Ay is obtained from (10) by setting
~ = 0. Therefore, by (10), and the second resolvent identity

_ v [~ 1 o
P.=A_ —-— (Do —iz)” (D, —iz)” dz
2r J_
from which we may conclude that the first part of (9) holds.
We can simplify

/OO (Do — iz)71<p(D7 —iz) tdzf

— 00

/Ooo [(Do —iz) " 'o(Dy —iz) "' 4+ (Do +iz) 'o(Dy +iz) ] dzf

*®[Do+iz Dy+iz Do—iz D,—iz
2. 2772 2 3. 2772 5| dzf
o LDg+22" Di+=z D§+22" D3 +2

2 /000 [(D§ + 2°) "' (DopD~ — z2<p)(D3 +2°) " daf

which implies that the second part of (9) holds. O
LEMMA 2. Fory € Ry we have (1/2 — v)2¢? < |D,|* < (1 + 2v)?|Do|?.

Proof. For all ¢ € D(Dyo) we have [| D[] > [[Dot)|| = el = (1/2=7)llll,
where we first use the triangle inequality and then Hardy’s inequality. This
implies the first stated operator inequality. The second one follows from

1Dl < [1Dov]| +Aledbll < (14 29) | Do |l- O

LEMMA 3. For ally € (0,1) and f € § we have

o0
11Do[/2 / (D2 + %) (Do, — 22)(D2 + 22) ' dz|Do| /2|
1]
V14 2y

<= AL )
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Proof. Using the fact that

|kl = sup |(g,R)], heH
lgli=1

and setting f' := |Do| /2 f we see that the norm on the left hand side of (11)
can be approximated by finding an upper bound for

(g, |D0|1/2/0 [(D§ + 2%) 7 (DopDy = 2%¢)(D5 + 2%) ' dzf")], lgll = 1.
(12)

First, consider the term
o0
(g, | Dol"? / (D2 + %)~} (DoD,) (D2 + 22)~"] dzf")|

s{/ ||DO(D%+z2)—1|Do|1/29||2dz] U oDy (D2 + =)~ f2d2]
1] 0
(13)

Note that

/°° dz _/°° 22dz T (14)
o (1+22)2  Jo (1+22)2 4

Thus, the first factor yields

> © |Dof T
Do(D2 2y=1 D [1/24]|2 :/ |70 _ (1
| Ipos 4 22 ol gl = [0, sz = Faa). 019

In a similar manner we show for v € (0,1/2)

/Ooo oD+ (D2 + 2°)7" f'|Pdz (16)
= /Ooo(f'7 (D2 +2%) 'Dyp* Dy (D3 + 2%)  f')dz (17)
e [ e )
— G IDN < T Ial) < T o)

where we have used the first inequality of Lemma 2 to go from (17) to (18) and
the second inequality of that Lemma in (19).
Thus we have for the product

V14 2y

ﬁ”f”'

(0o 1Dol' [ (D +22)7 (DD (D2 + ) dof)] <
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Likewise, we estimate the second term in (12)

(g, |D0|1/2/ (Dg + 2°) "' 2%(D3 + 2%) ~tdz| Do| 2 1)
A R L e e R
o A A I N A TR R
0 0
By scaling and (14) we get for the first factor
o0 T

| Dol (0F + ) gl = (21)

0

The second factor yields using Lemma 2 twice

/ (D2 + 27 Pz = (£, / T(D2 4 )@ 2D 4 ) e )

0

S(lﬂ%’y)Q(]ﬂ’ /OOO(D’QY +2%) 71D, ?2% (D2 + 2°) " dz f')
=T = D) < s (L Duf).
Thus we get
(g, | Do|'/? /OOO(D?) +22) 7 2p(D? + 22) Lz f')| < g\/l_?”f”, (22)
i.e., the same upper bound as for the first term. By (11), (12), and the calcu-

lations above, we have the upper bound

|||Do|1/2/ (D +2°) 7! (DowDy, — 2°)(D + 2°) '] dz| Do| 7 f |
0

< Vl” VIT2 g

for v € [0,1/2) which we claimed. O
From Lemmata 1 and 3 we have the immediate
COROLLARY 1. For all v € (0, %)
_ Vv1+2
1ol /28 P-1Dof 2] < 4250,

We remark that an argument similar to the proofs of Lemmata 1 and 3 shows
that ||[A+P_|| = O(y) as ¥ — 0 which implies that Ay Py $H = H4 and H N
P_$ = {0} for small enough positive ~.
We turn now to the proof of Theorem 2.
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Proof. First, we reiterate our remark (7) that for v € [0,2/7) the form domain
of 2 := Q(D,) = H'/?>(R*) ® C*. In particular, it is independent of 5. This
also means that Py and Ay leave 9 invariant. Moreover, A_D~A_ is certainly
non-positive. Finally, Corollary 1 implies that (4) holds true for v € [0,7o)
which completes the proof. O

Finally, we remark, that the construction of this Section is easily generalized
to other types of potentials, as long as one can prove an analogue of Lemma 3.

Acknowledgment. This work has been partially supported by the European
Union through its Training, Research, and Mobility program, grant FMRX-
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