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ABSTRACT. We consider G-equivariant semilinear parabolic equa-
tions where G is a finite-dimensional possibly non-compact symmetry
group. We treat periodic forcing of relative equilibria and resonant
periodic forcing of relative periodic orbits as well as Hopf bifurcation
from relative equilibria to relative periodic orbits using Lyapunov-
Schmidt reduction. Our main interest are drift phenomena caused by
resonance. In comparison to a center manifold approach Lyapunov-
Schmidt reduction is technically easier. We discuss impacts of our
results on spiral wave dynamics.
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1 INTRODUCTION

1.1 SPIRAL WAVE DYNAMICS

Relative equilibria and relative periodic solutions are ubiquitous in systems
with continuous symmetry. Examples of relative equilibria and relative periodic
solutions are spiral waves. Spiral waves have been observed in various chemical
and biological systems, for example in the Belousov-Zhabotinsky reaction [5],
[26], [35], and in catalysis on platinum surfaces [16].

The spiral tip of a rigidly rotating spiral wave moves on a circle. In mathemat-
ical terms rigidly rotating spiral waves are rotating waves. Rotating waves are
stationary in a corotating frame and therefore examples of relative equilibria.
Meandering spiral waves are modulated rotating waves, i.e., they are periodic in
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Figure 1: Meandering spiral wave in the Belousov Zhabotinsky reaction, from
Steinbock et al. [27], with kind permission of Nature. The tip trajectory is
overlaid with a white curve.

a corotating frame. In this case the spiral tip performs a quasiperiodic motion,
which is called meandering, see Fig. 1.

Meandering spiral waves are generated by external periodic forcing of rigidly
rotating spiral waves [16]. Let wext be the frequency of the external forcing
and let pext be its amplitude. If the periodic forcing is resonant, i.e., if the
rotation frequency wy, of the rigidly rotating wave at pext = 0 is a multiple
of the external frequency wext of the system then a curve of drifting spiral
waves in the (Wext, tlext )-plane is observed which separates modulated rotating
wave states with inward petals and outward petals, cf. [16]. This phenomenon
is called resonance drift. Drifting spiral waves, see Fig. 2, are modulated

Figure 2: Drifting Spiral Waves in the CO-Oxidation on Pt(110), courtesy of
[16]. The cross is always at the same position. So we see that the spiral wave
drifts away from the cross.
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travelling waves, i.e., they are periodic in a comoving frame. Both, meandering
and drifting spiral waves are examples of relative periodic orbits.

In experiments also meandering spiral waves have been forced periodically [35].
Here invariant 3-tori are found and frequency locking between the period of the
relative periodic orbits and the period of the external forcing occurs. Further-
more for certain external periods modulated travelling waves are generated.
Experimentalists call this phenomenon generalized resonance drift [35].
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Figure 3: Phase diagram for the spiral wave dynamics depending on the param-
eters a, b; courtesy of Barkley [4]. Shown are regions containing N: no spiral
waves, RW: stable rigidly rotating waves, MRW: modulated rotating waves,
MTW: modulated travelling waves (dashed curve). Spiral tip paths illustrate
states at 6 points. Small portions of spiral waves are shown for the two rotating
wave cases.

Meandering spiral waves can also emanate from rigidly rotating spiral waves
by a spontaneous bifurcation in autonomous systems, see [26], [32]. Barkley
found in numerical simulations [3], see Fig. 3, that this transition is a Hopf
bifurcation in the corotating frame. Hopf-bifurcation in autonomous systems
leads to analogous drifting phenomena as periodic forcing of rigidly rotating
waves.

The media in which spiral waves occur can be modelled by reaction-diffusion
systems of the form

3ui
ot
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Here u = (u1,...,upn) is a vector of concentrations of chemical species, the
functions u;, ¢ = 1,..., M, map the plane R? to R, the constants §; > 0,
1=1,..., M, are diffusion coefficients, i € R? is a parameter, and the functions
fi, i =1,..., M, are reaction-terms which are autonomous or time-periodic.
Barkley [4] was the first to notice the importance of the Euclidean symmetry
for spiral wave dynamics. The Euclidean group E(2) = O(2) x R? of rotations,
translations and reflections on the plane acts on the functions u(z), z € R?,
via

(p(rayw)(z) = u(R™(z —a)), where R€ O(2),a € R (1.2)

System (1.1) is equivariant with respect to the symmetry group E(2).

In this article we want to study the transition from rigidly rotating to mean-
dering spiral waves on the infinitely extended plane R2. More generally the
aim of the paper is to understand the transition from relative equilibria to rel-
ative periodic orbits in equivariant systems. Furthermore we want to explain
the drift and resonance effects which we just described for general symmetry
groups. We will discuss implications of our results on spiral wave dynamics in
the plane and on the sphere (for simulations of spiral waves on the sphere see
[36]). Further we want to apply our results to the evolution of scroll-waves in
three-dimensional excitable media. Scroll waves have been studied numerically
for example in [15], [18].

1.2 RELATED LITERATURE

In the thesis [33] the first results on bifurcations from rotating waves in systems
with a non-compact, non-commutative symmetry group have been obtained.
This paper is based on the dissertation [33]; but whereas in [33] we restricted
attention to the symmetry group E(2) and applications in spiral wave dynamics
in this article we treat arbitrary symmetry groups. As in [33] we study the
transition from relative equilibria to relative periodic orbits using Lyapunov-
Schmidt reduction.

Shortly after [33] was finished a whole bunch of papers on spiral wave dynamics
and non-compact symmetry groups appeared:

Golubitsky et al. [10] used a formal center-bundle construction to derive ordi-
nary differential equations describing bifurcations near ¢-armed planar spiral
waves of autonomous reaction-diffusion systems and derived new conditions for
drifting. In [1] the drift of relative equilibria and periodic orbits along their
group orbit is analyzed for general non-compact groups. Fiedler et al. [7] clar-
ified the structure of the autonomous ordinary differential equations near rela-
tive equilibria with compact isotropy for general non-compact groups and gave
conditions for drifting. In [21], [22] we presented a center-manifold reduction
near relative equilibria and derived rigorously the ordinary differential equa-
tions on the center-manifold which were already guessed in [4] and formally
derived in [10]. In [23] we extended these results to relative periodic orbits.
In [8] normal forms near relative equilibria of non-compact group actions are
computed. In [34] bifurcations from relative periodic orbits are treated.
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Scheel [24], [25] proved the existence of rotating waves in unbounded domains.
The thesis [33] was inspired by work of Renardy on bifurcations from rotating
waves [19]. Renardy also studied bifurcations from rotating waves of semilinear
differential equations using Lyapunov-Schmidt reduction and applied his results
to the Laser equations [20]. But his results for partial differential equations are
restricted to compact symmetry groups.

1.3 LYAPUNOV-SCHMIDT-REDUCTION VERSUS CENTER-MANIFOLD THEORY

To analyze bifurcations there are mainly two reduction methods: center-
manifold reduction and Lyapunov-Schmidt reduction. Both have advantages
and disadvantages. Here we will use Lyapunov-Schmidt reduction as tool for
the analysis of bifurcations; for a center-manifold approach see [21], [22]. The
advantage of Lyapunov-Schmidt reduction versus center-manifold theory is that
we obtain C*°-paths of relative periodic orbits if the nonlinearity in (1.1) is C'*°
whereas we only obtain a C*-smooth center-manifold, k < co. Besides this we
do not need the assumptions that the group action is isometric and that the
group orbit of the relative equilibrium is an embedded manifold which are nec-
essary for the center-manifold reduction. Finally the proofs are simpler since
they do not rely upon the highly developed invariant manifold machinery. On
the other hand the Lyapunov-Schmidt method is limited to relative equilibria
and relative periodic orbits — we cannot handle more complicated dynamics.
But for our purposes this is sufficient.

1.4 ORGANIZATION OF THE PAPER

The paper is organized as follows.

First, in subsections 1.5 and 1.6 we study the functional-analytic framework of
spiral wave dynamics and show some of the difficulties arising in the mathe-
matical treatment of spiral waves. In subsection 1.7 we define an appropriate
abstract setting which covers the reaction-diffusion system (1.1) modelling spi-
ral wave dynamics. In this abstract setting we henceforth work. In section 2 we
study periodic forcing of relative equilibria and relative periodic orbits. First, in
subsection 2.1 we consider periodic forcing of relative equilibria and resonance
drift. In subsection 2.3 we study the scaling of the drift velocity. As exam-
ple we consider periodic forcing of rotating waves in E(2)-equivariant systems
which lead to modulated rotating waves or, in the resonance case, to modulated
travelling waves. This explains the experiments described in subsection 1.1. In
subsection 2.4 we consider resonant periodic forcing of relative periodic orbits
and discuss conditions for generalized resonance drift. The results apply to pe-
riodic forcing of meandering spiral waves as investigated experimentally by [35],
see also subsection 1.1. In section 3 we discuss Hopf bifurcation from relative
equilibria, resonances, scaling of drift velocity and effects of spatial isotropy of
the relative equilibrium. As an example we study the Hopf bifurcation from
multi-armed spiral waves. Section 4 is devoted to the proof of the main results.
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1.5 FUNCTIONAL-ANALYTIC FRAMEWORK

To describe spiral wave dynamics we consider reaction-diffusion systems of the
form (1.1) on a domain Q C R?® to R, where Q is a C°°-manifold without
boundary, for example R?, the unit sphere S? in R? or R? itself. The reaction-
terms f;, i = 1,..., M, are assumed to be C*-smooth functions where k € N.
The domain {2 is invariant under some subgroup G of the Euclidean group E(3)
of motions in three-dimensional space consisting of rotations, reflections and
translations. The group E(3) = O(3) x R3 acts on the functions u(z), z € R3,
via (1.2), i.e.,

(p(r,ayw)(z) = u(R™(z —a)), where R€ O(3),a€R’.

System (1.1) is equivariant with respect to the group G. If G = E(2) is the
Euclidean group of motions in the plane we write (¢, a) for (R4, a) where Ry
is a rotation with angle ¢ and a € R?.

We consider (1.1) in the space of bounded uniformly continuous functions X =
BC it (2, RM) or in the space X = L%(Q,RM).

In X = BCypit we get a time-evolution ®; 4, of (1.1) on Y = X; if X = L? we
obtain a time-evolution on ¥ = X* « > 1/2 without any growth conditions
on f provided that f(0,¢,u) =0forallt, pand §; >0,i=1,..., M. If §;, =0
for some i we still obtain a semiflow on X = H? provided that f(0,t,u) = 0.
Note that the group action is not smooth on the whole function space X. If the
domain is Q = R? and we choose X = BCynit(R?, RM) then the E(2)-action
is even not strongly continuous because on the function u(zq,z2) = cosx; the
rotation acts discontinuously: For large radius r the term |(pg,0yu)(z) — u(z)|
can become equal to 2 even for arbitrarily small ¢. We encounter the same
problem if = R3. Since we want to have a strongly continuous group action on
our base space X we consider the reaction-diffusion system (1.1) on a subspace
of BCynif which is invariant under the semiflow and where the group acts in a
strongly continuous way:

We define BCrye(RY, RM) as the subspace of BCypie(RY, RM) on which E(V)
acts continuously, N = 2,3. The Laplacian is sectorial on X = BC\,is and
on L?, see [13]. We will now show that the Laplacian is also sectorial on
X = BCrya(RY,RM): let Y be any Banach space with a group G acting on it
by a (not necessarily strongly continuous) representation pg, g € G. Let Yj be
the subspace of Y on which G acts strongly continuously. If A is sectorial on Y’
and Ap, = pyA for all g € G then A is sectorial in Yy: from pye4t = e~ 4p, we
deduce that (e_At)tzo is a C%-semigroup from Yy to Yy; furthermore e~4%y is
complex differentiable in ¢ for y € Y, t > 0, with derivative Ae=4*y € Y. Since
pgAe= At = Ae=Atp, and therefore Ae=4'Yy C Y we conclude that (e=4%);>¢
is an analytic semigroup on Yp. Since (A — A)~lu € Y; for u € Yy, A € C,
A ¢ specy (A), the spectrum of A on Y is contained in the spectrum of A
on Y. Especially the Laplacian is sectorial on BCgyc), and its spectrum is
contained in the spectrum of the Laplacian defined on BCyt.
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We also get a time-evolution of (1.1) in BCgua(RY,RM) because we have
PgPi1o(u) = ®r 4y (pgu) and therefore &, ,, maps Yy into itself.

Now we have a C%-group action on X = BCguy, but if O = R%,R? the semi-
flow does not smoothen the group-action even if all diffusion coefficients §; are
positive. We demonstrate this for 2 = R? and for the heat equation where the
nonlinearity f is zero.

We will show that on R? the operator (% is not bounded w.r.t. the Laplacian

A and to the semiflow (e2?);>¢:

REMARK 1.1 The operator 6% is not bounded relatively to the Laplacian A or
relatively to the semiflow e™t, t >0, on BCyunit(R?,R) and BCrua(R?, R).

PRrROOF. The functions wyp(z) := Jy(b|z|)e*®#(*) where b > 0 and J; is the /-th
Bessel function of the first kind are elements of BCryc1(R?, R) C BCyupir(R?, R)
and they are eigenfunctions of the Laplacian A and of the angle derivative 75

: 2
—wep = lwep, Awep = —b wpp.

d¢

Since il(1 + b2)~! and ile="! are not bounded for arbitrary b € R, ¢ €
Ny, we conclude that (% is not bounded relatively to A on BCgy(R? R),
R

BCnit(R?,R) and that é%em is not a bounded operator on BCg,c1(R?,R),
BC it (R?,R) for t > 0. "

REMARK 1.2 Also on L*(R?,R) the angle-derivative
tively to A or e, t > 0.

6%5 is not bounded rela-

PRrROOF. By direct computation we see that f(é%u) = 6%5.7:(@4). Here F(u)
denotes the Fourier transform of w. From this formula and from F(Au)(z) =
—|2|2F (u)(z) we deduce that 6% is not bounded with respect to A. Fur-
thermore the operator (% is not bounded relatively to et in L?(R2,R) since

(f(a%eAtu))(z) = a%e*m%(}“(u))(x) is not defined for all u € L2(R?R). =
Therefore we cannot simply change coordinates into a corotating frame to deal

with the meandering transition.

1.6 REPRESENTATIONS OF E(N)

The function spaces Y = BCgrua(RY,R), L2(RY,R), N = 2,3, do not contain
finite-dimensional subspaces which are E(V)-invariant and in which the E(N)-
action is non-trivial. Again we will demonstrate this in the case Q = R2,
G =E(2):

LEMMA 1.3 Let the action of E(2) on the spaces X = BCgua(R% R), X =
L?(R2 R) be given by (1.2). Then the function spaces BCruc, L? do not con-
tain finite-dimensional E(2)-invariant subspaces with nontrivial E(2)-action.
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In Greenleaf [12] a general theory on the action of topological groups on function
spaces is developed.

If we allow polynomial growth in our function space then the polynomials of
degree < j are finite-dimensional representations of E(2).

Proor oF LEMMA 1.3. Let V; = span(ei,...,e;) be a j-dimensional repre-
sentation of E(2) in BCyuuir or L2, Then the translations act as a C°-group
of isometries on V; since they act in such a way on BCynir, L?. Since V; is
finite-dimensional, we know that p(o,(a;,a0))€ = D1y (€74 1292)15e; where
nm = a%lh/j, No = aimh/j are (j, j)-matrices. Since p(g,q) is an isometry we con-
clude that Respec(n1) = Respec(nz) = 0 and that 71,72 do not contain Jordan
blocks. After simultaneous diagonalization of 7y, 72 (note that [ni,72] = 0)
we see that the eigenfunctions of 7y, 7y are of the form e'*®, b,z € R?. These
functions are not elements of X = L?(R? R). So the proof is finished for the
function space L?. If we choose b = 0 we obtain an E(2)-invariant subspace of
X = BCu,ir(R?,R) which consists of all constant functions. The E(2)-action
on this space is trivial. The action of the rotation is not continuous on the
functions e'*, b # 0, with respect to the norm || - || BCuwir(r2,R).  Therefore
the functions e®” do not span a finite-dimensional E(2)-invariant subspace of
BCrua(R%, R) for b # 0. "
Of course, the same considerations apply for * € R®, G = E(3) instead of
reR? G =E(2).

Especially for an E(2)-invariant steady state the eigenspace to each eigenvalue
is E(2)-invariant and therefore infinite-dimensional. This makes the study of
bifurcations from E(2)-invariant equilibria for an abstract equivariant parabolic
equation very difficult. We will not attack this problem and rather study bi-
furcations from relative equilibria where these difficulties do not occur. Bifur-
cations from homogeneous steady states of reaction diffusion equations have
been studied by Scheel [24], [25] using spatial dynamics.

1.7 ABSTRACT SETTING
In this paper we study semilinear parabolic equations

du

E =—Au + f(ua we)(tta ,u‘) (13)

on some Banach space X which are equivariant under a m-dimensional Lie
group G which may be non-compact. We assume that A is sectorial (for a
definition see [13]) and that f is C*-smooth from Y x R x R? to X. Here k € N
ork=oo, py€ERPandY =X*for0<a<1.

By [13] there exists a time-evolution ®; 4, (-; ) of (1.3) on Y, and @y 4, (u; p) is
C*-smooth in u, p for t >ty and in u, p, t, to for t > ty. We assume that the
group G acts on Y by the linear strongly continuous representation py € L(Y),
g € G and that (1.3) is G-equivariant, i.e.,

VgeG pgA=Apy, flpgu,t,p) = pyf(u,t,p)
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This implies that pg®y s, (5 1) = Prt(pg-; 1) for all g € G.

Assume that f in (1.3) is time-independent. Then a group orbit Gu* is called a
relative equilibrium of (1.3) if ®¢(u*) = pexp(e¢yu* for some £* € alg(G). Here
alg(G) denotes the Lie algebra of G. Sometimes we denote u* itself as relative
equilibrium.

A point u* lies on a relative periodic orbit

O ={p;P10(u") | g € G,t eR}

if @7« o(u*) = pg=u* for some T > 0, g* € G. In this case we suppose that
f(u, wextt, 1) is independent of time or time-periodic with frequency wext =
277 /T*, j € N. Sometimes we sloppily denote u* itself as relative periodic
orbit. We call T™ the relative period of the relative periodic orbit.

The aim of this article is to study transitions from relative equilibria to relative
periodic orbits of (1.3).

2 PERIODICALLY FORCED (G-EQUIVARIANT SYSTEMS

This section deals with the effects of periodic forcing on relative equilibria
and relative periodic orbits. In particular, we will investigate drift phenom-
ena caused by resonant periodic forcing. We will apply our results to spiral
wave dynamics. This helps to understand the experiments mentioned in the
introduction. Proofs of the main theorems are postponed to section 4.

In this section we assume that the nonlinearity f of (1.3) is of the form

f(u7 ta :U/) = f(u7 ﬂ) + Mextfext (’U,, wextt; :U/)

Here foxt(u, 7, 1) is 2m-periodic in 7; wext is the frequency of the periodic
forcing, Text = j—“t is its period, pext is its amplitude and we decompose

p = (fext, i), Where pext € R, i € RP™1. So we consider the periodically
forced differential equation

du YA
— = —Au+ f(u, M) + Mextfext(u; wexttv M) (21)

dt
A typical example of the abstract semilinear differential equation (2.1) is a

periodically forced reaction-diffusion system on the domain @ c RN, N =2, 3,
cf. (1.1):

aui

5 = 0; Au; + fi(u,ﬂ) + fext fext,i (W, Wextt, i), i=1,..., M. (2.2)

2.1 PERIODIC FORCING OF RELATIVE EQUILIBRIA

This subsection deals with effects of periodic forcing on relative equilibria.
First we state two general theorems, then we study examples in spiral wave
dynamics.

DOCUMENTA MATHEMATICA 5 (2000) 227-274



236 CraubpiA WULFF

Consider system (2.1) without periodic forcing, i.e., at pext = 0. Assume
that u* is a relative equilibrium of the unforced system for the parameter

o= i* = 0. Then u* satisfies
Di(u") = pore-

for some ¢* € alg(G). Since ®;(-) is equivariant and C*-smooth in ¢ for ¢ > 0
we conclude that e u* is C*-smooth in t for all ¢t € R.
We will write u for % Pote tt|t—o. Furthermore denote by

d
Ady€=gég ' = it exp(&t)g") ., €alg(@)

the adjoint action of G on alg(G) and by
K={9€G | pyu” = u’}

the isotropy group of u*. We assume that K is compact. Let G° denote
the identity component of G. We have £* € alg(N(K)) where N(K) is the
normalizer of the isotropy group K of u. because for g € K, t € R,

ngexp(tg*)U* = qu)t(U*) = (I)t(PgU*> = ®y(u") = Pexp(tg*)U*

and therefore gexp(t&*) € exp(t¢*)K. Similarly the pull-back element g* of a
relative periodic orbit u* = p;*l O, 0(u*) lies in the normalizer of the isotropy
K of u*. Actually for a relative equilibrium the drift velocity £* lies in the Lie
algebra of the centralizer Z(K) of K, which follows from the formula N(K)? =
K°Z(K)", see [9].

Since by periodic forcing isotropy is not changed we assume without loss of
generality in the whole section that K = {id}. Otherwise we change the space
Y to the fixed point space Fix(K) = {g € G, pyu* = u*} of K and the
symmetry group G to N(K)/K.

Let u* be a relative equilibrium, i.e., —Au* + f(u*) = £*u*, and let
L* = —A+D,f(u") - ¢

be the linearization at the relative equilibrium in the comoving frame. Assume
that pyu* is C! in g € G. We compute that for £ € alg(G)
Léw' = (~A+D.f(u) - &)eu
—¢Au” + D, f(u)eu” — €7€u”
= -4+ fu) — e (2:3)
(€& =& Hu”

= [, & u* = —ade-u’.

Here [+, -] denotes the commutator, ade- () = [£*,£] and we used that gf(u) =

f(gu) and therefore D, f(u*)¢ = &f(u). From (2.3) we see that L* maps
TuGu* = alg(G)u* into itself.
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EXAMPLE 2.1 Let u* be a rotating wave of the unforced system (2.1), e.g a
rigidly rotating spiral wave of the reaction-diffusion system (2.2) on = R?
at fext = 0. Then the symmetry group is G = E(2). We write g = (¢,a) €
SO(2) x R? = SE(2). Let & denote the generator of the rotation and &, &3
denote the generators of the translation. Then £* = wy ;& where wy, is the
rotation frequency of the spiral, and we compute

L*§u™ =0, L*(§ +i3)u” = wigg[2 +183, §1]u™ = iw (&2 +i€3)u”.

Therefore the linearization L* of the rotating wave in the rotating frame has
always eigenvalues on the imaginary axis.

For a relative periodic orbit u* = pgilch*yo(u*) with pyu* Ct in g we get
P DO o(u*)éu* = (Ad, Qu*, € € alg(G).

If u* is a relative equilibrium then the linearization of the time-7T-map in the
comoving frame &, is given by

T = p;*qu)T(u*)
where g* = eT¢".
For the groups relevant in applications (compact and Euclidean groups) the
eigenvalues of the linear maps [¢, ], £ € alg(G), on alg(G) are purely imaginary
and similarly the spectrum of the maps Adgy, g € G, on alg(G) lies on the unit
circle. We will restrict our attention to these groups in this article. So we make
the overall hypothesis

OVERALL HYPOTHESIS The spectra of the linear maps Ady, g € G, are subsets
of the unit circle {\ € C; |A\| = 1}.

Therefore in the case of continuous symmetry where alg(G) is nontrivial the
linearization L* at a relative equilibrium always has eigenvalues on the imag-
inary axis and similarly the linearization p;*qu)T(u*) of a relative periodic
orbit u* = nglCI)T(u*) of (2.1) has always center-eigenvalues on the unit circle.
If u* is a relative equilibrium fix some 7" > 0. In the case of a relative periodic
orbit take T'= T*. We need the following assumption on the spectrum:

HYPOTHESIS (S) The set {\ € C; |A\| > 1} is a spectral set for the spectrum
spec(B*) of the operator

B* = p ! DOr(u*) € L(Y) (2.4)

(called center-unstable spectral set) with associated spectral projection P € L(Y')
and the corresponding generalized eigenspace E¢, := R(P) (the center-unstable
eigenspace) is finite-dimensional.

We will show in Section 4 below that Hypothesis (S) implies that p,u* is C*
in g. Let Gu* = {pgu*; g € G} denote the group orbit at u*. Frequently we
employ the following notion:
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DEFINITION 2.2 We say that a relative periodic orbit or a relative equilibrium
u* of (2.1) is non-critical if pgu* is C' in g and if the operator B* from (2.4)
satisfies Hypothesis (S) and if the center-eigenspace

E. = TyGu™ + span(0: P+ (u*)|t=0)

only consists of eigenvectors which are forced by G-symmetry or time-shift sym-
metry (in the case of relative periodic orbits of autonomous systems).

Denote the dual space of Y by Y*, let m = dim(G) and assume that pyu* is
C'in g. Choose [; € Y*, i =1,...,m, such that the equations I;(u — u*) = 0,
, 1 =1,...,m, define a section S; = u* + S, transverse to the group orbit
Gu* of the relative equilibrium at u*. If u* is non-critical we can choose the
functionals I; as left center-eigenvectors of L*.

The following theorem essentially states that external periodic forcing leads to
a transition from relative equilibria to relative periodic orbits.

THEOREM 2.3 Let u* = p,—ic+ @¢(u*) be a relative equilibrium of the unforced
system (2.1), i.e., for the parameter = 0. Compute B* = eToal” as in (2.4)
and assume that u* satisfies assumption (S). Then pyu* is C* in g.

If the generalized eigenspace of B* to the eigenvalue 1 lies in alg(G)u* then for
each small amplitude pexy of the periodic forcing, each frequency wext = Wiy
of the forcing and each small i there is exactly one relative periodic orbit u =

U(wext, 1), of (2.1) satisfying

u= p;1<I>Text,0(u, w) and u €Sy, (2.5)

for some g = g(Wext, 1t). Furthermore pgu(Wext, i) is CF in g € G, wext and pu,
g(wexta ,u) is C* in (wexta ,u) and u(wexta 0) =u*, g(wext; O) =g

Often we need not use the full symmetry G of (3.1) to prove Theorem 2.3.
If L* does not have eigenvalues ijw,, j € Z, forced by symmetry then the
symmetry group is discrete and we need not take it into account to prove the
theorem. If [, £*] has eigenvalues in iw}Z, then the corresponding (gener-
alized) eigenvectors form a Lie-subalgebra of alg(G) as can be seen from the
Jacobi-identity.

We call the Lie group generated by the generalized eigenvectors of [-,£*] to the
spectral set iw} (Z the minimal symmetry group for the forcing frequency wg

that we consider.

2.2 RESONANCE DRIFT

Now we deal with the effects of resonant periodic forcing. We need the following
notion:

DEFINITION 2.4 Let g € G. If g" = exp(&n) for some & € alg(G) with Adg & =
& and n € N then we call & average velocity of g.
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There may be many average velocities for each group element g; for example if
G = S0O(2) then for g* = ¢* the set {£* = ¢* + 427 | j € Z} consists of average
velocities for g*. If u = p;'®ro(u) is a relative periodic orbit of (2.1) and
¢ is an average velocity of g then we call {/T average velocity of the relative
periodic orbit.

DEFINITION 2.5 If exp(:) is not locally surjective near £* € alg(G) then there
are elements g € G close to exp(€*) which have (if any) only average velocities
& which are far away from £*. We call this phenomenon resonance drift.

Similarly, let ©* be a non-critical relative equilibrium of the unperturbed system
(2.1) which travels with velocity £*. If the period of the external forcing T,
is such that exp(-) is not locally surjective near £ = £, T/, then it may happen
that relative periodic orbits of (2.1) which are generated by external periodic
forcing, see Theorem 2.3, drift with an average velocity completely different to
the drift velocity £* of the relative equilibrium at peyxy = 0. We also call this
effect resonance drift.

Due to [31, Theorem 2.14.2] we know that the map (Dexp(£*))exp(—¢&*) :

alg(G) — alg(G) is given as

(Dexp(€))exp(—¢*) = 2oy e (ade )
= (—ade~)"(exp(—ades) —id)

where adg- () = [£%,€]. Hence exp(-) is not locally surjective at £* iff adeg-
has eigenvalues in 27iZ \ {0}. Consequently, for resonance drift to occur it is
necessary that the periodic forcing is resonant, i.e., that the linearization L* of
the relative equilibrium in the comoving frame has a symmetry eigenvalue in
w7\ {0}. Otherwise exp(-) would be surjective near T5.&* and the relative
periodic orbits u(u) generated by periodic forcing would drift with velocity
) ~ €.

As we mentioned in the introduction even a transition from compact to non-
compact drift may take place. We will deal with this in the following example:

ExaMpPLE 2.6 Consider Example 2.1 again: Let the symmetry group be G =
E(2), write g = (¢,a) € SO(2)xR? = SE(2) and let u* be a non-critical rotating
wave u* = p(_y= 1,0)Pi(u*) of the unforced system (2.1), ie. for prexs = 0. For
example u* could be a rigidly rotating spiral wave of the reaction-diffusion
system (2.2) on Q = R?. By Theorem 2.3 for each small forcing amplitude
text =~ 0 and each forcing frequency weyt there is a relative periodic orbit
U(Wexh /Lext) ~ur.

If wi,/wii ¢ Z then the forcing is non-resonant and the relative periodic
orbits u(ftext, Wext) With wext & wX, are modulated rotating waves of (2.1)
(called meandering spiral waves in the example (2.2)).

If wi,/wi, = j € Z then we see from (2.6) that Dexp(2n*/w?,,) has rank
defect 2. We talk of a j : 1-resonance. In this case modulated travelling waves
(called drifting spiral waves of (2.2)) are generated as the following proposition
shows:
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PROPOSITION 2.7 If a rotating wave of an E(2)-equivariant system (2.1) is
subject to j : 1-resonant periodic forcing then there is a C*-smooth path u(fiexs),
a(ftext), Woxt(Lext), 0f modulated travelling waves satisfying

(bQW/wcxt(#cxt)(u(/’[/eXt)) = p(oya(#cxt))u(ﬂext)
such that u(0) = u*, a(0) = 0, wext(0) = Wiy

PrOOF. By Theorem 2.3 we get a surface u(wext, flext) Of relative periodic

orbits satisfying (2.5) where g(Wext, flext) = (P(Wexts text)s @(Wexts fext)). TO
obtain modulated travelling waves we need to solve the equation

d)(w(ﬂ(tvﬂext) - 0 mOd 271'

We have 0,,,, ¢(Wext, luex':)|(wext7ﬂext):(w:xt10) # 0. This can be seen as follows:
Let & be the generator of the rotation, and &2, &3 be the generators of the
translation. Computing the derivative w.r.t. wext of (2.5) in (Wext, fext) =
(Wi, 0) we get

ext?

27rw

o “556 u + (D(I)T* 0( *) - 1)awextu(w;xt’ 0)

ext?

= (awext¢( Wexts )51 +awexta1( Wexts )£2+awexta2( Wext )53)
(2.7)

Here we used that

2 2wk
[N () ot = — rot *
(o) e e = g

If we choose the [; in (2.5) as left center-eigenvectors of L* then

awext (I)Qﬂ'/w (U*) = -

ext

li((Dq)T:xt,O(u*) — 1)6wextu(we*xt, 0)) = 07 1= 1, 2,3.
Applying the functionals l;, i = 1,2,3, onto (2.7) we conclude that
wext¢( Wext> ) _27Tw:0t/(ngt)2 7& 0.

Hence we can apply the implicit function theorem to get a smooth path
text (Wext) parametrizing modulated travelling waves. "

A transition from rotating waves to modulated travelling waves has been ob-
served in experiments [16] in the case of 1 : 1-resonance and 2 : 1-resonance.
Ashwin and Melbourne [2] talk of drift bifurcation of relative equilibria if a
rotating wave of an E(2)-equivariant system becomes a travelling wave in the
limit wyot — 0. So their drift bifurcation and our resonance drift are related.
But in our case the resonance drift is enforced by periodic forcing.

EXAMPLE 2.8 Consider the reaction-diffusion system (2.2) on the sphere Q =
S2. Then the symmetry group is G = O(3). We will show that a wave u* rotat-
ing around the x3-axis starts meandering around some vector in the (z1, z2)-
plane if it is subject to resonant periodic forcing.
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Let ¢; denote the generators of the rotation around the unit vectors e; € R3, i =
1,2,3, and write g € SO(3) as g = eXp(Zf:1 $i&i). Let u* = pexp(—¢=1)Pe(u™)
be a non-critical wave of the unforced system (2.2), pext = 0, rotating around
the xq-axis, i.e., & = w);&. Asin (2.3) we compute

L* (52 + 163)’[1,* = iw:ot(fg + 153)’&*

If we switch on resonant periodic forcing with w’,, = w../j, j € Z, then there
is a smooth path u(pext ), Wext(ftext) of waves meandering around some vector
in the (x2, z3)-plane:

P, (t1xe),0 (W Hext)) = Pexp(da(ttoxt ) ea+bs (oxt ) €3) U (Hext)

where ¢2(0) = 0,¢3(0) = 0, wext(0) = w, u(0) = u*. This can be seen as in
Example 2.6.
For numerical simulations of rotating waves on the sphere S? see [36].

In the last two examples of resonant forcing the relative equilibria were always
rotating waves. But also for nonperiodic relative equilibria resonance drift
occurs:

EXAMPLE 2.9 Consider the reaction-diffusion system (2.2) in three space Q =
R3. Then the symmetry group is the Euclidean group E(3).

Let u* be a twisted scroll ring of the unforced system (2.2). Such a wave
consists of a circular filament in the (zq,z3)-plane along which vertical spiral
waves are located and an additional infinitely extended vertical filament [18].
It is a relative equilibrium which translates along its vertical filament and
simultaneously rotates around it.

Because of the vertical filament only translations a € R? and rotations around
the z3-axis act continuously on u, in the space BCynit. So the effective sym-
metry group is in this case G = E(2) x R. cf. [23]. We write g = (¢, a) for
the elements of E(2) x R where ¢ is the rotation angle around the z1-axis and
a € R3 is a translation vector.

The time-evolution of the twisted scroll ring is given by ®¢(u*) = pexp(et)u*
where £* = (wi;, v eq).

If the twisted scroll ring is forced periodically with frequency wext it will typi-
cally start meandering in the (z2, z3)-plane:

P ,0(U(text)) = Plo(pons)salion ) U(Hext),  @(fext) = V(fext) Texte1.-

But by resonant periodic forcing, i.e., if w}, /w? , € Z, we can achieve that the
scroll ring drifts away in another direction than the z;-axis as the following
proposition shows:

PROPOSITION 2.10 If the twisted scroll ring of (2.2) is noncritical and forced
periodically such that Wi, /w!,. € Z then there is a C*-smooth path u(fiext),
Wext (fhext) Of relative periodic orbits satisfying

q)27r/wext(uext),0(u(:LLEXt>) = p(O,a(uext))u(,u’ext)v a(ﬂext) € ]RS'
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The direction of the drift a(uext) of the periodically forced twisted scroll rings
in the above proposition will typically not point in x;-direction. The proof of
the proposition is similar as the proof of Proposition 2.7.

Note again that to the isotropy K of the relative equilibria not all kinds of
noncompact drift are possible. As mentioned before the drifts g(wext, 1) of
the emanating relative periodic orbits have to lie in N(K). Remember that
we have chosen G = N(K)/K in the whole section. In a second step we
have to interpret our results on periodic forcing for the original group G. In
a system with E(2)-symmetry for instance we see that a rotating wave with
spatial symmetry K can not start drifting under the influence of the periodic
forcing if K contains a non-trivial rotation (¢,0). In this case N(K) = SO(2),
see [7]. Similarly if G = E(2) and K only consists of one reflection then the
relative equilibrium «* can not rotate. Hence it is a travelling wave in general.
A relative equilibrium in an E(2)-equivariant system with K D> D,,, n > 1,
even has to be stationary.

We can generalize Propositions 2.7, 2.10 as follows: Let g = g(x), x € R™,
[x| <1, be a smooth n-dimensional hyper-surface in G such that ¢g(0) = g* =
exp(Tr&*). Let {& |i = 1,...m}, m = dim(G), denote a basis of alg(G).
Write

dim(G)

3(x) = exp(C(x))g", C(x) = Z G(X)&, (2.8)

¢i(0) =0,¢=1,...,m, and assume that (3Xj§i(0))z‘,j:1

(n,n)-matrix

» 18 an invertible

.....

(Ox,€i(0))i j=1....n € GL(n), (2.9)
and that R
0xGi(0) =0 for t=n+1,...,m. (2.10)

Let u*(f) = poxp(—ts ™, (e Pe(u(f1)) be relative equilibria of (2.1) at
pext = 0 such that w*(0) = u*, >, (F(0)& = & and w*(i) € S;. Then
the following holds:

PRrROPOSITION 2.11 Let the assumptions of Theorem 2.3 jold. Then there is
a C*-smooth hyper-surface (Wext (foxt, V) i(fext, V) of relative periodic orbits
U(fhoxt, V) i1 the (Wext, i) -parameter-space with v € R?, d = p — (m — n) and
|v| small, satisfying

(I)er/wcxt(ucxt,u),O(u(Mexta V); :u(/iexta V)) = pg(X(,ucxt,V))u(Mexta V)

and
U(Mextay) S Sla U(an) = U*a X(0,0) = 07

provided that the (m — n,p)-matriz

(6(wcxt,ﬂ)TextC; (0))i:n+1,...,m
has full rank.
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PRrROOF. We solve the equation

G(X) " g(wext, 1) = id

by the implicit function theorem. "
In the examples 2.6, 2.8, 2.9 above the hyper-surface g = g(x) consists of
elements with average drift velocity far away from the drift velocity £* of the
relative equilibrium.

2.3 SCALING OF DRIFT VELOCITY

In this section we study the scaling of drifts induced by a harmonic periodic
forcing where the forcing term in (2.1) is of the form

fext (u, Wextt, M) = f(u) Cos(wextta ,LL). (211)

Such a forcing term is usually used in experiments [16], [35]. Further let p =
Hext € R.

We first state a general proposition, then we apply this result to some examples
in spiral wave dynamics explaining scaling laws which were observed in experi-
ments or simulations. In the end we give a mathematical definition of the spiral
tip. The motion of the spiral tip is measured in experiments to visualize the
drift [5].

We assume that the unforced system (2.1) has a non-critical relative equilibrium
u* and denote again by {£1,&s,...,&n,} a basis of alg(G).

PROPOSITION 2.12 Assume that the periodic forcing term in (2.1) is of the
form (2.11). Fiz a forcing frequency wky. Let u(piext), g(ftext) be relative
periodic orbits for pexs =~ 0. Write

Gext) = el eTent™ = (o) =~ G ext)i-
i=1

Assume that the geometric multiplicity of the eigenvalue 0 of the linear map
[,£*] on alg(G) equals its algebraic multiplicity. Then

e 6i(0) = 0 if [&,€7] = 0.

This is also true if fexy i not a harmonic periodic forcing, but the mean value
2m .
o Jext(u,t)dt of fexs is zero.
Now assume that the periodic forcing is resonant so that the linear map [-,£*] on
alg(G) has eigenvalues Tiwg, with eigenvectors & +i€s such that wl /wly = j €
Z. Assume that the algebraic and the geometric multiplicity of the eigenvalue
tiwg of [, ] are equal. Then

010 Gi(0) =0 for i =1,2 of j>1.
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If u* is a rotating wave then e”=t¢" =id for some T.y. Therefore the (m,m)-
matrix [-,&*] is semisimple and has eigenvalues iwg with wi /wi, =j € Z
and the above proposition can be applied, see Example 2.13 below.

ProOr Oor PROPOSITION 2.12. We write a prime for J,,,, in the following
calculation. We choose the functionals /; in (2.5) defining the section transversal
to the group orbit again as left center-eigenvectors of L*. Differentiating (2.5)
with respect t0 fiext in plext = 0 gives

S TGl (0)&u* = (eT=E" — 1)/ (0)
1=1 Text>t . (2.12)
FPexp(—Toxe ) Ou P, (W5 1) | =0

where

27 [Wext 5
Pexcp(—&*Toxt ) Mptoxs P (U *Qﬂ)|u:0=/ el (2”/“”"”t)f(u*)cos(wextt)dt.
0

Let P be the spectral projection of L* to the eigenvalue 0. Since algebraic
and geometric multiplicity of the eigenvalue 0 of [£*, -] are equal by assumption
and the relative equilibrium u* is noncritical we conclude that PL* = 0 and
therefore

27 [Wext ~
/ Pel (27T/wext_t)f(u*) cos(wextt)dt = 0.
0

Applying P onto (2.12) we therefore get

27 [Wext ~
Z = CL(0) PEar” = / Pet” (n/wes=0) F(4) cos(wexet )t = 0.
0

This proves that ¢/(0) = 0 if [§;,£*] = 0, and we see that we get the same result
if only the time average of foxt(u,t,0) is zero.

Now let @ be the spectral projection to the eigenvalue iwg, w&/wiy = J.
Applying @ onto (2.12) we get, similarly as above,

27 [Wext B
Z xtC leu _/ QeL (2m/wext—t) f( )cos(wextt)dt.
0

As above we conclude that ¢/(0) =0 for i =1,2if j > 1. "

EXAMPLE 2.13 Again let G = E(2) and let u* be a non-critical rotating wave
of the unforced system (2.1), e.g. a rigidly rotating spiral wave of the reaction-
diffusion system (2.2) on the plane 2 = R?. Assume that the periodic forcing
is resonant w,; = jwi, j € Z. Then according to Example 2.6 there is a path
U(ext)s a(thext)s Wext (fext) of modulated travelling waves (drifting spiral waves
of the reaction-diffusion system (2.2)) in the parameter-plane (wext, flext) € R2.
Assume that the periodic forcing is harmonic. By Proposition 2.12 the drift
velocity v(ftext) = % of the modulated travelling waves satisfies v'(0) = 0
if 7] > 1.
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Drift velocities which only grow with the square p2 , of the amplitude of the
external periodic forcing are rather small and apparently difficult to find in
experiments. That is why in experiments [35] mainly the 1:1-resonance is ob-
served; however in [16] also a 2 : 1-resonance could be detected experimentally.

EXAMPLE 2.14 Let G = SO(3) and let u* be a non-critical wave of the un-
forced system (2.1) rotating around the z;-axis with speed w,, for instance, a
rigidly rotating spiral wave in the reaction-diffusion system (2.2) on the sphere,
see Example 2.8; if the periodic forcing is resonant wy, = jwi,, j € Z then
according to Example 2.8 there is a path u(ext), @(thext); Wext (fext) of mod-
ulated rotating waves meandering around some vector in the (z2,x3)-plane.
By Proposition 2.12 their drift velocity wrot (ftext) = @(fhext )/ Text (fext) satisfies

Wl (0) =0if j > 1.

EXAMPLE 2.15 We again consider a twisted scroll ring, see Example 2.9. In
this case the symmetry group is G = E(2) x R and the drift velocity of the
scroll ring is given by £* = (wy,,v*e1). Denote by wu(tiext), g(ttext) the relative
periodic orbits generated by periodic forcing of the twisted scroll with fixed
forcing frequency wext. We write g(ptext) = (@(text), a(thext)) Where a(fiext) €
R3; a(O) = a*e; = Tegv'ey, wrot(,uext) = d)(ﬂext)/Text; wrot(o) = w:ot- By
Proposition 2.12 we have

|wrot (Hext) — Wiog| = O(ngt)’ la1(fext) — a™| = O(ngt)v

but in general |a;(ttext)| = O(ttext), ¢ = 2, 3. This is also observed in numerical
simulations, see [15].

Now we define the tip position zyip(u) for uw € Y. It is not clear at all how
to define the spiral tip exactly. Experimentalists often determine the tip of a
spiral wave in two dimensions visually as point with maximal curvature at the
end of the spiral [5], but there are also other more or less precise definitions
around [14].

From a symmetry point of view the position xp(u) € R? of the spiral tip in
the case G = E(2) is a function of the spiral wave solution u into R? and has
the following property.

DEFINITION 2.16 The tip position z,(-) is a C'-smooth G-equivariant func-
tion which maps an open set of Y into a G-manifold M.

For example in the case G = E(2) we choose 7(¢,a) = a, 7(G) = R? and G
acts on 7(G) by the natural affine representation [8]; in the case G = SO(3)
we choose 7(G) = S?; each g € SO(3) can be represented by a vector ¢ €
so(3) = R3 such that g = exp(¢) is a rotation around the unit vector ¢/|¢| by
the rotation angle |¢|; we set w(exp(¢)) = ¢/||.

In experiments the drift phenomena we talked about are detected by following
the spiral tip @yip(u). For the spiral tip @yip(u(wext, fext)) the same scaling
phenomena hold as for the drifts g(wext, fext)-
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2.4 RESONANT PERIODIC FORCING OF RELATIVE PERIODIC ORBITS

Now we consider resonant periodic forcing of relative periodic orbits. We still
assume that the isotropy K of the relative periodic orbit is trivial, otherwise
we choose G = N(K)/K,Y = Fix(K) as before.

Experiments on periodic forcing of meandering spiral waves have been carried
out e.g. by Miiller and Zykov [35]. Here invariant 3-tori were found and fre-
quency locking between the period of the relative periodic orbits and the period
of the external forcing was observed. Furthermore for certain periods of the
external forcing modulated travelling waves were found in experiments. This
phenomenon is called ”generalized resonance drift” [35].

We will only consider frequency locked relative periodic solutions generated by
external periodic forcing. Let again Texy = % denote the period of the forcing,
let pext denote its amplitude and let 7* be the period of the relative periodic
orbit for 4 = 0. Assume that v* is a non-critical relative periodic orbit in p = 0,
that is, u* satisfies @7+ (u*) = pg-u*, for some T* > 0, B* = pg_*lDfl)T* (u*)
satisfies Hypothesis (S) and the center-eigenspace only consists of eigenvectors
forced by G-symmetry or time-shift symmetry:

E. = alg(G)u™ @ span(0: Pt (u™)|t=0).
Furthermore suppose that
Thew = jText = £T* where ged(4,¢) = 1.

Let Py be the spectral projection corresponding to the center spectral set of
nglbel(tl)g(u*)). The condition Py(u — Pg(u*)) = 0 defines a section Sy
transversal to the relative periodic orbit in ®g(u*).

PROPOSITION 2.17 Under the above conditions there is a C*-smooth hyper-
surface u(0, 1) of £ : j-frequency-locked relative periodic solutions with i € R?,
0 € [0,T%], satisfying

Q__on; o (u(l, 1) = pgio,myull, 1), u(f,p) € Sy, (2.13)

wext (0,1)

and u(6,0) = ®4(u*), g(0,0) = (g7)".

This proposition is proved similarly as Theorem 2.3. We refer to section 4 for
a proof.

Assume for a moment that G is compact. Due to periodic forcing it may happen
that a discrete rotating wave, i.e., a relative periodic orbit u* for which g* lies
in a discrete Cartan subgroup Z,, starts drifting. If ged(n,£) > 1, then (g*)e
may lie in a Cartan subgroup Z, gca(n,r) X TN, N > 0 and ¢ : j-frequency
locked relative periodic orbits nearby starts drifting.

An example is the group G = O(2) where g* is a reflection. If ¢ = 2 then
modulated rotating waves with relative period Ty &= 27 are generated by the
resonant periodic forcing of the discrete rotating wave u*. Such a phenomenon
can not occur in the case of relative equilibria.
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Another phenomenon that may occur in the case of periodic forcing is resonance
drift as we saw in the preceding sections. Let £* be a drift velocity of g*. By
resonance drift we mean that there are group elements g close to (g*)¢ with all
average drift velocities £ far away from the drift velocity £* of ¢g*. We first give
an example. Then we state a general proposition.

EXAMPLE 2.18 We consider periodic forcing of meandering spiral waves. In
this case the symmetry group is G = E(2), and

U = p—gr0) P (u7)
is a modulated rotating wave. Assume that
Lp* =0 mod 2w, £#0,

and that 1 € R (p =2). If 950" (0) # 0 then there is an ¢ : j-frequency locked
modulated travelling wave u(f, fiext) to the parameter p = (text, (0, text)),
Wext (0, fext) such that u(0,0) = u*. Here ¢*(f2) is the rotation angle for the
modulated rotating wave u*(f1) = p(—g+(1),0) P+ () (u*(f2)) for the autonomous
system (pext = 0) with parameter . This explains the ”generalized drift
resonance” of locked solutions reported by [35].

Let g = g(x) as in section 2.1 be a hyper-surface of dimension n in G such that
9(0) = (¢")" and that (2.8), (2.9), (2.10) hold. The hyper-surface g = §(x)
may for example consist of the group elements with average velocities far away
from the drift velocity &* of g*.

Let u*(f1) = pe_xlp(Z;":'l q(ﬂ)T*(ﬂ)éi)g*@T*(ﬂ)(U*(ﬂ))v Py(u*(ft) — u*) = 0, be
relative periodic orbits of the unforced system (2.1) where piext = 0 such that
u*(0) = u*, T*(0) = T*, ¢;(0) =0, 4= 1,...,m. Similarly as in Proposition
2.11 we find:

PROPOSITION 2.19 Under the above assumptions there is a C*-smooth hyper-
surface of £ : j-frequency locked relative periodic orbits near u* satisfying

D o 0(“(97 Pext, V)5 1(0, prext, V) = p[](x(G,ucxt,V))u(ea Hexts V),

wext (0 pext v)’

and u(0, piext, V) € S, where v € R4, d = p — 1 — (n — dim(Q)), |v| small,
provided that the (n — dim(G),p — 1)-matric

(046 (0))imn1,....dim(@)
has full rank.

Now we study the scaling behaviour of the drift velocities in the case of har-
monic periodic forcing (2.11) which is usually used in experiments [35]. Let
H= pext € R.
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PROPOSITION 2.20 Let the periodic forcing be harmonic as in (2.11). Fiz a
frequency wext of the periodic forcing and write the pull-back elements g(0, proxt)
of the £ : j-frequency locked periodic orbits, see Proposition 2.17, as

90, prext) = exp(D_ Text (0, prext)Gi (0, prext) i) (g7)"

i=1

If £ > 1 and if the geometric multiplicity of the eigenvalue 1 of Adg« equals its
algebraic multiplicity then we have:

O1exi 6i(0) =0 for all i with Adg« & =&,.

Moreover the Arnold tongues where the frequency locking occurs grow as |frext|?

if £ > 1.

Note that if (g*)° = id as in Example 2.18 the matrix Ad,- is semisimple so
that Proposition 2.20 can be applied.

Again a cautious note: in the case G = E(2) the meandering spiral wave can
not start drifting unboundedly if its spatial symmetry group K contains a
nontrivial rotation. In general by periodic forcing the isotropy group of the
relative periodic orbit is not changed. So the group element g(0, 1) satisfying
Qim0 (w0, 1) = pgo,uyu(d, p) is in N(K) where K is the isotropy of u*
for properly chosen u(f, ). Note that we chose G = N(K)/K in the whole
section.

PROOF OF PROPOSITION 2.20. Let W (t,0) = D®;(u*) denote the solution
of the variation equation along ®;(u*) and let W (t,s) := W (t,0)(W(s,0))*
that is, W (t, s) = D®;_5(Ps(us)). We have

LT

- Qi
O 1,0, (07,0) = [ WL ) (@) cos( 2
0

/T*( Jds + .. —&—/(:T;T*(...)ds

( [ wer .o >>e2e’¥fds>
-1

C = pe* Z —1W T* )Z*i*leQﬂ'iji/fp—*l.

)ds

where

g g
=0

Here we used that
W(t+iT* s +iT*) = D®_y(Psrir-(us)) = DPy_s(pl. Os(u’))
= p;*W(t, s)p;f
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and that
W(T*,iT*) = DO(_yr-(Pir(u*)) = pleDP(o_yyp- (u*)p,"
= PPl DR _iyr (u)pyt
= Py (P W(T*,0) " p

and that therefore for s € [0, T*)

W(ET*, s+ iT") f (@i 4, (u")) )
= W(T*, (i + DT W T + T*,iT* + s)pl. (4 (u"))
= ph (B T A W(T ) (P (ur)),

where B* := p;}W(T*, 0).

Let P be the spectral projection of B* to the eigenvalue 1. We have

27ijs

Pp Loy, ®r,., (u,0) = Re <chg:1 / W (T*, s)f(®s(u*))e = ds
0

(2.14)

- Lo (u50) =01 £ > 1.
Differentiating (2.13) in the solution (u, g, wext) (1) With respect to fiext in p =0
yields with g(0, prex)(9%) ™" = exp(307%1 JText (0, prext)Gi (0, pext)&i)

(=1 omiji
where ¢ = Y —, 2™/t So PO, P,

0 = ((B*)e - 1)aﬂextu(9’ lueXt)|97Mext:0 - eT* Z aMext CZ (0)611‘1’*

i=1
270 Wext (0 N _ %
—jugex—et()at‘l’t(u )i=0 + P Optese ®Tr0(w" 1) =0
Wext (0)
Applying the projection P to the eigenvalue 1 of B* we see that aaqi (0)=0
Hext
for all i with Ad,- & = & and that %(0) = 0 provided that ¢ > 1. "

3 HOPF BIFURCATION FROM RELATIVE EQUILIBRIA

In this section we study transitions from relative equlibria to relative periodic
orbits in autonomous systems caused by Hopf bifurcation. For experiments
on Hopf bifurcation from rotating waves — the meandering transition — in the
Belousov-Zhabotinsky reaction see [26], [32], [27]. First we state a general
theorem for Hopf bifurcation from relative equilibria. The proof of the Hopf
theorem can be found in Subsection 4.6. In Subsection 3.2 we explain the
drift phenomena caused by resonance which were observed in experiments. In
Subsection 3.3 we discuss equivariant Hopf bifurcation.

In the whole section we assume that the nonlinearity f in (1.3) is autonomous.
So we consider the differential equation

du
o = —Au flup). (3.1)
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In the applications we have in mind (3.1) is an autonomous reaction-diffusion
system
3ui
ot

cf. (1.1).

3.1 THE THEOREM ON HOPF BIFURCATION

Let u* be a relative equilibrium of (3.1) for u = 0 satisfying Hypothesis (S).
We will show in Section 4 below that Hypothesis (S) implies that p,u* is C* in
g. In this subsection we assume that the isotropy K of the relative equilibrium
is trivial K = {id} or we exchange G by N(K), Y by Fix(K). We assume that
+i are eigenvalues of the linearization L* = —A — &* + D f(u*) in the comoving
frame which are not only caused by symmetry, i.e., if ) is the spectral projection
of L* to the i then there is some w € QY with w ¢ alg(G)u*. Furthermore
assume that

ni € spec(L*),n € Z = QY C span(w,w) @ alg(G)u".
Let u*(u) be the C*-smooth path of relative equilibria with

(I)t(u*(:u)) = pexp(t&*(u))U*(M)a ZZ(U*(,LL) - u*) =0, i=1,...,m, U(O) =u.

Note that we can obtain the path of relative equilibria v* () near «* by applying
Theorem 2.3 with non-resonant period Teyt. As before the functionals [;, i =
1,...,m, determine a section S; = u* + S, transversal to the group orbit of
the relative equilibrium u*. We choose the functionals I; such that [;(w) = 0,
i = 1,...,m (e.g. by using the spectral projection of L* to the symmetry
eigenvalues to construct the functionals [;.).

LEMMA 3.1 Under the above assumptions there is a C*~'-path B(u) of eigen-
values of the linearization

L*(n) = =A+Df(u"(n)) =& (1)
such that 5(0) = i.

This lemma will be proved in section 4.6 below.
We write 1 = (u1, u2) where 1 € R and puz € RP™L. If the transversality
condition

95(0)

holds then we can assume w.l.o.g. that p; = 0 parametrizes the relative equi-
libria w*(u) which are Hopf points.
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THEOREM 3.2 Under the above assumptions there are relative periodic orbits
u(s, p2), s € RY small, of relative period T(s,p2) near u* to the parameter

w1(s) satisfying
(I)T(s) (U(Sa IU/Q)a (:u’l (8)’ :U/Q)) = pg(s,p&)u(s’ :U’2) (34)

and u(0) = u*, u(0) = 0, g(0) = e>™¢", T(0) = 27 provided that the transver-
sality condition (3.3) is satisfied. For each small s a circle ui(s1, s2, 12),
81 =scosT, so = ssinT, 7 € [0, 27], of the relative periodic orbit to the param-
eter s lies in the section Sy with corresponding pull-back element g;(s1, s2, p2),
and we fiz the phase by setting u(s, u2) = wi(s,0,u2), g(s, u2) = gi(s,0, p2),
such that 9su(0) = Re w. The functions w(s1, s2, t2), pu1(s, u2), gi(s1, 2, 2),
T(s,p2) are C*~1in 51,590 € R and po € RP71, and py (s, pa) and T'(s, ua) only
depend on s = ||(s1, 82)| and pa.

Theorem 3.2 is proved in section 4.6 below. The Hopf bifurcation from relative
equilibria to relative periodic orbits is called relative Hopf bifurcation because
it is a Hopf bifurcation in the space of group orbits. Formally we can define a
semiflow W,(-) on S; in a comoving frame by

Uy (U3 1) = Py ey B (1 0 (); 1) — u* (1) (3.5)

where g(u) is such that li(pg_(h)u —u*) =0,1i=1,...,m, ie. pg_(h)u € S.
Under the above assumptions ¥ (-) undergoes a usual Hopf bifurcation with two
simple Hopf eigenvalues +i and without any resonances. To see this note that
the linearization e of W,(u) in the Hopf point u = 0 is given by L = P L*P,
where P, is the projection onto the space l;(u) = 0, ¢ = 1,...,m such that
P, alg(G)u* = 0. Choosing l;, i = 1,...,m, such that l;(pyy) is C* in g for
y € Y (which is possible as we will see in Lemma 4.3 below) we see that the
semiflow U;(u) is strongly continuous on Y. But it is only smooth in u if
the group action is smooth on ®;(u), ¢ > 0, u € Y, which is not the case in
applications as we saw in the introduction, cf. subsection 1.5.

Often we need not use the full symmetry G of (3.1) to prove the Hopf theorem.
The situation is analogous to the case of periodic forcing of relative equilibria,
see section 2.1: If L* does not have eigenvalues ij, j € Z, forced by symmetry
then £€* = 0 and we have an ordinary Hopf bifurcation from an equilibrium. If
[€*, ] has eigenvalues in iZ, then the corresponding (generalized) eigenvectors
form a Lie subalgebra of alg(G). We call the group generated by this Lie
subalgebra the minimal symmetry group for the Hopf bifurcation.

ExXAMPLE 3.3 Consider again the reaction-diffusion system (3.2) on the do-
main 2 = R2. Then the symmetry group is G = E(2). Let u* be a rigidly
rotating spiral wave ®;(u*) = p(,x ¢ 0)u” of the reaction-diffusion system (3.2).
The meandering transition mentioned in the introduction corresponds to a rel-
ative Hopf bifurcation from the rotating wave u*.
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3.2 RESONANCE DRIFT AND SCALING OF DRIFT VELOCITY

In this section we deal with resonant Hopf bifurcation. Again we assume that
the isotropy K of the relative equilibrium u* is trivial, K = {id} or we choose Y’
as Fix(K), G as N(K)/K. In the next subsection we will deal with equivariant
Hopf bifurcation where K # {id}. Let the assumptions of Theorem 3.2 hold,
let again u* be a Hopf point with Hopf eigenvalues =i, let again u € RP and
let u*(u) be relative equilibria satisfying I;(u*(u) — u*) =0,i=1,...,m, and

m

4 (u* (1) = pespie- oo™ (1), € () =D G (W&,

i=1

with ©*(0) = u*, £*(0) = £*. Here we again denote by {&; ¢ = 1,...,m} a
basis of the Lie algebra alg(G) of G. We have

Lreu* = 6,6 u", @™ u” = Adegp(_amer) Eu* = (210", € € alg(Q).

If exp(-) is not locally surjective near 27* then there may be relative periodic
orbits bifurcating from the relative equilibrium with all average drift velocities
completely different from the drift velocity £* of the relative equilibrium at the
Hopf bifurcation. We talk of resonance drift as introduced in subsection 2.2.
For resonance drift to occur it is necessary that the Hopf bifurcation is reso-
nant which means that the linearization L* of the relative equilibrium in the
comoving frame has a symmetry eigenvalue in iZ \ {0}. In group-theoretical
terms, the linear map [, £*] has eigenvalues in iZ\ {0}. Otherwise exp(-) would
be surjective near 27&* and the relative periodic orbits u(s) generated by Hopf
bifurcation would drift with velocity £(s) = £*, cf. subsection 2.2.

Let ¢ = g(x) be an n-dimensional hyper-surface in G, x € R™, |x| < 1 such
that §(0) = g* = o¢"2". Write §(x) = exp(¢(x))g" where ¢ = 3219 G ()¢,
¢i(0) =0,4=1,...,dim(G), and assume that (2.9) and (2.10) hold. As in
section 2.2 the hyper-surface g = g(x) may consist of elements with average
drift velocity far away from the drift velocity £* of the relative equilibrium.
Again let p = (u1, p2) with u; € R, pg € RP7L,

PROPOSITION 3.4 Let the assumptions of Theorem 3.2 and the above assump-
tions hold and let K = {id}. If 8;21 Re 5(0) # 0 and if the matriz

Im 3(p) _
8#2( Q* ('u) )|,u:0}z:n+1 ..... m (36)

has full rank then there are relative periodic orbits with average drift inside
the hypersurface g = G(x), more precisely: there are C*~'-smooth functions
u(s,v), T(s,v), u(s,v), x(s,v) such that

Pris,) (U(s, 1)) = Pg(x(s,))U(s, V).

Here v € R, d=p—1— (dim(G) —n), x(0) =0, u(0) = u*.
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PROOF. By Theorem 3.2 there are relative periodic orbits wu(s, u2), g(s, p2),
T(s, p2) bifurcating from w*(u)|u,=o-
We want to solve the equation g(x) 'g(s,u2) = id by the implicit function

theorem. Since T'(0, p2) = Il’nﬁ2(+y,2) we have
270G (0, p2)
0 0’ 2= = 0 2 — A 2=
1129(0; 142) | wa=0 I eXp(iE:1 T 5(0, rg) o1 10a=0

= 27()_ 0,,¢ (0)& — Tm 8, B(0)E™)g”
1=1

We need that 9y ,1,)3(X) " 9(8, 112) (s x.12)=(0,0,0) has full rank. Therefore the
matrix

{auz G (0) - C:(O)alm Im B(0) }izpy1,..., dim(G)

has to be invertible, that is, we need that

I
{%(I;%fg‘)m_o}i_m ,,,,, e

has full rank. n

Now we study the scaling behaviour of the drift velocities. Let u € R and write
the pull-back elements g(s) of the bifurcating relative periodic orbits u(s) as

dim(G

9(s) = exp(T'(s)C(s))g Z Gi(8)&:- (3.7)

REMARK 3.5 Let [£;,£*] = 0. Then & 1:Gi(0) =0. In a j : 1-resonance
[§1+i82,&7] =ij(& +182), jEN,

we have 7¢,(0)=0,i=1,2, £=1,...,min(j, k) — 1.

ProOOF. Differentiating

Py ®1(s) (u(s); 1(5)) — u(s) =0

w.r.t. sin s =0 gives
72WZ§ Yeau* + (€™ —1)Rew = 0.
Applying the spectral projection Py of L* to the eigenvalue 0 gives

POZC )&iu* = 0.
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If [&,£%] = 0 then Po&iu* = &u*, so ¢/(0) = 0. We have

(I)T(s) (ul(slv 52)5 ‘U,(S)) = pgl(s1,s2)ul(sl’ 52) (38)

where s; = scosT, s3 = ssinT, 7 € [0,27]. By Theorem 3.2 u;(s1,s2) and
gi(s1,82) are C*~1-smooth in sy, s5. We write g;(s1, s2) as in (3.7):

dim(G)

gi(s1,82) = exp(T(s)Gi(s1,52))9", Gls1,80) = Y Gulst, s2)&
=1

Since w;(s1,52) € GPr7(s) /2 (u(s), u(s)) there are C*~'-functions g(r,s) € G,

¢(t, s) € alg(G) such that §(r,0) = id, {(r,0) =0,

g(r,5) = exp(((r,5), {(r.8) =D G(r9)&
i=1
and
Ul(Sl, 52) = Pg(r,s) exp(fg*TT(s)/27r)(I)TT(s)/27r (U(S), M(S» (39)
From (3.4), (3.8), (3.9) we conclude that
T T
11, 52) = (7.5 exp(— 0 e )g(s) exp(To L))

Hence
eT()(s1:52) — oC(m3) oy (T(5) Ad,orer g (5)e” Adgs (7,9)

We can choose G minimal such that Adg- = id on alg(G). Therefore we
conclude that for each ¢

Gri(s1,52)& = Ad () uy Gi(8)&;.

exp(C(7,5)) exp(

Since exp(£*7)(&; +i&2) = exp(ij7) (&1 + i&s) we see that

Q1(s1,82)&1 +iQ2(51,82)62 = (1 + sM(s)) exp(ij7)(C1(s)&1 +i¢2(5)E2)
(

where M (s) € Mat(2) is a C*~2 smooth function. Therefore since (; ;(s1, s2),

i = 1,2, is C* l-smooth in s;, sy we conclude that (f—;(i(()) =0, (¢ =

0,...,min(j,k) —1,i=1,2. "

EXAMPLE 3.6 Again let G = E(2) and let u* be a rotating wave ®;(u*) =
P, t,0)u” of (3.1), e.g. arigidly rotating spiral wave of (3.2). Assume that the
parameter space is two-dimensional, ;x € R?, as in Fig. 3, and that parameters
are chosen such that the rotating waves u* () which are Hopf points lie on the
line 3 = 0 in parameter space. Note that +iw,, are eigenvalues of [-, £*] with
eigenvectors &y £ i€z, cf. Example 2.1. Choosing the hypersurface g = §(x) in
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Proposition 3.4 as the subgroup of translations we now understand Fig. 3: If

the rotation frequency wy,; is resonant to the Hopf frequency wij, ¢ = 1, wy,

rot —
JWiopt € Z and the resonance is crossed with nonzero speed 9, (%H ©=0 7
rot

0 (which is generically satisfied) then there is a path p(s) in parameter space
R? of modulated travelling waves (drifting spiral waves)

Prr(s)(uls); 1(8)) = P(0,a(s)u(s)-

From Remark 3.5 we see that the drift velocity v(s) = |a(s)|/T'(s) generically
scales like |u|[’/2, see [4], [8].

3.3 EQUIVARIANT RELATIVE HOPF BIFURCATION

In this subsection we study relative Hopf bifurcation in the case of a compact
isotropy K # {id} of the relative equilibrium u*. We consider the case when
the spatial isotropy K of the relative equilibrium is broken. If the bifurcating
solutions are relative periodic solutions and not relative equilibria we talk of
equivariant or symmetry-breaking relative Hopf bifurcation.

Assume that the linearization L* at the relative equilibrium »* has an eigen-
value 1 with a generalized eigenvector w ¢ alg(G)u*, i.e., the eigenvalue i of
L* is not (only) caused by symmetry. The generalized eigenspace to the Hopf
eigenvalues +i is K-invariant and may be forced by K-equivariance of L* to
have higher dimension than two even if £i are not eigenvalues of [, £*]. see [11].
Let again S; = u* + 5, denote a section transversal to the group orbit Gu™ at u*
defined by functionals l;, i = 1, ..., mxg where mx = dim(G/K) and denote by
P, the projection from Y to the subspace S; = {y; Li(y) = 0,i = 1,...,mg}.
Since K is compact we can choose P; to be K-equivariant and PY = Sl to
be K-invariant: for example choose P = P + (Q where P; is the projection
onto the stable eigenspace of L* and @ is an orthogonal projection from the
finite-dimensional center-unstable eigenspace E., to (alg(G)u*)*. Since &*
commutes with the elements of K the operator L* = —A 4+ Df(u*) — " is K-
equivariant and therefore F., is invariant and Ps is K-equivariant. If we choose
the scalar-product on E., to be K-invariant then also () is K-equivariant. De-
fine L = P,LP;. Denote the eigenspace of L to the eigenvalues +i by V. In the
generic case when i is a simple eigenvalue of L the matrices eL7, 7 € [0, 27],
define an S'-action on V.

We consider the subgroups H of K x S' with two-dimensional fixed point
spaces. They are called axial subgroups [11]. Let 7 : K x S — K be the
projection of K x S! onto its first component. For each axial subgroup H there
is a homomorphism © : K — S* = R/Z such that H = {(h,O(h)) | h € n(H)},
see [11], [7]. There are two cases, O(K) = S or O(K) = Z,. Let Kpir denote
the kernel of ©. Then the following lemma holds:

LEMMA 3.7 Let the assumptions of Theorem 3.2 and the above assumptions
hold. If ©(K) = S* then there is a symmetry breaking transition from relative
equilibria to relative equilibria.
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If O(K) = Z; then a symmetry breaking relative Hopf bifurcation takes place:
Let h* = ©71(1/¢) € K. There is a path of relative periodic solutions u(s)
which emanates from the relative equilibrium u* by equivariant relative Hopf
bifurcation and satisfies

q)T(s)/é(u(S)) = pg(s)h*u(s)a T(O) = 271—7“(0) = U*,g(O) - e??TE*/l.
The isotropy of the bifurcating solutions is Kyit = ker(©) in both cases.

The proof is a small modification of the proof of Theorem 3.2 and can be found
in subsection 4.6, see also [7]. Again the pull-back element g(s)h* of the relative
periodic orbit u(s) has to lie in N(Kypis). In the following discussion assume
that G = N(Kbif)/Kbif.

In the case of symmetry breaking Hopf bifurcation the average velocity of the
bifurcating relative periodic orbits is often far away from the drift velocity of
the relative equilibrium, as we see from the following example.

EXAMPLE 3.8 (See also [7], [10]) Again let G = E(2) and let u* be a ro-
tating wave ®;(u*) = px +0u" with isotropy K = Z;, for example a
rigidly rotating spiral wave of (3.2) with ¢ identical arms. Consider a rep-
resentation of K on the critical eigenspace V' = spancg(w,w) which is faith-
ful, i.e., ©71(1/¢) = 27n/¢, ged(¢,n) = 1. If the rotating wave is a Hopf
point then under the usual transversality condition and in the non-resonant
case a Hopf bifurcation to modulated rotating waves takes place. The av-
erage rotation frequency wyot(s) of the bifurcating modulated rotating waves
is given as wyot(s) = (h* + &(s))/(T(s)/€). Note that h* = 27n/¢ and that
g(s) = (¢(s), a(s)) satisfies g(0) = (w]27/¢,0). Hence we get

wrot(s =0) = 2mn/l+ wl 2w /0) /(2 /0) = n 4+ w],.

But in physical space the bifurcating modulated rotating waves in Example
3.8 still seem to drift in a similar direction as the rotating wave u*. So what
is a useful definition of resonance drift in the case of symmetry-breaking Hopf
bifurcation? We first continue our example:

ExXAMPLE 3.9 (Example 3.8 continued) We recall the condition for noncom-
pact drift of relative periodic orbits nearby the Hopf point in Example 3.8,
see also [7], [10]. Since g(s) € N(Kpit) we can only get noncompact drift if
Kyir C K is trivial. So we consider again, as above, a faithful representation
of K on the critical eigenspace V = spanc(w, @), where ©71(1/¢) = 2mn/Y,
ged(4,n) = 1. Resonance drift occurs if w’, = j¢ —n, j € Z, since for noncom-
pact drift ¢(0) = 27w}, /¢ + 2mn /¢ = 0 mod 27 has to be satisfied. Since iw,,
is in the spectrum of [-, £*] with eigenvectors &; + i{y we see from Remark 3.5
that the drift velocity v(s) = |a(s)|/T(s) generically grows as |pu|7¢="1/2,

In the case of noncompact drift in the above example we clearly want to speak
of resonance drift. Since we do not want to care about the (small) effects of the
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broken spatial Z, symmetry of the bifurcating relative periodic orbits in the
comoving system (3.5) we only talk of resonance whenever the drift (g(s)h*)*
of the relative periodic orbits after time T'(s) is not of the form exp(27§) with
& = £*. Note that a necessary condition for resonance drift is that exp(-) is
not locally surjective at & = 2w&*, but since g(s) and h* need not commute (in
contrast to h* and £*) this condition is not sufficient: in Example 3.6 where the
isotropy is trivial the condition for unbounded drift is w},, € Z, in the case of
Z-isotropy the condition for noncompact drift is more restrictive, see Example
3.9.

4 PROOF OF THE MAIN THEOREMS

This section is devoted to the proof of the theorems on periodic forcing and
Hopf bifurcation which we presented in Sections 2 and 3. First, in subsections
4.1 — 4.4 we present a general method how to continue relative periodic orbits
that satisfy the spectral hypothesis (S). In subsection 4.5 we prove Theorem
2.3 on periodic forcing. In subsection 4.6 below we use the developed methods
to prove the Hopf theorem 3.2 by use of Lyapunov-Schmidt reduction.

4.1 THE METHOD OF PROOF

Assume that we are given a relative periodic orbit u* = pgilcb% Juwr0(u®)
of (2.1) that satisfies the spectral hypothesis (S). We want to continue this
relative periodic orbit wrt. the parameters p and wext, i-e., we want to solve
the equation F' = 0 where F' is given by

—1
Py P ,0(U; Wext, ) — U
F(Uvngextvﬂ/) = ( llg(u—U*)( ’L:tl ) m ) . (41)

We consider (4.1) for u in the fixed point space Fix(K) where K is the isotropy
of the relative periodic orbit. W.l.o.g. we assume that ¥ = Fix(K) and
G = N(K) is the normalizer of K. The functionals l;, i = 1,...,m, define a
section transversal to the group orbit Gu* at u*. We will show in Lemma 4.5
below that hypothesis (S) implies that pgu* is C! in g so that it makes sense to
talk about a transverse section to Gu*. We can not solve (4.1) by the ordinary
implicit function theorem because in general F(u, g, wext, 1) is only continuous
in g. This comes from the fact that the G-action is only strongly continuous
and the Lie algebra elements £ € alg(G) act in general as unbounded operators
on Y. Furthermore, the time-evolution does not smoothen the group action,
that is, pg®r.,,0(uw) is not differentiable in g in general. This is due to the
fact that the operators ¢ € alg(G) are not assumed to be bounded w.r.t. A (in

the case of the reaction-diffusion system (1.1) the operator a% is not bounded

w.r.t. A, see Proposition 1.2). Therefore the operator g—i(u,g,wext,u) is in

general not continuous in g with respect to the norm | - || z(yy. We overcome
these difficulties as follows:
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We will solve the fixed point equation
y=1(y,q,9,wext, 1) = (1 = P)p @1, 0(y + G Wext, 11), (4.2)

ye(l- P)Y, q € pY, by Banach’s contraction mapping theorem. Here Pis
a projector which is near the projection P onto the center-unstable eigenspace
E, of B* = p;*lDQTexho(u*) in the £(Y)-norm. Furthermore we will show that
the solution y(q, g, wext, ) of this fixed point equation depends smoothly on
the parameters (g, g, wext, 1) and that the G-action on the solutions is smooth.

Then we solve the reduced equation Fieq =0

Ppilq)T- 0(y(q, g, Wext, 1) + @5 Wext, 1) — q
F — g ext s ' Y ) ) ¢ )
YEd(Q’ 9, Wext M) ( ll(y(Q7 g, Wext, /’L) + q— U*) = 07 1= 17 cee,
(4.3)
by the implicit function theorem. In this way we can solve (4.1).

4.2 'THE SCALE OF BANACH SPACES {Yj};=0,.

For j > 1, define inductively
Y; :={u€eY;_1; uecY;_; forany € € alg(G)}, Yy =Y, (4.4)
equipped with the graph norm |- |y, given by

luly; = |uly,_, +  sup  [Euly,_,.
£€alg(G),[¢]=1

Let Y* be the dual space to Y and define

Zy =y €Y ppy*is C% in g},

where p7 denotes the adjoint operator of p, in Y*. For j > 1, we define the
spaces Z; with norm |- |2+ for the adjoint group action as in (4.4) with Yo
replaced by Zj.

In the following we will often use that Pp, and p4 P are continuous in g with
respect to the norm | - |[z(y). For the second operator this is clear since p,
is strongly continuous in g and PY is finite-dimensional. The operator Pp, is
continuous in g with respect to the norm || - [|z(y) iff pj P* is continuous with
respect to the norm | - || z(y~) where P* is the spectral projection in Y* onto
the left center-unstable eigenspace of L*.

LEMMA 4.1 P* maps Y™ into Zj.

If the group G acts strongly continuously on the dual space, for example in the
case G = E(2) acting on Y = L?(R% RM), then Lemma 4.1 is automatically
satisfied. Therefore we will skip the proof which is elementary, but technical
and can be found in [23, Lemmata 5.1,5.2].
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REMARK 4.2 If we replace the assumption of a C°-action of G by the assump-
tion that pgu* is continuous in g and the group action is weakly continuous
then the theorems in sections 2, 3 still hold.

This is due to the fact that PY C Yy is still satisfied, see [23, Lemmata 5.1,5.2]
and we can therefore restrict the problem onto Yj.

Since £®y 4, (1) = Dy 4, (w)éu we see that ®,,;, maps Y7 into Y7. Inductively
we see that the time-evolution ®;, maps each Y}, j < k, into itself. Further
@y 1, is CF~J-smooth from Y; into Y;.

Now we need the following lemma:

LEMMA 4.3 Y] is dense in Yy and Z7 is dense in Zgy. Moreover, G acts as
C-group on Y, Z5.

The proof can be found in [23, Lemma 4.1]. If dim(G) = 1 this is usual
semigroup theory. From this lemma we can deduce

LEMMA 4.4 There is a projector P near P such that pgp and ppg are C* in
g.

This was shown in [23, Lemma 5.3]. The idea is the following: let e;, i =
1,...,dim(PY) be a basis of PY, and e}, i = 1,...,dim(PY’), be a basis for
P*Y. Then by the foregoing lemma we can find é; € Yy, éf € Z} which are
near e; rsp. e} in the Y-norm rsp. Y*-norm. From these vectors é;, &} we

”build” the projection P.

4.3 REGULARITY OF THE RELATIVE PERIODIC ORBIT

Now we need the following main lemma which will inductively yield C*-
regularity of Gu* and py P, Ppg:

LEMMA 4.5 If Hypothesis (S) is satisfied then u* € Y7.

PRrROOF. For a proof involving exponential dichotomies see [23]. Here we will
give a more elementary proof.

In a first step we define a formal expression for {u*, € € alg G, and in a second
step we will show that £u* exists and indeed equals this expression.

Let P be a projector near P such that pgf? and Ppg are C! in g in the operator
norm on Y and denote & = &1, , o. Since u* = p;J(I)(u*) and §pg_1 = pg_1 Ady ¢
we have

fu* = prl(Adg-£)®(u*) = p ' DO(u*)(Adg-&)u* = B*(Adge&)u”
where B* = p;}D(I)(u*) and so we formally get
2(§) = Bsz(Adg-£) +n(§)- (4.5)
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Here
2(€) == (1 — P)éu*, By:=(1—P)B*, n(¢) = B.P(Adg-&u’.

Note that z(£) and 7(€) are linear in €. Since P is near P and since the
spectral radius of (1 — P)B* is smaller than one also the spectral radius of By
is smaller than one. Let {&;,i=1,...,m} be a basis of alg(G). By our overall
hypothesis the operator Adg- : alg(G) — alg(G) has spectrum on the unit
circle. Let (Adg-),; be the matrix associated to the operator Adg+ with respect
to the basis {§;,4 = 1,...,m} of alg(G). We can define Ad, as operator in
Y™ =Y x...xY by setting

m

Adg*(zl,...,zm) = (81,...,Sm), Si:Z(Adg*)ijzj; z€eY, i=1,...,m.

j=1
Also the operator B, can be extended to an operator on Y by defining
Bs(z1, .-y 2m) := (Bsz1,.. ., Bszm), z €Y, i=1,...,m.

Hence the operator BsAdg« = Adg+«Bs on Y has also spectral radius smaller
than one. Changing ® = ®r._, o to ®sr1., 0 and accordingly B* to (B*)’ and
g* to (g*)" with ¢ large enough we can achieve that || Bs|||[Ad,~|| < 1. W.Lo.g.
we assume that £ = 1. We rewrite (4.5) as

(1 - BSAdg*)Z = 777 z = (Zlv" '7Zm)7 77 = (7717" 777m) (46)

where 0, = n(&), i = 1,...,m, are well-defined since Ppg is C! in g in the
operator norm. The system of equations (4.6) can be solved uniquely for z; =
z(&),i=1,...,m. So we have proved that &u* = 2+ P& u* formally exists for
all &, i=1,...,m, and hence by linear combination we get for each ¢ € alg(G)
a formal expression z(§) + Péu* which we know equals £u* if u* € Y;.

To show that the formal expression z(§) is indeed (1 — P)Eu* we argue as
follows. Let z(&,t) = (1 — P)(pexp(gt)u* — u*). We have

Z(f,t) = %(1 - )(pexp(gt)p;*lq)(U*) - p;*lq)(U*)) (4 7)
= Bs(t)z(Adg- &, 1) +n(&, 1) .

where A
Bs(t) = (1 - P)p;*lDd)(u* + G(t)(pexp(Adg*Et)U* - U*))
with 0 < O(¢) <1 and
1 » * *
U(‘fﬂf) = ;Bs(t)P(pexp(Adg*gt)u —u )
Here we applied the mean value theorem. Let §,(€,t) = 2(£,t) — 2(£). Then

e (‘Ev t) = BS(t)‘Sz (Adg*& t) + 677(5) t) (4-8)

DOCUMENTA MATHEMATICA 5 (2000) 227-274



TRANSITIONS FROM RELATIVE EQUILIBRIA TO ... 261

where
6y(&,t) = (Bs(t) — Bs)z(§) +n(&,t) — n(€)

converges to zero as t — 0. Let

e-(t)= sup  0.(&7), e(t)= sup  9,(& 7).
lEl<1,|7|<t lEl<1,|7|<t

Here ||&]| = (300, ¢A)YV/2 for € = 31" | ¢;& is a norm on alg G. We define B, (t)
like Bs as operator from Y™ into Y™. Since B,(t) is continuous in ¢ in the
L(Y)-norm and || B,l||| Adg- s I|Adg+|| = ¢ < 1 for t small
enough .

From (4.8) we get

€x(t) < ce-([[Adg- [|t) + €, (t) (4.9)

with €,(t) — 0 as t — 0. Here we used that

1
O HAd ©)lAd,.
and that therefore

and consequently

sup 6. (Adg-&,t) < [[Ady- || e, 6=(&, [[Adg- [[t)-

l€ll<t

From (4.9) we conclude that

0—1
e:(t) < (| Adg- 1) + 3 ey (1| Ady [0,
i=0
and hence that
1—¢f

e=(t/[ Adg- ) < en(t) +cex(t).

Choosing t small enough and ¢ large enough we see that €,(t) — 0 as t — 0.

4.4 CONTRACTIONS ON A SCALE OF BANACH SPACES

We first show (Lemma 4.6) that II¢ is a contraction in (1 — P)Y for some
£ € N. Afterwards, in Lemma 4.7, we show that we can apply the contraction
theorem on the Banach scale {(1 — P)Yj}jzo ,,,,, k—1. Finally Theorem 4.8 below
guarantees that the solution we obtained depends smoothly on parameters.
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LEMMA 4.6 Let u* be a relative periodic orbit of (1.8) to the parameters
(Wi, %) fulfilling the spectral condition (S). Let P be a projection which is
L(Y)-near P. Let (g,wext, t) be near (g%, wky, p*) and let (y + q) be near
(y* +q*) in the Y -norm with y*,y € (1—P)Y , q,¢* € PY, ¢* +y* = u*. Then

IT satisfies
¢

oIl
||a—y(yaqvg7w6xtvﬂ)” <c< 17
where £ € N is sufficiently large.

PROOF OF LEMMA 4.6. Again let B* = p_.'D®r, , o(u*). We have [(B*(1 —

P)f|| < MC*, C < 1. Let £ € N be so large that for g in a neighborhood Ug
ofid in G

11— P)py (B = P)|| < |1 = P)|MaC*M < 1.

Here we used that for g € Ug there is a uniform bound Mg of ||p,||. Then
(1 — P)py(B*)¥(1 — P) is a uniform contraction for g € Ug. We have

-1 -1
D, I (y) = [[ DI(AT () = [[ (1 = P)p, ' D21, 0(q + 2)] ety
i=0 =0

Since y is near y*, q is near ¢* and g is near g* we know that II*(y) ~ y* and
that

Py Du®r,, 0(W)|uzqimi(y) = py  pgB*
in the operator norm. Since P is near P in the |- |l £(yy-norm we conclude that

-1

D, IT(y) =~ H(l — P)pg-14-B*(1 - P)
i=0

in the norm on £(Y'). Further we compute

*

(pg*157*B*)2 = pg*1Dy@Tcxc,O(U*)pgflg*B*zpgflpgflg*qu)Tcxt,O(U*)B
= pgf2(g*)2(B*)2.

Similarly we get

(pg=1g+B*)" = pg-e(gye(B*)".
Since py P and Pp, are continuous in g in the operator norm we conclude that
D, IT*(y) is near (1 fP)pgfe(g*)e(B*)e(l — P) for g near g*, y near y*, ¢ near ¢*
in the operator norm. Hence 66_15(% 4, g, Wext, i) is a contraction if we choose

(y + ¢, g, Wext, 1) near (y* + q*, g*, wi, 1*) (here we measure y — y*, ¢ — ¢* in
the Y-norm). "
Now we show that II¢ is a contraction on the scale of Banach spaces

{(1- P)Yj}j:07,,,7k_1 for some ¢ = ¢(k) € N.
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LEMMA 4.7 Let u* be a relative periodic orbit of (1.8) to the parameters
(wier 1°) fulfilling Hypothesis (S). If f is C*-smooth, k € N, then we have:

(7,) u* € Y.

(i) B*Y; CY;, (B*)*Z; C Z5, and spec(B}) C spec(B*), j = 1,...,k —
1, where B is the operator B* considered as map from Y; into itself.
Further, P € L(Y,Yy—1), P* € L(Y*, Z}_)).

(1ii) u* satisfies Hypothesis (S) on each Y;, 0 < j <k —1.

() Let P be L(Y,Yy_1)-near P. If¢ = (k) € N is large enough then the func-
tion y — ' (y, q, g, Wext, 1) from (4.2) is a uniform contraction on each
Y;, 0<j<k—1, fory+qY;-near u* and (g, wexs, ) near (§*, wh, u*).

(v) Let P be as in (w) and assume that p,P and Pp, are C*-smooth in
the L(Y)-norm. Then there is a locally unique solution y(q, g, Wext, i) €
(1—P)Y of (4.2) which is continuous in (¢, g, wext, i) with respect to the
norm || - ||y, -

Part (i) of this lemma can also be found in [23].

Proor orF LEMMA 4.7. Suppose that u* € Y; for some j with j > 1, j < k.
Since ®; ¢, is a time-evolution on each Y; and G acts as CP-group on each Y;
w.r.t. the Yj-norm by Lemma 4.3 we know that B* € L(Y;), i < j. We have

§(B* = A) = (B" = A) Adg- £+ V(E),

with
V(8) = 0a @ 0(w)(Ady- Eu” € L(Yj1).
Let A € C\ spec(B*) lie in the resolvent set of B*. Then we get

Adg- &(B* =N =(B* =N — (B = \)T'V(O(B* - N (4.10)

Let Bj be the operator B* considered as element of £(Y;). From (4.10) we
deduce that spec(B}) C spec(B;_;) C ... C spec(B). Let o be the spectral
set of the center-unstable eigenvalues of B*. Then

p—_t (A= B*) "t (4.11)

2mi around o

From (4.11) we see that P maps Y; into itself if u* € Y. Since Y} is dense in Y’
by iterative application of Lemma 4.3 we can find w; € Y¥j, i =1,...dim(PY),
such that Pw;, i = 1,...dim(PY’), span PY. Hence PY C Y. Since {u* € PY,
¢ € alg(@), we infer u* € Yj1;.
According to Lemma 4.5 we have u* € Y7 if £k > 1. Hence by induction we
obtain

u* cYry, PYCYp ..
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By computing the adjoints on both sides of equation (4.10) we see that B*Z* C
7%, 0 <j <k—1. Analogously as above we obtain P*Y™* C Z;_,. Using (i)
and (ii) we conclude that u* satisfies condition (S) on each Yj, j <k — 1.

To prove (iv) we apply Lemma 4.6 on each Y;, j < k — 1. Applying the
contraction principle on each Y;, j < k— 1, we obtain solutions y; (g, g, Wext, t)
of y = II*(y) which are continuous in the parameters and locally unique in Y;
and therefore solutions of (4.2). Since Y; C Y for all j the solutions are the
same solution y(q, g, Wext, 1t). Since with y = y(q, g, Wext, pt) also I (y), i € Z,
are solutions of y = II*(y) and the solution is locally uniqute we know that
y(q, g, wext, i) is a solution of (4.2).

In the same way as in Lemma 4.5 we can show that y = y(q, g, Wext, pt) € Yi:
From y = I(y) we formally get the identity

2(§) = Bsz(Ady- €) +1(8)

on Yj_1 where z(€) = (1 — P)¢y(q, g, wext, it), Bs = DII(q +y)(1 — P) and

n€) = —(1—P)Pp, %1, o(y+q)
+(1 = P)p; ' D1, o(y + @)(P Ady- &y + Ady- Eq).

The operator 7(§) is well-defined for all y € Y and maps into Yi_1 because
pgP and Pp, are C*-smooth in the £(Y)-norm. Since B, has spectral radius
smaller than one this equation can be solved uniquely for z(&;), i = 1,...,m.
In the same way as in the proof of Lemma 4.5 we can now show that the formal
derivative z(€) + P€y(q, g, wext, 1) is indeed the derivative £y(q, g, Wext, i1). We
infer that y(q, g, wext, 14) is continuous in its parameters in the norm of Y. =
In order to show that the solutions really depend C*-smoothly on their param-
eters we will use a contraction mapping theorem on a scale of Banach spaces.
This idea has frequently been used in the literature, for example it is used to
prove the smoothness of center manifolds (Vanderbauwhede & Van Gils [30],
Vanderbauwhede & Iooss [29]). Renardy [19] proved a generalized implicit
function theorem on a scale of Banach spaces {Y;}o<j<k; he required that the
derivative of the nonlinear equation to be solved evaluated at the starting solu-
tion depends continuously on the parameter with respect to the norm ||- || £(y;)-
As in [30] we will assume that the derivative is a contraction. Hard implicit
function theorems can be found in Nirenberg [17]. We will employ the following
theorem which is stated in general form in [30] for k& = 1.

THEOREM 4.8 Let Y = Yy D V1 D ... D Vi, k > 1, be a scale of Banach
spaces with norms || - ||y;, 7 <k, and let Y; be continuously embedded in V;_1.
Let (u,v) — Il(u,v) be a nonlinear map from some open set U C Y x RP into
Y. Assume the following:

(i) TL maps U; := (V; x RP) N U into YV; and 11 is C*~J-smooth from U, to
Vi, ;36 €No, k> 2> 5>0.
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(i) (v,u,ws, S wj) — %H(u, v)(wi,...,w;) is continuous as map from

U; x (V;)7 into LERP,Y;_y), fori,j, 0 € No, £ <i <k, j+ <k, where
LYRP, V) == V.

(1it) II(-,v) is a uniform contraction as map from Uj into Y;, 0 <j <k —1,
with contraction constant ¢ < 1.

Then

a) there is a unique solution u(v) € Yy—1 to II(u,v) = u and u(v) is a
C*=L_function of v with respect to the norm || - ||y.

b) If we require in addition
(iv) u(v) is continuous in the norm || - ||y,

then u(v) is a C*-function of v with respect to the norm || - ||y.

PrOOF. We can apply Banach'’s fixed point theorem on each V;, 0 < j < k-1,
and since V; C Y for 0 < j < k the solutions are all equal to u(v). Under
assumptions (i)—(iii) we can formally compute the first (kK — 1) derivatives of
u(v) considered as lying in Y, if we assume hypotheses (i)—(iv) then we can
even compute the formal k-th derivative of u(v) considered as lying in ). It
remains to be shown that the formal derivatives are indeed the derivatives of
u(v). For k = 1 the proof can be found in [30]. The rest is induction over
k. Since this theorem is the main technical tool of our results we present the
whole proof of the theorem.

1. STEP. We first show that the solution u(v) is a C!-function of v with respect
to the norm of ). Assuming that u(v) is C° in v in the Y;-norm the formal
derivative k(v) is given by the equation

r(v) = QD) (u(v), ¥)r(¥) = (BI1)(u, V) lu=u(v)-

Since [|(9.I1)(u(v),v)||zy) < ¢ < 1 this equation can be solved uniquely for
k(v) € Y. Furthermore, due to our assumption, x(v) € ) depends continuously
on v. We consider a fixed v. In order to prove that x(v) = d,u(v) we have to
show that

lu(v + ) —u(v) — (v)o|ly = o(D). (4.12)

Multiplying

ulv+v)—ulv)—sc)r = ulv+v)—ulv)
—o(1 = (8uI1) (u(v),v)) " (O IT) (t, ) |umu(v)

by (1 — (0,11)(u(v),v)) we see that (4.12) is equivalent to ||6(a, )|y = o(P)
where @ = u(v + V) — u(v) and

O(u,v) =U(u(v +v),v+0) — M(u(v),v) — (O,I)(u(v),v)a — (0,II)(u(v), v)D.
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We can estimate
16(a, )lly < [M(u(v+0),v+ ) = H(u(v + )
[ (u(v + ), v) = (u(v),v
= @D (u(v + 7),v)v — (9,11)
+o([[lly) + o(7)
< o(@) +o([la]ly).
(4.13)

Here we used that u(v) is a C%-function of v with respect to the norm || - ||y, .
This follows from Banach’s contraction mapping theorem applied onto ) or,
if k =1, from the additional assumption (iv). It holds

O(a,v) = (1 = (O I)(u(v),v))a — (0,II)(u(v),v)D.

Hence

Jilly <~ (1@ (), 2) 17|+ 1005 7)) < —=—(El7] + oflal)).

Thus, we obtain ||u|ly < é|p| for |P| small. From (4.13) we conclude that
0(i, )|y = o(#). Hence u(v) is a C'*-function of v with respect to the norm
- lly-

2. STEP. To show that u(v) is a C'-function of v, i > 1, we proceed by induc-
tion. If the theorem holds for k = (j — 1), j > 2, and II satisfies assumptions
(i) —(iii) of the theorem with k = j then by the contraction principle applied
on Y;_1 the function u(v) is continuous in v with respect to the norm || - [|y,_,
Hence by part b) of the theorem for k = (j — 1) we conclude that u(v) is C7~1-
smooth in v when considered as lying in ). This proves part a) of the theorem
for k = j. Now we come to part b). If II satisfies assumptions (i)—(iv) of the
theorem for k = j then u(v) is a C/~!-function of v in the Y-norm and u(v)
is a C7~*-function of v with respect to the norm || - ||y,, 7 > ¢ > 1. Therefore
we can apply part b) of the theorem with & = (j — 1) onto the differentiated
equation

(1 = (0uIl)(u(v), )0 u(v) = (OI1)(u, V)| u=u(w)-

and conclude that d,u(v) is a C7~1-function of v and that u is a C?-function
of v with respect to the norm || - ||y. ]

4.5 PROOF OF THE THEOREMS ON PERIODIC FORCING

We prove Theorem 2.3 by applying Theorem 4.8 onto (4.2) with v =
(9, ¢, wext, i) and with the hierarchy ); of Banach spaces defined by

Y = (1-P)Y;, Yjgivenby (44), 0<j<k.

As before P is a projection which is L(Y,Y)—1)-near the spectral projection P
onto the center-unstable eigenspace and such that Pp, and p, P are C*-smooth
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in g in the £(Y)-norm. We consider the fixed point equation y = II¢(y) with
¢ so large that DII® is a contraction on each Y;; 0<j < k-1 keN
Because of Lemma 4.7 all assumptions of Theorem 4.8 are satisfied. So there
is a locally unique solution y(q, g, Wext, i) € Yi of ¥(y) = y if (¢, g, Wext, it) is
near (q*, g%, wey, 1) satisfying y(q, g%, we, 1) = y* and y(q, g, Wext, 1) is a
Ck=Ii-function of (g, g, Wex, i) With respect to the norm || - lly;, 0 <j <k. As
in the proof of Lemma 4.7 we can argue that y(q, g, wext, 1) is also a solution of
(4.2) since with y = y(q, g, Wext, i) also II*(y), i € Z, are solutions of II*(y) = y
and since the solution of y = IT*(y) is locally unique.

The reduced equation (4.3) is C*~J-smooth in its variables if y(q, g, Wext, i) is
considered as lying in Yj. Solving the reduced equation by the ordinary im-
plicit function theorem we obtain relative periodic orbits @1, , o(u(Wext, i) =
Pg(wers ) W(Wext, ) of (1.3) to the parameters wexy, g With (wext,p) near
(wiee, 1¥). Here g(wext, i) is CF-smooth in (wWext, ) and u(wext, 1) depends
C*~J_smoothly on (wexs, 1) when considered as lying in Y;.

Proposition 2.17 is proved along the same lines.

4.6 PROOF OF THE RESULTS ON HOPF BIFURCATION BY USE OF LYAPUNOV-
SCHMIDT-REDUCTION

In this section we will prove Theorem 3.2 on Hopf bifurcation and Proposition
3.7 on equivariant Hopf bifurcation by Lyapunov-Schmidt-reduction. First we
will prove Lemma 3.1 on the eigenvalue path 3(u).

4.6.1 PRrROOF OF LEMMA 3.1

Let P be the projection onto the center-unstable eigenspace of ©v*. By Lemma
4.7 we have P € L(Y,Y,_1) and P* € L(Y*,Z}_,) with the hierarchy of
Banach spaces {Y] }o<;<i defined by (4.4).

Let u* satisfy Hypothesis (S) and let u*(u) € S;, p small, be the C*¥-smooth
manifold of relative equilibria of (1.3) such that ©*(0) = u* (cf. Section 3.1).
We will show:

LEMMA 4.9 If the above assumptions hold then uw*(u) satisfies Hypothesis (S)
and the center-unstable spectral projection P of L* can be continued to a spectral
projection P(p) of L*(u) such that P(u) is C*=1 in p in the space L(Y).

PROOF. Let B(it) = pexp(—e=(u)t)DPe(u*(1); 1) be the linearization at the
relative equilibrium w*(p) in the comoving frame and choose t so large that
I(1 — P)B(p)|| < ¢ <1 for small u. Let A € C, |A| > ¢. Due to Lemma 4.7 the
equation

y=~0-=P)By—w+ (B) —Naq), ¢€PY,weYe

> =

can be solved to get a solution y(g, 4, A) for p small enough. By Theorem 4.8
the solution y(g, p, A) is C¥~177 in p in the norm [ - ||y,. Now we solve the
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equation
P(B(p) = M(y(g, 1, A) + q) = Pw

by the implicit function theorem. We conclude that (B(u) — \) ™ tw is CF=7~1
in p in the space Y;. Let o denote the center-unstable spectral set of B(0) and

denote .
P(p) = — A= B(u))"tdA
W=3mf OB

Since P € L(Y,Y)—1) we know that p,P(u)P is C*¥~l-smooth in (g, u) in the
space L(Y). Since P* € L(Y™*, Z}_,) we can apply the same arguments on the
dual space which yields that pjP*(u)P* is C*k=1in (g, ) in the space L(Y).
The operator P(u) is a linear combination of the operators (P*(u)er, ) P(u)e;
where {€;}i=1,...m is a basis of PY and {e}};=1,....m is a basis of P*Y. Conse-
quently pyP(p) and P(u)p, are Ck~1 in (g, u) in the space L(Y). ]

.....

Let ¥,(-) be the semiflow on $; in a comoving frame

Wi (uy ) = p;(}bt(u#,a))q)t(u +ut(p); p) —ut(p)

~ g( A

Let D¥,(0;0) = e’ and denote by P, the projection onto the space S; such
that P, alg(G)u* = 0. Then L =PL*P,.

Similarly denote DW,(0; p) = X", Then L(u) = P,(s1) L* (1) P (1) where

where u € ) is Yi-near u*, and g(u) is such that p i)u € S, see also (3.5).

P(py=y - Z o (1) ()™ (1)

and a;(p) € Y* are such that l;(y — >0, a;(p)(y)&u* () =0,i=1,...,m.
By the above Lemma 4.9 P,() is Ck¥~! in y in the space £(Y') and the operator
L(p)P () is C*~1 in  in the space £(Y). So the simple eigenvalue 5(0) = i
of L can be continued to a C*~1 smooth path of eigenvalues 3(u) of L(u) with
C*=1 smooth path of eigenvectors w(u). Note that 3(u) is an eigenvalue of
L(u) as well.

4.6.2 PROOF OF THEOREM 3.2

We will study the solutions of the equation

0=F(u,g,T, 1) = ( Z%:{Tgiﬁ)))jiu: L ) L (414

where I; € Y* and the conditions I;(u —u*) =0, i = 1,...,m, define a section
transversely to the G-orbit of u*. Later on, we will need an additional condition
to take care of the time-shift symmetry of the relative periodic orbits which we
want to find. The map F' is smooth in w, u, T' for T' > 0, but only continuous
in g. Further 9, F (u,g,T, ) is not continuous in g with respect to the norm
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|l - lzvy. So we can not use the usual Lyapunov-Schmidt-reduction to solve
equation (4.14), but (4.14) fits into the setting which we treated in the preceding
subsections, and we will use the techniques developed in these subsections to
solve (4.14).

We can find a projector P which is near P in the norm of L(Y,Yi—1) and such
that p, P and Pp, are C*-smooth in g in the norm of £(Y). Consider the fixed
point equation

y=T(y,q,9,T,p) := (1 = P)p; ' Oz (y + q, ),

with y € (1 — P)Y, q € PY, on the scale of Banach spaces Y;, 0 < j < k. This

fixed point equation equals (4.2) from Section 4 with Ty replaced by T and

®,(-) autonomous. So we get a solution y(q, g, T, 1) of the fixed point equation

which is C¥~J-smooth in its parameters in the Y;-norm. Now we are ready to

solve the reduced equation Fieq(q, g, T, 1) = 0 with Fleq given by

P(pg ' ®r(a+y(a.9,T 1), 1) —a—y(a.9, T,
Fred(Qag;T,PJ): ( lz(igu*),( z:(l,,m) ) ( ))

(4.15)

The map Freq is C*~7-smooth in its variables when considered as map from Y;

into Y;. The rest of the proof is standard, see [6]:

Let w be the eigenvector of L to the eigenvalue i. Let (w*,-) belong to the left

eigenspace of L* to the eigenvalue i such that

(Rew*,Rew) = (Imw*,Imw)=1,

(Rew*,Imw) = (Imw*,Rew)=0 (4.16)

is satisfied and (w*,algGu*) =0,i=1...m.
Let

1 * 2ﬂ-~7.r_ *
(0.9, 7o) = 5-(Rew”, [ e ™00 (y(q.0, o) + g — w1 k)
0

where ¥, is the semiflow in a comoving frame as defined in (3.5). We first
compute ¢ = ¢(s,T, 1) and g = g(s,T, ) as functions of s, T and p by solving

Frea — (Rew™, Fred) Rew — (Imw*, Fleq) Imw = 0.
and

2T
o, [ BT W (4.9 ) + g~ 0 ()i dt) = 0.
0

The last gondition fixes the time-ghift. Now we still have to solve the C*-
function F': R3 — R2, (s, T, u) — F(s,T, 1) given by

r _ <Imw*7Fwd(q(svT?H)ag(&T’:u‘)?Tuu‘»
B <(Rew*,Fred(q(8,T7 1), 9(s, T, ), T, u)>>
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Obviously F/(0, T, p) = 0, 957, F(0,27,0) = 0. We define

[V

FLS(SvTa ,LL) = F(SaTvu)'
Since )
lim — “F(s, T, p) = OsFps(0,T, 1)

and 0 F(O 2m,0) = 0 we have F,5(0, 27,0) = 0. Furthermore 07 Frs(0, T, 1) =
ArdsF(0,T, p) and 8, Frs(0, T, 1) = 8,95F(0,T, 1), since a(T#)F(O T, u) =0.

LEMMA 4.10 Under the assumptions of Theorem 3.2 the derivative
a(T”u)FLs(O, 271‘, 0)
of Frs in (s,T, ) = (0,27,0) has full rank.

PrROOF OF LEMMA 4.10. We have

(Imw G(T#)c’) \1/277( )Rew))

4.1
<Rew 8(Tu)8 \Ilgﬂ—( 0) Rew> ( 7)

O, Frs(0,2m,0) = <

We invoke the following lemma which is the adaption of a lemma in Crandall
& Rabinowitz [6] to our setting.

LEMMA 4.11 Let assumptions (i)—(iii) of Theorem 3.2 hold. Then

(Rew*,0,0,s:(0;0)Rew) = 27 Re 52(0), (4.18)
(Imw*, 0,,0,¥2,(0;0) Rew) = —27rlmg§(0), '

where (w*,-) is the left eigenvector of L to the eigenvalue i which satisfies

(4.16).

We have o
010, P2, (0;0) Rew = Le'?™ Rew = Imw.

Using Lemma 4.11 and condition (iv) we conclude that 97,y F.s(0, 27, 0) has
full rank. "
Because of Lemma 4.10 we can apply the ordinary implicit function theorem to
obtain solutions u(s, p2) := u*(u(s, pe))+2(s, u2), g(s, pe), T(s, ua), pu(s, p2) =
(11(s, n2), po) of (4.14) which are relative periodic orbits with 1;(z(s, u2)) =
0,7 =1,...,m. Here u(s, u2), g(s,u2), T(s,u2) are C*~l-smooth in s, po.
Moreover, z(s, y2) is C¥~!-smooth in the || - ||y-norm and C*~7~!-smooth in
the || - |ly,-norm, 1 < j <k — 1.

We have z(—s, pi2) = \IIT(.;;LQ) (z(s, p2); (s, u2)). Since p(s, p2), T(s,u2) do
not depend on the time-shift, they are even in s.

The solutions u(s) = u*(u(s)) + z(s), g(s), T(s), pu(s) of (4.14) which we
obtained above (for convenience we ignore the ps-dependence of the solutions

DOCUMENTA MATHEMATICA 5 (2000) 227-274



TRANSITIONS FROM RELATIVE EQUILIBRIA TO ... 271

in the notation) depend C*~!-smoothly on the chosen eigenvector of L to the
eigenvalue i. We can also consider z; € Y, g;, T}, j; as C*~!-smooth functions
of (s1 + ise)w where s1, s2 € R and w is the originally chosen eigenvector of L
to i. As before, 2(s1,52) is C*¥~7~l-smooth in the Y;-norm, 1 < j < k. We
have z(s) = z/(s1,0) and

2
- (Rew* + 1Imw™*, / PCTY (z(s); u(s))dt).
0 27

Obviously p(s) = mi(s1,s2), T(s) = Ti(s1, s2) only depend on s = ||(s1, s2)/l,

z1(s1, 82) == \Ilfgu) (2(s); u(s)), where s1 = scost, sy =ssinT,

and u;(s1, s2) = u*(u(s)) + z1(s1, s2). "

4.6.3 EQUIVARIANT HOPF BIFURCATION

In this subsection we prove Lemma 3.7, see also section 3.3. If the isotropy
K of the relative equilibrium «* is non-trivial it may happen that forced by
symmetry the eigenspace of the K-equivariant matrix L to the Hopf eigenvalue
i has dimension higher than 2. Then the assumptions of Theorem 3.2 are not
satisfied any more.

We choose functionals I;, ¢ = 1,...,mg, which define a section S; = u* + S,
transversal to the group orbit Gu* in u* such that S, is K-invariant and that
P, is K-equivariant, see subsection 3.3. Here mg = dim(G/K).

If ©(K) = Z, then we solve the equation

F(u,g,T,p) = ( Z((ihi);ngujl);?‘mK > =0 (4.19)

on Fix(Kyie) where T = 27/4, g ~ e7¢" the group H is generated by h* € K
and Kyir = ker(0©) is axial. By our assumptions DF, (u*, 62%5*,27'(‘/&0”& has
a two-dimensional kernel and therefore (4.19) can be solved by the methods of
subsection 4.6.2.

If O(K) = S! we solve

F(’U,,g,T, ,U/) _ ( pgexp(fx*T) ‘T(’UHM) u ) -0 (420)

lLi(u—u*), i=1,...mg

on Fix(Kpif). In this case the axial group H is generated by x* € alg(K) and
Kui¢ = ker(0). We choose T such that (p,—y-rel? —1) |, has a two-dimensional

kernel. This is possible because the number of center eigenvalues of L is finite.
Then we can proceed as before. "
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