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ABSTRACT. Using the standard duality we construct a linear embedding
of an associated module for a pair of ideals in an extension of a Dedekind
ring into a tensor square of its fraction field. Using this map we investi-
gate properties of the coefficient-wise multiplication on associated orders
and modules of ideals. This technique allows to study the question of de-
termining when the ring of integers is free over its associated order. We
answer this question for an Abelian totally wildly ramified p-extension
of complete discrete valuation fields whose different is generated by an
element of the base field. We also determine when the ring of integers is
free over a Hopf order as a Galois module.
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INTRODUCTION

0.1. Additive Galois modules and especially the ring of integers of local fields
are considered from different viewpoints. Starting from H. Leopoldt [L] the
ring of integers is studied as a module over its associated order. To be precise,
if K is an extension of a local field & with Galois group being equal to G
and O is the ring of integers of K, then D is considered as a module over
Ap/p(Or) = {N € k[G], MOk C Ok}

One of the main questions is to determine when O is free as an A, (O K )-
module. Another related problem is to describe explicitly the ring g/, (Ok)
(cf. [Fr], [Chi], [CM]).

DOCUMENTA MATHEMATICA 5 (2000) 657-693



658 M. V. BONDARKO

This question was actively studied by F. Bertrandias and M.-J. Ferton (cf. [Be],
[B-F], [F1-2]) and more recently by M. J. Taylor, N. Byott and G. Lettl (cf.
(1], [By], [Let]).

In particular, G. Lettl proved that if K/Q,, is Abelian and k C K, then O ~
Ag/p(OK) (cf. [Lel]). The proof was based on the fact that all Abelian
extensions of @, are cyclotomic. So the methods of that paper and of most of
preceding ones are scarcely applicable in more general situations.

M. J. Taylor [T1] considers intermediate extensions in the tower of Lubin-Tate
extensions. He proves that for some of these extensions Ok is a free A i/, (O i )-
module. Taylor considers a formal Lubin-Tate group F'(X,Y") over the ring of
integers o of a local field k. Let m be a prime element of the field k£ and 75,
be equal to Ker[n™] in the algebraic closure of the field k. For 1 <r < m, let
L be equal to k(Ty,4r), and let K be equal to k(Ty,), . Lastly, let ¢ be the
cardinality of the residue field of k.

Taylor proves that

(1) the ring O is a free Ay k(O )-module and any element of L whose valu-
ation is equal to ¢" — 1 generates it, and

(2) A/ x(Or) = Ok + 23;82 Oko;, where o; € K[G] and are described
explicitly (cf. the details in [T1], subsection 1.4).

This result was generalized to relative formal Lubin-Tate groups in the papers
[Ch] and [Im]. Results of these papers were proved by direct computation. So
these works do not show how one can obtain a converse result, i.e., how to
find all extensions, that fulfill some conditions on the Galois structure of the
ring of integers. To the best of author’s knowledge the only result obtained
in this direction was proved in [Byl] and refers only to cyclotomic Lubin-Tate
extensions.

0.2. In the examples mentioned above the associated order is also a Hopf order
in the group algebra (i.e., it is an order stable under comultiplication). Sev-
eral authors are interested in this situation. The extra structure allows to deal
with wild extensions as if they were tame (in some sense). This is why in this
situation, following Childs, one speaks of “taming wild extensions by Hopf or-
ders”. In the paper [By1], Byott proves that the associated order can be a Hopf
order only in the case when the different of the extension is generated by an
element of the smaller field. The present paper is also dedicated to extensions
of this sort. More precisely, Theorem 4.4 of the paper [Byl] implies that the
order A/, (Ox) can be a Hopf order (in the case when the ring Ok is o[G]-
indecomposable) only if K/k fulfills the stated condition on the different and
O is free over Ag/,(Ok). Our main Theorem settles completely the question
to determine when the order A /k(D k) is a Hopf order. It also describes com-
pletely Hopf orders that can be obtained as associated Galois orders. We shall
also prove in subsection 3.4 that under the present assumptions if O is free
over Ax /1, (Ok), then A/, (D) is a Hopf order and determine when the in-
verse different of an Abelian totally ramified p-extension of a complete discrete
valuation field is free over its associated order (cf. [Byl] Theorem 3.10).
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In the first section we study a more general situation. We consider a Galois
extension K/k of fraction fields of Dedekind rings, with Galois group G. We
prove a formula for the module

Q:K/k(lla IQ) = HOHIU (11712) y

where Iy, Iy are fractional ideals of K (this set also can be defined for ideals
that are not G-stable) in Theorem 1.3.1. We introduce two submodules of
Cx /i1, I2):
Ak, I2) = {f € k[G]|f(I1) C L2}
%K/k(ll,lg) = Homo[G](Il,Ig), .

These modules coincide in the case when K/k is Abelian (cf. Proposition 1.4.2).
We call these modules the associated modules for the pair I, Is. In case Iy = I
we call the associated module associated order.

In subsection 1.5 we define a multiplication on the modules of the type
Cx k11, I2) and show the product of two such modules lies in some third one.
We have also used this multiplication in the study of the decomposability
of ideals in extensions of complete discrete valuation fields with inseparable
residue field extension (cf. [BV]).

Starting from the second section we consider totally wildly ramified extensions
of complete discrete valuation fields with residue field of characteristic p with
the restriction on the different:

Dppp = (0),6 €k (+).

This second section is dedicated to the study of conditions ensuring that the
ring of integers O is free over its associated order 2/ (Ox) or Bx /i (Ox).
Let n = [K : K].

We prove the following statement.

PROPOSITION. If in the associated order Ug /i, (Ok) (Br/k(OK) resp.) there
is an element & which maps some (and so, any) element a € Ok with valuation
equal to n — 1 onto a prime element of the ring Ok, then O ~ Uk, (resp.
B i) and besides that g (resp. By i) has a “power” base (in the sense of

A
multiplication =, cf. the second section), which is constructed explicitly using
the element €.

The converse to this statement is also proved in the case when A/, (O k) (resp.
Br/k(OK)) is indecomposable (cf. the Theorems 2.4.1, 2.4.2). An important
part of our reasoning is due to Byott (cf. [Byl]).

0.3. The third, fourth and fifth sections are dedicated to proving a more ex-
plicit form of the condition of the second section for the Abelian case. The main
result of the paper is the following one. We will call an Abelian p-extension of
complete discrete valuation fields of characteristic 0 almost mazimally ramified
if its degree divides the different.
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THEOREM A. Let K/k be an Abelian totally ramified p-extension of p-adic
fields, which in case chark = 0 is not almost mazximally ramified, and suppose
that the different of the extension is generated by an element in the base field
(see (*)). Then the following conditions are equivalent:

1. The extension K/k is Kummer for a formal group F, that there exists
a formal group F over the ring of integers o of the field k, a finite torsion
subgroup T of the formal module F(M,) and a prime element my of k such that
K = k(z), where x is a root of the equation P(X) = mg, where

P(X) = H(X;t) :

teT

2. The ring Ok 1is isomorphic to the associated order U/, (Ok) as an o[G]-
module.

Remark 0.3.1. Besides proving Theorem A we will also construct the element
¢ explicitly and so describe g /1 (Dr) (cf. the theorems of §2).

Remark 0.3.2. IF k is of characteristic 0 the fact that O i is indecomposable as
an 0[G]-module if and only if K/k is not almost maximally ramified, was proved
in [BVZ]. The case of almost maximally ramified extensions is well understood
(cf., for example, [Be]). It is obvious, that in the case chark = p the ring Ok
is indecomposable as an o[G]-module, because in this case the algebra k[G] is
indecomposable.

Remark 0.3.3. In the paper [CM] rings of integers in Kummer extensions for
formal groups are also studied as modules over their associated orders. In that
paper Kummer extensions are defined with the use of homomorphisms of formal
groups. For extensions obtained in this way freeness of the ring of integers over
its associated orders is proved. Childs and Moss also use some tensor product
to prove their results. Yet their methods seem to be inapplicable for proving
inverse results.

Our notion of a Kummer extension for a formal group is essentially equivalent
to the one in [CM]. We however only use one formal group and do not impose
finiteness restriction on its height.

Besides we consider also the equal characteristic case i.e., char k = char k = p.
Using the methods presented here one can prove that we can actually take the
formal group F' in Theorem A of finite height. Yet such a restriction does not
seem to be natural.

Remark 0.3.4. Theorem A shows which Hopf orders can be associated to Galois
orders for some Abelian extensions. The papers of mathematicians that “tame
wild extensions by Hopf orders” do not show that their authors know or guess
that such an assertion is valid.

In the third section we study the fields that are Kummer in the sense of part
1 of Theorem A and deduce 2 from 1. In the fourth section we prove that we
can suppose the coefficient by in £ = 6713 b,0 to be equal to 0. Further, if
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by is equal to 0, then we show that there exists a formal group F' over o, such
that for 0 € G the b,, form a torsion subgroup in the formal module F(9,),
ie.,

by + by = byr .
F

In the fifth section we prove that if b, + b, is indeed equal to by, then K/k is
F

Kummer for the group F.

0.4. This paper is the first in a series of papers devoted to associated orders
and associated modules. The technique introduced in this paper (especially
the map ¢ and the multiplication * defined below) turns out to be very useful
in studying The Galois structure of ideals. It allows the author to prove in
another paper some results about freeness of ideals over their associated orders
in extensions that do not fulfill the condition on the different (*). In particular,
using Kummer extensions for formal groups we construct a wide variety of
extensions in which some ideals are free over their associated orders. These
examples are completely new. We also calculate explicitly the Galois structure
of all ideals in such extensions. Such a result is very rare. In a large number
of cases the necessary and sufficient condition for an ideal to be free over its
associated order is found.

The author is deeply grateful to professor S. V. Vostokov for his help and
advice.

The work paper is supported by the Russian Fundamental Research Foundation
N 01-00-000140.

§1 GENERAL RESULTS

Let

0 be a Dedekind ring,

k be the fraction field of the ring o,

K /k be a Galois extension with Galois group equal to G,

D = Dy, be the different of the extension K/k,

n=|K:k,

tr be the trace operator in K/k.

We also define some associated modules.

For I; and Iy G-stable ideals in K put

B i(l1,12) = Homg g (11, I2). For Iy, I> not being G-stable one can define

Bre/(l, L) = {f € Homgq)(K, K), f(I1) C Iz}

For arbitrary I, Is C K we define

Ur/e(l, L) ={f € k[G]|f(I1) C L2},

QtK/k(Ilv 12) = HOIIlo(Il, IQ)

Obviously, any o-linear map from I; into I can be extended to a k-linear
homomorphism from K into K. The dimension of Homy (K, K) over k is equal
to n?. Now we consider the group algebra K|[G]. This algebra acts on K and
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the statement in (Bourbaki, algebra, §7, no. 5) implies that a non-zero element
of K[G] corresponds to a non-zero map from K into K. Besides the dimension
of K[G] over k is also equal to n?. It follows that any element of Homy (K, K)
can be expressed uniquely as an element of K[G]. So we reckon g (11, I2)
being embedded in K[G].

1.1. We consider the G-Galois algebra K ®, K. It is easily seen that the tensor
product K ®j K is isomorphic to a direct sum of n copies of K as a k-algebra.
Being more precise, let K,, ¢ € G denote a field, isomorphic to K.

LEMMA 1.1.1. There is an isomorphism of K-algebras

v KopK =) K,
ceG

where Y =" _ 1, and 1, is the projection on the coordinate o, defined by the
equality
Yoz ®@y) = z0(y) € Ko

The proof is quite easy, you can find it, for example, in ” Algebra” of Bourbaki.
Also see 1.2 below.

Now we construct a map ¢ from the G-Galois algebra K ®j K into the group
algebra K[G]:

¢ K @ K — K[G]
@ a=> 1@y —d@)=> x <Z U(?Ji)0>-
i i oeG

It is clear that ¢(a) as a function acts on K as follows:
(2) d(a)(z) = intr(yiz), ze K.

Besides that, the map ¢ may be expressed through v, in the form

(3) o) = ng(a)o, a€e Ko K.

PROPOSITION 1.1.2. The map ¢ is an isomorphism of k-vector spaces between
K @i K and K[G].

Cf. the sketch of the proof in Remark 1.2 below.

1.2 PAIRINGS ON K ®; K AND K|[G].
There is a natural isomorphism of the k-space K and its dual space of k-
functionals:

~

K- K
a — fq(b) = tr(ad).
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We define a pairing (, ) on K ® K, that takes its values in k:

(K@kK)X(K®kK)~>k
(a®b,cRd)g — (fa® fo)(b®d) = (trac)(tr bd).

This pairing is correctly defined and is non-degenerate. The second fact is
easily proved with the use of dual bases.
We also define a pairing on K[G] that takes its values in k:

K[G] x K[G] — k
a:Zaga, 8= ZbUUHZtragbg = {(a, B) k[a)-

The pairing (,)x[¢) is also non-degenerate because it is a direct sum of n =
[K : k] non-degenerate pairings

KxK—k
(a,b) — trab.

We check that for any two x,y the following equality is fulfilled:

(4) (T, 9)e = (9(), 9(¥)) k() -

Indeed, it follows from linearity that it is sufficient to prove that for x =
a®b, y=c®d. In that case we have

(a®b,c®d)g = tractrbd,

and besides that
(p(a @b), p(c®d))k(ay
={(a Z o(b)o, CZ o(d)o) k[

= Z tr(aco(bd)) = Z Z 7(aco(bd))
= Z Z 7(ac)To(bd) = tractr bd.

and the equality (4) is proved.

Remark 1.2. Tt follows from (4) that the map ¢ from (1) is an injection. Indeed,
let ¢(a) be equal to 0 for a € K ®j K, then (¢(a), ¢(3)) kg = 0 for any
b € K® K. So, according to (4), (o, 8)g = 0 for any § € K ®; K. From
the non-degeneracy of the pairing (,)g it follows that « = 0. That implies
Ker(¢) = 0.

Using the equality of dimensions we can deduce that ¢ is an isomorphism.
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1.3 MODULES OF HOMOMORPHISMS FOR A PAIR OF IDEALS.
Let I, Is be fractional ideals of the field K.

THEOREM 1.3.1. Let ¢ be the bijection from (1) and let I} = D~ I (this is
dual of I for the bilinear trace form on K ). For the associated modules the
following equality holds:

Cx (i, I2) = ¢(l2 @, I7)

Proof. First we show that ¢(Is ®, I7) C €)1, 12). If x € I, y € I}, then
for any z € I; we have, according to the definition (2):

d(rRy)(z) = ztr(yz) € I,

since z € I and tr(yz) € o, which follows from the definition of I; and of the
different .

Conversely, let f € €x/r(I1,I2). We define a map ¢y and show that it is sent
onto f by ¢. Let:

O: I;®,I1 — o
(5)
z@y = tr(zf(y)).
This map is correctly defined since = € I} = ®~'I; " and f(y) € I, thus
tr(zf(y)) € o.

For a o-module M we denote by M the module of o-linear functions from M
into 0. It is clear that

(6) 05 € (I @ Ih).

We identify the ideal I; with the o-module IA; via:

IQ — ng
a— fo= Z o(a)o.
oceG

Obviously f,(z) = tr(az) for any z € I.

In a completely analogous way we identify I} with IAf

Using these identifications and the fact that I; and I3 are projective o-modules
we obtain an isomorphism

—

I ®, Iy — (Iék ®o I1)

7
() a®b_>ha,b7
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where hep(z®@y) = (a® b,z Q@ y)g = (trax)(trby) for all z in I3 and y in 1.

The map 6 in (5) lies in (IQ*®/0\11) (cf. (6)), and so, according to the isomor-
phism (7), it corresponds to an element ay in I ®, I7, i.e.,

af:Zaiébbi, a; € I, bielf.

Then (7) implies that the functional h,,, that corresponds to the element oy,
is defined in the following way:

ha;(z@Yy) = (o, z@y)e = Ztraixtrbiy.

K2

On the other hand, from the definition of 8¢ (cf. (5)) we obtain:

ha,(x®y) =0z @y) = tr(zf(y)).

It follows that f(y) =Y, a; tr(bjy). So we have

F=00> ai®b),
and for any f in €/, (I1,I2) we have found its preimage in I, ® I, i.e.,
Cryi(l1, I2) C d(I2 @, I7).

The theorem is proved. [

Remark 1.3.2. In the same way as above we can prove, that if we replace the
ideals I, I> by two arbitrary free o-submodules X and Y of K of dimension
n, then we will obtain the following formula:

-~

where X is the dual module to X in K with respect to the pairing K x K — k
defined by the trace tr.

Remark 1.3.3. All elements in @K/k(ll,IQ), Q[K/k(ll,lg), %K/k(ll,IQ) have
unique extensions to k-linear maps from K to K. To be more precise, if f :
I — I is an o-homomorphism, then for all z € K we can assume f(z) = af(a)
ifx=aa, a €k, a € I.1t is easily seen that the map we obtained in this way
is a correctly defined k-linear homomorphism from K into K.
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1.4. Now we compare the modules 2 and *B.

PROPOSITION 1.4.

(8) Akl 12) = B i (I, I2)
if and only if K/k is an Abelian extension.

Proof. 1. Let K/k be an Abelian extension. To verify the equality (8) in this
case, let first f belong to ™Ax /i ([1,[2), then f is an o-homomorphism from I;
into I5. Besides that, f commutes with all elements of G since G is an Abelian
group, i.e., of(a) = f(o(a)) for all 0 € G and a € I;. So we obtain that f is
an o[G]-homomorphism from I; into I, thus f € B, (11, I2).

For the reverse inclusion, let f belong to B i (I1,12). Then f induces an
0[G]-homomorphism from K into K. We take an element x that generates a
normal base of the field K over k. Then there exists an element g € k[G] such
that f(xz) = g(x), to be more precise, if f(z) = > a,0(x), a, € k then we
take g = > a,0. We consider the o[G]-homomorphism g from K into K. Since
G is an Abelian group, f(o(z)) = o(f(z)) = o(g9(z)) = g(o(x)) for any o € G.
We obtain that k-homomorphisms f and g coincide on the basic elements and
50 f =g c k‘[G] and f(]l) C I, ie., f S QlK/k(Il,IQ)

2. Now we suppose that g/, (11, I2) = Bk /i (11, I2) and check that K/k is an
Abelian extension. Indeed, since kg /i (11, 12) = k[G], A i (11, I2) contains
elements of the form ac, where a € k*, for any ¢ € G. It follows from our
assumption that ac € Bk i (I1,[2), and so ao is an o[G]-homomorphism. We
obtain that G commutes with all elements ¢ € G. Proposition is proved. O

ProrosiTION 1.5. If we assume the action of G on K ®; K to be diagonal,
then

Brn(l1, L) = ¢((I ®, 17)%)

Proof. Let a belong to (Is ®, I7)¢. We have to show that ¢(a) is an o[G]-
homomorphism from I; into I5. This means that

o¢(a)(z) = d(a)(o(2))

for all z € I;. Let a be equal to > a; ® b;, a; € Iz, b; € I{. Then from the
definition of ¢ (cf. (2)) it follows that

¢(a)(o(z)) = Zai tr(bio(2))

- Z a; tr(o™ 1 (b)o(2)) = ¢ (Z a; ® a—l(bi)> (2)-
On the other hand, Z l
ob(a)(z) = o (Z ai tr(biz))
= (e tr(biz) = 6 (Y olas) @ i) (2),
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From the G-invariance of the element « it follows that

o (D a0 (v)) =6 (Y ola) o0 (b)) = ¢ (X ola) @b).

Thus ¢(a)(0(2)) = 0¢(a)(z) for any o € G, i.e., p(a) € B (11, I2).
Conversely, let f belong to By (I1,1I2), then f € €k i(I1,12) and so, ac-
cording to Theorem 1.3.1, there is an o € Iy ® I{, such that f = ¢(a). It
remains to check that « is G-invariant. We use the fact that f is an G-
homomorphism, i.e., of(z) = f(oz) for all ¢ € G and z € I;. We obtain
an equality o¢(a)(z) = ¢(a)(0oz). By writing the left and the right side of the
equality as above we obtain for « = 3" a; ® b;:

op(a)(z) = ¢ (Z oa; ® 0(0_1bi)) (2)
dla)oz) =6 (S arwob) (=)

It follows that

10} (Z oa; ® o(ailbi)) =¢ (Z a; ® oflbi) .

Now using the fact that ¢ is a bijection we obtain

Z oa; @ (o 'b;) = Z a; @ o tb;.
We apply to both sides of the equality the map

l@o: K@ K - KR, K
a®b—a®a(b)

)

that obviously is an homomorphism. We have

Zaai®obi :Z(M@bi,

ie,o(a)=a O

1.6 THE MULTIPLICATION * ON K|G].

On the algebra K ®y, K there is a natural multiplication: (a®b)-(c®d) = ac®bd.
Using it and the bijection ¢ we define a multiplication on K[G]. To be more
precise, if f,g € K[G], then we define

frg=0(67"(f) 07" (9) € K[G]. 9)
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PROPOSITION 1.6.1. If f =3 _a,0 and g =) b,0o, then

fxg= Zagbgo.

Proof. Let f be equal to ¢(«), g be equal to ¢(8), where a, 8 € K @ K. If
a=) 1,y /=) uj®vj,, then from the definition of ¢ (cf. (1)) we obtain

P(ar) = in Zoym, o(B) = Zuj Zavjo.

It follows that

Z Agby0 = Z ziujo(y;v;)o.
o 1,7

On the other hand,

frg=o(aB) =¢ D (riw @yuw;) | =) ziujo(yivj)o
i,j 0,J
and we obtain the proof of Proposition. [

Remark 1.6.2. The formula from Proposition 1.6.1 will be used further as an
another definition of the multiplication .

1.7 MULTIPLICATION ON ASSOCIATED MODULES.

Now we consider the multiplication (9) on the different associated modules.
Here we will see appearing the different which we will suppose to be induced
from the base field in the following sections.

PROPOSITION 1.7.1. Let f belong to C€g,i(l1,12), and let g belong to
@K/k(lg,lzl). Then
g€ Cxpp(I1 3D, I21y).

Proof. Tt is clear that ¢~1(f) and ¢~!(g) belong to Iy ®, I and Iy ® I} re-
spectively. So we obtain that ¢=1(f)¢~1(g) lies in the product

(12 @0 IT) (I ®o I3%) = I214 ®, (I113)
=Ll @, = LI, @, (D1 13)*.

So from the Theorem 1.3.1 it follows that f+g belongs to €x /(11 13D, I214). O

Now we study the multiplication * on the modules B .
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PROPOSITION 1.7.2. Let f belong to By i(I1,I2) and let g belong to
%K/k(13514); then
[*9€Br)(113D, I21y).

Proof. Since B, (I,J) is a submodule in € (1, .J), from Proposition 1.7 it
follows that f x g € CK/k(Illg,@, I,1,). From Proposition 1.5 we deduce that
f and g belong to phi(K @i KY), g € ¢(K @r K). So f*g e ¢(K @ KY),
and this implies that

frgeCrp(lisD, LI N (K @ KY) =By (1119, LIy).

O

PROPOSITION 1.7.3. Let f belong to Uk i(I1,12) and LET g belong to
QlK/k(Ig,I4), then
[xg €Ug (3D, Ialy).

Proof. From Proposition 1.7 it follows that
frg€Cxp(hiz®, Ialy) (10)

since Ui (I1,12) and Agp(I3,14) are submodules OF €y (11, 12) and
€k /i (I3, I4) respectively.

From the definition of 2/ it follows that f and g belong to k[G]. So the
coeflicients of f and ¢ lie in k, and from Proposition 1.6.1 it follows that f * g
also belongs to k[G]. Then (10) implies that

f * g S Q:K/k(lllgg, IQI4> n k[G] = QlK/k(Illgg, IQI4>,
and thus the proposition is proved. [

§2 ISOMORPHISM OF RINGS OF INTEGERS OF TOTALLY
WILDLY RAMIFIED EXTENSIONS OF COMPLETE DISCRETE
VALUATION FIELDS WITH THEIR ASSOCIATED ORDERS.

2.1. Let K/k be a totally wildly ramified Galois extension of a complete dis-
crete valuation field with residue field of characteristic p. Let © be the different
of the extension and let O be the ring of integers of the field K. From this
moment and up to the end of the paper we will suppose the condition (*) of
the introduction to be fulfilled, i.e., that ® = (0), with § € k. We will write
Q’[K/k(DK)7 %K/k(DK) instead of QLK/k(DK,DK), %K/k(DK,DK)-

We denote prime elements of the fields k£ and K by mp and 7 respectively, and
their maximal ideals by 9T, and 9.
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PROPOSITION 2.1. The modules Cx/i(OK), Ur/k(Ok), Br/w(Ox) are o-
algebras with a unit with respect to the multiplication

fig=0f+g=0"16(6"'(0)¢" (39))
(cf. (9)). The unit is given by 6~ ‘tr.
The motivation for the above definition is given by Theorem 2.4.1 below.
Proof. Let f and g belong to €x/,(Ok), then according to Proposition 1.7,
the product f * g maps the different ® into the ring Og. It follows that f ﬁg
maps D into D, and so it also maps o into itself since ® = §O k. We obtain

that % defines a multiplication on the each of the modules associated to O .
Now we consider the element § ! tr and prove that it is the unit for the multi-
plication § in each of these modules. It is clear that 6! tr maps O into itself
and that 6~ tr belongs to k[G], so 6 tr belongs to A /(O k). Besides that,
6! tr commutes with all elements of G and so 6! tr lies in By /(O ).

Let now f belong to K[G], then

f= Zaga, ay € K, 6 1 tr = 26_10.
g g
So, according to proposition 1.6.1,

fr(6 )= Zé‘laga

and we obtain A

fx(07 r) = Zag =f.
Since A k(Ok), Br/k(Ok) are o-submodules in Cx/p(Ox), 6 1tr €
Ak /k(Ok), Br/u(Ok), 6 tr is also an identity in Ap/k(Ok), Br/k(Ok)

A
with respect to the multiplication *.
2.2. Let as before n be equal to [K : k].

LEMMA 2.2.1. Let x be an element of the ring Ok whose valuation equals
n—1, ie, vg(x) =n—1. Then

vg(trz) = vg(0) .

In particular, there is an element a in Ok with vk (a) = n — 1 and such that
tra = 4.

Proof. Let 9t and M, be the maximal ideals of K and k respectively. From the
definition of the different and surjectivity of the trace operator it follows that
tr(MM~1D 1) = M. Moreover any element of M~ 1D 1, that does not belong
to ®~!, has a non-integral trace. So the trace of the element z = 7r0_15_1$ is
equal to

trz = 7r0_1571 troz = 7r0_1€, €€ o™

Thus trz = 4. Further, if we multiply the element = by ¢!

the element a. O

€ 0", then we get
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LEMMA 2.2.2. In the ring Ok we can choose a basis ag,ay,...,an_2,a, where
a is as in Lemma 2.2.1, and the a; for 0 < i <n —2 are such that vi(a;) =1,
and satisfy tr a; = 0.

Proof. The kernel Ker tr(O i) has o-rank equal to n—1. Let zg, ..., z,—2 be an
o-basis of Kertr(O ). Along with the element a they form a o-base of the ring
Ok. By elementary operations in Kertr(Og) we can get from zg,...,Tn_2
a set of elements with pairwise different valuations. Their valuations have to
be less than n — 1. Indeed, otherwise by subtracting from the element zg of
valuation n — 1 an element a of the same valuation multiplied by a coefficient
in 0* we can obtain an element of 91", which is impossible. [

2.3. Let a be an element of O i with valuation equal to n—1, where n = [K : k],
and let
tra =94, (12)

where § is a generator of the different D gy (cf. Lemma 2.2.1).
PROPOSITION 2.3.1. 1. The module A/, (Ox)(a) mod IMM™ is a subring with

an identity in O mod M™ (with standard multiplication).

2. The multiplication % in Ar/k(OK) (cf (11)) induces the standard multipli-
cation in the ring Ak /1, (Ox)(a) mod M", i.e.,

fﬁg(a) = f(a)g(a) mod M".

Proof. Let f and g belong to g /(O k). Then the preimages ¢~ (5f), ¢~ (dg)
with respect to the bijection ¢ belong to Ok ®, Ok, since

D Qo @71 = 69]{ Xo 6719[( = DK ®o DK

We prove that
o toa)=x®1+y, (13)

where x € O and y € O @ M.
Indeed, ¢~ (da) = > a; @ b;. If b; € M, then a; ® b; € O @ I, otherwise
bi = Ci+di, where c; €0, dz € 9 and so az®bz = ai®ci+ai®di = szz®1+yu
where ¢;z; € Ok, since ¢; € 0 and y; € O ® M. So (13) follows.
Similarly

¢ (dg) =" @1+, (14)

where 2’ € Ok, y' € Ox @M.
Thus
¢ 6f)p 7 (0g) = (z@1+y) (@' @1 +Y)
=z’ @1+y((@' @) +y)+ @1y (15)
=z2' ®1+ 2, where z € O @ M.
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We consider the action of the element f € g/, (Ok) on the element a with
valuation equal to n — 1. From (13) we obtain f = §~'¢(z ® 1 + y), where
€Ok, y € Oxg @M. Then from the definition of the map ¢ we have:

fla)=6"p(z®@1+y)(a)
=6 (¢(z ® 1)(a) + ¢(y)(a))
=5 wtra+ 0 o(y)(a).

We show that §~1¢(y)(a) € M™,
ie.,
fla) =6 tztra+ z, where z € MM". (16)

Indeed, let y be equal to > a; ® b;, then from the definition of ¢ we deduce

that
d(y)(a) =Y ai tr(bia).

Moreover trb;a € DM,, thus 6~ ta; tr(b;a) € M", ie., 2 = 5 1p(y)(a) € M
and we obtain (16).
Our assumptions imply that tra = ¢, so

f(a) =z mod M"

and similarly
g(a) =2 mod M,

where 2’ is the element from (14). Then

f(a)g(a) = xzz’ mod IM".

A
On the other hand from the definition of the multiplication fxg (cf. (11)) it
follows that

fHg(@) = 371067 (61)6™" (B9))(a).
Using this and keeping in mind (15) and (16) we obtain
fﬁg(a) =0"¢(zz’ @1+ 2)(a) = x2’ mod M".

So we have the congruence

fﬁg(a) = f(a)g(a) mod M".

Also, the element 6! tr in A /x(OK) gives us an identity element in the ring
Ak /(O )(a) mod M", since 6 tra =1 (cf. (12)). O

Remark 2.3.2. For any other element a’ in the ring Oy with valuation equal
ton — 1 we have A/, (Ok)(a") = A/ (Ok)(a) mod M, € € o*.

Remark 2.3.3. A similar statement also holds for the module Bk, (Ok)(a)
mod IM™.
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2.4. Now we formulate the statements which we will begin to prove in the next
subsection.

We will investigate the following condition:

in the order A, (Or) (resp. By i(Ok) ) there exists an element & such that

(a) =, (17)

where 7 is a prime element of the field K and a is some element with valuation
equal ton — 1.

THEOREM 2.4.1. If in the ring U/, (OK) (resp. B /p(OK)) the condition
(17) is fulfilled, then the element & generates a “power” basis of U /p(OK)

(Br/(OK) resp.) over o with respect to the multiplication & (cf. 11), i.e.,
mK/k(DK) = <€Oa£13 s ,é-n—1>,

where €0 = 61 tr is the unit and &' = fﬁfiil.

THEOREM 2.4.2. 1. If for the ring Ux /i (Ok) (resp. B /k(Ok)) the condi-
tion (17) is fulfilled, then the ring O is a free Uk /1, (Ok)-module (resp. free
B /1 (O )-module).

2. If the ring Ok is a free module over the ring U/, (Ok) (resp. B p(OK))
and if moreover the order Ay /1, (Or) (resp. B i (Ok)) is indecomposable (i.e
does not contain non-trivial idempotents), then for the ring U/, (Ok) (resp.
B x(OK)) the condition (17) and so also the assertions of the theorem 2.4.1
are fulfilled.

Remark 2.4.3. If £ maps some element with valuation equal to n — 1 onto an
element with valuation equal to 1, then ¢ also maps any other element with
valuation equal to n — 1 onto an element with valuation equal to 1.

Indeed, if a € K, vi(a) = n— 1 and vk (&(a)) = 1, then any other element
a' € Ok, for which vk (a') =n — 1, is equal to ca + b, where ¢ € 0*, b € IM",
so b = mob’, where g is a prime element in k. Besides that ¥’ € Og and we
obtain £(b) = me&(d’) and this implies vi (£(b)) > n.

We also have vk (§(ga)) = vk (ef(a)) = vk(e) +1 = 1 ie, € € 0%, and so

v (E(a)) = 1.

Remark 2.4.4. Any element & in Ax /. (Ok) (resp. in By /(Ox)) that fulfills
the condition (17) generates a power base of the o-module A /(O k) (resp.

A
B /k(OK)) with respect to the multiplication *.

2.5 PROOF OF THEOREM 2.4.1 AND OF THE FIRST PART OF THEOREM
2.4.2..
We take the element a in the ring O such that vg(a) =n —1 and tra =4
(cf. (12)). By assumption we have £(a) = 7, where 7 is a prime element of the
field K. We check that . '

&(a)=7" mod M. (18)
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Indeed, if i = 0, then for the usual product £°(a)d~!tr(a) = 1. Let further
¢=1(a) be equal to 7'~! mod 9%, then according to Proposition 2.3.1 we
have

7 = €7 a)g() = (€714 (@) = ¢'(a) mod M
and the congruence (18) is proved. This equality implies that £%(a), 0 < i <
n — 1, generate O, i.e., Ox = 0£%a) ® -+ ® 0£""!(a). Now we show that
/(D) = (€°,....6" 7).
If there exists an element 1 € g/, (Ox) that does not belong to a o-module
(€0, ..., &" 1), then n(a) = b € O . So we obtain

n—1

n(a) = aif'(a), i € o,
i=0
ie.
(n—Y_aig)(a) =0 (19)
Now we show that
n= Z a; &L (20)
Indeed the spaces k2 (O ) and k(€0, ... €77 1) have equal dimensions and
so coincide. It follows from (19) that

n— Zaifi € Ak n(Ok) C kAk/w(OK) = k(E°,...,6"7h),

and so
n—1

=Y =Y o,
i=0
where o} € k. Since o, € k and the valuations of the elements £%(a), 0 < i < n—
1 are pairwise non-congruent mod n (cf. (16)), the valuations vx ((c¢")(a))
are also pairwise non-congruent mod n, and so > a/&%(a) # 0 if not all the
o are equal to 0. This reasoning proves (20).
So we have obtained that the ring O is a free Ax /1, (O x )-module:

Or = Ax/x(Ox)(a)
and we have proved Theorem 2.4.1 and the first part of Theorem 2.4.2.

LEMMA 2.6. Let x be an element of the ring Ok such that trx = 0, then for
any f € Uk (Ok) and g € B (DK ) the following equalities hold:

tr f(z) =0=trg(z) =0.
Proof. If f € Uk /p(Ok), then f =3 . as0, as € k, and so
tr f(z) = tr(z a,o(x)) = Z astro(z) =0.

If g € Br/p(Ok), then trg(x) = g(tr(xz)) = g(0) = 0, since g is an o[G]-
homomorphism. O
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2.7. PROOF OF NECESSITY IN THEOREM 2.4.2.

Let Ok be a free Ag /1, (O k )-module and assume the order A /1, (O k) IS inde-
composable. We prove that in the order 2/, (O k) there exists an element &
that fulfills the condition (17) of 2.4. We take elements ay, . .., an—2 such that
vk (a;) =7 and such that tra; = 0 (cf. Lemma 2.2.2 and also [Byl]). We take
further an element a with valuation equal to n — 1. Let x : Ox — A/, (Ok)
be an isomorphism of o[G]-modules, then

Ar/k(OK) = (x(ao), ..., x(a))o.
Thus, in particular, there exist a;, « € o such that
1= aox(ag) + -+ + an—2 + ax(a).
The ring Ax /(O k) is indecomposable by assumption, and so, according to the
Krull-Schmidt Theorem, it is a local ring. We obtain that one of the x(a;) OR
x(a) has to be invertible in the ring % g /(D). The elements x(a;) cannot be
invertible since, according to Lemma 2.6, 2/, (Ox)(a;) € Kertr Og. Thus

x(a) is invertible and it follows that ™Ax/.(Ox)(a) = Ox. We obtain that
there exists a £ in Ag/(Ox) such that {(a) = 7. Theorem 2.4.2 is proved.

Remark 2.7. The corresponding reasoning for the ring B g/, (Ox) almost lit-
erally repeats the one we used above.

83 KUMMER EXTENSIONS FOR FORMAL GROUPS.
THE PROOF OF SUFFICIENCY IN THEOREM A.

Starting from this section we assume that the extension K/k is Abelian.

3.1. We denote the valuation on k by vg. We also denote by vy the valuation
on K that coincides with vg on k.

We suppose that the field £ fulfills the conditions of §2 and that F' is some formal
group over the ring o (the coefficients of the series F(X,Y) may, generally
speaking, lie, for example, in the ring of integers of some smaller field). On the
maximal ideal 9, of the ring o we introduce a structure of a formal Z,-module
using the formal group F' by letting for z,y € M, and o € Z),

€ —}L— Y= F(m,y)7
az = [o](x).

We denote the Z,-module obtained in this way by F'(9,). Let T be a finite
torsion subgroup in F(9M,) and let n = card T be the cardinality of the group
T. Obviously, n is a power of p.

We construct the following series:

Px)=]]x —1). (21)

teT

Remark 3.1.1. The constant term of the series P(X) is equal to zero, the
coefficient at X ™ is invertible in o, and the coefficients at the powers, not equal
to n, belong to the ideal 901,.
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LEMMA 3.1.2. Let a be a prime element of the field k and K = k(x) be the
extension obtained from k by adjoining the roots of the equation P(X) = a,
where the series P is as in (21). Then the extension K/k is a totally ramified
Abelian extension of degree n and the different © of the extension K/k is gen-
erated by an element of the base field, i.e., © = (§), 0 € k. The ramification
Jjumps of the extension K/k are equal to hy = nvo(t;) — 1, t; € T.

Proof. Using the Weierstrass Preparation Lemma we decompose the series
P(X) — a into a product

P(X) —a=cf(X)e(X),

where £(X) € o[[X]]* is an invertible series (with respect to multiplication),
f(X) is A unitary polynomial, ¢ € 6. Then, according to Remark 3.1.1, f(X)
is an Eisenstein polynomial of degree n. The series P(X) — a has the same
roots (we consider only the roots of P(X) — a with positive valuation) as the
polynomial f(X), and so there are exactly n roots. It is obvious that if P(z) =
a, then

P(zq;T):H(z—tJrT):H(x;t):P(:z:):a, reT

teT teT

and so the roots of P(X)—a and f(X) are exactly the elements z + 7, 7€ T.
F

Thus we proved that all roots of f(X) lie in K and are all distinct. It follows

that K/k is a Galois extension. We denote the Galois group of the extension

K/k by G. Obviously if 01,09 € G, o1(x) = x + t1, o2(x) = x + t2, then
F F

oa(o1(x)) = o2(x + 1) = o2(x) +t1 = © +t2 +t1 (as F(X,Y) is defined
F F F F
over 0, t; € T). Since the addition + is commutative, the extension K/k is
F

Abelian. We also have that [[o(z) = a, vg(a) = 1, and so vo(z) = @
This implies that the extension K/k is totally ramified and that z is a prime
element in K. Now we compute the ramification jumps of the extension K/k.

Let F(X,Y) = X +Y +3, ;. aijX"Y7 be the formal group law, then we have

x—o(z)=z—(x —I&; t) =t + 'zgo az’jmitj = tiey,
i,j

where €; is a unit of the ring Og. It follows that the ramification jumps
of the extension K/k are equal to nvi(t;) — 1. Hence the exponent of the
different is equal to Y-, cp(hi + 1) = n> 2, cpv(ti) (cf., for example, [Se],
Ch. 4, Proposition 4) and so v5(D) =0 mod n. O

3.2. Before beginning the proof of Theorem A we prove that the first condition
of Theorem A is equivalent to a weaker one.
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PROPOSITION 3.2. Let a belong to o, vg(a) = ns + 1, where 0 < s <
minger vg(t). Then the extension k(x)/k, where x is A root of the equation
P(X) = a, has the same properties as the extensions from the first condition
of Theorem A.

Proof. We consider the series
Fo(X,Y) =my *F(ri X, m3Y).

It is easily seen that F also defines a formal group law and the elements of
Ty = {m, °t, t € T} form some torsion subgroup in the formal module F,(9M,).

Indeed, if F(X,Y) = a;; XY, then F5(X,Y) = Zﬂg(i+j71)ainin, and
so the coefficients of F(X,Y) are integral. Since ny *X + 7 °Y = 75 (X +Y),
F, F
F; indeed defines an associative and commutative addition. Besides that if
ur,ug € Ts, then ui + ug = 7y *(7iur + mjue) € Ts and so T is indeed a
s F
subgroup in F(9M,).
Now we compute the series Pr_(X) for the formal group Fy. We obtain:

Pr,(X) =TT (X — mg*t) = [ [ (g * (x5 X) ST t)

teT s t s

= HWO_S(WSX - t) = my " Pr(mX).
¢

Thus the equation Pf(X) = a is equivalent to Pp, (7m;*X) = am,*". Besides
that v(my *"a) = v(a) — sn, i.e., 7y *"a is a prime element in k.

Now it remains to note that a root of the equation P;(X) = a can be obtained
by multiplication of a root of the equation Pr, (Y) = amg *" by 7§, and so the
extensions obtained by adjoining the roots of these equations coincide. [

3.3 THE PROOF OF THEOREM A: 1 = 2.

Let K/k be an extension obtained by adjoining the roots of the equation
P(X) = mp. So K = k(z) for some root . We consider the maximal ideal
M, of the tensor product O @ Ox. Obviously Mg = Ok QM+ M R O.
We also have imlé = Z;:o M @M, i > 0, and so it is easily seen that
Ni>oM% = 0. It follows that we can introduce Z,-module structure F(Mg) on
Mg. We consider the element

a=z®1-1Rxec My .
F

We can define ¢ in the following way:

£ =0""¢(a). (22)
We check the following properties of the element &:

DOCUMENTA MATHEMATICA 5 (2000) 657-693



678 M. V. BONDARKO

1. § € Ap/r(Ok)

2. If y belongs to O and v(y) = n — 1, then £(y) is a prime element in K.
For (1):

Let X - Y be equal to Y b;; X"Y7, then the equalities

$la) =D bip(x' @ 1)« ¢(17 @ a7)

= Z bija'o(x?)o = Z(z - ox)o = Ztgo € k|G

o€eqG, i,j

follow from the definitions of ¢ and . It also follows from Theorem 1.3.1 that
¢ belongs to Q:K/k(DK)- Thus £ € k[G] N Q:K/k(DK) = QlK/k(DK)-

For (2):

It easily seen that

(x®1);(1®x):x®l+y, (23)

where y € 9 ® 9. Indeed,

rR1-1r=2®1+ E bijr' @ al.
F N
121,520

Since b;; € o0, bjjz' @ 27 € O @ M and we obtain (23).
We can assume that tr(za) = § (cf. Remark 2.4.3).
Then, as in Proposition 2.3.1, we have

€la)=61p(z®1+9y)(a) =2 mod M".

Since v(z) = 1, we have proved the property 2.

3.4. Now we construct explicitly a basis of an associated order for extensions
that fulfill the condition 1 of Theorem A. We have proved above that we can
take the element & to be equal to 6= t,0. Then it follows from Theorem
2.4.1 that

QlK/k(DK) == <(S_1Zti.0', i=0,...,n— 1>

Now suppose that K is generated by a root of the equation P(X) = b, where
vp(b) = sn+ 1, s < minwvg(#;). In 3.2 we proved that K may be generated by
a root of the equation Ps(X) = bmy *", and so it follows in this case that

QlK/k(DK) = <(5_17T075if30', 1= 0, e, — 1>
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PROPOSITION 3.4.1. Suppose that the extension K/k fulfills the condition 1
of Theorem A. Then Uy, (Ok) is a Hopf order in the group ring k[G] with
respect to the standard Hopf structure.

Proof. Uk /i, (D) is an order in the group ring. It is easily seen, that if
[ =2 pecqCo0 € Ug/p(OK), then Sepomt € Ag/x(Ok). Indeed, we have
o7 (f) € 07Ok ®, Ox. Now consider the o-linear map i : K ® K —
K ® K, that maps r ® y into y ® z. Obviously, i(¢~1(f)) € 1Ok ®, Ok.

Besides, we have ¢(x @ y) = > cqoz0(y), oy ® x) = > qyo(z) =
> e o(xo ! (y). Thus we have

> oo™t = (67 (1))) € Ak /n(Ox)-
Thus it is sufficient to prove that for any f € Ax /. (Ok) we have
A(f) € Ax/u(Or) @ Ak /k(Ok) ,

, where A c,0) = > cy0 ® 0. Theorem 2.4.1 implies immediately that it
is sufficient to check this assertion for f = ¢!, [ > 0, the power is taken with

A
respect to multiplication x*.
We consider the polynomial

t—X
TSI | (R=n
teT\{0}
We have J(0) = 1, J(t) = 0 for ¢t € T\ {0}. The standard formula for the
valuation of the different (cf. [Se]) and the last assertion of Lemma 3.1.2 imply
that J(X) € 5~ o[ X].
The fact that A /(O ) is an o-algebra with a unit with respect to the multi-
plication % implies that for f1, fo € Ax /i (Or) DAk /1 (Ox ) their product fi* fo
which is defined coefficient-wise lies in 0™/, (O k) @ Ak k(O k). Thus for

the element I = Zﬁgec tyr—10T belongs to (52QlK/k(DK) ® Ak (Ok) since

=Y (1o — tr) =& > b e,

T7,0€G i,7>0
A
where the powers are taken with respect to * and b;; are the coefficients in the
expansion of the formal difference X — Y into the powers of X and Y.
F

We also obtain that the element
L =A(tr) = ZO‘@O‘Z J(I)
oceG
belongs to 0™Ax /i (O k) @ Ax/k(Ox). Then we have the equality
AE) = (¢ @tr)« L € Ugyp(Dk) @ Ax/u(Ok)
since tr € 0Ag /(D). O

In a future paper we will prove a similar statement for an extension that fulfills
the second condition of Theorem A not supposing K/k to be Abelian.
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84 CONSTRUCTION OF A FORMAL GROUP

4.1. We suppose that in the associated order 2 g /4, (O i) there exists an element

¢ such that it maps an element a € Ok, vg(a) =n — 1 into a prime element
7 of the field K, i.e.,

la) == (24)
(cf. Lemma 2.2.1 and Theorem 2.4.2). We choose an element a such that

tra =9 (cf. Lemma 2.2.1). Let

P1: KR K - K

@y — 1y (25)

be the map from 1.1, and let ¢ be the bijection between K ®; K and K[G],
that was defined in subsection 1.1.

LEMMA 4.1.1. We can choose an element & in U, (Ox) fulfilling (4) so that
1. 97466 =7 ® 1 — 1@ 7+ 2, where z belongs to the mazimal ideal I of the
ring Ok.

2. In the expansion £ =3 . as0, we have ay = 0 and day € M, for o # 1,
where M, is the mazrimal ideal in o.

Proof. Theorem 1.3.1 implies that the preimage ¢~1(&) belongs to Ox @ D~ L.
From our assumptions we also have ® = (0), § € k (cf. (%)), so ¢p71(6¢) €
D ®Og. Asin 2.3, we can prove that

¢ (08) =2 ®1+y,
where x = {(a)d tr(a) ™' =7, y € Ox @ M. It follows that
o (6Y) =T® 14y, ye Ox @M.

We compute the coefficient at 1 = idx of the element £ = ¢(57 (7 @ 1 + y)).
From the definition of ¢ it follows that it is equal to 11 (6 1a). We have

(6 (T @ 1+y) =6+ ¢i(y). (26)

We decompose the element y in the base of Ok @ M:

Y= g a;;(m* ®@7?), ai; € o.
i>0, j>1

Then ' ‘ o
’L/Jl(z aijﬂl@)ﬂ‘]) = Zaijﬂ‘H—J (27)
]

If £ =Y a0, a, € k, then ¢ (6 ta) = a1 € k.
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This implies that in order for the element (26) to lie in A g/, (O i) it is necessary
that the coefficient agy in (27) is congruent with —1 mod 7, where g is the
prime element of k. It follows that y = —1 ® m + 2z where z € M @ M. The
first claim of the lemma is proved.

Now we consider

5/::54’¢1@)UT: 2:(a0‘7a1ﬁ7:: 2: (GUAfaﬁo.

oceG oceG, o#1

We have 1 (¢') = 0. Besides that, da1 = 7 + Y a;;77, a1 € k, and it follows
that da; € M,. Thus ay tr € MeAx /(O x ), and it follows that £ € A/, (Ok)
and &'(a) = &(a) mod M”. So & may be replaced by ¢’.

It remains to prove that in the expansion £ = > a0 all da, lie in 9.

From the definition of 1, we have

0t = V5 (08) = Yo (m®1) = Yo (1@ 7) + 1y (2) =7 —o(m) + 1y (2) € MM (28)

since z € M R M. Yet a, € k and it follows that a, € MNEk=M,. O

Corollary 4.1.2. We introduce the following notation: §¢§ = Y _bso. If
¢ =T @1 —1@7+ 31, e, aiyT @7, ajj € 0, then we have

b, =m—o(m)+ Z aijmion’ (29)

and o
by-1, = 0T — T + Z ajom'Tm. (30)

(the last statement follows from (29) and an obvious equality oby-1, = by—1;).

4.2 A PRELIMINARY GROUP LAW.
We consider the expansion

o) =m@1-1®r+ Y  aym @7, aj;€o. (31)

1<i,j<n

We replace 7 ® 1 in this decomposition by X, and 1 ® 7 by Y and decompose
7t ® 7 into the product (7! ® 1)(1 ® 77). Then from the expansion (31) we
obtain a polynomial in two variables of degree not greater than n; we denote
it by

RX,Y)=X-Y+ > ayX'Y’, aj€o. (32)

1<i,j<n

Now we identify 7 ® 1 with 7, and 1 ® 7 with Z and obtain from (31) a
polynomial in Z of degree not greater than n. We denote it by s(Z):

s(Zy=m—-Z+ Z ( Z ai;m) 77 (33)

1<j<n 1<i<n
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All the coefficients of this polynomial except the coefficient at Z belong to 90,
and the coefficient at Z is invertible, so the polynomial s(Z) is invertible in
O [[Z]] with respect to composition. We denote the inverse to s by s~1(Z2).
It follows from (28) and (31) that

by = das = (m —o(mw)) + Z aijmiomd.

1<i,j<n
So, keeping in mind (33), we obtain
s(om) = by, 57 (by) = o
Besides that, (32) and (30) imply:
G(bs,br) = R(s™ (o), 57 (br)) = by,
we also know that the series G(X,Y) = R(s71(X), s }(Y)) € Ok[[X, Y]] and
G(bo,by) = (by — by) mod MOK[[X, Y]].

So the series G(b,,b;) is invertible with respect to composition as a series in
b;. We denote this inverse series by H(b,,b;) € Dk[[bs,b:]]. We also note
that H(by,br) = byr.

We introduce the following notation:

M(X)= ] (X =b,). (34)

ceG

Consider the reduction of the series H(X,Y) modulo the ideal (M (X), M (Y)).
We obtain a polynomial J(X,Y"), whose degree in each variable is less than n.
Since M (by) =0,

J(by,br) = bor. (35)

PROPOSITION 4.2. J(X,Y) € o[[X,Y]].

Proof. We denote by f(X,Y) the interpolation polynomial whose degree in
each variable is less than n and that fulfills the system of relations

f(baa b‘r) = ba‘ra 0, T € G. (36)
The polynomial J also fulfills the system of equalities (36) and so
FX,Y) = J(X,Y).

Since f € k[X,Y], J € Ok[X,Y], the coefficients of J belong to kN Ok =
o. O
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4.3 THE MAIN STATEMENT CONCERNING FINITE TORSION SUBMODULES OF
FORMAL MODULES OVER FORMAL GROUPS.

Let G be an Abelian group and suppose that for any ¢ € G there is an element
b, € M, chosen, and suppose that by = 0.

THEOREM 4.3.1. The following conditions are equivalent
1 There exists a formal group F(X,Y) over the ring of integers og of some
extension E of the field k such that by + by = by, for all o,7 € G.

F

2. There exists a formal group F(X,Y) over the ring o, fulfilling the same
conditions: by + by = byr.
F

3. The coefficients of the interpolation polynomial f(X,Y), of degree less than
nin X andY and such that for o,7 € G

f(bU) bT) =bor

belong to o.

Remark 4.53.2. This Theorem gives us a schematic description of finite subsets
of M, that are finite groups with respect to an addition defined by some formal
group with integral coefficients.
Additive Galois modules are not mentioned in the stating of this theorem and
so it can be used without them.

Proof of Theorem 4.3.1: 2 = 1 = 3. The condition 2 obviously implies 1.
Now we prove that 1 implies 3. We consider the reduction of F(X,Y") modulo
the ideal (M (X),M(Y)) (cf. (34)) and denote it by Frea(X,Y). It follows
from the condition 1 that Fieq(by,br) = bor, since M (b,) = 0. So Frea(X,Y)
coincides with the interpolation polynomial f(X,Y"), whose coefficients belong
to k. Yet Frea[X,Y] € 0g[X, Y], so the coefficients of f(X,Y) liein o = kNog.
It remains to prove that 3 implies 2.

4.4 SOME UNIVERSAL FORMAL GROUP LAWS.

We construct a formal group law in the same way as Hazewinkel (cf. [Ha], Ch.
I, §3, subsection 3.1).

Consider the ring of polynomials Z,[S2,S3,...,S,] = Zy[S] C Q,[S]. We
introduce the following notation:

0= QylS] — QulS]. Si — S

We consider the series fs(X), whose coefficients are found from the equation

S i . i . i
fs(X) = g(X)+ ) “olfs(XP), g(X) =X + ) SiX' =) 5, X,

i>1 i>2 i>1

where ¢! fs is the series obtained from fs by applying the homomorphism o*
to the coeflicients, for i > n we reckon S; being equal to 0. It is easily seen that
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fs=X+> 1 a; X", a; € Q[S]. Then the Hazewinkel’s Functional Equation
Lemma implies that

Fs(X,Y) = fg ' (£s(X) + fs(Y)
is a formal group law over Z,[S]. Besides that

Fs[X,Y] =X +Y + Spmvp(m) ' B, (X,Y)

(37)
mod (Sa,...,Sm—1,deg(m+1)), 2 <m < n,

where v,(m) =pif m=p", r € Z, r > 0, else v,(m) = 1, and
Bn(X,Y)= X" +Y™ — (X +Y)™

We note that the series Fyg is a formal group law also in the case chark = p (in
that case we should compute the coefficients of v,(m) ™! B,,(X,Y) formally’ in
Z). This formal group differs from Hazewinkel’s only because S; = 0 for i > n.
Now we modify the formal group law we have obtained. To be more precise,
we make the following change of variables.

Now we define some values r,, in the following way. Let ™ be equal to s if
m = p*mg and (mg,p) =1, mg > 1 or mgy = p.

Then

Fs(X,Y)=X+Y + Z dp XP"" Y™ 7P 4 summands of other degrees.

2<m<n
We consider the ring
ZpV] =Zp[Va,..., Vi), Vi =d;. (38)

LEMMA 4.4. We can express the variables S; as polynomials in V; with integral
coefficients and so obtain a new formal group law over Z,[V].

Proof. We have the equality Vo = So

Besides that, for i > 2 the equality V; = S; + fi(Se,...,S:-1), fi €
Zp[Ss, ..., Si—1] is fulfilled (cf. (37)). It follows that we can express S; as

a polynomial in d;, Ss,...,5;—1 with integral coefficients. Making all such
changes we obtain an expression of S; as a polynomial in V5,...,V;_;. Lemma
is proved. [

We note that the formal group law we constructed has the form

Fy(X,)Y)=X+Y+ Z V,, XP " ym-p
2<m<n (39)

+ summands of other degrees.
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4.5. In the Abelian group G we choose a family of subgroups 1 = Gy C G; C
Gy C --- C Gy = G, where n = p! and the cardinality of G; is equal to
p*. In each subgroup G; we choose an element opi—1 such that the coset o1
mod G;_1 generates the cyclic group G;/G;_1 of cardinality p. We obtain a set
of generators 01,0y, ...,0,-1 for the group G. By induction on the cardinality
of GG it can be easily proved that any element o of G can be expressed uniquely
in the form

o= H oy, where 0 <¢; <p—1. (40)

0<i<i—1

We introduce the following notation:
00:00+p61+~~~+pl_1cl,1 €Z,0<c, <n-—1.

We obtain a one-to-one correspondence 0 — ¢,. We also use the inverse no-
tation: o, = 0 <= ¢ = ¢,. We will construct the desired formal group by
induction On the m-th step we ’get rid’ of the variable V,,, and adjoin the m-th
relation.

First we prove a simple lemma about relations in an arbitrary Abelian group.

LEMMA 4.5. Let H be an Abelian group, f be a map from G into H, f(1) = 1x.
Then the following statements are fulfilled
1. If the relation

f(0i)f(oj) = floioy) (41)

1s fulfilled for all i = p™, j =s—p"=,2 < s < m, then it is also fulfilled for
0<i<p™—-1,0<j<m-—-1landfori=p™, 0<j<m-—p™—1.

2. If (41) is fulfilled for i =p™, j=s—p"=,2 < s <n, then it is also fulfilled
forall0<i<n, 0<j<n.

Proof. 1. First we prove by induction that (41) is fulfilled for 0 < i < p?, 0 <
j<m-—1,forall 0 <t < r,, ie the restriction f; of f onto Gy is a group
homomorphism and Fy, = {f; = f(0;), i = p'z+u, 0 <u<p'—1}, 0 <z < o
are cosets modulo the subgroup F;, = f(Gy).

This is fulfilled for ¢ = 0 since f(lg) = 1p.

We suppose that such statement is fulfilled for ¢ = w. Now we prove it for
t = w+ 1. Since Fy,, are cosets modulo the subgroup F,, it is sufficient to
check that (41) is fulfilled for i = p*a,j =p¥b, 0 <a<p—-1,0<b< pﬂw. It
0 < b < p, then rppw = w, and so for i = (b — 1)p™,j = p* the relation (41) is
fulfilled. Thus we obtain

Fope = fpo, 0< D, fpmrypu fpe = fpo = flopw)

and fy,4+1 is a group homomorphism. Besides that, for b > p, (b,p) = 1 we also
have rp,w = w, and 5o f,_1)pw fpe = fopw. For b= pc we have:

fpe—1ypm fpv = f(pcfp)pwfgw = f(U(pcfl)p“’Upw)v
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since opw € Gy. It follows that (41) is fulfilled indeed for all i = p“a,j =
pvb, 0 <a<p—-10<b< pﬂw, and so Fiyyt1z, 0 < 2z < pw% indeed form
cosets modulo F,41.

The relation (41) for i = p*, w =1y, 0 < j < m —p® — 1 is also sufficient
to prove for j = p™b, since F,, are cosets modulo F,,. We argue in the same
way as in the previous reasoning. We have again the equality rppw = w for
0 < b < p. It follows that if pﬂw < p, then we obtain the desired assumption. If

m

pﬂw > p, then for i b > p,(b,p) =1 also rypw = w, and 50 f_1)pw frw =
f(o@,)pwope). For p | b this is also fulfilled as f(,—1),w = fIle. It follows that

forpc+p—1< pﬂw we have

f(pc-l—p—l)pw fpw = fpcfgw = f(g(pc+p—1)pw Opw )7

since opu € G-

2. In the proof of the first part from the relation (41) fori = p™=, j = s—p"=,2 <
s < m we deduced that Fy, p* | m is a group homomorphism, the same proof
for m = n gives us the desired statement. [J

4.6 THE PROOF OF 3 = 2 IN THEOREM 4.3.1.

In the beginning we are in the following situation. We have a formal group
Fy(X,Y), for which the following relations are fulfilled: F'(b1,b,) = b, for all
o € G, since by = 0 from our assumptions.

We describe the second step.

We take the generator o; of the group GG; and try to fit the relation

FV(bG'15bG'1>:bG'%' (42)

The interpolation polynomial f(X,Y") from our condition 3 can be written in
the form f(X,Y) = X+Y+XY9(X,Y), where (X,Y) € o[X,Y]. We denote
the ring of all series in o[[V;]], that converge at all (integral) values of V;, by
8[[Vi]], and its ideal, consisting of series with coefficients in 9y, by Mo[[Vi]].
We have by2 = by, + by, + b2 ¢, ¢ € 0. On the other hand, if the relation (42)
is fulfilled, then

boz = by + boy = by + o, 02 Vo + b2 (o), (o) €0[[Va, Vi, ..., Vil

We obtain
Vo + by, (...) =const € o

where (...) € 0[[Va,V3,...,V,]]. Using the last relation we express Vs in
Vi, Vi, ie, Vo = ¢+ g(Va, Vi, ..., Vi), g € M,[[Vs,:V4]]. This is possi-
ble, since in this relation the coefficient at the first power of V4 is invertible,
and coefficients at all other powers contain b,,. We denote the formal group
we obtained in this way by F2(X,Y). It depends on variables Vs, ...,V and
fits the relations:

FZ(by,by) =by, 0 €G

Fl2/(b017b01) = bo’f'
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The second step is ended.

Now we describe the m-th step. We suppose that at the m — 1-step we obtained
a formal group F{,"_l(X, Y) that depends on the variables Vi, Vint1,..., Vy
and fits the relations:

bo, §: b, = bo, (43)

for0<:i<pm™—-1,0<j<m—-landi=p™, 0<j<m—p™ — 1.

Thus we have (m — 1)(p"™™ + 1) 4+ 1 relations.

We denote by A,,—1 the set of points (b,,,bs,) in (43). We need some lemma
about interpolation. We introduce the following notation:

mele\’r/n_l(va)ff(XaY% (44)

where f(X,Y) is an interpolation polynomial from the formula (36). The rela-
tions for f(X,Y’) imply that x.,—1(bs,,bs;) = 0 for the indices (7, j) mentioned
in (43).

LEMMA 4.6.1. Let R be an integral domain, b,, be a set of elements in R, 1
be an ideal IN R[X,Y], consisting of all polynomials that take the value zero at
all pairs (bg,,bs;) in Am—1. Then I = (M,N,L), where M = [[5<;cprm (X —
bi)a N = Hogjgmfl(y - bdj)’ L= Hogz‘gprmq(X - bi) HOSjSmprmfl(Y -
bs,).

Proof. Let ¥(X,Y) be an arbitrary polynomial in the ideal I. Tt is easily seen
that it can be reduced uniquely modulo the ideal (M, N, L) to a polynomial
Yred, since the higher coefficients of L, M, N are equal to 1. By its reduction
we mean a polynomial that is congruent to it modulo (M, N, L) and has a
non-zero coefficient at X*Y7 only if (by,,,,bo,,,) € Am—1.

Now we have to prove that a polynomial 1,.q that belongs to I and contains
non-zero coefficients only at powers mentioned above has to be equal to 0. It
is sufficient to prove this statement for polynomials over the field Ry that is
the fraction field of R since it does not depend on the ring. We note that if
we take for all g(X,Y) € Ro(X,Y) their values G(b,,,bs,), (bo,;,bs;) in A1,

then we obtain a vector subspace of values in Rép A mEDFL g easily seen

that any set of values corresponds to some polynomial in Ro(X,Y). A similar
statement is obvious for polynomials in one variable and is easily carried on by
induction to the case of any number of variables. It follows that the dimension
of the space of values is equal to (p"™™ +1)(m —1)+1. The map Ry[X,Y] — C,
where C is the (p™™ 4+ 1)(m — 1) + 1-dimensional space of values of polynomials
in Ro[X,Y] in points of A,,_1, factorizes through the space I’ of reduction
polynomials in Ro[X,Y]. So it follows from the equality of the dimensions that
Ker(I’ — C) = {0} and thus ¢)yeq = 0. Lemma is proved. O

It is easily seen that we may also use this lemma for the ring of power series.
Indeed, we can reduce series modulo ], . (X — ;) [];,.,,(Y — b;) and obtain
polynomials.
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Now we make the m-th step of formal group construction.
According to Lemma, the series from (44) can be represented in a form

Xm—1(X,Y) = fM + gN + hL, (45)

where f,g,h € R[[X,Y]], and R = 0[[V}n, ..., V]|
We consider the following relation:

Xm—l (prnL 9 bm—p"m, ) = 0

It follows from the definition of M and N that fM(bprm,bm—prm) =
gN (bprm , by —prm ) = 0. We need h to be equal to 0. We consider h(X,Y) in the
point (byrm , by—prm ). It is clear that h(bprm , by—prm ) € R[bprm s by—prm| C R.
Besides that

B(bprm s byn—prm ) = absolute term of (X,Y) mod My [[Vin, .- -, Vi]]-

Since in M, N, L only higher coefficients are invertible, in the relation (45) the
coefficient at XP"™ Y™~P"" of the series X,,,_1(X,Y) is equal to

the absolute term of 2(X,Y) + an element of My [[Vy, ..., Vi]].

On the other hand it is equal to V,, + const, const € 0, as xm-1(X,Y) =
Fy(X,Y)— f(X,Y). Thus we obtain

Vm + C = h(bprm s bm_prm) + d,

where ¢ € 0, d € Mo[[Vin, - - -, Va]]. We chose V;,, so that h(byrm , by—prm ) = 0
(in the formal group we replace V,,, by a series in V5,41, ..., V,,). So we made the
m-th step. Since all the formal group laws F}' are commutative and associative,
we can apply to the group H = F{,”(iﬁ?o)[[vmﬂ, s V], f:o — by the first
part of Lemma 4.5 and so indeed after the m — 1-th step the group F‘T_l fits
the relations (43) that are necessary for the m-th step. From the second part of
Lemma 4.5 it follows that after the last (n-th) step all the relations for by, , by,
are fulfilled and all the variables V; are got rid of and thus we obtained the
desired formal group law F' = F{} in o[[X,Y]].

Remark 4.6.2. The proof of Theorem 4.3.1 also implies that the formal group
law F that fits the relations b, + b, = b,,, 0,7 € GG and for which all the

F
Siy © > n in expression F(X,Y) through Fs(X,Y), is unique. Besides that
when we started instead of fixing S; = 0, ¢ > n we could demand S;, i > n to
be equal to arbitrary convergent series in Ss, ..., S, with integral coefficients
and obtain a similar statement.
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85 THE PROOF OF NECESSITY IN THEOREM A

Now we show that our extension is indeed Kummer for the formal group we
constructed.
We have a formal group F(X,Y) such that

F(by,br) = bor. (46)

We introduce again the addition with the means of the formal group F' on the
maximal ideal Mg = O M+ M R Ok of the tensor product O @ O We
denote the formal module obtained by F(Mg).

Now let &€ = Y a,0 act as in (4). Let a be equal to §¢~1(£). Our aim in the
remaining subsections is the proof of the following statement.

PROPOSITION 5.1. There are elements x and y in MM such that

a=r®14+1®y.
F

Here we show that the statement of Proposition implies theorem A.
Suppose that 5.1 is fulfilled. We can express y as 1 ® z, z € 91 and so o =
r® 14+ 1® z. Using the formula for ¥, and the fact that by = 0 we obtain that

F
0 =b1 =vY1(a) = x + z. Thus z is equal to [-1]p(x) ([-1]r(z) is the inverse
F
to z in F(9M)) and it follows that « = 2 ® 1 — 1 ® x. Similarly
F

bo = tol0) = (@ ® 1) — Yo (10 ) = — a(a).

We obtain that the conjugates of x in the extension K/k are exactly the ele-
ments of the form = +b,. Then [[(z+b,) € 0 and v ([[(x + b)) = 1, thus the
F F F

extension K/k is Kummer for the formal group F' and is generated by a root
of the equation P(X) = w while vg(w) = 1. Theorem A of the introduction is
proved.

5.2. Now we start proving 5.1.
Let n be equal to p' = [K : k]. Consider a tower of intermediate extensions:

k=kyCkiCkyC---Ck =K, [kiik/‘i_l]:p.

We take representatives 7; for the generators of the Galois groups G; =
Gal(k;/k;—1). For all 7 € G we prove the following equality:

T(a) =« . b, (47)

(we assume here that the group G acts only on the first component of the
tensor product).
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Indeed, for any z € K we have

P(r(z) @y)(2) = 7(z) tryz = T(xtryz) = 7(d(z @ y)(2)),

and so for each § € K ®; K the equality

P((r®©1)8(2)) = 7(¢(8)(2)) (48)

is also fulfilled. Thus we obtain

7_(56) = ;bG‘TU = ;(bﬂ'a ; bT>UT = UE ; (b’r tI‘).

The formula (48) now implies (47).

5.3. Let 0; be the ring of integers of the field k;. For each ¢: 0 < i <1 we
prove by induction the following lemma.

LEMMA 5.3. There is an equality

azx@l?y,yeai@)im (49)

Proof. For i =1 the claim is obvious.
Let the claim be fulfilled for i = s + 1.
We can expand the element y in the base of the formal module F(0s41 ® 9M):

y= > (mayTi, e, (50)

0<i 0<j<n

where 7y is a prime element of the field ks, the coefficients a;; are either
equal to 0, or a;; € o* (for j > n we extract the prime element 7 of the field
k from 7™ and convert it into the first component).

For the automorphism 7541 we have the equality (47):

TS+1(Q) = ; b‘l's+1' (51)
Now we express « in the form

0<s 0<j<n 0<i 0<j<n

We consequently convert the third summand in (52) into the first and the
second, increasing the minimum of ni + j for 4, j such that a;; # 0. Out of all
pairs (4, j) for which a;; # 0 we chose a pair with the least 4, which we denote
by io, further out of all pairs (i, j) such that a,,; # 0 we chose the pair with
the least j and denote it by jo. We call the corresponding ordering of (i, j) by
order.
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We have three cases.
Case L. If jo = 0, then
i jo (T2 @ T°) = @igo(T%, ® 1) (53)

and we import this term into the first summand in (52). It is clear that sub-

tracting with respect to F' the term aioo(ﬂz‘;l ® 1) gives only the terms of
greater order (since X —Y = (X -Y)(1+r(X,Y)), r(X,Y) € (X,Y)o[[X,Y])])
F
and so we increase the value of nig + jo.
) ig
Case II. Now let jo be not equal to 0. If p | io then 7%, = 7" + r, where
Vs+1(r) > ip and 2 € Z and thus
o)

Qigjo (wi‘}H ® 1) = @y joms @ wo j; terms of greater order. (54)

‘o .
It follows that we can import the term a;,;, 7" ®77° into the second summand
of the formula (52) and increase the minimum of ni + j again.

Case III. It remains to consider the case (ig,p) =1, jo # 0, We consider
Tor1(@) —a=Te41(z @ 1) — (2 ® 1) + (Ts41 — 1)aigjo (ﬁi‘jrl ® 790)
F F F F

+(7s+1 — 1)(terms of greater order).
F F

We have:
Tot1(z ® 1) - (z®1) = (Tst1(2) ;iﬁ)@l cEMo

(55)
Urypy = 0ryy, ®1EM®o0.

So the element (7511 — 1)a,,j, (wi‘ﬂrl ®m99) + (7541 — 1) (terms of greater order)
F F F

also belongs to M ® 0. Yet that is impossible since
(Tor1 — Datiogo (M1 © ) = g (Teramlyy — mly) ® 7°
mod (terms of greater order).

The remaining terms indeed have greater ni + j since (ig,p) = 1 and so the
valuation of 744 17°  — 7%, in ksyq is equal to ig + hsy1,s41, Where hgy o1
is the ramification jump of 7441 in the field K ;1. Thus we obtain

Qinjo (Tsp1Tgh 1 — Toq1) @ T° —IL— (terms of greater order),

and this sum cannot belong to 9 ® o since jy does not contain n from our
assumptions (it can be easily proved by considering the expansion of an element
of M ® o in the base D ® O over 0.) So this case is impossible. Thus our
assertion is valid for ¢ = s. Lemma 5.3 is proved. [

Now by applying the lemma 5.3 for i =0 we obtaina =2 ®1+y, y € 0 @ M.
F

Theorem A is proved completely.
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