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1 INTRODUCTION

In [§ Serre defined local Euler factors L, (H"™(X), s) for the “motives” H™(X)
where X is a smooth projective variety over a number field k. The definition at
the finite places p involves the Galois action on the l-adic cohomology groups
HZ(X ® Ep,(@l). At the infinite places the local Euler factor is a product
of Gamma factors determined by the real Hodge structure on the singular
cohomology HE(X ® EWR). If p is real then the Galois action induced by
complex conjugation on Ep has to be taken into account as well.

Serre also conjectured a functional equation for the completed L-series, defined
as the product over all places of the local Euler factors.

In his definitions and conjectures Serre was guided by a small number of exam-
ples and by the analogy with the case of varieties over function fields which is
quite well understood. Since then many more examples over number fields no-
tably from the theory of Shimura varieties have confirmed Serre’s suggestions.
The analogy between l-adic cohomology with its Galois action and singular
cohomology with its Hodge structure is well established and the definition
of the local Euler factors fits well into this philosophy. However in order to
prove the functional equation in general, a deeper understanding than the one
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70 C. DENINGER

provided by an analogy is needed. First steps towards a uniform description
of the local Euler factors were made in [D1I], [DJ], [DJ]. There we constructed
infinite dimensional complex vector spaces F,(H™(X)) with a linear flow such
that for all places:

-1
Ly(H™(X),s) = deta (%(s id - 0) | Fp(H"(X))) . (1)
Here O is the infinitesimal generator of the flow and det, is the zeta-regularized
determinant. Unfortunately the construction of the spaces

Fo(H™(X)) was not really geometric. They were obtained by formal construc-
tions from étale cohomology with its Galois action and from singular cohomol-
ogy with its Hodge structure.

C. Consani [Q] later developed a new infinite-dimensional cohomology theory
HE s (Y) with operators N and © for varieties Y over R or C such that for
infinite places p:

(Fp(H"(X)),©) 2= (Hlons (X @ k)"0, 0) . (2)

Her constructions are inspired by the theory of degenerations of Hodge struc-
ture and her N has to be viewed as a monodromy operator. The formula for
the archimedean local factors obtained by combining (ﬂ) and (E) is analogous to
the expression for L,(H"(X), s) at a prime p of semistable reduction in terms
of log-crystalline cohomology.

The conjectural approach to motivic L-functions outlined in [m} suggests the
following: It should be possible to obtain the spaces F,(H"(X)) for archime-
dian p together with their linear flow directly by some natural homological
construction on a suitable non-linear dynamical system. Clearly, forming the
intersection of the Hodge filtration with its complex conjugate and running the
resulting filtration through a Rees module construction as in our first construc-
tion of F,(H™(X)) in [DJ] is not yet what we want: In this construction the
linear flow appears only a posteriori on cohomology but it is not induced from
a flow on some underlying space by passing to cohomology.

In the present paper in Theorems 4.2, 4.3, 4.4 we make a step towards this goal
of a more direct dynamical description of the archimedian Gamma-factors. The
approach is based on a result of Simpson which roughly speaking replaces the
consideration of the Hodge filtration by looking at a relative de Rham complex
with a deformed differential.

In our case, instead of the Hodge filtration F'* we require the non-algebraic
filtration F* N F*. This forces us to work in a real analytic context even
for complex p. It seems difficult to carry Simpson’s method over to this new
context. However this is not necessary. By a small miracle — the splitting of a
certain long exact sequence — his result can be brought to bear directly on our
more complicated situation.

In the appendix to section 4 we explain a relation between Simpson’s deformed
complex and a relative de Rham complex on the deformation of X to the normal

DOCUMENTA MATHEMATICA 6 (2001) 69-97



ON THE I'-FACTORS OF MOTIVES II 71

bundle of a base point. This observation probably holds the key for a complete
dynamical understanding of the Gamma-factor.

Our main construction also provides a C*-vector bundle on R with a flow. Its
fibre at zero can be used for a “dynamical” description of the contribution from
p | oo in the motivic “explicit formulas” of analytic number theory.

In our investigation we encounter a torsion sheaf whose dimension is to some
extent related to the e-factor at p of H™(X).

Using forms with logarithmic singularities one can probably deal more generally
with the motives H™(X) where X is only smooth and quasiprojective.

It would also be of interest to give a construction for Consani’s cohomology
theory using the methods of the present paper.

I would like to thank J. Wildeshaus for discussions which led to the appendix of
section 4. A substantial part of the work was done at the IUAV in Venice where
I would like to thank U. Zannier and G. Troi very much for their hospitality. T
would also like to thank the referee for a number of suggestions to clarify the
exposition.

2 PRELIMINARIES ON THE ALGEBRAIC REES SHEAF

In this section we recall and expand upon a simple construction which to any
filtered complex vector space attaches a sheaf on A' = Al with a G,,-action.
We had used it in earlier work on the T-factors [D1]], [DJ] §5. Later Simpson
[Eﬂ gave a more elegant treatment and proved some further properties. Most
importantly for us he proved Theorem @ below which was the starting point
for the present paper. In the following we also extend his results to a variant
of the construction where one starts from a filtered vector space with an in-
volution. This is necessary later to deal not only with the complex places but
with the real places as well.

Let Filc be the category of finite dimensional complex vector spaces V with a
descending filtration Fil"V such that Fil"™*V = 0,Fil"™V = V for some integers
r1,7ro. Let ﬁlﬁ{f be the category of finite dimensional complex vector spaces with
a filtration as above and with an involution F,, which respects the filtration.
Finally let Filg be the full subcategory of ]-"ilﬁ{ consisting of objects where Foo
induces multiplication by (—1)* on Gr'V.

These additive categories have ®-products and internal Hom’s. We define Tate
twists for every integer n by

(V,Fil'V)(n) = (V,Fil"™V) in Filc
and by
(V,Fil'V, Fy)(n) = (V,Fil"™"V, (~=1)"F) in Fili and Filg .
Note that the full embedding:

i: Filg — FilE
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72 C. DENINGER

is split by the functor
s: Fili — Filg

which sends (V, ﬁTK Fy) to

r+1

(V,FI'V = (FI V) ¢+ (F V)0 Ry

ie. soi = id. Here W*! denotes the +1 eigenspace of F5, on W. For V in
Filc following [B] §5 define a locally free sheaf &c(V) = &c(V, Fil'V) over Al
with action of G, by

&(V) = ZFﬂpV ®2z7POu CV®35.0g,, -
p

Here j : G,,, — A! is the inclusion and z denotes a coordinate on A' determined
up to a scalar in C*. Unless stated otherwise the constructions in this paper
are independent of z. The global sections of the “Rees sheaf” &c(V, Fil'V) form
the “Rees module” over C[z]:

Fil’(V ®c Clz, 27 ")) = > _FilPV & 27"Clz] C V& Clz, 27}
p

where Fil’C[z,271] = 2PC[z] for p € Z. The natural action of G,, on Al
induces a G,,-action on {¢ by pullback

(N7 —bes v@g(z) Fo v g(Ne) (3)

Here (A\)~!&c denotes the inverse image of £¢ under the multiplication by \ €
C* map.

Let sq : A' — A! be the squaring map sq(z) = 22 and define F,, : A — Al as
F,, = —id. For V in ]—'il]f{iE the actions of Foo on V and G,, C A! combine to
an action

FrF N (V®5.0g,) — V®i50g, .

Thus we get an involution F,, on the sheaf sq¢.(V ® j.G,,) and we define a
locally free sheaf on A' by:

(V) = &(V,FilI'V, Fy) = (sq.&c(V,Fil'V))Fe~
The G,,-action on &c leads to an action
(W) R —
The global sections of &g (V, Fil'V, Fly,) are given by

Foo
(ZFilpV®z7p(C[z]) CV®Clz 27
P
viewed as a C[z?]-module.
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ON THE I'-FACTORS OF MOTIVES II 73

REMARK 2.1 The global sections of £ — with the action of the Lie algebra of
G, — were also considered in [@] 85
DAY & (V,Fil'V)) = DY(V,Fil'V)
LAY &(VFI'V,Fy)) = DY(V,Fil'V, Fy)

in the notation of that paper.
We denote by E = E(V,Fil'V) resp. E = E(V,Fil"V, F,) the vector bundle on
A corresponding to the locally free sheaf £. It has a contravariant G,,-action
with respect to the action of G,,, on A' by

Gy x A — Al (N, a) — A\%q (4)

where ec = 1 and eg = 2.

For K = C resp. R let Di be the category of locally free Oj1-modules of
finite rank with contravariant action by G,, with respect to the action (H)
on A'. The category Dg has ®-products and internal Homs. For M € Dy
set M(n) = 2" M for any integer n. Thus M(n) is isomorphic to M as an
Op1-module but with G,,-action twisted as follows:

The following construction provides inverses to {¢ and £g. For M in Dy set
i (M) = TG, " M)®m = (D(A', M) @cpzex) Clz, 27 1)

with the filtration (and in case K = R the involution) coming from the one on
Clz, 271].

The main properties of £ and n are contained in the following proposition.
Recall that a map ¢ : V. — W of filtered vector spaces is called strict if
@ 'Fil'W = Fil'V for all i.

PROPOSITION 2.2 a) The functor £k : Filk — D is an equivalence of addi-
tive categories with quasi-inverse ng . It commutes with ®-products and internal
Homs and we have that

dimV =1kéx (V) and dimng(M) = kM

for all V in Filg and M in Dg.
The functors &c and &g - ﬂ’lﬁg — Dr commute with Tate twists.
For (V,Fil'V, F) € ﬁlﬁ{ there is a canonical isomorphism:

Er(V,Fil'V, Fyo)* = &(V*, Fil" V" FX) .

Here FilPV* := (Fil' PV)L in V*.
b) The diagrams

FlE 2Dy and  FIE S Dy

| A RN

ﬁl]R HZIR
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74 C. DENINGER

are commutative.

c) If ¢ : U — V is a morphism in Filc resp. ]-"il]fg then

i) (ker ) = ker(£(U) — £(V))

and

i1) &(coker @) = coker (£(U) — &(V))/T

where T is the subsheaf of torsion elements. We have T' = 0 if and only if ¢
resp. s(p) is strict.

PROOF a) is shown in [E] §5 for K = C. Every object in ﬁlﬁ{f is the direct sum
of objects C(n)* defined as follows: The underlying vector space of C(n)* is
C, the filtration is given by Fil’C(n)* = C(n)* if p < —n and = 0 if p > —n.
Finally F,, acts on C(n)* by multiplication with 1. The objects of Filg are
direct sums of objects C(n)(~"" and we have that

s(C(n) V") =Cn) V" and s(Cn)V"") =Cn+ 1)
Using decompositions into C(n)(~1"’s, one checks that the natural maps
(V)@ &(W) — &(VeOW)
and
Hom(&r(V), &r(W)) — &r(Hom(V, W)

are isomorphisms for all V, W in Filg. Moreover the rank assertions in a) follow.
Commutation with Tate twists follows immediately from the definitions. The
final isomorphism follows from the above and the first diagram in b) since a
short calculation gives that:
(V,sFil'V, F.o)* = (V*, s(Fil* V"), FL) .

The commutativities in b) can be seen using decompositions into C(n)*’s.
In particular nroég = id for &g : Filg — Dr. The opposite isomorphism
£ronr = id follows as in Simpson [Bi] §5. Finally c) is stated in loc. cit. for
K = C and remains true for K = R. Part i) is straightforward. As for ii), by
functoriality of £ and the fact that £(coker ) is torsion-free one is reduced to
proving that the kernel of the natural surjection

coker (§(U) — &£(V)) — &(coker )

is torsion. This can be checked using a suitable splitting of . a
The following facts about the structure of the Rees bundle were noted for
K =Cin [B] §5.

PROPOSITION 2.3 i) For all V in Filc resp. ﬁlﬁg there are canonical isomor-
phisms of vector bundles over G,

FE(V,FiI'V) =5 V X Gy
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ON THE I'-FACTORS OF MOTIVES II 75

Tesp.
sq*F*E(V,Fil'V, Fa) =5V x Gy,

functorial in V' and compatible with the (contravariant) G,,-action. Thus the
local systems Fg and sq* Fr are trivialized functorially in V. Under the iso-
morphism

E(V,FiI'V, Fu)1 = (s¢*E(V,Fil'V, F.))1 — V

the monodromy representation of m1(C*,1) = Z maps n to FZ..
ii) For V in Filc resp. ﬁlﬁg there are isomorphisms depending on the choice
of a coordinate z on A':

E(V,Fil'V) =5 Gr'V
Tesp.
E(V,Fil'V, Fy)o = Gr"(sV)

functorial in V. They are compatible with the G,,-action if G,, acts on Gr*V
resp. GrP(sV') by the character z7P.

PROOF i) We treat the case K = R. It suffices to check that
sq*i*¢(V,FiI'V, F) — V ® Og,,

compatibly with the G,,-action and functorially in V. This can be verified on
global sections. The required maps

Foo
A= (ZFHPV ® z_p(C[z}) ®cpz Clz, 27" — V@ Clz, 27 ]
P

are obtained by composition:
A — (VaClz, zil]) ®c[22) Clz, zfl]
— (V®Clz,27 ") ®¢c) Clz, 27 =V & Clz,27'] .

That they are isomorphisms needs to be checked on the generators (C(n)(*l)n
of Filg only. As for the second assertion it suffices to show that the diagram:

(sq"Fr(V))1=Fr(V)1= (s¢"Fr(V))-1

all? alll
F.

1% = Vv

is commutative where the vertical arrows come from the above trivialization.
They are given by setting z = 1 on the left and z = —1 on the right. The value
of a global section of the form

SO+ Fa(v @) = L0+ (-1 Fufv) @ 2
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in sq*Fp(V)x1 is mapped by ayi to (—1)P3(v + (—1)PFs(v)). Hence the
1

composition a_j o (1)~ maps w = (v + (—1)PFx(v)) to (—1)Pw = Fu(w).
Since the w’s generate V we have a_10(a;)~! = F,, as claimed.
ii) This is a special case of Proposition @ O

3 A REAL-ANALYTIC VERSION OF THE REES SHEAF

A real structure on an object V' of Filc leads to a real structure in the algebraic
sense on the vector bundle E¢(V, Fil"V') — it is then defined over A}. For reasons
explained in section 3 we are interested however in obtaining a real structure in
the topological sense on the Rees bundle. There does not seem to be a natural
real Rees bundle over C = A'(C). However over R C C a suitable topologically
real bundle can be constructed, and its properties will be important in section
4. We now proceed with the details.

Let }"il{ceal etc. be categories defined as before but using real instead of complex
vector spaces. Let Ay denote the sheaf of real valued real-analytic functions
on a real C*“-manifold or more generally orbifold Y. For V in Filf! we set

EV,FI'V) =) FilPV@r?Ap CV @ j. Ap:
p

where r denotes the coordinate on R and j : R* < R is the inclusion. This is
a free Ag-module. With respect to the flow ¢k (r) = re™* on R it is equipped
with an action

¥t (o)1 — &8
which is induced by the pullback action:
¥t = (00)" 1 (90) s AR — Judre -

Let sq : R — R2% be the squaring map sq(r) = 72 and consider the action of
w2 = {£1} on R by multiplication. Let p : R — R/us be the natural projection.
If we view RZ0 as a C¥-orbifold via the isomorphism

5G:R/pg — R [r] — 12
we have

Agzo = 5G,(p«Ar)"* = (s¢. Ar)"*
In the previous situation over C the adjunction map:

sq¢* : Oc — (5q.0c)"* , f— (z— f(z%))

was an isomorphism and we used it to view &g = (5¢.&c)f™ as an Oc¢-module.
Over R however the corresponding map is not an isomorphism since sq : R — R
is not even surjective and we will have to work with Ap>o in the following.
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For V in ]—"ilfREreal we set
(V. Fil'V, Fio) = (squ&8(V, FiI'V)) ™ C 5. (V © juAg-)

viewed as a free Ag>o-module on the orbifold RZ0, With respect to the flow
PL (") = 1'e7? on R=Y where 7’ = r? we have an action

P (o) e — &
induced by the action 9 on &£¢.

Let D% be the category of locally free Ag- resp. Ag>o-modules M with an
action

P (¢f) I M — M.
Then D%, has ®-products and internal Hom’s and we define the Tate twist by

an integer n as M(n) = r"M. Then M(n) is canonically isomorphic to M as
a module but equipped with the twisted action:

’%[Jﬁ\/l(n) = e—tﬂ,¢j\4 .

As before €& and & : FilE™™ — D commute with Tate twists.

The relation with the previous algebraic construction is the following. For Y
as above set Oy = Ay ®r C. Let i : R — C denote the inclusion. Then we
have O =i~ 'O¢ and Ogzo = (8¢.Or)*2 = i~ 1(sq.Oc)"2. Moreover:

(V)RR C=i"1¢2(VRC). (5)

Here £3*(V ® C) is obtained from {x(V ® C) by analytification. It carries a
natural involution J coming from the real structures V of V®C and R[z, 271] of
C[z, 27 ']. The involution id®c on the left of (f]), where ¢ is complex conjugation
corresponds to i~ 1(.J) on the right.

These facts can be used to see that the analytic version £% over R resp. R=°
of £x has analogous properties as the algebraic £k on A%:.

An object of Filc resp. ﬁlﬁ{ may be viewed as an object of Fill*! resp. ﬁll:greal
by considering the underlying R-vector space. We write this functor as V' +— V.
It is clear from the definitions that

& (Vo) = i 1€ (V) (6)

as Ag- resp. Ap>o-modules.
Looking at associated C*-vector bundles we get:

COROLLARY 3.1 To every V in Fili™ resp. ﬂl]fgreal there is functorially at-
tached a real C¥-bundle E“ over R resp. RZ9 together with a C¥-action

Yt pREEY — B .
The rank of E¥ equals the dimension of V and there are functorial isomor-
phisms:

E“(V,Fil'V)y — Gr'V  resp. E¥(V,Fil'V, F.)o — Gr"(sV)

such that ¥§ corresponds to e*t.
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4 THE RELATION OF REES SHEAVES AND REES BUNDLES WITH ARCHIME-
DIAN INVARIANTS OF MOTIVES

In this section we first recall briefly the definition of the spaces F,(M) for
archimedian primes using Rees sheaves. We then describe the local contribution
from p in the motivic “explicit formulas” of analytic number theory in terms of
a suitable Rees bundle. This formula is new. We also explain the motivation
for considering C*-Rees bundles over R or RZ? in the preceeding section.
Consider the category of (mixed) motives My, over a number field k, for exam-
ple in the sense of Deligne or Jannsen [fJ.

For an infinite place p let M, be the real Hodge structure of M ® k,. In case p
is real M}, carries the action of an R-linear involution F,, which maps the Hodge

filtration F*M, ¢ on Myc = M, g C to F.Mpy(c. Consider the descending
filtration

V' My =My N F'Myc=M,NF'MycNF M,c
on M, and set
ny (M) = dim Grl M, .
For real p write
nE(M,) = dim(Gr¥ M, )*

where £ denotes the £1 eigenspace of Fj,.
Set VWM, = ~v"M, if p is complex and

VM, = (F*My.c 0 My) ™" @ (F*H My o 0 My)
if p is real. In other words:
(My, V' My, Foo) = s(My, 7" My, Fo)
In the real case there is an exact sequence
0 — (G M) D" — GryM, — (GrYM,) D" — 0.

We set d,(M,) = dimGr),M, and T'c(s) = (2m) °T'(s) and T'r(s) =
2127 =5/21(5/2).

In [F-PR] the local Euler factors of M for the infinite places were defined as
follows:

L,(M,s)= HI‘C(S — ) Me) if pis complex

v

and

L,(M,s) = HFR(S +e, — V)”j(MP)FR(s +1—¢, —v)™ M)
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if p is real. Here ¢, € {0,1} is determined by €, = v mod 2.
Using the above exact sequence we get an alternative formula for real p:

Ly(M,s) = [[Ta(s — v)® ).

See also [D4] for background. It follows from remark that for p|oo the
space F, (M) of D) §5 is given as follows:

Fo(M) =T(A", éc(Mpc, 7" Myc))  if p is complex
and

fP<M) = F(AlagR(MpC77.MpCaFm))
= T(AY, &(Mpc, V' My, Fio))  if p s real.

According to [DJ] Cor. 6.5 we have:

L,(M, s) = deto (%(s [id - ©) |]-"p(M))71 .

Here © is the infinitesimal generator of the G,,-action of F,(M), i.e. the
induced action by 1 € C = Lie G,,.
We define the real analytic version of F, (M) as follows:

Fo (M) =T (R, &8 (My, " My)) if p is complex

and
f;j(M) = F(Rzoa&fé(MW’y.Mvaoo))
= T(R=Y,&(M,, V' My, Fy)) if p is real.

It follows from the above formula for L,(M,s) in terms of F,(M) and the
relation between €% and {x that we have for all p | oco:

~1
Lp(M, s) = deto (%(s id-0)|F () (7)
Here © denotes the infinitesimal generator of the flow 1" induced on Fy (M)
by the actions v’ and gb}ip which were defined in section 2.

In the next section we will express F(H" (X)) for smooth projective varieties
X/k in “dynamical” terms. Via formula () we then get formulas for the
archimedian L-factors L,(H"(X), s) which come from the geometry of a simple
dynamical system.

Let us now turn to the motivic “explicit formulas” of analytic number theory.
To every motive M in M, one can attach local Euler factors L, (M, s) for all
the places p in k£ and global L-functions:

L(M,s) =[] Ly(M,s) and L(M,s) =[] Lp(M,s),
ptoo p
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cf. [F-PR|], [D4]. Assuming standard conjectures about the analytical be-
haviour of L(M, s) and L(M™*, s) proved in many interesting cases the following
explicit formula in the analytic number theory of motives holds for every ¢ in

D(RT) = C°(RT) c.f. [D-Scl] (2.2.1):
= @(p)ords—, L(M, s) ZWP (8)

Here ®(s) = [ ¢(t)e" dt and p runs over all places of k.
For ﬁmte p we have
Wy(p) = log Np > Tr(Fry | M )o(k log Np) (9)
k=1

where Fr, denotes a geometric Frobenius at p and Mle is the fixed module
under inertia of the l-adic realization of M with p { 1.

The terms W, for the infinite places are given as follows: For complex p we
have:

vt

=Y n0n) [ o0 (10)

— €

whereas for real p:

vt

0=ty [ o0 . ()

The distributions W, for p| oo can be rewritten as follows:

Tr(e* | Gr}, M,)

A (12)
where e** is the map e on Gr” and k, = 2 resp. 1 according to whether p is
real or complex.

In terms of our conjectural cohomology theory c.f. [D3] §7, equation (f) can
thus be reformulated as an equality of distributions on RT:

D (1) Tr(¢" | H' (“specor”, F(M)))ais (13)

Tr(e* | Gry, M,
ZlongZTr Fry | M )6k 106 Np + Z % .

e~ fwt
ptoo k=1 p|oo

Compare [D-Schf| (3.1.1) for the elementary notion of distributional trace used
on cohomology here. In the rest of this section we will be concerned with a
deeper understanding of the function Tr(e*" | Gr},M,).
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Certain dynamical trace formulas for vector bundles E over a manifold X with
a flow ¢! and an action 9! : $** E — E involve local contributions at the fixed
points x of the form:

Tr(y; | Bx)

some Ky > 0.
1 — e #at

This is explained in [D7] §4. These formulas bear a striking resemblance to
the “explicit formulas” and they suggest that infinite places correspond to fixed
points of a flow. Incidentially the finite places would correspond to the periodic
orbits. This analogy suggests that for the infinite places it should be possible
to attach to M a real vector bundle E in the topological sense over a dynamical
system with fixed points. If 0 denotes the fixed point corresponding to p, we
should have:

Te(yg | Eo) = Tr(e™ | Gry M) -

At least over one flowline this is achieved by Corollary @ as follows.
Define as follows a real C*-bundle Ey’(M) over R resp. R=0 together with a
C*-action

Pt t;E;;’(M) — EY(M) .

Set
EZ (M) = E“(My,~*M,) if p is complex
and
E;:(M) = Ew(Mna’V.Mp,Foo)

E“(M,,V'M,, Fy) ifp is real.

Note that this is just the C“-bundle corresponding to the locally free sheaf
F (M) defined earlier. According to Corollary B.1 we then have:

PROPOSITION 4.1 There are functorial isomorphisms
Ey(M)o — Gry, M,
for all p| oo such that 1 corresponds to et. In particular we find:
Tr(yg | By (M)o) = Tr(e™ | GryM,)
= (1—e ™YW, .
5 A GEOMETRICAL CONSTRUCTION OF F(M) AND EJ(M) FOR M =
H™(X)

In this section we express the locally free sheaf 77 (H" (X)) over R resp. R0
of section 3 in terms of higher direct image sheaves modulo torsion. The con-
struction is based on the following result of Simpson [@] Prop. 5.1, 5.2. For a
variety X/C we write X®" for the associated complex space.
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THEOREM 5.1 (SIMPSON) Let X/C be a smooth proper variety and let F* be
the Hodge filtration on H™(X?",C). Then we have:

fc(Hn(Xan,(C),F.) = Rnﬂ'*(Q;(XAl/Al,Zd)
where m: X x A' — A' denotes the projection.

REMARKS (1) The G,-action on the deformed complex (2% 41 /41,2d) given

by sending a homogenous form w to A~9%“ . \*(w) for A € G,, induces a
Gyn-action on R"m, (Qg(xAl/Al,zd). Under the isomorphism of the theorem it

corresponds to the G,,-action on éc(H™(X,C), F*) defined by formula (ff).
(2) In the appendix to this section we relate the complex (QB(XAI/Al ,zd) to the

complex of relative differential forms on a suitable deformation of X x Al.

In the situation of the theorem consider the natural morphism from the spectral
sequence:

EYT = (RIm (¥ g1 jp0))™ = (R (Qx 1y 2d))™
to the spectral sequence

EY? = RIma(Qan o yc) = BT Qxan sy 2d) -

By GAGA it is an isomorphism on the E;-terms and hence on the end terms
as well. Thus we get a natural isomorphism of locally free O¢-modules:

(én(Hn(Xanv(c)’ F.) = Rnﬂ-*(QrXanxC/(Cv Zd) : (14)
Let id x 7 : X* x R — X" x C be the inclusion and set

Qanypyr = (d x i)flggfarxxc/c :

It is the subsheaf of C-valued smooth relative differential forms on X?" x
R/R which are holomorphic in the X®"-coordinates and real analytic in the
R-variable. We then have an equality of complexes

(Q}aan/erd) = (id x i)il(QB(aHxC/Cv zd) .

We define an action ¢! of R on (Q%un g R rd) by sending a homogenous form
w to etdesw . (id x ¢k )*w:

P (id x ¢<€:)_1(Q}aan/Rde) - (Q}aan/R,rd) ‘
This induces an action:

Pt (Q%C)_anW*(Q;(aan/RWd) - Rn”*(QB(anx]R/Rard)
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and hence an Ag-linear action
P ¢E:*Rn7r*(93(aan/Rv7"d) - Rn”*(Q}aan/erd) :
By proper base change we obtain from ([[4) that
EENHM (XM, C), F) = R (Qyon o /ry 1) - (15)
According to (E) this gives an isomorphism
EE((H™(X™,C), F*)) = R"mu(Qxan g /m: ) (16)

of locally free Agr-modules which is compatible with the action 1! relative to
.

Let DR x/c be the cokernel of the natural inclusion of complexes of 71 Ag-
modules on X?* x R with action )¢

7 Ay — (Qanxr/r>7d) -

Here 7' Ag is viewed as a complex concentrated in degree zero and on it v
acts by pullback via id x ¢%. The projection formula gives us

R'm (n 7t Ag) = H" (X R) ® Ag = &&(H™ (X, R), Fily) (17)
where
Filb H"(X™ R) = H"(X™ R)

for p < 0 and Fil5 = 0 for p > 0. We thus get a long exact 1‘-equivariant
sequence of coherent Ag-modules:

—  GE(H™M(X™,R),Fily) — &E((H"(X™,C),F*)g) —
— R"m.DRx,c —  EE(H™M(X™ R),Fily) — .
(18)
For any n the natural map
EE(HTL(X&H)R)’FH(.)) - g(é)((Hn(Xan’C)7F.)R)

is injective by the {g-analogue of Prop. @ ¢), part i) since it is induced by
the inclusion of objects in ]-'z'lfcealz

(H™(X* R),Fily) — (H"(X*,C), F")g . (19)

The injectivity can also be seen by noting that the fibres of the associated
C%¥-vector bundles for » € R* are naturally isomorphic to H™(X?" R) resp.
H"(X?,C), the map being the inclusion c.f. the {g-analogue of Proposition

B-31).
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Therefore the long exact sequence (E) splits into the short exact sequences:
0 — &E(H™(X™R),Fily) — &E((H"(X™,C),F")r) (20)
% R'"m.DRx/c — 0.

Using the £g-version of Proposition @ c) ii) we therefore get a v'-equivariant
isomorphism of Ar-modules:

R"m.(DR x/c)/Ar-torsion = EL(H™(X™ R(1)), T (F7)) . (21)
Here we have used the exact sequence:
0 — H"(X* R) — H"(X™,C) ™ H"(X* R(1)) — 0,

where 71 (f) = 3(f — f).

Let us now indicate the necessary amendments for the case K = R. We consider
a smooth and proper variety X/R. TIts associated complex manifold X" is
equipped with an antiholomorphic involution F,, which in turn gives rise to
an involution F. of H™(X®" R(1)) which maps the filtration 7 (F*) to itself.
By definition of {f we have

&R (H (X R(1), m(F7), Fog) = (s, €8 (H™(X*, R(1)),m1 (F*)"™  (22)

where Foo = F.. @ (—id)*.
To deal with the other side of (R1) consider the up-action on X** x R by
Fy x (—id) and let

A XX R — X %, R= (X" xR)/p2

be the canonical projection.
The map

AT Ag) — A (Qan Y )

becomes po-equivariant if —1 € pg acts by (Fs X (—id))* on the left and by
sending a homogenous form w to (—1)48“(F,, x (—id))*@ on the right. We
set

. . H2
QXaanR/(R/m) = (A*(Qxaan/R>rd))
and
DRx/r = (MDRx/c)!* .
Let 7 be the composed map

5q
T X X, R — R/py — R0,
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Combining the isomorphisms (R1)) and (R3) we obtain an isomorphism of free
Ag>o-modules on R=0:

R"7,(DRx/R)/Agzo-torsion — &8 (H™ (X, R(1)), 7 (F*),Fo) . (23)

The left hand side carries a natural action 1" with respect to the flow ¢% on
R=% and the isomorphism (E) is ¢t-equivariant.
As before we have a short exact sequence:

O—>§§(H"(XED7R)’FHB,F;‘O) - gﬁ((Hn(Xan’C)vF.’F;)RX24)

[0

— R'"mDRxm— 0.
The first main result of this section is the following:

THEOREM 5.2 Fix a smooth and proper variety X/K of dimension d where
K =C or R. Assume that n +m = 2d. Then we have natural isomorphisms:

1) &e(H™(X™ R),~") = (2mi)!~?Hom 4, (R"m. DR x ¢, Ar(—d))
in case K = C and

2) ER(Hm(Xan’R)v Vanoo)

= (27T7;)1_dHOHlA%0 (RnW*DRx/R,ARZO<1 — d))
if K =R.

These isomorphisms respect the Ar-resp. Ag>o-module structure and the flow
Pt
ProoOF Consider the perfect pairing of R-Hodge structures:

tr

() HY(X™) x H™(X*) -5 H2*(X*) =5 R(—d) (25)

given by U-product followed by the trace isomorphism

1
)= T o
It says in particular that
F'H™(X™,C)* = P "H™(X™,C) . (26)
Moreover it leads to a perfect pairing of R-vector spaces:
(,): H"(X*™ R(1)) x H"(X*"R(d—1)) — R. (27)
Now according to the w-version of Proposition E a) we have:

Hom 4, (§&(H"(X™ R(1)), m1(F")), Ar)
€ (H"(X™R(1)",m (F'7")%)

%) & (H™(X™ R(d — 1)), Fil")
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where Fil? consists of those elements v € H™ (X", R(d — 1)) with
(m1(FYP),u) = mg(F'"P u) = 0
i.e. with
(F'™P ) =0.
Using (Rg) we find:

Fil’ = H™(X*,R(d-1))nFPrigm™(X" C)
_ (27ri)d71,yp+de(Xan’R)

and therefore:

Hom . (€& (H™ (X*, R(1)), m1.(F")), Ar)
= (2m) e ((H™ (X, R),7")(d))
= (2m)"IEEH™ (X R),7)(d) -

Combining this with the isomorphism (R1)) we get the first assertion. As for
the second note that by Proposition P.d a) we have:

Homy _, (& (H" (X", R(1)), m(F"), L), Agzo)
= EH™X™ R(1)*,m(F* )", dual off;) .
Since for X/R the pairing (R5) is F . -equivariant this equals
& (H™(X™, R(d — 1)), Fil', )
where Fil? consists of those elements u with:
(m(F*7P),u) =0 .
Thus
Fil? = (2mi)4 typtd=1gm(xan R)
in FlE. Hence:
Hom , _, (6 (H" (X™ R(1), w1 (F"), FL,), Ag=o)

= (2m)" ' (H™ (X, R),~", FL)(d - 1))
(2mi) g (H™ (X R), ", FL)(d — 1) .

Since we can replace v* by V° = s7° in the last expression the second formula
of the theorem now follows by invoking the isomorphism (@) O

DOCUMENTA MATHEMATICA 6 (2001) 69-97



ON THE I'-FACTORS OF MOTIVES II 87

If X/K is projective, fixing a polarization defined over K the hard Lefschetz
theorem together with Poincaré duality provides an isomorphism of R-Hodge
structures over K:

H™*"(X*)" = H*(X*)(1) . (28)
Similar arguments as before based on (Bg) instead of (R5) then give the following
result:

COROLLARY 5.3 Fix a smooth projective variety X/K together with the class
of a hyperplane section over K. There are canonical isomorphisms:

1) &c(H™(X*,R),~*) = Hom 4 (R"m.DRx/c, Ar(—1))

in case K =C and

2) gR(Hn (Xan’ R)7 V.a Fo*o) = _HOIH_AREO (Rnﬂ-*DRX/R7 ARZO)

if K = R. These isomorphisms respect the Agr-resp. Agpso-module structure
and the action of the flow.

A consideration of the sequence
0— (H"(X™R),y") — (H"(X*C),F)r
=5 (HM(X™R(1)), m(FT)) — 0
in il and of
0 — (H"(X™R),y" FL) — (H"(X™.C),F F)r
S5 (HM(XR(L), m(F7), FL)

in FilE ™ leads to the following expressions for &x of (H™ (X", R), 7", (F%))
which are not based on duality:

— 0

THEOREM 5.4 Let X be a smooth and proper variety over K. Then we have
for K =C

1) &c(H™ (X R),v")
= Ker (R”ﬂ* (Q;(aan/R, rd) N R"W*DRX/C/AR-torsion>

= inverse image in R”m(ﬂ%aan/R, rd) of the mazimal Ag-submodule of
R, DR x,c with support in 0 € R.

For K =R we find similarly:
2) gR((Hn(Xan,R% V.aF:o)
= Ker (R"ﬂ'* (QB{AUXMR/(R/M), rd) = R"1m, DR x/r/Ag=o —torsz'on)

= inverse image in R"T(Qyany | /R/uy)> ) of the mazimal Ag>o-
wo
submodule of R"m.DR x/r with support in 0 € R=0,

By passing to the associated C“-vector bundles over R resp. RZ? the pre-
ceeding theorems and corollary give a geometric construction of the C'“~-bundle
Ey (M) attached to a motive M in section 3. The Hodge theoretic notions pre-
viously required for its definition have been replaced by using suitably deformed
complexes and their dynamics.
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APPENDIX

In this appendix we relate the deformed complex (Q}MAl/Al,zd) in Simpson’s

theorem 4.1 to the ordinary complex of relative differential forms on a suitable

space.

Let X be a variety over a field k. For a closed subvariety Y C X let M =

M (Y, X) denote the deformation to the normal bundle c.f. [V1] §2. Let I ¢ Ox

be the ideal corresponding to Y. Filtering Ox by the powers I’ for i € Z with
i = O for i <0 we have:

M = specFil®(k[z, 27! @, Ox)

= spec <@z_i1i> .
=

Here spec denotes the spectrum of a quasi-coherent O x-algebra. By construc-
tion M is equipped with a flat map

v M — Al
and an affine map
p:M— X.
They combine to a map:
h=(p,mp): M — X x A

such that the diagram

M——" > X x Al

commutes.

The map 7y is equivariant with respect to the natural G,,-actions on M and
Al defined by A -z = Az for A € G,,,. The map h becomes equivariant if G,,
acts on X x A! via the second factor.

It is immediate from the definitions that if f : X’ — X is a flat map of varieties
and Y/ =Y xx X’ then

MY’ ', X" =MY,X)xx X". (29)
Moreover the diagram
MY, X)L xr Al (30)

fMl lfxid

MY, X) —> x x Al
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is commutative and cartesian.
From now on let X be a smooth variety over an algebraically closed field k and
fix a base point * € X. Set M = M(x, X) and consider the natural map

h:M— X x A'.
Pullback of differential forms induces a map :

B — Dan s () = ().

We can now formulate the main observation of this appendix:

THEOREM 5.5 For every p > 0 the sheaf Q};\/I/Al has no z-torsion and we have
that

Imp = z”Q’]’WAl )
The map of Opr-modules:

a: h* QP

Xxaryn — 2 a(w) = z"Ph*(w)

M/Al b
which is well defined by the preceeding assertions is an isomorphism. Hence we
get an isomorphism of complexes:

o B (Q eprjans 2d) == Qypn s a(w) = zmdeBep (W)

REMARKS. 1) Under the isomorphism « the G,,-action on the left, as defined
after theorem @, corresponds to the natural G,,-action on 3, /a1 by pullback
Aw = (w).

2) By a slightly more sophisticated construction one can get rid of the choice
of base point: The spaces M (x, X) define a family M — X. The maps h :
M (%, X) — X x Al lead to a map M — X x X x Al. Replace M by the inverse
image in M of A x A' where A C X x X is the diagonal. This is independent
of the choice of base point.

PROOF OF 4.5 We first check the assertions for the pair (0, A™),n > 1. In this
case M = M(0,A™) is the spectrum of the ring

B = k[Z,l‘l,... sy Tny Yly e - 7yn]/(zy1 —T1,--. ,2Yn _In) .
The maps A &2 M 25 A™ are induced by the natural inclusions
k[z] = B « kl[z1,... ,25] .

The B-module Q}B/k[z] is generated by dZ;,dy; for 1 < i < n modulo the
relations zdy, = dz;. Hence it is freely generated by the dy, and in particular
z-torsion free. The B-module

1
Qi o, ol blz] Oklz,a1,... zn] B
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is free on the generators dx;. The map p corresponds to the natural inclusion
of this free B-module into Q}B Jk[2] which sends dz; to dZ; = zdy;. The map
o which sends dz; to dy; is an isomorphism. Hence the theorem for the pair
(0, A™).

In the general case choose an open subvariety U C X containing * € U and an
étale map

f:U— A"
such that f~1(0) = *. By (R9) and (B{) we then have a cartesian diagram:

M(0,A") xpn U =—= M(x,U) ——> [ x Al

\fM\L lfxid
proj.

M(0,A") —2s pn AL

Since f x id and hence fy; are étale we know by [M] Theorem 25.1 (2) that
Dty = Farro,.nmy/an (31)
and

Q%xAl/Al =(fx id)*QK"xAl/Al .

p . . . .
As we have seen, QM(OA,L)/A1 has no z-torsion. Since fj; is flat the same is

true for Qi’w(* 0y/a1 DY [B1). Applying f;, to the isomorphism
@ h*QK"xAl/Al — Qg\}(o,m)ml
it follows from the above that

@ h*QI()JxAl/Al — QfW(*,U)/Al

is an isomorphism as well.

We now choose an open subvariety V' C X not containing the point * and such
that UUV = X. Then M (*,U) and M (0}, V) are open subvarieties of M (*, X)
and we have that

M, X)=M®xU)UM@®,V) .

As we have seen the map « for M (*, X) is an isomorphism over M (x,U). Over
M(@,V) it is an isomorphism as well since

M@, V)=V xG,,

canonically. Hence the theorem follows. O
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6 THE TORSION OF R"m. DRy, K

In this section we describe the Ag-resp. Ag=o-torsion Tx,c resp. Tx/r of
the sheaves R"m, DR x,c resp. R"mDRx/r which were introduced in the last
section. For this we first have to extend Proposition ii) somewhat.

For a filtered vector space V € Filc and any N > 1 define a graded vector
space by

NGr'v = P FIPV/FIPFTNY
PEZ

It becomes a C[z]/(z"V)-module by letting z act as the one-shift to the left: For
v in FilPV/FilPT™VV set

z-v = image of v in Fil’”'V/Fil" ™V =1V |

This action depends on the choice of z. For N =1 we have VGr'V = Gr'V.
To V in f-ilﬁ{, N > 1 we attach the graded vector space:

War'v .= (QNGr'V)F“’:(*l). )
It is a C[22]/(22")-module and for N = 1 and V in Filg we have:
2Gr'V =Gr'V . (32)
With these notations the following result holds:

PROPOSITION 6.1 a) For V' in Filc, N > 1 there are functorial isomorphisms
of free C[2]/(2N)-modules:

ig NEc(V,Fil'V) @ 01 /2N Op1) = NGr'V .

Here ig : 0 — A denotes the inclusion of the origin.

b) For V in FilE, N > 1 there are functorial isomorphisms of free C[22]/(2*N)-
modules:

ig (VL Fil'V, Fa) ® 01 /22N 0,1) = 2NGr'V .

Here, A'=specC[2%] and ip : 0 —A' is the inclusion.

The isomorphisms in a) and b) are compatible with the G, -action if G, acts
on the right in degree p by the character z~P. They depend on the choice of z.

ProOF For V € Filc the map:

FilPV/Filrt Ny — (Z Fil'V ® z‘iC[z]) ® C[2]/(2")
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sending v + Fil?™V to v ® 7P mod 2" is well defined. The induced map
NGr'Vv — (AL & (V, Fil'V)) @ Clz]/(2N)
is surjective and C|[z]/(2"V)-linear by construction. Since
dim YGr'V = NdimV

both sides have the same C-dimension and hence a) follows.

Given V € ﬁlﬁ{ we may view it as an object of Filc and we get an isomorphism
of C[2]/(z*V)-modules

NGV (ZFﬂivm—i«:[z]) ®cp Cle)/(z2N)

[
(Z Fil'V z*iC[z]) ®cp2) Cl2%)/(22Y) .

Passing to invariants under F,, ® (—id)* on the right corresponds to taking
invariants under (—1)"F on the left. Hence assertion b). The claim about
the G,,-action is clear. O
As before there is an w-version of this proposition over R resp. RZ% which we
will use in the sequel.

For a proper and smooth variety X/C consider the exact sequence of R-vector
spaces:

0 — H"(X*™ R) — H"(X™,C) ™ H"(X*™ R(1)) — 0. (33)
It leads to a complex of R[r]/(r™V)-modules:
0 — NGrpy H"(X*™ R) % NGrp H"(X*,C) (34)
-5 NGrj o H"(X™ R(1)) — 0

which is right exact but not exact in the middle or on the left in general. Denote
by VHS /c its middle cohomology.

For a proper and smooth variety X/R we obtain from (@) equipped with the

action of F._ a complex of R[r2?]/(r2N)-modules
0 — R Grpy H"(X™ R) 2% 2FGrp H"(X™,C) (35)

5 2HGry mH"(X*™ R(1)) — 0.

It is again right exact and we denote its middle cohomology by 2V HY /R As

R-vector spaces both V'HS Jc and NHY /g are naturally graded.
We can now describe the torsion sheaves 7Ty, g for K = C,R:
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THEOREM 6.2 For N > 0 the map « in @) resp. @) induces isomorphisms
of Ar- resp. Ap>o-modules:

ag : iO*(NH;(/C) — Tx/c
resp.
ag : ig«( NH;(/R) — TX/]R .
Here the operation 1§ on Tk corresponds to multiplication by e* on the left.

Proor For any N > 1 the exact sequence:
0— Tx/(c — Rnﬂ'*DRx/(C (@ §(C Hn xean R( )),Wl(F.)) — 0

remains exact after tensoring with Ag/r"V Ag since &¢ is Ag-torsion free. To-
gether with the short exact sequence (@) and the w-version of Proposition

.1 a) we obtain the following exact and commutative diagram of Ag/r"V Ag-
modules:

0
iy (Tx/c ® Ar/rN Ag)

NGrpy H™(X* R)—NGr, H™ (X", €)% iy Y(R"mDRx /e ® Ar /TN AR) — 0
™1
NGry | oy HM(X*,R(1)) = ig (€8 (H™(X27,R(1)), w1 (F*)) ® Ag/rN Ag)
0 .

This shows that «g induces an isomorphism of Ag-modules
Qg ¢ N’H;{/C = ial(TX/C & .AR/TN.AR) .
Since Tx ¢ is a coherent torsion sheaf with support in 0 € R we have

Txjc = Txjc © Ar/rY Ar

for N > 0 which gives the first assertion. The remark on ¢ follows from
Proposition @ since the map « in the exact sequence () is 1t-equivariant.
The assertion over R follows similarly. m|
In the next result we will view i 7% /i simply as a finite dimensional R-vector
space with a linear flow 1. Let © be its infinitesimal generator i.e. 1§ = expt©
on ’La 1TX /K-

PRrROPOSITION 6.3 The endomorphism © of ialTX/K is diagonalizable over R.
Fora=pe{l,... ,n} the dimension of its a-eigenspace is dimv? H™ (X" R)
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if K = C and dim(y?H™(X*, R)(=1") if K = R. For all other values of o the
a-eigenspace is zero. In particular we have

detr(s — O iy ' Txye) = [ (s—p™™"
0<p<n
dimR(ialTX/C) - Zpdim GrgHTL(XanJR)
p€eZ
and
) im (=P
detR(S -0 ‘ ) 1TX/R) = H (8 — p)d ") !
0<p<n
1 1
dim(ig Topp) = 5 dim H'(X™,R)” + 5 3 pdim Gy H" (X" R) .
p€eZ

REMARK: According to the proposition the torsion 7x,x is zero iff vt =0in
case K = C and (y')™ = 0 = (7?)T in case K = R. These conditions are
equivalent to the strictness of the inclusion ([[9) if K = C and to the strictness
of

(H™ (X R), sFily) — (H"(X*",C),sF" )

if K = R. Here s is formed with respect to F; This is as it must be according
to proposition c) ii). More explicitly Tx ¢ is zero iff H" has Hodge type
(n,0), (0,n) whereas Tx g is zero iff H™ has Hodge type either (n,0), (0,n) or
(2,0),(1,1),(0,2) with F., acting trivially on H.

ProoF oOF @: We assume that K = C, the case K = R being similar.
According to theorem the operator © is diagonalizable on iy 1TX/(C the
possible eigenvalues being integers. For p € Z and N > 0 we have:

dim Ker (p — © | iy " Ty/c) = dim VHZ
B gimke & — dim NGrhy H™ (X R)
+dimg VGrip H"(X™,C) — dim VGrl] | o H"(X™,R(1)) .

Using the exact sequence:

0 — NGr?H"(X* R) — NGrhH"(X*,C)
- NGrl o HM(X™R(1)) — 0

we see that this is equal to:
dim Ker i§ + dim ¥ GrZ H"(X™ R) — dim VGrfy H"(X* R) .
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Since
NGy H*(X™,R) = P H"(X*,R)
—N<p<O0
we find
Kerty = Ker | @ H"(X™R)— & Fr/Friv
—N<p<0 —N<p<o0
- @ maew
—N<p<n—N

if N > n. A short calculation now gives the result. O

REMARK. I cannot make the idea rigorous at present but it seems to me that
the complexes R"m, DR x,c and R"m DR x /g should have an interpretation in
terms of a suitable perverse sheaf theory. Let us look at an analogy:

Consider a possibly singular variety Y over F,, and let j : U C Y be a smooth
open subvariety. If 7 : X — U is smooth and proper the intermediate extension
F = ji. R"7,Qy for [ # p is a pure perverse sheaf. We have the L-function

Ly(H"(X),t) := HdetQ,(l—tFrgU-'g)_l
ye|Y|

— T detq,(1 — tFr, | H(Y @ F,, 7))~V

it+1

By perverse sheaf theory and Deligne’s work on the Weil conjectures it satisfies
a functional equation and the Riemann hypotheses.

For varieties over number fields Y corresponds to the “curve” speco, and for
U we can take e.g. specog. Hypothetically a better analogue for Y (or more
precisely for Y @ F,) is the dynamical system (“specoy”, #*) whose existence is
conjectured in [D7]. For U we would take the subsystem (“specoy”, ') which
has no fixed points of the flow i.e. singularities. This is one motivation for the
above idea. Another comes from the discussion in sections 5 and 9 of [D3].
Incidentally the appendix to the preceeding section was motivated by the use
of the deformation to the normal cone in perverse sheaf theory [

We would also like to point out that there is an exact triangle in the derived
category of Ag-modules with a flow:

g(C(Hn(Xaan)apy.) — P — 7:[:*(_1)[_1} — ...
where

P = RHOIHA]R(RH’/T*DX/C,AR(—l)) .

DOCUMENTA MATHEMATICA 6 (2001) 69-97



96 C. DENINGER

Here & sits in degree zero with one-dimensional support and 77 (—1)[—1]
sits in degree one with zero-dimensional support. This follows by applying
RHom ,_ (-, Ar(—1)) to the exact sequence:

0 — Tx/c — R"mDx;c — R"m(Dx/c)/Tx/c — 0
and noting that
Extly, (Tx/c, Ar(=1)) = Tic(-1)
= Hom, (Tx/c, Ar/rV Ar(—1)) for N> 0.

A similar exact triangle exists for K = R of course.

REMARK. One may wonder whether the torsion 7Tx, g is also relevant for the
L-function. It seems to be partly responsible for the e-factor at infinity as
follows: Let X/K be as usual a smooth and proper variety over K = R or C.
With normalizations as in [Del] 5.3 the e-factor of H™(X) is given by:

1
e =exp(inD) where D = — Zp(hp —dp) .
€K
PEZL
Here:
hy = dim¢ Gr, H*(X,C) and d, = dim Gr},H"(X,R) .

This description of the e-factor can be checked directly. Alternatively it can
be found in a more general context in the proof of Prop. 2.7.
With these notations we have by @:

dim(ig ' Txjc) = Y _ pd,

pEL
and
dim(ig ' T /p) = lZpd + ldimH"(Xan R)™ .
0 2 P 2 ’
pEZ
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