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ABSTRACT. Let F be a totally real number field. We define global
L-packets for GSp(2) over F' which should correspond to the elliptic tem-
pered admissible homomorphisms from the conjectural Langlands group
of F' to the L-group of GSp(2) which are reducible, or irreducible and
induced from a totally real quadratic extension of F. We prove that the
elements of these global L-packets occur in the space of cusp forms on
GSp(2) over F as predicted by Arthur’s conjecture. This can be regarded
as the GSp(2) analogue of the dihedral case of the Langlands-Tunnell
theorem. To obtain these results we prove a nonvanishing theorem for
global theta lifts from the similitude group of a general four dimensional
quadratic space over F' to GSp(2) over F.
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INTRODUCTION

Let F' be a number field with adeles A and Weil group Wg, and let ¢ : Wp —
GL(n,C) be an irreducible continuous representation. There is a unique real
number ¢ such that the twist of ¢ by the canonical norm function on Wpg
raised to the ¢-th power has bounded image, so assume (W ) is bounded; if ¢
factors through Gal(F/F) this is automatic. For all places v of F, let 7, be the
tempered irreducible admissible representation of GL(n, F},) corresponding to
the restriction ¢, under the local Langlands correspondence; then conjecturally
®, 7y is an irreducible unitary cuspidal automorphic representation (hereafter,
cuspidal automorphic representation) of GL(n, A). This conjecture is known in
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some cases. For example, if n = 2 and the image of ¢ in PGL(2,C) is not the
icosahedral group As, then the Langlands-Tunnell theorem asserts 7 is cuspidal
automorphic.

Inspired by this, one can ask for a complete parameterization of the tempered
cuspidal automorphic representations of GL(n) and of other groups ([Ko], Sec-
tion 12; [LL]). Since there are tempered cuspidal automorphic representations of
GL(2, Ag) which do not correspond to any ¢ : Wg — GL(2, C), the Weil group
is inadequate. Conjecturally, there exists a locally compact group Lg, called
the Langlands group of F', which is an extension of W by a compact group
and is formally similar to the Weil group; locally, if v is an infinite place of F,
then Ly, = Wg, and if v is finite, then Lp, = Wg, x SU(2,R). Moreover, the
tempered cuspidal automorphic representations of GL(n, A) should be in bijec-
tion with the n dimensional irreducible continuous complex representations of
Lp with bounded image. For other connected reductive linear algebraic groups
G over F the conjecture is more intricate, and involves L-packets attached to
appropriate L-parameters Ly — “G. In this paper we prove results about local
and global theta lifts which yield parameterizations of some tempered cuspidal
automorphic representations of GSp(2, A) in agreement with this conjecture.
To motivate the results we recall the conjecture, taking into account simplifi-
cations for GSp(2). Assume Ly exists. Then for GSp(2) one considers elliptic

—

tempered admissible homomorphisms from Lr to ¥ GSp(2) = GSp(2) x W.
Concretely, since GSp(2) is split and one can fix an isomorphism between the

dual group GSp(2) and GSp(2,C), such homomorphisms amount to continu-
ous homomorphisms ¢ : Lp — GSp(2,C) such that ¢(x) is semi-simple for all
x € Lp and ¢(Lp) is bounded and not contained in the Levi subgroup of a
proper parabolic subgroup of GSp(2,C). Since Ly should be an extension of
W a basic example is a continuous homomorphism Gal(F/F) — GSp(2,C)
which is irreducible as a four dimensional complex representation. Fix such
a ¢ : Lp — GSp(2,C). The conjecture first asserts that for each place v
of F one can associate to the restriction ¢, : Lp, — GSp(2,C) a finite set
II(¢,) of irreducible admissible representations of GSp(2, F,), the L-packet of
©y. These packets should have a number of properties [B], but minimally we
require that II(p,) consists of tempered representations, and if v is finite and
¢y Is unramified, then II(p,) consists of a single representation unramified
with respect to GSp(2, O, ) with Satake parameter ¢, (Frob,) where Frob, is
a Frobenius element at v; also, the common central character of the elements of
II(¢,) should correspond to Ao, where A : GSp(2,C) — C* is the similitude
quasi-character. Define

II(p) = {II = ®,11, € Irraamiss(GSP(2,A)) : I, € I(,) for all v}
= ®UH(<PU)-

Arthur’s conjecture ([LL], [Ko], [A1], [A2]) now asserts that if IT € II(¢) then
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IT occurs with multiplicity

m(IT) = 3" (s, 1)

s€S()

in the space of cusp forms on GSp(2, A) with central character Aop. Here, S(p)
is the connected component group mo(S(p)/C*), where S(y) is the centralizer
of the image of ¢, and (-,-) : S(¢) x () — C is defined by

<Sa H> = H<Sv»ﬂv>v7

v

where s, is the image of s under the natural map S(p) — S(¢,) and II =
®yIT,; the (-, )y : S(py) x (p,) — C should be functions such that (-, IT,), is
the character of a finite dimensional complex representation of S(y,) which is
identically 1 if I1, is unramified.

By looking at cases we can be more specific. Elliptic tempered admissible
homomorphisms ¢ : L — GSp(2,C) can be divided into three types: (A)
those which are irreducible and induced as a representation; (B) those which
are reducible as a representation; and (C) those which are irreducible and
primitive as a representation, i.e., not induced. Our result is motivated by
what the conjecture predicts for ¢ of the first two types.

Suppose ¢ is of type (A). Then one can show that ¢ is equivalent to (7, p)
for some 1 and p, where ¢(n, p) = Ind}:g p, E is a quadratic extension of F,
p : Lg — GL(2,C) is an irreducible continuous representation with bounded
image such that p is not Galois invariant but det p is, and 1 : Lp — C* extends
det p; the symplectic form on ¢(n, p) (regarded as p & p) is (v1 B vg,v] P vh) =
n(h){v1,v]) + (v, vh) where (-,-) is any fixed nondegenerate symplectic form
on C? (up to multiplication by nonzero scalars there is only one) and h is a
representative for the nontrivial coset of Ly \ L. Evidently,

Aow(n,p)=mn, S(p(n,p) =1

The conjecture thus predicts that every element IT of II(y) = II(¢(n, p)) should
be cuspidal automorphic with m(IT) = 1; that is, II(p) should be a stable global
L-packet.

Type (B) parameters, however, will in general give unstable L-packets. Suppose
¢ is of type (B). Then ¢ = ¢(p1,p2), where @(p1,p2) = p1 ® p2, p1,p2 :
Lr — GL(2,C) are inequivalent irreducible continuous representations with
bounded image and the same determinant, and the symplectic form on ¢ (p1, p2)
is (v1 @ vg, V] B vh) = (v1,v]) + (v2,v5). We see that

- I 0
Ao p(p1,p2) = det p1 = det pa, S¢={{a02 ia.IJfaECX}-

Thus,
S(e(p1, p2)) = Zs.

DOCUMENTA MATHEMATICA 6 (2001) 247-314



250 BROOKS ROBERTS

Let s € S(p(p1, p2)) be nontrivial. If IT € II(p) = II(¢(p1, p2)), the conjecture
predicts

(1) = 50+ [[os 11)2).

Now for each v, S(¢,) = 1 or Zs; and if S(p,) = Zs, then s, is a nontrivial
element of S(¢,). Thus, if M is the number of times S(¢,) = Z3 and II,
induces the nontrivial character of S(¢,), then

1
2
By the conjecture, IT is cuspidal automorphic if and only if M is even; if so,
m(II) = 1. The conjecture thus provides exact predictions for ¢ of types (A)
and (B).

But as precise as they are, these predictions concern conjectural objects. Glob-
ally, the hypothetical Langlands group underlies Arthur’s conjecture; locally,
the existence of L-packets is required. There are at least two approaches to the
avoiding Ly and testing the conjecture. One natural alternative is to consider
only L-parameters that factor through the Weil group or the Galois group. An-
other approach is to move matters, when possible, entirely to the automorphic
side of the picture and render Arthur’s conjecture into a statement involving
only automorphic data. Base change and automorphic induction for GL(n) are
important examples of such a shift. There is also a translation for parameters
of type (A) and (B). The reason is that for ¢ of type (A), i corresponds to a
Hecke character x of A* by Abelian class field theory and p should correspond
to a non-Galois invariant tempered cuspidal automorphic representation 7 of
GL(2, Ag) whose central character factors through N via x; for ¢ of type (B),
p1 and ps should correspond to a pair of inequivalent tempered cuspidal auto-
morphic representations 7 and 7o of GL(2, A) with the same central character
x. Our first main result proves the automorphic version of Arthur’s conjecture
for ¢ of types (A) and (B).

To explain this automorphic analogue, suppose we are given, without reference
to the global Langlands group, (A) a quadratic extension E of F' and a non-
Galois invariant tempered cuspidal automorphic representation 7 of GL(2, Ag)
whose central character factors through N% via a character y, or (B) a pair
of inequivalent tempered cuspidal automorphic representations 7, and 7o of
GL(2,A) with common central character x. Then we have a corresponding
conjectural p or p; and ps, a corresponding ¢ of type (A) or (B), and using ¢,
the statement of Arthur’s conjecture. However, ¢ can be avoided entirely in
arriving at a formulation of Arthur’s conjecture starting from (A) or (B). This
is due to two observations: first, the local L-parameters ¢, are defined via the
local Langlands correspondence for GL(2) independent of the existence of ;
and second, the predictions of Arthur’s conjecture for parameters of type (A)
and (B) only involve local data.

To be specific, let v be a place of F', E, = F, ®r E, and let 7, be the irre-
ducible admissible representation ®,,|, 7, of GL(2, E,), where w runs over the

m(Il) = o (1+ (=1)").
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places of E lying over v (in case (B), E, = F, X F,,, and 7, = 71, @ Ta)-
Then, as mentioned and using no conjecture, we can associate to x, and 7, a
canonical local L-parameter ¢(x»,7,) : Lp, — GSp(2,C). The automorphic
version of Arthur’s conjecture now presumes that we can further associate to x,
and 7, a local L-packet, satisfying certain basic requirements connected with
©(Xv, Tv), and in the unstable case (B) a local pairing. This we do in Section
8: if F’ is a local field of characteristic zero, E’ is a quadratic extension of
F' or B/ = F' x F', and 7' is an infinite dimensional irreducible admissible
representation of GL(2, E") with central character factoring through Nf:; via
a quasi-character x’ (if F’ is nonarchimedean of even residual characteristic
we do also assume 7’ is tempered; if F’ is archimedean we assume F/ = R
and E' = R x R), then we define a finite set II(x’,7’) of irreducible admissi-
ble representations of GSp(2, F’). We show that this local L-packet has the
desired essential properties: the common central character of the elements of
II(x/,7') is X/, the character corresponding to A o (X', 7'); if 7/ is tempered,
then p(x’,7’) and the elements of II(x’,7’) are tempered; and if 7/ is unitary
and E'/F’ and 7' are unramified, then II(x’,7’) is a singleton whose Satake
parameter is ¢(x’, 7")(Frobp/) (if E' = F' x F’, then we say that E'/F’ is un-
ramified). We also show |[II(x’,7')| = 1 or 2 and [S(p(x’,7))| = [II(x/,7")| at
least if F' is not of even residual characteristic and E’ is a field. Additionally,
when E’ = F' x F’ we define a function (-,-)p : S(p(x/, 7)) x (X', 7") — C,
and show that for all IT € II(x’,7’), (-, II) g is a character of S(¢(x’,7’)), and
if |S(e(x/, 7)) = [II(x/,7")] = 2 then both characters of S(p(x’,7’)) arise in
this way. The following theorem is now the automorphic version of Arthur’s
conjecture for parameters of type (A) and (B).

8.6 THEOREM. Let F be a totally real number field and let E be a totally
real quadratic extension of F' or E = F x F. Let 7 be a non-Galois invari-
ant tempered cuspidal automorphic representation of GL(2,Ag) whose central
character factors through the norm NI{”: via a Hecke character x of A*. Thus,
if E=FXF, then T is a pair 71, T2 of inequivalent tempered cuspidal automor-
phic representations of GL(2,A) sharing the same central character x. Define
the global L-packet:

(x,7) = {II = @11, € IrTaamiss(GSp(2,A)) : 1T, € (x4, ) for all v}
= ®UH(XUa Tv)-

(1) If E is a field, then every element of II(x,T) occurs with multiplicity
one in the space of cusp forms on GSp(2,A) with central character x.

(2) Suppose E = F x F. Let IT € II(x,7), and let Ty; be the set of places
v such that S(e(Xv,Tv)) = Zo and (-, II,), is the nontrivial character
of S(p(Xw,Tv))- If |Tr| is even, then IT occurs with multiplicity one in
the space of cusp forms on GSp(2,A) with central character x. Con-
versely, if IT occurs in the space of cusp forms on GSp(2, A) with central
character x, then |Tr| is even.
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We hope this result will be of some use to investigators of rank four motives,
four dimensional symplectic Galois representations, Siegel modular forms or
varieties of degree two, or Abelian surfaces. One way to think of this theorem
is as an analogue for GSp(2) of the dihedral case of the Langlands-Tunnell
theorem. Of course, some applications might require more information about
the local L-packets of Theorem 8.6. For example, we still need to prove the
sole dependence of the II(x,,7,) on the ¢(xv, 7)), i.e., if O(Xv,Tw) = ©(X}, 7)),
then T(xy, 7o) = II(x,, 7). Also, detailed knowledge about the local L-packets
at the ramified places and at infinity would be useful. We will return to these
local concerns in a later work. The intended emphasis of this paper is, as much
as possible, global.

As remarked, the proof of Theorem 8.6 uses theta lifts. Locally, x and 7 give ir-
reducible admissible representations of GO(X, F,,) for various four dimensional
quadratic spaces X over F,; theta lifts of these define the local L-packets.
Globally, x and 7 induce cuspidal automorphic representations of GO(X, A)
for various four dimensional quadratic spaces X over F. The automorphicity
asserted in Theorem 8.6 is a consequence of our second main result, which
gives a fairly complete characterization of global theta lifts from GO(X, A) to
GSp(2,A) for four dimensional quadratic spaces X over F. In particular, it
shows that the nonvanishing of the global theta lift to GSp(2, A) of a tempered
cuspidal automorphic representation of GO(X, A) is equivalent to the nonvan-
ishing of all the involved local theta lifts; in turn, these local nonvanishings are
equivalent to conditions involving distinguished representations.

8.3 THEOREM. Let F be a totally real number field, and let X be a four dimen-
sional quadratic space over F. Let d € F*/F*? be the discriminant of X (F),
and assume that the discriminant algebra E of X (F) is totally real, i.e., either
d=1ord#1 and E = F(+/d) is totally real. Let 0 = ®,0, be a tempered
cuspidal automorphic representation of GO(X,A) with central character w,.
Let V,, be the unique realization of o in the space of cusp forms on GO(X, A)
of central character w, (Section 7). Then the following are equivalent:

(1) The global theta lift ©2(V,) of V, to GSp(2,A) is nonzero.
(2) For all places v of F, o, occurs in the theta correspondence with
GSp(2, F,).
(3) For all places v of F, o, is not of the form w, for some distinguished
mp € Irt(GSO(X, F,)) (Section 3).
Let o lie over the cuspidal automorphic representation m of GSO(X, A) (Section
7), and let s € O(X, F) be the element of determinant —1 from Lemma 6.1.
If s-m 2 7 and one of (1), (2) or (3) holds, then ©2(V,) # 0, O2(V,) is
an irreducible unitary cuspidal automorphic representation of GSp(2,A) with
central character wy,, and

@Q(Vg) = ®v62(0'7\,/) = ®v62(0v)va
where O(0,) is the local theta lift of o,. For all v, 02(0,) is tempered.
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In this theorem we make no assumptions about Howe duality at the even places:
we prove a version of Howe duality for the case at hand in Section 1.

As mentioned, in the proof of Theorem 8.6 we use Theorem 8.3 to show that
those elements of a global L-packet which should occur in the space of cusp
forms really do. Theorem 8.6 also asserts that such elements occur with mul-
tiplicity one, and in the case of an unstable global L-packet, if IT is a cuspidal
automorphic element, then |Tp7| is even. To prove these two remaining claims
the key step is to show that if I is an element of a global L-packet and V is
a subspace of the space of cusp forms on GSp(2,A) with V' = [T, then V has
a nonzero theta lift to GO(X, A) for some four dimensional quadratic space X
with disc X = d, where E = F(v/d) with d = 1 if E = F x F. This step is
a consequence of a theorem of Kudla, Rallis and Soudry, which implies that if
I1; is a cuspidal automorphic representation of Sp(2,A), V; is a realization of
II7 in the space of cusp forms, and some twisted standard partial L-function
L5(s,II1, x) has a pole at s = 1, then V; has a nonzero theta lift to O(X, A) for
some four dimensional quadratic space X with (-, disc X)r = x. Using this key
result, multiplicity one follows from the Rallis multiplicity preservation princi-
ple and multiplicity one for GO(X, A) for four dimensional quadratic spaces X;
our understanding of the involved local theta lifts and especially the relevant
theta dichotomy also plays an important role. The proof of the evenness of
|Tr7| also uses the key step, local theory, and finally the fact that a quaternion
algebra over F' must be ramified at an even number of places.

Theorems 8.3 and 8.6 depend on many previous works. Locally, we use the
papers [R1], [R2] and [R3] which dealt with the local nonarchimedean theta
correspondence for similitudes, the nonarchimedean theta correspondence be-
tween GO(X, F) and GSp(2, F) for dimp X = 4, and tempered representations
and the nonarchimedean theta correspondence, respectively. Globally, the crit-
ical nonvanishing results for theta lifts of this paper depend on the main result
of [R4]. In turn, the essential idea of [R4] is based on an ingenious insight of
[BSP]; [R4] also uses some strong results and ideas from [KR1] and [KR2]. The
multiplicity one part of Theorem 8.6 uses one of the main results of [KRS],
along with the multiplicity preservation principle of [Ra]. We use nonvanishing
results for L-functions at s = 1 from [Sh] to satisfy the hypothesis of Corollary
1.2 of [R4]. Various results and ideas from [HST] are used in this paper. We
would also like to mention as inspiration the papers of H. Yoshida [Y1] and
[Y2] which first looked at theta lifts of automorphic forms on GSO(X, Ag) for
dimg X = 4 to GSp(2,Ag). Using results from [HPS], the paper [V] also de-
fined local discrete series L-packets for GSp(2) using theta lifts in the case of
odd residual characteristic.

This paper is organized as follows. In Section 1 we consider the local theta cor-
respondence for similitudes. The first main goal of this section is to extend the
results of [R1] to the even residual characteristic and real cases. This requires
that we prove a version of Howe duality in the even residual characteristic
case: we do this for tempered representations when the underlying quadratic
and symplectic bilinear spaces have the same dimension. The second main goal
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is to prove a case of S.S. Kudla’s theta dichotomy conjecture, which is required
for a complete theta lifting theory for similitudes for the relevant case. In
Section 2 we review the basic theory of four dimensional quadratic spaces and
their similitude groups. In particular, we define the four dimensional quadratic
spaces Xp q of discriminant d over a field F' not of characteristic two; here,
D is a quaternion algebra over F' and d € F*/F*2. Up to similitude, every
four dimensional quadratic space over F' is of the form Xp 4. The character-
ization of what irreducible representations of GO(X, F'), dimp X = 4, occur
in the theta correspondence with GSp(2, F') when F' is a local field is given
in Section 3. The case when F is nonarchimedean of odd residual character-
istic was worked out in [R2] and the remaining cases are similar, but require
additional argument. In Section 4 we define the local L-parameters and L-
packets of Theorem 8.6; in fact, the L-parameters and L-packets are associated
to irreducible admissible representations of GSO(Xm,, 4.4, F) where Xy, ,.d
is the four dimensional quadratic space from Section 2 over the local field F.
The information is summarized in three tables which appear in the Appendix.
Section 5 reviews the theory of global theta lifts for similitudes. Sections 6
and 7 explain the transition from cuspidal automorphic representations of a
quaternion algebra over a quadratic extension to those of similitude groups of
four dimensional quadratic spaces. Finally, in Section 8 we prove the main
theorems.

I would like to thank N. Nygaard for suggesting this line of research, and S.S.
Kudla, S. Rallis and J. Arthur for their interest and encouragement.

NoTATION. Let F' be a field not of characteristic two. A quadratic space over
F is a finite dimensional vector space X over I’ equipped with a nondegenerate
symmetric bilinear form (-,-). Let X be a quadratic space over F'. In this and
the next two paragraphs, also denote the F' points of X by X; the same conven-
tion holds when we are considering quadratic spaces solely over a local field, as
in Sections 1, 3 and 4. The discriminant disc X € F*/F*2 of X is (—1)" det X
where dim X = 2k or 2k + 1. If (X’,(-,-)’) is another quadratic space over F’
then a similitude from X to X’ is an I’ linear map t : X — X’ such that for some
A € F*, (te,tz') = Ma,a’) for 2,2’ € X; X is uniquely determined, and we
write A(t) = A. The group GO(X, F) is the set of h € GLp(X) which are simil-
itudes from X to X. The group O(X, F) is the kernel of A : GO(X, F) — F*,
and SO(X, F) is the subgroup of h € O(X, F) with deth = 1. Assume dim X
is even. Then GSO(X, F) is the kernel of sign : GO(X, F) — {£1} defined
by h — det(h)/A(h)3™X/2; SO(X,F) = GSO(X,F) N O(X,F). Let n be a
positive integer. Then GSp(n, F') is the group of g € GL(2n, F') such that for

some \ € F'*
¢ 0 1,| 0 1,
g [—1n 097 -1, o

A is uniquely determined, and we write A\(h) = A. The group Sp(n, F’) is the
kernel of A : GSp(n, F') — F*. Maxa = Mayo(F) is the quaternion algebra of
2 x 2 matrices over F' with canonical involution .
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Suppose F' is a nonarchimedean field of characteristic zero with integers O,
prime ideal pp = 7pOp C O, Hilbert symbol (-, ) r, and valuation |-| = |- |p
such that if p is an additive Haar measure on F', then p(zA) = |z|u(A) for
x € Fand A C F. Let G be a group of td-type, as in [C]. Then Irr(G) is
the set of equivalence classes of smooth admissible irreducible representations
of G. If m € Irr(G), then 7V € Irr(G) is the contragredient of 7 and w, is
the central character of m. The trivial representation of G is 1 = 1. If H
is a closed normal subgroup of G, 7 € Irr(H) and ¢g € G, then g -7 € Irr(H)
has the same space as m and action defined by (g - m)(h) = 7(g thg). If G
is the F-points of a connected reductive algebraic group defined over F', then
7 € Irr(G) is tempered (square integrable) if and only if w; is unitary and every
matrix coefficient of 7 lies in L2T¢(G/Z(G)) for all € > 0 (lies in L?(G/2)).
Let X be a quadratic space over F. The quadratic character xx : F* — {+1}
associated to X is (-,disc X)p. We say o € Irr(O(X, F)) (o € Irr(GO(X, F))
is tempered if all the irreducible components of o|so(x,r) (olaso(x,r))) are
tempered. A self-dual lattice L in X is a free O submodule of rank dim X
such that L = {z € X : (x,y) € Op forall y € L}. D,y is the division
quaternion algebra over F' with canonical involution *. If E/F is a quadratic
extension the quadratic character of F'* associated to E/F is wg/p.

Suppose F' = R. Let |- | = | - |gr be the usual absolute value on R, and let
(,-)r be the Hilbert symbol of R. If X is quadratic space over R, then the
quadratic character xx : R* — {£1} associated to X is (-, disc X)g. Let G be
a real reductive group as in [Wal]. Let K be a maximal compact subgroup of
G, and let g be the Lie algebra G. Let Irr(G) be the set of equivalence classes
of irreducible (g, K) modules. The trivial (g, K') module will be denoted by
1 = 1. If K; is a closed normal subgroup of K, 7 is a (g, K1) module and
s € K, then s - 7 is the (g, K1) module with the same space as 7w and action
defined by (s - 7)(k) = w(s tks) for k € K; and (s - 7)(X) = 7(Ad(s)X)
for X € g. When G satisfies G° = °(G°) ([Wal], p. 48-9) the concepts of
tempered and square integrable (g, K) modules are defined in [Wal], 5.5.1;
this includes G = Sp(n,R), O(p,¢,R) and SO(p,¢,R) for p and ¢ not both
1. When G° = °(G°), then 7 € Irr(G) is tempered (square integrable) if and
only if 7 is equivalent to the underlying (g, K') module of an irreducible unitary
representation IT of G such that g — (II(g)v, w) lies in L?2T¢(Q) for all v,w € 7
and € > 0 (lies in L?(G) for all v, w € 7). When G = GSp(n,R), GO(p, ¢, R) or
GSO(p, q,R) with p and ¢ not both 1, then we say that = € Irr(G) is tempered
(square integrable) if 7 is equivalent to the underlying (g, K') module of an
irreducible unitary representation II of G such that g — (II(g)v,w) lies in
L?(RX\QG) for all v,w € 7 and € > 0 (lies in L2(R*\G) for all v,w € 7);
this is equivalent to the irreducible constituents of 7|, x,) being tempered
(square integrable), where g; is the Lie algebra and K; C K is the maximal
compact subgroup of Sp(n,R), O(p, ¢,R) or SO(p, q,R), respectively. D, am is
the division quaternion algebra over R with canonical involution .

Suppose F' is a number field with adeles A and finite adeles Ay; set Fio =
F ®g R. The Hilbert symbol of F is (-,-)p. If X is quadratic space over F,
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then the quadratic Hecke character yx : A*/F* — {£1} associated to X is
(-,disc X(F'))r. Let G be a reductive linear algebraic group defined over F,
let g be the Lie algebra of G(F ), and let K be a maximal compact subgroup
of G(Fs). Then IrTadmiss(G(A)) is the set of equivalence classes of irreducible
admissible G(Ay) x (g, K) modules. If 7 € IrTaamiss(G(A)) then the central
character of 7 is w,; and m = ®, 7, is tempered if 7, is tempered for all places v
of F. A cuspidal automorphic representation of G(A) is a ™ € Irraamiss (G(A))
which is isomorphic to an irreducible submodule of the G(A ) x (g, K') module
of cuspidal automorphic forms on G(A) of central character w,; such a 7 is
unitary.

1. THE LOCAL THETA CORRESPONDENCE FOR SIMILITUDES

In this section we recall and prove results about the local theta correspondence
for similitudes. The paper [R1] dealt with the nonarchimedean odd residual
characteristic case. Here we do the even residual characteristic and real cases
and prove a very special, but adequate, case of S.S. Kudla’s theta dichotomy
conjecture. We also show that the theta correspondence for similitudes is in-
dependent of the additive character, compatible with contragredients, and re-
spects unramified representations.

Fix the following notation. Let F' be a local field of characteristic zero, with
F = Rif F is archimedean. Let n be a positive integer, and let X be a quadratic
space of nonzero even dimension m over F. To simplify notation, denote the F’
points of X by X. Let d = disc X. Fix a nontrivial unitary character ¢ of F.
The Weil representation w = wx = w, = wx,, of Sp(n, F) x O(X, F') defined
with respect to 1 is the unitary representation on L?(X™) given by

w(l,h)p(x) = p(h~ '),

a O 1 m
oA gt ] Dot = xxl@eta)l detal™ 2p(aa),

g 5] Delo) = v e (o),

0 1] R
oy b] et =veto)
Here, ¢ is the Fourier transform defined by
ba) = [ plaltntea)) do

with dz such that $(z) = @(—z) for ¢ € L2(X") and 2 € X", and v is
a certain fourth root of unity depending only on the anisotropic component
of X, nand ¢. If h € O(X,F), a € GL(n,F), b € M,,(F) with b = b and
r=(21,...,1,),0 = (z,...,2}) € X", wewrite h "tz = (h™1aq,...,h71z,),
za = (x1,...,2n)(aiz), (z,2") = ((x5,2})), br = b*(x1,...,2,). Also, xx is the
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quadratic character of F'* defined by xx (t) = (¢,d)r ; xx depends only on the
anisotropic component of X.

Suppose F' is nonarchimedean. We will work with smooth representations of
groups of td-type such as Sp(n, F) and O(X, F'). We thus consider the restric-
tion of w to a smaller subspace. Let $(X™) be the space of locally constant,
compactly supported functions on X™. Then w preserves $(X™). By w we
will usually mean w acting on 8(X™); context will give the meaning. Let
Rn(O(X, F)) be the set of elements of Irr(O(X, F')) which are nonzero quo-
tients of w, and define Rx (Sp(n, F')) similarly.

Suppose F' = R. In the analogy to the last case, we will work with Harish-
Chandra modules of real reductive groups. This requires definitions. Fix
K; = Sp(n,R) N O(2n,R) as a maximal compact subgroup of Sp(n,R). The
Lie algebra of Sp(n,R) is g1 = sp(n,R). Let X have signature (p,q). We
parameterize the maximal compact subgroups of O(X,R) as follows. Let X T
and X~ be positive and negative definite subspaces of X, respectively, such
that X = X™ 1 X~. Then the maximal compact subgroup J; = J1(X*, X ™)
associated to (X+, X ) is the set of k € O(X,R) such that £&(X) = X and
k(X7)=X". Of course, J; = O(XT,R) x O(X~,R) 2 O(p,R) x O(q,R). Fix
one such J; = J1(X T, X 7). The Lie algebra of O(X,R) is h; = o(X,R). Let
8(X™) = 8,(X™) be the subspace of L*(X™) of functions

1
p(x) e)<p[—§|c|(tr(gc+7 ) —tr(z,27))).
Here, p : X™ — C is a polynomial function on X", and (z*,z") and (x~,z7)
are the n X n matrices with (i, j)-th entries (z;, x;r) and (x; ,x; ) respectively,

Wherexi:x;"eri_,withxj' € Xtandz;, € X forl1<i<mn;ceR*is
such that ¢ (t) = exp(ict) for t € R. Then $(X™) is a (g1 x b1, K3 X J1) module
under the action of w. By w we will usually mean the (g; x b1, K1 x J1) module
S(X™). Let R,(O(X,R)) be the set of irreducible (g1, .J1) modules which are
nonzero quotients of w, and define Rx(Sp(n,R)) similarly. For uniformity,
write Homgp(n, 7yxo(x, ) (w, 7 @ o) for Homg, xg,, &, x7y) (W, T ® 7).

We have the following foundational result on the theta correspondence for
isometries.

1.1 THEOREM ([H], [W1]). Suppose F is real or nonarchimedean of odd resid-
ual characteristic. The set

{(m,0) € Rx(Sp(n, F)) x Rn(O(X, F)) : Homsp(n,pyxo(x,F) (@, T @ 0) # 0}
is the graph of a bijection between Rx (Sp(n, F)) and R, (O(X, F)), and
dime Homgp(p, yxo(x,7) (W, 7 ® 0) < 1
for m € Rx(Sp(n, F)) and o € R, (O(X, F)).

When F is nonarchimedean of even residual characteristic partial results are
known. For us the following unconditional result suffices. If F' is nonar-
chimedean and o € Irr(O(X, F')) we say that o is TEMPERED if all the ir-
reducible constituents of o|go(x,r) are tempered.
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1.2 THEOREM. Suppose F is nonarchimedean of even residual characteristic
and m = 2n. Let Rx(Sp(n, F))temp and Rp(O(X, F))temp e the subsets of
Rn(O(X, F)) and Rx(Sp(n, F)) of tempered elements, respectively. Then the
statement of Theorem 1.1 holds with Rx (Sp(n, F))temp and Ry, (O(X, F))temp
replacing the sets Rx (Sp(n, F)) and R, (O(X, F)), respectively.

Proof. Let 0 € R, (O(X, F))temp- By 2) a), p. 69 of [MVW], there exists m €
Rx (Sp(n, F')) such that the homomorphism space of Theorem 1.1 is nonzero; 7
is tempered by (1) of Theorem 4.2 of [R3], and is unique by Theorem 4.4 of [R3].
To prove the map from R,,(O(X, F'))temp t0 Rx (Sp(n, F'))temp is injective and
the homomorphism space has dimension at most one, let © € Irr(Sp(n, F)) temp-
By putting together the proofs of Proposition 11.3.1 of [Ra] and Theorem 4.4
of [R3] one can show that there is a C linear injection

69aelrr(O(X,F)) Homsp(n,F)xO(X’F) (w, T 0)

o unitary

— Homsp(nﬁp)xsp(nﬁp) (S(Sp(m F)), ™R 7Tv),

where 8(Sp(n, F)) is the space of locally constant compactly supported func-
tions on Sp(n, F') and the action of Sp(n, F') x Sp(n, F') on 8§(Sp(n, F')) is defined
by ((9,9") - ¢)(x) = ¢(g~'xg’). The last space is one dimensional as

V ~ .
Ten’ = 8(Sp(n, F))/ mfeHomSp(n,F)(S(Sp(n,F)),w@U), ker(f);

U a C vector space

see the lemma on p. 59 of [MVW]. This proves the claims about injectivity
and dimension. For surjectivity, let 7 € Rx(Sp(n, F))temp- As above, there
exists 0 € R,(O(X, F)) such that the homomorphism space is nonzero. An
argument as in the proof of (1) of Theorem 4.2 of [R3] shows that o must be
tempered. See also [Mu]. O

It is worth noting the following from the proof of Theorem 1.2: Let m = 2n,
7 € Irr(Sp(n, F)) and o € Irr(O(X, F)). If Homgym, mryxo(x,F)(w, ™ ® 0) # 0,
then 7 is tempered if and only if o is tempered.

When F' is nonarchimedean of odd residual characteristic or F' = R, then the
bijection from Theorem 1.1 and its inverse are denoted by

0: Rx(Sp(n, F)) = R, (O(X, F)), 6:R,(O(X,F)) = Rx(Sp(n, F));

if F is nonarchimedean of even residual characteristic we use the same nota-
tion for the bijections between Rx (Sp(n, F))temp and Ry (O(X, F))temp from
Theorem 1.2.

Next we recall and prove a special case of a conjecture of S.S. Kudla on the theta
correspondence for isometries. This conjecture has important implications for
the theta correspondence for similitudes.
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1.3 THETA DICHOTOMY CONJECTURE (S.S. KUDLA). Assume F' is nonar-
chimedean. Let m be a positive even integer, let d € F*/F*2, and let n be a
positive integer such that m < 2n. There exist at most two quadratic spaces' Y
and Y' over F of dimension m and discriminant d; assume both exist. Then

fRy(Sp(TL,F)) N :RY’(SP(WHF)) =0.
We can prove the conjecture when m is small in comparison to 2n:

1.4 LEMMA. Suppose that the notation is as in Conjecture 1.3, and assume the
two quadratic spaces Y and Y’ exist. If m < n + 2, then the theta dichotomy
congjecture holds for m and n.

Proof. Let Z be the quadratic space over F' of dimension 2m with four di-
mensional anisotropic component. To prove the theta dichotomy conjecture
for m and n it suffices to show that 1g,,,) ¢ Rz(Sp(n, F)). This reduction
is well known, but we recall the proof for the convenience of the reader. As-
sume 1g,(,) ¢ Rz(Sp(n, F')), and suppose m € Ry (Sp(n, F)) N Ry (Sp(n, F)).
To get a contradiction, let go € GSp(n, F') be such that A(go) = —1. By the
first theorem on p. 91 of [MVW], go - # = «¥. Thus, there is a nonzero
Sp(n, F) x Sp(n, F) map from wy,, ® go - wy’,, to 7 ® 7. By Lemma 1.6
below, go - wy’n = w_ys,, where =Y’ has the same space as Y’ and form
multiplied by —1. Also, (Wy,n ® W_y’ n)|A Sp(n,F) = Wy Ly’ nlsp(n,F)- Clearly,
Y L -Y’' = Z. Since HomSp(mF)((ﬂ' ® ﬂv)‘Asp(n)F), 1Sp(n,F)) # 0, there now
is a nonzero Sp(n, F') map from wz , t0 1gp(n, Fy, i€, Lgpm,r) € Rz(Sp(n, F)).
We now show 1gpm) & Rz(Sp(n, F)) for m < n 4 2. Let i be the Witt index
of Z,ie., 1 = m — 2, and write V; = Z to indicate that Z is the orthogonal
direct sum of the four dimensional anisotropic quadratic space over F' with ¢
hyperbolic planes. We must show 1g,(,,) ¢ Ry, (Sp(n, F)) for 0 <4 < n; we do
this by induction on n. The case n = 1 follows from Lemma 7.3 of [R2] (see
its proof, which is residual characteristic independent). Let n > 1, and assume
the claim for n — 1. Let i < n, and assume lgy,,7) € Ry, (Sp(n, F)). To
find a contradiction we reduce dimensions using Jacquet functors and Kudla’s
filtration of the Jacquet module of the Weil representation. We use the notation
of [R3]: write w;n = wy, n. Since lgpm, my € Ry, (Sp(n, F)), by 2) a) of the
Theorem on p. 69 of [MVW], there exists o € Irr(O(V;, F')) and a nonzero
Sp(n, F') x O(V;, F') map

Win — ]-Sp(n,F) ®o.

Let N7 be the unipotent radical of the standard maximal parabolic of Sp(n, F’)
with Levi factor isomorphic to GL(1, F') x Sp(n — 1, F'). Applying the normal-
ized Jacquet functor with respect to Nj, which is exact, we obtain a nonzero
GL(1,F) x Sp(n — 1, F) x O(V;, F) map

Ry/(win) = Ry (Lspn)) @0 = | |7" @ Lgp(n_1,r) @ 0.

Suppose first i = 0, so that V| is four dimensional and anisotropic. By Kudla’s
computation of the Jacquet functors of wp ., (see [R3] for a statement in
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our notation), R, (Wo,n)lsp(n—1,F) = Won—1lsp(n—1,r)- Thus, lgpm_1,r) €
Ry, (Sp(n — 1, F)). Since i = 0 < n — 1, by the induction hypothesis this is a
contradiction.

Suppose i > 0. By Kudla’s filtration (two step, in this case) of R/ (wi,n) either
there exists a nonzero GL(1, F) x Sp(n — 1, F) x O(V;, F') map

| . |dim Vi/2—n ® Win_1 — | . ‘—n ® ]-Sp(n—l,F) ® o,

or there exists a nonzero GL(1, F) x GL(1, F) x Sp(n— 1, F) x O(V;_1, F) map

§18101 Qwi—1n—1 = | |77 ® Lspn_1,7) ® R, (0);

here, & and & are quasi-characters of GL(1,F) and o) is a represen-
tation of GL(1,F) x GL(1,F) whose precise definitions we will not need,
| - |7™ is regarded as a quasi-character of GL(1, F'), N; is the unipotent rad-
ical of the standard parabolic of O(V;, F)) with Levi factor isomorphic to
GL(1,F) x O(V;_1, F), and Ry, (¢) = Ry, (0¥)V. The first case is ruled out
since | - [4mVi/2=n £ | . |="_ Since the second case must therefore hold, we get
Homgp(n—1,7) (Wi—1,n—15 1sp(n—1,7)) # 0, i.e., 1sp(n—1,F) € Ry;_, (Sp(n—1, F)).
This contradicts the induction hypothesis since it —1 <n—1. O

The real analogue of the theta dichotomy conjecture is known. The assumption
of the evenness of p and ¢ in the following lemma is a consequence of the same
assumptions in [M].

1.5 LEMMA. Suppose FF =R. Let m be a positive even integer and let n be a
positive integer such that m < 2n. Then the sets Ry (Sp(n,R)) as Y runs over
the isometry classes quadratic spaces over R of dimension m and signature of
the form (p,q) with p and q even are mutually disjoint.

Proof. We argue as in the second paragraph of the proof of Lemma 1.8 of
[AB]. Suppose Y and Y’ are quadratic spaces of dimension m with signa-
tures (p,q) and (p’,q¢’) with p,q,p’ and ¢’ even. Assume m € Ry (Sp(n,R)) N
Ry (Sp(n,R)). We must show that ¥ = Y’ ie., p = p and ¢ = ¢’. We
have Homy, r,)(wy,n, ™) # 0 and Hom(g, x,)(Wy’n,T) # 0; as in the proof
of Lemma 1.4 this implies Homg, x,)(Wzn, (7 ® 77)|a(g:, k1)) # 0, where
Z =Y 1 -Y' and -Y’ is the quadratic space with same space as Y’
but with form multiplied by —1; Z has signature (p + ¢,p’ + ¢). Hence,
1sp(nr) € Rz(Sp(n,R)). We now use [M] to complete the proof. The rep-
resentation 1gp(, r) has only one Ki-type, namely the trivial representation
of K. As 1gp(mr) € Rz(Sp(n,R)), the trivial representation of K; appears
in the joint harmonics H(K1,O0(p + ¢',R) x O(p’ + ¢,R)) for this theta cor-
respondence (see 1.1 and the second paragraph of 11.1 of [M]). By Corollaire
I.4 of [M], which computes the representations of K; occurring in the joint
harmonics, p+q' =p' +¢q; sincep+q=p' +¢,wehavep=p andg=¢. O

We now recall the extended Weil representation which will be used to define
the theta correspondence for similitudes; see [R1] for references. Define

R=Rx =R, =Rx,=1{(g,h) € GSp(n, F) x GO(X,F) : Mg) = A(h)}.
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The Weil representation w of Sp(n, F) x O(X,F) on L?*(X™) extends to a
unitary representation of R via

mn

w(g,h)e = |A(h)| " w(gr, 1)(poh™),

where )
g=g [(1) )\(Og)} € Sp(n, F).

Evidently, the group of elements (¢,¢) = (¢-1,¢-1) for t € F* is contained in the
center of R, and we have w(t,t)p = xx(t)"p for p € L*(X") and t € F*. If
F is nonarchimedean, then the extended Weil representation preserves §(X™);
when F is nonarchimedean, by w we shall often mean w acting on §(X™).
Suppose F' = R; then w extended to R also preserves §(X™), but only at the
level of Harish-Chandra modules. We need definitions. As a standard maximal
compact subgroup K of GSp(n,R) take the group generated by K; and the
order two element

f — 1 0

L)

The Lie algebra g = gsp(n,R) of GSp(n,R) is the direct sum of its center R
and g1 = sp(n,R). If p # ¢, then any maximal compact subgroup of GO(X,R)
is a maximal compact subgroup of O(X,R), and we let J denote the sub-
group Jj from above. Suppose p = ¢. Then every maximal compact subgroup
of GO(X,R) contains a unique maximal compact subgroup of O(X,R) as a
subgroup of index two, and any maximal compact subgroup of O(X,R) is con-
tained in a unique maximal compact subgroup of GO(X,R) as a subgroup of
index two. As a maximal compact subgroup for GO(X,R) we take the maxi-
mal compact subgroup J = J(X*, X~) containing J; = J1 (X, X ). To get
a coset representative jo for the nontrivial coset of J; in J, let i : X+ — X~
be an isomorphism of R vector spaces such that (i(z1),i(z™)) = —(z,2™) for
T € XT and using X = X+ L X~ set

._Oifl
Jo—i E

The Lie algebra h = go(n,R) of GO(X, R) is the direct sum of its center R and
h1 = o(n,R). The group R is a real reductive group containing (Sp(n,R) x
O(X,R)){(t,t) : t € R*} as an open subgroup of index one if p # ¢, and index
two if p = ¢. As a maximal compact subgroup L of R we take L = K; x Jp if
p # q; if p = ¢, then we take L to be generated by Ky x J; and (kg, jo). The
Lie algebra t of R is the set of pairs (x,y) € g x b such that x = z + 21 and
y =z +yy for some z € R, z; € g1 and y; € h;. The space §(X™) is evidently
closed under the action of w restricted to L and v. The (g1 % b1, K71 x Jq)
module §(X™) thus extends to an (r, L) module, which we will also denote by
w.
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Before discussing the theta correspondence for similitudes it will be useful to
describe the relationship between the extended Weil representations for similar
quadratic spaces, and what happens to the extended Weil representation when
the additive character is changed. For A € F* and g € GSp(n, F') write

-1
w_ |1 0 1 0
g [0 )\} g [0 Y
1.6 LEMMA. Let X' another quadratic space over F, and supposet: X — X'

is a similitude with similitude factor \. Let w' be the Weil representation of
Rx/p on L2(X'™). Then

w(g,h)(¢' o t) = [ (g™, tht™1)¢)] ot

for (g,h) € Rx,, and ¢’ € L*>(X'™).

Proof. By the formulas for the Weil representation the statement holds for
g € Sp(n, F) and h = 1, up to a factor a(g) in the fourth roots of unity pg.
The function « : Sp(n, F) — pg is a character. The only normal subgroups of
Sp(n, F) are {£1} and Sp(n, F); o must be trivial. It is now easy to check that
the formula holds for all (g,h) € R. O

In the next result the dependence of w on % is indicated by a subscript. Its
proof is similar to that of Lemma 1.6.

1.7 LEMMA. Let ' be another nontrivial unitary character of F. Let a € F*
be such that i)' (t) = 1(at) for t € F. Then there is an isomorphism

o 2 = ([ 9]0 22(x7)

of representations of R, where e = a if F is nonarchimedean and ¢ = sign(a)

if = R. If F is nonarchimedean, the isomorphism is the identity map; if
—1

F = R, the isomorphism sends ¢’ to @, where p(x) = ¢'(\/|la] ). This

isomorphism maps 8y (X™) onto 8,,(X™) (the subscripts i and ¢’ are relevant

when F =R).

With this preparation, we recall the theta correspondence for similitudes from
[R1]. In analogy to the case of isometries, we ask when does Hompg(w, 7®0) # 0
for m € Irr(GSp(n, F)) and o € Irr(GO(X, F')) define the graph of a bijec-
tion between appropriate subsets of Irr(GSp(n, F')) and Irr(GO(X, F))? In
considering this, two initial observations come to mind. First, R only in-
volves GSp(n, F)T, the subgroup of GSp(n,F) (of at most index two) of
g € GSp(n, F)* with A(g) € MGO(X, F)); thus, at first it might be bet-
ter to look at representations of GSp(n,F)" instead of GSp(n,F). Sec-
ond, there should be a close relationship between Homp(w, 7 ® 0) # 0 and
Homgp(n, ryxo(x,F)(w, T ® 01) # 0 for 71 and oy irreducible constituents of
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Tlsp(n,;y and olo(x, ), respectively. The basic result that builds on these
remarks is Lemma 4.2 of [R1]. It asserts that if # € Irr(GSp(n,F)"),
o € Irr(GO(X, F)) and Hompg(w, 7 ® o) # 0, then

! !
7T|Sp(n,F):m"frl@"'@m"er, O—‘O(X,F):m o1 D - Dm oy

with O(m;) = o; for 1 < i < M and m = 1 if and only if m’ = 1. Here
the m; € Irr(Sp(n, F)) and o; € Irr(O(X, F)) are mutually nonisomorphic.
Actually, [R1] considers the nonarchimedean case of odd residual characteristic,
but the same proof works if F' has even residual characteristic, dim X = 2n
and 7 and o are tempered, so that Theorem 1.2 applies, or if F = R; in this
case m =m’ = 1, as [GSp(n,R)™ : R* Sp(n, R)], [GO(X,R) : R* O(X,R)] < 2
(see Table 1 in the appendix for data on GSp(n,R)™). With this in place, [R1]
shows that the condition Hompg(w, 7 ® o) # 0 defines the graph of a bijection
between Rx (GSp(n, F)*) and R, (GO(X, F)), where Rx(GSp(n, F)*") is the
set of m € Irr(GSp(n, F)*) such that 7|gp(,, ) is multiplicity free and has an
irreducible constituent in Rx (Sp(n, F)) and R,,(GO(X, F)) is similarly defined
(again, this also holds if F' has even residual characteristic or F' = R).

Finally, when GSp(n, F')™ is proper in GSp(n, F'), [R1] shows Homg(w, 7®0) #
0 defines the graph of a bijection between suitable subsets of Irr(GSp(n, F'))
and Irr(GO(X, F')) provided m < 2n and the relevant case of Conjecture 1.3
holds. The idea is that if [GSp(n, F) : GSp(n, F)T] = 2, then X has a certain
companion nonisometric quadratic space X’ with the same dimension and dis-
criminant (this determines X’ if F' is nonarchimedean; if F' = R, then X" is the
quadratic space of signature (q,p)). When it holds and m < 2n, Conjecture 1.3
implies that together the two theta correspondences between GSp(n, F)™ and
GO(X, F) and between GSp(n, F)™ and GO(X’, F) give one theta correspon-
dence between GSp(n, F') and GO(X, F') (which is the same as that between
GSp(n, F) and GO(X', F), using GO(X, F') = GO(X', F')). Since [R1] explains
this in somewhat different language, we recall the argument in the proof of the
summary theorem below.

For the statement of the theorem we need some notation. If F' is nonar-
chimedean, define R,(GO(X,F)) and Rx(GSp(n,F)T) as above, and let
Rx(GSp(n, F)) be the set of m € Irr(GSp(n, F)) such that some irreducible
constituent of 7|ggp(n,F)+ is contained in Rx(GSp(n, F)*). If F = R, let
R (GO(X,R)) be the set of o € Irr(GO(X,R)) such that o|oxr) has an
irreducible constituent in R, (O(X,R)), and let Rx(GSp(n,R)) be the set
of 7 € Trr(GSp(n,R)) such that 7|gpn,r) has an irreducible constituent in
Rx (Sp(n,R)). Here o|oxr) and 7|gp(n,r) mean oy, s,y and 7|, x,), re-
spectively. If o € Irr(GO(X, F)) and F is nonarchimedean we say that o is
TEMPERED if all the irreducible constituents of o|gso(x,r) are tempered; evi-
dently, o is tempered if and only if the irreducible constituents of o|o(x, r) are
tempered and o has unitary central character, and this happens if and only
if the irreducible constituents of o|so(x,r) are tempered and o has unitary
central character.
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1.8 THEOREM. Suppose first F' is real or nonarchimedean of odd residual char-
acteristic. Then

{(m,0) € Rx(GSp(n, F)) x R,,(GO(X, F)) : Hompg(w, ™ ® o) # 0}
is the graph of a bijection between Rx(GSp(n, F)) and R,,(GO(X, F)), and
dim¢ Homg(w,7®0) <1

for m € Rx(GSp(n, F)) and 0 € R,(GO(X, F)), in the following cases:

(1) F is nonarchimedean and d = 1;

(2) F is nonarchimedean, d # 1, and m < n + 2;

(3) F=R andp=y¢q;

(4) F=R, p#q, p and q are even, and p+ q < 2n.
Now assume F is nonarchimedean of even residual characteristic and m =
2n. As in Theorem 1.2, let the subscript temp denote the subset of tem-
pered elements. Then the above statement holds with Rx (GSp(n, F))iemp and
Rn(GO(X, F))temp in place of Rx(GSp(n, F)) and R, (GO(X, F)), respec-
tively, in the following cases:

(5) d=1 and m = 2n;

(6) d£1andm=2n=n+2=4.

Proof. (1). Since d = 1, GSp(n, F)™ = GSp(n, F'), and the statement follows
from Theorem 4.4 of [R1].

(2). This is dealt with in [R1], but we shall briefly recall the argument for the
purposes of explanation. In this case we have [GSp(n, F') : GSp(n, F)*] = 2.
Let g € GSp(n, F) be a representative for the nontrivial coset of GSp(n, F')™
in GSp(n,F). As mentioned above, by Theorem 4.4 of [R1] the condi-
tion Homp(w,n ® ) # 0 defines a bijection between Rx(GSp(n, F)™) and
R, (GO(X, F)), and dimc Homg(w, 7 ® o) < 1 for 7’ € Rx(GSp(n, F)T)
and ¢ € R,(GO(X,F)). To prove the theorem in this case, we first
claim that if 7’ € Rx(GSp(n, F)*) and 0 € R,(GO(X, F)) are such that

Hompg(w,n" ® o) # 0, then g -’ 2 7’ (so that = = Indggggzg
ducible), and Homp(w, 7 ® o) =2 Hompg(w, 7’ ® 0); also, if 7 € Rx(GSp(n, F))
then 7|ggp(n,ry+ has two irreducible components. Let X’ be the other qua-
dratic space of dimension m and discriminant d nonisometric to X. We may
assume that X’ is obtained from X by multiplying the form on X by A(g); then
GO(X',F)=GO(X,F) and Rx',, = R = Rx . Let ' = wx/; by Lemma 1.6,
g-w = w'. Now since Hompg(w, 7’ ® o) # 0 we have Homg(g-w,g -7’ ® o) # 0,
and so Hompg(w', g - 1’ ® o) # 0. This gives g - ' € Rx/(GSp(n, F)T). If now
7' 2 g7, then Rx(Sp(n, F)) N Rx/(Sp(n, F)) # 0 (see Lemma 4.2 of [R1]),
contradicting Lemma 1.4. Thus, g - 7’ 2 7’. Composing with the projection
m — 7' gives a map Hompg(w, 7®c) — Hompg(w, 7'®0c); by arguments similar to
those just given, this map is a C linear isomorphism. Let 7 € Rx (GSp(n, F')),
and suppose 7|Gsp(n,p)+ = 7 is irreducible. Then 7’ € Rx (GSp(n, F)"), and

P
L 7 is irre-
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so g - m % 7', a contradiction. This completes the proof of our claim. Using
the claim, it is straightforward to prove the theorem in this case via analogous
arguments.

(3) and (4). The arguments are similar to the nonarchimedean case in [R1]. In
fact, they are easier since the indices of the various relevant subgroups are at
most two. Thus, the analogues of the lemmas about induction and restriction
from [GK] used in [R1] take on a simple form. For the convenience of the reader
wishing to look closely at the arguments we present a table of data (See Table
1 in the Appendix). The p = ¢ and p # ¢ cases should be regarded as being
analogous to the d = 1 and d # 1 nonarchimedean cases, respectively. In the
table K is a maximal compact subgroup of GSp(n,R)™.

(5) and (6). The arguments are similar to those for (1) and (2) as we have the
inputs Theorem 1.2 and Lemma 1.4. The proofs of section 4 of [R1] are made
in an abstracted context and thus residual characteristic independent; these
arguments also go through with the restriction to tempered representations.
The arguments in (2) for the case [GSp(n, F) : GSp(n, F)*] = 2 also work with
the restriction to tempered representations. The reader wishing to go through
the details should note the remark after Theorem 1.2. [

The proof of Theorem 1.8 only used Lemmas 1.4 and 1.5 when F' is nonar-
chimedean and d # 1 and F' = R and p # ¢, respectively. However, Lemmas
1.4 and 1.5 have important applications when F' is nonarchimedean and d = 1,
and F =R and p = ¢: see Lemma 8.4 and the proof of Proposition 4.1.

We note that if m € Irr(GSp(n, F)), 0 € Irr(GO(X, F)) and Homg(w, 7®0c) # 0
then x% = wrw, where w, and w, are the central characters of = and o,
respectively. Here, if F' = R then the central character of 7 € Irr(GSp(n,R))
is defined by wr(e*) = exp(m(z)) for z € R C g, and wr(—1) = 7(—1), where
—1 € K; w, is defined similarly.

The theta correspondence for similitudes from Theorem 1.8 is independent of
the choice of character .

1.9 PROPOSITION. Let ¢’ be another nontrivial unitary character of F, and
let wys be the Weil representation of R on 84/(X™) corresponding to v' (the
subscript " in 8y (X™) is relevant when F =R). Let 0 € Irr(GO(X, F)) and
m € Irr(GSp(n, F)). Then Hompg(wy, ™ @ o) # 0 if and only if Homp(wy, ™ ®
o) #0.

Proof. This follows from Lemma 1.7. O

Assume we are in one of the cases of Theorem 1.8. We then denote the bijection
between Rx (GSp(n, F)) and R, (GO(X, F)) by 6:

0 : Rx(GSp(n, F)) = R, (GO(X, F)),
0 : Rn(GO(X, F)) = Rx (GSp(n, F)).

If m € Rx(GSp(n, F)) and 0 € R,(GO(X, F')) then Homp(w, 7™ ® o) # 0 if
and only if (r) = o and 0(c) = m; if F has even residual characteristic we
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use Rx (GSp(n, F))temp and R, (GO(X, F))temp. If 0 € R,,(GO(X, F)) we say
that 0 OCCURS IN THE THETA CORRESPONDENCE WITH GSp(n, F'); similarly,
if € Rx(GSp(n, F)) we say that = occurs in the theta correspondence with
GO(X, F). The above definition of € is not quite compatible with the global
definition; a contragredient must be introduced. If 7 is a cuspidal automorphic
representation of GSp(X, A), the global theta lift © () is nonzero and cuspidal,
and Theorem 1.8 applies at every place, then ' € Rx(GSp(n, F)) for all places
v of F, and O(m) = ®,0(m,) (See Section 5). However, we have the following
proposition. It guarantees that if o, = 6(7,/) then 0(c.)) = 7.

1.10 PrOPOSITION. Let m € Irr(GSp(n, F')) and o € Irr(GO(X, F')) be uni-
tary. Then Hompg(w, 7 ®0) # 0 if and only if Hompg(w, 77 @) # 0. Suppose
one of (1)-(6) of Theorem 1.8 holds. Then m € Rx(GSp(n, F)) if and only
if v € Rx(GSp(n, F)) and if 7 € Rx(GSp(n,F)), then 6(xV) = 6(m)".
Similarly, 0 € R,(GO(X, F)) if and only if 0V € R,(GO(X,F)), and if
o € R, (GO(X, F)) then 6(c") = 6(c)"V. (If F has even residual character-
istic, replace Rx(GSp(n, F)) and R, (GO(X,F)) by Rx(GSp(n, F'))temp and
Rn(GO(X, F))temp, Tespectively, in these statements.)

Proof. Since m and o are unitary, there exist C antilinear isomorphisms 7 — 7V

and ¢ — oV intertwining the actions of GSp(n, F') and GO(X, F), respectively.
It follows that there is a C antilinear isomorphism 7®0 — 7V ®c" intertwining
the action of GSp(n, F') x GO(X, F'). Let @ be the representation of R on $(X")
defined by @(r)o = w(r)g for r € R and ¢ € §(X™). Let t : w — T ® o be
a nonzero R map; then sending ¢ to ¢() gives a nonzero C antilinear R map
w — 7 ® o. Composing, we get a nonzero R map w — 7V ® ¢¥. On the other
hand, there is an R isomorphism

wu({é _01} 1) - w.

This implies that there is a nonzero R map w — 7 ® ¢”. The remaining
claims of the proposition follow. [

Finally, using [H], we consider how the theta correspondence for similitudes
treats unramified representations. This requires some definitions. Assume F
is nonarchimedean, and let H be the hyperbolic plane over F. Then X =2 H L
-+ L H L Xo, where Xg is an anisotropic quadratic space over F' of dimension
0,2 or 4. In particular, if dimg Xy = 2, then d # 1 and Xg & (E,(SNII?:), for a
quadratic extension F/F, where § = 1 or is a representative for the nontrivial
coset of F*/NE(E*). We say that X is UNRAMIFIED if either dim X, = 0
or dim Xy = 2, E/F is unramified and 6 = 1. If X is unramified, then there
exists a lattice L C X which is self-dual, and if L’ is any other self-dual lattice
in X, then there exists h € SO(X, F) such that h(L) = L'. If dimp X = 0 or
dimp Xg = 2 and E/F is unramified, we define a maximal compact subgroup
J of GO(X, F) in the following way. First, if X is unramified, we let J be the
stabilizer in GO(X, F) of a fixed self-dual lattice L, i.e., J is the set of k €
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GO(X, F) such that k(L) = L. Next assume dimp Xo = 2, E/F is unramified
but § # 1. Then there exists a similitude & from X to the unramified quadratic
space of the same dimension and discriminant with anisotropic component
(E,NZ); we let J be the set of k € GO(X, F) of the form h~'k’h were k' is
in the maximal compact subgroup of GO(X’, F') we have already defined. The
definition of J depends on choices, but any two subgroups defined by different
choices are conjugate. Let K = GSp(n,Op).

1.11 PROPOSITION. Suppose F' is nonarchimedean of odd residual charac-
teristic and X is such that J is defined. Let 0 € R,(GO(X,F)) and ™ €
Rx(GSp(n, F)) and assume Hompg(w, 7 @ o) # 0. Then 7 is unramified with
respect to K if and only if o is unramified with respect to J.

Proof. By Proposition 1.9 we may assume (O r) = 1 but (7, 'OF) # 1; by
Lemma 1.6 we may assume X is unramified. We have K = O 5K U koO £ K
and J = O3J1 U j,OxJi, where K1 = K N Sp(n,F), J1 = JNO(X,F),
Ako) = A(jo) = u1, and p is a representative for the nontrivial coset of O 7 /O 52,
For some irreducible component 7’ of 7| Ggp(n, 7)+, We have Hom g (w, 7' ®@c) # 0.
As K C GSp(n, F)™, it will suffice to show that o is unramified with respect
to J if and only if 7’ is unramified with respect to K. By the proof of Lemma
4.2 of [R1] we can write

7T/|Sp(n7F):7T1€B~..@7TM, U|O(X7F):(71€B"'€BGM

where the m; € Irr(Sp(n, F)) and the o; € Irr(O(X, F)) are mutually noniso-
morphic and o; = 6(m;). Let V; and W; be the spaces of 7; and o, respectively.
Assume ¢ is unramified with respect to J. Let wi € o be nonzero and fixed
by J. Since o|o(x,r) has exactly one irreducible constituent unramified with
respect to Jy, we may assume, say, w; € Wy. Evidently, o(jo)W; = W;. By
(b) of Theorem 7.1 of [H]|, m; = #(01) is unramified with respect to K;. Let
v1 € V7 be nonzero and fixed by K;. We will show that vy is in fact fixed by
K, ie., 7'(ko)vi = vi. As m'|sp(n,r) has exactly one irreducible constituent
unramified with respect to K; we have n'(kg)Vy = Vi. Since VlK1 is one
dimensional, 7/(ko)v; = evy for some e € {£1}. We must show e = 1. Let
T :w — 7 ®0c be anonzero R map, and let p : 7’ ® 0 — 71 ® 01 be projection.
Let Ty =poT :w — m & oy; this is a nonzero Sp(n, F') x O(X, F)) map. Let
¢ € w be such that T1(¢) = v; ® wy; we may assume ¢ is fixed by K7 x Ji.
By the top of p. 107 of [MVW], there exists a locally constant compactly
supported K bi-invariant function f : Sp(n, F') — C such that

= / f(9)w(g,1)po dg;
Sp(n,F)

here ¢y € w is a certain element fixed by K7 x Ji. One can check that g is
also fixed by (ko, jo). We have T} (w(ko, jo)y) = €(v1 ® wy). However,

W(ko,jo)wz/s ( F)f(ko_lgko)w(g, 1)¢o dg.
p{n,
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Let g € Sp(n, F). We claim f(ko_lgko) = f(g). Write g = kak’ with k, k' € K,
and a a diagonal matrix. Since we may assume

1 0
ko_{o /J’

we have ky'gko = ko 'kkoakg "k'ko; hence, f(kg 'ghko) = f(a) = f(g). Thus,
w(ko, jo)p = . This implies v1 ® w1 = T1(¢) = €(v1 ® wy), so that e = 1.
The implication in the other direction has a similar argument. [

2. FOUR DIMENSIONAL QUADRATIC SPACES

In this section we recall background on four dimensional quadratic spaces X
over a base field F' and their similitude groups. We begin by characterizing the
special similitude group GSO(X, F') of X via its even Clifford algebra. We also
obtain canonical coset representatives for the nontrivial coset of GSO(X, F') in
GO(X, F); these correspond to quaternion algebras over F contained in the
even Clifford algebra over F', which in turn are in bijection with Galois ac-
tions on the even Clifford algebra. This leads to the concept of a quadratic
quaternion algebra over F', an abstraction of the even Clifford algebra of a four
dimensional quadratic space. We construct examples of four dimensional qua-
dratic spaces from a given quadratic quaternion algebra over F' and quaternion
algebras over F' contained in the quadratic quaternion algebra, or equivalently,
Galois actions on the quadratic quaternion algebra. We prove that any four
dimensional quadratic space over F' is, up to similitude, one of these exam-
ples. We also describe the relationship between the examples that arise from
a given quadratic quaternion algebra. To close the section, we consider four
dimensional quadratic spaces over local and number fields. The material in this
section is essentially well known. As some basic references we use [E], [Sch] and
[Kn].

To begin, let F' be a field not of characteristic two, and let (X, (-,-)) be a four
dimensional quadratic space over F'. For simplicity denote the F' points of X
by X. Set d = disc X. Let x1,x2,x3, x4 be an orthogonal basis for X. Let C
be the Clifford algebra of X, let B = B(X) be the even Clifford algebra of X in
C, let E = E(X) be the center of B, and let C; = C1(X) be the subspace of C
of odd elements. Then C, B, E and C are 16, 8, 2 and 8 dimensional over F,
respectively. The F' algebra F is called the DISCRIMINANT ALGEBRA of X and
is REDUCED, i.e., has no nonzero nilpotent elements. Hence, F is either a field
or is isomorphic to F' x F'; these happen when d # 1 and d = 1, respectively.
Let Gal(E/F) = {1,a}. Let N£ and TZ be the norm and trace from E to F
defined by NE(z2) = za(z) and TE(2) = z + a(z), respectively. Let % be the
involution of C' which takes a product of the z; to the product of the same x;
in the reverse order. Clearly, * preserves B and Cy. If x € B, then z € E if
and only if 2* = z. For « € C, define N(x) = 2*z. Then N(x) € E for x € B.
We may regard X as contained in C. Evidently, X is the set of z € C; such
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that * = z. For x € X, (z,z) = N(z). Also, for z € E and = € C; we have
xz = a(z)x.

To further describe the structure of B and FE, suppose B is an arbitrary F
algebra with center E and involution * which is the identity on E. Then
we say that B is a QUADRATIC QUATERNION ALGEBRA OVER F' if E is two
dimensional over F' and reduced, and there exists a quaternion algebra D over
F' contained in B such that the natural map FE®pr D — B given by 2 ®x — zx
is an isomorphism of E algebras and * induces the canonical involution on D.
Let B be a quadratic quaternion algebra over F' with center F and involution
x. We define the norm N : B — F and trace T : B — E by N(z) = za* = z*x
and T(z) = = + z* respectively. We also define a symmetric E-bilinear form
(w): BxB — E by (z,y) = T(xy*)/2. This form is nondegenerate, i.e.,
if x € B is nonzero, there exists y € B such that (z,y) # 0. The definition
of a quadratic quaternion algebra B includes a particular quaternion algebra
over F'in B, but the next straightforward result shows that all the quaternion
algebras over F' in B have equal status.

2.1 PROPOSITION. Let B be a quadratic quaternion algebra over F with center
FE and involution x. Let D be any quaternion algebra over F in B. The natural
map E®p D — B is an isomorphism of E algebras, and * induces the canonical
involution on D.

Given a quadratic quaternion algebra B as above, in general there may be
infinitely many nonisomorphic quaternion algebras D over F' in B. However,
if F 2 F x F,then B> D x D, and any quaternion algebra over F' in B is
isomorphic to D.

2.2 PROPOSITION. Let X be a four dimensional quadratic space over X. The
F algebra B(X) is a quadratic quaternion algebra over F.

We characterize GSO(X, F'). Write B = B(X). Define a left action of F* x B*
on C1 by p(t,g)x = t~tgxg*. This action preserves X, and a computation shows
that if z € X and (t,g9) € F* x B*, then N(p(t,g)z) = t 2NE(N(g)) N(z);
thus, p(t,g) € GO(X,F), with similitude factor t"2NZ(N(g)). In fact, if
(t,9) € F* x B*, then p(t,g) € GSO(X,F). For the following see for ex-
ample V (4.6.1) of [Kn], p. 273.

2.3 THEOREM. Let X be a four dimensional quadratic space over X, and write
B = B(X) and E = E(X). Define an inclusion of E* into F* x B* by
a— (NE(a),a). Then the following sequence is exact:

1 — EX — F* x B* 2 GSO(X, F) — 1.
This theorem determines GSO(X, F'). We also need to understand GO(X, F),
and we now explain how to describe certain canonical coset representatives for
the nontrivial coset of GSO(X, F') in GO(X, F'). These coset representatives

will correspond to choices of quaternion algebras over F' in B. The following
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lemma is the key structural result for the construction of the coset represen-
tatives. It is an elaboration of a general result about Clifford algebras of even
dimensional quadratic spaces (Chapter 9, Theorem 2.10 of [Sch], p. 332).

2.4 LEMMA. Let X be a four dimensional quadratic space over X, and write
B = B(X) and E = E(X). Let D be a quaternion algebra over F contained
in B. Let D' be the F algebra of elements of C which commute with all the
elements of D. Then D’ is a quaternion algebra over F and X N D’ is one
dimensional and spanned by an anisotropic vector y, so that D' = E+ Ey. The
map ' ® x — x'x determines an isomorphism D' @ D = C of F algebras.
Conversely, if y € X 1is an anisotropic vector, then the set D of elements of B
commuting with y is a quaternion algebra over F in B.

The maps from the previous lemma are evidently inverses of each other; that
is, there is a bijection

Quaternion algebras over F'in B «— Anisotropic lines in X.

For the description of the nontrivial coset representatives of GSO(X, F) in
GO(X, F) we also need the following. Suppose B is any quadratic quaternion
algebra over F' with center E with Gal(E/F) = {1,a}. Then a GALOIS ACTION
ON B is an F-automorphism a : B — B such that a? = 1 and a(zz) = a(z)a(z)
for z € EF and x € B. If a is a Galois action on B, then the fixed points of a are
a quaternion algebra over F' contained in Bj; conversely, if D is a quaternion
algebra over F contained in B, and a : B — B is defined by a(2®x) = a(z)®x,
then a is a Galois action on B. These two maps are inverses of each other, and
establish a bijection:

Quaternion algebras over F' in B «— Galois actions on B.
Direct computation gives the following:

2.5 PROPOSITION. Let X be a four dimensional quadratic space over X, and
write B = B(X) and E = E(X). Let D be a quaternion algebra over F
contained in B, and let D' be as in Lemma 2.4. Let # be the involution of
C obtained via the isomorphism D' @ D = C from the tensor product of the
canonical involutions on D' and D. Then X% = X; define s : X — X by
s(xr) = —a#. Then s € O(X,F), s> = 1, and dets = —1. Moreover, the
following diagram commutes:

1 EX F*xB* —2 . GSO(X,F) —— 1
al lxal conj. by sl
1 E* F*xB* —2 . GSO(X,F) —— 1

Here, a is the Galois action on B determined by D.

When F is a local field we shall deal with representations of GSO(X, F') dis-
tinguished with respect to subgroups SO(Y, F'), where Y is a three dimensional
subspace of X. The above development leads to a compatible characterization
of such subgroups. For the exactness of the first sequence in the next result see
for example [Kn], p. 264.
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2.6 PROPOSITION. Let X be a four dimensional quadratic space over X, and
write B = B(X) and E = E(X). Lety € X be anisotropic, and setY = (F-y)*
i X. Let D be the quaternion algebra over F in B corresponding to y. For
g€ D* and x €Y, define p(g)x = grg—*. Then p(g) € SO(Y, F) for g € D,
the sequence

1— F* = D*280(Y,F) -1

s exact, there is a commutative diagram

1 FX D* —2 . SO, F) —— 1
1 EX F*xB* —2 - GSO(X,F) —— 1

where the inclusion of D> in F* x B> is given by g — (N(g),g), and SO(Y, F)
is included in GSO(X,F) by regarding SO(Y,F) as the stabilizer of y in
GSO(X, F). Moreover, the element s from Proposition 2.5 corresponding to D
is such that s(y) =y and s is multiplication by —1 on'Y', so that s|y € O(Y, F),
with det sly = —1.

It will be important to have some explicitly constructed four dimensional
quadratic spaces, and we now reverse matters and construct such examples
from a given quadratic quaternion algebra over F' equipped with a Galois ac-
tion. Let B be a quadratic quaternion algebra over F with center E with
Gal(E/F) = {1,a}, involution *, and let a : B — B be a Galois action on
B. Let D be the quaternion algebra over F' in B corresponding to a, i.e., the
fixed points of a. We let X, be the set of x € B such that a(x) = z*. Then
X, is a four dimensional vector space over F, and equipped with the symmet-
ric bilinear form induced by the norm of B, X, is a quadratic space over F.
Define an explicit action of F* x B* on X, by p.(t,g9)x =t 'gza(g)*. Then
pa(t,g) € GSO(X,, F) for (t,g9) € F* x B*. The relationship between the
previous characterization of GSO(X,, F)) and the homomorphism p, is given
by the following proposition.

2.7 PROPOSITION. Let B be a quadratic quaternion algebra over F with center
E with Gal(E/F) = {1, a}, involution *, and let a : B — B be a Galois action
on B. Then the sequence

1 — EX — F* x BX 24 GSO(X,, F) — 1,

is exact, where the inclusion of E* is defined by z — (N%(2), 2). There exists
a unique F algebra isomorphism B(X,) — B sending E(X,) onto E so that
the diagram

1 —— E(X,)* —— F*xB(X,)* —%— GSO(X,,F) -1

1 | .

1 —— FEX —— F*xB* 2, GSO(X,,F)—1
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commutes. The map defined by x — a(x) = z* maps X, onto X,, and is the
element s € O(X,, ) from Proposition 2.5 associated to the quaternion algebra
over F in B(X,) corresponding to a.

Explicit quadratic quaternion algebras equipped with Galois actions may con-
structed as follows. Let E be a two dimensional reduced F' algebra, so that E
is either a quadratic extension of F, or E = F' x F. Let Gal(E/F) = {1, a},
and let D be a quaternion algebra over F' with canonical involution . Set
Bp.g = E®rD, endow Bp, g with the involution defined by (z ® 2)* = z®x™,
and define a = a(D,E) : Bp. g — Bp g by a(z ® ) = a(z) ® x. Clearly Bp g
is a quadratic quaternion algebra over F', and a is a Galois action on Bp g;
we will write Xp g = X,. To be even more concrete, let d € F*/F*2 If
d#1,let Eg = F(\/ﬁ), ifd=1,let Eg=F x F. We write Bp 4 = Bp g, and
Xp,a = Xp, g, Evidently disc Xp 4 = d. Assume further d = 1. Then there is
a canonical isomorphism DxD — B p,1 of F algebras. With respect to this iso-
morphism, a is given by a(x,2’) = (2, z), and * is given by (z,2')* = (a*, 2’*).
Thus, Xp 1 is the set of pairs (z,2*) for € D, which can be identified with
D. With respect to these identifications, p4(t, (9,9'))x =t tgzg’* for t € F,
x €D, and g,¢' € D*.

Before turning to specific fields we address two natural questions. First, if X is
an arbitrary four dimensional quadratic space over F', when can X be related
toan Xp g?

2.8 PROPOSITION. Let X be a four dimensional quadratic space over F and
write B = B(X) and E = E(X). There exists a quaternion algebra D over F
in B and a similitude T : X — Xp g so that

1 EX F*xB* —2- GSOX,F) —— 1
idl zl lT-T’l
1 E* F* x By, 2. GSO(Xpp, F) —— 1

commutes, and the element s € O(X, F) corresponding to D from Proposition
2.5 is mapped to the element of O(Xp g, F) defined by x — a(x) = x*, where
a=a(D,E). If X represents 1, then we may further choose T to be an isom-
etry. Conversely, if X is isometric to Xp g for some D, then X represents
1.

Given a quadratic quaternion algebra over F', what is the relationship between
the X, for different Galois actions a on the quadratic quaternion algebra? The
main ingredient for the following is the Skolem-Noether theorem.

2.9 PROPOSITION. Let B be a quadratic quaternion algebra over F with center
E, let Gal(E/F) = {1,a}, and let a and o’ be Galois actions on B. There
erists u € B*, uniquely determined up to multiplication by elements of E*,
such that a'(z) = uwta(x)u for v € B. We have ua(u) = ua’(u) € F*. Let
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= ua(u) = ua’(u). Then u can be chosen so that N(u) = pu; choose such a u.
The map T : X, — Xo given by T(x) = xu is a well-defined similitude with
similitude factor N(T') = p. The diagram

1l —— EX —— F*xB* -2, GSO(X,,F) —— 1

o Jrr-

1 —— B —— FXxB* 2, GSO(X,,F) —— 1
commutes.

To close this section we consider choices of F'. Suppose F' is nonarchimedean
of characteristic zero. Let d € F*/F*2. Up to isometry, there are two four
dimensional quadratic spaces of discriminant d; these are distinguished by their
Hasse invariant. Both spaces represent 1. One space is isometric to X, ,,d;
where Mayo = Moy (F) is the quaternion algebra of 2 x 2 matrices over F'; the
other is isometric to Xp,, . 4, Where Dy, is the division quaternion algebra
over F. These spaces have Hasse invariant e(d) and —e(d), respectively, where
€(d) = (-1,-d)p. If d = 1, then Xn,,, 1 is isometric to Maxa(F') equipped
with the determinant, and Xp_ 1 is isometric to Dyam equipped with the
norm; see the remarks before Proposition 2.8. Suppose d # 1. Then X, ,.q4
and Xp,, . q are both isotropic. Also, Bu,,,,q and Bp,, . 4 are both isomorphic
to Maxa(Ey). Explicitly, let § be a representative for the nontrivial coset of
F*/NE4(EY). Then we can take

ram

A
Dram — {|:C¥(f) a(e):| . af S Ed} C M2><2(Ed)-

The Galois actions a = a(Maxs2, Eq) and o' = a(Dyam, Eq) on Mayo(Ey) corre-
sponding to Mayo(F) and D, are given by

en wfg [ [ o] mae s LDl 9],

respectively, and Xy, , 4 and Xp_ . g are the set of elements in Moy 2 (Eq)

ram;

v ol =Ll

respectively, for e € E; and f,g € F. The element u from Proposition 2.9 can

be taken to be 5
0
@L 0].

Evidently, if the residual characteristic of F' is odd and Ey/F is unramified,
then Xy, ,,q is unramified but Xp_, 4 is not. The quadratic spaces Xw,, .4
and Xp__ 4 have isomorphic similitude groups, and from the point of view

ram;
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of the theta correspondence for similitudes, they are grouped together. The
two quadratic spaces with discriminant 1, however, do not have isomorphic
similitude groups and and are distinct from the point of view of the theta
correspondence for similitudes. See the remarks before Theorem 1.8 and the
proof of Theorem 1.8.

Suppose F' = R. Let d € RX/R*2. If d = 1, then up to isometry there
are three four dimensional quadratic spaces of discriminant 1, with signatures
(4,0), (2,2) or (0,4). The quadratic space with signature (4,0) is Xp_,_ 1; the
ramified quaternion algebra D,,,, over R is the Hamilton quaternion algebra.
The quadratic space with signature (2,2) is Xwm,,,,1 where Mayo = Maxa(R).
Finally, the quadratic space with signature (0, 4) is not of the form Xp ;. How-
ever, as predicted by Proposition 2.8, there is an intertwining similitude with
the space Xp,,. 1: the quadratic space with signature (0,4) can be taken to be
XDyam,1 With form multiplied by —1. Then the intertwining similitude is just
the identity function. If d = —1, then up to isometry there are two quadrat-
ics spaces of discriminant —1, with signatures (1,3) or (3,1). The quadratic
space with signature (3,1) is X, ,,—1, while the quadratic space with signa-
ture (1,3) is Xp,,,,—1. From the point of view of the theta correspondence for
similitudes, the spaces with signature (4,0) and (0, 4) are grouped together, the
spaces with signature (3,1) and (1, 3) are grouped together, and the space of
signature (2,2) is not grouped with another four dimensional quadratic space.
When F' = R there are further exact sequences. Let X be a four dimensional
quadratic space over R, with even Clifford algebra B; let E be the center
of B. We regard ' = R, E and B as the Lie algebras of FF’* = R* 6 E*
and B>, respectively. We take the Lie algebra gso(X,R) of GSO(X,R) to
be the subalgebra of h € Endg X for which there exists a A € R such that
(hx,x") + (z, ha') = Mx,2’) for z,2’ € X; then A = tr(h)/2. Define an action
of Rx B on X by p(r,h)x = —rz + hx +xh*, and an inclusion of E into R x B
by b — (T%(b),b). By Theorem 2.3,

(2.2) 0—FE—RxB2%gso(X,R) -0

is an exact sequence of Lie algebras. Any two maximal compact subgroups
of GSO(X,R) are conjugate. Let Jy be a maximal compact subgroup of
GSO(X,R). Then there exists a unique maximal compact subgroup Kp of
B* such that p({£1} x Kp) = Jy. The normalizer of Jy is R*.Jy, and Jp is
contained in a unique maximal compact subgroup of GO(X,R). There is an
exact sequence

(2.3) 1 - KgnNEX - {+1}x K % Jy — 1.
Suppose that y € X is anisotropic and Y and D are as in Proposition 2.6. We
take the Lie algebra of s0(Y, R) of SO(Y,R) to be the subalgebra of h € Endr Y

such that (hz,z’) + (x,ha’) = 0 for z,2’ € Y. We regard D as the Lie algebra
of D>, and define an action of D on X by p(h)x = haz — xh. By Proposition
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2.6 there is an exact sequence
0—-R—D—s0(Y,R)—0,

and a commutative diagram

0 R D —’— s(Y,R) —— 0
0 E RxB —2— gso(X,R) —— 0

where D is included in R x B via h — (T(h),h) and so(Y,R) is included in
gs0(X,R) by setting the elements of s0(Y,R) to be 0 on R-y. Any two maximal
compact subgroups of SO(Y,R) are conjugate. Let Jy be a maximal compact
subgroup of SO(Y,R). Then there exists a unique maximal compact subgroup
Kp of D* such that Jy = p(Kp), and Jy is contained in a unique maximal
compact subgroup Jy = p({£1} x Kpg) of GSO(X,R). Also, Kp C Kpg, the
diagram

1 —— {1} ——  Kp LTy 1
1l —— KgnNE* —— {1} xKp —2— ]y 1

commutes, and the element s € O(X,R) from Proposition 2.6 normalizes Jy
and Jy. Conversely, if Jy = p({£1} x Kpg) is a maximal compact subgroup of
GSO(X, R) there exists an anisotropic y € X and a maximal compact subgroup
Jy = p(Kp) C SO(Y,R) such that Jy C Jo; in particular, the unique maximal
compact subgroup of GSO(X,R) which contains Jy is generated by Jy and s.
Finally, suppose F' is a number field with adeles A, X is a four dimensional
quadratic space over F', B is the even Clifford algebra of X, and F is the center
of B. Using Theorem 2.3 one can show that the sequence

1 — A¥ — A x BX(A) % GSO(X,A) — 1

is exact; we identify E*(A) and Aj. Similarly, if B is a quadratic quaternion
algebra over F' with center F, and a is a Galois action on B, then the sequence

1 — A% — A% x BX(A) 2% GSO(X,,A) — 1

is exact. In addition, we have the following useful observation. Suppose D and
D' are quaternion algebras over F', and F is a two dimensional reduced algebra
over F'. Let Sp g be the set of places v of F' such that D, is ramified and v
splits in F; if E = F x F, we will say that every place of F' splits in E. Define
Spr,g similarly. Evidently, if Sp g = Sp/ g, then Bp g = Bp: g as E algebras.
Thus, if Sp,g = Sp’.g, then by Proposition 2.9 there exists an intertwining
similitude from Xp g to Xp: g.
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3. LOCAL THETA LIFTS FOR dim X =2n =4

In this section we describe what irreducible representations of GO(X, F') occur
in the theta correspondence with GSp(2, F') for X a four dimensional quadratic
space over a local field F'. This is needed to define local L-packets for GSp(2, F')
in the next section. The description below involves distinguished representa-
tions, and was given in [R2] when F is a local field of characteristic zero with
odd residual characteristic; we also do the even residual characteristic and real
cases.

Fix the following notation. Let F' be a local field of characteristic zero, with
F = R if F is archimedean. Let X be a four dimensional quadratic space
over F; write X for the F' points of X. Let d = disc X. As in Section 2,
let B be the even Clifford algebra of X, and let E be the center of B. Let
s € O(X, F) be an element as in Proposition 2.5, so that s? = 1, det s = —1,
and s is a representative for the nontrivial coset of GSO(X, F) in GO(X, F).
Suppose that F© = R. Fix a maximal compact subgroup Kp of B*, and
let Jo = p({£1} x Kp), a maximal compact subgroup of GSO(X,R). As
explained in the penultimate paragraph of Section 2, we may assume that s
normalizes Jy, so that the subgroup J generated by Jy and s is a maximal
compact subgroup of GO(X,R). As usual, by Irr(B*) we mean the set of
equivalence classes of irreducible (B, Kp) modules, where B is regarded as the
Lie algebra of B*. If 7 € Irr(B*), the central character w, : E* — C* of 7 is
defined by w,(e*) = exp(7(z)) for z € E C B = Lie(B*), and w,(¢) = 7(e) for
e€ EXNKpg.

Using the exact sequences of Section 2, we can describe representations of
GSO(X, F) in terms of representations of B*. Let Irrs(F'™™ x B*) be the set
of pairs (x,7), where 7 € Irr(B*) is such that w, is Galois invariant, and x
is a quasi-character of F'* such that w, = x o Ng . The exact sequences from
Theorem 2.3, (2.2) and (2.3) give a bijection

Ity (F* x B*) 5= Irr(GSO(X, F)),  (x,7) — 7(x, 7).

If F is nonarchimedean, 7(x,7) has the same space as 7, and is defined by
7(x,7)(p(t,9)) = x(t)"'7(g). Suppose F =R, and let (x,7) € Irrf(R* x BX).
Since w; is Galois invariant, it follows that there exists a unique R linear map
I, : R — C such that 7(z) = [.(TE(z)) for z € E C Lie(B*). We have
x(e®) = expl;(z) for x € R. Then w(x,7) has the same space as 7, and
7(x,7) is defined by 7(x,7)(p(e, k) = x(e)~7(k) for p(e,k) € Jo, and by
w(x,7)(p(r,h)) = =l (r) + 7(h) for p(r,h) € gso(X,R). The central character
of w(x,7) is x.

In addition, if X is of the form X, for some Galois action a on a quadratic
quaternion algebra B (see Section 2), then it may be convenient to write
m = 7(x, ) with respect to the first exact sequence from Proposition 2.7. By
Proposition 2.7, the difference between using the exact sequences from Propo-
sition 2.7 and Theorem 2.3 is inessential.
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We describe representations of GO(X, F') via representations of GSO(X, F).
Let m € Irr(GSO(X, F')). If the induced representation of 7 to GSO(X, F') is
irreducible, we say that 7 is REGULAR, and write 71 for the induced repre-
sentation. Here, if ' =R, Indgigity &) 7 is the (go(X,R), J) = (gso(X,R), J)
module with space m @ 7 and action

7t (k) (w @ w') = n(k)w @ n(sks)w', k€ Jy, nt(s)(wdw)=uw ®w,
and Lie algebra action
X)) (wew') =n(X)w o r(Ad(s)X)w', X € gso(X,R).

If 7 is not regular, we say that 7 is INVARIANT. If 7 is invariant, then s- 7 =7
and 7 extends to exactly two representations of GO(X, F); if F =R, by s 7
we mean the (gso(X,R), Jy) module with same space as m and action defined
by (s-7)(k)w = w(sks)w for k € Jy and w € 7 and (s-7)(X)w = 7(Ad(s) X)w
for X € gso(X,R) and w € w. Before we can describe what representations of
GO(X, F) occur in the theta correspondence with GSp(2, F') we must be able
to adequately tell apart the two extensions of an invariant representation to
GO(X, F). To do so we use distinguished representations.

Let m € Irr(GSO(X, F')) be invariant. We say that 7 is DISTINGUISHED if there
exists an anisotropic vector y € X such that Homgoy,r)(m,1) # 0, and if
d # 1, then Y is isotropic. Here, Y = (F - y)*, as in Proposition 2.6, and 1
is the trivial representation of SO(Y, F), i.e., the representation with space C
and trivial action. In the case FF = R more comments are required. Let y € X
be anisotropic, and let Y = (F - y)*. Let Jy be a maximal compact subgroup
of SO(Y,R). Then as mentioned in Section 2, Jy is contained in a unique
maximal compact subgroup Jj of GSO(X,R). Since Jj is conjugate to Jy, we
may regard the (gso(X,R), Jo) module 7 as a (gso(X,R), J}) module, and by
restriction, as an (so(Y,R), Jy) module. Then we say that 7 is distinguished
if for some y, Hom(so(y;R),s,)(m,1) # 0, and if d # 1, then Y is isotropic. It
is easy to verify that the nonvanishing of this homomorphism space does not
depend on the choice of maximal compact subgroup of SO(Y,R) or element
of GSO(X,R) used to conjugate Jj into Jy (use that the normalizer of Jy is
R*Jp). Also, 7 is distinguished with respect to all anisotropic y if and only if
it is distinguished with respect to one anisotropic y. If F' is nonarchimedean,
then this was pointed out in [R2]; if F' = R it follows by a similar argument.

3.1 PROPOSITION. If F' =R assume d =1. Let m € Irr(GSO(X, F')). Assume
7 is invariant. Then for all anisotropic y € X such that Y = (F -y)* is
isotropic if d # 1, dimc Homgo(y,py (7, 1) < 1.

Proof. This was proven in Proposition 4.1 of [R2] if F' is nonarchimedean.
Suppose F' = R. Since the homomorphism spaces for different anisotropic
y are all isomorphic, it suffices to show this for one y. As d = 1, we have
B = D x D for some quaternion algebra D over R. Identify B with D x D, and
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let y € X be an anisotropic vector such that the line R - y corresponds to AD,
where AD consists of the (z,z) € B with x € D (see Section 2). Let Kp be a
maximal compact subgroup of D*; then AKp is a maximal compact subgroup
of ADX, AKp C Kp x Kp, and Jy = p(KD) (- p({il} X Kp X KD) Write
m = 7w(x,7), with 7 2 7, ® 72, 71,72 € Irr(D*), wy, = wy, = x. Since 7 is
invariant, 71 = 7. We have Homgoyr)(7,1) = Homap ar,)(7,x o N) =
Homap,arp) (11 ® 7', 1). This space is one dimensional. [

As we shall see in the theorem below, we can now tell the two extensions of in-
variant representations apart to an extent sufficient for our purposes. Suppose
7w € Irr(GSO(X, F)) is distinguished with respect to an anisotropic y € X,
with d = 1 if F' = R. Since dim¢c Homgg(y,r)(m,1) = 1 by Proposition
3.1, it follows that for exactly one extension 7 of 7 to GO(X, F') we have
Homgoy, ) (71, 1) # 0. Denote the other extension of m to GO(X, F) by 7.
The definitions of 77 and 7~ do not depend on the choice of y.

Before characterizing Ro(GO(X, F')) we require require two more results.

3.2 LEMMA. Let F' = R; assume d = 1. Then Homgo(x r)(w,m1) # 0 for
m1 € Irr(SO(X, R)).

Proof. If the signature of X is (2,2), this follows from (3.6.10) of [P]. If the
signature of X is (4,0) or (0,4) this follows by (6.12) of [KV]. O

3.3 PROPOSITION. The elements of Irr(GO(X, F)) have multiplicity free re-
strictions to O(X, F).

Proof. If F' = R then the restriction of any element of Irr(GO(X,R)) is mul-
tiplicity free as [GO(X,R) : R*O(X,R)] < 2. If d = 1 and F is nonar-
chimedean then this is Lemma 7.2 of [HPS]. The case d # 1 and F' nonar-
chimedean remains. If F is of odd residual characteristic then [GO(X, F) :
FXO(X,F)] = [NE(E*) : F*?] = 2 so the proposition follows from Lemma
2.1 of [GK]. We now give an argument for both the even and odd residual
characteristic cases. There are two four dimensional quadratic spaces over F
of discriminant d. By Proposition 2.9 there is a similitude between them; thus,
it suffices to prove the result for one of them. We take X = Xy,,,.4. Us-
ing Proposition 3.2 of [R2] it is easy to verify that the finite dimensional, i.e.,
one or two dimensional, elements of Irr(GO(X, F')) have multiplicity free re-
strictions to O(X, F'). To complete the proof it will suffice to show that for
infinite dimensional 7 € Irr(GSO(X, F')), the representation o = Indgso(())(()’f}) T
(which may be reducible) has a multiplicity free restriction to O(X, F). Let
7w € Irr(GSO(X, F)) and using the first exact sequence from Proposition 2.7
write m = w(x,7) where 7 € Irr(GL(2, E)) and x is a quasi-character of F*
such that XONI]?: = w;; here and below E = FE,;. We make take s to be given by
s(x) = a(x), where a is the usual Galois action on May2(E) as given in (2.1).
Let V be the space of 7, i.e., the space of 7. As a model for o use V&V with

(3.1) a(h)(vdv') = w(h)v@r(shs)v', h € GSO(X, F), o(s)(vdv) =o' dv.
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We begin with some remarks about the restriction of m to subgroups. Let

Yg : E — C* be a nontrivial quasi-character of F; we may assume ¢ is
Gal(E/F) invariant. Let N be the subgroup of GSO(X, F') of elements

n = pa(L, [é ﬂ)

for x € E. Since the space of Whittaker functionals on 7 with respect to ¥ g is
one dimensional, it follows that dim Hom y (7, ¢ g) = 1, where 9 g is the charac-
ter of N defined by ¥ g(n) = ¢g(z). This fact allows us to prove the following
statements just as in the proof of Theorem 4.3 of [R2]. Let Hy be a closed
normal subgroup of GSO(X, F') such that F* Hy is open, GSO(X, F')/F* H,
is finite and Abelian, and N C Hy. Then the restriction 7|, is multiplicity
free: w|pg, = V1 @ - - - @ Vi, where V;, 1 < ¢ < M are mutually nonisomorphic
irreducible Hy subspaces of 7 (see [GK] for general results about restrictions),
and, say, dim¢ Homy (V1,9 g) = 1 and dime Homy (V;, ) =0 for 2 <i < M.
Suppose additionally s -7 = 7, and let © be an extension of 7 to GO(X, F).
Then 7 (s)Vy = V4.

Now we show o|o(x,r) is multiplicity free. Suppose first there is no quasi-
character 8 of E* such that flpx = 1 and S ® 7 = 7oa. Let W be a
nonzero irreducible O(X, F') subspace of o. Then either there is an irreducible
SO(X, F') subspace U of (m, V) such that W = U@ U, or there is an irreducible
SO(X, F) subspace U of (m,V) and i : U — U such that i = 1, i(nr(h)u) =
w(shs)i(u) for h € SO(X,F) and W = {u @ i(u) : u € U}. We assert the
second case is impossible; suppose it holds. Then 7|so(x,7) and (s - 7)|so(x,r)
share an irreducible component. Since 7|so(x,r) is multiplicity free by the last
paragraph, by Lemma 2.4 of [GK] there is a quasi-character v : GSO(X, F') —
C* trivial on F* SO(X, F) such that s -7 = v ® 7. Since

1 — FXSO(X,F) 2% GSO(X, F) & NE(EX)/F*2 -1

is exact, v = no A for some quasi-character 7 : Ng(EX) — C* with n%2 = 1. Let
T:(moA)®@m — s-m be a GSO(X, F) isomorphism. Then for g € GL(2, E)
and v €V,

T(n(Apa(1,9))) - 7(pa(1, 9)v)) = m(spa(1, 9)8)T (v)
(o NE)(det 9)T(r(g)v) = 7(a(9))T(v).

This implies (n o N%) ® 7 = T o a, contradicting our assumption; note
(noNE)|px = 1. Thus, W = U @ U. Let W’ be another nonzero irreducible
O(X, F) subspace of ¢ and assume W’ = W as O(X, F) representations; to
show o|o(x,r) is multiplicity free it will suffice to show W and W’ are iden-
tical, i.e., W = W'. Write W/ = U’ @ U’, with U’ an irreducible SO(X, F)
subspace of (r, V). Consider the composition U — W — W’ — U’ where the
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first map sends u to u @ 0, the second is our fixed isomorphism W = W', and
the last map sends u @ v’ to u. This is an SO(X, F') map from (U, 7[so(x,r))
to (U, mlso(x,r)y). We claim it is nonzero; suppose not. Then the same com-
position with the last map replaced by the map sending u @ v’ to u’ gives a
nonzero SO(X, F') map from (U, |so(x,r)) to (U’, (s - 7)|so(x,r)). However,
we just saw that 7|so(x,r) and (s-7)|so(x,r) have no common irreducible con-
stituents. Thus, the first composition is nonzero, and U and U’ are isomorphic
irreducible subspaces of 7|so(x,F). Since 7|go(x,r) is multiplicity free, U = U’
and so W = W',

Now suppose there is a quasi-character § of E* such that 8|px = 1 and f®@7 =
T oa. Let Hy be the subgroup of SO(X, F') of p,(1,g) for g € SI(2, E), and let
H C O(X, F) be generated by Hg and s. To prove o|o(x,r) is multiplicity free
it will suffice to prove o|g is multiplicity free. For this, we replace o with a
more tractable representation via twisting. Since 3|px = 1, there is a quasi-
character p of E* such that 8(z) = pu(z/a(x)) for x € E*. Letting 7/ = p® 7,
we have 7/ o a = 7/. Since w, is Galois invariant, 32 = 1, which implies p? is
Galois invariant. Let v be a quasi-character of F* such that p? = v oN£, and
set Y’ = v; then w = x’ o NE. Set 7/ = 7(x’,7'). Since 7/ 0 a = 7/ we have
s’ 2q'. Let o/ = Indg(s)(())(g’fg,)
the underlying space of ¢’ is V & V. Now ¢’ may not be isomorphic to o, but
it is easy to see that the identity map between the models for o and ¢’ gives an
isomorphism o|g 2 ¢'|. We are reduced to showing o’|pg is multiplicity free.
As s-7’ 27/, we have o’ & 1} @ 7}, where 7} and 7}, are the two extensions of
7’ to GO(X, F). Since the restrictions 71|y, = m5|n, = 7|, are multiplicity
free as N C Hy, it follows that 7|y and 74|y are multiplicity free. It will now
suffice to show 7|z and 75|y do not share an irreducible component; suppose
they do. By Lemma 2.4 of [GK], #{|g = 74|g. Let R : wi|lg — 74|y be
an H isomorphism. As indicated above, there is an irreducible Hy subspace
Vi C V such that 7{(s)V; = w4(s)V1 = V4, ie., V] is also an irreducible H
subspace for 7|y and m5|g. Since 7|y and m5|g are multiplicity free, we
must have R(Vy) = Vi. Applying Schur’s lemma to R : Vi3 — Vi, with 1}
regarded as an irreducible Hy representation, there exists a nonzero scalar c
such that R(v) = cv for v € V4. This implies 7} (s)v = w4(s)v for v € V4.
However, 74 (s)v = —7i(s)v for v € V, a contradiction. O

3.4 THEOREM. Let 0 € Irr(GO(X, F)). If F is nonarchimedean and d #
1, assume o is infinite dimensional; if I = R, assume d = 1. Then o €
R2(GO(X, F)) if and only if o is not of the form w~ for some distinguished
7w € Irr(GSO(X, F)).

Proof. Suppose first F' is nonarchimedean. Then this theorem was proven in
[R2] in the case F' has odd residual characteristic. To verify the theorem if F
has even residual characteristic we proceed as follows. We note first that the
background results of [R2] are valid in any residual characteristic; that is, the
results of sections 2, 3 and 4 hold, and Lemma 6.1, Corollary 6,2, Lemma 6.3
and Lemma 6.4 also hold with the same proofs. We need to show that Lemmas

7', and use the same model for o’ as above, so
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6.6 and 6.7 of [R2] also hold if F' has even residual characteristic. Consider
first the proof of Lemma 6.6. The first paragraph of the proof of Lemma 6.6 is
independent of the residual characteristic. In the second paragraph, we used a
result from [T] proven only in the case of odd residual characteristic; by [Sa],
this also holds in the case of even residual characteristic. The third paragraph of
the proof is also valid in even residual characteristic (in spite of the unnecessary
mention there of odd residual characteristic). Next, we consider all remaining
paragraphs but the last paragraph: these cover the case d = 1 and e = —¢(1),
in the notation of [R2]. Letting Diyam be the ramified quaternion algebra over
F, we are given 7,7 € Irr(D},,) with w, = w,+, and we must show that there
exists a quadratic extension £/ C Dyam of F' of such that Homgo(z) (7, 1) # 0,
where SO(Z) is the subgroup {p(x,2*71): 2 € E*} and 7 = 7(7,7’). Embed

DX, into DX x DX, via & — (x,2*7!), and consider the restriction of
T® 1 to DX,,. Let 7" be an irreducible component of (7 ® 7')|,x ; then

w,» = 1. By Proposition 18 of [W2], there exists a quadratic extension E of F’
in Dyam and a nonzero vector v € 77 such that 7"/(z)v = v for x € E*. This
implies that 7w(h)v = v for h € SO(Z), proving the required claim. The last
paragraph of the proof of Lemma 6.6 is also valid in the case of even residual
characteristic, thus completing the verification of Lemma 6.6 in this case. Next,
we consider the proof of Lemma 6.7 of [R2]. To make the proof of Lemma
6.7 go through in the case of even residual characteristic it suffices to show
that if K is a quadratic extension of F, 7 € Irr(GL(2, K)) is Galois invariant
with w, = yo Nfg and Homgr,2,7)(7, x © det) = 0, then there exist quasi-
characters ¢ and ¢’ of K* extending y such that e(7 ® (71, 1/2,¢x) = x(—1)
and e(7®@¢' 71, 1/2,9) = —x(—1). To show the existence of ¢, pick ¢ extending
X such that ¢ is very ramified (this can be done); then by 3 of Lemma 14 of
[HST], e(r®¢~1,1/2,4x) = x(—1). On the other hand, since Homgy,2,r) (7, X0
det) = 0, by the equivalence of 1 and 2 of Theorem 5.3 of [R2], there exists a
quasi-character ¢’ of K* extending x such that e(r®¢'~1,1/2,9x) = —x(-1).
(Note that the proof of the equivalence of 1 and 2 of Theorem 5.3 of [R2] works
in any residual characteristic; the use of odd residual characteristic in the proof
of Lemma 5.2 is easily seen to be unnecessary.)

Now suppose F = R and d = 1. Suppose 0 € Ry(GO(X,R)). Then an
argument as in Theorem 4.3 of [R2] shows that o cannot be of the form 7~
for some distinguished 7. Conversely, suppose ¢ is not of the form 7w~ for
some distinguished 7. Then o = 7+ for some regular 7 or distinguished 7.
Using Lemma 3.2, an argument as in Theorem 4.4 of [R2] shows that o €
R2(GO(X,R)). O

4. DEFINITION OF THE LOCAL L-PACKETS AND PARAMETERS

Let F be a local field of characteristic zero, with F' = R if F' is archimedean.
Let d € F*/F*2; assume d = 1 if F = R. Let Xu,, ,.4 be the four dimensional
quadratic space over F' defined after Proposition 2.7 and discussed after Propo-
sition 2.9. We will parameterize Irr(GSO(Xm,, 5.4, F')) as explained at the be-
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ginning of Section 3. However, since we are dealing with the concrete quadratic
spaces Xu,,,,d we will use the first exact sequence from Proposition 2.7; by
Proposition 2.7, the difference is trivial. We let s € O(X,, 5.4, F), det s = —1,
be defined by s(z) = a(x), where a is the Galois action on Myyo(Ey) defin-
ing Xn,.,.4; see (2.1). Using the results of the last section, we will associate
to every element [7] of (s)\ Irr(GSO(Xm,, .4, F')) a packet II([r]) of elements
of Irr(GSp(2, F')) and a GSp(2) L-parameter ¢([n]) : Lp — GSp(2,C) over
F, where L is the Langlands group of F (i.e., Wp x SU(2,R) if F' is nonar-
chimedean and the Weil group W if ' = R). We expect that II([r]) is the
L-packet associated to ¢([n]) under the conjectural Langlands correspondence.
Some evidence is provided by Propositions 4.1, 4.2 and 4.3 below which give
some basic properties of the II([n]) and ¢([r]). More work on this issue re-
mains to be done: for example, are the packets II([n]) disjoint, and if ([r])
and o([r’]) are equivalent, does it follow that II([x]) = II([x'])? We will return
to this topic in a subsequent work; the thrust of this paper is global results.
To define the L-packets, we begin by noting that there is a surjective map

Irr(GO(XM2X27d, F)) — <S>\ Irr(GSO(XM2X27d, F))

which sends o to the components of o restricted to GSO(Xn,, 5.4, F). We
will define the L-packet of elements of Irr(GSp(2, F')) associated to a point
of (s)\Irr(GSO(XmM,,,,4; F)) by considering the fiber over such a point, and
applying the results of Section 3. For m € GSO(Xw,, .4, F) denote the ele-
ment of (s)\ Irr(GSO(Xwm,, .4, F)) determined by 7 by [r] = {m,s-7}. Let
(7] € (s)\ Irr(GSO(XM,, 5.4, F)). We assume that 7 is infinite dimensional; if
F' is nonarchimedean of even residual characteristic, we assume additionally
that 7 is tempered. Then how [r] gives rise to irreducible representations of
GSp(2, F') is described in Tables 2 and 3 of the Appendix. In the first step,
using the results of Section 3, 7 gives rise to representations of various orthog-
onal similitude groups. This is summarized in the tables, but certain aspects
deserve comment. If d # 1, then it may happen that 7 is invariant but not
distinguished. Then the two extensions of 7 to GO(Xm,,, 4, F) are denoted by
w1 and m3. When d = 1, then 7 is either regular or invariant and distinguished;
in the first case 7 induces to give 71, and in the second case 7 extends to
give 77 and 7~. Additionally, if d = 1 and 7 is essentially square integrable,
then 7 gives an element 7' € Irr(GSO(Xp,.,. 1, F)) via the Jacquet-Langlands
correspondence, and then analogously elements of Irr(GO(Xp,, . 1, F)). Here,
Dyam is the ramified quaternion algebra over F', and 7 is ESSENTIALLY SQUARE
INTEGRABLE if and only if 7 = (0o A\) ® «’ for some quasi-character « :
F* — C* and square integrable 7’ € Irr(GSO(Xwm,,,,1,F)). To apply the
Jacquet-Langlands correspondence, we write as in Section 3, m# = m(y, 7) for
T=7Q®m € Irr(GL(2, F) x GL(2, F')); recall that the exact sequence from
Proposition 2.7 is in this case

11— F*x F* — F*xGL(2,F) x GL(2,F) — GSO(Xwm,,,1,F) — 1.
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We define 7% = 7(y, 7'%) € Irr(GSO(Xp,,, 1, F)), where 771 is the irreducible
representation of DX, x D corresponding to 7 under the Jacquet-Langlands
correspondence (7 being essentially square integrable means exactly 71 and 7
are essentially square integrable); the exact sequence from Proposition 2.7 for
this is

1— F*x F* — F* x DX

X x DX — GSO(Xp,. 1,F)— 1.

m ram, 1)

Next, using Theorem 3.4, the thus constructed representations of orthogonal
similitude groups give representations of GSp(2, F') via theta correspondences;
note that each theta correspondence used is covered by Theorem 1.8. In Tables
2 and 3 of the Appendix we indicate the appropriate theta correspondences
with a subscript. We also indicate when representations do not have theta
lifts. Finally, in the Table 4 of the Appendix the packets of representations
associated to [r] are defined using the representations constructed in Tables 2
and 3 of the Appendix. Note the introduction of the contragredient.

The next proposition describes a few basic properties of the L-packets II([x]).

4.1 PROPOSITION. Let m € Irr(GSO(Xwyyy,d, F')). Assume 7 is infinite di-
mensional; if F' is nonarchimedean of even residual characteristic, assume m is
tempered. Then

(1) The common central character of the elements of II([x]) is w.

(2) If d = 1 then |II([r])| = 1 unless 7 is essentially square integrable; in
this case |I([x])] = 2. If d # 1, then |II([x])| = 1 unless 7 is invariant
but not distinguished; in this case |II([x])] = 2.

(3) If m is tempered, then all the elements of II([r]) are tempered.

Proof. (1) This follows from the remark on central characters after Theorem
1.8.

(2) Evidently, |TI([7])] = 1 except possibly if d = 1 and 7 is essentially square
integrable, or d # 1 and 7 is invariant but not distinguished. If d =1 and 7 is
essentially square integrable, then |II([7])| = 2 by Lemma 8.4 below. If d # 1
and 7 is invariant but not distinguished, then |II([n])| = 2 because 6, ,,q is a
bijection.

(3) If F' is nonarchimedean, this follows from (1) of Theorem 4.2 of [R3]. If
F =R, this follows from IV.3, p. 70 and IIL.2, p. 49 of [M]. O

Next, we associate to each [r] € (s)\Irr(GSO(Xwm,, .4, F)) an L-parameter
o([7]) : Lp — £GSp(2). Here Lp denotes the LANGLANDS GROUP of F,
ie, Lp = WpxSU(2,R) if F' is nonarchimedean, and Lp = Wpg if F is
archimedean ([Ko], Section 12); W is the Weil group of F. As is well known,
the dual group (gp(\Q) of GSp(2, F) ( £GSp(2)? in the notation of [B]) is
isomorphic to GSp(2,C), and we shall use such an isomorphism. But since
GSp(2,C) has a non-inner automorphism, we need to be specific (the same
issue arises for other groups, but for, say, GL(2) the choice is established). To
do so, we will specify an isomorphism from the based root datum of * GSp(2)
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to the based root datum of GSp(2,C). As a maximal split torus in GSp(2, F)
we take the group T of elements t = t(a,b,c) = diag(a,b,a"'c,b=c). The
group X* of characters of T is the free Abelian group with generators e, ey
and ez defined by e;(t) = a,e2(t) = b and e3(t) = ¢. The group X, of
cocharacters of T is the free Abelian group with generators fi, fo and f3
defined by fi(x) = t(z,1,1), fo(z) = t(1,2z,1) and f3(x) = t(1,1,z). The
roots of GSp(2, F) with respect to T are {a; = e; — ez, a3 = 2e5 — €3,a1 +
ag, 201 + g, —aq, —ag, —(aq +asz), —(2a1 +az)}. The coroots are {a) = v =
fi—fa, 08 =72 = fo, (1 +a2)Y =7 + 202, 21 + a2)Y =71 + 72, (—o)¥ =
=71, (—a2)Y = =2, (—(a14a2))Y = —(71+272), (—(2a1+02))Y = —(11+72)}-
As simple roots we take A* = {ay,as}; then A, = A*Y = {y1,72}. We have
similar notation for GSp(2,C), which we will indicate with the addition of a
prime. Let ¥ = (X* A* X, A,); the dual of ¥ is UV = (X,,A,, X* A*);
let ¥/ = (X"*, A", X/, A’). Then an isomorphism ¥V = ¥’ amounts to an
isomorphism f : X, — X’* of Abelian groups such that f(A,) = A’* and the
matrix of f with respect to our bases is symmetric. One can check that there
are exactly two such isomorphisms f, with matrices

1 -1 0], c¢c=0orl.

As is done implicitly in [HST], we shall fix the isomorphism corresponding to the
choice ¢ = 1. Our fixed isomorphism of based root data ¥V = U’ determines

a T conjugacy class of isomorphisms G@) = GSp(2,C) ([Sp], Theorem
9.6.2); we fix one such isomorphism in the conjugacy class. Additionally, since

o — —

the action of Wx on GSp(2) is trivial, £ GSp(2) is the direct product GSp(2) x
W . Thus, in considering L-parameters we may just as well look at maps into

G%), which we identify with GSp(2, C) (always via our fixed isomorphism).
We define a GSp(2) L-PARAMETER over F' to be a continuous homomorphism
¢ : Lp — GSp(2,C) such that ¢(x) is semisimple for z € Wp, and if F'
is nonarchimedean then ¢|1X5U(27R) is a smooth representation. Let ¢ be a
GSp(2) L-parameter over F'. The SIMILITUDE QUASI-CHARACTER of ¢ is the
quasi-character of Ly given by Ao ¢, where A : GSp(2,C) — C* is the usual
similitude homomorphism. If F' is nonarchimedean, we say ¢ is UNRAMIFIED
if (SU(2,R)) = 1 and ¢ is trivial on the inertia subgroup of Wr. We say
that ¢ is TEMPERED if ¢(Lp) is bounded. If ¢’ : Ly — GSp(2,C) is another
GSp(2) L-parameter over F we say that ¢ and ¢’ are EQUIVALENT if there exists
g € GSp(2,C) such that go(z)g~t = ¢/(z) for all z € Lp. The CONNECTED
COMPONENT GROUP of ¢ is the group S(¢) = mo(S(¢)/C*), where S(yp) is the
group of g € GSp(2,C) such that gp(x) = ¢(x)g for all x € L.

The parameter ¢([r]) will be one of two kinds of examples of GSp(2) L-
parameters over F'. To define the first kind of example, suppose E/F is a
quadratic extension and let p : Ly — GL(2,C) be a GL(2) L-parameter over
E such that det p is Galois invariant. Let n : Lp — C* be a quasi-character
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extending det p; there are two such quasi-characters. Let V = C2, and regard p
as a representation on V. Define ¢(n, p) : Lp — GSp(W) by letting the space
and action of (n, p) be W = Indlﬂg p and defining a nondegenerate symplectic
form on W by

(v1 ® v, v] ® vy) = n(y)(v1,v]) + (v2,vg).

Here, y is a fixed representative for the nontrivial coset of L g in L, we identify
the space of ¢(n,p) with V @& V via the map f — f(1) ® f(y), and we have
fixed a nondegenerate symplectic form on V (note that up to multiplication
by elements of C*, there is only one nondegenerate symplectic form on a two
dimensional complex vector space). Then ¢(1, p) is a GSp(2) L-parameter over
F, and the similitude quasi-character of (1, p) is Aop(n, p) = 1. Suppose next
that p; : Lp — GL(2,C) and py : Lp — GL(2,C) are GL(2) L-parameters over
F with det p; = det p2. Regard p; and ps as two dimensional representations
of Ly on Vi = C? and V5 = C2, respectively, and fix nondegenerate symplectic
forms (-, )1 and (-, -)2 on the spaces of p; and ps, respectively. Define ¢(p1, p2) :
Lr — GSp(W) by letting the space and action of p(p1,p2) be W = p1 & po
and defining a nondegenerate symplectic form on the space of p(p1, p2) by

(v1 @ v2,v] D h) = (v1,v7)1 + (va, vh)a.

Then ¢(p1,p2) is a GSp(2) L-parameter over F', and the similitude quasi-
character of ¢(p1,p2) is Ao w(p1, p2) = det p1 = det ps.

Now let [7] € (s)\Irr(GSO(Xwy, 5.4, F)). Write # = 7(x,7), with 7 €
Irr(GL(2, Eq)) and x a quasi-character of F* such that w, = x o NE*. Sup-
pose first that d # 1. Let p : Lg, — GL(2,C) be the GL(2) L-parameter
over FE4 corresponding to 7, and let n : Lp — C* be the quasi-character of
Lp corresponding to x. Then 7 extends detp and the equivalence class of
©(n, p) depends only on [r] and not the choice of representative m. We set
o([r]) = ¢(n, p). Suppose next d = 1. Then GL(2, E4) =2 GL(2, F) x GL(2, F).
Let 7 2 1 @ 1o, with 7,72 € Irr(GL(2, F)) such that x = w,, = wy,. Let
p1,p2 : Lp — GL(2,C) be the GL(2) L-parameters over F' corresponding to
p1 and pg, respectively. Then det p; = det py and the equivalence class of
©(p1, p2) depends only on [rr] and not the choice of representative m. We set

e([7]) = ¢(p1, p2).
The following is an analogue of Proposition 4.1.

4.2 PROPOSITION. Let m € Irr(GSO(Xnyy.d, F)). Assume 7 is infinite di-
mensional; if F is nonarchimedean of even residual characteristic, assume m is
tempered. Then

(1) The similitude quasi-character of ([7]) corresponds to wi.

(2) If d = 1 then [Sy(x))| = 1 unless 7 is a essentially square integrable;
in this case S(p([7])) = Za. If d # 1 and F is not nonarchimedean of
even residual characteristic, then |S(p([r]))| = 1 unless 7 is invariant
but not distinguished; in this case S(¢(|n])) = Za.

(3) If 7 is tempered, then o([r]) is tempered.
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Proof. (1). This follows from the definitions and above remarks.

(2) This follows by a case by case analysis following Tables 2 and 3 of the
Appendix. We note in particular that by Theorem 5.3 of [R2] if d # 1, then
7w = mw(x,7) is distinguished if and only if 7 is Galois invariant and 7 is the base
change of a 79 € Irr(GL(2, F')) such that w,, = wg,, FX.

(3) Assume 7 is tempered. Then p and 7 in the case d # 1, and p; and ps
in the case d = 1, have bounded image. This implies that ¢([7]) has bounded
image. O

4.3 PROPOSITION. Suppose F is nonarchimedean, Eq/F is unramified (if d =1
by convention Eq/F is unramified) and 7 = n(x,7) € Irr(GSO (X, 0,4, F)) s
infinite dimensional with x and T unramified. If the residual characteristic of
F' is even, assume additionally 7 is tempered. Then

(1) p([r]) is unramified, |II([7])| = 1, and if the residual characteristic of
F is odd, then the single element IT of II([r]) is unramified with respect
to GSp(2,9Op).

(2) ([HST]) Let II([x]) = {II}. If m and II are unitary (e.g., as in
global applications, or m tempered), then IT is unramified with respect to
GSp(2,9F) and ¢([r]) and IT correspond to the same conjugacy class
in GSp(2,C).

Proof. (1) Suppose d = 1. Evidently, ¢([n]) is unramified. Write 7 = 7(x, 7).
As mentioned in Section 3 and the beginning of this section, instead of using
the exact sequence of Theorem 2.3, let us use the more convenient sequence
of Proposition 2.7, and let s be the representative for the nontrivial coset of
GSO(XMyy0,1, F) In GO(Xny, 51, F) from Proposition 2.7. Also, make the
identification of X, ,1 with Mayxo(F) equipped with the determinant as re-
marked before Proposition 2.8. Then s is given by s(z) = z*, with x the
canonical involution of matrices, and 7 = 7 ® 19 with 71, 7 € Irr(GL(2, F')) and
wr, = wr, = x. The lattice Max2(Or) C X, .1 is self-dual, and the maximal
compact subgroups Jy and J of GSO(X,,,.1,F) and GO(Xpm,, .1, F) which
are the stabilizers of May2(OF) are p, (D5 X GL(2,OF) x GL(2,9F)) and the
subgroup generated by p, (95 x GL(2,0Op) x GL(2,9F)) and s, respectively.
Since 7 is not essentially square integrable, II([7]) = {II = Om,,,1(7")"} so
that |TI([x])| = 1. By Proposition 1.11 to show II is unramified it will suffice to

show 7 is unramified. Suppose 71 % 7. Then 7 = Indggg&F;) m. Using the

model for 77 as in (3.1), we see that if v is an unramified vector with respect
to Jy, then v @ v is an unramified vector for 7+. Suppose 71 = 75, so that
7 is distinguished and 7+ is the extension to GO(Xw,,,,1,F) of m defined in
Section 3. Let 7 = 7y. It will suffice to show 77 = 7(x,7 ® 7)T is unrami-
fied. Define T : m# — 7 by T(v ® w) = w ® v. To show 7+ is unramified it
suffices to show T = 7+ (s). Let Y = (F - y)*, where y € X,,,.1 is the 2 x 2
identity matrix. Then SO(Y, F), identified as usual with the stabilizer of y
in GSO(X1,,,.1, F), is the group of p,(1,g,9*~ 1) for g € GL(2, F). To show
T = 7t (s) it will suffice to show T'w(shs) = w(h)T for h € GSO(Xm,, ,.1, F),
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T? =1, and LoT = L for any nonzero element L of Homgoy,py(m,1). The first
two statements follow from sp,(t, 9,9 )s = pa(t,q’,g) for g,¢’ € GL(2, F). Let
V be the space of 7. Fix a GL(2, F) isomorphism R : (w;'®@7,V) — (7V,VV).
Let S=1®R:V®V - V®VY. We have a nonzero GL(2, F) invariant
linear form V @ VV — 1 given by v ® f +— f(v). The composition of this
with S gives us L € Homgo(y,r)(m,1). Now L oT = €L for some ¢ = +1.
We must show € = 1. Let v € V be nonzero and fixed by GL(2,09F). Then
Lv®wv) = L(T(v®v)) = eL(v®v). To see L(v @ v) # 0 and hence € = 1,
let V = Cvg® W be a GL(2,0r) decomposition, and define f € VV by letting
f be zero on W and setting f(v) = 1. Then 7V(k)f = f for k € GL(2,0p).
Evidently, S(v®@v) = ¢(v® f) for some ¢ € C* so that L(v®v) = cf(v) = ¢ # 0.
Now suppose d # 1. Again, it is clear that ¢([r]) is unramified. Write
m = 7(x,7) again using Proposition 2.7. We will also use the notation af-
ter Proposition 2.9 regarding Xw,,, 4. The representative s for the nontrivial
coset of GSO(Xwy, 5.4, F) in GO(Xny, 0.4, F) is given by s(z) = z* = a(z).
The lattice Xy, 5.da M Max2(Og,) is self dual, and the maximal compact sub-
groups Jo and J of GSO(Xwm,,,.q4; F) and GO(Xwm,,,.4, F) which are the sta-
bilizers of Xwm,,,,d N Max2(Og,) are p, (O x GL(2,9g,)) and the subgroup
generated by pe (O x GL(2,9p,)) and s, respectively. Since 7 is unramified,
T IndgL@’Ed)(,ul ® p2), where B is the usual Borel subgroup of GL(2, Ey)
and pq and po are unramified and Galois invariant so that 7 is Galois invariant.
This implies s - 7 = 7. In the proof of Theorem 5.3 of [R2] it was shown that
7 is distinguished and that L € Homgo(y,r)(7, 1) is given by

L(f) = / f(g5 9)x(det g) " dg
T\ GL(2,F)

where T and go are as in [R2]; here Y = (F - y)*, where y is the 2 x 2
identity matrix in X, ,,q¢ and SO(Y, F') is the group of p,(detg,g) for g €
GL(2,F). By definition, we have II([r]) = {II = Owm,,,.a(7")"}, so that
[TI([x])] = 1. Again, by Proposition 1.11 to show that I is unramified with
respect to GSp(2, O ) when has F has odd residual characteristic it will suffice
to show that 7T is unramified. We proceed as in the case d = 1. Define
T:7m— wby T(f) = foa. Asin the d = 1 case, it will suffice to show
LoT =0L. For f €,

(LoT)(f) = / f(algyg))x(det g) " dg

T\ GL(2,F)

-1 0] _ -
=/ f({ 0 1}90 "g)x(det g)" dg
T\ GL(2,F)

— (=1 / F(g " 9)x(det )~ dg
T\ GL(2,F)

= (=1 L(f)-
Since p1(—1) =1, we have Lo T = L, as desired.
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(2) This follows from Lemmas 10 and 11 of [HST] after one reconciles the
definitions. ([HST] for example uses Whittaker models instead of distin-
guished representations to define extensions to GO(Xw,, 5,4, F).) Lemma 1.6
and Proposition 2.9 are also useful for the comparison to [HST]. The reader
should be aware that in Lemma 7 of [HST] the Langlands parameter should
be diag(x3(v), x1(v)x3(v), X1(v)x2(v)x3(v), x2(v)x3(v)), and in Lemma 10 of
[HST] the L-parameter should be diag(y/a, —/a, /3, —/B3). O

5. GLOBAL THETA LIFTS FOR SIMILITUDES

In this section we review some foundational results on global theta lifts for
similitudes ([HK], [HST]). We use the following definitions. Let F' be a totally
real number field with ring of integers 9, and let X be a even dimensional
quadratic space defined over F' of positive dimension. For each infinite place v
of F' fix maximal compact subgroups Ji ,, and J, of O(X, F,,) and GO(X, F,),
and let b1 ,, and b, be the Lie algebras of O(X, F,) and GO(X, F,,), respectively,
as in Section 1. Let J; o and Jo be the products of J; , and J,, respectively,
over the infinite places of F', and let b1 o and b, be the direct sums of the b ,
and b,, respectively, over the infinite places of v. Let n be a positive integer.
For each infinite place v of F' let K, and K, be the usual maximal compact
subgroups of Sp(n, F},) and GSp(n, F,), and let g1, and g, be the Lie algebras
of Sp(n, F,) and GSp(n, F,), respectively, as in Section 1. Define K o0, Koo,
91,00 and goo as in the case of O(X) and GO(X). For v a place of F, define
R(F,) C GSp(n,F,) x GO(X, F,) as in Section 1. Let R(F) and R(A) be
the set of pairs (g,h) in GSp(n, F) x GO(X, F) and GSp(n,A) x GO(X,A),
respectively, such that A\(g) = A(h). For v an infinite place of F, let L, be the
maximal compact subgroup of R(F),) as defined in Section 1, and let v, be Lie
algebra of R(F,). Let L, and t. be defined analogously to the last two cases.
To define global theta lifts we need a global version of the Weil representation.
Fix a nontrivial unitary character ¢ of A/F. For v a place of F, let w, be
the Weil representation of R(F,) on L?(X(F,)") defined with respect to 1,
as in Section 1. Again, if v is a place of F then §(X(F,)") C L*(X(F,)")
is an R(F,) module if v is finite and an (r,, L,) module if v is infinite. Let
Z1,...,ZTm be a vector space basis for X (F') over F. Let (g,h) € R(A). Then
for almost all finite v, w,(gy, hy) fixes the characteristic function of O,z + - -
-+ Oyxm- Let ®,8(X(F,)") be the algebraic restricted direct product over all
the places of F' of the complex vector spaces 8(X(F,)™) with respect to the
characteristic function of O,x1 + - - - + Oyxy, for v finite. We will denote the
restricted algebraic direct product ®,8(X (F,)™) by (X (A)™); then S(X(A)™)
is an R(As) X (too, Loo) module, where R(Ayf) has the obvious meaning. Let
v € $(X(A)") and (g,h) € R(A); assume ¢ = ®,p,. The function w(g,h)y :
X(A)" — C given by (w(g,h)p)(z) = [[,(wo(gvs hv)ps)(zy) is well defined
(note that for infinite v, wy(gy, hy )@y is a smooth function though it may not
be in §(X(F,)™), so that it can be evaluated at a point). Using the universal
property of the algebraic restricted direct product, this definition extends to
all p € S(X(A)™): if (g,h) € R(A) and ¢ € S(X(A)™), then w(g, h)y may be
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regarded as a function on X (A)™. In particular, the elements of §(X (A)™) may
be regarded as functions on X (A)".

Global theta lifts are now defined as follows. For ¢ € §(X(A)") and (g,h) €
R(A), set

0(g,hip) = D wig,h)p(x).

zeX(F)n

This series converges absolutely and is left R(F') invariant. Fix a right O(X, A)
invariant quotient measure on O(X, F)\ O(X,A). Let f be a cusp form on
GO(X, A) of central character x and ¢ € §(X(A)™). Let GSp(n,A)T be the
subgroup of g € GSp(n, A) such that A\(g) € A\(GO(X,A)). For g € GSp(n,A)*
define
on(s.0)(0) = | O, s @) () di,
O(X,F)\ O(X,A)

where h € GO(X,A) is any element such that (g,h) € R(A). This inte-
gral converges absolutely, does not depend on the choice of h, and the func-
tion 0,,(f, ) on GSp(n,A)T is left GSp(n, F)* invariant. Moreover, 0,,(f, )
extends uniquely to a GSp(n, F) left invariant function on GSp(n,A) with
support in GSp(n, F') GSp(n,A)T. This extended function, also denoted by
0. (f, ), is an automorphic form on GSp(n,A) of central character xx% =
X (-, disc X (F))%. If Vis a GO(X,Ay) X (heo, Jso) subspace of the space of
cusp forms on GO(X,A) of central character x, then we denote by ©,(V)
the GSp(n,Af) X (goo, Koo) subspace of the space of automorphic forms on
GSp(n,A) of central character xx% generated by all the 0,,(f,¢) for f € V
and ¢ € §(X(A)™). Similarly, fix a right Sp(n, A) invariant quotient measure
on Sp(n, F)\ Sp(n, A), let F' be a cusp form on GSp(n,A) of central character
X and ¢ € §(X(A)™). For h € GO(X, A) define

Ox(F. o) (h) = / 0(919.h; 0)F(g19) dg
Sp(n,F)\ Sp(n,A)

where g € GSp(n,A) is any element such that (g,h) € R(A). Again, this
integral converges absolutely, does not depend on the choice of g, and the
function Ox(F, ) is an automorphic form on GO(X,A) of central character
X'x'%. If Wisa GSp(n,Af) X (goo, Koo ) subspace of the space of cusp forms on
GSp(n, A) of central character x’, then we denote by © x (W) the GO(X, Af) x
(hoo, Joo) subspace of the space of automorphic forms on GO(X, A) of central
character x'x% consisting of the Ox(F,¢) for F € W and ¢ € S§(X(A)").
We shall also occasionally consider global theta lifts of O(X,Af) X (h1,00, J1,00)
subspaces of the space of cusp forms on O(X, A) and of Sp(n, Af) X (81,00, K1,00)
subspaces of the space of cusp forms on Sp(n,A). These have the obvious
analogous definitions.

We will need to know how ©,(V) and ©x (W) behave if X is changed by a
similitude. Let X’ be another quadratic space over F, and suppose there is a
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similitude ¢ : X (F) — X'(F) with similitude factor A\. Then for each place v
of F', there is an isomorphism

GO(X,F,) = GO(X', F,)

sending h to tht~'. For each infinite v, let J{ , and J} be the maximal compact
subgroups of O(X’, F,)) and GO(X’, F,,) which are the images under the above
isomorphism of J; ,, and J,, respectively. If v is infinite, then ¢ also determines
an isomorphism

g0(X, F,) = go(X', F,)

given by h +— tht~!. Via these two isomorphisms and definitions, for each v we
obtain a bijection

Ir(GO(X, F,)) = Irr(GO(X', F,)),
and thus a bijection
[T admiss (GO(X, A)) =5 ITagmiss (GO(X', A)).

If f is an automorphic form on GO(X,A), then tf : GO(X’,A) — C defined
by (tf)(h) = f(t7'ht) is an automorphic form on GO(X’,A). Under this
map, cusp forms are mapped to cusp forms. Let the right O(X’, A) invari-
ant quotient measure on O(X’, F)\ O(X’, A) be obtained from the fixed right
O(X, A) invariant quotient measure on O(X, F')\ O(X, A) via the isomorphism
h— tht='.

5.1 LEMMA. Let V be a GO(X,Af) X (hoo, Jo) subspace of the space of cusp
forms on GO(X,A) of central character x, and let W be a GSp(n,Ay) x
(goo, Koo ) subspace of the space of cusp forms on GSp(n, A) of central character
X' Then ©,(V) = 0,(tV) and t0x (W) = Ox/(W). Moreover, ©,(V) and
O x (W) do not depend on the choice of nontrivial unitary character v of A/F.

Proof. To show ©,(V) C ©,(tV) it will suffice to show that if f € V and
© = Ryuipy, then 0X(f,¢) € ©,(tV); here and below the superscript X will
indicate the dependence on X. By Lemma 1.6, if (¢,h) € Rx ,(A) then

0 (9,03 0) = 05 (g™, tht ™Y 0871,

Let ¢ = gog1 € GSp(n,F)GSp(n,A)" with g9 € GSp(n,F) and g €
GSp(n,A)T. A computation shows that

0X(f,0)(9) = 0X(f,0)(g1) = 6X (tf, o 0t~ (g}V).

w1 0
91 =49 0 ‘)\|—1 .
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Here |\|s is the element of A* which is 1 at the finite places and |A|, at the
infinite place v. Then ¢’ € GSp(n,A)". Let K’ € GO(X,A) be such that
A(R") = A(g’). We have

, _ : _ 10
X (thp ot =0 thpo 00 oy ])
T 0 .
97)1( (gl [0 |>\|—1] 7h1h/\/ Moo 5ot 1)
-1
S(tf) (Ml ) dha

/O(X’,F)\ O(X",A)

= (VP )0/ (tf,)(d),

where

o =TT M (o o t™) @ (poo © VNt ).

v inf.

Then ¢’ € §(X’(A)™), and

0 (£,0)(9) = x(vV N )0X (tf,)(9)

(v g if[é o] O )

Here, sign(\)so is the element of A* which is 1 at the finite places and at the
infinite place v is the sign of A in F,. If g ¢ GSp(n, F') GSp(n,A)™, then also

1k ng K Sign&)m}1¢G8p(n,F>GSp<n,A>+,

so that both sides of the last equality are by definition zero, and hence equal.
Since

-1
1 0
[0 sign(A) oo } € Kooy

it now follows that 6:X (f, ) € ©,(tV), so that ©,(V) C ©,(tV). Similarly,
©,(tV) C 0,(V). The proof of t0 x (W) = Ox/(W) and the independence of
1 are analogous. [J

The next two results are due to Rallis [Ra] in the case of isometries. The first
describes when a theta lift is cuspidal. The second result gives the structure of
a theta lift of a space of cusp forms in the case the theta lift is cuspidal. The
proofs are similar to or use the proofs in [Ra]. Section 1 is also a basic input
for the proof of Proposition 5.3.
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5.2 PROPOSITION (RALLIS). Let n > 1 be an integer. Let f be a cusp form on
GO(X,A). Suppose that Ox(f, o) =0 for all0 <k <n—1 and ¢ € §(X(A)¥).
Then 0,,(f, @) is cuspidal (though possibly zero) for all ¢ € S(X(A)™).

Here, 0o(f,¢) = 0 is taken to mean

(5.1) Flhoh) dhy

o [
O(X,F)\ O(X,A)

for all h € GO(X, A).

An analogous result holds for lifts from GSp(n) to GO(X). In this case, fix
an even dimensional quadratic space X over F' such that X (F') is anisotropic.
For an integer k > 0, let X be the orthogonal direct sum of X with k copies
of the hyperbolic plane over F. Let f be a cusp form on GSp(n,A). Let I > 0
be an integer. If [ = 0 and dim X = 0, so that X; = 0, then 0x,(f, ) is not
defined; if [ = 0 and dim X > 0 so that X; = X, then 0x,(f,¢) is cuspidal
for all ¢ € 8(X;(A)™) since the cuspidal condition is vacuous. Suppose [ > 1.
Suppose Ox, (f,p) =0for all 0 <k <I—1 and ¢ € §(X;(A)"); then Ox,(f, ¢)
is cuspidal (though possibly zero) for all ¢ € 8§(X;(A)™). Here, if dimX =0
and k = 0 then the condition 0x, (f,¢) = 0 is taken to be empty.

5.3 PROPOSITION (RALLIS; MULTIPLICITY PRESERVATION). Let 2n = dim X.
Let V be a GO(X,Af) X (hoo, Joo) monzero subspace of the space of cusp forms
on GO(X, A) of central character x. Assume that for each place v of F', X (F,)
satisfies one of the conditions of (1)-(6) of Theorem 1.8. Assume that

V=WVie&. - &V,

where each Vi, 1 <i < M, is a GO(X,Ar) X (Doo, Joo) subspace of V', and all
the V; are isomorphic to a single nonzero irreducible GO(X,Ar) X (Doo, Joo)
representation 0. Lel 0 = ®,0,, assume oy|o(x,ry is multiplicity free for
all v, and o, is tempered for v | 2. Suppose that ©,(V) is contained in the
space of cusp forms on GSp(n,A) (necessarily of central character xx% =
X (-, disc X (F))™), and that for any irreducible nonzero GO(X,Af) X (hoo, Joo)
subspace U of V' we have ©,,(U) # 0. Then o, € R,(GO(X, F,)) for all v,

0,(V)=0,V1)®---®6,Vu),

and each ©,,(V;), 1 < i < M, is isomorphic to Il = ®,0(c)/). An analogous
result holds if the roles of GSp(n) and GO(X) are interchanged.

6. TEMPERED CUSPIDAL AUTOMORPHIC REPRESENTATIONS OF B(A)* AND
GSO(X,A)

Let I be a totally real number field, and let X be a four dimensional quadratic
space over F'. As in Section 2, let B be the even Clifford algebra of X (F'), and
let E be the center of B. Let d = disc X(F'). In this section we describe the

DOCUMENTA MATHEMATICA 6 (2001) 247-314



GLOBAL L-PACKETS FOR GSp(2) AND THETA LIFTS 293

relationship between tempered cuspidal automorphic representations of B*(A)
and GSO(X, A). From Section 2, we have exact sequences

1— E* - F*xB*(F) % GSO(X,F) — 1

and
1 — A% — AX x BX(A) & GSO(X,A) — 1.

6.1 LEMMA. There exist s € O(X,F), and for each infinite v, a mazimal
compact subgroup Jo, of GSO(X,F,), such that dets = —1, s> = 1, and
8Jo,us = Jo,» for all infinite v.

Proof. Let y € X(F) be anisotropic, and let Y C X be the three dimensional
quadratic space over F such that Y (F) = (F-y)*. Let s € O(X, F') be defined
with respect to y as in Propositions 2.5 and 2.6. Then dets = —1 and s2 = 1.
For each infinite v, choose a maximal compact subgroup Jy,,, of SO(Y, F,), and
let Jp,, be the unique maximal compact subgroup of GSO(X, F),) containing
Jy,» mentioned in the penultimate paragraph of Section 2. Then s normalizes
Jy,» and Jy,, for each infinite v. 0O

For the remainder of this paper we fix the following choices of compact sub-
groups. Let s and the maximal compact subgroups Jy, of GSO(X, F,) be as
in Lemma 6.1. For each infinite place v of F', let K, be the unique maximal
compact subgroup of B*(F,) such that p({£1} x Kp,) = Jo,. Let Jy be
the product of the Jy , over the infinite places v of I, and let h be the direct
sum of the b, = gso(X, F,) = go(X, F,,) over the infinite places v of F. Let
K, be the product of the K5, over the infinite places v of F' and let B, be
the direct sum over the infinite places v of the Lie algebra B(F,) of B*(F,).
We consider B*(Af) X (Bso, KB.0o) and GSO(X, Af) X (hoo, Jo,00) modules.

We will use the following facts about the tempered cuspidal automorphic rep-
resentations of B*(A). Let Irr'S™P(B*(A)) be the set of tempered cuspidal

cusp

automorphic representations 7 of B*(A). It is well known that B*(A) has
the multiplicity one property, i.e., the elements of Irr'®™P(B*(A)) of a fixed

cusp
central character occur with multiplicity one in the space of cusp forms on

B*(A) of that central character. If 7 € Irrl®™P(B(A)*), then the unique

cusp
space of cusp forms on B*(A) isomorphic to 7 will be denoted by V,. Also,

B*(A) has the strong multiplicity one property: if 7,7/ € IirlS™P(B*(A))

cus
share the same central character and 7, = 7/ for all but ﬁnitel; many v,
then 7 = 7/, so that V, = V... In addition, the Jacquet-Langlands corre-
spondence gives an injection of Irrlsn? (B* (A)) into Irrisn?(GL(2, Ag)). This
map is constructed as follows. Suppose F is a field. Since B has center F,
we may regard B as an algebra over E, and by Section 2, B is a quater-
nion algebra over E. There is a canonical isomorphism B*(A) & B*(Ag),

and thus a bijection Trr!™P(B*(A)) = Irr'®P(B*(Ag)). Composing with

cusp cusp

the Jacquet-Langlands map from Irr'P(B*(Ag)) to Irr'P(GL(2,Ag)), we

cusp cusp

get an injection Trrl™P (B> (A)) — Irrl®™P(GL(2, Ag)) which we also call the

cusp cusp
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Jacquet-Langlands correspondence, and denote by 7 — 7%, If E 2~ F x F, we
get a similar injection, with GL(2, Ag) taken to be GL(2, A) x GL(2, A).

Tempered cuspidal automorphic representations of GSO(X, A) and B> (A) may
be related as in the local case. Let Irr"™P (A* x B*(A)) be the set of pairs

cusp,f
(x,7), where 7 € It (B*(A)) and x is a Hecke character of A* such that
wy = x o NE. Let Irrisa? (GSO(X, A)) denote the set of tempered cuspidal

automorphic representations of GSO(X, A). The above exact sequences give a
bijection
Irr'®™P (AX x BX(A)) = Ir'®™P(GSO(X, A)).

cusp,f cusp

If (x,7) € Irrii;“g”f(Ax x B*(A)), then 7(x,7) € Irriga?(GSO(X, A)) corre-
sponding to (x,7) consists of the space of functions F' : GSO(X,A) — C for
which there exists f € 7 so that F(p(t,g)) = x(¢t) ' f(g). The central character
of m(x,7) is x. If d =1, so that E = F x F and B*(A) =2 D*(A) x D*(A)

(see Section 2), then every element 7 € Irrgflr;‘pp(B *(A)) is of the form 7 ® 7

for some 7,19 € Irrzirsng (D*(A)), and the condition that w, factors through
NE amounts to w,, = wy,. In this case w, factors uniquely through N% via
X = wWr, = wr,. Also, when dealing with a four dimensional quadratic space
X, over I defined by a Galois action a on a given quadratic quaternion al-
gebra B over F' with center E (Section 2), we will occasionally parameterize

temp (GSO(X,, A)) with respect to the explicit exact sequence

IrrCuSlO

1 — A% — A% x BX(A) 2% GSO(X,,A) — 1

derived from Proposition 2.7; by that proposition, the difference between the
two parameterizations is insignificant.

Tempered cuspidal automorphic representations of GSO(X, A) inherit similar
properties from those of B*(A). The elements of Irriga? (GSO(X, A)) have
the multiplicity one property and the strong multiplicity one property. If
7 € Irrgsi?(GSO(X, A)) then the unique space of cusp forms on GSO(X,A)
isomorphic to 7 will be denoted by V. If m € IrTadmiss(GSO(X, A)), then we
denote by s -7 the GSO(X,Ar) X (hoo, Jo,00) module with the same space as
m, but with twisted action (s - 7)(h) = w(shs) for h € GSO(X,Af) X Jy oo
and (s - m)(x) = w(Ad(s)z) for z € hoo. Let m € IrrZirsnpp(GSO(X, A)).
Then we denote by sV, the space of cusp forms sf on GSO(X,A) defined
by (sf)(h) = f(shs) for h € GSO(X,A) and f € V. The map f — sf from
V with the twisted action s-7 to sV with the usual action is an isomorphism;

by multiplicity one, s -7 = 7 if and only if sV, = V.

7. FROM GSO(X,A) To GO(X,A)

In this section F' is a totally real number field and X is a four dimensional
quadratic space over F. Let the notation be as in Section 6; following [HST],
we explain how cuspidal automorphic representations of GO(X, A) are obtained
from those of GSO(X, A). For each infinite place v of F let Jy, be the maximal
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compact subgroup of GSO(X, F),) defined in Section 6, and let J, denote the
maximal compact subgroup of GO(X, F,) generated by Jy, and s, where s is
as in Lemma 6.1. Let J,, be the product of the J, over the infinite places of
F. We consider GO(X,Af) X (hoo; Joo) modules. Let IrrfsiP(GO(X,A)) be

the set of tempered cuspidal automorphic representations of GO(X, A).

7.1 THEOREM ([HST]). The group GO(X,A) has the multiplicity one prop-
erty; if o € Irr'™P(GO(X,A)), denote by V, the unique space of cusp forms

cusp

isomorphic to o. Let o € Irtfon?(GO(X, A)), and let V2 be the nonzero space
of cusp forms on GSO(X,A) obtained by restricting the functions in V, to
GSO(X,A). Either V2 is irreducible as a GSO(X,Af) X (oo, Jo,00) module,
or there exists m € TrrlS™P(GSO(X, A)) such that s-7 27 and V) = V, @ sV,

cusp
(internal direct sum). Thus, there is a map

It P (GO(X, A)) — (s)\ Irr'™P(GSO(X, A)),

cusp cusp

and if o — [n] = {m,s -7}, then

GO(X,F,)
(7.1) Oy — IndGso(X,F,,) Ty

for allv. The map o [r] is surjective. If [r] € (s)\ Irria? (GSO(X, A)) and

s-m 2w, then the fiber over [r] is the set of all o € IrTaamiss(GO(X, A)) such
that (7.1) holds for all places v of F.

Proof. See Section 1 of [HST]. O

8. PROOFS OF THE MAIN THEOREMS

Let F be a totally real number field. In this final section we prove the main re-
sults Theorems 8.3 and 8.6 presented in the Introduction. Besides the general
foundational work of Sections 1, 2 and 5, the main ingredients for Theorem
8.3 are the local results of Section 3 and the general nonvanishing result for
global theta lifts from [R4]. Globally, the result from [R4] requires the nonva-
nishing of a certain L-function at s = 1; in the case at hand, this L-function
turns out to be either a partial GL(2) x GL(2) L-function or a partial twisted
Asai L-function, so that the nonvanishing at s = 1 follows from [Sh]. To
prove Theorem 8.6 we actually first prove a different version, Theorem 8.5.
In this version, using Section 4, a global L-packet II([x]) of tempered irre-
ducible admissible representations of GSp(2,A) is assigned to every element
7 of Irrigi? (GSO(Xnty, 5,0 A)). When s - 2 m, Theorem 8.5 determines ex-
actly what elements of II([n]) are cuspidal automorphic and shows that the
cuspidal automorphic elements occur with multiplicity one. In addition to an
understanding of the local situation, the main tool for showing cuspidality is
Theorem 8.3. For multiplicity one, we use the Rallis multiplicity preservation
principle in the context of similitudes (Proposition 5.3), along with the non-
vanishing result for global theta lifts from Sp(2,A) from [KRS]. This result
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shows that if a twisted partial standard L-function of a cuspidal automorphic
representation of Sp(2,A) has a pole at s = 1, then it has a nonzero theta lift
to the isometry group of a certain four dimensional quadratic space. Theorem
8.6 follows directly from Theorem 8.5.

We begin with a lemma which computes the standard partial L-function of
an O(X, A) component of a cuspidal automorphic representation of GO(X, A)
for a four dimensional quadratic space X over F. In the following lemma,
L,(s, 7% x71, Asai) is the v-th Euler factor of the Asai L-function of 77U
twisted by x~! ([HLR], p. 64-5); and L,(s,7{% x 73%V) is the v-th Euler
factor of the usual Rankin-Selberg GL(2) x GL(2) L-function of 7% and 75/-V;
here, the superscript JL indicates the corresponding element under the Jacquet-
Langlands correspondence (Section 6). Also, under the assumption that X (F),)
is unramified (Section 1), when we say that an irreducible admissible represen-
tation of GO(X, F,) (or of O(X, F,) and SO(X, F,)) is unramified we mean
with respect to the stabilizer in GO(X, F,) ( or in O(X, F,) and SO(X, F,),
respectively) of a self-dual lattice in X (F3).

8.1 LEMMA. Let X be a four dimensional quadratic space over F, let B be the
even Clifford algebra of X (F), and let E be the center of B. Let d = disc X (F).
Let 0 € Irrzirsnpp(GO(X, A)), and assume that o lies over [m = w(x,7)] (See
Sections 6 and 7). Let v be a finite place of F such that X (F,) and o, are
unramified. Let o1, be the unramified component of oulo(x,r,). Then the

standard L-function of o1, is

L ) Ly(s, 7", x 7", Asai) if d #1,
870 ,U = .
' Ly(s, ¥ x ") ifd =1 and 7 = 7 @ 7.

Proof. By definition, L(s,o1,) (see Section 2 of [KR1]) is the standard L-
function of any irreducible unramified component of o1 |so(x,r,). It will thus
suffice to show that the standard L-function of any irreducible unramified com-
ponent of o,|so(x,F,) has the stated form; and since 7, is an irreducible com-
ponent of 0,|aso(x,F,), it will be enough to show that the standard L-function
of any irreducible unramified component of m,|so(x,r,) or (s 7)|so(x,r,) has
the above form (s is as in Lemma 6.1). Since over a local nonarchimedean
field a four dimensional quadratic space represents 1, by Proposition 2.8 there
exists a quaternion algebra D over F, contained in B(F,) and an isometry
T:X(F,) — Xp, g, such that

1 EX EX x BX(F,) —%— GSO(X,F,) —— 1
idl zl J{T-T’l
x x % Pa(D,Ey)
1 Ev Fv XBD,EU GSO(XD7EU,FU) — 1

commutes, where B*(F,) — B 3 g, 1s the isomorphism induced by the natural
isomorphism B(F,) = E, ®F, D of E, algebras; E, = E(F,) = F, ®p E. Since
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X (F,) is unramified, D is in particular split, i.e., there exists an isomorphism
D = Mayyo(F,) of quaternion algebras over F,. From this, we obtain an
isomorphism Bp g, = May2(E,) of E, algebras and an isometry t : Xp g, =
X, so that

1 —— Ef —— FfxB}, 2% GS0(Xpp,, F) — 1

idl zl lt-t*l
1l —— Ef —— FXxGL(2,E,) —— GSO(X,,F,) ——1
commutes. Here, a is the Galois action on Mayo(F,) defined by the formula

(2.1). Composing, we now have an isomorphism i : B(F,) — Max2(FE,) of E,
algebras and isometry r : X (F,) — X, such that

1 EX EX x BX(F,) —’— GSO(X,F,) —— 1
idl zl lmﬁl
1 EX FX x GL(2, E,) —2*— GSO(X,,F,) —— 1

commutes. Let 7 be the representation of GSO(X,, F,) corresponding to .
By definition, (7,)'* = 7, 0 i, and we have 7/ = 7(x, (7,)’"). Since the
standard L-function of any unramified irreducible component of m,|so(x,r,) is
the same as the standard L-function of any irreducible unramified component
of m,|so(x.,F,), and the same holds for (s - m,)|socx,r,) and (s - 7,)|so(x,.F.);
it will now suffice to show that the the standard L-function of any irreducible
unramified component of 7, [so(x,,r,) Or (5-7,)|so(x.,r,) has the above form.
Assume first d # 1 (i.e., E is a field) and v stays prime in E; let w be the

place of F lying over v. Then E,, = E,. Since m, is unramified, so are x,
GL(2,E,

and (L), = ()"0 € Ix(GL(2,E,)). Let (r'%), = nd$®P) (4 @ ),

where P is the usual upper triangular Borel subgroup of GL(2, E,,), induction

is normalized, p; and po are unramified quasi-characters of E.S, and p1 ® ps

is defined by
ey o) =m@mo.

The space X, was explicitly described in Section 2. With respect to the ordered

basis
8 T LT %) Lt o)

the symmetric bilinear form on X, which is given by the determinant, has the
form

00 0 1
01 0 0
0 0 —d 0
1.0 0 O
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The stabilizer in GSO(X,, F,,) of the isotropic subspace spanned by the first
basis vector is a Borel subgroup P’ of GSO(X,, F,), and P’ = p,(F)} x P). In
particular, we have

N?"“(a) * *
pau,[g *]>=t1 0 h x|,
0 0 NE¥(c)

with
h = a1y — a2€2d (CLQCl — alcg)d
agC1 — a1C2 aicy — ClgCQd ’

where a = a1 + agx/a and ¢c=c1 +co V. Here, the middle block A corresponds
to multiplication by ac(c) on the two dimensional subspace spanned by the
two middle basis vectors, using the obvious identification of this subspace with
E,. Recalling that x, o Ngw = pq 2, a computation shows that

GSO(Xq,Fy
7 = (xo, (T'0)) = Ind GO )

)

where induction is normalized, and on the typical element of P’ u takes the
value

p(|0 b x |) = (u2/x0)(Aa ) (h),
0 0 Xa !

where again we identify the elements of the middle block with E and a, A €
Ex. There is an SO(X,, F,) isomorphism

/ ~ SO(Xq,Fy)
Tolso(x.,m) — Idpagbix, k) HlPnsox.,F)

given by restriction of functions. We have

*

. ) = (Xo/12)(a)

a

B PraSO(Xa, )

o o Qe
S > %

since Nl%”(h) =1, so that h € O. By definition, the standard L-function of
any irreducible unramified component of 7, |so(x,,r,) is now

L(s, xo/t2) L(s, pi2/ X0 )Cr, (28) = det(1 — x(mp,) " Almp, )~
= LU(SaTJLaxilaAsai)a

where
m(re) 0 0 0
e 0 0 i (mr,) 0
0 o (mr,) 0 0
0 0 0 palme,)
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For the last equality, see p. 64-65 of [HLR]. Since s - 7} = 7(Xu, (T71)4 0 ),
a similar computation shows that the standard L-function of any irreducible
unramified component of (s - 7, )|so(x, r,) is also Ly(s, 7%, x 71, Asai).

Now suppose F is a field and v splits in E. Then F,, contains a square root of
d; fix such a square root v/d in F. Define an embedding of fields i1 : £ — F),
by sending a fixed square root of d in E to v/d, and define another embedding
is : E < F, by sending the fixed square root of d in E to —v/d. We denote by w;
and ws the places of ¥ determined by ¢; and s, respectively. Then w; and wq
are the two places of F lying over v, and via i and i we take F), to be the com-
pletions E,,, and E,,, of E at w; and wa, respectively. We also have an identifi-
cation of F, = F,®p F with E,,, X F,, and hence with F, x F},. Using the iden-
tification F, & F, x F,, we may identify Maya(E,) with Maya(Fy,) X Mayxa(Fy),
GL(2, E,) with GL(2, F,,) x GL(2, F,)) and a with the Galois action defined by
(x1,22) — (x2,21). Further, as explained after Proposition 2.7, we may identify
X, with Maxo(F,) and p, with p,(t, (91, 92))x = t~tgi12g5. Using the canonical
isomorphisms B(F,) & B(Ey,) X B(Ey,) = D x D write 1, 2 7y, ® Ty, with

Twys Tws € Irr(DX); then (7)) = 7l @ 7]l Let 7]V = Ind}CjL(Q’F”)(m ® p2)
and T{H; = IndgL(2’F”)(,1/1 ® ), with the notation analogous to the previous

case. Note that x = p1pe = pjph. With respect to the ordered basis

o ol [o o] 1% o] [0 2

the symmetric bilinear form on X, has the matrix

0 010
0 0 01
10 0 0
01 0 0

The stabilizer in GSO(X,, F,,) of the isotropic flag
0 1 0 1 1 0
refo o) <mefo o]+ [ o]

is a Borel subgroup P’, and P’ = p,(F,* x P x P). We have

aa’  * * %

a x| [a x|, 1|0 ad x x
pa(t7|:0 :|7|:0 Cl:|)_t 0 0 CC/ *
0 0 0 dec

Using g1 pte = pjph, a computation shows that

o Ind SO

v
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with
a * % *
0 b * * I /
Mo 0 aa-t s |)= #2(n/p2)(a)(pa/p2)(b)-
00 0 X!
Again there is an SO(X,, F),) isomorphism

’ ~ SO(Xq4,Fy)
Tylsox.,r) — IndP,mSO(XmFU) BlPaso(x.. )

given by restriction of functions. We have

a * * *

0 b * / /
M\meSO(Xa,FU)( 0 0 a! =« ) = (11/p2)(a)(ps/ p2) (D).

00 o0 bt

We now have that the standard L-function of any irreducible unramified com-
ponent of 7, [so(x,,F,) i

L(s, ph /p2)L(s, po/ 1y ) L(s, ph/ p2) L(s, pa/py) = det(1 — x(7g,) " Almp, |*) 7
- LU(S7TJLaX71>Asai)7

where
(MlM’l)(WFU) 0 0 0
e 0 (H2p3)(7r, ) 0 0 .
0 0 (mps)(7r,) 0 ’
0 0 0 (n2py)(7E, )

here we have used x, = pipe = piuh. For the last equality, again see p.
64-65 of [HLR]. Since s - 7], = m(xyv, Ty ® T;-), a similar computation shows
that the standard L-function of any irreducible unramified component of (s -
) so(x.,F,) is also Ly(s, 775, x 1, Asai).

The argument in the case d = 1 is similar to the last case and will be omit-
ted. O

To prove the nonvanishing part of the main result Theorem 8.3 we will use the
following theorem, which follows from Corollary 1.2 of [R4]. In the following
L®(s,01) is the standard partial L-function of oy (see Section 2 of [KR1]).

8.2 THEOREM ([R4]). Let F be a totally real number field, and let X be a four
dimensional quadratic space over F. Let d € F*/F*? be the discriminant of
X (F), and assume that the discriminant algebra E of X (F) is totally real, i.e.,
either d = 1 or d # 1 and E = F(V/d) is totally real. Let o1 be a tempered
cuspidal automorphic representation of O(X,A) with 01 = ®,01 4, and let Vy,
be a realization of o1 in the space of cusp forms on O(X,A). Assume o1,
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occurs in the theta correspondence for O(X, F,) and Sp(2, F,) for all places v.
If LS (s,01) does not vanish at s = 1 then O(V,,,) # 0.

Proof. This follows from Corollary 1.2 of [R4] (see also the following remark
below). Note that by the assumption on F, at each infinite place v of F we
have d = 1 in FX/F}2, so that the signature of X(F,) is (4,0),(2,2) or (0,4)
and the signature assumptions from Corollary 1.2 of [R4] are satisfied. O

We take the opportunity here to make a correction to [R4]. Namely, in Theo-
rem 1.1 of [R4] hypothesis (2) should be replaced with the statement: for all
places v, o, is tempered and if o, first occurs in the theta correspondence with
Sp(n/, F,) with 2n’ > dim X, then the first occurrence of o, is tempered; in
Corollary 1.2 of [R4] o, should also be assumed to be tempered for infinite
v; and finally in Lemma 2.1 of [R4] the assumption on o (in both the nonar-
chimedean and real cases) should be that o is tempered, and if o first occurs
in the theta correspondence with Sp(n’, F)) with 2n’ > dim X, then the first
occurrence of ¢ is tempered. The corrections thus also introduce temperedness
assumptions at the infinite places entirely analogous to those at the finite places
(note that in the corrections to Theorem 1.1 and Lemma 2.1 we have actually
weakened the nonarchimedean assumption; this was mentioned in [R4], but not
explicitly stated as part of Theorem 1.1 and Lemma 2.1). The omission of these
temperedness assumptions at infinity was due to a misreading of [M], Corol-
laire TV.5 (ii). The only place where the result from [M] is used in [R4] is in the
proof of Lemma 2.1 of [R4] where it is asserted that, in the terminology of that
lemma, 0y, 1(0) = L(xx| [***tD @8, ---@6; ® 7). The argument for this is as
follows. Assume o first occurs in the theta correspondence with Sp(n’, R) with
n’ < dim X/2. Then o occurs in the theta correspondence with Sp(dim X/2, R)
(Lemme 1.9, p. 14, [M]) and O4im x/2(0) = Wgim x/2(0) (Théoreme IV.3, p. 70,
[M]). Since o is tempered, by the definition of Wgin, x/2(0) (IIL.2, p. 49, [M]),
Odim x/2(0) = Yaim x/2(0) is also tempered. The Langlands data for 61(o)
is obtained from the Langlands data of 0g4im x/2(0) by adjoining the quasi-
characters of RX: XX| . |sx(k+1)7 o 7XX| . |sx(dimX/2)+2, XX| . |sX(dimX/2)+1
(Corollaire IV.5 (ii), p. 71, [M]). Since Ogim, x/2(0) is tempered, this im-
plies Ox11(0) has the claimed form. Next, assume o first occurs in the
theta correspondence with Sp(n/,R) with n’ > dim X/2. Then 6,/(0) is
tempered by assumption. Again, the Langlands data of 6y1(0) is obtained
from the Langlands data of 6, (o) by adjoining the quasi-characters of R*:
x| FXETD L x| - X 00F2 x| - [X(DF (Corollaire TV.5 (i), p. 71,
[M]). Again, since 0,(c) is tempered, this implies €11(c) has the claimed
form. This completes the corrected argument for the new statement of Lemma
2.1 of [R4]. The corrected statements of Theorem 1.1 and Corollary 1.2 have
exactly the same proofs as in [R4].

Proof of Theorem 8.3. (1) = (2). Suppose O2(V,) # 0. Suppose O5(V})
is contained in the space of cusp forms. Then by Proposition 5.3, (2) holds.
Suppose ©5(V,) is not contained in the space of cusp forms. Since o, is in-
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finite dimensional for at least one v (5.1) holds. By Proposition 5.2, ©(V})
is contained in the space cusp forms; also, ©1(V,) is nonzero, for otherwise,
by Proposition 5.2, ©2(V,) would be contained in the space of cusp forms. A
standard argument as in the proof of Proposition 5.3 now shows that for all
v, 0y € R1(GO(X, F,)). This implies (2) (Lemma 4.2 of [R1]; b), p. 67 of
[MVW]; Lemme 1.9 of [M]).

(2) < (3). This is Theorem 3.4. Note that if disc X(F,) # 1, then X (F})
is isotropic, and so o, is infinite dimensional (as o, is tempered).

(2) = (1). Suppose (2) holds. Let o lie over [r] (Section 7). Restrict the
functions in V, to O(X,A) to obtain the space of functions V,!. Then V! is
nonzero and contained in the space of cusp forms on O(X,A); let W be an
irreducible nonzero O(X, A ) x (1,00, J1,00) component of V!, and denote the
isomorphism class of W by o1. To show O3(V,) # 0 it will suffice to show
O2(W) # 0 (for if O3(f,¢) # 0 for some f € W and ¢ € $(X(A)?), then
O2(F,9)lsp2,a) = 02(f,¢) # 0 for any F' € V, with Flo(x,a) = [f). For this,
we will use Theorem 8.2. We need to see that the hypotheses of Theorem
8.2 are satisfied. For all places v of F', 01, is an irreducible constituent of
ovlo(x,r,)- Since g, is tempered for all v, oy, is tempered for all v. Also, it
is a basic consequence of (2) that o1, € R2(O(X, F,)) for all v (Lemma 4.2 of
[R1]; see the discussion before Theorem 1.8). Finally, we need to see that the
partial standard L-function L(s, ;) of oy does not vanish at s = 1. Writing
7w =7(x,7), by Lemma 8.1 we have

L% (s, 7%, x 71, Asai) if d # 1
LS(S,Ul):{ ( X ) 7é

LS(s, " x ¥V)ifd=1and 7 =2 7 @ u.

Showing the nonvanishing of L(s,;) at s = 1 is thus reduced to showing the
nonvanishing of these two types of L-functions at s = 1. For the nonvanishing
of L%(s, ¥ x 74%V) at s = 1 see Theorem 5.2 of [Sh]. The nonvanishing of
LS(s, 7%, x™!, Asai) at s = 1 also follows from [Sh]. For an explanation of this,
see p. 296-7 of [F]. Note that L% (s, 7%, xy =1, Asai) is of the form L (s, 7/, Asai):
there exists a Hecke character y of A} extending x, and for such a ¥ we have
L%(s,7 ® X%, Asai) = L%(s,7’F, x~!, Asai). By Theorem 8.2 we now have
©2(W) # 0, and so O3(V,) # 0.

Now suppose that one of (1), (2) or (3) holds, and s -7 2 7. By what we have
already shown, ©2(V,) # 0. We claim that ©2(V,) is contained in the space of
cusp forms. Suppose not. Then as in the proof of (1) = (2), ©1(V) is nonzero
and contained in the space of cusp forms, and in particular o, € R1(GO(X, F,))
for all v. By Theorem 7.4 of [R2] this implies s - 7, = 7, at least for all
finite v of odd residual characteristic. However, by strong multiplicity one for
GSO(X,A) (Section 6) and s -7 2 m, we have s - m, 2 m, for infinitely many
v, a contradiction. Thus, ©2(V,) is contained in the space of cusp forms. By
Proposition 5.3, ©2(V,) is a cuspidal automorphic representation of GSp(2, A)
of central character w, and O9(V,) = ®,602(c.); by Proposition 1.10 this is
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also ®,62(0,)V. The proof that 05(c,) is tempered for all v is as in the proof
of (3) of Proposition 4.1. O

The next lemma was used in the proof of Proposition 4.1 to show that the two
elements of an L-packet defined there are in fact distinct. It will also be used
in the proof of Theorem 8.5.

8.4 LEMMA. Let v be a place of F. Let Dy, be the division quaternion algebra
over F,, and define the four dimensional quadratic spaces Xw,,,1 and Xp,, .1
over F, as in Section 2. Then Rx,,, , (GSp(2,F,))NRxp, . (GSp(2, Fy)) =
0.

Proof. We will use the notation of Section 1. By Lemmas 1.4 and 1.5 it will
suffice to show that if

:RXMZX2,1 (Gsp(2a Fv)) N :R'XDram,l (GSP(Q, Fv)) 7é 0

then
:RXM2X2,1 (Sp(2’ Fv)) N :R'XDram,l (Sp(2a Fv)) 7£ 0.

Suppose IT € Ry, . ,(GSp(2,F,)) N Rx,, ... (GSp(2, Fy,)). Since II is con-
tained in fRXMQXQ,l(GSp(Z,Fv)), by definition IT[gp(2,p,) is multiplicity free;
let ITlgp2,p,) = W1 @ - - - @ Wy with the Wy, 1 <4 < M, mutually non-
isomorphic irreducible Sp(2, F,,) subspaces of II. Also by definition, some
Wi, say Wi, is in Ry, ,,(Sp(2,Fy)). We assert that all the W; are con-
tained in Rx,,, ,,(Sp(2, Fy)). Let g € GSp(2, F,,) be such that m(g)W1 = W;
(if F, 2 R then M = 1 or 2 and we may take g = ko with k¢ as in Sec-
tion 1). Since Wy € Rxy,, , ,(Sp(2, F)) there exists a nonzero Sp(2, F,) map
t:wxy, 1 — Wi. Let h € GO(Xw,,,,1, Fy) be such that (g,h) € Ry, , .
(if F, 2 R we take h = jg so that (g,h) € L). Consider the composition

This is a nonzero Sp(2, F) map. Thus, W; € fRXMsz(Sp(Q,Fv)). On the
other hand, since IT € Rx,, ,(GSp(2,F,)) we have by definition that some

irreducible component of I7|s,(2 r,) is contained in Rx, . (Sp(2,F},)). We
now have Rx,, . (Sp(2, F,)) NRxp, 1 (Sp(2, Fy)) # 0 as desired. [

We come now to the definition and analysis of global L-packets for GSp(2).
We begin by proving Theorem 8.5, a version of the main result Theorem
8.6. In this version, global L-packets for GSp(2) are associated to elements
of Irrt™P (GSO(Xw,, ,.4, A)); Theorem 8.6 will follow easily from Theorem 8.5.

cusp

As in Section 2, let d € F*/F*2 and let E = Eq be F(Vd) if d # 1 and
E=FE;=FxFifd=1. Assume FE is totally real, i.e., in the case d # 1
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assume F is totally real. Let 7 € Irrgad (GSO (X, .4, A)). The packet of irre-

ducible admissible representations of GSp(2, A) corresponding to [r] is defined
to be

H([T(]) = {H = ®UHU S Irradmiss(GSp(2,A)) : Hv € H([ﬂ—vD fOI‘ all U}.

Here, II([m,]) is defined in Section 4. By Proposition 4.3, for almost all nonar-
chimedean v, II([r,]) consists of a single representation unramified with respect
to GSp(2,9,). Thus,

H([7]) = @uII([m])-

Also, by (3) of Proposition 4.1, II([r,]) consists of tempered representations
for all v. If S is any finite set of places such that for v ¢ S, v is nonar-
chimedean and II([r,]) consists of a single representation unramified with re-
spect to GSp(2,9,), then the cardinality of II([x]) is:

([w])| = [T () = 2", where M = 3 (1TI([r,])| - 1).

veS vES

For IT = ®,II, € 1I([x]), let T be the set of places v of F such that v splits
in F (as usual, if d = 1 so that £ = F x F we say that every place of F'
splits in E) and II, is of the form 0p, 1(mIET)Y (so necessarily , is square
integrable); see Section 4.

8.5 THEOREM. Assume F is totally real, d € F*/F*2, and let E = E4 be
F(Vd)ifd#1 and F x F if d = 1. Assume E is totally real, i.e., in the case
d # 1 assume E is totally real. Let w € Irrzizlpp(GSO(XMw%d,A)) and assume
s-mET.

(1) If d # 1, then all the elements of TI([x]) occur with multiplicity one in
the space of cusp forms on GSp(2,A) with central character w,.

(2) Assume d = 1. Let II € II([x]). If |Ty| is even, then II occurs with
multiplicity one in the space of cusp forms on GSp(2,A) with central
character w,. Conversely, if II occurs in the space of cusp forms on
GSp(2,A) then |Tr| is even.

Proof. Let IT € II([n]); if d = 1 assume |T7| is even. We begin by showing that
IT occurs in the space of cusp forms on GSp(2, A) of central character w,. To
prove this we will construct a four dimensional quadratic space X over F and
a o € Irriyi? (GO(X, A)) such that o, € R2(GO(X, F,)) and 63(0y)Y = II,
for all v; we will then apply Theorem 8.3 to show II is cuspidal automorphic.
To start, let us set up some definitions involving 7. As in Section 6, write
7w = 7(x,7); however instead of the abstract exact sequence of Theorem 2.3,

let us use the concrete exact sequence

Pa(Mgy o, E)

1 A% — A* x GL(2,Ap) GSO(X iy, 000 A) — 1
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of Proposition 2.7; by this proposition there is no real distinction. Thus, 7 =
7(x,7), with 7 € Irrl™P(GL(2, Ag)) and x a Hecke character of A* such that

cusp
W,y = X O NI{”:. The X we will use will be of the form Xp 4. Specifically, let
D be any quaternion algebra over F' which is ramified at the places in Ty,
and which is unramified at any other of the places of F' which split in E; note
that if d = 1, we use the evenness of |T7| for the existence of D (again, our
convention is that if d = 1 so that ¥ = F' x F' then every place of F is split in
E). Evidently, if d = 1, then D is uniquely determined, but if d # 1, then there
will be infinitely many choices for D. Nevertheless, if we let B = E®p D, then
B is uniquely determined (in the case d # 1, regarded as a quaternion algebra
over E, B is split at any place of E lying over a nonsplit place of F'), and Xp 4
is uniquely determined up to similitudes by Proposition 2.9. By Lemma 5.1,
it thus follows that our construction will realize I as a cuspidal automorphic
representation in exactly one way in spite of the ambiguity in the choice of D
when d # 1. To define the o mentioned above, note that again by Proposition
2.7 we have an exact sequence

1— A% — A% x BX(A) 222, GSO(Xp g, A) — 1.

By the definition of Tz, 7 is in the image of the Jacquet-Langlands correspon-

dence from B*(A) discussed in Section 6; let 7/ € IrrisiP (B> (A)) correspond

to 7. Let ' = m(x, 7’L); this is contained in Trri™P(GSO(Xp 4, A)). We claim

cusp

that for each place v there exists o, € Ro(GO(Xp 4, F,)) such that

GO(Xp,a,Fy) ’

Oy — IndGSO(XD,d’Fv) ,

and 0(o,)Y = II,. This is clear from the definition of II([m,]) and D if v is not a
nonsplit place with D(F,) ramified; assume we are in this last case. Let w be the
place of E lying over v. By Proposition 2.9 and the consideration of examples
after this proposition, there exists an isomorphism i : B(F,) — Maxa(E,) of
E,, algebras and a similitude T : Xp 4(F,) — Xm,,,d(Fy) such that

1 —— EX —— FXxB*(F,) —— GSO(Xpa4F,) —— 1

lid lidxi lT—Tﬂ:j

l — Eé - FUX XGL(Zva) - GSO(Xszg,d7F’U) — 1

commutes. By the definition of II([r,]), there exists 71, € Irr(GO(Xm,, 5.4: Fv))
such that m, — 7ArU|GSO(XM2X21d’FU) and 0(#,) = I, i.e.,

V2 ~
Hompy (7)) (Wxniy g a(): 1 @ 7o) 7 0-
By Lemma 1.6, we obtain
Homp, = (7,)(Wxp u(F) 1) ® 00) #0,
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where o, = 7, 0 j, so that 0(c,) = II)/. Since 7, 0 j — 0y|aso(xp.4,F,) and
7, 0 j = m, by the commutativity of the diagram, we get 7;, — o,|aso(xp 4.F.)
as desired. Now [T, is unramified for almost all finite v, and so by Proposition
1.11 o, is unramified for almost all finite v. We may form the restricted direct
product 0 = ®,0, € IITaamiss(GO(X, A)). Since s -7 2 7 we have s- 7/ 2 7'
By Theorem 7.1 it follows that o € Irrgrn? (GO(X, A)), and o lies over [']. By
Theorem 8.3, ©2(V,) is cuspidal and ©4(V,) = II.

Having shown that IT occurs in the space of cusp forms on GSp(2, A) of central
character w,, we will now show that the multiplicity with which II occurs is
one. Our strategy will be to use the multiplicity preservation principle of Rallis
(Proposition 5.3) along with the fact that for a four dimensional quadratic space
X over F, GO(X, A) has the (weak) multiplicity one property (Theorem 7.1).
Let W be the GSp(2,Af) X (goo, Koo) subspace of cusp forms on GSp(2, A) of
central character w, generated by the subspaces isomorphic to I1. Let U be
an irreducible nonzero GSp(2,Af) X (goo, K oo) subspace of W. Then U = II.
To be in a position to apply Proposition 5.3 we must show that ©x, ,(U)
is nonzero and contained in the space of cusp forms on GO(X,A) of central
character w;.

As a first step, we will prove that © Xpr, ,(U) is nonzero and cuspidal for
some quaternion algebra D’ over F. In the following argument showing that
© Xpr, d(U ) is nonzero and cuspidal for some D’ we ask the reader to take note
that we only use that II € II([n]); this will be germane in a subsequent part
of the proof. We begin with a reduction to isometries. Restrict the func-
tions in U to Sp(2,A). This space of restricted functions is nonzero and is an
Sp(2,A¢) X (91,00, K1,00) subspace of the space of cusp forms on Sp(2, A); let Uy
be a nonzero Sp(2, Af) X (91,00, K1,00) irreducible subspace of this space, and let
IT, be the isomorphism class of U;. As in the proof of (2) = (1) of Theorem
8.3, to show Ox,, ,(U) # 0 for some D’ it will suffice to show GXD’,d(Ul) #£0
for some D’. To prove this, we will use Theorem 7.1 of [KRS]. This appli-
cation requires an understanding the behavior of the partial twisted standard
L-function L%(s, I, xxp,) at s = 1; we now compute this L-function. As
U =11, Il , is an irreducible component of IT,|sp(n,r,) for all v. Let S be a fi-
nite set of places of F' such that for v ¢ S, v is finite, X, ,,a(Fy) is unramified
(i.e., v is odd and v is unramified in Ey) and x, and 7, for w|v are unramified.
For v ¢ S, by Proposition 4.3 and its proof, |II([r,])| = 1, II, is the single el-
ement of II([m,]), IT, is unramified and II, = O, ,,.4(0))" = Om,,,.a(olY),
with o/, = 7}f € Irr(GO(Xw,, 5.4, Fy)) unramified. Let v ¢ S; we assert

that there exists an unramified component o7 ,, of UHO(XMQXM,F«;) such that
I, , = (0} ,,"). To see this let, as in Section 1, GSp(2, F},)* be the subgroup
of g € GSp(2, F,,) such that A(g) € AN(GO(Xp 4, F,)); again, GSp(2, F,,)* has
index one or two in GSp(2, F,)). Let II,|gsp2,p,)+ = 11y & - - - & I, where

the IT! € Irr(GSp(2, F,,))*) are mutually nonisomorphic and M =1 or 2. We
have by construction

HomRXM%(z’d(Fv)(wXszg-,d(Fv)’ I, ® (71/)\/) 7é 0.
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This implies that for some 4,
HomRXMZX2,d(Fv)(WXN12x2=d(Fv)’ HZ} ® O':JV) #0.

By the proof of Proposition 1.11, IT¢ is unramified with respect to GSp(2,9,)
(which is contained in GSp(2, F,,)"). As II,|gp(2,r,) has only one irreducible
component unramified with respect to Sp(2,9,), namely IT ,, it follows that
11, , is an irreducible component of H,Z’;‘Sp(zl:‘v). By Lemma 4.2 of [R1], there
exists an irreducible component o7 ,, of o7, such that

!V
Homgp(o, 7,)x0(Xuty g, Fe) Wxany y a(Fu)s 1,0 ® 01 4,7) # 0.

By (b) of Theorem 7.1 of [H], o7 , is unramified. This proves our assertion.
By Section 7 of [KR2] and Lemma 8.1 (or rather its proof), the twisted partial
standard L-function of II; now is

LS(SthXXD,d) = Cg(s) H L(s’o—/l,v)
vgS

{ CE(s)L5 (s, 7, x ", Asai) if d # 1

Co(s) Lo (s, x V) ifd=1and 7217 @ 7y,

where (7 (s) is the partial zeta function of . We noted in the proof of Theorem
8.3 that L-functions of the type L%(s,7,x !, Asai) or L°(s,7 x 7o) do not
vanish at s = 1; hence, LS(S7H1,XXD)d) has a pole at s = 1 (in fact, by
Corollary 7.2.3 of [KR2] the pole must be simple).

Now we apply [KRS]. By Lemma 1.1 of [L], for some f € Uy, f has a nonzero
T-th Fourier coefficient with detT # 0. Here, T € My(F) is a symmetric
matrix. Define a quadratic Hecke character x of A* by xx,, = x7X, where
we also write T for the two dimensional quadratic space defined by T'. Since
L3(s, Iy, xrX) = L%(s,II1,xx, ,) has a pole at s = 1, by (i) and (ii) of
Theorem 7.1 of [KRS], ©x/(U;) # 0, where X' = X7 L X", with X" some
two dimensional quadratic space over F' such that xx = x. We have

XX’ = XXr * XX7 = XXz "X = XxXp * XXpa = XXp.a

which implies disc X' (F) = disc Xp 4(F) = d. By Proposition 2.8 and Lemma
5.1, we now know that ©x , ,(U1) # 0 for some quaternion algebra D’ over F.
As mentioned, this implies ©x , ,(U) # 0.

Next, we claim ©x,, (U) is contained in the space of cusp forms on
GO(Xpr 4,A) of central character w,; suppose not. Then by the remark af-
ter Proposition 5.2 there exists a two dimensional quadratic space X over
F such that ©x,(U) is nonzero and is contained in the space of cusp forms
of central character wr, on GO(Xp,A). By a standard argument as in the
proof of Proposition 5.3, for all but finitely many places v of F, Xo(F,) is

DOCUMENTA MATHEMATICA 6 (2001) 247-314



308 BROOKS ROBERTS

unramified, IT, is unramified with respect to GSp(2,9,), there exists a uni-
tary p, € Irr(GO(X, F,,)) which is unramified with respect to the stabilizer in
GO(Xy, Fy) of a self-dual lattice and

Homp, (r,) (Wxo(F,) Iy © pu) # 0.

Let v be one such place. Let pg be an irreducible unramified component of
pvlo(xy,F,)- By Lemma 4.2 of [R1], there exists an irreducible component I1g
of IT)/|sp(2,7,) such that

Homsp(2,7,)x0(X0,F,) (Wxo(F,)s Lo ® po) # 0.

Now SO(Xy, F,,) is Abelian as dim Xy = 2; since pg is unitary, pg is therefore
tempered. (Recall the definition of a tempered representation of O(Xy, F,,) pre-
ceding Theorem 1.2). Also, it is not difficult to show that py € Ry (O(Xo, F,))
(in fact, the only element of Irr(O(Xy, F,)) not contained in Ry (O(Xo, Fy)) is
sign). Applying now Theorem 4.4 of [R3], we conclude that [Ty is not tem-
pered, contradicting the temperedness of II, (see (3) of Proposition 4.1). We
have shown ©x,, ,(U) # 0 is nonzero and cuspidal for some D’; as promised,
the argument used only that the cuspidal automorphic representation II is
contained in II([x]).

Now we will show that ©x, ,(U) is nonzero and contained in the space of
cusp forms of central character w,. By Lemma 5.1, it will suffice to show that
there is a similitude between Xp 4(F) and Xps ¢(F). Let B’ = E®p D’. We
assert that B = B’ as E algebras. As in the last paragraph of Section 2, let
Sp.E be the set of places v of F' such that v splits in E and D(F,,) is ramified;
define Sp/ g similarly. As observed in Section 2, it will suffice to show that
Sp,g = Sp/,g. Let v be a place of F' that splits in . As v splitsin E, d=1
in FY/F % By Proposition 5.3, since Ox,, ,(U) is nonzero and cuspidal,
II, € Rx,, ,(r,)(GSP(2, F,)); by construction, I, € Rx,, ,r,)(GSp(2, Fy)).
By Lemma 8.4 we must have Xpra(Fy) & Xp g(Fy,). This implies D'(F,) =
D(F,) so that D is ramified at v if and only if D’ is ramified at v. This proves
Sp,g = Spr,g. Since B = B’ as E algebras, by Proposition 2.9 there exists a
similitude between Xp ¢(F) and Xps 4(F).

We now apply Proposition 5.3 to conclude that the multiplicity of IT in W is the
same as the multiplicity of © x,, ,(U) in the space of cusp forms on GO(Xp 4, A)
of central character w,. By part of Theorem 7.1, this multiplicity is one.

To complete the proof we still must show that if d = 1, IT € II([x]) and IT
occurs in the space of cusp forms on GSp(2, A), then |T7| is even. Let U be a
realization of IT in the space of cusp forms on GSp(2, A) of central character w,.
An argument just as above (which just used IT € II([r]) and nothing about the
parity of |T|) shows that ©x, , (U) is nonzero and cuspidal for some quater-
nion algebra D’ over F. We claim that Ty is exactly the set of places where
D’ is ramified; this will show that |Ty7| is even. Let v € Ty;. Then by the defi-
nition of Ty, II, € Rx,, . (GSp(2, F})). On the other hand, since ©x, , (U)
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is nonzero and cuspidal, II, € Rx , . (r,)(GSp(2, F})) (Proposition 5.3). By
Lemma 8.4, Xp_ . 1(Fy) = Xpr(p,)1(Fy), which implies D'(F),) is ramified.
Suppose next D'(F),) is ramified. Again, IT, € RX 1 ()1 (F) (GSP(2, Fy)). By
Lemma 8.4 and the definition of II([r,]), we must have v € Ty, O

Finally, we prove Theorem 8.6. This result is essentially a restatement of
Theorem 8.5, and will follow immediately from that theorem after we make
some definitions.
First we make the definitions mentioned preceding the statement of Theorem
8.6 in the Introduction. Let F’ be a local field of characteristic zero, and let E’
be a quadratic extension of F’ or E' = F' x F'; if F’ is archimedean, assume
= Rand B’ = RxR. If F’ is a field, write E' = F’(v/d); otherwise, let d = 1.
Let 7 € Irr(GL(2, E')) be infinite dimensional and assume the central character
of 7/ factors through NIJ?:: via x’; if F’ has even residual characteristic, assume
additionally that 7’ is tempered. By Proposition 2.7 the following sequence is
exact:

Pa(Mgyo,E)

1—E* — F'* xGL(2,E) GSO(X My, p,d: F') — 1.

Using this exact sequence, define 7’ = w(x’, 7’) € Irr(GSO(Xm,,,.4, F')) as in
Section 3. Define ¢(x’,7') = ¢([r']) and II(x’, 7") = II([x']), where ¢([7']) and
II([n']) are defined as in Section 4. If E/ = F' x F’, define

(5 0r S, 7)) x (X, 7) = C

as follows. If |S(p(x/, 7)) = [I(x',7")| = 1 set {-,-)pr to be identically 1
if |S(e(x', 7)) = |1 ( 7)| = 2 (see Propositions 4.1 and 4.2) then define
(- 0y, 1 (M) =1 and let (-,0p,,..1(7""“*)V) & to be the nontrivial char-
acter of S(p(x',7")) = Zz (see Table 4). The claims from the Introduction
concerning these definitions follow from Propositions 4.1, 4.2 and 4.3.

Next, let E, 7 and x be as in the statement of Theorem 8.6. If F is a field, write
E=F (\/E), otherwise, let d = 1. By Proposition 2.7 the following sequence is
exact:

Pa(Myy o, E)
_—

1 — AL — A x GL(2,AR) GSO(X My, 0,d, A) — 1.

Using this exact sequence, define m = m(x,7) € Irrigad (GSO(Xnyy 0,4, A)) as
in Section 6.

Proof of Theorem 8.6. This follows from the definitions involved and Theorem
8.5. O
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7 regular or

distinguished

7 regular:

m™ — 7

— 0Mz><2’d(7r+)

P=q PFq
NGO(X,R) R RS,
[GSp(n,R) : GSp( 1 2
GSp(n,R) =
=+ b X
Gp(m, R) R (Sp(n.R) USp(n. R)ky) | P PR
Kt K =K UKikg K
GO(X, &) R¥(O(X,R) UO(X,R)jy) |O(X,R)R”
J J1 U J1jo J1
L (K1 x J1) U (K7 x J1)(ko, Jo) | K1 X N
TABLE 1
d#1
+

at

/

7 distinguished: 7«

- eszz’d(”+)

7~ does not lift to GSp(2,F)

7 invariant but

not distinguished

T = OMyyo,a(m1)

T2 = OMyy,,a(m2)

TABLE 2
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d=1
7 regular: r - at - 01\42X2)1(ﬂ'+)
7 not
essentially
square
integrable
= 0M2><2’1(7r+)
/
7 invariant and
T
hence distinguished:
N
7~ does not lift to GSp(2,F)
T — nt — 6M2><2’1(7r+)
7 regular: l
L I aDramwl (T(JLJF)
7 essentially
square
integrable
at — 0M2><2’1(7T+)
/!
- 7 does not lift to GSp(2,F)
7 invariant and
hence distinguished:
ﬂ—JL - ﬂ—JL+ - 0Dram 1 (WJL+)
N
7L~ does not lift to GSp(2,F)
TABLE 3
d 7] ([=])

7 not essentially
1 . {9M2x2,1(ﬂ—+)v}
square integrable

7 essentially
{0My 0.1 (7)Y 0D 1 (77ET)YY
square integrable

7 regular or invariant v
£1 {On1g 5.a(n )Y}
and distinguished 2x2

7 invariant but
#1 {0Mgy0.a(T1)Y ,OMy o ,a(T2) "}
not distinguished

TABLE 4
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