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0. INTRODUCTION

Let F be a field of characteristic # 2 and let ¢ be a regular quadratic form over
F'. Then ¢ is said to be excellent if, for any field extension F/F, the anisotropic
part of pp := ¢ ®p F is defined over F. This notion was introduced by M.
Knebusch in [Knl, [Kn2). In [KR], a similar notion for semisimple algebraic
groups was introduced and studied for special linear and special orthogonal
groups. Let us recall that the main result of [@] says that the following
conditions are equivalent.
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(i) The special orthogonal group SO(yp) is excellent.
(ii) For every field extension E/F there is an element a € E* and a form ¢
over F such that the anisotropic part of pg is isomorphic to ap .

In general, if ¢ is excellent SO(y) is also excellent. The converse holds for odd-
dimensional forms (see [@]) For even-dimensional forms there are examples
of non-excellent forms ¢ such that the group SO(¢p) is excellent.

We say that the form ¢ is quasi-excellent if the group SO(p) is excellent.
Taking into account the criterion mentioned above, we can rewrite the definition
as follows: ¢ is quasi-excellent if for any field extension E/F there exists a form
¥ over F' such that (¢ g)an is similar to vy . In this case we write (9g)an ~ Vg -

To study even-dimensional quasi-excellent forms, it is very convenient to give
another definition.

DEFINITION 0.1. We say that a sequence of quadratic forms g, @1,...,¢n
over F' is quasi-excellent if the following conditions hold:

e the forms yg,...,pn_1 are regular and of dimension > 0;

e the form ¢ is anisotropic and the form ¢}, is zero;

o fori=1,...,h, we have ((¢0)F,)an ~ (¢i)F, where F; = F(@o,...,90i—1)-
Then the number h is called the height of the sequence. (It coincides with the
height of ¢q defined by Knebusch in [Knl]], 5.4.)

It is not difficult to show that we have a surjective map (see Lemma @ and
Corollary R.4 below):

{quasi-excellent sequences} — {even-dim. quasi-excellent anisotropic forms}
(@0,@17~ . a@h) = $o

Any regular quadratic form of dimension n > 0 over F' is isomorphic to a
diagonal form {(ai,...,a,) := a1 X? + ...+ a, X2 with ay,...,a, € F* and
variables X1,..., X, . A d-fold Pfister form is a form of the type

{a1,...,aq) = (1,—a1) ® - ® (1, —aq) .

Let (¢o,1,--- ,¢n) be a quasi-excellent sequence. We prove in Lemma E
that ¢p_1 is similar to some d-fold Pfister form, and then say that d is the
degree of the sequence.

ExXAMPLE 0.2. Let ay,as,...,aq,ko, k1, ko, u,v,c € F*. Set
$o = ko {(a1,az,...,a4-1)) @ ((u,v)) L —c{aaq)),
01 = k1 {a1,az2,...,a4-1)) ® (—u, —v,uv,aq),
¢2 = ko ((a1,az,...,aq)) ,
¢3=0.

Suppose that ¢g, ¢1 and ¢y are anisotropic. Then the sequence (¢q, ¢1, d2, d3)
is quasi-excellent of degree d (see Lemma E) We notice that dim ¢j,_; = 2%,
dim ¢j,_o = 24t and dim ¢p_35 = 3 - 2%,
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Clearly, the sequences (¢1, ¢a, ¢3) and (¢2, ¢3) are also quasi-excellent. In
particular, the forms ¢, ¢1, ¢2, and ¢3 are quasi-excellent.

DEFINITION 0.3. Let (¢o,---,¢n) be a quasi-excellent sequence of degree d.
We say that the sequence is of the

o “first type” if dimp_o # 2971 or h =1
e “second type” if dim ¢;_o = 2%t! and, if h > 3, dimpj,_3 # 3-2¢
o “third type” if dimpp_o = 2941 and dim PYp—3 =3" 2d (here h > 3).

EXAMPLE 0.4. Let (¢o, ¢1, ¢2, @3) be the sequence constructed in Example E?I
Assume that ¢g, ¢ and ¢o are anisotropic.

e The sequence (g2, ¢3) is of the first type,
e The sequence (¢1, P2, ¢3) is of the second type,
e The sequence (¢, P1, P2, ¢3) is of the third type.

According to Knebusch [], 7.4, a regular quadratic form v is called a
Pfister neighbor, if there exist a Pfister form 7, some a € F*, and a form 7 with
dimn < dim, such that ¢ 1n ~ ar. The form 7 is called the complementary
form of the Pfister neighbor .

EXAMPLE 0.5. Let (¢1,...,9p) be a quasi-excellent sequence. Let g be an
anisotropic Pfister neighbor whose complementary form is similar to ¢;. Then
the sequence (¢, ¢1,--.,pn) is quasi-excellent. Moreover, this sequence is of

the same type as the sequence (p1,...,¢n). (Note that ((vo)r, )an ~ (p1)r

by [Knd), p. 3.)

Clearly, Examples @ and @ give rise to the construction of many examples
of quasi-excellent sequences of prescribed type: We start with a quasi-excellent
sequence given in Example @ We can then apply the construction presented
in Example E to obtain a new quasi-excellent sequence. Since we can apply
the construction in Example E many times, we get quasi excellent sequences
of arbitrary height.

The main goal of this paper is to prove (under certain assumptions) that all
quasi-excellent sequences can be constructed by using this recursive procedure.
To be more accurate, for sequences of the first type, we prove the following
classification result:

THEOREM 0.6. Let (po,...,pn) be a quasi-excellent sequence of the first type.
Then for any i < h the form ; is a Pfister neighbor whose complementary
form is similar to p;41.

For sequences of the second and the third type, we state our classification
results as conjectures which we will prove for sequences of degree 1. For se-
quences of arbitrary degree we will deduce our conjectures from some classical
conjectures which now seem to be settled for all fields of characteristic 0, cf.

4. BVY.
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CONJECTURE 0.7.  Let (¢o,¢1,---,9n) be a quasi-excellent sequence of the
second type. Then for any i < h — 2 the form @; is a Pfister neighbor whose
complementary form is similar to @;y1. Besides, the forms @n_o and pp_1
look as follows:

Oh—a ~ {a1,...,04-1) ® (—u, —v,uv,aq) ,

oh—1 ~ {a1,...,a4-1,aq)) -
(For d =1 we put ((ay,...,aq-1) = (1).)

CONJECTURE 0.8.  Let (¢o,¢1,---,9n) be a quasi-excellent sequence of the
third type. Then for any i < h — 3 the form ¢; is a Pfister neighbor whose
complementary form is similar to p;41. Besides, the forms pnp_s, @p—o and
Yh—1 look as follows:

on-3~ {a1,...,a4-1)) ® ({u,v)) L —c(aa)),
Oh—2 ~ {a1,...,aq-1) ® (—u, —v,uv, aq) ,
Ph—1 "~ <<(11, ey Qq—1, ad>> .

The main results of this paper are Theorem @ and the following two theorems.

THEOREM 0.9. Conjectures m and @ are true for quasi-excellent sequences
of degree 1. The well-known so far unpublished result by Rost, that the Milnor
invariant e* is bijective, implies that @ and @ are also true for sequences of
degree 2 .

THEOREM 0.10. Modulo results proved in [@, both Conjectures m and
@ are true over any field of characteristic 0.

All results of this paper are due to the first-named author Oleg Izhboldin. The
second-named author is responsible for a final version of Oleg’s beautiful draft
which he could not complete because of his sudden death on April 17, 2000.

1. NOTATION AND BACKGROUND MATERIAL

We fix a ground field F of characteristic different from 2 and set F* = F\{0}.
If two quadratic forms ¢ and v are isomorphic we write ¢ ~ 1. We say that
@ and v are similar if ¢ ~ ayp for some a € F*, and write ¢ ~ 1. A regular
quadratic form ¢ of dimension dim¢ > 0 is said to be isotropic if there is a
non-zero vector v in the underlying vector space of ¢ such that ¢(v) =0, and
anisotropic otherwise. The zero form 0 is assumed to be anisotropic. As has
been shown by Witt [@], any regular quadratic form ¢ has a decomposition

p ~ix(1,—1) L pay

where @,, is anisotropic and i > 0. Moreover, the number i =: i(p) and, up
to isomorphism, the form ¢,, are uniquely determined by ¢. We call i(y) the
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Witt index of ¢ . If i(¢) > 0 then ¢ is isotropic. A form ¢ # 0 is said to be
hyperbolic if p,, = 0. We have a Witt equivalence relation ¢ ~y 1 defined by

P row P = Pan ~ Yan
The Witt equivalence classes [¢] of regular quadratic forms ¢ over F form a
commutative ring W (F') with zero element [0] and unit element [(1)]. The
operations in this Witt ring W (F') are induced by:
(al,...,am>i<b17...,bn) = <a1,...,am,b1,...,bn>
(a1, ... am) @ (by,...,by) = {(a1b1,...,a1bpn, ... ;amb1, ..., amby).

In particular, there is a surjective ring homomorphism
¥ W(F) — Z/2Z, [p] — (dim ¢) mod 27Z.

Its kernel I(F) := ker(e®) is called the fundamental ideal of W (F). Since
(a,b) ~w {(—a)) L — (b)) the ideal I(F) is generated by the classes of the 1-fold
Pfister forms ((a)) = (1, —a) with a € F*. Consequently, the nth power ideal
I™(F) of I(F) is generated by the classes of n-fold Pfister forms (a1,...,a,)) =
(1,—a1) @ -+~ ® (1, —ay) . We will use the Arason-Pfister Hauptsatz [AP]:

THEOREM 1.1. (Arason-Pfister) If [¢] € I"(F) and dim @,, < 2™ then ¢ ~y 0.

Put F*? = {22 € F* |z € F*} and d(p) := (—1)(7;) det(p) with m = dim¢.
Then there is a surjective group homomorphism

el I(F) — F*/F*Q, [¢] — d((p)F*Q’

satisfying ker(e!) = I?(F), see [Pfl], 2.3.6. For any ideal I in W (F) we write
=1 mod I when [pl—v]€T. Let u={ay,...,an) withay,...,an, € F*.
If m is odd then d((a1,...,am, —d(u))) = [[/~, a? € F*?, and we obtain the
following remark which will be used for the classification of quasi-excellent
sequences of the first type.

REMARK 1.2. If dimpu is odd then p = (d(u)) mod I%(F) .

Of special interest for us is the function field F(p) of a regular quadratic form
. Assuming that dim¢ > 2 and ¢ % (1, —1) we let F(¢) be the function field
of the projective variety defined by ¢ . Its transcendence degree is (dim ¢) — 2
and @p(,) is isotropic. Moreover, F(y) is purely transcendental over F' iff ¢
is isotropic (cf. [[Knll], 3.8). We denote by F(p,1) the function field of the
product of the varieties defined by the forms ¢ and .

We say that ¢ is a subform of ¢, and write ¢ C 1, if ¢ is isomorphic to an
orthogonal summand of ¢). We will use the following two consequences of the
Cassels-Pfister Subform Theorem [, 1.3.4:

TureoreM 1.3. ([Knl], 4.4, and [[], 4.5.4 (ii)) Let X be an anisotropic form and
p be a Pfister form. Then the following conditions are equivalent:

o there exists a form p such that A\~ p® p,
o there exists a form v such that A ~y pQ v,
® Ap(p) s hyperbolic.

Moreover, in these cases kp C X for any k € D(A) :={a € F* | (a) C ¢}.
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THEOREM 1.4. ([Knll), 4.5) Let ¢ and v be forms of dimension > 2 satisfying
0 £ (1, =1) and ¥ 4w 0. If py) ~w 0 then ¢ is similar to a subform of ¢,
hence dim p < dim .

Consequently, if dim¢ > dim then g,y is not hyperbolic.

If, in addition, ¢ and 1 are anisotropic and the dimensions of ¢ and 1 are
separated by a 2-power, then () is not isotropic as Hoffmann has shown.

THEOREM 1.5. (Hoffmann ([@}, Theorem 1) Let ¢ and v be anisotropic forms
with dimy < 2" < dim¢ for some n > 0. Then Yp(,) is anisotropic.

In accordance with the definition given in the introduction, a form ¢ is a
Pfister neighbor of a d-fold Pfister form 7 if dim¢ > 297! and ¢ is similar to
a subform of 7.

THEOREM 1.6. (Hoffmann [[1], Corollaries 1, 2) Let ¢ be an anisotropic form
of dimension 2" +m with 0 <m < 2". Then dim(@p(y))an > 2" —m.

If, in addition, ¢ is a Pfister neighbor then dim(@p(y))an = 2" —m.

The following theorem is a result by Izhboldin on “virtual Pfister neighbors”,

cf. [[zl], Theorem 3.5.

THEOREM 1.7. (Izhboldin) Let ¢ be an anisotropic form of dimension 2™ +m
with 0 < m < 2" Assume that there is a field extension E/F such that
¢ is an anisotropic Pfister neighbor. Then either dim(@p(p))an > 2" or
dim(@p(p))an = 2" —m..

THEOREM 1.8. (Knebusch [Kng, 7.13) Let ¢ and ¢ be anisotropic forms such
that (Pp(p))an = Vr(p)- Then @ is a Pfister neighbor and —i is the comple-
mentary form of .

The following theorem is a special case of the Knebusch- Wadsworth Theorem
[Knll, 5.8. Tt will be used in Lemma P.5 below.

THEOREM 1.9. (Knebusch-Wadsworth) Let ¢ be an anisotropic form such that
©r(p) 18 hyperbolic. Then ¢ is similar to a Pfister form.

Knebusch introduced in [ a generic splitting tower Ko C K1 C --- C Kj,
of a form 1) £y 0 which is easily described as follows. Let Ky = F and ¥ =~ .y
and proceed inductively by letting K; = K;_1(v;—1) and ¥; ~ ((¥i—1)k, )an -
Then h is the height of v, that is the smallest number such that dim;, < 1.

The form 1 is excellent iff all forms v; are defined over F' (that is, for each
i there exists a form 7; over F such that ¢; ~ (9;)k, ), cf. [KnZ], 7.14.

Now assume that dim4) is even. Then 1,1 ~ ar for some a € K;_; and
some d-fold Pfister form 7 over Kj_; by Theorem E The form 7 is called
the leading form of 1) and the number d =: deg vy the degree of 1. We say that
1 is a good form if 7 is defined over F'. Then there is, up to isomorphism, a
unique d-fold Pfister form 7 over F' such that m ~ 7g, ,, cf. , 9.2, and
we will refer to this Pfister form over F' as the leading form of a good form.
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Saying that all odd-dimensional forms have degree 0 and that the zero form
has degree oo we get a degree function, cf. [, p- 88:
deg : W(F) = NU{0} U {oo}, [¢] — [degy].

For every n > 0 let J,(F) :={[¢] € W(F) | degy) > n}. Then J,(F) is an
ideal in the Witt ring W (F) and Jy(F) = I(F) is the fundamental ideal. We
are now prepared to formulate the next result we will need later.

THEOREM 1.10. (Knebusch [Knd], 9.6, 7.14, and 10.1; Hoffmann [[iJ])
Let 1 be an anisotropic good form of degree d > 1 with leading form 7. Then

=71 mod Jgy1(F).
If, in addition, v is of height 2 then one of the following conditions holds.

e The form v is excellent. In this case, ¥ is a Pfister neighbor whose
complementary form is similar to 7. In particular, dim = 2V —2¢ with
N >d+2, and Ypr) 1s hyperbolic.

e The form 1 is non-excellent and good. In this case dimty = 291 and
V(e is similar to an anisotropic (d + 1)-fold Pfister form.

We denote by Pi(F) (resp. GPy(F)) the set of all quadratic forms over F
which are isomorphic (resp. similar) to d-fold Pfister forms.
Finally, we mention the following well-known facts (e.g., [D}, IX.1.1, X.1.6).

REMARK 1.11. (i) Anisotropic forms over F remain anisotropic over purely
transcendental extensions of F.
(ii) Isotropic Pfister forms are hyperbolic.

2. ELEMENTARY PROPERTIES OF QUASI-EXCELLENT FORMS AND SEQUENCES

LEMMA 2.1. Let (po,---,pn) be a quasi-excellent sequence. Then

all forms @; are forms of even dimension,
all forms @; are anisotropic,

dim g > dim ¢y > -+ > dimyy, =0,

for all s=1,...,h, we have

((po)F,)an ~ ((P1)F,)an ~ -+ ~ ((ps=1)F.)an ~ (¢s)F,
where Fs = F(po,...,0s—1)-

Proof. Obvious from Definition 0.1. O
LEMMA 2.2. Let ¢ be an anisotropic even-dimensional quasi-excellent form
over F. Then there exists a quasi-excellent sequence (pg,p1,...,pn) such that
Yo = .

Proof. Let us define the forms y; recursively. We set ¢y = ¢ . Now, we suppose
that ¢ > 0 and that all forms g, ..., p;_1 are already defined. Also, we can

suppose that these forms are of dimension > 0. Put F; = F(pq,...,0i—1).
Since ¢ is quasi-excellent, there exists a form 1) over F such that (¢F,)an is
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similar to ¥r, . We put ¢; =1 . If ¢; = 0 then we are done by setting h =¢.
If ¢; # 0 we repeat the above procedure. O

LEMMA 2.3. Let (po,¢1,--.,%n) be a quasi-excellent sequence. Let E/F be a
field extension such that (po)g is isotropic, and let i be the mazimal integer
such that all forms (po)g, - .., (vi—1)E are isotropic. Then ((¢o)E)an ~ (¥i)E -

Proof. Since the forms (po)g,...,(pi—1)r are isotropic, the field extension
E; := E(¢og,--.,pi—1) is purely transcendental over E. Since F; C E; and
((WO)Fi)an ~ (‘Pi)Fiv it follows that ((‘pO)E‘i)an ~ ((‘Pi)Ei)an- Since Ei/E is
purely transcendental we can use Springer’s theorem (e.g., [[], 6.1.7) to obtain
((v0)E)an ~ ((¢i)E)an - By definition of 4, the form (¢;)g is anisotropic. O

COROLLARY 2.4. Let (90, ®1,--.,9r) be a quasi-excellent sequence. Then the
form g is a quasi-excellent even-dimensional form.

Proof. Obvious from Lemmas @ and E O
LEMMA 2.5. Let (vo,...,¢n) be a quasi-excellent sequence. Then the form

Yh_1 1s stimilar to a Pfister form.

Proof. By Definition 0.1, we have ¢, = 0 and ((¢nh-1)F, )an ~ (¢n)F,, Where
F, = F(vg,-..,9n-1). Therefore, (pp_1)p, is hyperbolic. Note that Fj ~
F(on—1)(pos ..., on—2). Since the dimensions of the forms ¢o,...,pn_o are
strictly greater than dim ¢x 1 and (0n—1)F(pn_1)(go,....on_») 15 hyperbolic, it
follows from Theorem that (gph_l)p(%_l) is hyperbolic. By Theorem E,
@h—1 is similar to a Pfister form. O

DEFINITION 2.6. Let (vo,...,¢n) be a quasi-excellent sequence.

e By Lemma E, the form 1 is similar to some Pfister form 7 € Py(F).
We say that 7 is the leading form and d is the degree of the sequence.
Besides, we say that h is the height of the sequence.

e The form ¢ _o is called the pre-leading form of the sequence. Clearly,
here we assume that h > 2.

REMARK 2.7. Let (¢q,--.,¢n) be a quasi-excellent sequence. Then its leading
form is the leading form of pg as well. In particular, v is a good form whose
height and degree coincide with the height and degree of the sequence.

We finish this section with a lemma which we will need for the classification
of quasi-excellence sequences of the second and third type.

LEMMA 2.8. Let (¢o,-..,pn) be a quasi-excellent sequence with h > 2. Let
E/F be an extension such that (po)g s an anisotropic Pfister neighbor whose
complementary form is similar to (p2)g. Then dimpy is a power of 2 and
dim g = 2dim ¢; — dim 2.
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Proof. Let us write dim ¢g in the form dimyg = 2" +m with 0 < m < 2™
Since (¢2)g is similar to the complementary form of (¢g)g, we have dim @y =
27+l —dim g = 2" —m. Since dim p; = dim((0) F(¢o))an, Theorem shows
that either dim¢; > 2" or dim ¢ = 2" — m. The equality dim¢; = 2" —m
is obviously false because dim s = 2™ — m. Therefore, dimyp; > 2. If
dim ¢q = 2" then dimgpy = 2" +m = 22" — (2" —m) = 2dim ¢; — dim @
and the proof is complete. Hence, we can assume that dimp; > 2". Then
2" < dim ¢y < dim gy = 2" + m. Therefore dim ¢ can be written in the form
2" +my with 0 < m; < m < 2" Let K = F(pg). Then Lemma P.J] shows
that ((©1)x(p,))an is similar to (¢2) k(). Hence, dim((¢1)x (p,))an = dim po.
Since dim ¢ = 2" +m;, Theorem @ shows that dim @3 = dim((©1) x(p,))an >
2" —my. Since dim py = 2™ — m, we get m1 > m. This contradicts to the
inequality my < m proved earlier. O

3. INDUCTIVE PROPERTIES OF QUASI-EXCELLENT SEQUENCES

In this section we study further properties of a quasi-excellent sequence
(¢0,-..,pn) of degree d with leading form 7. Then we derive some results
on its pre-leading form ~ := @p_s. In particular, we show that dim~ is ei-
ther 29%1 or 2V — 2¢ with N > d + 2 and that (©i) p(y,r) is hyperbolic for all
i=0,...,h—1.

LEMMA 3.1. Let (o, - .., 9n) be a quasi-excellent sequence and let E = F(p1) .

o If (wo)E is isotropic then (p1,p2,...,¢n) 18 a quasi-excellent sequence
and ((¢0)E)an ~ (92)E -

e If (po)m is anisotropic then ((vo)e, (p2)E, (¥3)E, -, (¥n)E) is a quasi-

excellent sequence.

Proof. Let F; = F(go,...,pi—1) and Fy; = F(¢1,...,pi—1). Assume that ¢q
is isotropic over F'(¢1). Then the extension F;/Fy,; is purely transcendental
for all i > 2. By Lemma R.1], we have ((¢1)r, )an ~ (@i)p, for all i > 1. Since
F;/Fy ; is purely transcendental for i > 2, we have ((¢1)r,, )an ~ (i) F, , for all

i > 2. This means that the sequence (¢1,p2,...,pn) is quasi-excellent. Now
Lemma P.d implies that ((¢0)g)an ~ (@2)r. The last statement is obvious
from Definition 0.1. |
LEMMA 3.2. Let (po,...,pn) be a quasi-excellent sequence. Suppose that ¢
is a Pfister neighbor whose complementary form is similar to @1 . Then the
sequence (01, P2, ..., Qn) is quasi-excellent.

Proof. By Lemma , it suffices to show that (¢o)p(,,) is isotropic. By as-
sumption, there is a form 7 ~ ¢ and a Pfister form 7 such that ¢oln ~ 7.
Since np(y,) is isotropic, the form 7p(,,) must be hyperbolic. Since dim g >
dim7 it follows that (¢o)p(,,) is isotropic. O
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LEMMA 3.3. Let (@0, - -,¢n) be a quasi-excellent sequence of height h > 2 with
leading form 7 € Py(F) and let F; = F(po,...,pi—1). Then the sequence

((‘Pi)Fw (‘Pi-‘rl)Fi EEE) (‘Ph)ﬂ)
is quasi-excellent of height h — i with leading form Tp, € Py(F;) for 1 <i < h.
Proof. By Lemma P.1], the forms (¢,)p, are anisotropic for s = 1,...,h. Thus
(ps)F, is anisotropic for fixed ¢ < h and s = i,...,h. In particular, 7p, is

anisotropic since 7p, ~ (¢n_1)p, by Definition P.§. Now the result is obvious.
O

LEMMA 3.4. Let (@o,-.-,%n) be a quasi-excellent sequence of degree d with
leading form 7. Then for alli=0,...,h — 1, we have ¢; = 7 mod Jy41(F) .
In particular, deg(p;) =deg(r) =d foralli=0,...,h—1.

Proof. By Remark m and Theorem :1.1 , we have o = 7 mod Jy41(F) . Using
Lemma B.d we obtain from Remark and Theorem that

(SD'L)Fz =TF mod Jd+1(Fi)

for all i = 1,...,h — 1. Since dimpy > ... > dimg,_o > 2% = dimy,_1,
the canonical map Jg(Fi—1)/Jat1(Fi—1) — Ja(F;)/Jatr1(F;) is injective for ¢ =
1,...,~h — 1 and Fy = F as Knebusch }, 6.11, has shown. Thus the
composed map Jy(F)/Jgp1(F) — Ja(F;)/Jar1(F;) is also injective. Hence
w; =7 mod Jg41(F) for i = 1,...,h — 1. The second statement follows from
the first since J4(F') is an ideal in the Witt ring W (F). O

LEMMA 3.5. Let~y and T be anisotropic forms. Suppose that dim~y = 24t and
T € Py(F) for suitable d. Suppose also that yp( is not hyperbolic and yg (-,
is hyperbolic. Then the form (Yp(y))an s similar to Tp(y) .

Proof. Let K = F(vy). By assumption, the form g,y is hyperbolic. Thus
Theorem B implies that there exists a K-form p such that (Y )an ~ Tk ® .
Since dim7 = 2% and dim(yx)an = dim(Yp(4))an < dimy = 2971 it follows
that dim p < 2471/2¢ = 2. Hence, dim = 0 or 1.

If dimp = 0 then (yx)an = 0. Then yp(,) = vk is hyperbolic. We get
contradiction to the hypothesis of the lemma.

If dimp = 1, then the isomorphism (Vg )an =~ Tk ® u shows that (Vi )an is
similar to 7x. The lemma is proved. O

PROPOSITION 3.6. Let (po,...,pn) be a quasi-excellent sequence with leading
form T € Py(F) and pre-leading form v = pp_o. Then
(1) dim~y =21 or dimy = 2V — 24 with N > d + 2.
(2) Ifdim~y = 29F then v is a good non-excellent form of height 2 and degree
d with leading form 7.

(3) If dim~y # 29+ then v is excellent and Yr(r) is hyperbolic.
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Proof. (1). Let E = Fj,_s = F(go,...,pn_3). By Lemma B.J with i = h — 2,
the sequence (vg, (pn—1)E, (¢n)E) is quasi-excellent of height 2 with leading
form 7y € P;(F). Thus Remark @ implies that vg is a good form of height
2, degree d, and leading form 7z . By Theorem , there are two types of
good forms of height 2, non-excellent and excellent.

If vg is good non-excellent of height 2 and degree d, then dim~y = 29+1.

If v is excellent form of height 2 and degree d, then dim~y = 2V — 2¢ with
N>d+2.

(2). Assume that dim~y = 2?1, We have to prove that (Yp(,))an is similar
to Tr(). By Lemma @, it suffices to verify that yp(,) is not hyperbolic and
VF(~,7) is hyperbolic.

Since E(v) = Fj—1, we have (Yg(y))an ~ (9h—1)E(y) ~ TE(y) Py Lemma P.J
and Definition E This shows that yp(,) is not hyperbolic and that vg(, ;) is
hyperbolic. Since E = F(¢o,...,¢n—3) is the function field of forms of dimen-
sion > dim ¢p_2 = dim+y and gy, is hyperbolic, it follows from Theorem
@ that vp(y,r) is also hyperbolic. By Lemma @, we are done.

(3). If dim~y # 2%*! then g is an excellent form of height 2 and degree d
with the leading form 7. In this case vg(,) is hyperbolic by Theorem .
Hence g (- is also hyperbolic by Theorem [L.4}. O

PROPOSITION 3.7. Let (o, ..., pn) be a quasi-excellent sequence with leading
form 7 € Py(F) and pre-leading form v = on_o. Then (¢;)r(y,r) is hyperbolic
foralli=0,...,h—1.

Proof. If h =1 then g ~ 7 by Definition @, hence (¢o) p(r) is hyperbolic. If
h = 2 then the statement is obvious as well. Thus, we can assume that h > 3.
We use induction on h.

Let E = F(po). By LemmaB.3, ((¢1)E, (¢2)E, - - -, (¢r) E) is quasi-excellent.
By induction assumption, (¢;)g(y,r) is hyperbolic for all i = 1,...,h—1. Since
E(v,7) = F(v,7,¢0) and dim ¢y is strictly greater than the dimensions of all
forms 1, ..., op_1, Theorem @ shows that the forms (¢;) p(4,-) are hyperbolic
foralli=1,...,h —1.

Now, it suffices to prove that (¢o)p(4,r) is hyperbolic. We consider three
cases and use the following observation. Since (¢1)p(4,7) is hyperbolic, hence
isotropic, it follows that F'(v, T, 1) is purely transcendental over F(v, ).

Case 1. The form (@) p(y,) is isotropic.

Then (¢0) p(y,7,4,) 18 isotropic. Thus (o) p(,,-) is isotropic too by the above
observation. Since the forms (¢;)p(4,7) are hyperbolic for all i = 1,...,h —1,
Lemma P.J applies with ¢ = h so that ((00) r(y.r))an ~ (1) F(y.r) = 0.

Case 2. The form (¢o)F(y,) is anisotropic and h = 3.

In this case v = ¢; . Let E = F(¢1) = F(v). By Lemma B.1] the sequence
((v0)E, (p2)E,0) is quasi-excellent of height 2.

Clearly, dim gy = dim7 = 29, and dim ¢y > dimy; = dimy > 29! by
Proposition B.§. Since dim(pg)r # 29+ it follows that (¢g)p is excellent of
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height 2 with leading form 7. Hence (¢o)g(r) is hyperbolic (see Theorem
[[.10). Since E(r) = F(y,7), we are done.

Case 3. The form (¢g)p(yp,) is anisotropic and h > 4.

Let E = F(p1). By Lemma .1}, the sequence

((po) e (P2)E, - (Pr—2)E, (Pr-1)E,0)

is a quasi-excellent of height h — 1. Clearly, 75 is the leading form and v =
(pn—2)p is the pre-leading form of this sequence (we note, that here we use
the condition h > 4). Applying the induction hypothesis, we see that the
form (o) g(y,) is hyperbolic. Therefore, (o) r(+,7) is hyperbolic by the above
observation. O

4. CLASSIFICATION THEOREM FOR SEQUENCES OF THE FIRST TYPE

Recall that a quasi-excellent sequence (o, ..., wp) of degree d is of the first
type if dim @ _o # 29 orif h = 1.

LEMMA 4.1. Let (@o, ..., ¢n) be a quasi-excellent sequence of the first type with
leading form T € Py(F). Then
(i) the form (@) p(ry is hyperbolic for all i =0,...,h —1,
(ii) for every i = 0,...,h — 1 there exists an odd-dimensional form p; such
that p; >~ pu; @ T,
(iil) o ts a Pfister neighbor, whose complementary form is similar to o1 .

Proof. (i). For h = 1 the statement follows from Remark [L.1]. Now assume
that o > 2, and put v = ¢,_o. By Proposition @ (3), the form yp(,) is
isotropic. Hence, the extension F'(,7)/F(r) is purely transcendental. This
implies, since (¢;)p(4,7) is hyperbolic by B.7, that (@) p(r) is hyperbolic.

(ii). By Theorem and (i), there exists a form p,; such that ¢; ~ u; ® 7.
Thus it suffices to prove that dim u; is odd. If we assume that p; is an even-
dimensional form, then we get [p;] € I(F)-I4(F) = I?t1(F). This contradicts
to Lemma E7 where we have proved that deg(yp;) =d foralli=0,...,h—1,
since It (F) C Jyp1(F) by [Knl], 6.6.

(iii). Let K = F(yp). By Definition 0.1, there exists z € K* such that
((p0) K )an = x (p1) Kk - By (i), this implies

(%) (o @ T)K ~w (U1 @ Tk -

Let so = d(p0) and s; = d(uq). Since po and py are both of odd dimension,
we have 19 = (so) mod I?(F) and 1 = (s;) mod I?(F) by Remark [.4. Thus
s0Tk = (Lo ®7)x mod I92(K) and z(u1 ®7)x = xs517x mod I92(K) , since
7 € I4(F). This yields soTg = 2517 mod I2(K) by (%). Setting s = sos;
we obtain sTx = r7x mod I%2(K). Theorem E now shows that st ~ 7k .

Therefore, (ii) and the above yield ((¢o)x)an =~ 2(p1)k ~ (1 @ T)g ~
(1) x @ 27K ~ s(p1 @ 7). =~ (s¢1)k. Theorem E now shows that ¢q is a
Pfister neighbor whose complementary form is isomorphic to —s¢s . O
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The following theorem proves Theorem @

THEOREM 4.2. Let (¢o, ..., ¢n) be a sequence of anisotropic forms. Then this
sequence is a quasi-excellent sequence of the first type if and only if the following
two conditions hold.

o Foranyi=0,...,h—1, the form @; is a Pfister neighbor whose comple-

mentary form is similar to Qi1 .
o The form py, is zero.

Proof. Obvious induction by using Lemma and Lemma (iii). The
converse direction follows from Example starting with the sequence
{en—1, pn =0} . O

5. QUASI—EXCELLENT SEQUENCES MODULO SOME IDEALS

Let I(F) be the ideal of classes of even-dimensional forms in the Witt ring
W(F), and let I"(F') denote the nth power of I(F). We need the following
proposition for the classification of sequences of the second and third type.

PROPOSITION 5.1. Let (o, ¢1,-..,¢n) be a quasi-excellent sequence. Suppose
that there exists an integer k such that 1 < k < h with the following property:
foralli=0,...,k—1, there exists f; € F* such that ¢; = f; ox mod I 1(F)
where m is a minimal integer such that dim @ < 2™.

Then g is a Pfister neighbor whose complementary form is similar to @1 .

Proof. For convenience, we will include in our consideration also the case where
k = 0 and prove, by induction, the following two properties:
(a) If £ > 1 then g is a Pfister neighbor whose complementary form is
similar to ¢ .
(b) If k> 0 then for any € F* the conditions g = x¢g mod I 1(F) and
dim g < 2™ imply that pg ~ zgq .
For a given k we denote properties (a) and (b) by (a)x and (b) correspondingly.
The plan of the proof of Proposition @ will be the following.
e We start with the proof of property (b)g .
e For k> 1, we prove that (b)y_1 = (a) .
e For k > 1, we prove that (b)z—1 = (b)x .

LEMMA 5.2. Condition (b) holds in the case k = 0.

Proof. If k = 0 we have in (b) the conditions [pg L —xpo] € I™T(F) and
dim gy < 2™, in particular dim(pg L —zpg) < 2™T1. By Theorem EI, the
form g L —zq is hyperbolic. Therefore @y ~ xpq . O

LEMMA 5.3. Let k > 1. Then property (b)r—1 (stated for all quasi-excellent
sequences over all fields of characteristic # 2) implies property (a) .
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Proof. Consider a sequence (@, ...,®p) as in Proposition Ell Then, by as-
sumption, there exist fo, fi € F* such that ¢y = fopr mod I (F) and
©1 = fipr mod I™TY(F). Hence pg = fofier mod I™TH(F).

Let E = F(pg). By Definition 0.1, there exists x € E* such that ((¢0)g)an ~
x(p1)E . Hence z(¢1)g = (v0)E = fofi(p1)r mod I™TL(E). Property (b)y_1
stated for the quasi-excellent sequence ((p1)g, (v2)E,--,(¢k)E, -, (Pr)E)
shows that z(p1)r ~ fofi(p1)e. Hence ((¢o)E)an =~ 2(p1)e =~ (fofip1)E -
By Theorem E, o is a Pfister neighbor whose complementary form is similar
to 1. O

LEMMA 5.4. Let k > 1. Then property (b)p—1 (stated for all quasi-excellent
sequences over all fields of characteristic # 2) implies property (b)y .

Proof. Consider a sequence (@o, - . ., ¢p) as in Proposition . We assume that
property (b)r—1 holds. Then property (a)r also holds (see previous lemma).
This means that there exist a,s € F'*, an integer n > 0, and an n-fold Pfister
form 7 such that am ~ ¢y L —sp; and dimp; < 2771

Since 2"~ ! > dim¢; > dimyy, the definition of m yields n — 1 > m.
Therefore [ar] € I™(F) C I™TY(F). Hence, pg = sp; mod I™TH(F). Now,
let € F* be as in (b). In other words, o = wpo mod I+ (F). Then
sp1 = o = 290 = swp; mod I™TL(F). Hence, ¢; = x¢; mod I™TH(F).
Property (b)x—1, applied to the quasi-excellent sequence

(((pl)F(tpo)a ((pQ)F(Lpo)a SRR (‘pk)F(goo)a SERE) (@h)F(S"O))

shows that (v1)p(ee) =~ (91)F(pe) - Hence the form 1 ® ((x)) is hyperbolic
over F(pg). Since ¢q is a Pfister neighbor of 7, it follows that F(pg,7)/F ()
is purely transcendental. Thus ¢; ® ((z)) is also hyperbolic over F(r). Since
dim(p; ® (z)) < 2! .2 = dimn«, Theorem shows that o1 @ {(x)) is
hyperbolic, hence ¢1 ~ zp;. Moreover, ar @ {(x)) ~ (poL — sp1) @ ((x)) is
isotropic and therefore hyperbolic (since 7 is a Pfister form). Hence ar ~ zarw .
Since am >~ pg L —sp1 and @1 =~ xp7 , it follows that g ~ zpq . O

Clearly, the three lemmas complete the proof of Proposition @ O

6. FIVE CLASSICAL CONJECTURES

Let H™(F) := H"™(F,Z/2Z) be the nth Galois cohomology group. Let
I°(F) := W(F) be the Witt ring and I'(F) := I(F) be the fundamental
ideal in W (F) of classes of even-dimensional forms. In §1, we have considered
the homomorphisms

e I%F) - 72/2Z ~ H°(F) and ¢':IY(F)— F*/F** ~ H'(F)
defined by the dimension and the discriminant respectively. Denoting by
oBr(F) the 2-torsion part of the Brauer group of F' we obtain a homomor-
phism e? : I2(F) — 9Br(F) ~ H?(F) defined by the Clifford algebra. We have
ker(e") = I""1(F) forn =0,1,2.
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For each integer n > 0 let (ay) - ... - (ay) denote the cup-product where (a;)
is the class of a; € F* in H'(F) for i = 1,...,n. The following five conjectures
are believed to be true for all fields F' of characteristic # 2.

CONJECTURE 6.1. (Milnor conjecture). Let n > 0 be an integer. Then there
exists a homomorphism

e I"(F) — H"(F)
such that (a1,...,a,) — (a1) - ... (an). Moreover, the homomorphism e™
induces an isomorphism

e": I"(F)/I" Y F) ~ H"(F).

CONJECTURE 6.2. For any m € P, (F) and all integers n > m > 0, we have
ker(H"(F) — H"(F(m))) = e™(m) H*"™(F).

CONJECTURE 6.3. We have J,,(F) = I"(F) for all integers n > 0.

CONJECTURE 6.4. Let ¢ be an anisotropic form over F. If [¢| € I"(F) and
2" < dimp < 2" + 277! then dim ¢ = 2".

CONJECTURE 6.5. Let v be an even-dimensional anisotropic form. Assume
that v is a good non-excellent form of height 2 with leading form 7 € P,(F).
Then there exists 9 € Pp_1(F), (1o = (1) if n=1), and a,b,c € F* such that
e v is similar to 7o ® (—a, —b,ab, c) ,
o T~T1uQ (c) .

REMARK 6.6. For proving Conjecture @ it suffices to show that there exists
To € Pp_1(F) such that v~ 19 ® 4 where dim~’ = 4.

Proof. Write v/ = (r,s,t,u) with r,s,t,u € F*. Then setting d = rst, we
obtain dy’' ~ (—a, —b,ab,c) with a = —st, b = —rt, and ¢ = du. This shows
v ~ Tp ® ¢ where ¢ = (—a,—b,ab,c). Since (d(¢)) =~ (c) by definition of
d(¢) = (—1)@) det(¢) and since 7 is the leading form of 7, it follows from

[Knl]), 6.12, that 7 ~ 79 ® ((c)) . O

REMARK 6.7. Recent results of Voevodsky and Orlov-Vishik-Voevodsky
[OVV] show that Conjectures .1, b.4, and hold for all fields of character-
istic 0. These three conjectures were proved earlier in the cases n < 4 and
characteristic # 2, (cf. [P}, [KR], and [Kah]).

Conjecture @ is proved for all fields of characteristic 0 by Vishik [E] In
the case n < 4, it is proved for all fields of characteristic # 2 (see [H4]).

Conjecture is proved in the case n < 3 for all fields of characteristic # 2,
(see Remark and [Kahd]). Moreover, it follows from Proposition B.§ and
from [[Kahn], Proposition 4.3 (b), that Conjectures and p.4 for degree n+ 1
imply Conjecture @ for degree n .
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DEFINITION 6.8. Let d > 0 be an integer, and let F' be a field. We say that
condition Ag holds for F'if F is of characteristic # 2 and if for all field extensions
F'/F the following conjectures hold:

6.1 for all n < d + 2,
6.9 for n < d+ 2,
6.y for n=d+1,
6.4 for n =d+ 2,
b.9 for n=d > 0.

Conjecture
Conjecture
Conjecture
Conjecture
Conjecture

THEOREM 6.9. Let F' be a field of characteristic 2. Ifd =0 ord =1 then
condition Agq holds for F. If d = 2 then condition Ag holds for F, possibly
with the exception of the bijectivity of the homomorphism e* : I*(F)/I°(F) —
HY(F).

Proof. Conjecture holds for n = 0 by definition of the ideal I(F'). It has
been proved by Pfister for n = 1, cf. [Pfl], 2.3.6, and by Merkurjev for n = 2,
cf. [MI]. The existence of 3 has been proved by Arason [Ard], Satz 5.7, and
the bijectivity of €3 by Rost and independently by Merkurjev-Suslin [@]
The existence of e* has been proved by Jacob-Rost [JR] and independently by
Szyjewsi [@ The bijectivity of e* was claimed by Rost (unpublished).

Conjecture %holds n <4, cf.

Conjecture p.3. For n = 1,2 see [Knlf], 6.2; for n = 3 (and n = 4), see
[Kah], Théoreme 2.8.

Conjecture is trivial for n = 2. For n = 3 it is due to Pfister and for
n = 4 to Hoffmann, see [@], Main Theorem for n = 4, and 2.9 for n = 3.

Conjecture @ For n =1 see [}, 5.10. For for n = 2 see Remark @ and

[Kahz], Corollaire 2.1. o

Remark @ gives rise to the following theorem.

THEOREM 6.10. Let d > 0 be an integer. Modulo results proved in [@, M|
condition Ag holds for all fields of characteristic 0.

We are going to prove some consequences of the above conjectures.
Let GP,(F) denote the set of quadratics forms over F' which are similar to
n-fold Pfister forms, and let H"(K/F) = ker(H"(F) — H"(K)).

LEMMA 6.11. Let F be a field of characteristic # 2 and let 7 € GP.(F) for
some integer r > 0. Suppose that Conjecture @ holds for n = m =r and for
all field extensions of F'. Then

(1) for any extension K/F, we have
H"(K(m)/F) = H"(K/F) + H"(F(x)/F) ;

(2) for any form ¢ over F, we have
H"(F(p,m)/F) = H"(F(¢)/F) + H"(F(r)/F).

Proof. (1) Let u € H"(K(r)/F). Then ux € H"(K(7)/K). Conjecture .3
applied with n = m = r shows that ux = ¢ -e"(rx) with £ € H(K) ~ Z/27Z.
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Hence (v — £ -€"(w)) € H"(K/F). Therefore, u € H"(K/F) +{-e"(m) C
H"(K/F)+ H"(F(rm)/F).
(2) It suffices to set K = F () in (1). d

LEMMA 6.12. Let d > 0 be an integer and I be a field such that condition
Ay holds for F. Let v be an even-dimensional anisotropic form which is good
non-excellent of degree d and height 2. Then

H™2(F(7)/F) = {e" (@ () | f € F* with v @ (f)) € GPas2(F)}.

Proof. Let 7, 19 and a,b,c € F* be as in Conjecture @ We can assume that
v =19 ® (—a,—b,ab,c). Let m = 79 ® ({a, b)) .

Clearly, ¥ ~y 7L — 7. Hence (Yp(x))an = (—=TF(x))an- Since dim~y > dim 7,
it follows that yp(r) is isotropic. Hence F(vy,7)/F(w) is purely transcen-
dental, forcing H4*2(F(y)/F) c H¥*2(F(r)/F). Conjecture shows that
HY2(F(n)/F) = et (n)HY(F). Hence, an arbitrary element of the group
H¥*2(F(y)/F) is of the form e@*1(x) - (s) = e?*2(7 @ ((s))) with s € F*. Let
p=m®(s). Then p € Pyyo(F) and e*%(pp(,)) = 0. By Conjecture b1, the
form pp(,y is hyperbolic. Hence 7 is similar to a subform of p of by Theorem
m. Let v* and t € F* be such that ¢y L —v* ~ p. The forms v and v* are
half-neighbors. By [@, Prop. 2.8], there exists k € F* such that v* ~ k.
Then v ® ((tk)) ~ tp € GPy42(F). To complete the proof, it suffices to notice
that edt2(tp) = e@*2(p). O

LEMMA 6.13. Let d > 0 be an integer and F be a field such that condition Ag
holds for F . Assume that v is an even-dimensional anisotropic form which is
good non-excellent of height 2 with leading form T € Py(F). Now, let ¢ be a
form such that ¢ = 7 mod I9T(F) and PF(y,r) 18 hyperbolic. Also assume that
there exists an extension E/F such that dim(¢g)an = 291, Then the following
18 true.

(1) There exists f € F'* such that
0= fy mod I2(F).
(2) If we suppose additionally that dim(@p(yy)an < dim~y, then there exists
f € F* such that
© = fy mod I3(F).
Proof. (1). Let ¢ = ¢ L —7. By assumption, we have [¢] € I9t1(F).
Hence, we can consider the element e?t!(y)) € HIT(F). Since ¢p(y .
and 7p(;) are hyperbolic, it follows that ¢ p(, ) is also hyperbolic. Hence,

e(y) € H*Y(F(y,7)/F). By Conjecture p.j, we can assume that v =
7o ® (—a, —b,ab,c) and 7 = 79 ® {(¢)) where 79 € Py_1(F).
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Let m = 70 ® (@, b)) € Pay1(F). Then v ~y 7L — 7. Hence yp(r) ~w Tr(r) -
Therefore, by Lemma [.11(2) and Conjecture .3 we have

Hd+1<F(’y,T)/F) _ Hd+1(F(7T77')/F)
= H*Y(F(n)/F) + HHY(F(1)/F)
= ¢ m)HO(F) + e¥(m)H' (F) .

Since e(t)HY(F) = {1 (1 @ ((s))|s € F*}, it follows that any element of
the group H4*(F(v,7)/F) has one of the following forms:

o cither e [mL(T® ((s)))]

o or (T (s).
Since e®t1 () € HH(F(y,7)/F) and 1 = ¢ L — 7, Conjecture f.1] shows that

e cither 9| —7 = 7L (7 ® ((s))) mod I¥2(F)

eor ol —7 = 7® ((s) mod I*2(F).
Consider the first case where p | — 7 = 71(7 ® ((s))) mod I9+2(F). Clearly,
we can compute [p] modulo 1972(F). In our computation, we note that [r]
and [T ® ((s))] belong to I (F). Hence for any x € F*, we have xm = 7 and
27 ®{(s) = 7®((s) mod I92(F). Besides, we recall that vy ~, 71 —7. Now,
we have the following calculation p = 717l (7@ {s)) =7L—7Ll—(7®(s) =
—yL((yL —7) @ {s)) =s7l — 7l — sy = —sy mod I+2(F). Hence p = fr
mod [9+2(F) with f = —s.

Now we consider the second case where p | — 7 = 7 ® ((s)) mod I4F1(F).
Here, we get ¢ = 71(7 ®@ (s)) = 7L — (7 ® (s)) = s7 mod [2(F).
By the assumption of the lemma there exists a field extension E/F such
that dim(¢g)a = 297! Since ¢ = s7 mod I91%(F), we have (pg)an =
st mod I2(E). Since dim(¢g)an + dim7g = 2471 + 2¢ < 2442 Theo-
rem EI shows that (¢g)an =~ $(7E)an. This contradicts to the inequality
dim(pg)an = 2971 > 29 > dim(78)an -

(2). Let f be asin (1). Set » = ¢ L —fvy. We have ¢ € I9F2(F). Since
dim(@p(q))an < dim~y, we have dim(¢p(y))an < 2dimy = 229+t = 29+2 By
Theorem [, the form () is hyperbolic. Hence e%*2(y)) € H2(F(v)/F).
By Lemma .19, there exists s € F* such that v ® ((s)) € GPy2(F) and
e2() = edT2(y@ ((s) . Thus ¥ =y ®@ ((s)) mod I*+3(F) by Conjecture [.1]
Since Y®((s)) € GPyy2(F), we have y®((s)) = — fy®((s) mod I¥+3(F). There-
fore, ¢ = YLy = (1O (N) L1 = —f (18 () Lfr = fs7 mod I9H5(F). OO

PROPOSITION 6.14. Let d > 0 be an integer and F' be a field such that condition
Ag holds for F'. Let (po,@1,...,0n) be a quasi-excellent sequence with leading
form T € Py(F) and pre-leading form v = op_o . Suppose that this sequence is
of the second or third type (in particular h > 2). Let o = @; with i < h —2.

(1) We have ¢ =7 mod I+ (F).

(2) There exists f € F* such that ¢ = fy mod I92(F).

(3) If dim(pp(y))an < dim~y then there exists f € F* such that

© = fy mod I3(F).
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Proof. (1). Follows from Lemma B.4 and Conjecture f.3|

(2) and (3). Definition 0.3 shows that dim~ = 2%+1. By Proposition B.6(2),
v is a good non-excellent form of height 2 and degree d. By Proposition @,
©F(y,r) is hyperbolic. Lemma .1 yields dim(¢pg)an = dim ¢ _o = 29+ where
E=F,_9=F(pg,...,pn—3). Now, Lemma completes the proof. O

COROLLARY 6.15. Let (p,7,7,0) be a quasi-excellent sequence with 7 € Py(F')
and dim~ = 29+, Then dim ¢ > 3-2%. Moreover, if dim ¢ = 3-2¢ then PF(v)
18 anisotropic.

Proof. Let E = F(v). If pg is anisotropic, then the sequence (¢g,7g,0)
is quasi-excellent by Lemma B.I Since dimpr = dim¢ > dimy = 29+,
it follows from Proposition that dimy = 2V — 29 for some N > d + 2.
Therefore, dim ¢ > 2942 — 24 = 3. 24,

Now, we assume that ¢p is isotropic. Then (¢g)an ~ 7 by Lemma @ and
hence dim(pg)an = 2¢ < dim~. By Proposition , there exists f € F* such
that ¢ = fy mod I9T3(F). Suppose that dim ¢ < 3-2¢. Then dim ¢ +dim v <
324 4 2441 < 2443 By Theorem [[.1, we get ¢ ~ fv. This is a contradiction
because dim ¢ > dim~y. U

7. CLASSIFICATION THEOREM FOR SEQUENCES OF THE SECOND TYPE

In Definition @ we formulated the condition Ay for a field F'. We showed
that Ag is true for d = 0,1 and char(F) # 2 and that (based on results
in [/, ) Aq is true for all d > 0 and all fields of characteristic 0, cf.

Theorems and .

The main purpose of this section is to prove the following

THEOREM 7.1. Let d > 0 be an integer and F' be a field such that condition Ay
holds for F'. Let (vo,¢1,-..,¢n) be a quasi-excellent sequence of the second
type and of degree d. Then

o for alli < h — 2 the form @; is a Pfister neighbor whose complementary
form is similar to ;41 ,
o the sequence (Yn—2, Prh—1,Pn) s quasi-excellent of the second type.

First of all, we state the following corollary (which proves Theorems @ and
for the quasi-excellent sequences of second type).

COROLLARY 7.2. Let d > 0 be an integer and F' be a field such that condition
Ay holds for F'. Then Conjecture m holds for all quasi-excellent sequences of
degree d over F' .

Proof. By Theorem EI, it suffices to consider the case h = 2. In this case,
the required result follows immediately from Proposition @(2) and Conjecture

b-5.

DOCUMENTA MATHEMATICA 6 (2001) 385-412



404 OLEG H. IZHBOLDIN AND INA KERSTEN

Now, we return to Theorem @ We will prove this theorem by using in-
duction on h. In the case where h = 2 the statement is obvious. Thus we can
assume that A > 3. In what follows we will suppose that A > 3 and Theorem
@ holds for all quasi-excellent sequences of height < h .

We start with the following lemma.

LEMMA 7.3. If (¢0)r(p,) 5 anisotropic then (po)p(e,) is a Pfister neighbor
whose complementary form is similar to (©2)p(p,) -

Proof. Let E = F(p1). By Lemma B.1], the sequence ((¢o)g, (¢2)g,...,0) is
quasi-excellent of height h — 1. Let us consider two cases, h > 4 and h = 3.
If h > 4 then the sequence ((¢o)g, (p2)E, .., (vn)E) is of the second type.
Then Theorem @ (stated for sequences of height < h) completes the proof.
If h = 3 then the quasi-excellent sequence ((¢o)g, (¢2)r,0) is of the first
type because dim ¢y > dimp; = 291, In this case, Theorem @ completes
the proof. O

The following lemma shows that the situation described in Lemma @ is
actually impossible.

LEMMA 7.4. The form (o) p(p,) is isotropic.

Proof. Assume the contrary, (¢o0)p(,,) is anisotropic. Then Lemmas and
@ show that dim¢; is a power of 2 and dimyy = 2dim¢; — dimys. Let
K = F(pg). The sequence ((¢1)k,-- -, (¢n) k) is quasi-excellent of height h —1
by Lemma @ Clearly, this sequence is of the second type. We consider the
two cases h > 4 and h = 3. If h > 4 then Theorem (stated for sequences of
height < h) shows that (1) k is a Pfister neighbor whose complementary form
is similar to the non-zero form (p2)x . This in particular shows that dim ¢ is
not a power of 2. We get a contradiction. Now, we assume that h = 3. In other
words, we have the sequence (¢g, @1, P2, ©3) of the second type. By Definitions
0.3 and E, we have dim ¢ = 2971, dim ¢y = 2¢ and dim ¢y # 3 - 2. On the
other hand, dim ¢y = 2dimy; — dimgy = 2-29+1 —2¢ = 3.29 We get a

contradiction. O
COROLLARY 7.5. The sequence (p1,@2,...,¢p) is a quasi-excellent sequence
of the second type and of degree d .

Proof. Follows from Lemmas @, and . O

LEMMA 7.6. Let v = @p—z. Then dim((¢;) p(y))an < 2¢ for alli =0,... h.

Proof. Using induction and Corollary [.] we see that dim((¢;) F(y))an < 24 for
all i > 1. Now, it suffices to prove that dim((¢o)r(y))an < 2¢. Since h > 3, we
have dim((©1)p(y))an < 24 = dim ¢;,_; < dim ;. Hence (1) p(~) is isotropic
forcing that F(vy,¢1)/F(y) is purely transcendental. Thus yields that
(¢0) () is isotropic. By LemmaP.3, there exists i > 0 such that ((¢0) p(y))an ~

(©:) () = ((9i) F(v))an - Hence dim((¢o) p(y))an = Aim((@s) p(y))an <24, O
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COROLLARY 7.7. There exists fi; € F* such that ¢; = f;y mod I9T3(F) for all
i=0,... h—2.

Proof. Obvious consequence of Proposition and Lemma [7.6. O

COROLLARY 7.8. If h > 3 then g is a Pfister neighbor whose complementary
form is similar to ;.

Proof. Corollary E shows that the condition of Proposition @ holds in the
case k=h—2and m=d+ 2. O

Proof of Theorem . If h > 3, Corollaries @ and E show that

® ( is a Pfister neighbor whose complementary form is similar to ¢,
e the sequence (¢1, @2, -.,pn) is quasi-excellent of the second type.

After that, an evident induction completes the proof. O

8. CLASSIFICATION THEOREM FOR SEQUENCES OF THE THIRD TYPE

We proceed similarly as in the previous section. The main purpose is to
prove the following theorem.

THEOREM 8.1. Let d > 0 be an integer and F' be a field such that condition Ag
holds for F. Let (vo,@1,-..,¢n) be a quasi-excellent sequence of the third type
and of degree d. Then

e for alli < h — 3 the form ; is a Pfister neighbor whose complementary
form is similar to ;i1 ,
o the sequence (pp—3, Ph—2,9nh—1,0) is quasi-excellent of the third type.

We will prove this theorem by using induction on h. In the case where h = 3
the statement is obvious. Thus we can assume that h > 4. In what follows we
will suppose that h > 4 and Theorem @ holds for all quasi-excellent sequences
of height < h .

LEMMA 8.2. If (¢0)r(p,) 5 anisotropic then (po)p(e,) is a Pfister neighbor
whose complementary form is similar to (©2)p(p,) -

Proof. Let E = F(p;). By Lemma B.1], the sequence ((¢0)z, (¢2)s,- - -,0) is
quasi-excellent of height h — 1. Let us consider two cases, h > 5 and h = 4.
If h > 5 then the sequence ((¢0)E, (¥2)E,---,(pn)E) is of the third type.
Then Theorem @ (stated for sequences of height < h) completes the proof.
If h = 4 then the quasi-excellent sequence ((po)r, (p2)E, (¢3)E,0) has the
second type because dim g > dime; = 3 - 2% In this case, Theorem EI
completes the proof. O

LEMMA 8.3. The form (o) p(e,) is isotropic.
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Proof. Assume the contrary, (¢o0)r(,,) is anisotropic. Then Lemmas E and
P.d show that dimg; is a power of 2. Let K = F(pg). The sequence
((p1)K, -, (0n)K) is quasi-excellent of height h — 1 by Lemma E Clearly,
this sequence is of the third type. We consider two cases, h > 5 and h = 4. If
h > 5 then Theorem [B.1] (stated for sequences of height < h) shows that (1) x
is a Pfister neighbor whose complementary form is similar to the non-zero form
(¢p2)k - This in particular shows that dim ¢ is not a power of 2. We get a
contradiction. Now, we assume that A = 4. Then dim ¢; = dim¢;,_3 = 3 - 24
is not a power of 2, a contradiction. U

COROLLARY 8.4. The sequence (p1,p2,...,¢p) is a quasi-excellent sequence
of the third type and of degree d .

Proof. Obvious in view of Lemmas B.d, and B.1. O

In what follows we use the following notation:

7 is the leading form. Clearly, we can assume that ¢, _1 = 7;

v = @p—2 is the pre-leading form;

A = pp_3 is “pre-pre-leading” form.

Thus, our quasi-excellent sequence looks as follows: (¢o, ..., PYr—4, A, 7, 7,0)

LEMMA 8.5. For alli=0,...,h—1, we have dim((©;)p(x,))an = 2.

Proof. 1t follows from Lemma that (7)p(x,4) is anisotropic.

Using induction and Corollary B4, we see that dim((;) p(x ))an = 2¢ for all
i=1,...,h—1. In particular, (¢1)p(x ) is isotropic. Hence F(\,v,p1)/F(A,7)
is purely transcendental. Since (o) (,,) is isotropic by Lemma , it follows
that (¢o0)r(r,4) is also isotropic. By Lemma @, there exists ¢ > 0 such that
((o) p(am))an ~ (Li) P(r9) = ((9i) F(A7) Jan -

Hence dim((¢0) r(x,y))an = dIm((¢i) p(x,7))an = 24, O

PROPOSITION 8.6. For any i = 0,...,h — 3 there exists f; € F* such that
©; = fid mod I3(F) .

Proof. There is s; € F* such that ¢; = s;y mod I972(F) for i = 0,...,h — 3
by Proposition f.14(2).

Changing notation ¢; := s;p; , we can assume that ¢; =y mod Id+2(F) for
alli=0,...,h—3. In particular, A = ¢, 3 = mod I%+2(F). Hence, we get
the element e*2(\L — ) € H¥T2(F).

Now, we fix an integer ¢ < h — 3 and set ¢ = ¢;. We have ¢ = 7y =
A mod I912(F). Hence, we get the elements e?*2(p L —v) and e?*2(p L — \)
in H2(F). Recall that H"(F'/F) := ker(H"(F) — H"(F")).

LEMMA 8.7. (1) e%(pl —~) € HH2(F(\7)/F),
(2) e™2(pL —v) ¢ H*2(F(y)/F),
(3) e™(pL —X) € H*2(F(v)/F).
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Proof. To prove item (1), it suffices to verify that (¢ L —7v)p(x,4) is hyperbolic.
By Lemma B.H, we have dim(¢p(x 1))an < 2¢ and dim(Yg(x ))an < 2. Hence,
dim((¢ L =7)r(rq))an < 2971 < 292, Since [pL — 4] € I4T2(F), Theorem
[L.1] shows that (¢ L —Y)F(x,y) is hyperbolic.

(2) Assume that e?2(p L —v) € H2(F(y)/F). Let E = F(po,. .., Ph_4) -
Then (¢g)an ~ (Ph—3)E = Ag by Lemma @ Hence, there exists s € E* such
that (¢g)an ~ sAg. Therefore, e¥*2(sAp L — vg) € H¥T2(E(y)/E). Hence
e™2(sAp()L — V(7)) = 0.

Then Conjecture [6.1] implies that [sAE(y) L —VE(@y)] € IT3(E(v)). Since
dim A+ dim y = 329 42971 < 24%3 Theorem [L.1] shows that sAg(,) L —7g(y)
is hyperbolic. Thus dim(Ag(y))an < dim~y < dim A. Hence, Ag(,) is isotropic.
By Lemma @, the sequence (Ag,vE,Tg,0) is quasi-excellent. By Corollary
, the form Ap(, is anisotropic. We get a contradiction.

(3). Set K = F(v). Then we have a non-zero element e?*2(px | —vx) in
the group H42(K(\)/K) by (1) and (2).

Since (Yk )an is similar to 7x by Lemma @ and Proposition E, there exists
s € K* such that (Y )an =~ s7r. Since [\ L —] € I972(F) we obtain that
A\ L —s7x] € I972(K). Computing dim A + dim 7 = 3 - 29 4 2¢ = 2942 we
conclude from the Arason-Pfister Hauptsatz that there is a form 7 € GPyy2(K)
such that m ~ A\ L —s7k , (see Theorem [T} and [AH], p. 174, Korollar 3). It
follows that A () is isotropic, since dim A > dim 7, and 7 () is hyperbolic.
Hence, K(m, \)/K(m) is purely transcendental. Since by (1) and (2) we have
0 # e 2(px L —yk) € HIT2(K(m, \)/K) we see that

0 £ ™2 (prc L —yxc) € HH2(K(m)/K).
Thus Conjecture shows that e?*?(px | —vyg) = e?*2(r). Clearly, this
yields e?*2(px L —yg L —7m) = 0. Since 7 ~ A\g L —s7x ~y Ax L —yK
we have o L —yx L —7 ~y (p L =Nk . Hence, e?*2(p L —N)g = 0.
Therefore, e?*2(¢p 1 —\) € HI*2(K/F). O

By Proposition B.¢|(2), v is a good non-excellent form of height 2 and degree
d. Now, Lemma [.19 and item (3) of Lemma B.q show that there exists f € F*
such that e™2(\ L —¢) = e¥2(y @ () . By Conjecture f.1], we have

AL —p=7y®(f) mod I'F3(F).

Since v = A mod I4+2(F), it follows that A L —p = A® {(f)) =~ A L —fA
(mod I4+3(F)). Therefore, ¢ = f\ mod I4*3(F). This completes the proof
of Proposition B.4. O

COROLLARY 8.8. If h > 3 then g is a Pfister neighbor whose complementary
form is similar to ;.

Proof. Proposition @ shows that the condition of Proposition holds in the
case k=h —3 and m =d + 2. O

Proof of Theorem @ In case h > 4, Corollaries @ and @ show that
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® (g is a Pfister neighbor whose complementary form is similar to ¢ ,
e the sequence (@1, @2, ..., pn) is quasi-excellent of the third type.

After that, an evident induction completes the proof. O

9. QUASI-EXCELLENT SEQUENCES OF TYPE 3 AND HEIGHT 3

The main purpose of this section is to complete the classification of quasi-
excellent sequences of the third type. The results of the previous section show
that it suffices to consider only quasi-excellent sequences of height 3.

LEMMA 9.1. The sequence (¢, ¢1, b2, ¢3) in Example @ is quasi-excellent.

Proof. Set p = {(a1,...,a4-1)) and K = F(¢g). Then (¢1)k is anisotropic by
Theorem [L.J. We have i((¢o) ) > dim p = 24~ by [HR], Lemma 2.5 ii, hence
dim((¢0) i )an < 2911 = dim(¢y1)x . Set n = kop @ ((u,v,c)) . Then
¢o L —ckokigr = kop @ ((u,v)) L —c(aq)) L —c{—u,—v,uv,aq))
~ kop ® ({u,v,c) L {caq,—caq))

The form np(,) is hyperbolic. But (¢1)p(, is anisotropic by Theorem E,
hence ((¢0)r(n))an ~ (¢1)F@y) - Since there is an F-place K — F(n) U {oco}
it follows that dim((¢o)x )an > dim(¢1) p(, = 241, of [Knll], Proposition 3.1.
Thus dim((ég) & )an = 291! = dim(é ) -

If ng is hyperbolic then it follows that ((¢o)x)an ~ (é1)k. Otherwise,
Nk is anisotropic, and ((¢o)x)an L —ckok1(é1)x =~ nmx . This shows that
for every x € K*, the forms (x(¢o)k)an and (¢1)x are half-neighbors in the
sense of [@]7 p. 258. Since (¢o)k is isotropic there is an x € K* such that

2(po)r = (p @ (u, vk L (—p @ {aa)) K, e.g., , Lemma 2.5 i. Thus
(2(¢0) K )an is a (2911, 29)-Pfister form in the sense %], p. 262. Now, [H3,
Proposition 2.8, shows that ((¢0)x)an ~ ($1)x -

By Theorem E, the forms ¢1, ¢2 remain anisotropic over K = F(¢g). Thus
we consider ¢1, ¢2 as forms over K and show that ((1)x(¢,))an) ~ (P2) K (¢:)-
We have

$r L kikydy =~ kip® ((—u, —v,uv,aq) L (aq)))
~w k1p @ (u,v)) -
Set ¥ = kip ® ((u,v)). Then dimy = 2971 = dim¢;. Since (¢2)x(y) is
anisotropic by Theorem @ and since Yy is hyperbolic, the form (¢1) g (y)
is not hyperbolic. There is a K-place K(¢1) — K(¢) U {oo} forcing that

(#1)K(gy) is not hyperbolic. But the form (¢1)x(¢,,¢,) is hyperbolic, for
otherwise, since (¢2)k(¢,,4,) i hyperbolic, we would have the contradiction

dim((¢1)(K(¢1,¢2))an = dlm(ﬁ = 2d+1 = dim(d)l)K(%,%) . Now Lemma E
yields that ((¢1)k(¢1))an) ~ (92) K (41) - O

The main result of this section is the following
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PROPOSITION 9.2. Let d > 0 be an integer and F be a field such that condition
Ag holds for F. Let (po, 1,02, 93) be a quasi-excellent sequence of degree d
and of the third type. Then this sequence looks as in Example @

Clearly, this proposition together with the results of the previous sections
completes the proof of Theorems @ and .
We say that a form ¢ is divisible by a form p if there is a form y such that
p=2pRX.
LEMMA 9.3. Let ¢ and ¥ be anisotropic forms. Suppose that ¢ and v are
divisible by a Pfister form p (including the case p = (1)). Then there exist
forms @q, g, p such that
® g, Yo and p are divisible by p,
e o~y Ll pand iy ~Yy L,
o (9L —Y)an ~ o L —1o.
Proof. Let p be a form of maximal dimension satisfying the following condi-
tions:
(a) p is divisible by p,
(b) pCyandpuC.
Then there exist forms ¢y and g such that ¢ ~ @9 L pand ¥ ~ 1y L pu.
Since ¢, ¥ and p are divisible by p, it follows from Theorem that g and g
are also divisible by p. Now, it suffices to prove that (¢ L —t)an >~ wo L —1)g .
Since ¢ L — =~ (¢o L p) L — (g L p) ~w @o L —tg, it suffices to prove
that the form g L —g is anisotropic. Suppose the contrary. Then the forms
o and 1y have a common value, say ¢ € F*. By Theorem B, we have £p C g
and fp C 1. Setting i = p L £p, we see that [ satisfies conditions (a) and
(b). Since dim & > dim p, we get a contradiction to the definition of 1. O

LEMMA 9.4. Let ¢ and v be anisotropic forms being divisible by a Pfister form
p € Py_1(F) (where p= (1) ifd = 1). Suppose that dimp = 3-2¢, dim) =
291 and (¢ L —)an € GPyio(F) . Then there exist u,v,aq,c € F* such that
o~ p® ((u,v) L —claa)) and ¢ ~p® (-u,—v,uv,aq) .
Proof. Let g, 19 and p be as in Lemma @ We have
2dim p = (dim ¢ + dim ) — (dim g + dim ¢g)

= dim ¢ + dim ¢ — dim(¢ L —)an

— 3 . 2d + 2d+1 _ 2d+2 — 2d.
Hence, dim y = 2971, Since p is divisible by p, there exists s € F* such that
p~ sp. Clearly, dimy = dim ) — dim p = 29+ —24=1 = 3.24-1_ Since 1) is
divisible by p € P;_1(F) there exist k,u,v € F* such that

o =~ kp® (1, —u, —v) .

Then ¢ ~ (kp ® (1, —u, —v)) L sp ~ kuvp @ (uv, —v, —u, aq) with ag = skuv.
Thus ¢ ~ p ® (—u, —v,uv, ag) .
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Put 7 := p® (u,v)) € Pgy1(F). Since 9o ~ kp ® (1, —u, —v), it is easily
checked that km ~ 1y L kuvp. Hence, (¢) p(x is isotropic.

Let n:= —k(p L —¢)an ~ —k(po L —1p) . By the hypotheses of the lemma,
17 € GPyyo(F). Since k¢y ~ p ® (1, —u,—v) represents 1, it follows that n
represents 1. Hence, n € Pyy2(F). Since kg C 1 and (Yo) p(r) is isotropic, it
follows that np(r) is isotropic. Thus n >~ 7 ® 7o for some form 7y by Theorem
[.3 Since n € Pyio(F) and m € Pyyq(F), it follows that n ~ 7 ® ((c)) for
suitable ¢ € F*. Hence, n ~ p ® {(u,v,c)). Clearly, uv € D(n). Since n is a
Pfister form, we obtain 1 ~ uvn, (see [E], 2.10.4). By definition of 7 we have
kn ~w ¥ L —p. Hence,

@ row L —kn ~ ¢ L —kuvn ~ kuvp ® (uv, —v, —u, aq) L —kuvp ® {u,v,c)
~w kuvp @ ((u,v) L = (aa)) L —kuvp @ ((u,v)) L —c{(u,v))
~w kuvp @ (¢ (u,v) L = (aa))) = kuvep @ ((u,v)) L —c(aa))-

Since dim ¢ = 3-2¢ = dim p @ ({(u,v)) L —c {aq))), we get
¢ =~ kuvep ® ((u,v) L —c((aa))- O

Proof of Proposition [9.4. Let 7 € Py(F) be the leading form. Clearly, we can
assume that ¢ = 7. In other words, we have a quasi-excellent sequence of the
form (), 7, 7,0) with dim A = 3- 2%, dim~y = 2%*! and dim 7 = 2?. By Proposi-
tion p.14, there exists s € F** such that A = sy mod I4"2(F). Replacing A by
s\, we can assume that A = v mod I92(F). Let ¢ := (A L —7)a,. Clearly,
£ 7w 0 and [¢] € I92(F). By Theorem [L.1], we have dim¢ > 29+2. Since
dim¢ < dim A+ dimy = 3-2¢ + 29+ = 5.24 < 3.24+1  Conjecture f.4 yields
dim ¢ = 292, Hence (A L —7)an = £ € GPyia(F), cf. [AH], Kor. 3.

By Proposition @7 v is a good non-excellent form of height 2 with leading
form 7. By Conjecture @, there exists p € Py—1(F) such that v and 7 are
divisible by p. Then vp(,) and 7p(, are isotropic. Hence F(p,v,7)/F(p) is
purely transcendental. Since the form Ag(, ) is hyperbolic by Proposition @,
it follows that Ag(,) is hyperbolic. Therefore A is divisible by p (see Theorem
[L.3). Applying Lemma P.4 to the forms p, ¢ = A, and 1) = v, we see that there
exists u,v,aq € F* such that

A~ p @ ((w, o) L —cfaa) and v~ p® (—u,—v,uv,aq) .
It follows that 7 ~ p ® ((ag)) by [Knl]], 6.12. The proof is complete. O
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