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ABSTRACT. A A-graph system is a labeled Bratteli diagram with an up-
ward shift except the top vertices. We construct a continuous graph in
the sense of V. Deaconu from a A-graph system. It yields a Renault’s
groupoid C*-algebra by following Deaconu’s construction. The class of
these C*-algebras generalize the class of C*-algebras associated with sub-
shifts and hence the class of Cuntz-Krieger algebras. They are unital,
nuclear, unique C*-algebras subject to operator relations encoded in the
structure of the A-graph systems among generating partial isometries and
projections. If the A-graph systems are irreducible (resp. aperiodic), they
are simple (resp. simple and purely infinite). K-theory formulae of these
C*-algebras are presented so that we know an example of a simple and
purely infinite C*-algebra in the class of these C*-algebras that is not
stably isomorphic to any Cuntz-Krieger algebra.
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1. INTRODUCTION

In [CK], J. Cuntz-W. Krieger have presented a class of C*-algebras associated
to finite square matrices with entries in {0,1}. The C*-algebras are simple
if the matrices satisfy condition (I) and irreducible. They are also purely
infinite if the matrices are aperiodic. There are many directions to general-
ize the Cuntz-Krieger algebras (cf. [An],[Del,[De2],[EL],[KPRR],[KPW],[P1i],
[Pu],[T], etc.). The Cuntz-Krieger algebras have close relationships to topo-
logical Markov shifts by Cuntz-Krieger’s observation in [CK]. Let ¥ be a fi-
nite set, and let o be the shift on the infinite product space X% defined by
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2 KENGO MATSUMOTO

o((Tn)pez) = (@n+1)pez (@n)pez, € X% For a closed o-invariant subset A
of %, the topological dynamical system A with ¢ is called a subshift. The
topological Markov shifts form a class of subshifts. In [Ma], the author has
generalized the class of Cuntz-Krieger algebras to a class of C*-algebras associ-
ated with subshifts. He has formulated several topological conjugacy invariants
for subshifts by using the K-theory for these C*-algebras ([Ma5]). He has also
introduced presentations of subshifts, that are named symbolic matrix system
and A-graph system ([Mab]). They are generalized notions of symbolic matrix
and A-graph (= labeled graph) for sofic subshifts respectively.

We henceforth denote by Z; and N the set of all nonnegative integers and the
set of all positive integers respectively. A symbolic matrix system (M, I) over a
finite set 3 consists of two sequences of rectangular matrices (M 41,11 141),1 €
Z,. The matrices M, ;11 have their entries in the formal sums of ¥ and the
matrices I; ;1 have their entries in {0,1}. They satisfy the following relations

(1.1) IjpiMiga42 = Mygidie 4o, leZy.

It is assumed for I; ;41 that for ¢ there exists j such that the (i, j)-component
I;141(3, j) = 1 and that for j there uniquely exists ¢ such that I;;41(4,7) = 1. A
A-graph system £ = (V, E, \, ) consists of a vertex set V =V, UV; UV, U---|
an edge set £ = Ey1 UE;2UEy3U---, alabeling map A : £ — ¥ and a
surjective map ¢;;4+1 : Viy1 — V; for each | € Z4. It naturally arises from a
symbolic matrix system. For a symbolic matrix system (M, T), a labeled edge
from a vertex vl € V} to a vertex U?’l € V11 is given by a symbol appearing
in the (4, j)-component M ;11(i,j) of the matrix M;;+1. The matrix I ;41
defines a surjection ¢ ;41 from Vj4; to V; for each | € Z,. The symbolic
matrix systems and the A-graph systems are the same objects. They give rise
to subshifts by looking the set of all label sequences appearing in the labeled
Bratteli diagram (V, E/, ). A canonical method to construct a symbolic matrix
system and a A-graph system from an arbitrary subshift has been introduced
in [Ma5]. The obtained symbolic matrix system and the A-graph system are
said to be canonical for the subshift. For a symbolic matrix system (M, I), let
Aj1+1 be the nonnegative rectangular matrix obtained from M, ;1 by setting
all the symbols equal to 1 for each [ € Z,. The resulting pair (A, I) satisfies
the following relations from (1.1)

(1.2) L1 Arpr42 = Aie1lig1042, leZs.

We call (4, I) the nonnegative matrix system for (M, I).

In the present paper, we introduce C*-algebras from A-graph systems. If a A-
graph system is the canonical \-graph system for a subshift A, the C*-algebra
coincides with the C'*-algebra O, associated with the subshift. Hence the class
of the C*-algebras in this paper generalize the class of Cuntz-Krieger algebras.
Let £ = (V,E, A\, ¢) be a A-graph system over alphabet ¥. We first construct
a continuous graph from £ in the sense of V. Deaconu ([D2],[De3],[Ded]). We
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then define the C*-algebra O¢ associated with £ as the Renault’s C'*-algebra
of a groupoid constructed from the continuous graph. For an edge e € Ej 41,
we denote by s(e) € V; and t(e) € Vj41 its source vertex and its terminal vertex
respectively. Let Al be the set of all words of length I of symbols appearing in
the labeled Bratteli diagram of £. We put A* = U2 A! where A° denotes the
empty word. Let {v!,..., nlm(l)} be the vertex set V;. We denote by I'; (v!)

the set of all words in A! presented by paths starting at a vertex of V; and
terminating at the vertex Uﬁ». £ is said to be left-resolving if there are no distinct
edges with the same label and the same terminal vertex. £ is said to be
predecessor-separated if T'; (b)) # I (v) for distinct ¢,/ and for all I € N.
Assume that £ is left-resolving and satisfies condition (I), a mild condition
generalizing Cuntz-Krieger’s condition (I). We then prove:

THEOREM A (THEOREM 3.6 AND THEOREM 4.3). Suppose that a \-graph sys-
tem £ satisfies condition (I). Then the C*-algebra Og¢ is the universal concrete
unique C*-algebra generated by partial isometries Sy, € ¥ and projections
ELi=1,2,....,m(l), | € Zy satisfying the following operator relations:

(1.3) > SaSh=1,

aEy
m(l) m(l+1)
(1.4) M El=1, El= Y Lia(i,j)E"M,
i=1 j=1
(1.5) S,S*E!=E!S,S!,
m(l+1)
(1.6) SiESo = Y Ays(i,a, )BT,

j=1
fori=1,2,....m(l),l € Z,,«a € X, where
1 if s(e) =vl\e) =a,t(e) = U;“ for some e € Ej 41,
0 otherwise,

1 af Ll7l+1(U§+1) = Ué,

0  otherwise

Al,l+1(iaaaj) = {
Iiva(i, 5) = {

fori=1,2,....m1), j=1,2,....m(I+1), a € X.

If £ is predecessor-separated, the following relations:

(1.7 = I Ss0-s5)  ien
w,veN
RET; (o}),vgT; (o})
m(1)

EY = Z Z Aga(iy o, j)Sa B} S,

a€el j=1
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hold for ¢ = 1,2,...,m(l), where S, = S, ---S, for p =
(1o s i)y 1y - -+, e € 2. In this case, Og is generated by only th
partial isometries S, € 3.

If £ comes from a finite directed graph G, the algebra O¢ becomes the Cuntz-
Krieger algebra 04, associated to its adjacency matrix Ag with entries in
{0,1}.

We generalize irreducibility and aperiodicity for finite directed graphs to -
graph systems. Then simplicity arguments of the Cuntz algebras in [C], the
Cuntz-Krieger algebras in [CK] and the C*-algebras associated with subshifts
in [Ma] are generalized to our C*-algebras Og¢ so that we have

THEOREM B (THEOREM 4.7 AND PROPOSITION 4.9). If £ satisfies condi-
tion (I) and is irreducible, the C*-algebra Og is simple. In particular if £ is
aperiodic, Og is simple and purely infinite.

There exists an action ag of the torus group T = {z € C | |z| = 1} on the alge-
bra Og that is called the gauge action. It satisfies ag,(Sy) = 254, € &
for z € T. The fixed point subalgebra Og®* of Og¢ under ag is an AF-
algebra Fg, that is stably isomorphic to the crossed product Og x4, T. Let
(A, 1) = (As41, 1,141)1€z, be the nonnegative matrix system for the symbolic
matrix system corresponding to the A-graph system £. In [Mab], its dimen-
sion group (A(a, 1), A?'AJ),(?(AJ)), its Bowen-Franks groups BF*(A,I),i = 0,1
and its K-groups K;(A,I),i = 0,1 have been formulated. They are related to
topological conjugacy invariants of subshifts. The following K-theory formu-
lae are generalizations of the K-theory formulae for the Cuntz-Krieger alge-
bras and the C*-algebras associated with subshifts ([Ma2],[Ma4],[Ma5],[Ma6],
cf.[C2],[C3],[CK]).

THEOREM C (PROPOSITION 5.3, THEOREM 5.5 AND THEOREM 5.9).
(Ko(Fe), Ko(Fe)+, az.) = (Acan: Aly 1y 0can);
K;(Og) = K;(A, D), 1=0,1,
Ext"™(0g) = BFY(A,I), i=0,1
where &g denotes the dual action of the gauge action ag on Og.

We know that the C*-algebra Opg is nuclear and satisfies the Universal Coef-
ficient Theorem (UCT) in the sense of Rosenberg and Schochet (Proposition
5.7)([RS], cf. [Bro2]). Hence, if £ is aperiodic, Og¢ is a unital, separable, nu-
clear, purely infinite, simple C*-algebra satisfying the UCT, that lives in a
classifiable class by K-theory of E. Kirchberg [Kir] and N. C. Phillips [Ph]. By
Rgrdam’s result [Rg;Proposition 6.7], one sees that Og is isomorphic to the
C*-algebra of an inductive limit of a sequence By — By — B3 — - -+ of simple
Cuntz-Krieger algebras (Corollary 5.8).

We finally present an example of a A-graph system for which the associated
C*-algebra is not stably isomorphic to any Cuntz-Krieger algebra O 4 and any
Cuntz-algebra O,, for n = 2,3,...,00. The example is a A-graph system £(S)
constructed from a certain Shannon graph S (cf.[KM]). We obtain
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THEOREM D (THEOREM 7.7). The C*-algebra Og sy is unital, simple, purely
infinite, nuclear and generated by five partial isometries with mutually orthog-
onal ranges. Its K-groups are

Ko(Ogs)) =0,  Ki(Ogs)) =Z.

In [Ma7], among other things, relationships between ideals of O¢ and sub A-
graph systems of £ are studied so that the class of C*-algebras associated with
A-graph systems is closed under quotients by its ideals.

Acknowledgments: The author would like to thank Yasuo Watatani for his
suggestions on groupoid C*-algebras and C*-algebras of Hilbert C*-bimodules.
The author also would like to thank the referee for his valuable suggestions and
comments for the presentation of this paper.

2. CONTINUOUS GRAPHS CONSTRUCTED FROM A-GRAPH SYSTEMS

We will construct Deaconu’s continuous graphs from A-graph systems. They
yield Renault’s r-discrete groupoid C*-algebras by Deaconu ([De],[De2],[De3]).
Following V. Deaconu in [De3], by a continuous graph we mean a closed subset
E of YV x ¥ xV where V is a compact metric space and ¥ is a finite set. If in
particular V is zero-dimensional, that is, the set of all clopen sets form a basis
of the open sets, we say £ to be zero-dimensional or Stonean.

Let £ = (V,E, A, 1) be a A-graph system over ¥ with vertex set V = Ujez, Vi
and edge set E = Ujez, Fy 41 that is labeled with symbols in ¥ by A : ' — X,
and that is supplied with surjective maps (= t;41) : Vig1 — V for | € Z;..
Here the vertex sets V;,l € Z are finite disjoint sets. Also Ej;4+1,l € Z4 are
finite disjoint sets. An edge e in Ej ;41 has its source vertex s(e) in V; and its
terminal vertex t(e) in Vj41 respectively. Every vertex in V has a successor and
every vertex in V; for | € N has a predecessor. It is then required that there
exists an edge in Ej;y; with label o and its terminal is v € V;4; if and only
if there exists an edge in E;_;; with label @ and its terminal is ¢(v) € V. For
u e Vi1 and v € Vi41, we put

E'(u,v) ={e € Ej 41 | t(e) = v,i(s(e)) = u},

E,(u,v) ={e€ Ejl_1; | s(e) =u,t(e) = (v)}.
Then there exists a bijective correspondence between E*(u,v) and E,(u, v) that
preserves labels for each pair of vertices u,v. We call this property the local

property of £. Let Q¢ be the projective limit of the system ¢ ;41 @ Viq1 —
Vi,l € Z 4, that is defined by

Qe ={(v')iez, € H Vil ugp (V) =01 e 2y}
Iz,

We endow 2¢ with the projective limit topology so that it is a compact Haus-
dorff space. An element v in Qg is called an t-orbit or also a vertex. Let Fgq be
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the set of all triplets (u, o, v) € Qg x X x Qg such that for each [ € Z, there
exists e; ;41 € Ej ;41 satisfying
I+1

u'=s(eri1), v =tleue1) and o= Aeyiq)

where u = (ul)le@,v = (vl)lez+ € Ng.

PROPOSITION 2.1. The set E¢ C Qg XXX Qe is a zero-dimensional continuous
graph.

Proof. Tt suffices to show that Fg is closed. For (u,,v) € Qg x ¥ x Q¢ with
(u,B,v) € Eg, one finds [ € N such that there does not exist any edge e in
Ep 141 with s(e) = ul, t(e) = v'*! and A(e) = 3. Put

Up = {(w)icz, € Qe |w' =u'}, Uprr ={(w)icz, € Qe | w'™ =0},

They are open sets in Qg. Hence U, x {8} X Uy+1 is an open neighborhood
of (u, 8,v) that does not intersect with E¢ so that Eg is closed. O

We denote by {v},..., nfn(l)} the vertex set V;. Put for « € ¥, =1,...,m(1)

Ul(a) = {(u,a,v) € Eg | v' = b} where v = (v')1ez, € Qg}.

K3

Then U} (a) is a clopen set in Eg such that
Uaes U Ul @) = Be,  UH@)NUF(B) =0 if (i,0) # (4, 5).

Put t(u,a,v) = v for (u,a,v) € Eg. Suppose that £ is left-resolving. It is
easy to see that if Ul(a) # 0, the restriction of ¢ to U}(a) is a homeomor-
phism onto Uyi = {(v')iez, € Qg | v' = v}}. Hence t : Eg — Qg is a local
homeomorphisﬁl.

Following Deaconu [De3], we consider the set Xg of all one-sided paths of Fg:

Xe = {(ai,ui);ﬁl S H(Z X Qg) | (ui,ai+1,ui+1) € FqforallieN
=1

and (ug,aq,u1) € Eg for some ug € Qg}.

The set Xg¢ has the relative topology from the infinite product topology of
¥ x Qg. It is a zero-dimensional compact Hausdorff space. The shift map
o (@, ui)2y € Xe — (g1, ui41)52, € Xg is continuous. For v = (v!)ez, €
Q¢ and o € X, the local property of £ ensures that if there exists eg; €
Eo,1 satisfying v! = t(eg.1), = A(eo.1), there exist ;11 € Ej 41 and u =
(u)iez, € Qg satisfying u' = s(eg 1), 0" = t(er141), @ = A(er41) for each
l € Z4. Hence if £ is left-resolving, for any x = (o, v;)52; € Xg, there uniquely
exists vy € Q¢ such that (vg, a1,v1) € Eg. Denote by v(x)g the unique vertex
vg for x € Xg.
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LEMMA 2.2. For a A-graph system £, consider the following conditions
(1) £ is left-resolving.
(ii) Eg is left-resolving, that is, for (u,a,v), (u',a,v") € Eg, the condition
v =1 implies u = v’.
(iii) o is a local homeomorphism on Xg.
Then we have

Proof. The implications (i) < (i) are direct. We will see that (ii) = (4¢7). Sup-
pose that £ is left-resolving. Let {v1,...,7m} = X be the list of the alphabet.
Put

Xe(k) = {(ai,vi)i2y € Xe | a1 =1}

that is a clopen set of Xg. Since the family Xe(k),k = 1,...,m is a disjoint
covering of X¢ and the restriction of o to each of them o|x ) : Xe(k) — Xg
is a homeomorphism, the continuous surjection o is a local homeomorphism on

Xe. O

REMARK. We will remark that a continuous graph coming from a left-resolving,
predecessor-separated A-graph system is characterized as in the following way.
Let £ C V x X xV be a continuous graph. Following [KM], we define the I-past
context of v € V as follows:

Iy (v)={(,...,y) € ! | Jvo,v1,...,0-1 €V
(vic1,04,v) € £,0=1,2,...,1 =1, (vi—1,q,v) € E}.
We say € to be predecessor-separated if for two vertices u,v € V, there exists
I € N such that I'; (u) # I'; (v). The following proposition can be directly

proved by using an idea of [KM]. Its result will not be used in our further
discussions so that we omit its proof.

PROPOSITION 2.3. Let £ CV X X XV be a zero-dimensional continuous graph
such that € is left-resolving, predecessor-separated. If the mapt : E — V defined
by t(u, a,v) = v is a surjective open map, there exists a A-graph system L over
Y and a homeomorphism @ from V onto Qge such that the map @ X id x & :
YV xEXV = 0ae x X x Qee satisfies (P x id x P)(E) = Fge.

3. THE C*-ALGEBRA Qg.

In what follows we assume £ to be left-resolving. Following V. Deaconu
[De2],[De3],[Ded], one may construct a locally compact r-discrete groupoid from
a local homeomorphism o on Xg as in the following way (cf. [An],[Re]). Set

Ge ={(z,n,y) € Xg X Zx X¢ | 3k, 1>0; o*(z) =0cl(y),n=Fk—1}.
The range map and the domain map are defined by
T(x’ n? y) = x’ d<x7 n’ y) = y
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The multiplication and the inverse operation are defined by

(:I;ﬂ n? y) (y7 m7 Z) = (x7 n + m7 2)7 (x7 n’ y)_l = (y’ _n7 x)'
The unit space G% is defined to be the space X¢ = {(z,0,2) € Gg | v € Xe}.
A basis of the open sets for G¢ is given by

Z(U’ Vvkvl) = {(x»k - lv (Jl|V)71 o (Jk(x)) € GS | T e U}

where U,V are open sets of X¢, and k,l € N are such that Uk\U and UZ\V are
homeomorphisms with the same open range. Hence we see

Z(U,V, k1) = {(z,k —L,y) € Ge | x € U,y € V,o*(z) = o' (y)}.

The groupoid C*-algebra C*(Gg) for the groupoid Gg is defined as in the
following way ([Re], cf. [An],[De2],[De3],[Ded]). Let C.(Gg) be the set of all
continuous functions on G¢ with compact support that has a natural product
structure of x-algebra given by

Z F)g(t™ts) = Z f(t1)g(tz),

teGe, ti1,t2€Ge,
r(t)=r(s) s=tita

f*(s):f(s_l)a f7g€CC(G£)a seGg.

Let Co(G%) be the C*-algebra of all continuous functions on G% that vanish
at infinity. The algebra C.(Gg¢) is a Co(G%)-module, endowed with a Co(G%)-
valued inner product by

(gf)(xvn7y) =§(ar,n,y)f(y), 5 € CC(GS)a f € OO(GOE)v (mvn7y) € GEa
<&m>@)= Y, &@nyn@ny, &nelC(Ge), yeXe.

T,n
(z,n,y)EGe

Let us denote by 1?(Gg) the completion of the inner product Co(G%)-module

C.(Gg). It is a Hilbert C*-right module over the commutative C*-algebra
Co(G%). We denote by B(I?(Gg)) the C*-algebra of all bounded adjointable
Co(G%)-module maps on [?(Gg). Let 7 be the x-homomorphism of C.(Gy¢)
into B(I?(Gy¢)) defined by 7(f)¢ = f & for f,€ € C.(Gg). Then the closure
of m(C.(Gg)) in B(I1?(Gg)) is called the (reduced) C*-algebra of the groupoid
Gg, that we denote by C*(Ge).

DEFINITION. The C*-algebra O¢ associated with A-graph system £ is defined
to be the C*-algebra C*(Gge) of the groupoid Gg.

We will study the algebraic structure of the C*-algebra Og¢. Recall that A*
denotes the set of all words of X¥ that appear in £. For = = (a,,u,)3%; € Xg,
we put A(z), = a, € X, v(z), = up, € Qg respectively. The c-orbit v(x),
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is written as v(x), = (’u(x)ﬁl)leZ+ € Q¢ = limV;. Now £ is left-resolving so

that there uniquely exists v(x)g € Qg satisfying (v(x)o, @1,u1) € Eg. Set for
= (/’Lla'“v,u’k) € Akv
Up) = {(z,k,y) € Ge | 0" (x) = y, M@)1 = pr, -, A@)r = i}
and for vl € V,
U(v;) = {(z,0,2) € Ge | v(z)p = v}

where v(z)o = (v(z)}h)icz, € Qe. They are clopen sets of Gg. We set

Su=mlxvw) B =7(xuw) in  7(C.(Ge))
where xr € C.(Gg) denotes the characteristic function of a clopen set F' on

the space G¢. Then it is straightforward to see the following lemmas.

LEMMA 3.1.
(i) S, is a partial isometry satisfying S, = Sy, ---Su,, where p =

(:u’la v 7/’Lk) € Ak'
(i) >, enr SuS; =1 for k € N. We in particular have

(3.1) > SaSh=1.

acx

(iii) E! is a projection such that

m(1l) m(l+1)
(3.2) El=1,  EBEl= Y Iun(,j)E",
i=1 j=1

where I 141 is the matriz defined in Theorem A in Section 1, corre-
sponding to the map ;141 : Vig1 — V3.

Take pn = (pa,...,px) € AP, v = (11,...,v) € A¥ and vl € V; with k, k' <1
such that there exist paths &, 7 in £ satisfying A\(§) = p, A(n) = v and ¢(§) =
t(n) = vl. We set
U(p,ob,v) ={(z,k — k', y) € Ge | 0¥ (z) = 0¥ (), v(@)}, = v(y)}, = v,
Ma)r = pa, - M)k = p, Ay =va, - AW = v}
The sets U(u, v, v),p € A* v e AF =1, .. ,m(l) are clopen sets and gener-
ate the topology of Gg.
LEMMA 3.2.
SuE;S; = T(XU (a0t ) € T(Ce(Ge)).-

Hence the C*-algebra Og is generated by So,a € ¥ and Eli =1,...,m(l),l €
Z,.

The generators S, Ef satisfy the following operator relations, that are straight-
forwardly checked.

DOCUMENTA MATHEMATICA 7 (2002) 1-30



10 KENGO MATSUMOTO

LEMMA 3.3.
(3.3) S.SIE! = E!'S,S*,
m(l+1)
(3.4) SiElSa =Y Aygli,on )BT,
j=1

forae X i=1,2,... m(l),l € Zs, where A;;41(i, o, j) is defined in Theorem
A in Section 1.

The four operator relations (3.1),(3.2),(3.3),(3.4) are called the relations (£).
Let A;,1 € Z be the C*-subalgebra of O¢ generated by the projections E!,i =
1,...,m(l), that is,

The projections S};Ss, € ¥ and S8, € A¥,k < I belong to A;,l € N

by (3.4) and the first relation of (3.2). Let Ag be the C*-subalgebra of Og
generated by all the projections E!,i = 1,...,m(l),l € Z,. By the second

relation of (3.2), the algebra A4; is naturally embedded in A;4; so that Ag is a
commutative AF-algebra. We note that there exists an isomorphism between
A; and C(V;) for each | € Z, that is compatible with the embeddings A4; —
Avprand If (= ¢4 1) - C(Vi) = C(Viy1). Hence there exists an isomorphism
between Ag and C(Qg). Let k, ! be natural numbers with k <. We set

Dg =The C*-subalgebra of Og generated by S,aS};,n € A*,a € Ag.

F. =The C*-subalgebra of Q¢ generated by SuaS, v e AF a e A

Fi® =The C*-subalgebra of Og generated by S,aS:, u,v € A¥ a € Ag.
Fg =The C*-subalgebra of Og generated by S,aS,,p,v e A",
lul = lv],a € Ag.
The algebra Dg is isomorphic to C(Xg¢). It is obvious that the algebra ]—',lC is
finite dimensional and there exists an embedding ¢; 41 : f,i — .7-'};1 through
the preceding embedding A; — A;+1. Define a homomorphism ¢ : (z,n,y) €
Gg¢ — n € Z. We denote by Fg the subgroupoid ¢71(0) of Gg. Let C*(Fg) be

its groupoid C*-algebra. It is also immediate that the algebra Fg is isomorphic
to C*(Fg). By (3.1),(3.3),(3.4), the relations:

m(l+1)
Bi=>" > Auali,0,)SaBSSL,  i=1,2,...,m(])

aey j=1
hold. They yield

m(l+1)

S,ELS; = Z Z Al7l+1(i7a,j)SﬂaE§+lS:a for p,v € A¥,
a€s j=1

that give rise to an embedding f,i — f,lcill It induces an embedding of F°
into .7-',?3_1 that we denote by Ag 1.
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PROPOSITION 3.4.
(i) Fg° is an AF-algebra defined by the inductive limit of the embeddings
w1 Fi— Firlle N
(ii) Fg is an AF-algebra defined by the inductive limit of the embeddings
)\k,k+1 : .7:]?0 — flﬁl,k S Z+.

Let U,,z € T = {z € C | |z|] = 1} be an action of T to the unitary group of
B(I1%(Gg)) defined by

(U:8)(w,n,y) = 2"E(z,n,y)  for €€ *(Ge), (x,n,y) € Ge.

The action Ad(U,) on B(I?(Gg)) leaves Og globally invariant. It gives rise to
an action on Og. We denote it by age and call it the gauge action. Let Eg
be the expectation from Og onto the fixed point subalgebra O¢®¢ under ag
defined by

(35) EQ(X) :/ TO[,QZ(X)CZZ, X € Oeg.

Let Pg be the x-algebra generated algebraically by S,,a € ¥ and El,i =
1L,...,m(), 1 € Zy. For u = (p,...,u) € A¥, it follows that by (3.3),

E!S, S, = SmSzlEéSm < Sy, As S;‘lEme is a linear combination of
EF' j=1,...,m(I+1) by (3.4), one sees S5 ELS,, Sy, = S,.,,%, 85 LSy, Sy,

M2~ o
and inductively
(3.6) E!S, = S,SiES,,  E.S.S;=5,S.E}
By the relations (3.6), each element X € Pg is expressed as a finite sum

X = Z X_,Sh+Xo+ Z S X, for some X_,,Xo, X, € Fe.
[v|>1 |pu[>1

Then the following lemma is routine.

LEMMA 3.5. The fized point subalgebra Og®* of Og under ag is the AF-
algebra Fg.

We can now prove a universal property of Og.

THEOREM 3.6. The C*-algebra O¢ is the universal C*-algebra subject to the
relations (£).

Proof. Let Oj¢) be the universal C*-algebra generated by partial isometries
Sa;a € ¥ and projections el,i = 1,...,m(l),l € Z, subject to the op-
erator relations (£). This means that Opg) is generated by s.,a € ¥ and
el.i = 1,....,m(l),l € Z,, that have only operator relations (£). The C*-

norm of Og) is given by the universal C*-norm. Let us denote by f[[]lc]],f[g]
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the similarly defined subalgebras of Oj¢) to .F,i,f ¢ respectively. The algebra
]-"[[,?] as well as F} is a finite dimensional algebra. Since s,els’ # 0 if and only
if S,E!S}: # 0, the correspondence s,els? — S,ELS:, |u| = [v| = k < yields
an isomorphism from .7-"[[,?} to FL. It induces an isomorphism from Fle) to Fe.
By the universality, for z € C,|z| = 1 the correspondence s, — 284, € X,
eé — eé,i =1,...,m(l),l € Zy gives rise to an action of the torus group
T on Opg), which we denote by aqg). Let Ejg) be the expectation from Og
onto the fixed point subalgebra O¢*!*! under a(g) similarly defined to (3.5).
The algebra Opg“¢! is nothing but the algebra Fig¢). By the universality of
O|g), the correspondence s, — Sa,a € X, el - ELi=1,....m(),l € Z,
extends to a surjective homomorphism from Oj¢) to Og¢, which we denote by
me. The restriction of 7¢ to Fg) is the preceding isomorphism. As we see that
Egomg = mg o Ejg) and Ejg) is faithful, we conclude that mg is isomorphic by
a similar argument to [CK; 2.12. Proposition]. O

4. UNIQUENESS AND SIMPLICITY

We will prove that Og is the unique C*-algebra subject to the operator relations
(£) under a mild condition on £, called (I). The condition (I) is a generalization
of condition (I) for a finite square matrix with entries in {0, 1} defined by Cuntz-
Krieger in [CK] and condition (I) for a subshift defined in [Mad]. A related
condition for a Hilbert C*-bimodule has been introduced by Kajiwara-Pinzari-
Watatani in [KPW]. For an infinite directed graph, such a condition is defined
by Kumjian-Pask-Raeburn-Renault in [KPRR]. For a vertex vl € V;, let I'*(v!)
be the set of all label sequences in £ starting at vl. That is,

T (oh) = {(a1,0,...,) €5V | Jepni1 € Bpper forn=101+1,...;

vl = s(erit1), tenmn+1) = s(en+1n+2)s Mennt1) = Qn_ig1}-

DEFINITION. A A-graph system £ satisfies condition (I) if for each vl € V, the

set TH(vl) contains at least two distinct sequences.

For vl € V; set F} = {z € X¢ | v(z)h = v} where v(z)o = (v(2)}h)icz, € Qe =
lim V; is the unique ¢-orbit for x € Xg¢ such that (v(z)o, A(x)1,v(x)1) € Eg as
in the preceding section. By a similar discussion to [Ma4; Section 5] (cf.[CK;
2.6.Lemmal), we know that if £ satisfies (I), for [,k € N with [ > k, there exists
yt € F} for each i = 1,2,...,m(l) such that

o™ (yl) # yé forall 1<i4,j<m(l), 1<m<k.

By the same manner as the proof of [Ma4;Lemma 5.3], we obtain

LEMMA 4.1. Suppose that £ satisfies condition (I). Then for I,k € N with
l > k, there ezxists a projection qfc € Dg such that

(i) gLa # 0 for all nonzero a € Ay,
(ii) ¢to(ql) =0 for allm =1,2,...,k, where ¢%(X) = ZueAm S, XS},
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Now we put Qﬁg = ¢’E(q§€) a projection in Dga. Note that each element of
D¢ commutes with elements of Ag. As we see S,¢%(X) = qS‘Zf‘“‘(X)SH for
X €Dg,j € Zy,p € A*, a similar argument to [CK;2.9.Proposition] leads to
the following lemma.

LEMMA 4.2.
(i) The correspondence: X € Fi — QLXQ! € QLFLQ extends to an
isomorphism from F}. onto QLFLQL.
(i) QLX — XQ — 0. [QLX | — |IX|| as k.1 — o0 for X € F.
(iii) Q%S#ch,QQSZQ% — 0 as k,l — oo for p € A*.

We then prove the uniqueness of the algebra Og¢ subject to the relations (£).

THEOREM 4.3. Suppose that £ satisfies condition (I). Let §a,a € X and
EfJ =1,2,...,m(l),l € Z be another family of nonzero partial isometries and
nonzero projections satisfying the relations (£). Then the map S, — §a, o€ X,
E! — E‘i,z =1,...,m(),l € Ly extends to an isomorphism from Og onto the
C*-algebra @g genemted by Sa,a €X and El t=1,....,m(),l € Z,.

Proof. We may define C*-subalgebras Dg,fk,fg of (9,3 by using the ele-
ments S Mﬁf §l’f by the same manners as the constructions of the C*-subalgebras
D£7.7-',lc,.7-'£ of Og respectively. As in the proof of Theorem 3.6, the map
S,E!S: € F| — §#Ef§; € ]?,i, |u| = |v| = k <l extends to an isomorphism
from the AF-algebra F¢ onto the AF-algebra F ¢. By Theorem 3.6, the algebra
Og¢ has a universal property subject to the relations (£) so that there exists
a surjective homomorphism 7 from Og¢ onto Op satisfying 7(Sa) = S, and
#(EY) = El The restriction of # to Fg is the preceding isomorphism onto Fe.
Now £ satlsﬁes (I). Let Q% be the sequence of projections as in Lemma 4.2. We
put Qk = W(Qk) € Dg that has the corresponding properties to Lemma 4.2 for
the algebra F . Let 73,3 be the x-algebra generated algebraically by Sa, ae X
and El i=1,...,m(l),l € Zy. By the relations (£), each element X € Pg is
expressed as a ﬁnlte sum

X=>Y X8 +Xo+ Y S.X, for some  X_,, X0, X, € Fe.

lv|=1 |l =1

By a similar argument to [CK;2.9.Proposition], it follows that the map X €
Pe — X € Fe extends to an expectation Eg¢ from O¢ onto Fg, that satisfies
E¢o® =7 oFEg. As Eg is faithful, we conclude that 7 is isomorphic. [J

REMARK. Let e, be a vector assigned to x € X¢. Let ¢ be the Hilbert space
spanned by the vectors e;,z € Xg such that the vectors e;,xz € Xg form its
complete orthonormal basis. For z = (ay,v;)52, € Xg, take vo = v(x)o € Qg.
For a symbol § € 3, if there exists a vertex v_1 € Qg such that (v_1,5,vg) €
Eg¢, we define Sx € Xg¢, by putting ag = 3, as

Br = (ai—1,vi-1)2; € Xe.
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Put
I'T(z)={y€X| (v_1,7,v(x)0) € Eg for some v_1 € Qg}.

We define the creation operators gg, B € X on He by

3 _{e[jm if g eT'] (x),
=10 #Ber(a).

PROPOSITION 4.4. Suppose that £ satisfies condition (I). If £ is predecessor-
separated, Og 1is isomorphic to the C*-algebra C*(Ss, 0 € ) generated by the
partial isometries Sg, 3 € X on the Hilbert space Hg¢.

Proof. Suppose that £ is predecessor-separated. Define a sequence of projec-
tions Eﬁ,z =1,...,m(l),l € Nand E?,i =1,...,m(0) by using the formulae
(1.7) from the partial isometries §ﬁ7 [ € X. It is straightforward to see that
Ef-,i =1,...,m(l),l € Zy are nonzero. The partial isometries 55 and the
projections Ef satisfy the relations (£). O

Let A be a subshift and £* its canonical A-graph system, that is left-resolving
and predecessor-separated. It is easy to see that A satisfies condition (I) in the
sense of [Mad4] if and only if £* satisfies condition (I).

COROLLARY 4.5(CF.[MA],[CAM]). The C*-algebra Ogn associated with -
graph system £ is canonically isomorphic to the C*-algebra O, associated
with subshift A.

We next refer simplicity and purely infiniteness of the algebra O¢. We introduce
the notions of irreducibility and aperiodicity for A-graph system

DEFINITION.
(i) A A-graph system £ is said to be irreducible if for a vertexr v € V; and
x = (x1,22,...) € Qg = limV], there exists a path in £ starting at v

and terminating at ;N for some N € N.

(i1) A A-graph system £ is said to be aperiodic if for a vertex v € V) there
exists an N € N such that there exist paths in £ starting at v and
terminating at all the vertices of Viin.

Aperiodicity automatically implies irreducibility. Define a positive operator g
on Ag by
Ae(X) =) 5:XS, for X e Ag.
acX

We say that Ag is irreducible if there exists no non-trivial ideal of Ag invariant
under Ag, and \g is aperiodic if for a projection E! € A; there exists N € N
such that AY (E!) > 1. The following lemma is easy to prove (cf.[Ma4]).
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LEMMA 4.6.

(i) A X-graph system £ is irreducible if and only if \g is irreducible.
(ii) A A-graph system £ is aperiodic if and only if Mg is aperiodic.

‘We thus obtain

THEOREM 4.7. Suppose that a A-graph system £ satisfies condition (I). If £
is irreducible, Og¢ is simple.

Proof. Suppose that there exists a nonzero ideal Z of Og. As £ satisfies condi-
tion (I), by uniqueness of the algebra Og¢, T must contain a projection E! for
some [,7. Hence Z N Ag is a nonzero ideal of Ag that is invariant under Ag.
This leads to Z = Ag so that Og is simple. [

The above theorem is a generalization of [CK; 2.14.Theorem] and [Ma;Theorem
6.3]. We next see that Og is purely infinite (and simple) if £ is aperiodic.
Assume that the subshift presented by A-graph system £ is not a single point.
Note that if £ is aperiodic, it satisfies condition (I). By [Bra;Corollary 3.5], the
following lemma is straightforward.

LEMMA 4.8. A \-graph system £ is aperiodic if and only if the AF-algebra Fge
is simple.

As in the proof of [C3;1.6 Proposition], we conclude

PRrROPOSITION 4.9 (CF.[C;1.13 THEOREM]). If a A-graph system £ is aperi-
odic, Og is simple and purely infinite.

5. K-THEORY

The K-groups for the C*-algebras associated with subshifts have been com-
puted in [Ma2] by using an analogous idea to the Cuntz’s paper [C3]. The dis-
cussion given in [Ma2] well works for our algebras Og¢ associated with A-graph
systems. Let (A, I) be the nonnegative matrix system of the symbolic matrix
system for £. We first study the Ky-group for the AF-algebra Fge. We denote
by AF(vl) the set of words of length k that terminate at the vertex ol. Let
]—',i’i be the C*-subalgebra of ]—',lc generated by the elements SMEZI»S;j7 p,v € AR,
It is isomorphic to the full matrix algebra M, (C) of size nt(k) where n!(k)

denotes the number of the set A*(bl), so that one sees

The map &%, : [SMEfSZ] € Ko(FL) — [El] € Ko(A) for i =1,2,...,m(l),u €

AF(v}) yields an isomorphism between Ko(F}) and Ko(A4;) = zZm™0 =

Z?;(ll) Z[E!]. The isomorphisms ¢!, € N induce an isomorphism &5, = lim®!
1

from Ko(F°) = lim Ko(F}) onto Ko(Ag) = lim Ko(A;) in a natural way.

LLI+1 LI+,
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The latter group is denoted by Zj:, that is isomorphic to the abelian group
lim{Z™®, I} |, } of the inductive limit of the homomorphisms I}, : Z™") —
1

7+ 1 e N. The embedding Ak k+1 of Fp© into F29, given in Proposition 3.4
(ii) induces a homomorphism A p 1, from Ko(Fg°) to Ko(FgS ;) that satisfies

Mekr1, ([SUELSH]) = > [SuaSaElSaSh),  pe AR, i=1,2,...,m(l).
a€EY

Define a homomorphism A; from Ky(A4;) to Ko(Aj+1) by

m(l+1)
MED) = D Al 4)[ES.

Jj=1

As A6 §) = Yoes Arigi(i,a,j), we see N([E]]) = Y, cx[ShELSa] by
(3.4). The homomorphisms \; : Ko(A;) — Ko(Ai41),l € N act as the trans-
poses AZH—l of the matrices Aj ;41 = [A1141(4,7)]i,;, that are compatible with
the embeddings ¢y141,(= If;, ) : Ko(A)) — Ko(Aiy1) by (1.2). They define
an endomorphism on Z: (= Ko(Ag). We denote it by A4 7). Since the diagram

Ak k+1,
—

Ko(F5) Ko(Fi51)

¢kl l¢k+1

Ko(Ag) T Ko(Ag)

is commutative, one obtains

PROPOSITION 5.1. Ko(Fe) = lim{Zje, A1) }-

The group im{Zs¢, A(a,1y} is the dimension group A4 r) for the nonnegative

matrix system (A, ) defined in [Ma5]. The dimension group for a nonnegative
square finite matrix has been introduced by W. Krieger in [Kr] and [Kr2]. It is
realized as the Ky-group for the canonical AF-algebra inside the Cuntz-Krieger
algebra associated with the matrix ([C2],[C3]). If a Ad-graph system £ is arising
from the finite directed graph associated with the matrix, the C'*-algebras Og¢
and Fg coincide with the Cuntz-Krieger algebra and the canonical AF-algebra
respectively (cf. Section 7). Hence in this case, Ko(Fg) coincides with the
Krieger’s dimension group for the matrix.

Let pg : T — Og be the constant function whose value everywhere is the
unit 1 of Og. It belongs to the algebra L!(T,Og) and hence to the crossed
product Op x4, T. By [Ro], the fixed point subalgebra O¢®* is isomorphic to
the algebra po(Og x4, T)po through the correspondence : x € O¢%* — & €
LY(T,0g) C Og x4, T where the function # is defined by #(t) = z,t € T.
Then as in [Ma2;Section 4], the projection pg is full in Og x4, T. Since the
AF-algebra Fg is realized as Og®*, one sees, by [Bro;Corollary 2.6]
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LEMMA 5.2. Og x4, T is stably isomorphic to Fg.

The natural inclusion ¢ : po(Og X4, T)pg — Og Xa, T induces an isomorphism
ts @ Ko(po(Og Xa. T)po) — Ko(Og x4, T) on K-theory (cf.[Ri;Proposition
2.4]). Denote by ag the dual action of ag on Og %, . T. Under the identification
between Fe and po(Og o, T)po, we define an automorphism [ on Ko(Fg) by
B =1s"todag, ot By asimilar argument to [Ma2;Lemma 4.5], [Ma2; Lemma
4.6] and [Ma2;Corollary 4.7], the automorphism S~! : Ky(Fe) — Ko(Fe)
corresponds to the shift ¢ on liil{Zp,)\(AJ)}. That is, if © = (x1,x2,...) is a

sequence representing an element of lim{Zj:, A(4 1)}, then B~z is represented
by o(x) = (v2,23,...). As the dimension automorphism &4 ) of A4 ) is
defined to be the shift of the inductive limit lim{Zy:, A 4,1y} ([Ma5]), we obtain
PROPOSITION 5.3. (Ko(Fe), Ko(Fe)+, @) = (Aa,n: Ay 12 0a,n)-

We will next present the K-theory formulae for Og. As K7(Og X, T) = 0, the
Pimsner-Voiculescu’s six term exact sequence of the K-theory for the crossed
product (Og X4, T) N L [PV] says the following lemma:
LEMMA 5.4.

(i) Ko(Og) = Ko(Og %0, T)/(id — @z, ) Ko(Og X, T).

(i) K1(Og) = Ker(id — az, ') on Ko(Og Xa, T).
Therefore we have the K-theory formulae for O¢ by a similar argument to
[C3;3.1.Proposition].

THEOREM 5.5.

(i)
Ko(Og) = Zy: /(id — A(a,1)) Lyt
= @{Zm(l“)/(ﬁ,zﬂ - Af,z+1)Zm(l)§ I 11}
(i)
K1(Og¢) = Ker(id — Aa,1)) in Zg
= hj}{Ker(Izt,zH — Aj 1) n VASOR I}

where If, ., is the homomorphism from Z™®/(If_, , — Aj_, )Z™=Y to
Zm(“rl)/(llt’l+1 - Af’Hl)Zm(l) induced by If ;. More precisely, for the mini-
mal projections E! ..., Efn(l) of Ai with ™D EL =1 and the canonical basis
ell,...,elm(l) of Z™YV | the map [E!] — el extends to an isomorphism from

Ko(Og) onto im{Z™V /(1f, | — A )Z™ D5 T, |}, Hence we have
Ki(Oo) = Ki(AD)  i=0,1.

Since the double crossed product (Og X, T) XS Z is stably isomorphic to Og,
the following proposition is immediate from Lemma 5.2 (cf.[RS],[Bl;p.287]).
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PROPOSITION 5.6. The C*-algebra Og is nuclear and satisfies the Universal
Coefficient Theorem in the sense of Rosenberg and Schochet [RS] (also [Bro2]).

Hence, for an aperiodic A-graph system £, O¢ is a unital, separable, nuclear,
purely infinite, simple C*-algebra satisfying the UCT so that it lives in a classi-
fiable class of nuclear C*-algebras by Kirchberg [Kir] and Phillips [Ph]. As the
K-groups Ko(Og), K1(Og) are countable abelian groups with K;(Og) torsion
free by Theorem 5.5, Rgrdam’s result [Rg;Proposition 6.7] says the following:

COROLLARY 5.7. For an aperiodic A-graph system £, the C*-algebra Og is
isomorphic to the C*-algebra of an inductive limit of a sequence By — By —
Bs — - -+ of simple Cuntz-Krieger algebras.

Set the Ext-groups
Ext'(Og) = Ext(Og),  Ext’(Og¢) = Ext(O¢ @ Cy(R)).

As the UCT holds for our algebras as in the lemma below, it is now easy to
compute the Ext-groups by using Theorem 5.5.

LEMMA 5.8([RS],[BRO2]). There exist short exact sequences
0 — Ext}(K(Og),Z) — Ext'(Og¢) — Homgz(K(Og),Z) — 0,
0 — Ext4(K,(0g),Z) — BExt’(O¢) — Homy (K (Og),Z) — 0
that split unnaturally.
We denote by Zj the abelian group defined by the projective limit @{II,ZH :

zmi+) Zm(l)}. The sequence A;;11,l € Z, naturally acts on Z; as an
endomorphism that we denote by A. The identity on Z; is denoted by I. Then
the cokernel and the kernel of the endomorphism I — A on Z; are the Bowen-
Franks groups BFY(A,I) and BF'(A,I) for (A,I) respectively ([Ma5]). By
[Ma5;Theorem 9.6], there exists a short exact sequence

0 — Ext}(Ko(A,I),Z) — BF°(A,I) — Homgy(K,(A,I),Z) — 0
that splits unnaturally. And also
BFY(A,I) = Homg(Ko(A,I),Z).

As in the proof of [Ma5;Lemma 9.7], we see that Exty(Zj:,Z) = 0 so that
Exty(Ker(id — A(a,7)) in Zge, Z) = 0. This means that Exty(K1(A,1)),Z) = 0.
Theorem 5.5 says that K;(A,I) = K;(Og) so that we conclude by Lemma 5.8,

THEOREM 5.9.
(i) Ext(Og¢) = Ext'(O¢) = BFY(A,I) = Z; /(I — A)Zy,
(i) Ext’(Og) = BFY(A,I) = Ker(I — A) in Z;.

Theorem 5.9 is a generalization of [CK;5.3 Theorem] and [Ma6].
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6. REALIZATIONS AS ENDOMORPHISM CROSSED
PRODUCTS AND HILBERT C*-BIMODULE ALGEBRAS

Following Deaconu’s discussions in [De2],[De3],[De4], we will realize the algebra
Og¢ as an endomorphism crossed product F¢ x g, N. Recall that the algebra Fg
is isomorphic to the C*-algebra C*(Fg) of the groupoid Fg. The groupoid Fg
is written as

{(z,y) € X¢ x Xg | o%(z) = 0¥ (y) for some k € Z}.

Put
1
Be(f)(@,y) = flo(x),0(y)), [f€Cc(Fe)x,y€Xe
p(o(z))p(a(y))
where p(z) is the number of the paths z such that o(z) = z, and for (x,n,y) €
Ge
L_ ifn=1andy=o(z),
o(wny) = { V@)
0 otherwise.

Regarding C*(F¢) as a subalgebra of C*(Gy¢), one sees that v is a nonunitary
isometry satisfying Be(f) = vfv* ([De2],[De3],[Ded]). Then (¢ is a proper
corner endomorphism of C*(F¢) such that C*(Gg) is isomorphic to the crossed
product C*(Fg) xg. N (cf.[R@02]). We will write the isometry v in terms of the
generators S,, El. For | € N,i = 1,...,m(l), we denote by n! the number
of the edges e in Ej_1; such that t(e) = vl. As £ is left-resolving, it is the
number of the symbols a € X such that S%S,E! # 0. It follows that nlE! =

> aes ShSoEL Note that if I ;41(i,j) = 1, then n! = né-“. Then one obtains

m(l)

(6.1) v=> ﬁ > S.E!

i=1 i a€D

where the right-hand side does not depend on the choice of [ € N. We can
immediately see that Qg is generated by the C*-algebra Fe¢ and the above
isometry v, that satisfies

(6.2) viv = 1, vFev* C Fe, v*Fev C Fe.

The universality (Theorem 3.6) of the algebra Og¢ corresponds to the universal-
ity of the crossed product C*(F'g) x g, N. It needs however a slightly complicated
argument to directly determine the operator relations (£) by using (6.1) and
(6.2), as it is possible. There are some merits to realize O¢ as Fe x5, N. One
is the fact that its purely infiniteness is immediately deduced from Rgrdam’s
result [Rg2;Theorem 3.1] under the condition that Fe is simple. The other one
is K-theory formulae. Rgrdam also in [Rg2; Corollary 2.2] showed that

(i) Ko(Fe xp, N) = Ko(Fe)/(id — Be,)Ko(Fe).

(i) K1(Fe X8 N) = Ker(id — B¢,) on Ko(Fg)
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(cf.Paschke [Pa], Deaconu [De3]). These are precisely the formulae of Lemma
5.4 with Lemma 5.2.

In [De3; Section 3], Deaconu showed that the groupoid C*-algebras of continu-
ous graphs are realized as C*-algebras constructed from Hilbert C*-bimodules
defined in [P1i] (see also [Kat]). A special case of continuous graphs was studied
in Kajiwara-Watatani [KW]. We identify the algebra C(Qg¢) of all continuous
functions on ¢ with the commutative C'*-algebra Ag. Let X 4, be the set
C(FEyg) of all continuous functions on Fg, that is identified with Zfez CS,Ag,
because £ is left-resolving. We endow X 4, with a Hilbert C'*-bimodule struc-
ture over Ag defined by

(S’aa) -b=S, - ab, < S.a, Sgb > A= a*S;S,gb,
b2 (b)Saa = bSaa = Sy - SEbSaa

for a,b € Ag,a,8 € X. A special case of this construction of the Hilbert
C*-bimodules is seen in the proof of [PWY;Theorem 4.2] for the C*-algebras
associated with subshifts. The above mentioned Deaconu’s result says the
following proposition:

PROPOSITION 6.1. The C*-algebra constructed from the Hilbert C*-bimodule
(pe, X a,) over Ag is isomorphic to the C*-algebra Og.

7. EXAMPLES

In this section, we give two kinds of examples of A\-graph systems and study
their associated C*-algebras. The first ones appear as presentations of sofic
shifts. The second one is defined by a Shannon graph with countable infinite
vertices.

Presentations of sofic shifts come from labeled graphs with finite vertices that
are called A-graphs (cf. [Fi],[Kr4],[Kr5],[LM],[We], ... ). Let G = (V, E) be a
finite directed graph with finite vertex set V and finite edge set E. Let G =
(G, A) be a labeled graph over ¥ defined by G and a labeling map A : E — ¥.
Suppose that it is left-resolving and predecessor-separated. Let Ag be the
adjacency matrix of G, that is defined by

1 if t(e) = s(e),
Agle. f) = { 0 otherwise
for e, f € E. The matrix Ag defines a shift of finite type by regarding its
edges as its alphabet. Since the matrix A¢ is of entries in {0, 1}, we have the
Cuntz-Krieger algebra 04, defined by A ([CK] cf.[KPPR],[Rg]). By putting
Vlg =V, Eﬁlﬂ =FEforl€Z,,and \9 = \,19 = id, we have a A-graph system
Lo = (V9,E9,)9,.9). Then we have
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ProprosSITION 7.1. The C*-algebra Og, is isomorphic to the Cuntz-Krieger
algebra O 4.

Proof. Let V' = {v1,...,v,} be the vertex set of G. Let S,,a € ¥ be the
canonical generating partial isometries of O¢,. We denote by Eq, Es, ..., E,
the set of all minimal projections of A; = Ag,,l € N corresponding to the
vertices vy, ..., V. As the labeled graph G is predecessor-separated, they are
written in terms of So,a € ¥ as in (1.7). Note that in the algebra Og,,
SoE; # 0 if and only if there exists an edge e € E satisfying A(e) = « and
t(e) = v;. As G is left-resolving, the correspondence

e€ E—— (\e),t(e)) € {(a,v;) e XV | SuE; # 0}

is bijective. For e € E, put s, = Sy(e)Ey(e) € Ogg, where E,; denotes E;. As

Eye) = sisc for e € E and Sy = ) cep, se for a € X, the algebra Og, is
Ae)=a

generated by the partial isometries s.,e € E. It is immediate to see that the

following relations hold:

Z Sesy =1, SESe = Z Acl(e, f)sys}-

ecE fEE

This means that the C*-algebra generated by s.,e € E is the Cuntz-Krieger
algebra Q4. defined by the matrix Ag. O

If, in particular, a labeled graph G = (G, \) has different labels for different
edges, it defines a shift of finite type. In this case, one may identify the edge
set I/ with the alphabet X. Let £5 be the A-graph system £¢ as in the above
one. Let S,,a € ¥ be the generating partial isometries of Og,,. It is obvious
that the relations (1.4),(1.5) and (1.6) give rise to the following relations:

S50 =Y Ac(a,#)SsS5 — a€l.
BEE

REMARK. While completing this paper, Toke M. Carlsen let the author know
his preprint [Ca], where he shows that the C*-algebra associated with sofic
shifts are isomorphic to the Cuntz-Krieger algebras of their left Krieger cover
graphs. His result is a special case of the above proposition.

We will next present a A-graph system for which the associated C*-algebra
is not stably isomorphic to any Cuntz-Krieger algebra and any Cuntz alge-
bra. There is a method introduced in [KM] to construct A-graph systems from
Shannon graphs. By a Shannon graph we mean here a left-resolving labeled
directed graph with countable vertices and finite labels.

Let us consider a Shannon graph defined as follows: Let V = {v1,v9,...,}
be its countable infinite vertex set. Its alphabet X consist of the five symbols
{a, 8,7,0,€}. The edges labeled « are from v,41 to v, for n = 1,2,.... The
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edges labeled § are from vy to vy and from vy, to ve,4o for n =1,2,.... The
edges labeled ~ are self-loops at v,, for n = 2,3,.... The edge labeled § is a
self-loop at v1. The edges labeled € are from vy to v, for n = 1,2,.... The

resulting labeled graph is left-resolving and hence it is a Shannon graph. We
denote it by S. We will construct a A-graph system £(S) from the Shannon
graph S by a method introduced in [KM] as in the following way. For a vertex
v € V and for [ € N, let I'; (v) be the set of all label sequences of length [
terminating at v. Define an equivalence relation v ~ ;) v’ for vertices v,v’ € V/

by T/ (v) = T/ (v'). For I = 0, define v =) v’ for all v,v" € V. The vertex
set V; is then defined by the set of ~(;)-equivalence classes of V. We denote
by Vi = {vl,..., Uin(l)}' The vertices vl,i =1,...,m(l) of V; may be identified
with {I'; (v) : v € V'}. We define a map ¢; ;41 : Vig1 — V; by Ll)l+1(nl-+1) = vl

J
if U;H C vl. We define an edge labeled w € ¥ from v! to U;H if there exists an
I+1

edge labeled w in S from a vertex in v to a vertex in v;7". Then the resulting
labeled graph with vertex sets V;, labeled edges from V; to V;11 and surjective
maps ¢,4+1 : Vi1 — Vj for | € Z, defines a A-graph system over £ ([KM]). We
denote it by £(S).
The vertex sets Vj,l € Z are written as in the following way:
Voo ={v, |n=1,2,...}.
Viiog ={v1},08 ={vo, | n=1,2,...},08 = {vopy1 | n=1,2,... }.
Vo : 02 = {v1},05 = {wa},0% = {vo, | n=2,3,...},
Ui:{02n+1 | n:1727...}.
Va:od = {v1},03 = {vo}, 05 = {vs},0] = {van, | n=3,4,...},
Ug :{U2n+1 | n:172,}
Vi t"Lll = {U1}7U% = {UQ},U% = {04}’03 = {Uﬁ}vng = {v2n ‘ n=4,5,... }7
Ug = {Ug},b% = {U2n+1 | n = 2,37. . }
Vs i 0] = {v1},03 = {02}, 03 = {va}, 03 = {vg}, 03 = {vs},
Ug = {U2n | n=>5,6,... }v t157) = {U3},Ug = {U5}v
Ug = {U2n+1 | n:3,4,...}.
Vs : 0f = {o1},05 = {2}, 05 = {va}, 0§ = {v6}, 05 = {vs}, 05 = {0},
08 = {va,, | n=6,7,...},08 = {w3}, 05 = {vs}, 05, = {vr},
?1 = {’Ugn+1 | n:475,...}.
Vzio] = {oi},05 = {va}, 05 = {va}, 0] = {ve}, 05 = {vs}, 05 = {0},
U; = {012}7 Ug = {UQH | n="7138,... }705 = {U3}7UIO = {’1}5}, UL = {U7}7

I2 = {09}7013 ={vant1 | n=15,6,...}.

(=3

o
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LEMMA 7.2. The A-graph system £(S) is aperiodic.

Proof. Take and fix an arbitrary vertex vl € V;, let k be the minimum number
such that vy € vl. There exists a path of length k in £(S) that starts at v} and

ends at /% = {v;} € Vi, whose label is (a, @, ..., a). There exist edges from
nll+k to U?rk“ forall j =1,2,...,m(l+1) whose labels are e. This means that

£(S) is aperiodic. O

Therefore the associated C*-algebra Og¢(s) is simple and purely infinite.

Let us compute its K-groups. We first present the matrices Af,z 41 and T, lt’l 11
for all I > 5. As in the preceding table, we see that m(l) = 2l — 1 for [ > 5.
We write the matrices along the ordered basis vl vl ..., nfn(l), where blanks
denote zeros. For [ = 5, we have

r2 1 1 r1 1
2 1 1 1
1 11 1
11 11 1
1 11 1
AL s =11 1 1 1 | IEg= 1 '
1 11 1
1 111 1
1 111 1
1 11 1
L1 1 2] L 1]
so that
11 -
2 1
1 1
11 1
1 1
Abg—Itg= |1 1 1
1 1
1 1 1
1 11
1 1
L1 1 1.
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For general [ > 5, we see

2 1

2 11

1 11

11 11

1 11

1 1 11

1 1 1

1 1 11
Af,l+1: :

1 1

1 1

1

1

1

1

|1
[1
1
1
1
1
1
1
1
Ilt7l+1:
1
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and hence
(1 1 1
2 1
1 1
1 1 1
1 1
1 1 1
1 1
1 1 1
Af,l+1 - Ilt,l+1 ="
1 1
1 1 1
1 1
1 1 1
1 1 1
1 1
L1 1 1)
21
LEMMA 7.3. Forl>4 and z = € 72+ put
221+1
@l([zz]lzl:ﬁl) = Z21—7 — Z21—5 — R21—-4 T Z21-2,

¢l([zz]12l=t1) = Zo]—7 — 221—4 — Z21-3 T 221-1,

El([zl]?l:—"il) = Zo]—7 — Z21—4 — %21 + Z2l41-

x1
Then there exists x = : € 721 such that
Lal-1
-0 T
Z1 .
T 0
2o 1 | = L1 — L) : + | vi(2)
21 To1-1 Pi(z)
22141 0
L &i(2)

LEMMA 7.4. The map z = [zl]fl:ll € 22 — (p1(2),1(2), &(2)) € Z3 induces
an isomorphism from Z2'%1 (A} — I} )2~ onto Z3.
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Proof. Tt suffices to show the surjectivity of the induced map

2=l € 2P (Al — 11027 — (aul2),(2), (2) € 2.

For (m,n, k) €EZ®Z & Z, put z = [zl]?l:'ql where

0 fori=1,2,...,21—3,2l,

) m fori=20-2,
s n fori=20-1,
k fori=20+1.

Then we see that ¢;(z) =m, ¥ (z) =n,&(z) =k O

We denote by p41 the above isomorphism from Z2+1/(A}, | — If | )Z* !

-1 1 0
onto Z3. Let L be the matrix | —1 0 1 |. Since the following diagram is
-1 0 1

commutative:

ZQl_l/(Af—u - Ilt—l,l)ZZl_S i’ Z2l+1/(Af,l+1 - Ilt,l+1)Z2l_1
al v |
73 _L 73,
we obtain
PROPOSITION 7.5. Ko(Og(s)) = 0.
Proof. As L? =0, by Theorem 5.5, it follows that
KO(O,S(S)) = h_IT}{ZQlH/(Af,lH - Ilt,z+1)Z2l_ljlt+1,l+2} = h_ml{ngL} =0.
O
Concerning the group K;(Og(s)), one sees
PROPOSITION 7.6. K1(Og(s)) = Z.
Proof. For 1 > 5, put z(l) = [xz]fl:_ll € 7?1 where

1 = 1, To = —1, I3 = —2,
r;=—1 for i=4,6,8,...,21—4,21—3,21—1,
;=0 for i=5,7,9,...,20—5,2—2.

It is easy to see that
Ker(AZl-H - Ilt,l+1) = Zx(l), IltJ-Hx(l) =x(l+1).
Hence we obtain K;(Og(s)) = Z by Theorem 5.5. [0

Therefore we conclude
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THEOREM 7.7. The C*-algebra Og sy is unital, simple, purely infinite, nuclear
and generated by five partial isometries with mutually orthogonal ranges. Its
K-groups are

1%

Ko(Og(s)) 20,  Ki(Ogs)) = Z.
As the K;-group of a Cuntz-Krieger algebra is the torsion-free part of its K-
group, the algebra Og(s) lives outside the Cuntz-Krieger algebras (cf.[Ma3]).

REMARK. M. Tomforde in [T] considered C'*-algebras associated to labeled
graphs as a generalization of Cuntz-Krieger algebras (cf.[T2]). He deals with
labeled directed graphs with (generally) infinite vertices. If the labeled graphs
have finite vertices, the resulting graphs are ones in the first examples of this
section. In this case, his C*-algebras coincide with our C*-algebras. The referee
informed to the author that his algebras in general are not ours of A-graph
systems.
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