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ABSTRACT. Let X = G/K be a Riemannian symmetric space of the
noncompact type, I' C G a discrete, torsion-free, cocompact subgroup,
and let Y = I'\X be the corresponding locally symmetric space. In
this paper we explain how the Harish-Chandra Plancherel Theorem
for L?(G) and results on (g, K)-cohomology can be used in order to
compute the L2-Betti numbers, the Novikov-Shubin invariants, and
the L?-torsion of Y in a uniform way thus completing results previ-
ously obtained by Borel, Lott, Mathai, Hess and Schick, Lohoue and
Mehdi. It turns out that the behaviour of these invariants is essen-
tially determined by the fundamental rank m = rkcG —rkc K of G. In
particular, we show the nonvanishing of the L?-torsion of Y whenever
m = 1.
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1 INTRODUCTION

During the last two decades L2-invariants have proved to be a powerful tool in
the topology of compact manifolds (see [15] for an overview). Although they
can be defined in purely combinatorial terms we are interested here in their
equivalent analytic versions: They are spectral invariants of the p-form Lapla-
cians of the universal cover of the manifold. For particular nice manifolds these
might be computable. Indeed, the aim of the present paper is to extract from
the representation theoretic work of Harish-Chandra [9] and Borel-Wallach [2]
information on the spectral decomposition of the form Laplacians on Rieman-
nian symmetric spaces of the non-compact type which is sufficiently explicit
in order to compute the spectral invariants of interest. We try to do this in a
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rather detailed way which, we hope, keeps the paper readable for nonspecialists
in harmonic analysis. !

Let X — Y be the universal cover of a compact Riemannian manifold. Set
I' := m(Y). The form Laplacian A, = d*d + dd* defines a non-negative,
elliptic, self-adjoint operator acting on L?(X,APT*X), the square integrable
p-forms on X. By A} and Af = (d*d)’ we denote the restriction of A, to
the orthogonal complement of its kernel and the coclosed forms in this orthog-
onal complement, respectively. We consider the corresponding heat kernels
et (z,2) == (Pee ') (x,2'), z, 2’ € X, for x = 0,7 or ¢. Here P, denotes
the orthogonal projection to the corresponding subspace. The local traces
tre~*s (x, ) are T-invariant functions on X. For a thorough discussion of the
following definitions we refer to [14], [17], [16], and [15].

We set

—tAY . —tAY
Trre "2r := / tre”"2r(z,x) de
F

where F' C X is a fundamental domain of the action of I" on X and dx is the
Riemannian volume element of X. Then the L2-Betti numbers are given by

b2 (Y) == lim Trre 2 € [0, 00) .
t—oo

They are equal to the von Neumann dimension of ker A, viewed as Hilbert
N (T')-module, where N(T') is the group von Neumann algebra of I'. If the
spectrum of A, has no gap around 0 the Novikov-Shubin invariants of Y are
defined by

a,(Y) = sup{3 | Trre 27 = O(t~2) as t — oo} € [0,00] .

It measures the asymptotic behaviour of the spectral density function of A, at
0. In case of a gap around 0 we set G,(Y) := co™. Replacing Al by AS we
obtain the analogously defined Novikov-Shubin invariants a,(Y") of d*d. Using
the action of the exterior differential d on the Hodge decomposition of L2-forms
we obtain

ap(Y) = min{ay, (Y), ap1 (Y)} . (1)
Finally, if o, (Y) > 0 for all p (or, more generally, if X is of determinant class
(see [15])), then the L2-torsion of Y is defined by

pA(Y) = %Z(_1)p+1p log detp(A]) = %Z(—l)plogdetp(A;) 7
where for x =/, ¢
—logdetr(A;) = da <1 /E TrretA;tsldt>
ds|s=0 \I'(s) Jo

o0 *
Jr/ TrpeftAPtfldt
£

I Note added in proof: In the meanwhile the interested reader can find a discussion with-
out proofs of the results of the present paper in the recent monograph [16] which gives a
comprehensive treatment of the theory of L2-invariants.
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for any € > 0, where the first integral is considered as a meromorphic function
in s. By Poincaré duality p(®(Y") = 0 for even dimensional manifolds Y.
From now on let X = G/K be a Riemannian symmetric space of the noncom-
pact type. Here G is a real, connected, linear, semisimple Lie group without
compact factors, and K C G is a maximal compact subgroup. It is the uni-
versal cover of compact locally symmetric spaces of the form Y = I'\ X, where
I' 2 1 (Y) can be identified with a discrete, torsion-free, cocompact subgroup
of G. Tt will be convenient to consider also the compact dual X% of X. X¢
is defined as follows: Let g, € be the Lie algebras of G, K. Then we have the
Cartan decomposition g = €@ p, and g? := € @ ip is another subalgebra of the
complexification of g. Let G? be the corresponding analytic subgroup of the
complexification G¢ of G. Then G¢ is a compact group, and X% = G¢/K. We
normalize the Riemannian metric on X ¢ such that multiplication by i becomes
an isometry T.xX = p — ip = T.x X% In this paper we are going to prove
the following theorem:

THEOREM 1.1 Let n = dimY and m = m(X) := rkcG — rk¢ K be the funda-
mental rank of G. Let x(Y') be the Euler characteristic of Y. Then

(a) b;Z)(Y) #0&m=0andp=1%.
' A(y)=(-1)3 _ vollY) = s
In-particular, by (V) = (=1)x(V) = ey x(X5).
(b) ap,(Y)# oot &m>0andpe [%,HT"’—I].
In this range a,(Y) = m.

(c) pP(Y)#0em=1.

Note that n — m is always even and positive. Part (a) of the theorem was
known for a long time, at least since Borel’s paper [1]. For special cases see
also [4], [5]. For the convenience of the reader we include a proof here. In fact,
we prove a stronger statement which should have been known to the experts
although we were not able to find it in the literature:

PROPOSITION 1.2 The discrete spectrum of A, on L*(X,APT*X) is empty
unless m(X) =0 and p = 5. In this case 0 is the only eigenvalue of A,.

The strategy of the proof of (b) can already be found in Lott’s paper [14],
Section VII. To be more precise, Equation (1) implies the slightly weaker result

|

. oot pE [P, M orm =0
aP(Y) - { m D c [n2m, n-;m] and m 7& 0 (2)

Lott proved the first line of (2) and that &,(Y") is finite and independent of p
for the remaining values of p. He indicated how one should be able to compute
the precise value of &,(Y"). But he finished the computation in the real rank
one case, only. In addition, already Borel [1] showed that the range of the
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differential d,, of the L?-de-Rham-complex is not closed for p € (57, ”gm —1].
Theorem 1.1 (b) can be considered as a quantitative refinement of this result.
After the present paper was written I was informed by S. Mehdi that there is
a joint paper of him with N. Lohoue [13] which has recently appeared in print
and which contains a proof of (2). The interested reader will also find there
more information concerning the material presented here in Sections 2 and 3.
But he should be aware that in that paper the range of finiteness of &,(Y) is
constantly misprinted and that the proof of the second line of (2) as written
down there is not quite complete (it is not mentioned that it is important to
know that pg(0) > 0, see Equation (14) below).

The main motivation to do the present work was to obtain part (c) of the
theorem. In our locally homogeneous situation we have for any = € X

Trre™ " = vol(Y) - tre 2o (z, )

and thus
pD(Y) = vol(¥) - T(X)

for a certain real number T (X). Note that in contrast to p(®(Y) the num-
ber T®(X) depends on the normalization of the invariant metric on X (of
course only via the volume form). A well-known symmetry argument ([18],
Proposition 2.1) yields that T2 (X) = 0 whenever m # 1. Lott [14] (see also
[17]) showed that T2 (H™) # 0 for n = 3, 5,7, where H" is the real hyperbolic
space (his values for T(?)(H") for n = 5,7 were not correct). This led to the
conjecture that T2 (H™) # 0 for all odd n which was open until the work of
Hess-Schick [11] who found a trick in order to control the sign of log detr (A7)
in terms of p and n. So they were able to show that there is a positive rational
number ¢, such that )
2
@) = (-2) 4. ®)
™

Here the metric on H™ is normalized to have sectional curvature —1. Along
the same lines Hess [10] obtained

T@(SL(3,R)/SO(3)) #0 . (4)
Let us introduce 5
qn
Qn = n—1y|

(%!

and rewrite (3) as

nzt TQn . (5)

vol(S™)

Recall that S™ is the compact dual of H". The rational number @, which
does not depend on the normalization of the metric has a nice interpretation
in terms of Weyl’s dimension polynomial for finite-dimensional representations,
see Proposition 5.3. But its significance remains to be clarified further, and it

TC(H™) = (1)
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seems to be difficult to write down a practical formula valid for all odd n. One
has Q3 = %, Qs = %, Q7 = %. For further information see [11].

We will reduce Theorem 1.1 (c) to (4) and the positivity of Q,. Let X be an
arbitrary symmetric space satisfying m(X) = 1. By the classification of simple
Lie groups X = X; x Xj, where m(Xy) = 0 and X; = SL(3,R)/SO(3) or
X1 =X,,4:=50(p,q)°/SO(p) x SO(q) for p,q odd. (Here as throughout the
paper a superscript 0 denotes the connected component of the identity.) Note

that a corresponding decomposition of Y does not necessarily exist. We show

PROPOSITION 1.3

() T (X) = (~1) 5 (XL ) oL,

PmhamUvol(X 4 )
(b) T m(X) =1, then T®(X) = %T@ (X1).
0

Here ng = dim Xj.

Note that X¢ ;.| = SO(p+q—2)/SO(p—1) x SO(q— 1) and for p,q > 1

X(Xp—l,q—l) 2( p—1 ) .

2

In fact, it is a classical result that x(X?) > 0 whenever m(X) = 0 (compare
Theorem 1.1 (a)). It is equal to the quotient of the orders of certain Weyl
groups (see Section 5). Now Theorem 1.1 (c) follows from Proposition 1.3, (4)
and the positivity of @Q,,.

We are also able to identify the missing constant in (4).

PRrROPOSITION 1.4 If X = SL(3,R)/SO(3), then

27
TO(X)= ——— .
(X) 3vol(X )
If the invariant metric on X is induced from twice the trace form of the standard
representation of sl(3,R), then vol(X?) = 473, and we have

@(x) = L
T¥(X) = 67

In particular, we see that (—1) nT_lT(Q)(X) is positive for all X with m(X) = 1.
Proposition 5.3 provides a uniform formula for the L2-torsion of all these spaces.
Acknowledgements: 1 am grateful to Wolfgang Liick and Thomas Schick for
inspiring discussions which have provided me with a sufficient amount of moti-
vation and of knowledge on L2-invariants in order to perform the computations
which led to the results of the present paper. I am also indebted to Wolfgang
Liick for giving me the opportunity to report on them at the Oberwolfach con-
ference “L2-methods and K-theory”, September 1999. In addition, I benefited
from discussions with J. Lott, P. Pansu, E. Hess and U. Bunke.
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2 THE HARISH-CHANDRA PLANCHEREL THEOREM

We want to understand the action of the Laplacian and of the corresponding
heat kernels on L?(X, APT*X). Since the Laplacian coincides (up to the sign)
with the action of the Casimir operator © of G (Kuga’s Lemma [2], Thm. 2.5.)
it is certainly enough to understand the “decomposition” of L?(X, APT*X) into
irreducible unitary representations of G. There is an isomorphism of homoge-
neous vector bundles APT*X = G x g APp*, and, hence, of G-representations

LY(X,APT*X) = [L*(G) ® APp*]E .

Thus our task consists of two steps: First to understand L?(G) as a repre-
sentation of G x G which is accomplished by the Harish-Chandra Plancherel
Theorem recalled in the present section and, second, to understand spaces of
the form [V, @ APp*]¥ | where (, V,) is an irreducible unitary representation of
G occurring in the Plancherel decomposition. For general GG, the second step
will resist a naive approach. However, if 7(£2) = 0, then the space [V, ® APp*|&
has cohomological meaning, and the theory of relative (g, K)-cohomology as
recalled in the next section will provide a sufficient amount of information.
An irreducible unitary representation (m,V;) of G is called a representation
of the discrete series if there is a G-invariant embedding V, — L?(G). Let
G4 denote the set of equivalence classes of discrete series representations of G.
Then we have

THEOREM 2.1 (HARISH-CHANDRA [7]) Gq is non-empty if and only if
m(X) = 0.

Note that m(X) = 0 means that G has a compact Cartan subgroup. The
Plancherel Theorem provides a decomposition of L?(G) which is indexed by
discrete series representations of certain subgroups M C G which we are going
to define now.

Let ap C p be a maximal abelian subspace. It induces a root space decompo-

sition
g=000 P 0.
O‘EA(Q"IO)

Choose a decomposition A(g,ap) = A* U —AT into positive and negative
roots, and let I C AT be the subset of simple roots. For any subset F' C II we
define

ap ={H € ay|a(H) =0 for all « € I} , Ap =exp(ap) ,

np = @ go > Np =exp(np) .
{a€A+aja, 0}

Furthermore, there is a unique (possibly disconnected) subgroup Mp C G
with Lie algebra mp such that MpAp is the centralizer of ar in G and mpg
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is orthogonal to ap with respect to any invariant bilinear form on g. Mg
is a reductive subgroup with compact center. The corresponding parabolic
subgroup Pp := MpAprNp is called a standard parabolic. Pr is called cuspidal
if Mg has a compact Cartan subgroup. If for two subsets F, I C II the spaces
ar and ay are conjugated by an element of K (thus by an element of the Weyl
group W(g,ap)) we call Pr and P; associate. (In many cases this already
implies F' = I.) The assignment Pr — ApT, where T is a compact Cartan
subgroup of M, gives a one-to-one correspondence between association classes
of cuspidal parabolic subgroups and conjugacy classes of Cartan subgroups of
G.

For two subsets F' C I C Il we have Pr C Py, Mp C My, Ar D A, Nrp D Nj.
If F' is understood we will often suppress the subscript F'.

For illustration let us consider the two extreme cases. The minimal parabolic
arises for F' = (). Since My is compact Py is always cuspidal. For F' = II we
have P = M = G, and G is cuspidal iff m(X) = 0. For any cuspidal parabolic
subgroup we have dim A > m(X), and there is exactly one association class of
cuspidal parabolic subgroups, called fundamental, with dim A = m(X).
Theorem 2.1 also holds in the context of such reductive groups like M. Thus
a parabolic P = M AN is cuspidal iff M has a non-empty discrete series M.
Let af be the complexified dual of the Lie algebra a of A. For a discrete series
representation (€, We) of M and v € af we form the induced representation
(me,, HSV) by

cvo _ . f(gman) = a=+ra¢(m) =1 f(g) for all
H B {f'G_}WH g € G,man € MAN, f|K€L2(K,W5) ’

(mew(9)f)(x) = flg ') .

1
Here p, = 3 Z a)q. If v € ia”, then m¢ ), is unitary. An invariant bilinear

aEAT
form on g induces corresponding forms on m and ag and determines Casimir

operators  and Q) of G and M, respectively. Then we have
Tew () = (,v) = (pa; pa) + E(0r) - (6)

Note that £(Qa/) is a non-negative real scalar.

Let C(G) C L%(G) be the Harish-Chandra Schwartz space (for a definition see
e.g. [19], 7.1.2). Tt is stable under the left and right regular representations !
and r of G. Let C(G)kxx = {f € C(G) | dimspan{ly, Tk, f | k1,ke € K} < 00}
be the subspace of Schwartz functions which are K-finite from the left and the
right. Note that C(G)xxx is dense in L?(G). Suppose that v € ia*. Then for
fec(G)

re(f) = /G F(9)me(9) dg

is a well-defined trace class operator on H%" which has finite rank if f €
C(G)kxk. Note that the map f — 7¢,(f) intertwines the G-actions in the
following way: ¢ o, (lyry f) = e, (2)7e o (f)Te(y™t) for 2,y € G.
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The Harish-Chandra Plancherel Theorem can now be formulated as follows:

THEOREM 2.2 (HARISH-CHANDRA [9]) For each cuspidal parabolic subgroup
as constructed above and any discrete series representation £ of the cor-
responding group M there exists an explicitly computable analytic function
pe @ ia* — [0,00) of polynomial growth (the Plancherel density) such that for
any f € C(G)kxk and g € G

10 =3 % [ Mrlmeanlmeanls™) pe)dv

a
P eeny

Here the first sum runs over a set of representatives P = Pp of association
classes of cuspidal parabolic subgroups of G.

For more details on the Plancherel Theorem and the structure theory behind
it the interested reader may consult the textbooks [12], [19], [20].

Note that the Plancherel measures p¢(iv)dr depend on the normalization of
the Haar measure dg. In the remainder of the paper we use the following one.
Let dx be the Riemannian volume form of X = G/K and dk be the Haar

measure of K with total mass one. Then / flg) dg = / f(x) dz, where
G b's

f(gK) = / f(gk) dk. We normalize the invariant bilinear form on g such that
K

its restriction to p = T, x X coincides with the Riemannian metric of X. Let dv
be the Lebesgue measure corresponding to the induced form on a*. By these
choices p¢ is uniquely determined.

We are now able to give a kind of spectral expansion of Trre 4s.

COROLLARY 2.3

Trpe Ar

o) 3 / o=t 2+ lpa =€)

P oceny ¢
dim[HS™ @ APp* | Kpe(iv)dv  (7)

()3 Y / o=t 12+ lpa2=€(@a0))

P feMd ¢

dim[We @ APp* K% pe(ivydy . (8)

Here Ky := K N M denotes the mazimal compact subgroup of M. There are
only finitely many pairs (P, &) with [HS% @ APp*|5 = [We @ APp*|Enm =£ {0},

Proof. We define k; € [C(G) ® End(APp*)|K*E by ki(g) := e tAr(eK, gK) o
g. For f € L}X,APT*X) = [L*(G) ® APp*]K we have e '2rf(gy) =

/kt(g)f(gog) dg. In addition, tre *A»(z,x) = trk:(e) for any z € X.
G

We consider 7¢ ;, (k) as an operator acting on H&™ © APp*. Using Kuga’s
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Lemma, Equation (6), and the K x K-invariance of k; one derives that
e i (ke) = e~ tUlvlP+lpall®=£(@a) P where P is the orthogonal projection onto
the subspace of K-invariants in H%"% ® APp*. The Plancherel formula now
yields

trk;(e) = Z Z e~ tUol+llpall® —€(2ar)) dim[HS" @ APp*]X pe(iv)dv .
P oeeny @

This proves (7). Since H*" = L%(K x k,, W) as a representation of K Equa-
tion (8) follows by Frobenius reciprocity. The last assertion is a consequence
of the Blattner formula (see e.g. [19], 6.5.4) for the K js-types of discrete series
representations of M. D

3 (g, K)-COHOMOLOGY

If (w, V) is a representation of G on a complete locally convex Hausdorff topo-
logical vector space, then we can form its subspace V; i consisting of all K-
finite smooth vectors of V. Vi g becomes a simultaneous module under g and
K, where both actions satisfy the obvious compatibility conditions. Such a
module is called a (g, K)-module (see [2], 0.2).

We are interested in the functor of (g, K)-cohomology V +— H*(g, K,V) which
goes from the category of (g, K)-modules to the category of vector spaces. It
is the right derived functor of the left exact functor taking (g, K)-invariants.
H*(g, K, V) can be computed using the standard relative Lie algebra cohomol-
ogy complex ([V @ A*p*]¥ d), where

p
dw(Xo,..., X,) = > (~D)'n(X)w(Xo,..., X, Xp)
1=0
we VoAt X ep.

Note that for V' = C°°(G) i this complex is isomorphic to the de Rham complex
of the symmetric space X.

Let Z(g) be the center of the universal enveloping algebra of g. If (w, V) is
an irreducible (g, K)-module, then any z € Z(g) acts by a scalar x,(z) on V.
The homomorphism y, : Z(g) — C is called the infinitesimal character of V.
The following basic result can be considered as an algebraic version of Hodge
theory.

ProPOSITION 3.1 ([2], I1.3.1. AND 1.5.3.) Let (m,V;) be an irreducible uni-
tary representation of G, and let (1,F) be an irreducible finite-dimensional
representation of G. Then

Ve @ F @ APp*]* 7(Q) = 7(Q)

HP (g, K, Vax @ F) = { {0} m(Q) # 7(2)
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If H? (9, K, Vy k ® F') # {0}, then x» = X, where T is the dual representation
of T.

The cohomology groups H?(g, K,V xk ® F) for the representations m = m¢ ;,,
occurring in the Plancherel Theorem have been computed in [2]. We shall need
the following information.

ProposiTION 3.2 ([2],11.5.3., ITI.5.1., AND II1.3.3.)

(a) Let (,F) be an irreducible finite-dimensional representation of G and
m € Gq with x» = x7. Then

. 1 p=2
dim H?(g, K, Ve k @ F) = { 0 ot]/?zeru?ise

(b) Let (m¢,, HSV) be a representation occurring in the Plancherel Theorem.
Then ‘
H* (9. K, H") = {0}

unless P is fundamental, v = 0 and & belongs to a certain non-empty
finite subset = C My. If P is fundamental and £ € =, then

(p-r5m) pe[mgm, 257
0 otherwise

dim H?(g, K, HY") = {

Choose a Cartan subalgebra h C g and a system of positive roots. Via the
Harish-Chandra isomorphism any infinitesimal character x,. : Z(g) — C is
given by an element A, € b, which is uniquely determined up to the action
of the Weyl group W(g,b) ([19], 3.2.4.). The set of infinitesimal characters
of discrete series representations coincides (in case m = 0) with the set of
infinitesimal characters of finite-dimensional representations, which are of the
form p; + pg, pr and pg being the highest weight of 7 and the half-sum of
positive roots, respectively. In the following we will represent infinitesimal
characters of discrete series representations by elements of this form. We in-
troduce a partial order on b by saying that p > v, if 4 — v is a sum of (not
necessarily distinct) positive roots. Then a careful examination of the proof of
Proposition 11.5.3. in [2], which only rests on some basic knowledge of the pos-
sible K-types occurring in discrete series representations, shows that slightly
more than Proposition 3.2 (a) is true.

PROPOSITION 3.3 Let (1,F) be an irreducible finite-dimensional representa-
tion of G and ™ € G4 with Ax £ A=. Then

. * 1 p= E7X7T = X7
dim(Vz x @ F @ APp ]K = { 0 ot2izerwi86
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4 L2-BETTI NUMBERS AND NOVIKOV-SHUBIN INVARIANTS

In this section we shall prove parts (a) and (b) of Theorem 1.1 as well as
Proposition 1.2.

Let L2(X,APT*X)4 be the discrete subspace of L?(X,APT*X), i.e., the di-
rect sum of the L?-eigenspaces of the Laplacian. The Plancherel Theorem in
particular says that as a representation of G

LA NPT X)a = (P Ve @ Ve A7
Tl'Eéd

Let (19, C) be the trivial representation of G. Let m € Gq. Then A, £ Ay = pyg.
Proposition 3.3 now yields

1 — n =
. pa*1 K _ p 20 X Xo
dim[Vz @ APp*]™ = { 0 otherwise ' ©)

Since in case m = 0 discrete series representations with infinitesimal character
Xr, always exist (see e.g. [12], Thm. 9.20 or [19], Thm. 6.8.2) and 7(2) =0
this implies Proposition 1.2. In particular, b,(,Z)(Y) is non-zero exactly when
m = 0 and p = 5. Using that the L2-Euler characteristic coincides with the
usual Euler characteristic and applying Hirzebruch proportionality we obtain
@) n _ vol(Y) d

by (V) = (=1)2x(Y) = WX(X ) - (10)
We will give an alternative, purely analytic proof of that formula in the sequel
of Corollary 5.2. This finishes the proof of part (a) of Theorem 1.1.
We now turn to part (b). In order to compute «,(Y") we need an expression
for Trpe_tAg.

PROPOSITION 4.1 For any triple (P,&,v) appearing in (7) let BP(&,v) =
d([H®™ @ AP~1p*]K) be the space of coboundaries in the relative Lie algebra
cohomology complex and bP (€, v) be its dimension. Then

Trre ™ = vol(Y) 3 Y / ot P+l pall?~€(2n0))

PiGEGMd a
(& v) pe(iv)dy (11)
Here the first sum runs over a set of representatives P = Pp of association

classes of proper cuspidal parabolic subgroups of G. If m > 0, P is fundamental,
¢ € E (see Proposition 3.2 (b)), and v # 0, then

m—1 n—m n+m __
bp+1(f,l/) — (p—%) p S [ 2 v 2 1} ) (12)
0 otherwise
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Proof. We proceed exactly as in the proof of Corollary 2.3. The kernel et
determines a function k¢ € [C(G) ® End(APp*)]X <K, Then one computes that
Te.in (k) = e~ tUlv P +lpal’=6(@u)) pe wwhere PC is the projection to the orthog-
onal complement in [H&® @ APp*]X of the space of cocycles in the relative Lie
algebra cohomology complex. The dimension of that complement is equal to
(g v). fm =0, P =G, and £ € Gy, then bPT1(¢) = 0 for all p by (9).
This proves (11).

Let now m > 0, P be fundamental, £ € =, and v € a*. In this case
H?(g, K, Hf(’o) # {0} for some p. Hence Proposition 3.1 implies that m¢ o(2) =
0 and

hP(€) := dim[HS" @ APp*]% = dim[HS° @ APp*]K = dim HP (g, K, H5") .

By Proposition 3.2 (b) we have hP(§) = (p_’,?__m). On the other hand,
2

dim H? (g, K, HY"™) = 0 for v # 0 implies that h?(€) = bP(€,v) + P (€, ).
(12) now follows inductively. m|

If H?(g, K, H%"™) = {0} for all v € a*, then by Proposition 3.1 dim[H" ©

APp*]K = 0 (which is independent of v) or igf (V12 + llpall® = £(Qar)) > 0.
vea*

Now Proposition 4.1 implies that the spectrum of Aj has a gap around zero,

which means o, (Y) = oo™, unless m > 0 and p € [25™, 5™ —1]. In the latter

case we obtain for some ¢ > 0

Trre 4 = VOl(Y)( mn ;1m) Z/ e~ tivl? pe(iv)dv + O(e—ct)

P= "5/ (gl
as t — 0o, where a corresponds to a fundamental parabolic subgroup and thus
has dimension m.
Let P = MAN be fundamental and £ € My. Then dimn =: 2u is even.
Choose a compact Cartan subgroup 7" C M with Lie algebra t and a system
AT (m,t) of positive roots. Considering the pair (m,t) instead of (g,h) we can
define A¢ € ¢ in the same way as at the end of Section 3. Then h :=td a
is a Cartan subalgebra of g. Let ®T be a system of positive roots for (g, b)
containing At (m,t). Then there exists a positive constant cx depending only
on the normalization of the volume form dz such that

pe(w) =ex(-1)" [] 7@%2;;”)

acdt

(13)

(see [9], Thm. 24.1, [20], Thm. 13.5.1 or [12], Thm. 13.11). In particular, p¢
is an even polynomial of degree dimn. The factor (—1)* makes it nonnegative
on ia*.

The element A¢ + v gives the infinitesimal character of m¢ ,: Ay, = Ae +v
([12], Prop. 8.22). Let now £ € Z. Then Propositions 3.2 (b) and 3.1 imply
that m¢ o has the same infinitesimal character as the trivial representation. It
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follows that A is conjugated in h§ by an element of the Weyl group W(g, ) to
pg- By (13) we obtain p¢(0) = £cx # 0. On the other hand p¢(0) > 0, hence

pe(0) > 0. (14)
We decompose pe(v) = Zp&gk(V) into homogeneous polynomials. Set g¢ , =
k=0

/ Pe,2k(v) dv. Then g¢ o > 0 and
llvll=1

oo
/6_”'””2195(@'1/)61’/ = Z%,k/ etk 2k g
a* 0
o0
= Zt*(%“)%k/ ey Ry
0

Thus for p € [25%, 2™ — 1] the leading term of Trre ' as t — oo is a

non-zero multiple of t~2 . This completes the proof of Theorem 1.1 (b).

5  L2-TORSION

For even dimensional manifolds the L2-torsion vanishes. Thus we may assume
that m is odd, in particular m > 1. Then A; = A,. We first want to compute

p=0

Then

TO(X) = %p:o (ﬁ /08 kX(t)tS_ldt> +/:o kx(t)t~tat .

Let P = M AN be a parabolic subgroup appearing in (8). Set Ky = KN M
and p, = pNm. Then an elementary calculation in the representation ring
R(Kyr) of Kpy yields

S (-1)PpAPp* =0,  if dima>2,
p=0
while for dima = 1 we have

n n—1
D (=1Pp AP = Y (—1)PHAP(p;, @)
p=0 p=0

dimn

— Z (_l)lJrl(Aevp:n _ Aoddpzl) ® Aln

=0
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(see [18], Prop. 2.1 and Lemma 2.3). It follows from (8) that kx(t) = 0 for
m > 1, hence p®(Y) = 0.

From now on let m = 1. Let P = M AN be a fundamental parabolic subgroup
of G. Then (8) gives

dimn
kx(t) = 5 > (=D Y dim [We ® (A%p;, — A°p}) @ Aln7] K
=0 geMd

/ et Hlpal*=6@8) i)y . (15)
o

Now X = X1 X )(07 X1 = C:l/f(l7 XO = C:O/I(Q7 m(Xo) =0 as explained in
the introduction. Although (15) can be evaluated directly for general X with
m(X) = 1 we prefer to reduce the computation to the irreducible case X = Xj.
In order to compute T? (X) it is sufficient to compare p® (Y") with vol(Y") for
one particular Y = T\ X. If we choose T" of the form I'; x Iy, where I'y C Gy
and I'y C Gl, then

P2 (Y) = x(Yo)p® (V1) ,

where Y7 = T'1\X;, Yo = T'o\Xo. Applying Hirzebruch proportionality we
obtain the assertion of Proposition 1.3 (b)

AP x(Y)
T®(X) = vol(Yp)vol(Yy) Vol(EO/o)T@) (%)

vol(X§)

It remains to deal with the case X = X;. We can assume that G = SO(p, ¢)°,
p < qodd, or G = SL(3,R). Then M = SO(p — 1,q — 1), n = RPTI=2 or
M = °GL(2,R) := {A € GL(2,R) | |det A] = 1}, n = R2, respectively, and
M acts on n via the standard representation. Note that M is not connected
unless G = SO(1,q)°. The MP-representations A'n* ® C are irreducible unless
G = S0(p,q) and | = u = %dim n. In the latter case A¥n* ® C decomposes
into two irreducible components ATn® A~n. Since compact Cartan subgroups
of M are connected the discrete series representations of M are induced from
discrete series representations of M%: W = Ind%o(Wfo), o € (MO)g (see [19],
6.9 and 8.7.1). As representations of Kj; we have W = Indgg (Weo). By

Frobenius reciprocity we obtain

dim[We ® (Apy, — A%py) @ Aln*] o
= dim[We, ® (Ap;, — A%py) @ Aln*] 50

Note that the infinitesimal characters x¢ and xg, coincide. By x(m, K9,,.)
we denote the Euler characteristic of relative Lie algebra cohomology. Set
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v = %dim pm. Applying Propositions 3.1 and 3.2 (a) to M instead of G we
obtain

dim[We, © (A°pl, — A°%pr) @ A*n*] Kb
= X(m, K&,W&”K& ®A*n*)

_ (DY xe = XA
0 otherwise

Here A*n*, x = [, 4, —, denotes an irreducible component of Aln* @ C.

In all cases under consideration the set {aq | @ € AT, a4 # 0} consists of a
single element o € a*. It follows that p, = uag. Moreover, 5, acts on Aln
as [(2u — I)||ag|*id (compare [18], Lemma 2.5).

In order to evaluate (15) further we have to determine the constant cy in
formula (13). This can be done in complete generality. So for a moment we
drop the assumptions m =1, X = X;.

LEMMA 5.1 Let P = MAN C G be fundamental. We retain the notation
introduced before (13). Set Wa = {k € K|Ad(k)a C a}/Kur, S4 = exp(ia)K C
X, and let q); be a positive root system for (€,t) with corresponding half sum
pe- Then

1 :
o - o acor {0 p0) (17)
(Wa|(2m) "5 Tlacor (@ pe)

B 1 vol(S4) 1
= Wl @mm vel(X9) (18)

Proof. Formula (17) is a combination of [8], Thm. 37.1, with [9], Cor. 23.1,

Thm. 24.1 and Thm. 27.3. In order to apply these results correctly one

has to take into account that Harish-Chandra’s and our normalizations of the

measures dg and dv all of tl}ie_zm starting from a fixed invariant bilinear form
- dim a0

on g differ by the factors 2~z  ([8], Section 7 and Lemma 37.2) and (27)™,
respectively. On the other hand we have

IT (o) = (2m) 5 2050 (19)

+
aed]

(see e.g. [8], Lemma 37.4). Here the volumes are the Riemannian ones corre-
sponding to the invariant bilinear form (.,.). Formula (19) holds for any pair
(K, T) of a connected compact Lie group and a maximal torus. Applying it also
to the pair (G, H?), where H? is the maximal torus of G with Lie algebra
t @ ia, we obtain

Haeo (v pg) = ( W)%M — (2m) " vol(S%)
Haepj (a, pe) vol(G4)vol(T) vol(Xd)

(20)
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The second equality follows from the fact that the map H?/T — X9,
hT — hK, is an isometric embedding with image S%. This proves (18). ]

In particular, specializing (13) and (18) to the case m = 0 we obtain as a
consequence of Weyl’s dimension formula

COROLLARY 5.2 Let 7 be a discrete series representation of G having the same
infinitesimal character as the finite-dimensional representation 7, then
dim 7
Pr = —7va -

vol(X4)
Let us now give the promised analytic proof of (10). For a fixed finite-
dimensional representation 7 of G (which still is assumed to be connected)
there are exactly |W (g, t)|/|W (€, t)| equivalence classes of discrete series repre-
sentations with infinitesimal character x, (see [19], Thm. 8.7.1, or [12], Thm.
12.21). But this quotient of orders of Weyl groups is equal to x(X?) (see e.g.
[3])- By (7), (9) and Corollary 5.2 we obtain

@) _ _ ay__1
by = vol(Y) A > pe=vol(Y)x(X )vol(Xd) .
mE€Gd, X7 =Xrg
We return to the evaluation of kx(t) for m = 1, X = X;. The polynomial p¢
only depends on the infinitesimal character of £. By A, € it*, « = [, +, —, we
denote the infinitesimal character of the irreducible M-representation A*n. We
set

Ni+v
Ha€<I>+ % G =SL(3,R)
) orl #u
pi\v) = (a,Ay+1) {a,A_+v)
Macor Tapgy T Hacor “Fapgy
= 2]l co+ W otherwise

For fixed infinitesimal character there are |W(m,t)|/|Wk,,| equivalence classes

of discrete series representations, where Wy,, = {k € Ky | Ad(k)t C t}/T.

Note that there is an embedding W (8, t) — Wk,, which becomes an isomor-

phism if K is connected. Furthermore, |W4| = 1 except for G = SO(1,q)",

where [W4| = 2. In any case |Wg,,|[Wa| = 2|W(tm,t)|. Let X%, be the

compact dual of Xp; = M/Ky = M°/KY,. Then |W(m,t)|/|[Wgk,, |[Wa| =
1

1x(X{)). In addition, u + v = 25! and

vol(S9) 1

2m llaoll

Summarizing the above discussion we obtain

2u

1 d
k() = (% e S0
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where

ku(t) :/ et P+ =D laol®) py () gy .
o

For an even polynomial P and ¢ > 0 set

kpo(t) = / =t ) P(ig\dy

— 00

Then (compare [6], Lemma 2 and Lemma 3, [17], Lemma 6.4, [11], p.332)

4 (L/Ek (t)ts_ldt)—i—/ook: ()t~ tat
dsjs=0 \T(s) Jy "¢ .

€ oo
— </ kpyc(t)ts_ldt> +/ kp.(t)ttdt
0 ‘5:0 €
= 727r/ P(y)dy .
0

Since p; = poy_; we obtain

PROPOSITION 5.3 Let X = G/K with m(X) =1, P = MAN C G a funda-
mental parabolic subgroup, u = %dim n, and Xpy = M/Ky;. Then

T(X) = (-1)"F () S
where
u—1 u—I
Qx =) (-1) pi(y - o) dy

In fact, we have proved the proposition for irreducible X, but (16) shows that
it holds in the general case, too.

Let us first discuss the case G = SO(p,q)?, X = X, 4, p < q odd. Then
n =pq and Xy = Xp,_1 4—1. Furthermore, the polynomials p; depend only on
the complexification of G, i.e., on p +¢. Thus Qx, , = Qgr+a—1. This proves
Proposition 1.3 (a). We emphasize again that Qgp+e—1 is a positive rational
number [11]. In fact, Hess-Schick showed that

u—I
(*Ul/ pi(y- o) dy >0, [=0,...,u—1.
0
Let X = SL(3,R)/SO(3). Then n =5 and u = 1. We find that
! 1
QXZ/ y2dy=§7 X{=5% x(x§{)=2.
0

Using for instance (20) also vol(X?) can be easily computed. This proves
Proposition 1.4 and finishes the proof of Theorem 1.1.

DOCUMENTA MATHEMATICA 7 (2002) 219-237



236 MARTIN OLBRICH
REFERENCES
[1] A. Borel. The L2-cohomology of negatively curved Riemannian symmetric

2]

3]

spaces. Ann. Acad. Sci. Fenn. Ser. A I Math. 10 (1985), 95-105.

A. Borel and N. Wallach. Continuous Cohomology, Discrete Subgroups,
and Representations of Reductive Groups. Princeton University Press,
1980.

R. Bott. The index theorem for homogeneous differential operators. In Dif-
ferential and Combinatorial Topology. A Symposion in Honour of Marston
Morse, pages 167—-186. Princeton University Press, 1965.

J. Dodziuk. L2-harmonic forms on rotationally symmetric Riemannian

manifolds. Proc. Amer. Math. Soc. 77 (1979), 395-400.

H. Donnelly. The differential form spectrum of hyperbolic space.
manuscripta math. 33 (1981), 365-385.

D. Fried. Analytic torsion and closed geodesics on hyperbolic manifolds.
Invent. Math. 84 (1986), 523-540.

Harish-Chandra. Discrete series for semisimple Lie groups II. Acta Math.
116 (1966), 1-111.

Harish-Chandra. Harmonic analysis on real reductive groups I. The theory
of the constant term. J. Funct. Anal. 19 (1975), 104-204.

Harish-Chandra. Harmonic analysis on real reductive groups III. The
Maass-Selberg relations and the Plancherel formula. Ann. of Math. 104
(1976), 117-201.

E. Hess. Simpliziales Volumen und L?-Invarianten bei asphdrischen
Mannigfaltigkeiten. Dissertation Universitdt Mainz, 1998. Available at
wwwmath.uni-muenster.de/u/lueck/publ.

E. Hess and T. Schick. L2-torsion of hyperbolic manifolds. manuscripta
math. 97 (1998), 329-334.

A. W. Knapp. Representation Theory of Semisimple Lie Groups. An
Overview Based on Examples. Princeton University Press, 1986.

N. Lohoue and S. Mehdi. The Novikov-Shubin invariants for locally sym-
metric spaces. J. Math. Pures Appl. 79, 2 (2000), 111-140.

J. Lott. Heat kernels on covering spaces and topological invariants. J.
Differential Geom. 35 (1992), 471-510.

W. Liick. L2-invariants of regular coverings of compact manifolds and CW-
complexes. In Handbook of geometric topology, pages 735-817. Elsevier,
Amsterdam, 2002.

DOCUMENTA MATHEMATICA 7 (2002) 219-237



L2-INVARIANTS OF LOCALLY SYMMETRIC SPACES 237

[16] W. Liick. L2-Invariants: Theory and Applications to Geometry and K -
Theory. Springer Verlag, 2002.

[17] V. Mathai. L%-analytic torsion. J. Funct. Anal. 107 (1992), 369-386.

[18] H. Moscovici and R. Stanton. R-torsion and zeta functions for locally
symmetric manifolds. Invent. Math. 105 (1991), 185-216.

[19] N. R. Wallach. Real Reductive Groups. Academic Press, 1988.
[20] N. R. Wallach. Real Reductive Groups II. Academic Press, 1992.

Martin Olbrich
Mathematisches Institut
Universitat Gottingen
Bunsenstr. 3-5

37073 Gottingen
Germany
olbrich@uni-math.gwdg.de

DOCUMENTA MATHEMATICA 7 (2002) 219-237



238

DOCUMENTA MATHEMATICA 7 (2002)



