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ABSTRACT. A curvature formula for the Weil-Petersson metric on the
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and the Bryant-Griffiths cubic form are obtained in the threefold case.
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INTRODUCTION

In a former paper [@], the incompleteness phenomenon of the Weil-Petersson
metric on Calabi-Yau moduli spaces was studied. In this note, I shall discuss
some curvature properties of it. The first result is a simple explicit formula
(Theorem 2.1) for the Riemann curvature tensor. While this problem was
treated before in [H] and [E], the approach taken here is more elementary.
Two simple proofs of Theorem 2.1 are offered in §2 and both are based on
the Hodge-theoretic description of the Weil-Petersson metric [E] The first
one uses a trick to select suitable coordinate system and line bundle section
to reduce the computation. The second proof uses Griffiths’ curvature formula
for Hodge bundles [g].

Direct consequences of Theorem 2.1 are relations between the Weil-Petersson
metric and the Hodge metric for Calabi-Yau threefolds and various positiv-
ity results on the curvature tensor (see §3). §4 is devoted to the asymptotic
analysis of the curvature near the boundary of moduli spaces. The method is
modelled on the first proof and uses Schmid’s theory on the degenerations of
Hodge structures [ﬂ] The final section §5 contains some remarks toward the
completion and compactification problems of Calabi-Yau moduli spaces.
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1. THE WEIL-PETERSSON METRIC

A Calabi-Yau manifold is a compact K&hler manifold with trivial canonical
bundle. The local Kuranish family of polarized Calabi-Yau manifolds X — S is
smooth (unobstructed) by the Bogomolov-Tian-Todorov theorem [LJ]. One can
assign the unique (Ricci-flat) Yau metric g(s) on X, in the polarization Kahler
class [@] Then, on a fiber Xy =: X, the Kodaira-Spencer theory gives rise to an
injective map p : T5(S) — HY(X, Tx) = H%’l(TX) (harmonic representatives).
The metric g(s) induces a metric on A%1(Tx). For v, w € Ts(S), one then
defines the Weil-Petersson metric on S by

1) gwp(v,w0) = / (P(0), p(w))g(a)-

X

Let dim X = n. Using the fact that the global holomorphic n-form Q(s) is flat
with respect to g(s), it can be shown [[LJ] that

Qi(v), i(w))

Q)
Here, for convenience, we write Q = \/—_an(, -), where @ is the intersec-
tion product. Therefore, Q has alternating signs in the successive primitive
cohomology groups PP? C HP? p+ q = n.
(1.2) implies that the natural map H'(X,Tx) — Hom(H™° H"~11) via the
interior product v +— i(v)Q2 is an isometry from the tangent space Ts(S) to
(H™9)* @ P"~11. So the Weil-Petersson metric is precisely the metric induced
from the first piece of the Hodge metric on the horizontal tangent bundle over
the period domain. A simple calculation in formal Hodge theory shows that

(1.3) wwp = Ricg(H™?) = —0010g Q(2,Q),

where wyy p is the 2-form associated to gy p. In particular, gy p is Kahler and
is independent of the choice of €. In fact, gy p is also independent of the choice
of the polarization.

With this background, one can abstract the discussion by considering a polar-
ized variations of Hodge structures H{ — S of weight n with A% = 1 and a
smooth base S. In this note, I always assume that it is effectively parametrized
in the sense that the infinitesimal period map (also called the second funda-
mental form [g])

(1.4) o : Ts(S) — Hom(H™?, H" ") @ Hom(H" M H" ™ 22) @ - -

(1.2) gwp(v,w) =—

is bijective in the first piece. Then the Weil-Petersson metric gwp on S is
defined by formula (1.2) (or equivalently, (1.3)).

One advantage to work with the abstract setting is that, instead of using PP?-4
in the geometric case, we may write HP'? directly in our presentation.

2. THE RIEMANN CURVATURE TENSOR FORMULA

Here is the basic formula (compare with [f, [[d] and [[3)):

DOCUMENTA MATHEMATICA 8 (2003) 577-590



CURVATURE PROPERTIES OF THE CALABI-YAU MODULI 579

THEOREM 2.1. For a given effectively parametrized polarized variations of
Hodge structures H — S of weight n with k™% = 1, h»~b! = d and smooth S, in
terms of any holomorphic section 0 of H™° and the infinitesimal period map o,
the Riemann curvature tensor of the Weil-Petersson metric gwp = g;;dt; ®dt;
on S is given by

Q(JiO'kQ7JjO'[Q)

Q(Q,Q)
2.1. THE FIRST PROOF. The main trick in the proof is a nice choice of the
holomorphic section 2 and special coordinate system on the base S. Since

the problem is local, we may assume that S is a disk in C% around t = 0.
Specifically, we have

(2.1) Riske = —(9:59k0 + 9ia9x5) +

LEMMA 2.2. For any k € N, there is a local holomorphic section Q of H™P
such that in the power series expansion att =0

1 I
(2.2) Aty =ao+) aiti+---+zmzkﬁazt o

we have ag € H™®, Q(ag, dy) = 1 and Q(ag,dr) = 0 for any multi-index I # 0
and |I| < k. (We always assume that ar = ay if I = J as unordered sets.)

Proof. Only the last statement needs a proof. Let

0) P a I f— . . PR I
Q= Zlajt = (1+Zi Nt + +Zm:k Art )Q
= ag + Zi(Aiao + ai)ti +---+ Zm:k(A]ao + aI)tI +---
Set A; = —Q(ag, dr), then clearly @(do,a) =0for I #0 and |I| < k. O

LEMMA 2.3. Pick Q as in Lemma 2.2. For any k' € N with 2 < k' < k, there
18 a holomorphic coordinate system t such that a; form an orthonormal basis
of H" 11 e, Q(as,a;) = —0di;. Moreover, Q(as,d7) = 0 for all i and I with
2<II<K.

Proof. The Griffiths transversality says that

0

=—Q0 c Hn,O Hn—l,l.
6ti t=0 @

a;

Lemma 2.2 then implies that a; € H" %!, It is also clear that by a linear
change of coordinates of ¢ we can make a; to form an orthonormal basis of
anl,l.

For the second statement, consider the following coordinates transformation:

ik I.I .
. . L ; 1< <
ti = s; + E 1§j,k§dcz o e E b c; s, 1<d

with ¢/ = ¢/ when I = J as unordered sets.
It’s easy to see that the number of coefficients to be determined is the same as
the number of equations Q(a;, aj;) = 0, hence the lemma. |
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Proof. (of Theorem 2.1) Let © and ¢; be as in the above lemmas. For multi-
indices I and J, we set gr,j := Q(ar,dy). By Lemma 2.2 and 2.3,

q(t) = Q(Q(1), (1))
1-

Z titi +- +Zz]ké zk 'qm’ﬂ”kt fe + 0.

To calculate R;;;7, we only need to calculate g;; up to degree 2 terms:

gt = —0k0plogq = ¢~ 2(0xqdq — q0x0pq)
= (142> tifit+--) x
[m = (U= D2 i) (= O+ 30, injetify) + - }
See — Onp Zi tits + toty + 200 Zi tit; — Zi | ikgetity

= Bke ke D tili + tefi = Y qinetily + -

Here we have used the fact that degree 3 terms of mixed type (contain txty)
must be 0 by our choice of €.

As a result, we find that the Weil-Petersson metric g is already in its geodesic
normal form, so the full curvature tensor at ¢t = 0 is given by

R0 = — 8291@ = —0;j0ke — 0it0kj + Qi je-
* 8ti8tj ’
Rewriting this in its tensor form then gives the formula. ]

Remark 2.4. The proof does not require the full condition that H — S is
a variation of Hodge structures. The essential part used is the polarization
structure on the indefinite metric Q on H. It has a fixed sign on H" ! makes
possible the definition of the Weil-Petersson metric. For such cases, in terms of
the second fundamental form o, Lemma 2.2 and 2.3 say that under this choice
of 2 and ¢, ordinary differentiations approximate o up to second order at ¢ = 0.
In particular, ap = ©(0), a; = 0;Q2(0) and a;; = a;; = 0;0;2(0) = ;0;£(0).

2.2. THE SECOND PROOF. Now we give another proof of Theorem 2.1 via Grif-
fiths’ curvature formula for Hodge bundles.

Proof. Recall the isometry in §1:

(2.3) Ty(S) = (H™)* @ H" 1!
and Griffiths’ curvature formula ([B], Ch.IT Prop.4):
(2.4) (R(e),e") = (oe,0€’) + (c*e,0"€’).

Where R is the matrix valued curvature 2-form of HP-9, e and ¢’ are any two
elements of HP>? and (,) is the Hodge metric.

DOCUMENTA MATHEMATICA 8 (2003) 577-590



CURVATURE PROPERTIES OF THE CALABI-YAU MODULI 581

Let Q be a holomorphic section of H™" and consider the basis of H* ! given
by 0,8, then T has a basis ¢; = Q* ® ¢, from (2.3). In this basis, the Weil-
Petersson metric takes the form

(2.5) 9i5 =

Let K, Ry and Ry be the curvature of T, (H™?)* and H"~ 1! respectively.
Using the standard curvature formulae for tensor bundle and dual bundle, we
find

K(ez) = (Rl ® I2 + Il ® RQ)(Q* ® (TZQ)
= Rl(Q*) ® O'iQ + Qr ® RQ(ULQ)
By taking scalar product with e; = Q" ® 0;2 and using the definition of dual
metric, we get
(K(ei), ej)wp = (Ri(Q), Q") (0i2, 0;) 4 (27, Q%) (R2(0:02), 0;€2)
— (2.0 (R(Q), ) (0,2, 0,9) + (2, Q)" {R(0:2), ;).
Now we evaluate this 2-form on e, Aé; and apply (2.4), we get (notice the order
of £, k and the sign)
(2.6) {0182, 062) (0:Q2,0,42) n (0k0iQ2,000,8) (07082, 070;€2)
' @9 (@9 (Q,9Q) (©, Q)
Since h™0 =1, 0,04 acts as a scalar operator on Hm™O:

oto, = (050450, 9) _ (049, 0p02)

g (€,Q) (©,Q)
Hence the last term in (2.6) becomes

2.7) B (0, 00Q) (0;9,0:0) B (082, 0482) (012, 0;2)
’ (Q,9Q) Q,Q) (Q,9Q) (Q,9Q)

Using (2.5) and (2.7), then (2.6) gives the formula (2.1). O

3. SOME SIMPLE CONSEQUENCES OF THE CURVATURE FORMULA

3.1. LOWER BOUNDS OF CURVATURE. The immediate consequences of the gen-
eral curvature formula are various positivity results of different types of curva-
ture. We mention some of them here.

THEOREM 3.1. For the Weil-Petersson metric gwp, we have
(1) The holomorphic sectional curvature 3 ; . , R0 eRet > —2|¢|*.
(2) The Ricci curvature Rz > —(d +1)g;5.

(3) The second term in (2.1) is “Nakano semi-positive”.

Proof. This is a pointwise question. For simplicity, let’s use the nor-
mal coordinate system given by Lemma 2.2. (1) is obvious since

Zi,j,]@é Q(aik’@)figjfkgl = Q(Aa A) >0 for A= Z@k aikfigk-
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For (2), we need to show that (Zk ’ ngQ(aik,a_ﬂ))i i is semi-positive. For any
vector £ = (&;), let Ay, be the vector Y, a;x&;. Then

D 9 Qlain, dje)iarg; = 3 Q(Ax, Ax) > 0.
For (3), it simply means that for any vector v = (u,q) with double indices,
D i Qlain Teuirtiis = Q(A, A) > 0
where A=} apqupg. O

3.2. RELATION TO THE HODGE METRIC. The period domain has a natural
invariant metric induced from the Killing form. The horizontal tangent bundle
also has a natural metric induced from the metrics on the Hodge bundles.
These two metrics are in fact the same ([f], p.18) and we call it the Hodge
metric. The Hodge metric gy on S is defined to be the metric induced from
the Hodge metric of the full horizontal tangent bundle.

In dimension three, e.g. the moduli spaces of Calabi-Yau threefolds, we can
reconstruct the Hodge metric from the Weil-Petersson metric. This result was
first deduced by Lu in 1996 through different method, see e.g. M]

THEOREM 3.2. In the case n = 3, we have

g = (d+ 3)gwp + Ric(gwp)-

In particular, the Hodge metric gy is Kdahler.

Proof. The horizontal tangent bundle is
Hom(H*°, H*') ® Hom(H>', H"?) ® Hom(H?, H*3)

The first piece gives the Weil-Petersson metric on S. The third piece is dual
to the first one, hence, as one can check easily, gives the same metric. Now
v Qoiok, 0,00Q)

Q)
The last term gives the Hodge metric of the middle part of the horizontal
tangent bundle since o1 form a basis of H>! and the Hodge metric is defined

to be the metric of linear mappings, which are exactly the infinitesimal period
maps o;’s. O

(d+3)gi; + Ri; = 29,5 + ZMQ

Remark 3.3. Moduli spaces of polarized complex tori (resp. hyperkéhler mani-
folds) correspond to variations of polarized weight one (resp. weight two) Hodge
structures. Their universal covering spaces are Hermitian bounded symmetric
domains and the invariant (Bergman) metrics are Kéhler-Einstein of negative
Ricci curvature. In these cases, the weight n polarized VHS are completely
determined by the weight one (resp. weight two) polarized VHS. Based on this
observation, one can show that gy p and gy both coincide with the Bergman
metric up to a positive constant (cf. [E] for the case of gwp). However, as
we will see in Theorem 4.4, the negativity of Ricci curvature fails for moduli
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CURVATURE PROPERTIES OF THE CALABI-YAU MODULI 583

spaces of general Calabi-Yau manifolds. In fact, the Hodge theory of Calabi-
Yau threefolds with h1(0) = 0 may be regarded as the first nontrivial instance
of Hodge theory of weight three.

3.3. RELATION TO THE BRYANT-GRIFFITHS CUBIC FORM. In the case n = 3,
Bryant and Griffiths [[ll] has defined a symmetric cubic form on the parameter
space S:

Q(O’z‘O'jO'kQ, Q)

Q(2,Q)
Strominger [[J] has obtained a formula for the Riemann curvature tensor
through this cubic form Fj;; (in physics literature it is called the Yukawa
coupling), and it has played important role in the study of Mirror Symmetry.
We may derive it from our formula (2.1):

Fijk ==

THEOREM 3.4. For an effectively parametrized polarized variations of Hodge
structures H — S of weight 3, the curvature tensor of gwp is given by

Rz = —(9i5900 + 9i29x3) + Zp s T Fpin Fyje-
Proof. Since Q(O’ing, Q) = 0 by the consideration of types, the metric com-
patibility implies that
0= akQ(O'inQ, Q) = @(UkUinQ, Q) — Q(UinQ, O'kQ).

Let us write 00,0 =3 a? 0,0, then

pon a9t 1o =F .
Q2,9Q) Q(2,9Q) v

So a? =}, gP7Fyjr and the second term in (2.1) becomes

Q(0,0), 0,0 Q(o;000,0,00) ——
Zpapgpq:_zpap (p q )__ (] 4 q )

Q(O’iUkQ7 00082 Z

Q(Q Q) = 9P Fyje Q(UiJkQ» opQ) = an g Fik m

p,q

O

Remark 3.5. In the geometric case, namely moduli of Calabi-Yau threefolds,
the cubic form is usually written as

Fij = eiK/ &Ojé'k QANQ,
X
where K = log Q and Q is a relative holomorphic three-form over S.

4. ASYMPTOTIC BEHAVIOR OF THE CURVATURE ALONG DEGENERATIONS

To study the asymptotic behavior of the curvature, we may localize the problem
and study degenerations of polarized Hodge structures. By taking a holomor-
phic curve transversal to the degenerating loci, or equivalently we study the
limiting behavior of the holomorphic sectional curvature, we may consider the
following situation (consult [J], fi] for more details): a period mapping

¢: A = (T)\D — (T)\P(V)
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which corresponds to the degeneration. Here V = H" is a reference vector
space with a quadratic form @ as in §1, and with T' € Aut(V, Q) the Picard-
Lefschetz monodromy. Assume that 7' is unipotent and let N = logT. There
is an uniquely defined weight filtration W :0=W_; Cc Wy C --- C Wy, =V
such that

NW; Cc W;_ and N¥: Grmk ~arV,
where Gr}V := W, /W;_,. This W, together with the limiting Hodge filtration
Fy = limy_oe *NF; (z = logt/2my/—1 is the coordinates on the upper half
plane, t € A*) constitute Schmid’s polarized limiting mixed Hodge structures.
This means that Gr¥ admits a polarized Hodge structure @p qmi HET of
weight ¢ induced from F,, and @ such that for k& > 0, the primitive part
P,‘L’K_k = KerN**! Grmk is polarized by Q(-, N¥?). Notice that N is a
morphism of type (—1, —1) in the sense that N(HE:?) C H2 1971 This allows
one to view the mixed Hodge structure in terms of a Hodge diamond and view
N as the operator analogous to “contraction by the Kéhler form”.
By Schmid’s nilpotent orbit theorem ([ﬁ], cf. [@], 80-81), we can pick the (multi-
valued) holomorphic section §2 of F™ over A* by

Q) = Qz) == eNa(t) = 5 Na(t) € F,

where a(t) = Y. a;t’ is holomorphic over A with value in V and N :=
N/27y/—1. Also 0 # a(0) = ap € F%. (Notice that while (z) is single-
valued, Q(t) is well-defined only locally or with its value mod T'.)

Now we may summarize the computations done in [E], 81 in the following
form:

THEOREM 4.1. The induced Weil-Petersson metric gwp on A* is incomplete
at t =0 if and only if F} C Ker N.
In the complete case, i.e. Nag # 0, let k := max{i | N'ag # 0}. Then Q(,Q)
blows up to +oo with order c|log |t|?|F and the metric gwp blows up to +oo
with order B
kdt ® dt
2] og 2]

i.e. it is asymptotic to the Poincaré metric, where ¢ = (k!)~'|Q(N*aq, dg)| > 0.
In the incomplete case, i.e. Nag = 0, the holomorphic section Q(t) extends
continuously over t = 0.

Idea of proof. We have the following well-known calculation: for any k € R,
kdt A dt
B

(4.1) —d01log |log [t|*|F = —————
[t]2] log |¢]*

which is also true asymptotically if ¢ is a holomorphic section of a Hermitian line
bundle as the defining section of certain divisor, in a general smooth base S of
arbitrary dimension. The main point is to prove that lower order terms are still
of lower order whenever we take derivatives. This is done in [[[§] when S = AX.
This is also the main point of the remaining discussion in this section. O
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To achieve the goal, we define operators Sy = k + N for any k € Z. Then all
Sk commute with each other and Sy, is invertible if k& # 0. By Theorem 4.1, we
only need to study the incomplete case, i.e. Nag = 0. As in Lemma 2.2.; we
may assume that Q(ao,a‘o) =1and Q(ao, a;) =0 for all i > 1.

LEMMA 4.2. If a is the first nonzero term other than ag, then Syaj, € FL.
If moreover Nay = 0 then ap € H&*l’l, and for the next nonzero term ay¢
we have SySkieape € F772.

Proof. By the Griffiths transversality, we have
1~
(4.2) (t) = eV [ENa + a’] e FrL,
Since Nag = 0, this implies NaytF~! + kapth—1 4 ... € e *NFE"1 Take out
the factor t*~! and let t — 0, we get
Sray € F:O_l.

In fact, we have from (4.2), e*™(Sxar + Spr1api1t + ) € Ftnfl. Taking
derivative and by transversality again, we get

1 -~
N ZNSkak + S1Sk+1ak+1 + SQSk+2ak+2t + - ] € Ftn_Q.
So, if Nag = 0, then for the next nonzero term ax ¢, we have by the same way
SgSngakH S F;Z;Q.
We also know the following equivalence: Nay = 0 iff NSiar = 0 iff Sgax €
H7 b1 (because Sgar € F%71). Since N is a morphism of type (—1,—1) and
the only nontrivial part of F7 is in H%C, this is equivalent to ay € H% 11
(This follows easily from the Hodge diamond.) O
Define g;; = Q(e*Na;, eV a;) = Q(e°8 "N a; ), which are functions of log |¢|.
The following basic lemma is the key for all the computations, which explains

“lower order terms are stable under differentiations”.

LEMMA 4.3. Let Q%% (a,b) := Q(Ska,b) = Q(a, Skb), then for all k, £ € 7,
9 kit Sk gkt -0 kit Se kit
ta(qijt t) =g }t"t  and ta_{(qijt t) =gt
Proof. Straightforward. O

Now we state the main result of this section:

THEOREM 4.4. For any degeneration of polarized Hodge structures of weight n
with k™0 = 1, the induced Weil-Petersson metric gwp has finite volume.

For one parameter degenerations with finite Weil-Petersson distance, if Nay #
0 then gwp blows up to +oo with order c|log|t|?|* and the curvature form
Kwp = Kdt A dt blows up to +oo with order

kdt A dt
[t[?[log [¢[?[>”
where k = max{i | N'Sja; #0} <n—1, ¢ = (k1) 1 Q(N*Sya1,51a1)| > 0.
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Remark 4.5. The statement about finite volume is a standard fact in Hodge the-
ory. By the nilpotent orbit theorem, the Hodge metrics on the Hodge bundles
degenerate at most logarithmically. So gz, and hence gy p, has finite volume.
In fact, in view of (4.1), the method of the following proof implies that gg
is asymptotic to the Poincaré metric of the punctured disk along transversal
directions toward boundary divisors of the base space.

Proof. Pick a(t) and §(t) as before, (i.e. Nag =0, goo =1, go; =0 for i > 1
and all other g;; are functions of log |t]). We have

g(t) = Q(Q(t), (1))
1+ quitt + (quatt® + g t*t) + (gt + ga1t’t + qustt®) + -
Applying Lemma 4.3, we can compute

dq dq 8 0%q

D 1t Slt 1 tt 5151 Sls2t SgSlt
ot or atat =q11l9; I+ qutt) (g™ + a3 + g5

+q2252tt+q5351t2+q5153t )_|_ .

(Since we will assume that Na; # 0, g11 will be the only term needed. However
we have calculated more terms in order for later use.) So the metric ds® = g|dt|?
is given by
g = —drlogq = ¢ *(3149q — 49:07q)
—Qigfsl (‘hzl B2t 4 a5 231{)

(4.3) (gt ™ + gt = a3 ™) — g5 — gy T+

As t — 0, the first term determines the behavior of g. If Nay # 0 (so ay #0),
let £ = S1a; € F! (by Lemma 4.2) and let k = max{i | N°¢ #0}. (k<n-—1
simply because Gry’ = 0.) Then the highest order term of qslsl with respect
to log [t|?, is given by (for this purpose we can ignore all operators S; with i # 0)

(44) — o (tog ) Q(e. &)

This term has nontrivial coefficient and is in fact positive. This follows from
the fact that Q polarizes the limiting mixed Hodge structures. Hence ¢ blows
up with the expected order, with ¢ = (k!)~'|Q(N*Sa1, S1a1)|.

For the curvature form Kdt A dt = —90log g, the most singular term of K is
given by

(= aft%) 2 [(— afsiSor ) (@550 = (= qfi) (= g S5t

= (=) TSP — g2

We need to show that this term is nontrivial. As before, we may ignore all \S;
with 7 # 0. So the highest order terms of (|qslsls0 |2 — qfll 51 qflslsoso) are

(log [£12)** V@ ¢, &) - log [¢[2) 7P| Qe ).

1
k- 1) k!(k—Q)!(
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It is clear that the coefficient

(k—ll)! - k!(k1—2)! k!(kl—l)! > 0. Taking into

account the order of (—¢;1°1)~2 given by (4.4) shows that K blows up to +oco
with the expected order k[t|~?|log |t|2|72. O

Question 4.6. In the original smooth case in §2, a; corresponds to the Kodaira-
Spencer class of the variation, so we know that a; # 0. For the degenerate case,
what is the geometric meaning of ;7 Is it some kind of Kodaira-Spencer class
for singular varieties?

Remark 4.7. Assume that a; # 0. If Na; = 0, then by Lemma 4.2, a; € H 1!
and }
—qfllsl = —Q(elog‘t‘stlal,m) = —Q(al,a_l) > 0.

From (4.3), gwp has a non-degenerate continuous extension over ¢ = 0.

In the case n = 3, if the moduli is one-dimensional (h*! = 1), then a; # 0 and
Naj = 0 imply that N = 0. That is, the variation of Hodge structures does not
degenerate at all. More generally, if we have a positive answer to Question 4.6,
then we also have a similar statement for multi-dimensional moduli. Namely,
Niap = 0, Nyai; = 0 for all 7, j implies that N; = 0 for all ¢, where N;’s are
the local monodromies, aq ;’s are coefficients of the linear terms in a(?).

We conclude this section by a partial result:

PROPOSITION 4.8. Assume that ay # 0, Na; =0 (so gwp is continuous over
t =0). If Nas = 0 then the curvature tensor has a continuous extension over
t = 0. The converse is true for n = 3. If the curvature tensor does not extend
continuously over t =0, it has a logarithmic blowing-up.

Proof. Following Remark 4.7 and Lemma 2.3, we may assume that —g;; = 1,
¢12 = 0 and ¢q;’s are constants for j > 2. So among the degree two terms of g,
only the tf term contributes to the curvature. Namely from (4.3),

g=1+(2— g™ )th+---.
Again we are in the “normal coordinates”, so

K: _2+q§22523151 + .

It is clear that Nay = 0 implies that ¢52°2°%" is a constant (= 4Q(az, d2)).

We will show that the converse is true if n = 3. We may assume that ay # 0.
By Lemma 4.2 we have a; € Hgél and S7.5%a9 € Folo, so we may write (from

the Hodge diamond) S;S2as = Aa; + a + 3 with o € H2? and g € HL:'. Now

the constancy of qszQSQSlsl implies that

Q(N(Aa1 +a+fB),Aa1 +a+3) =0

as it is the highest order term (N? = 0). So the fact Na; = 0 and N3 = 0
implies that Q(Na,@) = 0. This in turn forces @« = 0 by the polarization
condition. So 51$2a2 = /\CL1 + ﬂ, and SlszNag = )\NCLl + Nﬂ = 0. That
is, Nag = 0. The remaining statement about the logarithmic blowing-up is
clear. ]
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5. CONCLUDING REMARKS

Based on Yau’s solution to the Calabi Conjecture [E], the existence of the
coarse moduli spaces of polarized Calabi-Yau manifolds in the category of
separated analytic spaces was proved by Schumacher [§] in the 80’s. Com-
bined with the Bogomolov-Tian-Todorov theorem [, these moduli spaces are
smooth Kahler orbifolds equipped with the Weil-Petersson metrics.

In the algebraic category, the coarse moduli spaces can also be constructed in
the category of Moishezon spaces. Moreover, for polarized (projective) Calabi-
Yau manifolds, the quasi-projectivity of such moduli spaces has been proved
by Viehweg [[[4] in late 80’s.

From the analytic viewpoint, there is also a theory originated from Siu and
Yau [@] dealing with the projective compactification problem for complete
Kihler manifolds with finite volume. Results of Mok, Zhong [f] and Yeung
[@ say that a sufficient condition is the negativity of Ricci curvature and
the boundedness of sectional curvature. In general, the Weil-Petersson metric
does not satisfy these conditions. This leads to some puzzles since the ample
line bundle constructed by Viehweg ([L4], Corollary 7.22) seems to indicate
that wy p will play important role in the compactification problem. Since the
curvature tends to be negative in the infinite distance boundaries, the puzzle
occurs only at the finite distance part. This leads to two different aspects:
The first one is the geometrical metric completion problem. In [@], it is pro-
posed that degenerations of Calabi-Yau manifolds with finite Weil-Petersson
distance should correspond to degenerations with at most canonical singular-
ities in a suitable birational model. Now this is known to follow from the
minimal model conjecture in higher dimensions [E] With this admitted, one
may then go ahead to analyze the structure of these completed spaces. Are
they quasi-affine varieties?

Another aspect is the usage of Hodge metric. Néively, since the Ricci curvature
of the Weil-Petersson metric has a lower bound —(d + 1)gwp and blows up to
oo at some finite distance boundary points, for any & > 0 one may pull these
points out to infinity by considering the following new Kahler metric

g ; Q(0i0kQ,050,Q
g =(d+1+k)gg+Rg=kgz+) g ( 10¢90)

Q(, Q)

When the blowing-up is faster than logarithmic growth (e.g. Nay # 0), g is
then complete (at these boundaries). Otherwise one may need to repeat this
process. This inductive structure is implicit in Theorem 4.1 and 4.4 and is
explicitly expressed in Theorem 3.2 in the case n = 3, k = 2. It suggests that
the resulting metric will be quasi-isometric to the Hodge metric.

If we start with the Hodge metric directly, the coarse moduli spaces being
Moishezon allows us to assume that the boundary has a local model as normal
crossing divisors. Then a similar asymptotic analysis as in §4 implies that
the metric behaves like the Poincaré metric in the transversal direction toward
the codimension one boundaries (i.e. points with N # 0 where N is the local
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monodromy). In particular, it admits bounded sectional curvature. The main
problem here is the higher codimensional boundaries. In this direction, we
should mention that the negativity of the Ricci curvature for Hodge metrics
has recently been proved by Lu [E] We expect that the Hodge metric would
eventually provide projective compactifications of the moduli spaces through

the recipe of [{], 1§

—_
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11.

12.
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