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1 INTRODUCTION

In this paper, we study solutions u = u(z) to semilinear elliptic equations of
the form

Au = F(x,Biu,...,Bgu) on X°=X\0X. (1.1)

Here, X is a smooth compact manifold with boundary, X, and of dimension
n+ 1, A, Bi,...,Bk are Fuchsian differential operators on X°, see Defini-
tion m, with real-valued coefficients and of orders u, p1,..., ux, respectively,
where py < pfor 1 < J < K, and F = F(z,v): X° x RE — R is a smooth
function subject to further conditions as x — 0X. In case A is elliptic in the
sense of Definition @ (a) we shall prove that bounded solutions u: X° — R
to Eq. ) possess complete conormal asymptotic expansion of the form

oo My

u(t,y) ~ Z Zt_pﬂ' log"t c;1(y) ast — +0. (1.2)

=0 k=0

Here, (t,y) € [0,1) x Y are normal coordinates in a neighborhood U of 90X,
Y is diffeomorphic to 90X, and the exponents p; € C appear in conjugated
pairs, Rep; — —o0 as j — oo, m; € N, and ¢;x(y) € C*(Y). Note that such
conormal asymptotic expansions are typical of solutions « to linear equations
of the form ([L.T)), i.e., in case F(x) = F(z,v) is independent of v € R,

The general form (@) of asymptotics was first thoroughly investigated by
KONDRAT’EV in his nowadays classical paper @] After that to assign asymp-
totic types to conormal asymptotic expansions of the form (E) has proved
to be very fruitful. In its consequence, it provides a functional-analytic frame-
work for treating singular problems, both linear and non-linear ones, of the kind
(L1). Function spaces with asymptotics will be discussed in Sections P-4, .1
In its standard setting, going back to REMPEL-SCHULZE [@] in case n = 0
(when Y is always assumed be a point) and SCHULZE ] in the general case,
an asymptotic type P for conormal asymptotic expansions of the form (|L.9) is
given by a sequence {(pj, m;, L;)}32,, where p; € C, m; € N are as in ([L.2),
and L; is a finite-dimensional linear subspace of C*°(Y") to which the coeffi-
cients ¢;x(y) for 0 < k < m; are required to belong. (In case n = 0, the spaces
L; = C disappear.) A function u(z) is said to have conormal asymptotics of
type P as ¢ — 0X if u(z) obeys a conormal asymptotic expansion of the form
(-9), with the data given by P.
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SEMILINEAR FUCHSIAN EQUATIONS 209

When treating semilinear equations we shall encounter asymptotic types be-
longing to bounded functions u(x), i.e., asymptotic types P for which

) (1.3)
Rep; <0 forall j >1,

{ po =0, mg =0, Lo = span{1},
where 1 € L is the function on Y being constant 1.
It turns out that this notion of asymptotic type resolves asymptotics not fine
enough to suit a treatment of semilinear problems. The difficulty with it is
that only the aspect of the production of asymptotics is emphasized — via the
finite-dimensionality of the spaces L; — but not the aspect of their annihilation.
For semilinear problems, however, the latter affair becomes crucial. Therefore,
in Section 2, we shall introduce a refined notion of asymptotic type, where
additionally linear relations between the various coefficients ¢;x(y) € L;, even
for different j, are taken into account.

Let As(Y) be the set of all these refined asymptotic types, while As*(Y) C
As(Y) denotes the set of asymptotic types belonging to bounded functions
according to ([L.J). For R € As(Y"), let C%(X) be the space of smooth functions
u € C*(X°) having conormal asymptotic expansions of type R, and CF (X x
RE) = C°(RE; CF (X)), where C5(X) is equipped with its natural (nuclear)
Fréchet topology. In the formulation of Theorem @, below, we will assume
that F € C¥ (X x RE), where

W)t AE 0 (X)) © L°(X) (1.4)

for some € > 0. Here, i = maxi<j<g pg < p and w = w(t) is a cut-off function
supported in U, i.e., w € C°(X), suppw € U. Here and in the sequel, we
always assume that w = w(t) depends only on ¢ for 0 < ¢ < 1 and w(t) =1
for 0 < t < 1/2. Condition ([L.4) means that, given the operator A and then
compared to the operators Bi,...,Bg, functions in C%(X) cannot be too
singular as t — +0.

There is a small difference between the set As’(Y") of all bounded asymptotic
types and the set As*(Y)) of asymptotic types as described by ([L3); As*(Y) ¢
As®(Y). The set &ﬁ(Y) actually appears as the set of multiplicatively closable
asymptotic types, see Lemma @ This shows up in the fact that when only
boundedness is presumed asymptotic types belonging to &b(Y) — but not
to &ﬁ(Y) — need to be excluded from the considerations by the following
non-resonance type condition ([L.5), below:

Let H™°9(X) = U g H*°(X) for 6 € R be the space of distributions u =
u(z) on X° having conormal order at least §. (The weighted Sobolev space
H*>9(X), where s € R is Sobolev regularity, is introduced in (-31).) Note that
User H™°°°(X) is the space of all extendable distributions on X° that in turn
is dual to the space C& (X) of all smooth functions on X vanishing to infinite
order at 9X. Note also that the conormal order § for § — oo is the parameter
in which the asymptotics ([1.9) are understood.
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210 XIAOCHUN Liu AND INGO WITT

Now, fix § € R and suppose that a real-valued u € H~°°(X) satisfying Au €
C% (X) has an asymptotic expansion of the form

oco Mmy

u(x) ~ Re Z Z I+ B ogk t e (y) | ast — +0,
§=0 k=0

where l € Z, B € R, §#0 (and [ > 6 — 1/2 provided that com,(y) #Z 0 due to
the assumption u € H~°%(X)). Then, for each 1 < J < K, it is additional
required that

Bjyu=0(1) as t — 40 implies Byu = o(1) as t — +0, (1.5)

where O and o are Landau’s symbols. Condition ([L.) means that there is
no real-valued u € H~>°(X) with Au € CF(X) such that Byu admits an
asymptotic series starting with the term Re(t*?d(y)) for some 3 € R\ {0},
d(y) € C*(Y). This condition is void if 6 > 1/2 + .

Our main theorem states:

THEOREM 1.1. Let § € R and A € Difff , (X) be elliptic in the sense of
Definition P.9 (a), By € Difff/ | (X) for 1 < J < K, where puy < p, and F €
C%(X x R¥) for some asymptotic type R € As(Y) satisfying (). Further,
let the non-resonance type condition (ILH) be satisfied. Then there exists an
asymptotic type P € As(Y) expressible in terms of A, By,...,Bk, R, and §
such that each solution u € H=°%(X) to Bq. (1) satisfying Byu € L®(X)
for 1 < J < K belongs to the space C¥(X).

Under the conditions of Theorem , interior elliptic regularity already implies
u € C°(X°). Thus, the statement concerns the fact that u possesses a com-
plete conormal asymptotic expansion of type P near 0X. Furthermore, the
asymptotic type P can at least in principle be calculated once A, By,..., By,
R, and ¢ are known.

Some remarks about Theorem [L1] are in order: First, the solution u is asked
to belong to the space H~°(X). Thus, if the non-resonance type condition
([L5) is satisfied for all § € R — which is generically true — then the foregoing
requirement can be replaced by the requirement for u being an extendable
distribution. In this case, P; < Ps for § > ¢’ in the natural ordering of
asymptotic types, where Ps denotes the asymptotic type associated with the
conormal order §. Moreover, jumps in this relation occur only for a discrete
set of values of § € R and, generically, Py eventually stabilizes as 6 — —o0.
Secondly, for a solution v € C¥(X) to Eq. ), neither u nor the right-
hand side F'(z, Byu(z), ..., Bgu(x)) need be bounded. Unboundedness of u,
however, requires that, up to a certain extent, asymptotics governed by the
elliptic operator A are canceled jointly by the operators Bi,..., Bx. Again,
this is a non-generic situation. Furthermore, in applications one often has that
one of the operators By, say Bi, is the identity — belonging to Diff%uchs(X) —
i.e., Bju = u for all w. Then this leads to uw € L*°(X) and explains the term
“bounded solutions” in the paper’s title.

DOCUMENTA MATHEMATICA 9 (2004) 207-250



SEMILINEAR FUCHSIAN EQUATIONS 211

Remark 1.2. Theorem continues to hold for sectional solutions in vec-
tor bundles over X. Let Ey, Fq, E5 be smooth vector bundles over X, A €
Difffs ,.«(X; Eo, E1) be elliptic in the above sense, B € Diﬂ?ggclhs(X;Eo,Eg)7
and F € C¥(X,Es; Ey). Then, under the same technical assumptions as
above, each solution u to Au = F(z, Bu) in the class of extendable distribu-
tions with Bu € L>(X; E2) belongs to the space C% (X; Ey) for some resulting
asymptotic type P.

Theorem E has actually been stated as one, though basic example for a more
general method for deriving — and then justifying — conormal asymptotic
expansions for solutions to semilinear elliptic Fuchsian equations. This method
always works if one has boundedness assumptions as made above, but bound-
edness can often successfully be replaced by structural assumptions on the
nonlinearity. An example is provided in Section @ The proposed method
works indeed not only for elliptic Fuchsian equations, but for other Fuchsian
equations as well. In technical terms, what counts is the invertible of the com-
plete sequence of conormal symbols in the algebra of complete Mellin symbols
under the Mellin translation product, and this is equivalent to the elliptic-
ity of the principal conormal symbol (which, in fact, is a substitute for the
non-characteristic boundary in boundary problems). For elliptic Fuchsian dif-
ferential operator, this latter condition is always fulfilled.

The derivation of conormal asymptotic expansions for solutions to semilinear
Fuchsian equations is a purely algebraic business once the singular exponents
and their multiplicities for the linear part are known. However, a strict justifi-
cation of these conormal asymptotic expansions — in the generality supplied in
this paper — requires the introduction of the refined notion of asymptotic type
and corresponding function spaces with asymptotics. For this reason, from a
technical point of view the main result of this paper is Theorem which
states the existence of a complete sequence of holomorphic Mellin symbols
realizing a given proper asymptotic type in the sense of exactly annihilating
asymptotics of that given type. (The term “proper” is introduced in Defini-
tion ) The construction of such Mellin symbols relies on the factorization
result of Wit [R1].

Remark 1.3. Behind part of the linear theory, there is Schulze’s cone pseu-
dodifferential calculus. The interested reader should consult SCHULZE [E, E]
We do not go much into the details, since for most of the arguments this is
not needed. Indeed, the algebra of complete Mellin symbols controls the pro-
duction and annihilation of asymptotics, and it is this algebra that is detailed
discussed.

The relation with conical points is as follows: A conical point leads — via blow-
up, i.e., the introduction of polar coordinates — to a manifold with boundary.
Vice versa, each manifold with boundary gives rise to a space with a conical
point — via shrinking the boundary to a point. Since in both situations the
analysis is taken place over the interior of the underlying configuration, i.e.,
away from the conical point and the boundary, respectively, there is no essential
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212 XIAOCHUN Liu AND INGO WITT

difference between these two situations. Thus, the geometric situation is given
by the kind of degeneracy admitted for, say, differential operators. In the case
considered in this paper, this degeneracy is of Fuchsian type.

The first part of this paper, Section 2, is devoted to the linear theory and the
introduction of the refined notion of asymptotic type. Then, in a second part,
Theorem EI is proved in Section 3.

2 ASYMPTOTIC TYPES

In this section, we introduce the notion of discrete asymptotic type. A compar-
ison of this notion with the formerly known notions of weakly discrete asymp-
totic type and strongly discrete asymptotic type, respectively, can be found in
Figure El The definition of discrete asymptotic type is modeled on part of the
Gohberg-Sigal theory of the inversion of finitely meromorphic, operator-valued
functions at a point, see GOHBERG-SIGAL [[f]. See also WrTT [[L§] for the corre-
sponding notion of local asymptotic type, i.e., asymptotic types at one singular
exponent p € C in ([L.2) only. Finally, in Section @, function spaces with
asymptotics are introduced. The definition of these function spaces relies on
the existence of complete (holomorphic) Mellin symbols realizing a prescribed
proper asymptotic type. The existence of such complete Mellin symbols is
stated and proved in Theorem .

Added in proof. To keep this article of reasonable length, following the referee’s

advice, proofs of Theorems P.6, R.30, and R.42 and Propositions (b), , ,
, , , , , p.47, R.49, R.49, and are only sketchy or missing at

all. They are available from the second author’s homepagef|.

2.1 FUCHSIAN DIFFERENTIAL OPERATORS

Let X be a compact C*° manifold with boundary, 0X. Throughout, we fix a
collar neighborhood U of 0X and a diffeomorphism y: & — [0,1) x Y, with ¥’
being a closed C°*° manifold diffeomorphic to X. Hence, we work in a fixed
splitting of coordinates (¢,y) on U, where t € [0,1) and y € Y. Let (7,7) be
the covariables to (t,y). The compressed covariable ¢7 to t is denoted by 7,
i.e., (7,n) is the linear variable in the fiber of the compressed cotangent bundle
T*X|,,. Finally, let dim X =n + 1.

DEerFINITION 2.1. A differential operator A with smooth coefficients of order p
on X° = X \ 0X is called Fuchsian if

X (Aly) =73 an(t.y, D) (—t0r)", (2.1)
k=0

where a, € C°°([0,1); Diff* *(Y)) for 0 < k < p. The class of all Fuchsian
differential operators of order 1 on X° is denoted by Difff . (X).

! http://www.ma.imperial.ac.uk/ ifw/asymptotics.html
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SEMILINEAR FUCHSIAN EQUATIONS 213

Singular exponents with multiplicities, (p;, m;), are
prescribed, the coefficients c¢;jk(y) € C*(Y) are ar-
bitrary. The general form of asymptotics is ob-
served, cf., e.g., KONDRAT'EV (1967), MELROSE
(1993), SCHULZE (1998).

Weakly discrete
asymptotic types

Singular exponents with multiplicities, (p;, m;), are
Strongly discrete prescribed, ¢jx(y) € Lj C C*(Y), where dim L; <
asymptotic types oo. The production of asymptotics is observed,
cf. REMPEL-SCHULZE (1989), SCHULZE (1991).

Linear relation between the various coefficients

Discrete ¢k (y) € Lj, even for different j, are additionally al-
asymptotic types lowed. Thus the production/annihilation of asymp-
totics is observed, cf. this article.

Figure 1: Schematic overview of asymptotic types

Henceforth, we shall suppress writing the restriction ‘ ., and the operator push-
forward y. in expressions like (R.1). For A € Diff, , (X), we denote by

ol (A)(ty, ) =t o (ar(t)) (y, n)(itr)
k=0

the principal symbol of A, by 55 (A)(t,y,T,n) its compressed principal symbol
related to oy, (A)(t, y, 7, 7) via

oy (A)(t,y,m.n) =t 5, (A)(t,y,t7,n)
in (T*X \ 0)|u’ and by o, (A)(z) its principal conormal symbol,
o
oh(A)(z) = Z ar(0)z", zeC.
k=0
Further, we introduce the jth conormal symbol af\}_j (A)(z) for 5 =1,2,... by

—; "1 9a
A AE) =D 5 G

k=0

(0)zF, zecC.

Note that 7y;(A)(t,y,7,m) is smooth up to ¢t = 0 and that o, 7(z) for j =
0,1,2,... is a holomorphic function in z taking values in Diff*(Y"). Moreover,
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214 XIAOCHUN Liu AND INGO WITT
if A€ Diffy | (X), B € Difffy,s(X), then AB € Diffist! (X),

ohi T AB)(2) = Y oh (A= +v - k)oh M(B)(z) (2.2)
jtk=l

for all 1 =0,1,2,... This formula is called the Mellin translation product (due
to the shifts of v — k in the argument of the first factors).

DEFINITION 2.2. (a) The operator A € Difff , (X) is called elliptic if A is an
elliptic differential operator on X° and

o (A) Ly 7om) #0,  (Ly.7.n) € (T°X\0)],. (2.3)

(b) The operator A € Difff, , (X) is called elliptic with respect to the weight
0 € R if A is elliptic in the sense of (a) and, in addition,

oy (A)(2): H*(Y) — HM(Y), 2 €T (ny1)/2-4; (2.4)

is invertible for some s € R (and then for all s € R). Here, I's = {z € C; Rez =
g} for g € R.

Under the assumption of interior ellipticity of A, (@ can be reformulated as

zﬂ:ak )()7&0

k=0

for all (0,y,7,n) € (T*X\O)‘ o+ This relation implies that o, (A)(z)|r< s
is parameter-dependent elliptic as an element in L’} (Y; g /2,5), where the
latter is the space of classical pseudodifferential operators on 'Y of order p with
parameter z varying in I, 1)/2_s, for
T (@ (AW, 2| g1y ja—s—z = T6(A)0,,7,m),

where O'Z(-) on the left-hand side denotes the parameter-dependent principal
symbol. Thus, if (a) is fulfilled, then it follows that o,(A)(z) in (R-4) is
invertible for z € I'(,11y/2—s, |2| large enough.

LEMMA 2.3. If A € Difff , (X) is elliptic, then there exists a discrete set
D cCCuwithDnN{zeC;co <Rez <1} is finite for all —co < ¢g < ¢1 < 00
such that (R.4) is invertible for all z € C\ D. In particular, there is a discrete
set D C R such that A is elliptic with respect to the weight 6 for all 6 € R\ D;
D =ReD.

Proof. Since O‘MM(A>(Z)’FB
B € R, for each ¢ > 0 there is a C' > 0 such that o, (A4)(z) € L*(Y) is invertible
for all z with |Rez| < ¢, |Im z| > C. Then the assertion follows from results on

the invertibility of holomorphic operator-valued functions. See Proposition @7
below, or SCHULZE , Theorem 2.4.20]. O

€ LM(Y;T'g) is parameter-dependent elliptic for all
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SEMILINEAR FUCHSIAN EQUATIONS 215

Next, we introduce the class of meromorphic functions arising in point-wise
inverting parameter-dependent elliptic conormal symbols o/, (A)(z). The fol-
lowing definition is taken from ScHULZE [[l, Definition 2.3.48]:

DEFINITION 2.4. (a) M%(Y) for € ZU{—o0} is the space of all holomorphic
functions f(z) on C taking values in L} (Y") such that f(z e L (Y;R,)
uniformly in 8 € [Bo, £1] for all —oco < Gy < 1 < 0.

(b) M 2(Y) is the space of all meromorphic functions f(z) on C taking values
in L=°°(Y) that satisfy the following conditions:

(i) The Laurent expansion around each pole z = p of f(z) has the form

fo f1

_ oy 1 (o — Y
f(Z) - (Z—p)” + (Z_p)y_l + + Z_p+§fu+]( p) ) (25)

)|z=ﬁ+i'r

where fo, f1,..., fu—1 € L7°(Y) are finite-rank operators.

(ii) If the poles of f(z) are numbered someway, p1,ps,..., then |Rep;| — oo
as j — oo if the number of poles is infinite.

(iii) For any (J;{p;}-excision function x(z) € C*(C), ie, x(z) = 0 if
dist(z,U;{p;}) < 1/2 and x(2) = 1 if dist(z,U;{p;}) = 1, we have
X(Z)f(2)|z:5+i-,— € L=°(Y;R;) uniformly in 8 € [5o, 4] for all —co < Gy <
[ < oo.

(c) Finally, we set ME(Y) = MiH(Y) + M °(Y) for p € Z. (Note that
Mo(Y)NM2(Y) = Mp™(Y).)

Functions f(z) belonging to ML (Y) are called Mellin symbols of order p.

Upez MH(Y) is a filtered algebra under pointwise multiplication.

For f € ME(Y) for p € Z and f(z) = fo(z) + fi1(2), where fo € M5 (Y),
f1 € M °(Y), the parameter-dependent principal symbol O’Z (f0(3)|z:@+¢7)
is independent of the choice of the decomposition of f and also independent of
B € R. It is called the principal symbol of f. The Mellin symbol f € M (Y)
is called elliptic if its principal symbol is everywhere invertible.

For the next result, see SCHULZE [@, Theorem 2.4.20]:

PROPOSITION 2.5. The Mellin symbol f € ME(Y) for u € Z is invertible
in the filtered algebra |J,c, ME(Y), i.e., there is a g € M S (Y) such that
(f9)(z) =(gf)(z) =1 on C, if and only if f is elliptic.

For f € Mi(Y), pe C, and N € N, we denote by [f(z)]]’ the Laurent series
of f(z) around z = p truncated after the term containing (z — p), i.e.,

N _ ffu ffl
=

(Z_p)y+"'+Z_p+fu+f1(zfp)+"‘+fN(zfp)N. (2.6)

[F(2)]

Furthermore, [f(2)]5 = [f(2)], ' denotes the principal part of the Laurent series
of f(z) around z = p.
In various constructions, it is important to have examples of elliptic Mellin

symbols f € ME(Y) of controlled singularity structure:
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216 XIAOCHUN Liu AND INGO WITT

THEOREM 2.6. Let p € Z and {p;};j=1,2,... C C be a sequence obeying the prop-
erty mentioned in Definition @ (b) (ii). Let, for each j = 1,2,..., operators
fil,j,...,f]{,j in LY(Y'), where v; > 0, N;j +v; > 0, be given such that

° fzuj, ceey r{lin{Nj,o} € L=°°(Y) are finite-rank operators,
e there is an elliptic g € M5 (Y) such that, for all j, 0 <k < Nj,

. 1 oo
= 279" ) € L72(Y) (2.7)
(in particular, f] € LY *(Y) for 0 < k < Nj and f] € L¥(Y) is elliptic
of index zero).

Then there is an elliptic Mellin symbol f(z) € MHE(Y) such that, for all j,

J J
P = T

(z —pj)¥s Z=Dpj

I ) (28)

while f(q) € Lj(Y) 4s invertible for all g € C\ U;_; »  {p;}-

If n = 0, condition (@) is void. In case n > 0, however, this condition expresses
several compatibility conditions among the o-l‘;_l( f1), where j = 0,1,2,...,
0 <k <Nj;,and | > k, and also certain topological obstructions that must be
fulfilled. For instance, for any f € M5 (Y),

_ I (5 —p)k _
=3 E o W), =012
k=0

in local coordinates (y,n) — showing, among others, that Uf/fj (f(z)) is poly-
nomial of degree j with respect to z € C. The point is that we do not assume

yeee

Proof of Theorem @ This can be proved using the results of WITT [@] In
particular, the factorization result there gives directly the existence of f(z) if
the sequence {p,} C C is void. O

Now, we are going to introduce the basic object of study — the algebra of
complete conormal symbols. This algebra will enable us to introduce the refined
notion of asymptotic type and to study the behavior of conormal asymptotics
under the action of Fuchsian differential operators.

DEFINITION 2.7. (a) For u € Z, the space Symb’,(Y') consists of all sequences
6# = {s"7I(2); j € N} C MU(Y).

(b) An element G* € Symbk,(Y) is called holomorphic if &* = {s"77(z);
jEN} Cc MpH(Y).
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SEMILINEAR FUCHSIAN EQUATIONS 217

(©) Upez Symb’,(Y) is a filtered algebra under the Mellin translation product,
denoted by f#j;. Namely, for &* = {s"77(z); j € N} € Symb,(Y), T¥ =
{t"=%(2); k € N} € Symb},(Y), we define {+” = &r4),T¥ € Symbh, ™" (Y),
where UtV = {urtv=l(2); | € N}, by

w2 = > s (2 v — k)ETR(z) (2.9)
j+k=l

for 1 =0,1,2,... See also (-3).
From Proposition @, we immediately get:

LEMMA 2.8. &* = {s*7I(z); j € N} € Symbh,(Y) is invertible in the filtered
algebra |J,, o5 Symbly, (Y) if and only if 5" (z) € MA(Y') is elliptic.

In the case of the preceding lemma, &* € Symb’,(Y) is called elliptic. A
holomorphic elliptic &* € Symb'y,(Y) is called elliptic with respect to the
weight § € R if the line I'(,11)/2—5 is free of poles of s*(z)~1. Notice that a
holomorphic elliptic &* € Symb’,(Y) is elliptic for all, but a discrete set of
6 € R. The inverse to &* with respect to the Mellin translation product is
denoted by (&#)~!. The set of elliptic elements of Symb/,(Y) is denoted by
Ell Symbf, (Y).

There is a homomorphism of filtered algebras,

| Difffs e (X) — [ Symb, (YV), A {oh;7(A)(2); j € N}.
neN WEZ

By the remark preceding Lemma P.3, {047 (A)(2); j € N} € Symb,(Y) is
elliptic if A € Diff pyens(X) is elliptic in the sense of Definition E (a).
2.2 DEFINITION OF ASYMPTOTIC TYPES

We now start to introduce discrete asymptotic types.

2.2.1 THE sPACES £°(Y) AND & (Y)

Here, we construct the “coefficient” space £(Y) = Uy ccs Ev(Y) that admits
the non-canonical isomorphism (P.13), below,

C2(X)/CF (X) = E5(Y),

where C29(X) is the space of smooth functions on X° obeying conormal
asymptotic expansions of the form ([.J) of conormal order at least §, i.e.,
Rep; < (n+1)/2 — ¢ holds for all j (with the condition that the singular
exponents p; appear in conjugated pairs dropped), and C& (X) is the subspace
of all smooth functions on X° vanishing to infinite order at 0.X.
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DEFINITION 2.9. A carrier V of asymptotics for distributions of conormal order
0 is a discrete subset of C contained in the half-space {z € C; Rez < (n+1)/2—
0} such that, for all 8y, 51 € R, By < (1, the intersection VN {z € C; Fy <
Rez < (3} is finite. The set of all these carriers is denoted by C°.

In particular, V, = p — N for p € C is such a carrier of asymptotics. Note that
V, € C% if and only if Rep < (n+1)/2 — 6. We set T2V = o+ V € C~¢*9 for
o€Rand V € C%. We further set C = J;cp C°.

Let [C®(Y)]* = U,enlC™(Y)]™ be the space of all finite sequences in
C>(Y), where the sequences (¢o,...,¢m—1) and (0,...,0,¢0,...,¢m—1) for

h times

h € N are identified. For V € C?%, we set &y (Y) = [Ley[C=(Y)]p°, where
[C>(Y)]5° is an isomorphic copy of [C°°(Y)]>°, and define E(Y) to be the
space of all families ® € £y (Y) for some V € C° depending on ®. Thereby,
® € Ey(Y), ® € & (Y) for possibly different V, V! € € are identified if
O(p) = ®'(p) for p € VN V', while &(p) =0 for p € V\ V', &'(p) = 0 for
p € V'\ V. Under this identification,

ew)y=J vy (2.10)
vecs
Moreover, Ey (V) NEy/(Y) = Evay (V).
On [C*(Y)]>°, we define the right shift operator T by

(¢07 ooy Om—2, ¢m—1) = (¢Oa SRR ¢m—2)'
On &%(Y), the right shift operator T acts component-wise, i.e., (T®)(p) =
T(®(p)) for @ € E(Y) and all p e V.

Remark 2.10. To designate different shift operators with the same symbol T,
once T? for p € R for carriers of asymptotics, once T, T?, etc. for vectors in
E2(Y) should not confuse the reader.

For ® € £(Y), we define c-ord(®) = (n + 1)/2 — max{Rep; ®(p) # 0}. In
particular, c-ord(0) = oo. Note that c-ord(®) > § if ® € £°(Y). For ®; €
ENY), a; € Cfori=1,2,... satisfying c-ord(®;) — 0o as i — oo, the sum

=) o, (2.11)
i=1

is defined in £9(Y) in an obvious fashion: Let ®; € &y, (Y), where V; € C%,
0; > 6,and 6; — oo as i — oo. Then V = J,V; € C% and ® € Ey(Y) is
defined by ®(p) = Y .=, a;®;(p) for p € V, where, for each p € V, the sum on
the right-hand side is finite.

LEMMA 2.11. Let ®; € E5(Y) fori=1,2,..., c-ord(®;) — 00 asi — co. Then

() holds if and only if

N
c-ord(P — Zai@i) — 00 as N — oo. (2.12)
i=1
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Note that (R.12) already implies that c-ord(c;®;) — 0o as i — oo.

DEFINITION 2.12. Let ®;, i = 1,2,..., be a sequence in £%(Y) with the prop-
erty that c-ord(®;) — oo as i — oo. Then this sequence is called linearly
independent if, for all a; € C,

i Oéi(I)z' =0
i=1

implies that «; = 0 for all 4. A linearly independent sequence ®; fori = 1,2, ...
in J for a linear subspace J C £°(Y)) is called a basis for J if every vector ® € .J
can be represented in the form (2.11)) with certain (then uniquely determined)
coefficients «; € C.

Note that > oo, a;®; = 0 in £2(Y) if and only if c—ord(ZiI\;1 a;®;) — oo as
N — oo according to Lemma R.1]. We also obtain:

LEMMA 2.13. Let ®;, i = 1,2,..., be a sequence in E°(Y) such that
c-ord(®;) — oo as i — oo. Further, let {6;}32, be a strictly increasing se-
quence such that §; > 6 for all j and d; — oo as j — oco. Assume that the
®; are numbered in such a way that c-ord(®;) < 0; if and only if 1 < i < e;.
Then the sequence ®;, i = 1,2,..., is linearly independent provided that, for
each 7 =1,2,...,

®y,...,®,, are linearly independent over the space E%(Y).

‘We now introduce the notion of characteristic basis:

DEFINITION 2.14. Let J C £%(Y) be a linear subspace, TJ C .J, and ®; for
1=1,2,... be asequence in J. Then ®;, 1 =1,2,..., is called a characteristic
basis of J if there are numbers m; € NU {oo} such that T™®; = 0 if m; < oo,
while the sequence {T*®;; i =1,2,...,0 < k < m;} forms a basis for J.

Remark 2.15. This notion generalizes a notion of WITT [L§]: There, given
a finite-dimensional linear space J and a nilpotent operator T: J — J, the
sequence @1, ..., P, in J has been called a characteristic basis, of characteristic
(mla s 7me)7 if

O, TDy,..., T™ 1Pq,..., 0., TD,,..., T 1,

constitutes a Jordan basis of J. The numbers my, ..., m, appear as the sizes of
Jordan blocks; dim J = mq +- - -+m,. The tuple (mg,...,m,.) is also called the
characteristic of J (with respect to T'), e is called the length of its characteristic,
and ®q,..., D, is sometimes said to be a an (my, ..., m.)-characteristic basis
of J. The space {0} has empty characteristic of length e = 0.

The question of the existence of a characteristic basis obeying one more special

property is taken up in Proposition .
We also need following notion:
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DEFINITION 2.16. ® € £°(Y) is called a special vector if ® € 5{2 (Y) for some
peC.

Thus, ® € £ (Y) is a special vector if there isa p € C, Rep < (n+1)/2—4 such
that ®(p') =0 for allp’ € V, p’ ¢ p—N. Obviously, if & # 0, then p is uniquely
determined by @, by the additional requirement that ®(p) # 0. We denote this
complex number p by v(®). In particular, c-ord(®) = (n 4+ 1)/2 — Rey(®).

2.2.2 FIRST PROPERTIES OF ASYMPTOTIC TYPES

In the sequel, we fix a splitting of coordinates U — [0,1) x Y, x — (¢, y), near
0X. Then we have the non-canonical isomorphism

CZ(X)/CF(X) = E5(Y), (2.13)

assigning to each formal asymptotic expansion

DEDINDY (_kil,)k tPlog" t g (y) as t — +0 (2.14)

PEV ktl=m,—1

for some V € C°, m, € N, the vector ® € £, (Y) given by

@(p):{((p) PP ) itpeV,

0 otherwise,

see also (2.30). “Non-canonical” in (R.13) means that the isomorphism depends
explicitly on the chosen splitting of coordinates f — [0,1) XY, x +— (¢,y), near
0X. Coordinate invariance is discussed in Proposition P.3.

Note the shift from m, to m, — 1 that for notational convenience has appeared

in formula (R.14) compared to formula ([L.9).

DEFINITION 2.17. An asymptotic type, P, for distributions as * — 90X, of
conormal order at least §, is represented — in the given splitting of coordinates
near X — by a linear subspace J C Eyv(Y) for some V € C° such that the
following three conditions are met:

(a) TJ C J.

(b) dim J°* < oo for all j € N, where Jo = J/(J NETI(Y)).

(c) There is a sequence {p;}}L, C C, where M € NU{oo}, Repj (n+1)/2-9,

and Rep; — —oo0 as j — o0 if M = oo, buchthatVCUJ 1 Vp; and

M
J= JQ_?(JH&V ) (2.15)

The empty asymptotic type, O, is represented by the trivial subspace {0} C
E3(Y). The set of all asymptotic types of conormal order § is denoted by
AS’(Y).
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DEFINITION 2.18. Let u € C29(X) and P € As’(Y) be represented by J C
Ev(Y). Then u is said to have asymptotics of type P if there is a vector ® € J
such that

_1\k
uz)~ 3> ED* log® t 6\ (y) as t — +0, (2.16)

k!
pEV k+l=m,—1

where ®(p) = ( ép%qﬁgp),...,qbffiifl) for p € V. The space of all these u is
denoted by CF(X).
Thus, by representation of an asymptotic type it is meant that P that — in
the philosophy of asymptotic algebras, see WITT [@] — is the same as the
linear subspace CF(X)/C& (X) C CX°(X)/C&(X), is mapped onto J by
the isomorphism (2.13).
For P € As® represented by J C &y (Y), we introduce

dp = min{c-ord(®); ® € J}, (2.17)

Notice that dp > ¢ and dp = oo if and only if P = O.
Obviously, As’(Y) C As® (V) if § > &". We likewise set
As(Y) = [ J AST(Y).
d€eR
On asymptotic types P € As® (Y), we have the shift operation 7% for ¢ € R,
namely T?P is represented by the space
T°J ={® ¢ Eﬁjé(Y); ®(p) = ®(p — 0), p € C, for some ® € J},

where J C Ey(Y) represents P.
Furthermore, for J C &y (Y) as in Definition R.17,

Jp ={2(p); ® € J} C [C=(Y)]

for p € C is the localization of J at p. Note that T'J, C J, and dim J, < oo;
thus, J, is a local asymptotic type in the sense of WITT [@

We now investigate common properties of linear s_ubspaces J C Ey(Y) satisty-
ing (a) to (c) of Definition R.19. Let II;: J — J%*7 be the canonical surjection.
For j' > j, there is a natural surjective map II;; : JO+i" — J+i such that
Hjj// = Hjj/Hj/j// for j” > j/ > and

(J,11;) = projlim (J°,10;;/). (2.18)

j—o0

Note that T': J%J — Jo+7 ig nilpotent, where T denotes the map induced by
T: J — J. Furthermore, for j' > j, the diagram

govdt it g4
Tl lT (2.19)

govit it g4
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commutes and the action of T on J is that one induced by (R.19), (£.19).

PROPOSITION 2.19. Let J C &y (Y) be a linear subspace for some V € C°. Then
there is a sequence ®; for i = 1,2,... of special vectors with c-ord(®;) — oo
as i — oo such that the vectors TF®; fori=1,2,..., k=0,1,2... span J if
and only if J fulfills conditions (a), (b), and (c).

In the situation just described, we write J = (®1, Do, ... ).

Proof. Let J C Ey(Y) fulfill conditions (a) to (c). Due to (c¢) we may assume
that V =V, for some p € C. Suppose that the special vectors ®;,...,P, € J
have already been chosen (where e = 0 is possible). Then we choose the vector
®..1 among the special vectors ® € J which do not belong to (®q,...,®.)
such that Re~y(®.41) is minimal. We claim that J = (®1,®4,...). In fact,
c-ord(®;) = (n+1)/2 — Rey(®;) — oo as i — oo and, if ® is a special vector
in J, then ® € (®y,...,P.), where e is such that Rey(®.) < Re~y(®), while
Rev(®eq1) > Rey(®). Otherwise, ®.41 would not have been chosen in the
(e + 1)th step.

The other direction is obvious. O

For j > 1, let (m{, . 7mij) denote the characteristic of the space JOT7, see

Remark

PROPOSITION 2.20. Let J C Ev(Y) be a linear subspace and assume that the
special vectors ®; for i = 1,2,...,e, where e € NU {00}, as constructed in
Proposition , form a characteristic basis of J. Then the following condi-
tions are equivalent: _

(a) For each j, qu)h...,l_[jil)gj is an (m]l,...,mgj)—chamcteristic basis of
J6+j’.

(b) For each j, Tm{flil,...,Tmejflq%J are linearly independent over the
space EOYI(Y), while TF®; € E3HI(Y) if either 1 <i < ej, k>m] ori>e;.
In particular, if (a), (b) are fulfilled, then, for any j’' > j, Hjj/@{/, .. .,H]—j/@g;
is a characteristic basis of J°7, while @l g = = Hjjztbi; = 0. Here,

o) =T, for 1 <i<ey.

3

Proof. This is a consequence of Lemma and WITT [[§, Lemma 3.8]. O

Notice that, for a linear subspace J C £y (Y) satisfying conditions (a) to (c)
of Definition .17, a characteristic basis possessing the equivalent properties of
Proposition P.2( need not exist. We provide an example:

Ezample 2.21. Let the space J = (®1,Ps) C &y, (Y) for some p € C, Rep <
(n+1)/2—4, be spanned by two vectors ®;, ®s in the sense of Proposition .19
We further assume that ®1(p) = (¢o,*), @1(p — 1) = (¥1, %, %), P2(p) = 0, and
Oy(p—1) = (¥1, %), where 1y, 11 € C*°(Y) are not identically zero and x stands
for arbitrary entries, see Figure E Then, the asymptotic type represented
by J is non-proper. In fact, assume that Rep > (n +1)/2 — 6 + 1. Then
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1
* Yo (0
* * *
p—1 D p—1 D

®q ®,

Figure 2: Example of a non-proper asymptotic type

Hy®y, TT,®; — II,®, is a (3, 1)-characteristic basis of J%T2, and any other
characteristic basis of J%12 is, up to a non-zero multiplicative constant, of the
form

(2.20)

HQ(I)l + OllTHQ(bl + OZQTZHQq)l -+ OZ3H2®27
Br(THa®y — My ®s) + G212 Py,

where aq, as, asz, B1, B2 € C and 67 # 0. But then the conclusion in Propo-
sition is violated, since both vectors in () have non-zero image under
the projection ITj5, while IT; ®; is a (2)-characteristic basis of Jo*+.

DEFINITION 2.22. An asymptotic type P € EE(Y) represented by the lin-
ear subspace J C Ey(Y) is called proper if J admits a characteristic basis
Dy, Oy, ... satisfying the equivalent conditions in Proposition . The set of

all proper asymptotic types is denoted by &‘;mp(Y) C AS(Y).

For ® € £%(Y), p € C, and ®(p) = (gbgp),qﬁgp), . -7(15553,—1) we shall use, for any
q € C, the notation

) (p) P

4 € M (C(Y),
G-aym gy 2o M)
where M,(C*°(Y)) is the space of germs of meromorphic functions at z = g
taking values in C*°(Y). Analogously, A,(C>(Y)) is the space of germs of
holomorphic functions at z = p taking values in C*(Y).

o(p)[z —q] =

DEFINITION 2.23. For " = {s#7J(z); j € N} € Symbh,(Y), the linear space
L%, C C§§’5(X)/C§°(X) is represented by the space of ® € £°(Y') for which
there are functions ¢ ) (2) € A,(C>®(Y)) for p € C, Rep < (n+1)/2 -4, such
that
[(n41)/2-54p—Real~
R CRTRY)| CURPEIc

=0

+ a(q*uﬂ')(z —u _|_j)) € A, (C™(Y)) (2.21)
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for all ¢ € C, Req < (n+1)/2 — 6 + p. Here, [a]™ for a € R is the largest
integer strictly less than a, i.e., [a]” € Z and [a]” < a < [a]” + 1.

Remark 2.24. (a) If ® € Ey(Y) for V € C?, then condition (R-21)) is effective
only if
[(n+1)/2—6+pi—Re ]~
q€ U THIV.
§=0

(b) If ® € £(Y) belongs to the representing space of L‘fsu, and if u € O (X)
possesses asymptotics given by the vector ® according to (), then there is
av € CF(X) such that

i w(et)t ™ opIHD20 (5173 (2)) G(ejt) (u +v) € CF (X).
=0

Here, the numbers c¢; > 0 are chosen so that ¢; — oo as j — oo sufficiently

fast so that the infinite sum converges. For the notation op(MnH)/%é(. ..) see

(£.35), below.

DEFINITION 2.25. For P € As’(Y) being represented by J C &(Y) and &+ €
Symbf, (Y), the push-forward Q°~*(P; &) of P under &* is the asymptotic
type in As’ #(Y) represented by the linear subspace K C Ep—uy/(Y) consisting
of all vectors ¥ € Ep—uy/(Y) such that there is a ® € J and there are functions
6 ®)(2) € A, (C>(Y)) for p € V such that

[(n+1)/2—6+p—Req]™
Y(g)[z —q] =
j=0

*

[ —nt ) (= pt )= 6 )| (222)

holds for all ¢ € T*V, see (2.6).

Remark 2.26. For a holomorphic &* € Symbk,(Y'), one needs not to refer to
the holomorphic functions ¢ ®)(z) € A, (C=(Y)) for p € V in order to define
the push-forward Q°~#(P; &#) in (.29). We then also write Q(P; G*) instead
of Q0K (P; GM).

Extending the notion of push-forward from asymptotic types to arbitrary linear
subspaces of C2°(X)/C& (X), the space LE, C CZ(X)/Cg(X) for G+ €

Symb', (V) appears as the largest subspace of C$°(X)/Cg (X) for which
Q" H(Lgu; &) = Q°7H(0; 8M). (2.23)

In this sense, it characterizes the amount of asymptotics of conormal order at
least § annihilated by G* € Symbh,(Y).
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DEFINITION 2.27. A partial ordering on &5()/) is defined by P < P’ for
P, P' € As®(Y) if and only if J C J', where J, J' C (Y are the representing
spaces for P and P’, respectively.

PROPOSITION 2.28. (a) The p.o. set (As’(Y),<) is a lattice in which each
non-empty subset S admits a meet, \S, represented by ﬂpes Jp, and each
bounded subset T admits a join, \| T, represented by EQeT Jo, where Jp
and Jg represent the asymptotic types P and Q, respectively. In particular,
AAS(Y) = 0.

(b) For P € As’(Y), &* € Symb*,(Y), we have Q°~#(P; &*) € As’ *(Y).

Proof. (a) is immediate from the definition of asymptotic type and (b) can be
checked directly on the level of (.23). O

Remark 2.29. Each element &# € Symb/,(Y) induces a natural action
C0(X) — CZ°(X)/Cg(X). Its expression in the splitting of coordinates
U—[0,1) XY,z (t,y), is given by (.29).

In the language of WiTT [@], this means that the quadruple
(UMEZ Symbf, (Y), O (X), C’(%O(X),&(;(Y)) is an asymptotic algebra that is
even reduced; thus providing justification for the above choice of the notion of
asymptotic type.

THEOREM 2.30. For a holomorphic &* € EllSymbh,(Y), we have LY, €
ASS (V).

A8 prop
Proof. Let 6 = {s"77(z); j € N} € M5(Y). Assume that, for some p € C,
Rep < (n+1)/2 — 9, ®g € Lgu(-) at z = p, with the obvious meaning, for
this see WITT [[1§]. (Notice that Le.(,) at z = p is contained in the space
[C°(Y)]>°.) We then successively calculate the sequence @, @1, Po,... from
the relations, at z = p,

(2 = §)®slz = pl + 8"z — i+ 1)@ [z - p]
4o 51T (2) o[z — p] € A, (C°(Y)), §=0,1,2,..., (2.24)

see (R:23) and Remark P.2d. In each step, we find ®; € [C™(Y)]*® uniquely
determined modulo Lgu(.y at z = p — j such that (@) holds. We obtain the
vector ® € &y, (V') define by ®(p — j) = ®; that belongs to the linear subspace
J C E5(Y) representing LY,..

Conversely, each vector in J is a sum like in (R.11)) of vectors ® obtained in
that way. Thus, upon choosing in each space Lgu(,) at z = p a characteristic
basis and then, for each characteristic basis vector @5 € [C°°(Y)]*°, exactly
one vector ® € &y, (V) as just constructed, we obtain a characteristic basis of
J in the sense of Definition consisting completely of special vectors (since
Lgu(z) at z = p equals zero for all p € C, Rep < (n +1)/2 — 4, but a set of p
belonging to C?). In particular, J C & (Y) for some V € C? and (a) to (c) of
Definition are satisfied. By its very construction, this characteristic basis
fulfills condition (b) of Proposition . Therefore, the asymptotic type L%,L
represented by J is proper. O
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In conclusion, we obtain:

PROPOSITION 2.31. Let &* € Ell Symbk,(Y). Then:
() L, = Q°(0;(6")71) and Lighk,_, = Q*~(O; &").
(b) There is an order-preserving bijection

{PeAS(Y); P Lg.} = {Qe A (Y); Q= Ligh 1}, (2.25)
P QH(P;&H),

with the inverse given by Q — Q°(Q; (G*)~1).

Proof. Using Proposition (b), the proof consists of a word-by-word repeti-
tion of the arguments given in the proof of WITT , Proposition 2.5]. O

In its consequence, Proposition enables one to perform explicit calculations
on asymptotic types.
We conclude this section with the following basic observation:

PRrROPOSITION 2.32. The notion of asymptotic type, as introduced above, is
invariant under coordinates changes.

Proof. Let k: X — X be a C* diffeomorphism and let k.: C®(X°) —
C>(X°) be the corresponding push-forward on the level of functions, i.e.,
(keu)(z) = u(k™1(x)) for u € C°(X°), where £~! denotes the inverse C*° dif-
feomorphism to . As is well-known, &, restricts to s, : O (X) — O (X)
for any 6 € R, see, e.g., SCHULZE @, Theorem 1.2.1.11].

We have to prove that, for each P € As’(Y), there is a s, P € As’(Y) so that
the push-forward k. restricts further to a linear isomorphism k,: C¥(X) —
Cp(X), ie., we have to show that there is a w.P € As’(Y) so that
ke (CP (X)) = C2p(X). Using Proposition P.1d, we eventually have to prove
that, for each u € C2%(X) such that

oo _1\k )
u(zx) ~ Z Z () logktgzﬁlm(y) as t — —+0, (2.26)

k!
§=0 k+l=m,—1

where ® € £y, (Y) for a certain p € C, Rep < (n+1)/2 — 0, and ®(p — j) =
((;Séj),qby), e qﬁ%),_l) for all j € N, see (R.16), the push-forward k.,u is again

J

of the form (2.26), with some other x,® € &y, (Y) in place of ® € &y, (V).
But this is immediate from a direct computation. O

2.2.3 CHARACTERISTICS OF PROPER ASYMPTOTIC TYPES

We introduce the notion of characteristic of a proper asymptotic type. This
will be the main ingredient in the prove of Theorem .

Let P € &‘;mp(Y) be represented by J C £y (Y) and let &1, Do, ... ‘by a char-
acteristic basis of J according to Definition P23 As before, let (m], ... ,mgj)
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be the characteristic of the space J°+7. From Proposition , we conclude
that e; < ez < ... In the next lemma, we find a suitable “path through”
the numbers m] for j > Jis where j; = min{j; e; > i}, i.e., an appropriate

re-ordering of the tuples (m7,... Jnﬁj).
LEMMA 2.33. The numbering within the tuples (m{, . 7mij) can be chosen in
such a way that, for each j7 > 1, there is a characteristic (m{, .. .,mij)—basis

(®7,.. .,<I>gj_7,) of JO*I such that, for all j' > j,

el JO if1<i<e;,
TR0 dfej+1<i<ep

holds.
Furthermore, the scheme
1 2 3 4
m mi my my
€] TOWS SEEREE RRRERERS RRRERERS o
me, Mg, my, M,
m? m3 m
e1+1 e1+1 e1+1
o — €1 TOWS {4  rreeeeeeeeeeseseeiie e
2 3 4
me, mg, mg, ... (2.27)

{ A

where in the jth column the characteristic of the space JO7 appears, is uniquely
determined up to permutation of the kth and the k'th row, where e;+1 < k, k' <
ej+1 for some j (eq =0).

€3 — €y TOWS

Proof. This is a reformulation of Proposition in terms of the character-
istics of the spaces J%t7. Notice that one can recover the characteristic basis
Py, ®y,... of J, that was initially given, from the property that IL;®; = @]
holds for all 1 < ¢ < e;, while IL;®; = 0 for ¢ > e;. O

Performing the constructions of the foregoing lemma for each space J ﬂSij (Y)

in (P.19) separately, one sees that the following notion is correctly defined:
DEFINITION 2.34. Let P € As’ (V) and J C &y (Y) represent P. If

——prop

Py, P,,... is a characteristic basis of J according to Definition P.23 and if
the tuples (m1,...,m. ) are re-ordered according to Lemma .33, then the
sequence

char P = {('y(i)l) | mgi,mgi+1,mji+2, .. )}e

3

(2.28)

i=1

is called the characteristic of P.
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The characteristic char P of an asymptotic type P € As prop(Y) is unique up
to permutation of the kth and the k'th entry, where e; +1 < k, k' < €44 for
some j. So far, it is an invariant associated with the representing space J; so
it still depends on the splitting of coordinates. However, we have:

ProroSITION 2.35. The characteristic char P of an asymptotic type P €
As prop( ) is independent of the chosen splitting of coordinates Y — [0,1) x Y,
x — (t,y), near 0X.

Proof. Follow the proof of Proposition to get the assertion. O

Now, let { Di | mji ji“, e )}: C C x NN be any given sequence, where we
additionally assume that Rep; < (n +1)/2—¢ for all i, Rep; —» —oc0 as i — oo
when e = oo, the p; are ordered so that Rep; > (n + 1)/2 — 0 — j holds if and
only if < e; for a certain (then uniquely determined) sequence e; < es < ...

satisfying e = sup; e;, and
1< mfl < mf”‘l < m{”‘Q <...
where j; = min{j; e; > i} as above.

PROPOSITION 2.36. Let the characteristic {(pi | m ijrl7 e ) }:_ satisfy the

propertzes just mentioned. If n =0, then we assume, in addition, that p; # py
fori #£4i' and, for all i, k > 0,

_— . .
mItE IRl =50 = py = p; — k for some i’ and m}’ = a

(where ji = ji + k). Then there exists a holomorphic &* € Symb’,(Y) that is
elliptic with respect to the weight § € R such that LY, € As IDmp( ) has ezactly
this characteristic.

Proof. Multiplying &* by an elliptic element T~# = {t7#(z),0,0,...} such
that t7#(z) € My" and t#(z)~! € MY, we can assume p = 0.

If n = 0, then we choose an elliptic s°(z) € MY, that has zeros precisely at
z = p; of order mfl for i =1,2,... according to Theorem @

In case dimY > 0, let {¢;}¢_; be an orthonormal set in C*°(Y") with respect
to a fixed C*°-density du on Y. Let II; for ¢ = 1,...,e be the orthogonal
projection in L?(Y,du) onto the subspace spanned by ¢;. We then choose an
elliptic s*(z) € Ml (Y') such that, for every p € V},, and all i,

Jirt+k

[gﬂ(z)}§p=<1_ > Hi/>+ S z-pmd

Py —k=p Py —k=p

where the sums are extended over all ¢/, k such that p; — k = p, for some N,
sufficiently large, while s*(¢) € L!(Y) is invertible for all ¢ € C\ V, again
according to Theorem

In both cases, we set & = {s"77(2)}2, with s#~7(z) = 0 for j > 0. Then
G&# € Symbh, (Y) is elliptic with respect to the weight d, and the proper asymp-

totic type L%, has characteristic {(pl \mgi,mgiﬂ, .. )}::1. O
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2.2.4 MORE PROPERTIES OF ASYMPTOTIC TYPES

Here, we study further properties of asymptotic types. First, asymptotic types
are composed of elementary building blocks:

PROPOSITION 2.37. (a) An asymptotic type P € &6(1/) is join-irreducible,
i.e., P# O and P = PyV Py for Py, P € As’(Y) implies P = Py or P = Py,
if and only if there is a ® € E2(Y), ® # 0, such that the representing space, J,
for P, in the given splitting of coordinates near X, has characteristic basis @,
i.e., J = (®). In particular, every join-irreducible asymptotic type is proper.
(b) The join-irreducible asymptotic types are join-dense in &5(3/).

Proof. (a) Let P # O. Assume that, for some j > 1, J%%7 has characteristic of
length larger 1. Then J%t7 = K + K, for certain linear subspaces K; C Jo*7
satisfying TK; C K;, for i = 0,1. Setting J; = {® € J; II;® € K}, we get
that J = Jo+ J1, J; © J, and T'J; C J; for i = 0,1. Since this decomposition
can be chosen compatible with (), we obtain that a necessary condition for
P to be join-irreducible is that each space J%17 for j > 1 has characteristic of
length at most 1, i.e., J = (®) for some & # 0. Vice versa, if J = (®) for some
® # 0, then P is join-irreducible, since the subspace (T*®) C J for k € N are
the only subspaces of J that are invariant under the action of T'.

(b) This follows directly from Proposition P.19. O

Note that, by the foregoing proposition, also the proper asymptotic types are
join-dense in As®(Y"). We will utilize this fact in the definition of cone Sobolev
spaces with asymptotics.

In constructing asymptotic types P € &6(1/) obeying certain properties, one
often encounters a situation in which P is successively constructed on strips
{zeC;(n+1)/2—-6—prL <Rez < (n+1)/2 — 4} of finite width, where the
sequence {0, }52, C Ry is strictly increasing and 8, — oo as h — co. We will
meet an example in Section B.3

To formulate the result, we need one more definition:

DEFINITION 2.38. Let P, P’ € As’(Y) be represented by J C &(Y) and
J' C Ey(Y), respectively. Then, for ¢ > 0, the asymptotic types P and P’
are said to be equal up to the conormal order 6 + 9 if IlyJ = IlyJ’, where
Iy: J — J/(JNETY(Y)) is the canonical projection. Similarly, P and P’ are
said to be equal up to the conormal order 6 + ¥ — 0 if they are equal up to the
conormal order 6 + ¢ — ¢, for any € > 0. (Similarly for the order relation <
instead of equality.)

PROPOSITION 2.39. Let {P,},cz7 C &5(1’) be an increasing net of asymptotic
types. Then the join \/,.; P, exists if and only if, for each j > 1, there is an
t; € I such that P, = P,; up to the conormal order 6 + j for all v, /' > ;.

Proof. The condition is obviously sufficient.
Conversely, suppose that the join \/,.; P, exists. Let P, be represented by the
subspace J, C Ey, (Y) for V, € C°. Since the join \/,.; P, exists, the carriers V,
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can be chosen in such way that | J,.; V. € V for some V € C°. Thus J, C v (Y)
for all ¢. Now, for each j > 1, dim(}, 7 J?*7) < oo, otherwise \/,.; P, does
not exist. But since the net {J%+7},c7 is increasing, this already implies that
there is some ¢; € Z such that Joti = Jf,ﬂ for ¢, ' > 15, ie., P, = Py up to
the conormal order § + j for ¢, ' > Lj. O

An equivalent condition is that the net {P,},cz C &5(}/) of asymptotic types
be bounded on each strip {z € C;(n+1)/2—0—j <Rez< (n+1)/2—46} of
finite width.

2.3 PSEUDODIFFERENTIAL THEORY

Here, we establish an analogue of WITT [[[§, Theorem 1.2]. We need:

PROPOSITION 2.40. Let P, P, € &‘;mp(Y), Qe &‘;:é‘p(Y) for p € R. Assume
that P N Py = O. Then there is a holomorphic &* € EllSymb,(Y) that is
elliptic with respect to the weight § such that LY, = Py and Q(P; &) = Q if
and only if P and @ have the same characteristic shifted by p, i.e., we have
char P = char Q — p (with the obvious meaning of char Q — ).

Proof. Tt is readily seen that P € &‘;rop(Y), Q € &‘;;C’)LP(Y) have the same
characteristic shifted by p if there is a holomorphic & € Ell Symbf,(Y") such
that Q(P;6") = Q.

Suppose that char P = char @@ — u. First, we deal with the case Py = O. Let
the asymptotic types P, @ be represented by J C £y (Y) and K C Eruy (Y),
respectively. Let {®;}5_, and {¥;}5_, be characteristic bases of J and K
corresponding to char P and char @), respectively.

We have to choose the sequence {s*~*(2); k € N} ¢ M4 (Y). By Theorem .6,

it suffices to construct the finite parts [5“_]“(2)]5”/’“ forp’ e V, k € N, and Ny,
sufficiently large appropriately. Thereby, we can assume that V' =V}, for some
peC,Rep< (n+1)/2-34.

Let e; < ey < ..., where e = sup,cy €, be such that (D) =~4(T¥;)—pu=p—j
for e;_1 +1 < i <e; (and ey = 0). Then the finite parts [5“*’“(2)];”7]76 for all
J, k must be chosen so that, for each j € N,

i(p— ) OB 4+ @y (p— j+ T OE
b B ) TR —wp - ) (2.29)
and ®;(p — k) =0ifep +1 <

i < e;. Here, (mjl'w..,mg?,) is the characteristic of J%7 and, for ® =

(605, Pm—1)s U = (Yo,...,bm—1) € [C®(Y)]™, and 5(2) € ME(Y), the
relation

79

for 1 < i < ej;, where mi = SUPj<i<e, m?

ol — g
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stands for the linear system

s(p)do = Yo,
s(p)o1 + 2 f,o) ¢o = Y1,
' (m—1)
5(]9)¢m—1 + 2 1(f?) ¢m72 + -+ ﬁ ¢O = 7ijfl.

System (R.29) can successively be solved for [s#(z — k)]z’;’“‘jj+k for Jj= 0,1,2,...
and 0 < k < j. In fact, this can be done by choosing [sﬂ’k(z)];”jjJrk for k>0
arbitrarily. In particular, we may choose s#~*(z) = 0 for k > 0.

The case Py # O can be reduced to the case Py = O as in the proof of WITT
[@, Lemma 3.16], since the three rules from WITT [B, Lemma 2.3] applied

there continues to hold in the present situation. O

Remark 2.41. (a) The proof of Proposition shows that the holomorphic
G&* = {s#77; j € N} € Ell Ssymbh,(Y) satisfying L%, = Py and Q(P;&*) = Q
can always be chosen so that s#77(z) =0 for j > 0.

(b) Proposition in connection with Theorem also shows that
&‘;rop(Y) consists precisely of those asymptotic types that are of the form
L‘SG“ for some holomorphic & € Ell Symb’,(Y) that is elliptic with respect to
the weight 6. (Choose P = @ = O in Proposition )

Now, we reach the final aim of this section:

THEOREM 2.42. Let P € As® (V) and Q € A’ P (Y). Then there exists a

=2 prop ——Pprop

G&* € Symbh,(Y) that is elliptic with respect to the weight § such that L%, = P
and L?gﬁ),l = @ always when dimY > 0 and if and only if PAT *Q = O
when dimY = 0.

Proof. The condition P A T7#@Q = O is obviously necessary if dimY = 0.

In the general case, choose P; € &irop(Y), Qi € &i;gp(Y) having the same
characteristics as P and @, respectively, such that P, AT #Qy = O. As in
the proof of WITT [@, Theorem 1.2], it then suffices to construct holomorphic
&Y € EllSymbh,(Y), T° € Ell Symb,}*(Y) that are elliptic with respect to the

weight § such that
Lgo =P, Q(Q1:6°) =Q, Ly =Q1, Q(P;3°)=P.
This is achieved by using Proposition P.4(. O

2.4 FUNCTION SPACES WITH ASYMPTOTICS

The definition of cone Sobolev spaces with asymptotics is based on the Mellin
transformation. See SCHULZE [IE, Sections 1.2, 2.1] for this idea and also
Remark P.45. For more details on the Mellin transformation, see JEAN-
QUARTIER [f]
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2.4.1 WEIGHTED CONE SOBOLEV SPACES

Let Mu(z) fo t*~u(t) dt, z € C, be the Mellin transformation, first
defined for u € C’O (R4) and then extended to larger distribution classes. In

particular, u will be allowed to be vector-valued. Recall the following properties
of M:

Mtaz{ t('?t } ( '[L(Z),
Mtﬂz{t pu} ﬂ’( )7 pe (C7

whenever both sides are defined, M : L*(Ry) — L*(I'y o; (2mi)~dz) is an isom-
etry, and

1

(z —p)F+t
where X (o,1) is the characteristic function of the interval (0,1). We infer that
hz) = M, {(—l)kw(t)t*p log" t/k!} (z) € M is a meromorphic function
of z having a pole precisely at z = p, and the principal part of the Lau-
rent expansion around this pole is given by the right-hand side of (£.30), i.e.,
[h(2)] = (2 — p)~ D Here, w(t) is a cut-off function near ¢t = 0.

For 5,6 € R, let H*%(X) denote the space of u € Hj (X°) such that
My—..{wu}(2) € LE (T (n41)/2—5; H*(Y)) and the expression

Nk
. GO LICE (2.30)

1/2
1
(n+1)/2—6

is finite. Here, R*(2) € L (YT (41)/2—5) is an order-reducing family, i.e.,
R*(z) is parameter-dependent elliptic and R*(z): H"(Y) — H"*(Y) is an
isomorphism for some r € R (and then for all » € R) and all z € T'(,41y/2—s-
For instance, if f(z) € Mg (Y) is elliptic and the line I'(,, ;1) /25 is free of poles
of f(2)71, then f(z) is such an order-reduction. We will employ this observation
in the next section when defining cone Sobolev spaces with asymptotics.

2.4.2 CONE SOBOLEV SPACES WITH ASYMPTOTICS

Let s,6 € R, P € Asprop( ). By Theorem P43, there is an elliptic Mellin
symbol h,(z) € M%(Y) such that the line I'(,, 41y /2 is free of poles of h,(2) ™
and LY. = P for &° = {h$(2),0,0,... } € Symbj,(Y).

DEFINITION 2.43. Let s, 6 € R, 9 > 0, and P € As’(Y).

(a) For P € As pmp( ), the space Hi;ig(X) consists of all functions u € H*°(X)
such that M;_..{wu}(z), which is a priori holomorphic in {z € C; Rez >
(n+1)/2 — 6} taking values in H*(Y'), possesses a meromorphic continuation
to the half-space {z €eCRez>(n+1)/2—-6— 19}, moreover,

hp(2)My—.{wu}(z) € A({z € C;Rez > (n+1)/2 — 6 — 9}; L*(Y))
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and the expression

1
sup — /
s<o'<6+o | 2mi Jp

is finite.
(b) For a general P € As’(Y), represented as the join P = \/

bounded family {P,},e7 C As

1/2
| A5 (2) My {wu} (2 Hqu dz } (2.32)

(n+1)/2—¢'

er P for a
5,0 5,0
1Orop( ), we define HP719(X) =D T ’HP“ﬂ(X).

It is readily seen that Definition (a) is independent of the choice of the
Mellin symbol h%(z). Moreover, under the condition that (.33) is finite the
limit

()Mo tH ()| 1y grir = 0(7) 258 = 849 =0

exists in L2(R,; L?(Y)). Thus, Hf;,% (X) is a Hilbert space with the norm

1/2
%ﬂxﬁ . (2.33)

Definition - is justified by Proposition (b), since we obviously have
Hpﬂ( ) =H*> ‘”19( ) for P € As prop( )and dp > d+1. Again, this definition
is seen to be independent of the choice of the representing family {P,},ez C

As prop( ), and it also yields a Hilbert space structure for H;’z(X ).

PROPOSITION 2.44. Lets, § € R, ¥ >0, and P € As prop( ). Further, let 6° =
{s*~ J( ) j =0, 1,2 ..} € Symbj,(Y) be ellzptzc with respect to the weight &
and L65 =P, L(Gé _1 = O. (Condition L(6 S = O means that the Mellin
symbols 5°77(2) are holomorphic when Rez > (n+1)/2 —6.) Then a function
u € H*°(X) belongs to the space H;‘L (X) if and only if Mi_, . {wu}(z) possesses
a meromorphic continuation to the half-space {Z € C; Rez > (n+1)/275719},

[[ul

S (X) = {”wH%P(RT;L?(Y)) + [lul

M

ngfj(z — s+ )M {wu}(z —s+7)

€ A{z€C;Rez > (n+1)/2—6+s— 9} L*(Y)),
and the expression

1
sup — /
s<é'<sto | 2mi Jp

(n+1)/2—68"+s

M 1/2

. 2
|36 s+ )M fwud (s — 5 + )| dz}
= L2(Y)

1s finite. Here, M is any integer larger than 9.
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Proof. This is an application (of an adapted version) of WITT [B, Proposi-
tion 2.6]. Note that s°77(z — s + j)M;—..{wu}(z — s + j) € A({z € C;Rez >
(n+1)/2 =6+ s—j}; L*(Y)) so that the condition is actually independent of
the choice of the integer M > 9. O

For s, § € R, ¥ >0, and P € &5(3/), we will also employ the spaces

My o(X) = [ Hpo_.( (2.34)

e>0

These space H;’%_O(X ) are Fréchet-Hilbert spaces, i.e., Fréchet spaces whose
topology is given by a countable family of Hilbert semi-norms. We will also

use notations like
$,0 — 6
= (VHEH(X), 1500 = U M3
seR sER

P19+0 U HP 9re(X ete.
e>0

Remark 2.45. In case P is a strongly discrete asymptotic type, the spaces

Hj?’,%fo(X ) are the function spaces introduced by SCHULZE [[L5, Section 2.1.1].

There, the notation Hf;‘s (X)a with the half-open interval A = (=4, 0] has been

used. The definition of the function spaces H;";(X )a refers to fixed splitting
of coordinates near 0X and is, in general, not coordinate invariant.

2.4.3 FUNCTIONAL-ANALYTIC PROPERTIES
We list some properties of the function spaces H;‘;(X ):

PROPOSITION 2.46. Let s, s', 6,8 € R, 9 >0, P e AS(Y), P/ € As” (Y),
and {P bier C AS(Y) be a family of asymptotic types. Then:

(a )Hpo( ) =H>(X).

(b) H ( ) = ;%fa( ) for any a > 0.
(c >Hz%< ) = H I (X).

(d) We have

M (X) = HE(X)

Y
ECIEDS > E o o )

peEV, k+l=m,—1
Rep>(n+1)/2—6—19

d(p) = (gi)(()p),...,gbgﬁi_l) for some ® € J},

where J C Ey(Y) is the linear subspace representing the asymptotic type P,
provided that Rep # (n+1)/2 —§ — ¢ holds for allp € V.
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(e) We have H;%(X) C H;,’i;, (X) if and only if s > ', § +9 > 6+, and
P < P up to the conormal order §' + 1.

(f) Hj\’iz p.o(X) =Nz H;’iﬂ(X) if the family {P,},c7 is non-empty.

(g) Hf/"S po(X) =21 H;’%(X) if the family {P,},c1 is bounded (where
LeET T Ly Ly
the sum sign stands for the non-direct sum of Hilbert spaces);
o) s,0
(h) CP (X) = mseR,ﬂZO HP,ﬁ(X)'
(i) C¥(X) is dense in H;%(X).

Proof. The proofs of (a) to (i) are straightforward. O

From (e) we get, in particular, ’H;%(X) = H;,’%,(X) if and only if s = ¢/,
0+ =404+, and P= P’ up to the conormal order § + 4. (b) and also (c),
in view of (a), are special cases.

PROPOSITION 2.47. For 6 € R, P € As’(Y), and any a € R, the family
{H;‘;a(X); s> a} of Hilbert spaces forms an interpolation scale with respect
to the complex interpolation method.

Proof. This is immediate from the definition. O

PRrRoOPOSITION 2.48. The spaces H;’% (X) are invariant under coordinate
changes, where this has to be understood in the sense of Proposition .

Proof. Basically, this follows from the invariance of the spaces C% (X) under
coordinate changes, where the latter is just a reformulation of the fact that the
asymptotic types in As’(Y) are coordinate invariant. O

2.4.4 MAPPING PROPERTIES AND ELLIPTIC REGULARITY

We finally take the step from the algebra of complete conormal symbols to
elliptic Fuchsian differential operators and their parametrices. These paramet-
rices are cone pseudodifferential operators, where for the latter we refer to
SCHULZE [E, Chapter 2]. While for general cone pseudodifferential operators,
there might be a difference between the conormal asymptotics produced on the
level of complete conormal symbols and operators, respectively — due to the
appearance of so-called singular Green operators — for Fuchsian differential
operators this does not happen.

In cone pseudodifferential calculus, one encounters operators of the form
w(t)t=#op{ T2 (h) & (t), where h(t, z) € C=(Ry; ME(Y)). Here,

op (V20 (h(t, 2))yu = ! t*h(t, z)u(z) dz (2.35)

2mi Tnt1)y/2—6

is a pseudodifferential operator, whose definition is based on the Mellin trans-
formation instead of the Fourier transformation. The mapping properties of
these operators in the spaces H;’% (X) are as follows:

DOCUMENTA MATHEMATICA 9 (2004) 207-250



236 XIAOCHUN Liu AND INGO WITT

PROPOSITION 2.49. Let h(t,z) € C®°(Ry; MY (Y)) and assume that the line
[(ng1)/2—s 1s free of poles of ajh(O,z)/atj for all j =0,1,2,... Then, for all
PeAs(Y), seR, ¥ >0,

Wit opl P () @) : HE(X) — My LX),

where w(t), w(t) are cut-off functions, G* = {% %ﬁ‘ (0,2); j=0,1,2,... } €

Symbh (Y), and Q = Q°~H(P,6") € A’ *(Y).
Proof. The previous definitions are made to let this result hold. O

Notation. Proposition implies that, given a cone pseudodifferential oper-
ator A in Schulze’s cone calculus C*(X, (6,0 — u, (—00,0])), see SCHULZE [@,
Chapter 2] again, for each P € As’(Y), there is a Q € As® (Y such that, for
allse R, ¥ >0,

A HE(X) — HYBOTH(X). (2.36)

Given P € &6(1/), the minimal such asymptotic type @ € &5_”()/')7 that
exists by virtue of Proposition (a) and Proposition (f), is denoted by
Q=K(P; A). If A is elliptic, given Q € &6_“(}/), the minimal asymptotic type
P € As’(Y) such that, for all s € R, ¥ > 0, u € H~>%(X), Au € H 5 7"(X)
implies u € Hf;’% (X) is denoted by P°(Q; A).

We shall employ this push-forward notation also if more than one operator A
is involved, i.e., Q°~#(P; Ay,..., A,,) denotes the minimal asymptotic type Q
for which A;: Hp%(X) — HE 0 7H(X) for 1 < j < m.

have QO~F(P; A) = QO~H(P; &), where & = {ah;7(A)(2); j = 0,1,...} €
Symbf,(Y), as well as, in case A is elliptic, P°(Q; A) = Q°(Q; (&*)71).

THEOREM 2.50. For A € Difft . (X), P € As’(Y), Q € As""M(Y), we

Proof. In fact, Q°~#(P; A) = Q°~#(P;&H) follows from Proposition .49
Furthermore, it is known that formal asymptotic solutions u € C3(X) to the
equation Au = f for f € CF(X) and any R € &57“(1’) can be constructed,
see, e.g. MELROSE [B, Lemma 5.13]. More precisely, it can be shown that
there is a right parametrix B to A, B: H*~#9~1#(X) — H*%(X) for all s € R,
such that

AB=T1+R, R:H *HX)— CF(X),

i.e., R is smoothing over X° and flattening to infinite order near 0X. In fact,
BeC"(X,(d — p,d,(—00,0])) and, in particular, B € L_"(X°).
Now let BA = I + Ry. Obviously, Ry is smoothing over X° such that
Ro: H*9(X) — H>®°"#(X) for any s € R. Furthermore, A(I + Ry) = ABA =
(I + R)A so that

ARy = RA.
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We conclude that Ro: H*?(X) — C3(X), where Py = Q°(O; (6#)7!). Hence,
for u € H=°9(X), Au= f € Hag’é*“(X), we get

u= Bf — Rou € H;;’%(X),

where P = Q°(Q; (6#*)~1). Thus P°(Q; A) = Q%(Q; (6*)71) as claimed. See
also WITT @, Remark after Proposition 5.5]. |

Notation. For A € Difffs . (X), Q°~#(P; A) is even independent of § € R in
view of the holomorphy of the conormal symbols o, 7 (A)(z) for j =0,1,2, ...
In this case, we simply write Q(P; A) = Q°~H(P; A).

PROPOSITION 2.51. Let A € Diffy, , (X) be elliptic. Then there is an order-
preserving bijection

{PeAS(Y); P = LY.} — A M(Y), P Q(P;A), (2.37)

with its inverse given by Q — P2(Q; A). In particular, L‘SGH is mapped to the
empty asymptotic type, O.

Proof. This is implied by Proposition and Theorem P.50. Note that

L?é’:),l = O, since the o/, 7 (A)(z) for j =0,1,2,... are holomorphic. O

Eventually, we have the following locality principle:

PROPOSITION 2.52. Let A € Difffy , (X)) be elliptic, Qo, Q1 € &‘S_“(Y), and
Py = P°(Qo; A), Py = P°(Q1; A). Then, for any 9 > 0, Py = P, up to the
conormal order § + 9 if Qo = Q1 up to the conormal order § — p+ 9.

Proof. This follows from Py = Q(Qo; (6™M)™H, P = Q%(Qq; (6771,
where 6 = {7 (A)(2); j € N} € Ell Symb’,(Y). O

Remark 2.53. Combined with Theorem R.3(, Theorem shows that each so-
lution u € C22°(X) to the equation Au = f € C¥(X), where A € Difff, , (X)
is elliptic, can be written over finite weight intervals as a finite sum of func-
tions of the form (R.1¢) modulo the corresponding flat class, where the ®
are taken from a characteristic basis of the linear subspace of £°(Y) rep-
resenting P°(0; A). If ®(p) = (¢o,-..,0dm_1) for such a vector ®, where
p = v(®P), then we say that A admits an asymptotic series starting with the
term t~Plog™ 't ¢o. Since this is then the most singular term (when ~(®)
is highest possible), if it coefficient can be shown to vanish, then the whole
series must vanish, up to the next appearance of a starting term for another
asymptotic series.
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3 APPLICATIONS TO SEMILINEAR EQUATIONS

In this section, Theorem E is proved. To this end, multiplicatively closable and
multiplicatively closed asymptotic types are investigated in Section EI This
allows the derivation of results concerning the action of nonlinear superposition
operators on cone Sobolev spaces with asymptotics. In Section @, the general
scheme for establishing results of the type of Theorem is established. This
scheme is specified to multiplicatively closable asymptotic types in Section E,
then completing the proof of Theorem .

3.1 MULTIPLICATIVELY CLOSED ASYMPTOTIC TYPES

Here, we investigate multiplicative properties of asymptotic types and the be-
havior of cone Sobolev spaces 'H;’%(X ) under the action of nonlinear superpo-
sition.

Notation. In connection with pointwise multiplication, it is useful to employ
the following notation:

50 (X) if9>0
H (X)) = Pop—otd -
P719( ) {HS’SP+0 (X) otherwise,

where P € As’(Y), P # O, and 6 < &p in the first line. (Proposition (b)
shows that this definition is independent of the choice of §.) Thus, starting
from Jdp, the conormal order is improved by ¥ upon allowing asymptotics of
type P. Similarly for Hf ; o(X).

Furthermore, we write {0} if we mean either ¥ or ¥ — 0. For instance, {0} > 0
means ¥ > 0 if {9} =9 and ¥ > 0if {J} =9 - 0.

3.1.1 MULTIPLICATION OF ASYMPTOTIC TYPES

The result admitting nonlinear superposition for function spaces with asymp-
totics is stated first:

LEMMA 3.1. Given P € As(Y), Q € As(Y), there is a minimal asymptotic
type, P o @Q € As(Y), such that

CP(X) x CH(X) — Cpoo(X), (u,v) — uv. (3.1)

Proof. Suppose that the asymptotic types P, () are represented by subspaces

J C &y (Y) and K C Ew(Y), respectively, for suitable V, W € C. Then the

asymptotic type P o (@ is carried by the set V 4+ W, and it is represented by the

linear subspace of Ey 1w (V) consisting of all © € Ey w (V) for which there are

® e J, ¥ € K suchthat O(r) = > pre=r, ®(p)*x¥(q) holds forallr € V+W.
w

pEV, g€
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Here,
D x U= ((m—i—n)%%’ (m+n_1>¢0¢1+ <m+n—1>¢1w0’
m m m—1
<m+n2>¢0¢2+ (m+n2)¢11/11+ <m+n2>¢0¢2’
m m—1 m — 2

1 1 0
RS <1> ¢7n—1wn + <0> ¢7n¢n—1a <0> ¢mwn)

for ® = (¢o,d1,-.-,0m), ¥ = (Yo,%1,...,%,) € [C®(Y)]*°. For this, see
(R.16). Note that T(® x W) = (T'®) x ¥ + & x (T'V) and, for & € &, (Y),
U e &y, (Y), we have & x ¥ € &y, (V) showing that the linear subspace of
Eviw (Y) described above actually represents an asymptotic type. O

The multiplication of asymptotic types possesses a unit, denoted by 1, that is
represented by the space span{(1)} C £(o}(Y"), where 1 is the function identi-
cally 1on Y.

DEFINITION 3.2. An asymptotic type Q@ € As(Y) is called multiplicatively
closed if @Q o Q@ = Q. An asymptotic type Q € As(Y) is called multiplica-
tively closable if it is dominated by a multiplicatively closed asymptotic type.
In this case, the minimal multiplicatively closed asymptotic type dominating
Q is called the multiplicative closure of @ and is denoted by Q.

From the proof of Lemma @,
dpo@ = 0p +06g — (n+1)/2, (3:2)

where equality holds if P = Q or if dimY = 0. Especially, 6g = (n+1)/2if Q
is multiplicatively closed and dg > (n +1)/2 if @ is multiplicatively closable.
Furthermore, it is also seen @ > 1 for any multiplicatively closed asymptotic
type @, see also Lemma @ below.

3.1.2 THE CLASS &”(Y) OF MULTIPLICATIVELY CLOSABLE ASYMPTOTIC
TYPES

We study the class of asymptotic types that belong to bounded functions.
It turns out that this class is intimately connected to the multiplication of
asymptotic types.

DEFINITION 3.3. (a) The class As’(Y) of bounded asymptotic types consists of
all asymptotic types @ € As(Y) for which dg > (n + 1)/2. Equivalently, a
bounded asymptotic type @ is represented by a subspace J C £y (Y) for some
V e, where V C {z € C; Rez < 0}.

(b) The class &ﬁ(Y) consists of all bounded asymptotic types @ represented
by a subspace J C £(Y") such that Jy C span{(1)} and J, = {0} for Rep =0,
p#0.
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LEMMA 3.4. For Q € As(Y), the following conditions are equivalent:

(a) Q is multiplicatively closable;

(b) the join \/,~, Q" does exist, where Q% = Qo -0 Q is the k-fold product;
- k times

() @ € AH(Y).

In case (a) to (c) are fulfilled, we have Q =1V Vs QF.

Proof. (a) and (b) are obviously equivalent. Moreover, (c) implies (b).

It remains to show that (a) also implies (c¢). If @ is multiplicatively closable,
then @ exists and 6@ = (n 4+ 1)/2. In particular, @ € &b(Y). Let @ be
represented by J C Ey(Y) for some V € C, V C {z € C; Rez < 0}. Suppose
that ¢ € J, for p € C, Rep = 0, where ¢ # 0. We immediately get ¢ e Jyp for
any | € N, [ > 1. For p # 0, we obtain the contradiction {Ip; [ € N} CV € C.
For p = 0 and ¢ not being constant, we obtain a contradiction to the fact that
dim Jy < co. Thus, Q € &ﬁ(Y) and, therefore, Q € &ﬁ(Y). O

LEMMA 3.5. For each Q € As(Y), there are asymptotic types Q° € &b(Y)
and QF € &ﬁ(Y) which are mazimal among all asymptotic types possessing the

property
Q"< Q and Q" < Q, (3.3)

respectively. In particular, QF < QP.

Proof. The proof is straightforward. O

3.1.3 NONLINEAR SUPERPOSITION

We investigate expressions like F'(z, v(z)), where F(z,v) € C% (X xR) for some
R e As(Y) and v € HY 4(X) N L>®(X) with s > 0,9 > 0, and Q € As*(Y).
For later reference, we recall the following facts:

PROPOSITION 3.6. (a) For s > (n+1)/2, 0 < ¢ <'s, 7,6 € R, pointwise
multiplication induces a bilinear continuous map

HT(X) x H O (X) — H P02 x), (3.4)
(b) Fors, 6 € R, H*°(X) C L>®(X) if and only if s > (n+1)/2, § > (n+1)/2.

(c) For s > 0, 7,6 > (n+ 1)/2, pointwise multiplication induces a bilinear
continuous map

(H*7(X) N L®(X)) x (H*2(X) N L®(X)) — WO D/2(x) 0 L(X).

(d) Fors> 0,6 eR, peC, c(y) € C=(Y), the multiplication operator
W)t Pe(y): HO(X) — HOOTRP(X),

where w(t) is a cut-off function, is continuous.
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() For s >0, v1,...,vg € (L+H>"HD/2(X)) N L®(X), and F € C*>(RX),
we have
F(vi,...,vx) € (1+H>FD2(X)) 0 L2 (X). (3.5)

The map ((1+H>(FD/2(X)) 0 LX) = (1 4+ H=+D2(X)) 0 L2(X)
induced by (E) is continuous and sends bounded sets to bounded sets.

Proof. A proof of (@) in case s’ = s has been supplied by WITT [E,
Lemma 2.7] using a result of DAUGE [[, Theorem (AA.3)]. The other proofs
are similar. O

Remark 3.7. Property (d) fails if logarithms appear and has to be replaced by
w(t)t™? logk te(y): HS’6(X) — Hs"s_Rep_O(X)

is continuous when k € N, k > 1.

First, Lemma @ is sharpened:

PROPOSITION 3.8. Fors > (n+1)/2,0< s <s,9 >0, and P, Q € As(Y),
pointwise multiplication induces a bilinear continuous map

HISD,ﬂ—O(X) X Hcs,g,ﬂ—o(X) - stDoQ,ﬂ—o(X)- (3.6)

Proof. Let u € Hp, 5 ((X), v € Hé,ﬂ—o(X)- Then u = ug + u1, v = vg + vy,
where

M my N ny
Ug = Z ZW(t)t_pj logktcjk(y)7 Vg = Z Z w(t)t_qﬂ" logk tdj’k’(l/),
7=0 k=0 §/=0k'=0

(3.7)
w(t) is a cut-off function, the sequences {(p;,m;,c;r)}, {(gj7,nj,d;i)} are
given by the asymptotic types P and @, respectively, according to Def-
inition R.1§, and M, N are chosen so that u; € H*PTV=0(X) v €
HS P tI=0( X)), Since ug € H9P~9(X), vy € H*92~9(X), we obtain

UV = UgVg + UIVg + UgV1 + UIVT,

where uvg + ugv1 + u1v1 € HS/’(;POQHPO(X) by (@) and

M,N mj,n

ugvo = Y > W)t P 10g R b ey (y)djo (y) € Hg 9—o(X),
3,5'=0 k,k’'=0

for w?(t) is a cut-off function and the sequence

{(rjm 05, > > crdin)}

V21 +qj/ =r;n k+k’'=k"

where 0jr = max{m; + n;; p; + qj; = r;»}, is associated with an asymptotic
type that equals Po@ up to the conormal order dpog+%—0. This immediately
gives uv € HISD/OQﬁ_O(X). O
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The significance of the class As’(Y) is uncovered by the next result:

PROPOSITION 3.9. Fors> 0,5 € R, § + {0} > (n+1)/2, and Q € As*(Y),

Hs,5

S0y (X) N L¥(X) = HE

va{ﬂ}(
N L*°(X) and write

X) N L¥(X). (3.8)
Proof. Let u € HQ {19}( )
M mj

u(z) = Z Z w(t)t P log" teju(y) + wa (@),

§=0 k=0
where the sequences {(pj, mj,c;x)} is given by the asymptotic type @ and M
is chosen so that u; € H*"+1/2=0(X). Since u € L>®(X) c H®(+1/2=0(X),
we get that Z] o S g w(t)tPi logh t i (y) € HO(+1D/2-0(X) which implies
¢jk(y) = 0 for Rep; > 0. ThusuEHgfﬁ( )- O

LEMMA 3.10. For s > 0,9 >0, and P, Q € &b(Y), pointwise multiplication
induces a bilinear continuous map
(Hpy—o(X) N L¥(X)) x (Hyg—o(X)NLZ(X)) — HISDOQ,ﬁ—O(X) N L>(X).
Proof. Represent u = ug + u1 € Hp,y o(X) N LP(X), v = vg +v1 €
HE 5 o(X)NL>*(X) as in the proof of Proposition B.g Since ug, vo € L®(X)
due to the assumption P, Q € As’(Y), we get that u; € H>PH-0(X) N
L®(X), vy € HS%eTP=09(X) N L*>®(X) and, therefore, ujvy + ugvy + ujv; €
H#0Pe@t0=0(X) N [>°(X) in view of Proposition B.d(c). The assertion fol-
lows. O
A more precise statement is possible if P, Q € &u(Y)z
LEMMA 3.11. For s> 0,9 >0, and P, Q € &ﬁ(Y) satisfying P =1, Q =1,
pointwise multiplication induces a bilinear continuous map

(H3,5(X) 1 L(X)) % (Hpp(X) N L(X)) = Hpooy(X) 1 L¥(X). (3.9)
Especially, for s > 0, ¢ > 0, and Q € &ﬁ(Y) being multiplicatively closed,
HE 5(X) N L>(X) ds an algebra under pointwise multiplication.

Proof. We may assume that ¥ > 0. Write u = ug +u1 € Hp »(X) N L>(X),
v =g +v1 € Hp »(X) N L¥(X) as in the proof of Proposition B.8, where
up = Ugo + Uo1, Vo = Voo + Vo1, Uoo = w(t)coo, and vy = w(t)doo Wwith coo, doo
being constants and in the expressions for ug, vg; only appear exponents with
Rep; < 0 and Reg;s < 0, respectively. Then

U1Vo1 + Up1V1 + UIV1 € HS’(HH)/HWFO(X),
ugov € Hp o(X) € Hpog 5(X), uveo € Hp 3(X) € Hpoq 4(X), and
uo1vo1 € Hpog g40(X),

which proves the assertion. O

DOCUMENTA MATHEMATICA 9 (2004) 207-250



SEMILINEAR FUCHSIAN EQUATIONS 243

The fact which has actually been used in the last proof is that Proposi-
tion B.g(d) applies to the function w(t)1 (p = 0, ¢(y) = 1). This is also
used in part (b) of the next result:

LEMMA 3.12. (a) Let s > 0, 9 > 0, and R, Q € As(Y). Then pointwise
multiplication induces a continuous map

Cr (X)X Hpyo(X) = Hpog,p—o(X): (3.10)

(b) If, in addition, R € As(Y) is so that the multiplicities of its highest singular
values are one, i.e., J, C [C®°(Y)]' for eachr € V, Rer = (n+1)/2—08r, where
J C Ev(Y) represents R, then pointwise multiplication induces a continuous
map

Cr(X) x Hfg,ﬁ(X) - H}S%OQ,@(X)'

Proof. (a) is immediate from Proposition B.§. To get (b), we argue as in the

proof of Lemma . O

PROPOSITION 3.13. Let s > 0, ¥ > 0, and Q € &ﬁ(Y) be multiplicatively
closed. Then vy,..., vk € H o(X)NL>®(X) and F € C>(RX) implies that

F(vr,...,vk) € Hy o(X) N L¥(X). (3.11)

Proof. We are allowed to assume that ¢ > 0. Then v € H§) ,(X) implies that
v| o 1s a constant, where v’ 5y means the factor in front of t% in the asymptotic
expansion ([.9) (with u replaced with v) of v as t — +0. Let 3; = v,]|aX for

1 < J < K be these constants. Using Taylor’s formula, we obtain

F(’Uh...,’UK) = Z %((TIF)(ﬁl,...,ﬂK)(’Ul —ﬁl)al (’UK _ﬁK)CKK

|a|<N

1] _g)N-1
+N Z /O (17)(60‘}7)(/6’14-0'(1;1—ﬂ1)7...,ﬂK+U(UK_6K))do-

=N al
X (’Ul — 61)041 AN (’UK — ﬁK)OlK. (312)

By Lemma B.11, (v; — 81)* ... (v — Bk)* € HE 5(X) N L*(X) for any
o € NK| thus the first summand on the right-hand side of (B.13) belongs
to Hp) 9(X) N L>(X). On the other hand, choosing N sufficiently large, we
can arrange that (v; — 31)% ... (vg — Bg)** € H>FD/2H0(X) N L2(X)
for |a] > N, since vy — B; € H>MHD/2H0(X) N L®(X) for 1 < J < K,
By B.A), {(0°F)(B1 + o(vi — B1),..., Bk + o(vk — Bk))do; 0 < o < 1}
is a bounded set in (1 + H*"*D/2(X)) N L>®(X) for any o € N¥. This
shows that the second summand on the right-hand side of () belongs to
Hs,(n+1)/2+19(X) N LOO(X) I
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PROPOSITION 3.14. (a) Let s > 0, ¥ > 0. Further let Q € As*(Y) be multi-
plicatively closed and R € As(Y). Then vy,...,vk € Hp) g o(X)NL>(X) and
F € C¥ (X x RE) implies that

F(z,v1,...,vK) € Hpogg—o(X)- (3.13)

(b) If, in addition, R satisfies the assumption of Lemma B.13(b), then
V1, ...,k € H o(X) N L®(X) and F' € CF (X x RE) implies that

F(.’E,U17 e ,UK) S HEOQ,I?(X)
Proof. We prove (a), (b) is analogous. Since CF(X x R¥) = CF(X)®,
C>(RE), we can write
o0
F(xz,v) = Zaj w;(x) Fj(v),
§=0
where {a;}32 € I' and {p;}52, C CF(X) and {F;}52, € C>°(R*), respec-
tively, are null sequences. By the preceeding proposition,
Fj(vi,...,vk) =0 asj—oo0in Hp 4 _o(X).
By Lemma ,

(pJ‘(.’Iﬁ)Fj(’Ul, e ,’UK) — 0 asj — 00 in H%OQ,’@*O(X)'

Thus
F(z,v1,...,vg) = Zaj @j(x)Fj(v1,. .. vK) € Hiog p—o(X),
j=0
where the sum on the right-hand side is absolutely convergent. O

3.2 THE BOOTSTRAPPING ARGUMENT

We consider the equation
Au = TI(u), (3.14)

where A € Difff, . (X) is an elliptic Fuchsian differential operator. Properties
of the nonlinear operator u — II(u) are discussed below. The method proposed
for deriving elliptic regularity for solutions to (B.14) amounts to balancing two
asymptotic types — one for the left-hand and the other one for the right-hand
side of (B.14).

We assume: There are asymptotic types P € As® (Y),Q¢€ &5_“(1/), numbers
a, b, sg, %9 € R with

a < u, b<5Q—(515+,u, so>at, dp + {9} >4,
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and a subset U C Hp) ( 190}(X ) such that the following conditions are met:

(A) A is elliptic with respect to the conormal order § and P = P°(Q; A), i.e.,
u € H (X)), Au € Cg (X) implies u € CF (X);
(B) For s > sg, 9 > vy, we have

0 U H g (X) = HS S (X).

{9} Q.{9}—b

Note that {do} —b+dg >0 — pu.

PROPOSITION 3.15. Under the conditions (A), (B), each solution u € U C
HI%O,{%}(X) to (B-14) belongs to the space CF(X).

Proof. We prove by induction on j that

so+j(p—a)
UE€HE G0 4 iubrog—op) (X) (3.15)

for all j € N. Since p —a >0, p—b+dg — 6p > 0, this implies u € CF (X).
By assumption, (B.1§) holds for 5 = 0. Now suppose that ) for
some j has already been proven. From (B) we conclude that II(u) €

sotj(u—a)—a (X)

Q. {Yo}+i(p—b+5—3p)—b

so+(+1)(u—a)

P»{90}+(j+1)(u—b+5g’—5ﬁ)(X)' =

In view of (A), elliptic regularity gives u €

Ezample 3.16. Here, we provide an example for a nonlinearity II satisfying (B).
Let ITI(u) = Ko(u) /K1 (u), where K, K1 are polynomials of degree mg and my,
respectively. Let u € Hp, 5 ((X), where s > (n+1)/2, 6p+9 > (n+1)/2, and
¥ > 0. Further, we assume that the multiplicities of the highest singular values
for P are simple and the coefficient functions for these singular values nowhere
vanish on Y. Then we have Ko(u) € Hp, »_o(X), K1(u) € Hp, 5_(X) for re-
sulting asymptotic types Py, Pi. In particular, Py is dominated by 1V /%, P
and P; is dominated by 1V \/;'; P*. Furthermore, it is readily seen that
v € Hp 5 o(X) and v # 0 everywhere on X° implies that 1/v € Hp) o o(X)
for some resulting asymptotic type Q1. Hence, we are allowed to set P = P,
Q = PO ] Qla and

U={uecHpy o(X); Ki(u) # 0 everywhere on X°}.
The condition s > (n 4 1)/2 can be replaced by s > 0. Then we additionally
need u € L2 (X°).

loc

3.3 PROOF OF THE MAIN THEOREM

The main step consists in constructing asymptotic types P, @ so that Propo-
sition applies. Thereby, upon choosing § € R even smaller if necessary, we
can assume that

0<p+(n+1)/2
and that A € Difffy . (X) is elliptic with respect to the conormal order ¢.
Set A =68p + (u— ) — (n+1)/2. By assumption ([.4), A > 0.
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3.3.1 CONSTRUCTION OF ASYMPTOTIC TYPES P, @)

We construct by induction on h sequences {P;}52, C As’(Y) and {Qn}72, C
&ﬁ(Y) of asymptotic types as follows: Set Py = P°(O;A). Suppose that

Py,..., P, and Qq,...,Qn_1 for some h have already been constructed. Then
Qn = (Q(Pn; B1,...,Bk)*), (3.16)
Ph+1 = ,P(;(R o Qh; A) (317)

LEMMA 3.17. For each h > 0,

Py, = Pny1 up to the conormal order o + p+ hA — 0, (3.18)
Qn = Qny1 up to the conormal order og + (u — i) + hA — 0. (3.19)

In particular, the joins P =\/,—o Py and Q = \/;—, Qn exist.

Proof. We set Q_1 = O and proceed by induction on h. ) holds for
h = —1, since Q € As*(Y) and, therefore, Qy = O up to the conormal order
(n+1)/2 0.

Suppose that Qn—1 = Qp, up to the conormal order 6z + (1 — )+ (h—1)A -0
for some h > 0 has already been proved. Then Ro @Qn—1 = Ro Qp up to
the conormal order g + hA — 0 and P, = P41 up to the conormal order
Sp 4+ hA =0, since P, = P(RoQp; A), Phy1 =P (RoQpy1; A).

Now suppose that P, = P41 up to the conormal order dg + p + hA — 0.
We obtain Q(Py; By, ...,Bk) = Q(Pyy1; B, ..., Bxk) up to the conormal or-
der 6g + (u — iz) + hA — 0 and, therefore, @, = Qpy1 up to the conormal
order 0g + (1 — i) + hA — 0, since Q) = (Q(Ph;Bl7...,BK)ﬁ)~, Qni1 =
(Q(Phs1; By, ..., B)*)™.

This completes the inductive proof. O

LEMMA 3.18. The asymptotic types P = \/7—, Py € ﬁé(Y), Q=\V5_,Qne€
ASH(Y) satisfy:

(a) Q(P;By,...,Bk)? = Q(P; By, ...,Bg)* and Q = (Q(P; Bi,...,Bg)*)
(b) P =P°(RoQ;A);

(¢) Q is multiplicatively closed.

Furthermore, P, Q are minimal among all asymptotic types in &5(5/) and
&ﬁ(Y), respectively, satisfying (a) to (c).

Proof. The assertions immediately follow from the description of the asymp-
totic types Pp, @ given in the previous lemma.

Only Q(P;By,...,Bk)? = Q(P;By,...,Bk)* needs an argument: But P =
Py up to the conormal order dg + p — 0, so we get Q(P;By,...,Bg) =
Q(Po; By, ..., Bk) up to the conormal order dp+(u—p)—0 = (n+1)/2+A—-0 >
(n+1)/2, and Q(Py; By,...,Bk)? = Q(Py; By,...,Bg)! is exactly the non-
resonance condition (E) O
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Note that, by the non-resonance condition (@) and Proposition @,

s—[,0—[ 0o
Byu € Hopip,! . pre.o—o(X) N L7 (X)
he—p S—i,6—fi
C Ho P B i)t 0-0(X) € Mo 370 (X)) (3:20)

if u € Hp,_ o(X), 0 —fi+9 > (n+1)/2, and Byju € L=(X).

3.3.2 END OF THE PROOF OF THEOREM |[L.1]

Since Byu € L®(X) c H»+tD/2-0(X) for all 1 < J < K, we have
F(x,Byu,...,Bgu) € H*%*~9(X) and

u€ HI%O75R+H_6P—O(X) = Hll;,tSR-‘rM—(SP—O(X)

by elliptic regularity.

To conclude the proof of Theorem EI, we apply Proposition with ITu =
F(z,Byu,..., Bgu), P=P,Q = RoQ, where P € As’(Y), Q € As*(Y) have
been constructed in Lemmas B.17, B-1§, so = p, {00} = dp+p—0p—0, a = [,
b=(m+1)/2—0p+ f, and

U={ueHps 1 5, o(X); Bjue L¥(X), 1< J<K}. (3.21)

Then a < pt, b < drog —0p + p for drog = 0r, A >0, and ép + Vo = 6r +p >
g+ (n+1)/2 >4, ie, dp+ {9} > . Moreover, condition (A) is fulfilled.
To check condition (B), note that u € UNHp 5 (X) for s > p, ) > 6r+p—dp
implies

F(x,Byu,...,Biu) € Hyly o g o X)
by (B.20) and Proposition B.14.
Thus Proposition applies to yield u € C¥(X).

Remark 3.19. From (B21) it is seen that the asymptotic type P € As’(Y)
can be taken smaller, namely instead of P = P?(R o Q; A) we can choose the
asymptotic type

V{P' € AS(Y); P' < P (RoQ; A), Q(P'; By,..., Bxk) € As*(Y)}.

In concrete problems, the resulting asymptotic type for u can be even smaller,
e.g., due to nonlinear interaction caused by the special structure of the nonlin-
earity.

3.4 Example: The equation Au = Au? + B(z)u in three space dimensions

Let © be a bounded, smooth domain in R? containing 0. We are going to study
singular solutions to the equation

Au = Au* + B(z)u on Q\ {0}, (3.22)
You = Co, U|aQ =9, (3.23)

DOCUMENTA MATHEMATICA 9 (2004) 207-250



248 XIAOCHUN Liu AND INGO WITT

where you = lim, ¢ |z|u(z), A € R, and B € C*(Q) is real-valued. Since the
quadratic polynomial Au? + B(z)u rather than a general nonlinearity F(z,u)
enters, we may admit complex-valued solutions u to (B.22). In particular,
c € C.

Remark 3.20. By results in VERON [[17], one expects the limit lim, ¢ |z|u(x)
exist for the solutions u = u(z) to (B.29).

On 2\ {0}, we introduce polar coordinates (¢,y) € Ry x S?, t = |z|, y = 2/|x|.
We further introduce the function spaces

X? = {Cot_l + cy11logt + UO(Z‘); co,c11 € C, ug € HZ(Q)},

yo = {d()t_Q +’U()(£U); do € (C7 Vo € L2(Q)},
the definition of which is suggested by formal asymptotic analysis. On the
space X2, we have the trace operators o, v1, y11, where y11u = limy 49 (u(x)—
(ou)t™")/logt, yiu = limy— 1o (u(z) — (you)t ™" — (y11u) logt).
PROPOSITION 3.21. Suppose that B(x) > 0 for all x € Q. Then, for all ¢ € C,
¢ € H3/2(09Q) with lcol+ 1|9l rs/2 (o) small enough, the boundary value problem
B-29), B-2) admits a unique small solution u € X2. This solution u = u(x)
obeys a complete conormal asymptotic expansion as x — 0 that can successively

be calculated. Especially,
C11 = AC(Q), (324)

where c11 = Y11U.-

Proof. Let us consider the nonlinear operator
U: X2 = Y0 x C x H¥?(8Q), ur— (Au— Au® — B(x)u,%u,u‘ag) .

It is readily seen that the linearization of ¥ about u = 0 is an isomorphism
between the indicated spaces. Thus, the existence of a unique small solution
u € X2 to (B:22), (B2) is implied by the inverse function theorem. (B.24)
likewise follows.

Furthermore, writing this solution in the form u(z) = cot=! + c11 logt + ug(x),
where uy € H?(f2), we get that ug fulfills the equation

1t 2+ Aug = A (cgt_2 + 2cocr1t L logt + c%l 1og2 t)
+ 24 (cot™! + c1 logt) ug + Aud + B(z) (cot ™ + c11logt) + B(z)ug. (3.25)
This can be brought into the form ([L.I]) with A = A,

F(z,v) = (24cociit™ ' logt + B(x)cot ™' + Acty log? t + B(z)e1q log t)
+ (2Acot_1 + 2Acq logt + B(a:)) v+ Av?,

since A = 72 ((—t9;)? — (—td;) + Ag2) € Diffpyes (2 \ {0}), where 0 € Q is

considered as conical point with cone base S? = {x € R3; x| = 1}, cf. Re-

mark and Ag2 being the Laplace-Beltrami operator on S2. The conditions
(%

(9, ) are obviously satisfied.
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Thus, Theorem E applies to up € H2(Q) C L*(Q) to yield that uy and,
therefore, u obey a complete conormal asymptotic expansion. O

Remark 3.22. (a) Taking for P the asymptotic type in As’(S?) that comes out
of the calculation of the conormal asymptotic expansion for w, i.e., we have
u € O\ {0}), and for Q the resulting asymptotic type in As ?(S?) for
the right-hand side of (B.29), we are in a situation in which Proposition
directly applies without having boundedness assumptions for u.

(b) Allowing more general functions B € C%(Q2\{0}) for some R € As~/%(5?)
(the conormal order —1/2 ensures that the term AcZt~2 dominates on the right-
hand side of (B.29)) rather than B € C (Q2\ {0}), where Py is the asymptotic
type for Taylor asymptotics, one can perform the same analysis as before upon
replacing the space H?(f2) in the definition of X2 accordingly.
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