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ABSTRACT. Let K/k be a finite Galois extension of global function
fields of characteristic p. Let C'x denote the smooth projective curve
that has function field K and set G := Gal(K/k). We conjecture a
formula for the leading term in the Taylor expansion at zero of the
G-equivariant truncated Artin L-functions of K/k in terms of the
Weil-étale cohomology of G,, on the corresponding open subschemes
of Cx. We then prove the ¢-primary component of this conjecture for
all primes ¢ for which either ¢ # p or the relative algebraic K-group
Ko (Z¢[G],Qq) is torsion-free. In the remainder of the manuscript
we show that this result has the following consequences for K/k: if
p 1 |G|, then refined versions of all of Chinburg’s ‘Q-Conjectures’ in
Galois module theory are valid; if the torsion subgroup of K* is a
cohomologically-trivial G-module, then Gross’s conjectural ‘refined
class number formula’ is valid; if K /k satisfies a certain natural class-
field theoretical condition, then Tate’s recent refinement of Gross’s
conjecture is valid.

2000 Mathematics Subject Classification: Primary 11G40; Secondary
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1. INTRODUCTION

Let K/k be a finite Galois extension of global function fields of characteristic p.
Let C'x be the unique geometrically irreducible smooth projective curve which
has function field equal to K and set G := Gal(K/k). For each finite non-empty
set S of places of k that contains all places which ramify in K/k, we write Ok s
for the subring of K consisting of those elements that are integral at all places
of K which do not lie above an element of S and we set Uk g := Spec(Ox,s).
With R denoting either Z or Z, for some prime ¢ and E an extension field
of the field of fractions of R, we write Ko(R[G], E) for the relative algebraic
K-group defined by Swan in [[if].
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In §2 we formulate a conjectural equality C(K/k) between an element of
Ky(Z]|G],R) constructed from the leading term in the Taylor expansion at
s = 0 of the G-equivariant Artin L-function of Uk s and the refined Euler
characteristic of a pair comprising the Weil-étale cohomology of G,,, on Uk s
(considered as an object of an appropriate derived category) and a natural log-
arithmic regulator mapping. This conjecture is motivated both by the general
approach described by Lichtenbaum in @, 8] and also by analogy to a spe-
cial case of the equivariant refinement of the Tamagawa Number Conjecture of
Bloch and Kato (which was formulated by Flach and the present author in [[L3]).
The equality C(K/k) can be naturally reinterpreted as a conjectural equality
in Ko(Z[G],Q) involving the leading term at ¢t = 1 of the G-equivariant Zeta-
function of Uk, s and in §3 we shall prove the validity, resp. the validity modulo
torsion, of the projection of the latter conjectural equality to Ko(Z.[G], Q) for
all primes ¢ # p, resp. for ¢ = p (this is Theorem @) If £ # p, then our proof
combines Grothendieck’s formula for the Zeta-function in terms of the action
of frobenius on ¢-adic cohomology together with a non-commutative generali-
sation of a purely algebraic observation of Kato in [@] (this result may itself be
of some independent interest) and an explicit computation of certain Bockstein
homomorphisms in ¢-adic cohomology. In the case that { = p we are able to
deduce our result from Bae’s verification of the ‘Strong-Stark Conjecture’ [j
which in turn relies upon results of Milne [[iJ] concerning relations between
Zeta-functions and p-adic cohomology.

In the remainder of the manuscript we show that C(K/k) provides a universal
approach to the study of several well known conjectures. A key ingredient in all
of our results in this direction is a previous observation of Flach and the present
author which allows an interpretation in terms of Weil-étale cohomology of the
canonical extension classes defined using class field theory by Tate in [@]

In §4 we consider connections between C(K/k) and the central conjectures of
classical Galois module theory. To be specific, we prove that C(K/k) implies
the validity for K/k of a strong refinement of the ‘©2(3)-Conjecture’ formulated
by Chinburg in , §4.2]). Taken in conjunction with Theorem EI this result
allows us to deduce that if K((Z,[G], Q,) is torsion-free, resp. p{ |G|, then the
2(3)-Conjecture, resp. the Q(1)-, £2(2)- and ©(3)-Conjectures, formulated by
Chinburg in loc. cit., are valid for K/k. This is a strong refinement of previous
results in this area.

We assume henceforth that G is abelian. In this case Gross has conjectured a
‘refined class number formula’ which expresses an explicit congruence relation
between the values at s = 0 of the Dirichlet L-functions associated to K /k [B1].
This conjecture has attracted much attention and indeed Tate has recently for-
mulated a strong refinement in the case that G is cyclic [@] However, whilst
the conjecture of Gross has already been verified in several interesting cases
[@, , @, @, E], much of this evidence is obtained either by careful analysis
of special cases or by induction on |G| and, as yet, no coherent overview of or
systematic approach to these conjectures of Gross and Tate has emerged. In
contrast, in §5 we shall use the general approach of algebraic height pairings
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developed by Nekovar in @] to interpret the integral regulator mapping of
Gross as a Bockstein homomorphism in Weil-étale cohomology, and we shall
also apply this interpretation to prove that if the torsion subgroup pug of K*
is a cohomologically-trivial G-module (a condition that is automatically satis-
fied if, for example, |ux| is coprime to |G|), then C(K/k) implies the validity
of Gross’s conjecture for K/k. Under a certain natural class-field theoretical
assumption on K /k we shall also show (in §6) that C(K/k) implies the validity
of Tate’s refinement of Gross’s conjecture. When combined with Theorem EI
(and earlier results of Tan concerning p-extensions) these observations allow us
to deduce the validity of Gross’s conjecture for all extensions K/k for which px
is a cohomologically-trivial G-module and also to prove the validity of Tate’s
refinement of Gross’s conjecture for a large family of extensions.

A further development of the approach used here should allow the removal
of any hypothesis on ux (indeed, in special cases this is already achieved in
the present manuscript). However, even at this stage, our results constitute a
strong improvement of previous results in this area and also provide a philo-
sophical underpinning to the conjectures of Gross and Tate that was not hith-
erto apparent. Indeed, the approach presented here leads to the formulation of
natural analogues of these conjectures concerning the values of (higher order)
derivatives of L-functions that vanish at s = 0. These developments have in
turn led to a proof of Tate’s conjecture under the hypothesis only that |uk| is
coprime to |G| and have also provided new insight into Gross’s ‘refined p-adic
abelian Stark conjecture’ as well as several other conjectures due, for example,
to Rubin, to Darmon, to Popescu and to Tan. For more details of this aspect
of the theory the reader is referred to [Ld, B4].

ACKNOWLEDGEMENTS. The author is very grateful to J. Tate and B. H. Gross
for their encouragement concerning this project and for their hospitality during
his visits to the Universities of Texas at Austin and Harvard respectively. In
addition, he is most grateful to M. Kurihara for his hospitality during the
author’s visit to the Tokyo Metropolitan University, where a portion of this
project was completed. The author is also grateful to J. Nekovar for a number
of very helpful discussions.

2. THE LEADING TERM CONJECTURE

2.1. RELATIVE ALGEBRAIC K-THEORY. In this subsection we quickly recall
certain useful constructions in algebraic K-theory.

If A is any ring, then all modules are to be understood as left modules. We
write ((A) for the centre of A, Kj(A) for the Whitehead group of A and
Ko(A) for the Grothendieck group of the category of finitely generated pro-
jective A-modules. We also write D(A) for the derived category of complexes
of A-modules with only finitely many non-zero cohomology groups, and we
let DP(A), resp. DPef(A),denote the full triangulated subcategory of D(A)

DOCUMENTA MATHEMATICA 9 (2004) 357-399



360 DaviD BURNS

consisting of those complexes that are quasi-isomorphic to a bounded com-
plex of projective A-modules, resp. to a bounded complex of finitely generated
projective A-modules.

We let R denote either Z or Z, for some prime ¢, E and F denote extension fields
of the field of fractions of R and we fix a finite group G. For finitely generated
E[G]-modules V' and W we write Isgig(V, W) for the set of E[G]-module
isomorphisms from V' to W. The relative algebraic K-group Ko(R[G],E) is
an abelian group with generators (X, ¢,Y"), where X, Y are finitely generated
projective R[G]-modules and ¢ is an element of Is ¢ (X®RE Y®grE). For the
defining relations we refer to @ p. 215]. We systematically use the following
facts: there is a long exact sequence of relative K-theory (cf. @ Th. 15.5])

Okic), B 60&[@],15

K1(R[G]) — K1(E[G]) —— Ko(R[G], E) Ko(R[G]) — Ko(E[G));

1f E C F, then there is a natural injective ‘inclusion’ homomorphism

R[G], ) C Ky(R[G],F); for each rational prime ¢ the assignment
(X7¢, Y)—= (X ®zZ, ¢ ¢ Qr, Y ®z Zg) induces a homomorphism

pe s Ko(Z[G], Q) — Ko(Ze[G], Q)

and the product of these homomorphisms over all primes ¢ induces an isomor-
phism (cf. the discussion following [@ (49.12)])

(1) Hpé KO @K{) Zg

Let A be a finite d1mens1ona1 central surnple F-algebra, F’ an extension of F
which splits A and e an indecomposable idempotent of A @z F'. If V is any
finitely generated A-module and ¢ € End 4(V), then the ‘reduced determinant’
of ¢ is defined by setting detred 4(¢) := detp (¢ @p idp/|e(V @p F’')). This is
an element of F' which is independent of the choices of F’ and e. This construc-
tion extends to finite-dimensional semi-simple F-algebras in the obvious way.
In particular, the group K;(FE[G]) is generated by symbols of the form [¢] with
¢ € Autgg) (V) and the assignment [¢] +— detred gg)(¢) induces a well-defined
injective ‘reduced norm’ homomorphism nrgjq) : K1(E[G]) — ((E[G])* B4,
§45A]. For each ¢ the map nrg,g) is bijective and so there exists a unique
homomorphism §, : ((Q¢[G])* — Ko(Z¢[G], Q) with a%z[G],Qe = 0¢ 0 nrg,[q]-
(When we need to be more precise we write dg, rather than d,.) The map
nrg(g is not in general surjective, but nevertheless there exists a canonical
‘extended boundary’ homomorphism ¢ : ((R[G])* — Ko(Z[G],R) which sat-
isfies 8Z[G] g = 0 onrgig and is such that ((Q[G])* is the full pre-image of
Ko(Z|G],Q) under § (cf. [13, Lem. 9]).

The map nrg(g 1nduces an equivalence relation ‘~’ on each set Isgg)(V, W)
in the following way: ¢ ~ ¢’ if nrgg([¢/ 0 ~']) = 1. In the sequel we shall
often not distinguish between an element of Isgg)(V, W) and its associated
equivalence class in Isgg)(V, W)/ ~.

For each Z-graded module C° we write C*', C~ and C* for the direct
sum of C? as i ranges over all, all odd and all even integers respectively.
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An ‘BE-trivialisation’ of an object C" of DP™(R[G]) is an element 7 of
Ispig)(HH(C)@rE,H (C")®r E)/ ~. In [ it is shown that a variant of the
classical construction of Whitehead torsion allows one to associate to each such
pair (C",7) a canonical ‘refined Euler characteristic’ element x g, g(C",7)
which belongs to Ko(R[G], E) and has image under 6%[(;], £ equal to the Eu-
ler characteristic of C* in Ko(R[G]). Further details of this construction are
recalled in the Appendix.

In the sequel we shall use the following notation and conventions. We ab-
breviate ‘cohomologically-trivial’ to ‘c-t’, ‘xzigr’ to ‘X', ‘Xz[q),0” to ‘xq’ and
‘Xz.(c,0. to ‘x¢’ (or to ‘xg,.” when we need to be more precise); if X is any
scheme of finite type over the finite field I, of cardinality p and F is any étale
(pro-) sheaf, resp. Weil-étale sheaf, on X, then we abbreviate RT(Xg,F),
resp. RT(Xweil—et, F) to RT(X, F), resp. RT'w(X,F), and we also use similar
abbreviations on cohomology; for any commutative ring A we write x — z%
for the A-linear involution of ((A[G]) that is induced by setting g% := g~! for
each g € G; for any group H and any H-module M we write M resp. My,
for the maximal submodule, resp. quotient, of M upon which H acts trivially;
for any abelian group A we let Ay denote its torsion subgroup; unless ex-
plicitly indicated otherwise, all tensor products and exterior powers are to be
considered as taken in the category of abelian groups.

2.2. FORMULATION OF THE CONJECTURE. We assume henceforth that S is a
finite non-empty set of places of k containing all places which ramify in K /k.
We let Irre (G) denote the set of irreducible finite dimensional complex charac-
ters of G. For each x € Irre(G) we write Lg(x;, s) for the associated S-truncated
Artin L-function and Lg(x,0) for the leading term in the Taylor expansion of
Ls(x,s) at s = 0. Recalling that ((C[G]) identifies with [];,, () C, we define

a ((C[G])-valued meromorphic function of a complex variable s by setting

Oxc/k,5(5) = (Ls(X; 8))xetne(c)-
The leading term 9}/&3(0) in the Taylor expansion of O/, s(s) at s = 0 is
equal to (L§(x,0))yenr(e) and hence belongs to ((R[G])*. In this subsection
we follow the philosophy introduced by Lichtenbaum in [@] to formulate a
conjectural description of 0(67 Ik, 5(0)#) in terms of Weil-étale cohomology.
For any intermediate field F' of K/k we write Yr g for the free abelian group
on the set of places S(F') of F' which lie above those in S and Xp g for the
kernel of the homomorphism Yp s — Z that sends each element of S(F') to 1.
We write O g for the ring of S(F')-integers in F' and (’);S for its unit group.
We also set Ur g := Spec(Op g) and Ar g := Pic(OF,g).

LEMMA 1.

i) Let j : Ux,s — Ck denote the natural open immersion. Then there
exists a canonical isomorphism in D(Z[G]) of the form

Rrw(UKys, Gm) = RHomz(Rrw(CK,ng),Z[—2]).
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ii) There exists a natural distinguished triangle in D(Z][G]) of the form
Xk,s ®Q[-2] = RI(Uk,s,Gm) = RUw(Uk,s,Gm) — Xx,s ® Q[-1]

where the map induced on cohomology (in degree 2) by the first mor-
phism is the composite of the projection Xk s ® Q — Xk s @ Q/Z and
the canonical identification Xk s ® Q/Z = H*(Uk.s,Gp).

iii) RTWw(Uk.s,Gym) is an object of DP*™(Z[G]) that is acyclic outside de-
grees 0 and 1. One has a canonical identification Hy\,(Uk,s,Gy,) =
Ok s and a natural exact sequence of G-modules

0— AK,S — Hll,v(Ulgs,Gm) — Xg s —0.

iv) If J is any normal subgroup of G, then there exists a natural isomor-
phism in D™ (Z[G/J]) of the form

Rrw(UKJys, Gm) = RHOmZ[J] (Z, wa(UK,S, Gm))

With respect to the descriptions of cohomology given in iii) (for both K
and K7) the displayed isomorphism induces the natural identification
(’)2,,75 = (OIX(,S)J and also identifies X s g with a submodule of Xg g
by means of the map that sends each place v of S(K”) to >jesi(w)
where w is any place of K lying above v.

Proof. Claim i) is proved by the argument of [@, proof of Th. 6.5].

The existence of the distinguished triangle in claim ii) can be proved by com-
paring the spectral sequences of [@, Prop. 2.3(f)] or by using the approach of
Geisser in , Th. 6.1].

The descriptions of the groups Hiy,(Uk,s,Gy,) given in claim iii) are proved
by Lichtenbaum in [@, Th. 7.1c¢)]. They follow from the long exact se-
quence of cohomology associated to the triangle in claim ii), the canoni-
cal identifications H(Uk s,Gm) = O g, H' (Uk,5,Gp) = Pic(O s) and
H?(Uk,5,Gm) = Xk.s ® Q/Z and the fact that H(Uk. s,G,,) = 0 if i > 2.
Since each cohomology group of RT'w (Uk,s, Gy, ) is finitely generated, a stan-
dard argument of homological algebra shows that this complex belongs to
Drerf(Z]G)) if and only if it belongs to DPY(Z[G]) (cf. [, proof of Prop.
1.20, Steps 3 and 4]). On the other hand, any G-module that is c-t has fi-
nite projective dimension as a Z[G]-module and so it suffices to show that
RTw(Uk,s,G,y,) is isomorphic to a bounded complex of G-modules which are
each c-t. Now the G-module Xx g ® Q is c-t and so the distinguished triangle
of claim ii) implies that we need only prove that RI'(Uk s, G,) is isomorphic to
a bounded complex of G-modules which are each c-t. But this is true because
the natural morphism 7 : Ug,s — Uy,s is étale and G,, = 7*G,, on (Uk,g)et
(cf. , proof of Prop. 1.20, Steps 1 and 2]).

Claim iv) follows from the triangle of claim ii) and the description of coho-
mology given in iii) (for both K and K7’) together with an explicit com-
putation of the maps induced on cohomology by the natural isomorphism
RI'(Ugs 5,Gm) = RHomg(Z, RT'(Uk,s,G,y,)) in D(Z[G/J]) (for more de-
tails as to the latter see, for example, the proof of [[[3, Lem. 12]). O
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For each place w of K we let | - |, denote the absolute value of w normalised
as in @, Chap. 0, 0.2]. We write Rg g for the R[G]-equivariant isomorphism
OIX(’S QR — Xk s ®R which at each u € OIX{’S satisfies

(2) Ris(u)=— Y log|uly w.
weS(K)
We also denote by Rk g the R-trivialisation of RI'w(Uk g, Gy,) that is induced
by Rk, and the descriptions of Lemma iii).
We can now state the central conjecture of this paper.

COoNJECTURE C(K/k): In Ko(Z|G],R) one has an equality
(0% /1,.5(0)%) = Xx(RTw(Uk.s, Gm), R 5)-

Remark 1. Lemma[li) shows that C(K/k) can be naturally rephrased in terms
of RT'Ww(Ck, jiZ). We have chosen to work in terms of G,, rather than 4 Z for
the purposes of explicit computations that we make in subsequent sections (see
also Remark E in this regard).

Remark 2. If G is abelian, then the equality of C(K/k) is equivalent to a
formula for the Z[G]-submodule of R[G] which is generated by 67/, s(0)# in
terms of the Z[G]-equivariant graded determinant of RT'w (Uk s, Gy,) (see Re-
mark Al in the Appendix). By using this observation in conjunction with
Remark [l| it can be shown that C(k/k) is equivalent to a special case of the
conjecture formulated by Lichtenbaum in @, Conj. 8.1e)].

Remark 3. Let j : Ux,s — Ck denote the natural open immersion. Then the
Poincaré Duality Theorem of [@, Chap. II, Th. 3.1] gives rise to a commutative
diagram in D(Z[G]) of the form

XKs®Q[-2] — RT(Uk,s,Gn) — RI'w(Uk,s,Gn)

H l

Xk,s ® Q[-2] — Homgz(RI'(Ck, Z),Q/Z[-3])

(O%,s/0k.5)0]
where the top row is as in Lemma mii), @IX( g denotes the profinite completion of

OIX{’ g and the second column is a distinguished triangle. This diagram implies
that RT'w(Uk,s,Gy,) is a precise analogue of the complex Wg that occurs in
[[3, Rem. following Prop. 3.1] and [ff, Prop. 2.1.1]. For this reason, C(K/k)
is an analogue of the conjectural vanishing of the element T2 (K /k,0) defined
in [ﬂ, Th. 2.1.2], where K/k is a Galois extension of number fields of group G,
and also coincides in the abelian case with the function field case of [E, Conj.
2.1]. We recall that the vanishing of the element TQ(K/k,0) is equivalent to
the validity of the ‘Lifted Root Number Conjecture’ of Gruenberg, Ritter and
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Weiss [BJ] (see [[l, Th. 2.3.3] for a proof of this fact) and also to the validity of
the ‘Equivariant Tamagawa Number Conjecture’ of [@, Conj. 4(iv)] as applied
to the pair (h°(Spec K),Z[G]) where h°(Spec K) is considered as a motive
that is defined over k and has coefficients Q[G] (see [, Th. 2.4.1] or 14, §3]
for different proofs of this fact). We further recall that [[J, Conj. 4(iv)] is
itself a natural equivariant version of the seminal conjecture of Bloch and Kato
from [ﬂ], and that if G is abelian, then it refines the ‘Generalized Iwasawa Main
Conjecture’ formulated by Kato in [B, §3.2] (cf. [[4, §2] in this regard). Finally
we recall that strong evidence in favour of [[3, Conj. 4(iv)] has recently been

obtained in [[§, [[q].

By a change of variable we now remove all of the transcendental terms which
occur in C(K/k) and then decompose the conjecture according to (fl]).

To do this we set t := p~® and then define a ((C[G])-valued function of the
complex variable ¢ by means of the equality Z p s(t) := 0k i s(s). For each
place w € S(K) we write val,, and k(w) for its valuation and residue field
and let deg(w) denote the degree of the field extension k(w)/F,. We write
Dr,s: Ok g — Xk,s for the homomorphism which at each u € O g satisfies

Dk s(u) = Z valy, (u) deg(w) - w.
weS(K)
LEMMA 2. Let e : Spec(C(R[G])) — Z denote the algebraic order of Zy i s(t)

at t = 1 (which we regard as an element of 770(8pec(CRIGD)) iy the natural
way). Then the element

Zx k(1) = th_fg(l — )" Zg/k,s(t)

belongs to ((Q[G])* and C(K/k) is valid if and only if in Ko(Z]|G],Q) one has

(3) 8(Zie 1.s(1)*) = xo(RTw(Uk,s,Gm), Dr.s © Q).

Proof. The algebraic order of HK/,“S(S)# at s = 0 is equal to e. In addition,
by an explicit computation one verifies that

9?(/&5(0)# = glg(l) S_EQK/k,S(S)#

= (log(p))® - Zf(/k,s(l)#
When combined with the known validity of Stark’s Conjecture for K/k [0,
p. 111], this equality proves that Z% , (1) belongs to ((Q[G])*. Also, since

xo(RT'w(Uk,s,Gnm), Dr,s ® Q) is equal to x(RT'w(Uk,s, Gm), Dk s ® R) in
Ko(Z[G],R), the above equality shows that C(K/k) is equivalent to () pro-
vided that in Ko(Z[G],R) one has

X(RT'w(Uk,s,Gm), Ri,s) = X(RI'w(Uk .5, Gm), D, s @ R) + 3((log(p)))-

The validity of this equality follows directly from [, Prop. 1.2.1(ii)] in con-
junction with the equality Rk s(u) = log(p) - Dk s(u) for each u € Of ¢ and
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the fact that the reduced rank (as defined in [[L3, §2.6]) of the R[G]-module
Xk,s ®Ris equal to e @, Chap. I, Prop. 3.4]. |

From Lemma [ and the bijectivity of the map (f]) it is clear that C(K/k) is
valid if and only if, for each prime ¢, the following conjecture is valid.

CoNJECTURE Cy(K/k): The image of (}) under p; is valid.

Remark 4. There are several useful functorial properties of C(K/k) that can
be proved directly or by combining Remark E with the relevant arguments from
either [ﬂ} or , 84.4-5]. For example, in this way it can be shown that the
validity of C(K/k) is independent of the choice of S (cf. [fJ, Th. 2.1.2]). In
addition, if £ is any prime and H is any subgroup of G, then it can be shown that
the validity of the image of the equality of Cy(K/k) under the natural restriction
map Ko(Z[G], Q¢) — Ko(Z¢[H],Qy) is equivalent to the validity of Co(K/KH)
(cf. [, Prop. 2.1.4(i)]). In a similar way, if J is any normal subgroup of
G, then Lemma iv) implies that the validity of the image of the equality of
C¢(K/k) under the natural coinflation map Ko(Z¢[G], Q) — Ko(Ze[G/J], Qe)
is equivalent to the validity of Co(K”/k) (cf. [[], Prop. 2.1.4(ii)]).

3. EVIDENCE

In this section we shall provide the following evidence in support of C(K/k).

THEOREM 3.1. Let K/k be a finite Galois extension of global function fields of
characteristic p and set G := Gal(K/k).

i) If £ # p, then Co(K/k) is valid.

ii) C,(K/k) is valid modulo the torsion subgroup of Ko(Z,y|Gl],Qp).

COROLLARY 1. C(K/k) is valid modulo the torsion subgroup of Ko(Z,[G],Q,).
Proof. Clear. O

Remark 5. The group Ko(Z,[G], Q) is torsion-free if p t |G| (cf. [L3, proof of
Lem. 11c)]) and also if p = 2 and G is either of order 2 or is dihedral of order
congruent to 2 modulo 4 [f], Lem. 8.2].

3.1. THE DESCENT FORMALISM. In this subsection we prepare for the proof
of Theorem @1) by proving a purely algebraic result. This provides a natu-
ral generalisation of several results that have already been used elsewhere (cf.
Remark []) and so the material of this subsection may well itself be of some
independent interest.

We fix an arbitrary rational prime ¢ and for each Z,-module M we set Mg, :=
M®yz,Q,. We say that an endomorphism ¢ of a finitely generated Z,[G]-module
M is ‘semi-simple at 0’ if the natural composite homomorphism

(4) ker(4) <= M — cok())
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has both finite kernel and finite cokernel. We note that this condition is satisfied
if and only if there exists a Q¢[G][¢]-equivariant direct complement to the
submodule ker(¢)g, of Mg,.

Let t be an indeterminate. Then for any element f of ((Q[G])[[t]] we write
es : Spec(C(Q¢[G])) — Z for the algebraic order of f(t) at t = 1. We identify
e with an element of Z70(Spec(¢(QeICG)) in the natural way and then set

fH(1) =l (1 =)~ f(t) € ((QeG]) ™
In particular, if 6 is any endomorphism of a finitely generated Z,[G]-module
M for which 1 — 6 is semi-simple at 0 and
f(t) = detredQ[[G}(l —0-t: MQz)a
then we set
detred&é[G](l —0: MQZ) :f*(l)
= detredg,[¢(1 =6 : D)
where D is any choice of a Q/[G][f]-equivariant direct complement to the sub-
module ker(1 — 6)q, of My,.
We now suppose given a bounded complex of finitely generated projective
Z¢|G]-modules P and a Z,[G]-equivariant endomorphism 6 of P which is such
that the induced endomorphism H'(1—6) of H'(P") is semi-simple at 0 in each
degree 1.
We let C(6)" denote the —1-shift of the mapping cone of the endomorphism of
P induced by 1 — 6. Then from the long exact sequence of cohomology that is
associated to the distinguished triangle
P p —c@)n) — P
one obtains in each degree i a short exact sequence
0 — cok(H ™11 —0)) — H(C(A)) — ker(H (1 — 6)) — 0.
Upon combining these sequences with the isomorphisms
ker(H'(1 — 6))q, — cok(H'(1 — 0))q,
induced by () (with ¢ = H*(1—6) and M = H*(P")) one obtains a well-defined
Qg-trivialisation 79 of C(6).

PRrROPOSITION 3.1. Let P be a bounded complex of finitely generated projective
Z¢|G]-modules and 0 a Z|G-equivariant endomorphism of P for which H*(1—
0) is semi-simple at 0 in each degree i. Then in Ko(Z¢[G], Q) one has

xe(C(8),7) = Z(—l)iég(detred@[c](l —0:H(P)g,)).
€L
Proof. We shall argue by induction on the quantity
|P| := max{i: P # 0} —min{j : P? # 0}.
We first assume that |P'| = 0 so that P has only one non-zero term. To be spe-
cific, we assume that P° = P"[—n] (so that H"(P") = P™). In this case C'(6)
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is equal to the complex P" 16", P, where the first term is placed in degree
n. In addition, upon choosing a Q;[G][#"]-equivariant direct complement D to
ker(1 — 0")q, in Ffj,, and using @) to identify H™(C(#))g, = ker(1 — 6™)g,
with H""1(C(6) )g, = cok(l — ™)q,, the trivialisation 74 is induced by the
identity map on cohomology. Hence, from Lemma Al, one has

Xe(C(0)',70) =(=1)"0,6).0, ([{dieri—6m)q, ® (1= 6") [D])
(=1)" 0,161,011 = 0" D])
(—1)"6@(detred@é[g](1 —6": D))
(=1)"d,(detredg, (1 — 0 : H"(P"[-n])q,)),

as required.

We now assume that |P’| = n and, to fix notation, that min{j : P? # 0} = 0.
We also assume that the claimed formula is true for any pair of the form (Q", ¢)
where @' is a bounded complex of finitely generated projective Z;[G]-modules
for which |Q'| < n—1 and ¢ is a Zy[G]-equivariant endomorphism of Q" for
which H%(1 — ¢) is semi-simple at 0 in each degree i. For any complex C"
and any integer i we write B'(C"), Z*(C") and d*(C") for the boundaries, cycles
and differential in degree i. If necessary, we use the argument of [@, Lem.
7.10] to change 6 by a homotopy in order to ensure that, in each degree i,
the restriction of 1 — 6° to BY(P’) induces an automorphism of B*(P")g,. We
shall make frequent use of this assumption (without explicit comment) in the
remainder of this argument.

We henceforth let @ denote the naive truncation in degree n — 1 of P (so
Q' = P'if i <n—1and Q" = 0). Then one has a tautological short exact
sequence of complexes 0 — P"[—n] — P* — @ — 0. From the associated long
exact cohomology sequence we deduce that H(Q') = H'(P') if i <n — 1 and
that there are commutative diagrams of short exact sequences of the form

0 —— HY(P) —— H"YQ) B" 0
H"—1(170)l H"_l(lfqﬁ)l 1—9"l

0 —— H"Y(P) —— H"YQ) B" 0

0 B H"(P"|-n]) —— H™"(P) —— 0
1—9”l H"(l—G"[—n])l H"(l—e)l

0 B H"(P"[-n]) —— H™"(P) —— 0.

We write ¢, resp. 6"[—n], for the endomorphism of @', resp. P"[—n], which
is induced by 6. Then the above diagrams imply that ker(H'(1 — ¢))g, =
ker(H'(1—0))g, and cok(H'(1—¢))q, = cok(H*(1—6))g, for all i < n and also
that ker(H"(1 — 6"[—n]))q, = ker(H"(1—6))q, and cok(H™(1 —0"[—n]))q, =
cok(H™(1-6))g,. This implies that 1 —¢ and 1—6"[—n] induce endomorphisms
of HY(Q) and H*(P"[—n]) respectively which are each semi-simple at 0 in all
degrees 1.

DOCUMENTA MATHEMATICA 9 (2004) 357-399



368 DaviD BURNS

We set C' := Cone(1 — 0"[—n])[—1], D := C(0) = Cone(l — 0)[-1] and F :=
Cone(1 — ¢)[—1] so that there is a natural short exact sequence of complexes

(5) o-c5plpo.
Now, since |@Q'| < n, our inductive hypothesis implies that
n—1
Xe(E,75) = D (= 1)'de(detredgy, ¢y (1 — ¢ - H'(Q)a,)
i=0

= e (1~ 6+ 1 (@)
+ Z )'0¢(detredpy, gy (1 — 0 : H'(P')g,))-

In addition, since |P™[—n]| = 0, our earlier argument proves that
Xe(C, Ton[—n)) = (=1)"d¢(detredgy, o1 (1 — 0" [-n] : H"(P"[-n])q,).

From the commutative diagrams displayed above, one also has

detredg, (1 — ¢ : H"H(Q)g,) =
detredg, () (1 — 0™ : Bg,) - detredg, (1 — 0 : H" 1(P)g,)

and

detredg, () (1 — 0"[-n] : H"(P"[-n])q,) =
detredg, () (1 — 0™ : Bg,) - detredg, (1 — 0 : H"(P)q,)-

Upon combining the last four displayed formulas we obtain an equality

Xe(C, Ton(—n) + Xe(B,76) = > _(—1)'d¢(detredsy, (1 — 0 : H'(P)g,)),
iez

and so the claimed result will follow if we can show that

(6) xe(D,19) = xe(C, Ton[—n)) + Xe(E, T5)-

Before discussing the proof of this equality we introduce some convenient no-
tation: for any Z,-module A we set A := A ®z, Q¢, and we use similar abbre-
viations for both complexes and morphisms of Zs-modules. For any complex
A we also set HY := HY(A) and Hy := H~(A).

The key to proving (f]) is the observation (which is itself straightforward to
verify directly) that one can choose elements x1, ko and k3 of Tyn[_,, 79 and
T respectively which together lie in a commutative diagram of short exact
sequences of the form

+ HT (@) + HT®B) +
(7) l l l
_ H @ - H (B _

0 H H H: —— 0
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Indeed, the equality (E) follows directly upon combining such a diagram with
the exact sequence (f|) and the result of [f], Th. 2.8]. However, for the conve-
nience of the reader, we also now indicate a more direct argument.

After taking account of the construction of xy(-,-) given in the Appendix (the
notation of which we now assume) and the definitions of 74n[_p(C), 79(D) and
T4(E) it is enough to prove the existence of a commutative diagram

l l l

(o \HY (@) (8 . H*(B))
0 —— Bg® Hf ——— Bp®H) ——— BgoH —— 0

l(id,m) l(id,nz) J{(idﬂig)

0 —— B H- (o, H” (=) By ® Ho B H(B), By®Hz — 0
o— ¢ =~ D L. B —y,

where Bz denotes B*!(C), and similarly for By and By, o/ : B — Bg and
B' : By — By are the natural homomorphisms that are induced by a and
B respectively, i,k and k3 are as in ([]) and all unlabelled vertical maps
are the isomorphisms induced by a choice of sections to each of the natural
homomorphisms C' — B*+1(C), Zz{(C) — H'(C),D' — B*(D),z{{D) —
H(D),E' — B"Y(E) and Z{(E) — H'(E). Indeed, if such a diagram ex-
ists, then the composite vertical isomorphisms belong to 7yn[_,)(C), Te(D)
and 74(E) respectively, and so the commutativity of the diagram formed

by the first and fourth rows combines with the exactness of the sequences
+
«

0t L pt 2L Bt S 0and0 — ¢~ °= D~ 2 E- — 0 and the
defining relations of Ko(Z¢[G], Q) [, p. 415] to imply the required equality
(E) Thus, upon noting that the rows of this diagram are all exact (the second
and third as a consequence of the exactness of the rows of (ff)), it is enough
to prove that sections of the above form can be chosen in such a way that
the top and bottom two squares of the diagram commute, and this in turn
can be proved by a straightforward and explicit exercise using the following
facts. After choosing Q[G]-equivariant direct sum decompositions P?~1 =
im(1—67-1) ® S"~! and P* = ker(1 — ") @ S™, one obtains a direct sum
decomposition D" = Pn=1@ P* = B*(D) & 5™ * & (0, ker(1 — 67)) & (0, S™)
where S"~1* denotes the set of elements (7, 7’) where 7 runs over S"~! and 7’

denotes the unique element of B™(P-) which is such that (w,7') € Z"(D);
one has Z"(D) = B"(D) ® S" 1* @ (0,ker(1 — 6")); the natural projec-
tion maps induce isomorphisms B"(D) = B"(E),Z" (D) = Z""Y(E) and

B*(D) = B \(E). O
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Remark 6. There are two special cases in which the formula of Proposition @
has already been proved: if C(f)g, is acyclic, then H {(1 — ) is automatically
semi-simple at 0 in each degree i and the given formula has been proved by
Greither and the present author in , proof of Prop. 4.1]; if G is abelian, then
Proposition @ can be reinterpreted in terms of graded determinants and in
this case the given formula has been proved to within a sign ambiguity by Kato
in [@, Lem. 3.5.8]. (This sign ambiguity arises because Kato uses ungraded
determinants - for more details in this regard see [loc cit., Rem. 3.2.3(3) and
3.2.6(3),(5)] and I3, Rem. 9].)

3.2. ZETA FUNCTIONS OF VARIETIES. In this subsection we fix a prime ¢ that
is distinct from p. We also fix an algebraic closure Iy, of ), we set I' :=
Gal(F;, /F,) and we write o for the (arithmetic) Frobenius element in I'. For
any scheme X over I, we write X for the associated scheme F; xp, X over
Fe.

V\Z;e let J be a finite group, X and Y separated schemes of finite type over F,
and 7 : X — Y an étale morphism that is Galois of group J. For each f-adic
sheaf G on Y we follow the approach of Deligne [@, Rem. 2.12] to define a
J-equivariant Zeta function by setting

Zi(Y,m.7*G @z, Qp,t) :=
T detredg, (1= ;- €500 | (r.7°G 3, Qu)y)~" € CQI(E]

Y

where y runs over the set of closed points of Y, f, denotes the arithmetic
Frobenius of y, deg(y) the degree of y and subscript 7 denotes taking stalk at
a geometric point over y.

We now combine the algebraic approach of the previous subsection with a well
known result of Grothendieck from [BJ] to describe, for each integer r, the image
of the leading term Z%(Y, m.m*Zy(r) ®z, Q¢, 1)# under the homomorphism
87,0+ C(Qe[J])* — Ko(Ze[J], Q).

To this end we observe that 7, is exact and hence that, for each sheaf G as
above, there is a natural isomorphism RT'(Y, m.7*G) = RT(X, 7*G) in D(Z,[J]).
This implies that if G is any étale (pro-)sheaf of finitely generated Z,-modules
onY and we set F := 7*G, then the complexes RT'(X, F) and R['(X¢, F) both
belong to DPf(Z[J]) (cf. [BY, Th. 5.1]). We may therefore fix a bounded com-
plex of finitely generated projective Zy[J]-modules C" for which there exists an
isomorphism « : C* = RI(X¢, F) in DP*!(Z,[J]) and a Z,[J]-endomorphism
0 of C" that induces the action of ¢ on RI'(X¢ F) (the existence of such a
0 follows from [7 Chap. VI, Lem. 8.17] - but note that the map 1 in loc.
cit. need not, in general, be a quasi-isomorphism). In this way we obtain a
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commutative diagram in DPf(Z,[.J]) of the form
c —_— C

g | |
RT'(X,F) —— RI(X¢F) L, RT'(X¢,F) —— RT(X,F)[1],

where the lower row denotes the natural distinguished triangle. Taken in con-
junction with the Octahedral axiom, this diagram implies the existence of an
isomorphism o' : C'(0) = RI'(X,F) in DP*f(Z,[J]). Further, the hypothesis
that the composite ({f) with ¢ = H?(1—6) and M = H*(C") has both finite ker-
nel and finite cokernel is equivalent to the hypothesis that o acts ‘semi-simply’
on the space H'(X¢, F) ®z, Qp and is therefore expected to be true under some
very general conditions [@, Rem. 3.5.4]. In this context, and in terms of the
notation of Lemma A2, we write 7x r , for the Q,-trivialisation of RI'(X,F)
which is equal to (1), where 7y is the Q-trivialisation of C(#) that is defined
just prior to Proposition .1 (with P* = C").

Remark 7. The trivialisation 7x, 7 , defined above has an alternative descrip-
tion. To explain this we let C(F) denote the complex

HY(X,F) S H (X, F) 5 HY (X, F) 5 -
where HY(X, F) occurs in degree 0 and » denotes cup-product with the element
of H*(X,Zs) obtained by pulling back the element ¢, of H'(Spec(F,),Z¢) =
Homeont (T, Z¢) which sends o to 1. Then the complex C(F) ®z, Qg is acyclic
if and only if o acts semi-simply on each space H'(X¢, F) ®z, Qp @, Lem.

3.5.3]. Further, in each degree i the homomorphism H*(X,F) % H'*'(X,F)
is equal to the ‘Bockstein homomorphism’

By ot H(X,F)— HYY(X,F)
that is obtained as the composite
H{(X,F) - H(X, F)V' - H(X®, F)r — HTYX, F)

where the first and third maps are induced by the long exact sequence of co-
homology associated to the lower row of (§) and the second map is as in (ff).
Indeed, this equality is a consequence of the description of x on the level of
complexes that is given by Rapaport and Zink in [@, 1.2] (cf. [@, Prop. 6.5]
and [B, §3.5.2] in this regard). These equalities imply in turn that 7x z, co-
incides with the Q-trivialisation of RT'(X, F) that is induced by the acyclicity
of C(F) ®z, Q¢ together with the assignment 7 — 7(C(F) ®z, Q¢) which is
described just prior to Lemma Al.

We now state the main result of this subsection.

THEOREM 3.2. Letw: X — Y be a finite étale morphism of separated schemes
of dimension d over Fy,. If m is Galois of group J and r is any integer for
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which o acts semi-simply on H'(X¢, Zy(r))) ®z, Q¢ in all degrees i, then in
Ko(Z[J],Qq) one has

§1.0(Z5(Y, mm* Zo(r) @z, Qo, 1)) = =X g0 (RT(X, Ze(d — 7)), TX 2 (d—r) 0)-
Proof. We set 1’ := d—r and make a choice of morphisms 6 and « as in diagram
@) with F = Z(+'). Upon applying Lemma A2 to the induced isomorphism
o : C(8) =5 RT(X,Z(r")) and then Proposition B.1] with P' = C" and G = J,
we find that

X7.(RT(X, Zo(r")), X 2, (r),0)
=x(C(0) ", 76)
=Y (—1)'64(detredf, (1 -0 : H(C)g,))

€L
= Z ) 57.0( (detredg, (1 — o : HY (X,Qu(r")))).

1E€ZL
For each integer i we set V¢ := H(YC m,m*Z(r) ®z, Qo) = HL(XC, Qu(r)),
where subscript ‘c’ denotes cohomology with compact support. Then, by
Poincaré Duality (cf. [, Chap. VI, Cor. 11.2]), in each degree i one has
an isomorphism of Qg[J]-modules H*(X¢ Q,(r'")) = Homg,(V2?~% Q). This
isomorphism respects the action of Frobenius in the sense that the action of o
on H(X¢ Qy(r")) corresponds to the inverse of the action of o that is induced
on Homg, (V24=% Q) by its natural action on V22~ (since the linear duality
functor is contravariant). Hence one has

detredq,j1(1 — o -t : H'(X, Q¢(r")))

=detredg,(s(1 — o' -t : Homg, (V?*7,Qy))

=detredg,(jj(1 — o~ -t V2TH#
where the involution = — z# acts coefficient-wise on elements of ¢(Qy[J])[[t]]
and the second equality is valid because J acts contragrediently on

Homg, (V24=%,Qy) (cf. [fJ, (2.0.5)]). From the above formula one there-
fore has

X216(BL(X, Ze(r"), 7 20 (r7).0)
=dre(J(detredy, (1 — o=t V))#(=D

€7

= — 5J,@((H detredalm(l _ 0.—1 . Vi)(_l)i+1)#).
€L

To complete the proof it is thus sufficient to observe that, by Grothendieck
[@], one has an equality of functions of the complex variable ¢
Hdetred@e[ﬂ(l — o7t VYOV = Z(Y et Zo(r) @2, Qo t).

€L
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Indeed, the exposition of [@, Chap. VI, proof of Th. 13.3] proves just such an
equality with Q[J] replaced by an arbitrary finite degree field extension € of
Q¢ and m,m*Z¢ (1) ®z, Q¢ by any constructible sheaf of vector spaces over €,

and the last displayed equality can be verified by reduction to such cases since
both sides are defined via Galois descent (cf. [27, Rem. 2.12]). O

3.3. THE CASE £ # p. In this subsection we deduce Theorem B.Tfi) from a
special case of Theorem B.9.

To this end we first reinterpret Cy(K/k) in the style of Theorem B.d. We note
that the isomorphism ¢, constructed in the following result is as predicted by
[, Conj. 7.2] (with X = Uk s and n =1).

LEMMA 3. There exists a natural isomorphism in DP*f(Z,[G]) of the form
v : RUw(Uk.s,Gp) ® Z¢ = RT(Uk s, Zo(1))[1] .

Set Dg s := H(1p)o(Dg,s®Zs)oH®(1,)~L. Then the inverse of D 5.0®z, Qe
induces a Qq-trivialisation of RT'(Uk s, Z¢(1)) and Co(K/k) is valid if and only
if in Ko(Ze[G], Q) one has

) 6u(Z5c ) s(1)F) = —xe(RT(Uk, 5, Ze(1)), (~D 5.0 @z, Qe) ).

Proof. Following Lemma iii) we fix a bounded complex of finitely gen-
erated projective Z[G]-modules P’ that is isomorphic in DP!(Z[G]) to
RTw(Uk.s,Gyy,). Since RT'(Uk.s,Z¢(1)) is an object of DP(Z,[G]) we may
also fix a bounded complex of finitely generated projective Z;[G]-modules @
that is isomorphic in DP*(Z,[G]) to RT(Uk, s, Z(1)).

For each natural number n we consider the following diagram

Xk,s ®Q[-2] —— RI'(Uk,5,Gp) —— P —— Xgs®Q[-1]

g ol

Xk,s ®Q[-2] —— RI'(Uk,5,Gp) —— P —— Xgs®Q[-1]

| | |
0 Q /1] P e,

The first two rows of this diagram are the distinguished triangles that are in-
duced by Lemma Eln) and the isomorphism P 2 RT'W (Uk,s, Gy,). In addition,
all columns of the diagram are distinguished triangles: the first is obviously
so, the second is the triangle which is induced by the exact sequence of étale

sheaves 1 — pum — Gy z, G,, — 1, the exact sequence of étale pro-sheaves
0 — Z(1) £, Ze(1) — pen — 1, the isomorphism @ = RT'(Uk,g,Z¢(1)) and
the exact sequence of modules 0 — Q° £, Q" — Q'/¢" — 0 in each degree i,
and the third column is the distinguished triangle which is induced by the exact

sequence of modules 0 — P? “opi Pi/¢" — 0 in each degree i. Since the
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diagram commutes in D(Z[G]) and all rows and columns are distinguished tri-
angles, one can deduce the existence of an isomorphism «,, : Q" /¢"[1] & P /¢"
in DPer{(Z/"[G]). Further, as n varies, the isomorphisms «,, may be chosen to
be compatible with the natural transition morphisms (cf. , the proof of Prop.
3.3]). The inverse limit of such a compatible system of isomorphisms {ay, },
then gives an isomorphism in DPf(Z[G]) of the form RT(Uk.g,Z(1))[1] =
Q1] = lim Q/¢"[1] = lim P /i" = P ® Z = RU'w(Uk,s,Gm) ® Z, as
required.

Taken in conjunction with Lemma A2 the quasi-isomorphism ¢, implies that

pe(xo(BT'w(Uk,s,Gm),Dk.s ® Q))
=xe(RI'w(Uk,s,Gm) ® Ze, Dk s ® Qo)
=x¢(RT'(Uk,s,Ze(1))[1], Dk, 5,6 ®z, Q)
= — x¢(RC(Uk,s,Z(1)), (—Dx.5,0 ®2, Qe) ™),
where the last equality follows from [J, Th. 2.1(3)]. To prove the final asser-
tion of the lemma we need therefore only observe that pg(§(Z}‘(/k7S(l)#)) =
54(2;(/&3(1)#)' Indeed, this equality follows from the fact that on ((Q[G])*

one has py 06 = dy o iy where i, denotes the natural inclusion ((Q[G])* —

c(Q[a)). O

To prove Cy(K/k) we need only show that (H) coincides with the formula of
Theorem @in the case X =Ug,s, Y = Uy,g (sothat d=1), 7 : Ux s — Us,g
is the natural morphism of spectra, J = G and r = 0.

We first compare the left hand sides of the respective formulas. If y is any
closed point of Uy g, then, after fixing a ¥ point = of Uk g and writing G,
for the decomposition subgroup of x in G, the stalk of m.7*Z;(0) ®z, Q, at
7 identifies as a (left) G X Gz-module with Q[G] where elements of the form
(9,id) € G x G, act via left multiplication by g and elements of the form
(id, g.) € G x G act via right multiplication by g, * (in this regard compare the
discussion of [ﬂ, beginning of §2]). By using this identification one computes
that Zg(Uk,s, mm*Z(0) @z, Qr,t) has the same Euler factor at y as does
Zk,s(t). Since this is true for all closed points y it follows that there is an
equality of functions of the complex variable ¢

Zrk,s(t) = Za(Uk,s, T Le(0) @z, Qp, t).

This implies that the left hand side of (f]) is equal to the left hand side of the
relevant special case of the formula in Theorem . Hence our proof of (E)
will be complete if we can verify the relevant semi-simplicity hypothesis (in
order to apply Theorem @) and then prove that the trivialisation 7, . 7,(1),0
is induced by the isomorphism (—Dg g¢ ®z, Qg)’l. Our proof is therefore
completed by combining the description of 7y, 4 7,(1),0 in Remark ﬂ together
with the following result.

LEMMA 4. i) o acts semi-simply on H'(Uf; g,Z¢(1)) @z, Qq in all degrees i.
i) By s z0(1).0 = ~PE.se-
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Proof. Lemma [J combines with Lemma [liii) to imply that RT'(Uk s,Z(1))
is acyclic outside degrees 1 and 2. Remark ﬂ therefore implies claim i) is
equivalent to asserting that the map ﬁlllx,sZz(Uﬁ ®z, Q¢ is bijective and this
is an immediate consequence of the explicit description given in claim ii).

We now fix an arbitrary place v in .S and write ¢, : Yi,s®7Z; — @wlv Zy for the
homomorphism induced by projecting each element of Yy g to its respective
coefficient at each place w of K above v. Then claim ii) will follow if we show

that the composite homomorphism

0(, 51 ) o
(10) Of ¢ ©Ze 2% B Uy 5, Z0(1) —=2220 H2(Use 5, Z4(1)

HIL -1 Cy
LX}(yg@Z@ gY]{ﬁ@Z@ —>@Zz

wlv

is equal to (—deg(w) - valy(—))wjw. To prove this we set S’ := S\ {v}, let
Z denote the complement of Ug g in Uk s and write j : Ux g — Uk,gs,
resp. i : Z — U g/, for the natural open, resp. closed, immersion. Then
there exists a natural morphism of étale sheaves j.G,, — i.i*Z on Uk, g
that is induced by taking valuations. In turn this gives rise to a morphism
RT'(Uk,s,Gy) — RI(Z,Z) in D(Z[G]) and hence, for each non-negative inte-
ger n, to a morphism RI'(Uk,g, pen) — RIU(Z,Z/¢™)[—1] in D(Z/€"]G]). These
morphisms are compatible with the natural transition maps as n varies and
therefore induce, upon passage to the inverse limit, a morphism in D(Z¢[G]) of
the form A : RF(UK,S,Zg(l)) — RF(Z, Zg)[—l}

Now HY(Z,Z) = @D.,|» Z¢ and each w-component of HY(\) o H(1y) is in-
duced by the respective valuation map val,. In addition, if we identify
HYZ,Z¢) = @), Homeons (Gal(Fy /k(w)), Ze) with @,,,Ze by evaluating
each homomorphism at the topological generator c9¢8(*) of Gal(F;/k(w)), then
H?(\) o H'(1) is induced by projection of an element of X g to its respective
coeflicients at each place w above v.

Upon replacing Uk s and Z by Uf ¢ and Z¢ one obtains in a similar man-
ner a morphism \°: RI'(Ug g,Z¢(1)) — RI(Z¢,Z¢)[-1] in Drt(Z,][G]) that
induces a morphism of distinguished triangles of the form

RT(Uk.5.Z(1)) —— RT(Ug 5.Z4(1)) —" RT(Uf; 5, Ze(1))
)\l Aﬂl )fi
RT(Z,Z4)—1] ——— RU(Z°,Z)[-1] AN RY(Z°¢, Z¢)[-1].
After passing to cohomology this diagram induces a commutative diagram

1
ﬁUKTS,Z((l),a

H'(Uk,s,Z(1)) H?(Uk,s,Z(1))
Hl(A)l H%A)l

0
—Bz.24,0

H(Z,Zy) HY(Z,Zy),
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where the minus sign in the lower row occurs because of the —1-shift in the
lower row of the previous diagram. Now the pull-back to H'(Z,Z;) of Pp
is the element (¢y),|, where ¢, (0c9°8™)) = deg(w) for each w dividing v.
After identifying both H°(Z,Z,) and H'(Z,Z,) with @w‘v Zy in the manner
prescribed above, the description of Remark ﬁ with X = Z and F = Zy)
therefore implies that 62,2“; is given by component-wise multiplication with
the element (deg(w)),|,- Upon combining the commutativity of this diagram
with the explicit descriptions of H'()\) and H?()\) given above, it follows that
the composite homomorphism (@) is indeed equal to (—deg(w) - valy(—))w|vs
as required.

3.4. THE CASE ¢ = p. In this subsection we prove Theorem @ii).
For each subgroup H of G we let pg * denote the natural restriction of scalars

homomorphism Ko (Z,[G],Q,) — Ko(Z [ 1,Qp). For each abelian group H
and each subgroup J of H we also let qH e denote the natural coinflation
homomorphism Ky(Z,[H],Q,) — Ko(Z,[H/J],Q,). Then one has

Ko(Zp[G), Qp)tors = ﬂker qH) 7.+ OPH Y

where the intersection runs over all cyclic subgroups H of G and over all sub-
groups J of H which are such that p{ [H/J| [, Th. 4.1].

Taken in conjunction with the functorial properties of C,(K/k) under change
of group (Remark [f), the above displayed equality implies that C (K /k) is
valid modulo K¢(Z,[G], Qp)tors if and only if C,(F/FE) is valid for each cyclic
extension F/E with k C F C F C K and pj( [F : E]. But, for each such
extension F/E, the argument of [}, Lem. 2.2.7] shows that CP(F/E) is implied
by the Strong-Stark Conjecture for F//E, as formulated by Chinburg (cf. [B},
§3.1]). The required result therefore follows directly from Bae’s proof of the
Strong-Stark Conjecture in this case [%Th. 3.5.4].

This completes our proof of Theorem

4. THE CONJECTURES OF CHINBURG

4.1. CANONICAL 2-EXTENSIONS. In the sequel we shall say that two complexes
of G-modules C" and D" are ‘equivalent’ if H(C) = H*(D) in each degree i
and there exists an isomorphism in D(Z[G]) from C" to D" which induces the
identity map in all degrees of cohomology.

If now C" is any complex of G-modules which is acyclic outside degrees 0 and 1,
then C" is naturally isomorphic in D(Z[G]) to its double truncation 7>07<1C".
In addition, the tautological exact sequence

0— HC) = (1207<1C")" = (1207<1C")' — H'Y(C') = 0
determines a unique Yoneda extension class e(C") € ExtZ (H'(C"), H*(C")).

LEMMA 5. Let C* and D' be any complexes of G-modules which are acyclic
outside degrees 0 and 1 and are also such that H'(C") = HY(D") for i = 0, 1.
Then C" and D' are equivalent if and only if one has e(C") = e(D").

DOCUMENTA MATHEMATICA 9 (2004) 357-399



VALUES OF EQUIVARIANT ZETA FUNCTIONS 377

Proof. An easy consequence of the definition of equivalence of Yoneda exten-
sions. g

This result implies that RT'w(Uk,s,G,,) corresponds to a unique element
ew s(K/k) of ExtZ(Hyy,(Urk.s,Gm), H)(Urk,s,Gp)). In this subsection we
relate ey g(K/k) to the canonical extension class which is defined in terms of
class field theory by Tate in [[i].

To make such a connection we assume that the G-module Ag g is c-t. In
this case the displayed short exact sequence in Lemma miii) splits (since
Exté(XK,&AK’S) = 0) and also Exté(AK,&(’)IX(VS) = 0 and so there exists
a natural isomorphism

LS : EXté(XKys’OIi',S) = EXté(H%V(UK,S,Gm),HgV(UKﬂ,Gm)).

We choose a finite set of places W of k which do not belong to S, are each
totally split in K/k and are such that Ax s is generated by the classes of
places in W(K). We set S := SUW (so that A g is trivial) and we observe
that there are natural exact sequences of G-modules of the form

c
0— Xk — Xk,5 — Ygw —0

c
0— OIX{,S — O[X(,S/ — YK,W — AK,S — 0.
Since Yk w is a free Z[G]-module these sequences combine to induce an iso-
morphism of extension groups
LS’ S : EX’E%(XK“S/, (91)((73,) = EthG(XK,Sa OIX(,S)'

In the sequel we shall identify Yoneda-Ext-groups with derived functor Ext-
groups by means of a projective resolution of the first variable (this convention
differs from that used in [[[J - see in particular [loc. cit., Lem. 3]). We

also write cg/(K/k) for the canonical element of ExtZ (Xg s, Ok s) which is
defined in [[id].

PROPOSITION 4.1. If the G-module Ak g is c-t, then one has cy s(K/k) =
Ls O LS'/,S'(_CS’ (K/k))

Proof. For each w € S"(K) we set V,, := Spec(K,,). We also let j/ denote the
natural open immersion Uk sr — Ck and we consider the following diagram

in D(Z[G))
Xk s @Q[-2] —— RT(Uk.,s',Gp) —— RTw(Uk,s,Gn)

l l

YK,S’ ®Q[_2] — 69wef,i"(K)]%F(‘/w7(GE’TVL)

l !

Q[—2] RL(Ck, jiGm)[1].
The top row of this diagram is the distinguished triangle from Lemma ii) (with
S replaced by S’), the first column is the distinguished triangle induced by the
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tautological exact sequence 0 — Xg g <, Yk, — Z — 0 and the second
column is the distinguished triangle from [@, Chap. II, Prop. 2.3]. Further,
under the isomorphism

Homp(zja)) (Yi,s' ® Q[—2], Buwes () BRI (Vin, Gin)) =
Home (Yi,s' ® Q, ®yes (k) H Vi, Gin))

that is induced by [13, Lem. 7(b)], the morphism o corresponds to the com-
posite of the projection Yx ¢ ®Q — Yk v ®Q/Z and the natural identification
YK,S’ ® Q/Z = EBw’ES'(K)IJZ(Vw;(Gfm)'

It is straightforward to show that the square in the above diagram commutes
(for example, by using [[d, Lem. 7(b)] to reduce to cohomological consid-
erations). By comparing this diagram to the diagrams (85) and (88) from
loc. cit., and then using the Octahedral axiom, one may therefore conclude
that RT'Ww(Uk,s/, Gy,) is equivalent to the complex Ug which is defined in
[@, Prop. 3.1]. From the proof of [IE, Prop. 3.5] we may thus deduce that
ew.s/(K/k) = —cs/(K/k). (We remark that whilst the results of [1J] are
phrased solely in terms of number fields, all of the constructions and argu-
ments of loc. cit. extend directly to the case of global function fields. In
addition, we obtain —cg/ (K /k) rather than cg/(K/k) in the present context
because we have changed conventions regarding Yoneda-Ext-groups.)

To conclude that ¢y s(K/k) = 1g0tg s(—ce (K/k)) it suffices to prove that
there exists a morphism RI'W(Uk.s,Gm) — RUw(Uk,s,Gy) in D(Z[G))

which induces upon cohomology the natural maps O 5 Ok ¢ and

H},(Uk.,s,Gp) — Xk.s £, Xk ,s'. But, following [@, the proof of Th. 7.1],
the existence of such a morphism can be seen to be a consequence of the mor-
phism of étale sheaves G, — j.G,, on Uk, g where j : Ux s» — Uk, g denotes
the natural open immersion. O

4.2. GALOIS MODULE THEORY. In this subsection we relate C(K/k) to the
conjectures formulated by Chinburg in , §4.2]. We recall that the conjectures
of loc. cit. are natural function field analogues of the central conjectures of
Galois module theory which had earlier been formulated by Chinburg in [@, @]
We write Q(K/k,1),Q(K/k,2) and Q(K/k,3) for the Galois structure invari-
ants defined by Chinburg in [@, the end of §4.1] and Wi/, for the so-called
‘Cassou-Nogues-Frohlich Root Number Class’ (cf. [loc. cit., Rem. 4.18]).

CONJECTURE Ch(K/k) (Chinburg, [I§, §4.2, Conj. 3]): In Ko(Z[G]) one has
i) QK/k,1) =0,

i) Q(K/k,2) = Wiy,

iii) Q(K/k,3) = Wk .

We now state the main results of this section.

THEOREM 4.1. The image under 82[(:],1[{ of the equality of C(K/k) is equivalent
to the equality of Ch(K/k)iii).
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Proof. Following Remark E, we may consider C(K/k) with respect to a set S
which is large enough to ensure that Ak g is trivial, and in this case Proposition
B (with S = S') implies that cyy g = ts(—cs(K/k)).

Let now C" and D be any objects of DP™f(Z[G]) which are acyclic outside de-
grees 0 and 1 and are such that H*(C") = H'(D") for i = 0, 1. It is easily shown
that if e(C") = —e(D’), then C" and D" have the same Euler characteristic in
Ky (Z[G]). This observation combines with the equality ¢y g = ts(—cs(K/k))
and the very definition of Q(K/k,3) to imply that the latter element can be
computed as the Euler characteristic of RT'w (Uk s, Gp,) in Ko(Z[G]). It there-
fore follows that Q(K/k,3) = 3§[G]7R(X(RFW(UK,S,Gm), Rk.s)).

On the other hand, the same argument as used to prove [ﬁ, Lem. 2.3.7] shows
that ag[G]R((S(G}/k’S(O)#)) = Wk k. The claimed result is now clear. O

COROLLARY 2. i) Ch(K/k)iii) s valid modulo ag[G],R(KO(ZP[G],Qp)tors).
ii) If p1 |G|, then Ch(K/k) is valid.

Proof. Claim i) follows directly from Theorem @ and Corollary m

We now assume that p t |G|. In this case Ko(Z,[G],Q,) is torsion-free 1, proof
of Lem. 11c)] and hence claim i) implies Q(K/k,3) = W /. In addition, K/k
is tamely ramified and so Ch(K/k)ii) has been proved by Chinburg. Indeed,
the equality Q(K/k,2) = Wy, follows directly upon combining [, §4.2, Th.
4] with 3, Cor. 4.10]. Finally, we observe that the validity of Ch(K /k)i) now
follows immediately from the fact that Q(K/k,1) = Q(K/k,2) —Q(K/k,3) [,
§4.1, Th. 2 and the remarks which follow it]. O

Remark 8. The image of Ko(Zy[G], Qp)tors under 02[G]7R is equal to the group
DP(Z[G)) that arises in [p4, Th. 6.13]. We recall that the arguments of Chin-
burg in loc. cit., and of Bae in the results of which provided the key
ingredient in our proof of Theorem B.1ljii) in §@), rely crucially upon results
of Milne and Illusie concerning p-adic cohomology. In particular, in both cases
the occurrence of the term DP(Z[G]) reflects difficulties involved in formulating
and proving suitable equivariant refinements of the results of [@

5. THE CONJECTURE OF GROSS

In this section we assume unless explicitly stated otherwise that G is abelian.
We set G* := Hom(G, C*) and for each x € G* we let e, denote the associated
idempotent |G|~! > ogec x(g9)g~! of C[G]. In terms of this notation one has
O /k,s(8) =Dy eq- exLs(x: s).

We let I denote the kernel of the homomorphism ¢ : Z[G] — Z which sends
each element of G to 1.

5.1. STATEMENT OF THE CONJECTURE. We set n := |S| — 1 and let |n|, resp.
[n|*, denote the set of integers j which satisfy 1 < j < mn, resp. 0 < j < n.
We henceforth label (and thereby order) the places in S as {v; : i € |n|*}. For
each j € |n|* we fix a place w; of K which restricts to v; on k. For any place
v of k which is unramified in K/k we write o, for its frobenius automorphism
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in G and Nv for the cardinality of the associated residue field. We also fix
a finite non-empty set T' of places of k which is disjoint from S and then set
Ar = [[,er(1 =0y - Nv) € Q[G]* and

Ok /k,s,7(8) = A7 - Ox /1, 5(8).
This C[G]-valued function is holomorphic at s = 0 and, by using results of
Weil, Gross has shown that /5 5.7(0) belongs to Z[G] [BT], Prop. 3.7].
For any intermediate field F' of K/k and any place w of K we let w’ denote the
restriction of w to F' and then write fx/p,, for the homomorphism F* — G
which is obtained as the composite of the natural inclusion F* — F,, the reci-
procity map F,, — Gal(K,,/F,/) and the natural injection Gal(K,,/F, ) — G.
We also write OIX,} g for the subgroup of (’);’ 5 consisting of those S(F)-units
which are congruent to 1 modulo all places in T(F). It is known that each such
group (9;7 s, 18 torsion-free. In particular, after choosing an ordered Z-basis
{uj : j €Inl} of OF g, we may define an element of Z[G] by setting

Regg g7 = det((fr/k,w, (us) — 1)1<ij<n)-
At the same time we also define a rational integer my s by means of the
following equality in A" X} ¢ ® R
(1) (lim ™0k sk,50(5)) - Ajepn) (v = v0) = M5, - Ak (Ajeinig)s
where )\, g denotes the isomorphism
AN'Opgp @R — A"X) s @R

induced by the n-th exterior power of the map —Ry, s as defined in () (cf. [B1],
(1.7)).

CONJECTURE Gr(K/k) (Gross, [BI, Conj. 4.1]): One has

Ox/k,5,7(0) = mys.7 - Regg gp (mod I

Remark 9. The term my s, - Regg g 1 belongs to I and is, when considered

modulo 7, ZH, independent of the chosen ordering of S and of the precise choice
of the places {w; : ¢ € |n|*} and of the ordered basis {u; : j € |n|}.

5.2. STATEMENT OF THE MAIN RESULTS. At the present time, the best results
concerning Gr(K/k) are due to Tan and to Lee. Specifically, it is known that
Gr(K/k) is valid if either |G| is a power of p [[7] or if |G| is coprime to both
|| and the order of the group of divisors of degree 0 of the curve Cy [BY.
However, these results are proved either by reduction to special cases or by
induction on |G| and so do not provide an insight into why Gr(K/k) should be
true in general. In contrast, in this section we shall show that Gross’s integral
regulator mapping O; ¢ — X3, s ® G [@, (2.1)] arises as a natural Bockstein
homomorphism in Weil-étale cohomology and we shall use this observation to
prove the following result.
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THEOREM 5.1. If the G-module py is c-t, then C(K/k) implies Gr(K/k).

COROLLARY 3. If the G-module ug is c-t, then Gr(K/k) is valid.

Proof of Corollary E It is easily seen to be enough to prove Gr(K/k) in the case
that |G| is a prime power. The aforementioned result of Tan therefore allows
us to assume that p{ |G| (so that Ko(Z,[G], Q,) is torsion-free). But since the
G-module p g is assumed to be c-t, in this case the validity of Gr(K/k) follows
directly from Theorem @ and Corollary EI

Remark 10. The G-module pg is c-t if and only if for each prime divisor ¢
of |G| one has either ¢ { |ug]| or £ 1 [K : k‘(u%))] where u%) is the maximal
subgroup of ux of f-power order. It seems likely that a further development
of the method we use to prove Theorem @ will allow the removal of any such
hypothesis on pug. Indeed, in certain special cases this is already achieved in
the present manuscript (cf. Corollary [).

The proof of Theorem @ will be the subject of the next three subsections.

5.3. THE COMPUTATION OF Xx(RT'w(Uk.s,Gun),Rk,s). In this subsection we
assume that the G-module g is c-t, but we do not assume that G is abelian.
We set Trg := 3> g € Z|G]. For any abelian group A we write A in place
of A/Aiors and for any extension field F of Q we set Agp := A® E. For any
homomorphism of abelian groups ¢ : A — A’ we also let ¢ denote the induced
homomorphism ¢ ® idg : Ap — Al.

In the following result we let Cone(«) denote the ‘mapping cone’ of a particular
morphism « in DP(Z[G]) - our application of this construction can be made
rigorous by the same observation as used in [@, Rem. 5.2].

LEMMA 6. There exists an endomorphism ¢ of a finitely generated free Z[G]-
module F' which satisfies both of the following conditions.
Let F denote the complex F 2, F, where the first term is placed in degree 0.
i) There exists a distinguished triangle in DP™(Z[G]) of the form
o Cone(a) — Q0] — F[1]
where o is the morphism 0] — RUw(Uk s, G,y,) in DP™(Z[G]) that
is induced by the inclusion py C OIX(,S and @ is a finite G-module of
order coprime to |G]|.
ii) The endomorphism ¢ of FC is semi-simple at 0. Indeed, there erists
an integer d with d > n and an ordered Z|G]-basis {b; : 1 < i < d} of
F which satisfies both of the following conditions.
a) The Z|G]-module Fy which is generated by {b; : i € |n|} satisfies
FE = ker(¢%) and, for each i € |n|, the element Trg(b;) is a
pre-image of v; — vy under the composite map

Ff' C F¢ - cok(¢®) — H'(RHomgg)(Z, RTw (Uk,s,Gm)))
=~ H'(RTyw (Us,s,Gm)) = Xi,s,
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where the third, fourth and fifth maps are induced by H'(3), the
isomorphism of Lemma [liv) (with J = G) and the short exact
sequence of Lemma Em} (with K = k) respectively.

b) The Z|G]-module F» which is generated by {b; : n < i < d} is such
that ¢S (F§) C FS.

Proof. We set C" := Cone(a). Then, since g is c-t, Lemma [lii) implies that
C" is an object of DP*(Z[G]) which is acyclic outside degrees 0 and 1 and
that H(C") = Ok g and H'(C") = H},(Uk.s,G,,). Tt is therefore clear that

C" is equivalent to a complex F" of the form P Y, F where F, resp. P, is
a finitely generated free Z|G]-module, resp. a finitely generated Z[G]-module
which is both c-t and Z-free, and P is placed in degree 0. Now any such
Z|G]-module P is projective [}, Th. 8]. In addition, since the Q[G]-modules
H°(C")g and H'(C")q are isomorphic, Wedderburn’s Theorem implies that
the Q[G]-modules Py and Fyy are also isomorphic. From Swan’s Theorem [R6,
Th. (32.1)] we may therefore deduce that, for each prime ¢, the Z,[G]-modules
P ® Z; and F ® Z, are isomorphic. We may thus apply Roiter’s Lemma
6, (31.6)] to deduce the existence of a Z|G]-submodule P’ of P for which the
quotient P/P’ is finite and of order coprime to |G| and one has an isomorphism
of Z|G]-modules ¢ : F = P’. We set A := 1) o1 € Endg g (F).

The Z-module im(\Y) is free and so the exact sequence 0 — ker(AY) <,

Fe 2%, im(A\¥) — 0 splits. Hence we may choose a submodule D of F¢
which A maps isomorphically to im(A“). We next let 7" denote the pre-image
under the tautological surjection F'¢ — cok(\%) of the subgroup cok(A%)iors.
Then the exact sequence 0 — T — F& — cok(A\¥) — 0 is also split and so we
may choose a submodule D’ of F¢ which is mapped isomorphically to cok(A%)
under the natural surjection. Now D’ and ker(\“) have the same Z-rank since
Dpy = cok(XY)q = cok(N)§ = ker(N)§ = ker(A“)g. The direct sum decom-
positions ker(A\¢) @ D = F¢ = T @ D' therefore imply that there exists an
automorphism 1’ of F“ such that both ¢'(T) = D and ¢'(D’) = ker(\%). It
is then easily checked that ¢’ o A¢(D) C D and that ker(¢)’ o A%) = ker(AY)
is mapped bijectively to cok(+)’ o AG¢) under the composite of the tautological
surjections F¢ — cok(¢’ o A9) and cok(¢)’ o A¢) — cok (1)’ o AF).

Since F is a free Z|G]-module we may choose an element ¢ of Autzjg)(F) such
that ¥¢ = 1)’. We now set ¢ := 1o \ € Endzg)(F) and we let § denote the
morphism in DPe™(Z[G]) which corresponds to the morphism from the complex
F" (as described in the statement of the Lemma) to F" that is induced by ¢ in
degree 0 and is equal to 1/;_1 in degree 1. It is then easily checked that this gives
rise to a distinguished triangle of the form stated in i) in which @ := P/P’.
Now ¢ = 9’ o A“ and so the above remarks imply both that ¢“(D) C D and
that the natural map ker(¢%) — cok(¢%) is bijective. We next observe that the
decomposition F& = ker(¢%) @ D can be lifted to a direct sum decomposition
F = Fy @ F; in which both F} and F; are free Z|G]-modules (of ranks n and
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d—n respectively), F& = ker(¢%) and F{' = D. We let s denote the composite
homomorphism described in claim ii)a). Our earlier observations imply that «
is bijective, and so {k~(v; — vg) : i € |n|} is a Z-basis of F¥ = Trg(Fy). It is
then easily shown that there exists a Z[G]-basis {b; : i € |n|} of F} such that
Trg(b;) = k= (v; — vg) for each i € |n|. To complete the proof of claim ii) we
simply let {b; : n < i < d} denote any choice of (ordered) Z[G]-basis of F5. [

If M is any finite G-module which is c-t, then M[0] is an object of DP**(Z[G])
and we set x(M) := x(M][0],idy) € Ko(Z|G], Q) where idy denotes the identity
map on the zero space. We also set R?(,S = HY(B)z" o Rp,5 0 H(B)r.
Then upon applying Lemma A2 firstly to the distinguished triangle
px[0] = RTWw(Uk s, G,y,) — Cone(a) — pux[1]
and then to the distinguished triangle in Lemma Hl) we obtain equalities
X(RI'w(Uk,s,Gm), Ri,s) = x(Cone(a), Rk, s) + X (1)
=X(F",Ri ) + x(Q) + x(1x)
(12) = d(detredgic) (R 5 B i) + X(Q) + X(11xc),

where ¢ and 5 are any choices of R[G]-equivariant sections to the tautological
surjections Fg — im(¢)g and Fr — cok(¢)gr and the last equality follows from
Lemma Al.

5.4. THE CONNECTION TO Gr(K/k). In this subsection we assume that G is
abelian and identify K(Z[G],R) with the multiplicative group of invertible
Z|G]-lattices in R[G] (see Remark Al). In particular, we note that if M is any
finite G-module which is c-t, then its (initial) Fitting ideal Fittzg (M) is an
invertible ideal of Z[G] and under the stated identification one has x (M) =
Fittz[g] (M)71 in R[G].

Now 03 s (00 = AT - 05 1 (0)# and AT € Anngg)(ux) = Fittzie ().
Hence, in this case, ([[J) implies that the validity of C(K/k) is equivalent to
the existence of an element zp of Q[G]* which satisfies both

(13) Osc /.57 (0)F = wr - detric) (R g, 0)in2) € RIG)

and

(14) ZIG) - wr = A} - Fittyg) (nx) ' Fittze)(Q) ™" C Fittye)(Q) ™

We let G>(k0) denote the set of characters y € G* at which Lg(x,0) # 0, and
XEGY, €X- Then the criterion of [f0, Chap. I, Prop. 3.4] implies

that eg € Q[G], that eg - ker(¢)p = 0 and hence eodetR[G]«Rf{’S,qS)Lhu) =
eodetzc)(#), and also that for any x € G*\ Gf;, one has e, - ker(¢)c # 0
and so epdetzig(¢) = detzg)(4). Since HK/k7S7T(O)# = 600}/k757T(0)# we
therefore deduce from ([[3) that

Ok /1,5,7(0)* = zrdetzg) ().

we set eg =Y
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Now |Q| is coprime to |G| and IZ /1" is annihilated by a power of |G|, and so
(i) implies that z7 acts naturally on 12 /14", In addition, Lemma [fii) implies
that the matrix of ¢ with respect to the ordered Z[G]-basis {b; : 1 < i < d} of
F is a block matrix of the form

(415)

where A := (Aij)1<ij<n € Mn(Ig), D € My_n(Z[G]) and all entries of both B
and C belong to I. Since det(A) € I, one has

det(A)* = (—1)"det(A) (mod IZT)
and so the above matrix representation combines with the previous displayed
equality to imply that
(16) Ok /k,5,7(0) = (=1)"e(xr)e(det(D)) - det(A) (mod Ig“).
To compute the term (—1)"e(zp)e(det(D)) we first multiply (L) by Trg and
obtain an equality

li_r% 5 "Ok/k,s,(8) = €($T)det1R(<R[13<,Sa D)irin)

For convenience we fix the sections ¢; and ¢9 so that LlG is equal to the inverse of
the automorphism of FQC,;]R induced by ¢“ and 1§ is the inverse of the composite
map FER C FY — cok(¢%)r. Then ((R%S,@LMZ)G = 11 @ P2 where s is
equal to the restriction of ¢ to FfR and 7 is the automorphism of FSR that
is obtained as the composite

HY(B)F
_—

G G G Rk.s a a
Fig = ker(¢7)r (O s)8 —— XEsr S Xesr — Fir

where o is the bijection induced by the injection X, s — Xg s described
in Lemma [fiv) (with J = G), and the final arrow denotes the inverse of the
isomorphism induced by the displayed map in Lemma Hii)a). Now, with respect
to the ordered Z-basis {Trg(b;) : n < i < d} of F§', each component of the
matrix of 1, is the image under € of the corresponding component of D and so

lii% 5 "Ok/k,5,7(8) = e(xr) - detr(¢1) - e(det(D)).
On the other hand, the commutative diagram

Rk,s
(Oﬁ,s)n% - X}%S,R

Tk
« Rk,s
(Op sk —— Xksr
(cf. [6], Chap. 1, §6.5]) combines with the above description of ¥; to imply
that detg(¢1) is equal to the determinant of the map A"(H°(3)(FF))r —
(A" X s)r induced by ARk s = (—1)"A,s, as computed with respect to the
R-bases NjejnH°(3)(Tra (b)) and Ajejn(v; — vo). Hence, if we fix an ordered

Z-basis {d; : i € |n|} of OF g, regard O ¢ 1 as a subgroup of O} g in the natural
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way, and define elements a := (a;;)1<i j<n and b := (b;;)1<s j<n of My (Z) by
the equalities u; = -, ai;d; and Tra(HO(B)(b;)) = 2 jein| bijd; for each
i € |n|, then the last displayed formula implies that

(lim 5™ "0k /k.5,7(5)) - Ajeini (V5 — o)
= e(ar)e(det(D))detr (Y1) - Ajepn) (v; — v0)
— (1) e(wr)eldet(D)) - Ars(Aseim HB)(Tra (b))
= (—1)"¢e(zr)e(det(D))det(b)det(a) " - A, s(Aje)nity)-
Comparing this equality with () implies that
(—1)"e(z7)e(det(D))det(b)det(a) " = my s
and hence that
(=1)"e(z7)e(det(D)) = my, s rdet(a)det(b) .
In turn, upon substituting this equality into (E) we obtain a congruence
(17) Ok /k,5.7(0) = mi,s,rdet(a)det(h) ™! - det(A) (mod IZT).

5.5. BOCKSTEIN HOMOMORPHISMS. In this subsection we complete our proof
of Theorem f.]] by showing that the factor det(a)det(b)~*-det(A) which occurs
in ([L79) is equal to Regg g7- The key to our proof of this equality will be the
observation that the ‘regulator map’ (9,?7 s — Xk,5 ® G introduced by Gross in
[BT, (2.1)] arises as a natural Bockstein homomorphism in Weil-étale cohomol-
ogy (this is Lemma E) The material in this subsection is strongly influenced
by the general philosophy of algebraic height pairings that is developed by
Nekovéi in [[i4] §11].
At the outset we let I' be any finite abelian group and C° any object of
D®d(Z[T]). Then, upon tensoring C" with the tautological exact sequence
0 — Ir — Z[I'l| - Z — 0 we obtain a distinguished triangle in D(Z) of the
form

C —-Cr— C®HZ‘[F] Ir[l] — C'[1],
where C} := C'®HZ‘[F]Z. In addition, if C" is acyclic outside degrees 0 and 1, then
there are natural identifications H°(Cy) = H°(C")!' (induced by the action of
Trr), H'(Cr) = H'(C')r and H'(C" @y Ir) = H'(C") @zyr) Ir. In this case
the canonical identification It /I2 = T therefore combines with the cohomology
sequence of the above triangle to induce a ‘Bockstein homomorphism’

Bor: HY(C)' — HY(C" @gpy Ir) =2 H'(C) @z In
— HY(C')r ®zr) (Ir/I?) = HY(Cj) ® T
and also an associated pairing
pc-r: HY(C)' x Homz(HY(C}), Z) — Ir/IE.

In the remainder of this subsection we shall use these constructions in the
cases that I' = G and C" is equal to both F" (as described in Lemma ﬂ) and
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RTw(Uk,s,Gyy,), and also in the case that I is equal to a given decomposition
subgroup of G and C" is a local analogue of RI'\ (Uk,s,Gy,). In the course
of so doing we shall always use the Z-basis {v; — vo : i € |n|} to identify Xy s
with Homy, (Xk,57 Z)

Before stating our first result we observe that the action of Trg (in each degree)
induces an isomorphism in D(Z) between Fj, = F" ®zq) Z and the complex

G
FG 27, FG in which the first term is placed in degree 0. We shall use this
isomorphism to identify H!(F,) with X} ¢ by means of the map FC — X s
described in Lemma [fii)a).

LEMMA 7. With respect to the ordered Z-bases {Trc(b;) : i € |n|} and {v; —vp :

i € |n|} of HY(F")¢ and Homg(H(F),Z) respectively, the matriz of pp- ¢ is
equal to A (mod M, (1%)).

Proof. The homomorphism fr ¢ can be computed as the composite of the
connecting homomorphism in the following commutative diagram

HO(F")C

0 —— Foygle —=—F e, pé g
l¢®%[c1id ld; ld,G
0O — F®Z[G] I S F “Tra FG — 0

H'(F) &g 1o

with the natural surjection H'(F") ®z¢) Ie — H'(Fy;) ® Ig/I%. Upon com-
puting the above connecting homomorphism by using the matrix represen-
tation of ¢ given in (@), and observing Lemma Hii) implies that the tauto-
logical surjection F¢ — cok(¢®) = HI(F) factors through the projection
F% — FE, one finds that the required composite sends each element Trg(b;)
t0 D e jn (v — o) ® Ajj (mod I%). This implies the stated result. O

The construction of the pairing pc- ¢ is natural in C" in the following sense: if
p: C" — D' is any morphism in D*4(Z[G]) which induces a bijection H!(ug)
from H(Cy,) to HY(Dg,), then there is a commutative diagram

HO(C")C x Homy (HY(Cy), Z) <% Ig/12
(HO(M)G7Homz(H1(MG)Z)’I)l H

PD .G

HO(D')Y x Homgz(HY(Dy),Z) —= Ig/I%.
When taken in conjunction with the computation of Lemma E and the fact

that multiplication by det(b) is invertible on I7% /I (since |Q¥| is coprime to

DOCUMENTA MATHEMATICA 9 (2004) 357-399



VALUES OF EQUIVARIANT ZETA FUNCTIONS 387

|G|), this observation implies that the term det(a)det(b) ™! -det(A) (mod I3™")
in (E) is equal to the discriminant of the restriction of pgr,, (U s.G..).¢ tO
Oy gr % Xg,5 as computed with respect to the ordered Z-bases {u; : i € |n|}
and {v; —vp : 1 € |n|}.

To prove Theorem @ we therefore need only show that the homomorphism
BRIy (Ux.5,Gm),G coincides with the regulator mapping ka,s — Xi,5 @ G de-
fined by Gross in [@, (2.1)]. In turn, this is achieved by the following result
(which, we observe, does not assume that the G-module pg is c-t).

LEMMA 8. Set C* := RTw(Uk,s,Gn). Then for each u € O; g1 one has
Bera(u) =3 iepn (Vi — v0) @ fr/iw, (W)

Proof. We fix an index i € |n| and set v := v;, w := w; and D := Gal(K,,/k,).
We let B¢ @, denote the composite of B¢ ¢ with the inclusion X, ¢ ® G C
Y% s ® G and the homomorphism Y, ¢ ® G — G which is induced by mapping
each element of Y}, g to its coefficient at v. Then we need to show that S¢- ¢, =
fK/k:,w-

We set V,, := Spec(K,). Then the result of [IJ, Lem. 7(b)] combines with
the fact that H'(V,,,G,,) = 0 to imply that there exists a unique morphism
ay from Q[—2] to RT'(Vy,,G,,) in D(Z[D]) for which H?(av,) is equal to the
composite of the natural projection Q — Q/Z and the canonical identification
Q/Z = H*(Vy,G,,). We set C;, := Cone(ay,) (cf. the remark just prior to
Lemma ﬂ) Then, by an argument similar to that used in the proof of Lemma
fliii), one shows that C, is an object of D®Y(Z[D]) which is acyclic outside
degrees 0 and 1 and is such that H°(C;,) and H'(C,,) identify canonically with
K} and Z respectively. Further, in the notation of §@, the result of [@, Prop.
3.5(a)] implies that the associated Yoneda extension class e(C,,) is equal to
the element —e,, of Ext?,(Z, KX) = H?(D, K) where invy, (e,) = ﬁ (recall
that, following the approach of §, we are here using a different convention
regarding Yoneda-Ext-groups than that used in [1F], and hence e(C;,) is equal
to —e,, rather than e,,.)

The natural localisation morphism RI'(Uk,s,G.) — Z[G] @zp) RT'(Vi, Gir)
in D(Z[G]) induces a morphism C" — Z[G] ®zp; C,, and by consideration of
this morphism one finds that 8¢- g, is equal to the composite of the embedding
O:’ g — k., the homomorphism Bc. p and the natural injection D C G. It
is therefore enough for us to prove that Sc. p is equal to the reciprocity map
recy, : k)X — D of the extension K, /k,.

To this end we first recall that rec,, is defined to be the map induced by the
inverse of the isomorphism D = H 9(D, K) which results from the canonical
identifications D = Ip/I? = H~'(D,Ip), the isomorphism H—'(D,Ip) =
H ~2(D,Z) which is induced by the connecting homomorphism associated to
the tautological exact sequence 0 — Ip — Z[D] — Z — 0 and the isomorphism
H-%(D,Z) = H°(D, KX) which is given by cup-product with e,,.

To proceed we choose an extension of D-modules

0 K5 ALZDSZ—0
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of Yoneda extension class —e,,. Then C,, is equivalent to the complex A’
which is given by A Y, Z]D], where the modules are placed in degrees 0 and 1
and the cohomology is identified with K and Z by means of the given maps.
Taken in conjunction with the description of rec,, in the preceding paragraph
and the compatibility of cup-products with connecting homomorphisms in Tate
cohomology (cf. [, Th. 3 and Th. 4(iii),(iv)]), this observation implies that
rec,, is induced by the canonical isomorphism D 2 I /1% = (Ip)p together
with the inverse of the connecting homomorphism in the following commutative
diagram

(Ip)p

(KX)p LD Ap YD (ID)D 0

e e

LD wD
0 —— (KNP AP Y7 ()P =0

HO(D,KY%)

where Try, := ) ,.pd € Z[D]. On the other hand, the fact that C,, is equiv-
alent to A° combines with the definition of B¢, p to imply that the latter
homomorphism can be computed as the composite of the natural identification
D = (Ip)p and the connecting homomorphism in the following commutative
diagram

X
k?)

K

A®Z[D] Ip —— A AP — 0

ld’@z[c]id liﬁ le

Try

0 —— Ip ;Z[D]&Z'Trw—>0
(Ip)p

We remark that the upper row of this diagram is exact since the D-module A
is c-t. Our proof now concludes by means of an explicit diagram chase showing
that the connecting homomorphism in the second of these diagrams induces
the inverse of the connecting homomorphism in the first diagram. (]
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6. THE CONJECTURE OF TATE

In this section we provide evidence for Tate’s refinement of Gr(K/k). To do so
we continue to use the notation of §E In addition, we fix a prime number /¢
and assume henceforth that G has order ™ with m > 1. For each index j in
|n|* we let G; denote the decomposition subgroup of w; in G and we define an
integer m; by the equality |G| = ¢ ™.

6.1. STATEMENT OF THE CONJECTURE. In this subsection we assume S to be
ordered so that mg <mq1 <--- < m,,.

CoNJECTURE Ta(K/k,S,T) (Tate, [51)): If G is cyclic of order €™, mg = 0
and m, =m — 1, then one has

n=1 gm;
Ok /k,5,7(0) = mg 57 - Regg g7 (mod Ig:'l:O )H).

For a further discussion of this conjecture see, for example, [Bg, §4].

6.2. STATEMENT OF THE MAIN RESULTS. We recall from §fi.] that if the G-
module Ak g := Pic(Ok, g) is c-t, then one can define a canonical element
cs(K/k) = 1g/,s(ce/ (K/k)) of Ext%;(XKS,O}X{’S), where S’ is any set as de-
scribed in §f.1] (and cg(K/k) is indeed independent of the choice of S”).

For each index j in |n| we write I; for the kernel of the natural projection map
Z|G) — Z|G/G,]. We consider the following hypothesis on K/k.

HypoTHESIS (S,T): There exist finite non-empty sets S and T of places of k
which satisfy each of the following conditions:

i) S contains all places which ramify in K/k,
ii) the G-module Ak g is c-t,
)

ili) Go =G, n > 0 and Gj is cyclic for each j € |n|,
iv) T is disjoint from S and cg(K/k) lies in the image of the map

Ext&(Xis, O s7) = Extg(Xk.s, 05 s)
induced by the inclusion Ok g C Ok g-

Remark 11. If K/k is cyclic, then there always exists a set of places S which
satisfies conditions i), ii) and iii) above. In general however, for a given field
K there are restrictions on the abstract structure of the decomposition group
Gy and therefore (under condition iii)) also on G. Nevertheless, the validity
of Hypothesis (S,T) does not itself imply, for example, that G is abelian. If
1 ||, then (since |G| is a power of £) one has £ { |ux| and so [p0, Chap. TV,
Lem. 1.1] implies that there exists a set 7" which is disjoint from S and satisfies
010k s+ Ok gr) and hence also condition iv). In fact, condition iv) can be
shown to be satisfied under reasonably general conditions even if £ | |ug| (cf.

[, Lem. 2)).
The following result will be proved in §@
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THEOREM 6.1. If S and T are as in Hypothesis (S,T) and G is abelian, then
C(K/k) implies that

Ok /k,5,7(0) = mp s Regg g1 (mod Ig - H I;).

J€|n|

COROLLARY 4. Assume the notation and hypotheses of Ta(K/k,S,T). If the
G-module Pic(Ok g) is c-t and cs(K/k) lies in the image of the map

Extg(Xk.s, 0% s1) — Extg(Xk.5, 0% g)

induced by the inclusion Ok g 7 C Ok g, then C(K/k) implies that

HK/k:,S,T(O) = Mk,S,T * RegGﬁS’T (mod IG . H Ij).
Jj€ln|

In particular, in this case Ta(K/k,S,T) is valid.

Proof. Since, by assumption, my = 0 the sets S and T satisfy all parts of
Hypothesis (S,T). The first assertion thus follows directly from Theorem .1].

To prove the second assertion we recall that if £ = p, then Ta(K/k,S,T) has
been proved by Tan [4§]. We may therefore assume that £ # p so that C(K/k)
is valid by Corollary [ll. It thus suffices to deduce the validity of Ta(K/k, S, T)

from the stated congruence for 0y s 7(0) and this is true because [ ;¢ ,,| 1; €
n—1 ym;

I15+=° o Indeed, since m,, = m — 1, the required inclusion follows directly

from the criterion of [}, Lem. 5.11]. O

The next result improves upon Corollary E and also the main result of Lee in
B

COROLLARY 5. If G has prime exponent, then Gr(K/k) is valid.

Proof. In this case, the functorial properties of 0k /i 5 7(0) and Regg g under
change of K/k combine with results on the structure of I /1, g“ to show that
it is enough to prove Gr(L/k) for each sub-extension L/k of K/k which is of
prime degree. The theorem of Tan [[]] also allows us to assume that [L : k]
is a prime number different from p, and in this case the required congruence
can be proved by combining the result of Corollary H (with K = L) together
with arguments of Gross from [, §6]. The precise details of this argument are
presented in joint work of the author with Lee [[L7)]. O

6.3. X(RT'w(Uk,s,Gnm), Rk s) REVISITED. In this subsection we prepare for
the proof of Theorem @ by using Hypothesis (S,T) to refine the computation
of x(RT'w(Uk,s,Gnm),Rik,s) given in . We do not assume here that G is
abelian or that the G-module pg is c-t.

At the outset we fix sets S and T as in Hypothesis (S,T). Since S is fixed we
abbreviate Ok ¢ 7, Xi,s and O ¢ to Ok 1, Xk and O respectively. We also
set A := Pic(Ok,s) and write Ak 1 for the quotient of the group of fractional

DOCUMENTA MATHEMATICA 9 (2004) 357-399



VALUES OF EQUIVARIANT ZETA FUNCTIONS 391

ideals of Ok s that are prime to 1" by the subgroup of principal ideals with a
generator congruent to 1 modulo all places in T'(K).

For each j € |n| we fix a generator g; of G; and a set of representatives S(j)
of the orbits of G; on the set of places of K lying above {v; : ¢ € |n|}. We
assume that S(j) contains w; for each i € |n|. For each place w in S(j) we
define ¢, to be 1 if w = w; and to be 0 otherwise. For each j € |n| we also
set Trj := 3 c, 9 € Z[G] and K; := KGi.

If d is any strictly positive integer, then in the sequel we shall use the canonical
basis of R[G]¢ to identify the groups GL4(R[G]) and Autg((R[G]9).

PROPOSITION 6.1. Let S and T be as in Hypothesis (S,T). Assume also that
G, is not trivial for any j € |n|. Then, for each j € |n| there exists an element
€; of OIX%T which satisfies all of the following conditions.

i) For each w € S(j) one has fr i, w(€j) = g?j"“.
ii) For each pair of integers i,j in |n| let y;; denote the (unique) element
of R[G] - Tr; which satisfies
1
——Ris(e) = D yja(wi —wo).
‘G]| i€|n|
Then the matriz M := (0;;(g; — 1) +Yi;)1<i,j<n belongs to GL, (R[G]).
ili) The G-module £ that is generated by the set {e; : j € |n|} has finite
ndex in OIX(,T, The G-modules OIX(,S/E and A 1 are both c-t and in
Ko(Z|G],R) one has

X(RTw(Uk,s,Gm), Ric,s) = X(O /&) — x(Ak,T)
+ d(detredgg) (Mr)) — d(detredg(g) (AF)).

To prove this result we let U denote any complex of G-modules of the
form ¥° L @' where ¥ occurs in degree 0 and e(¥) = e (K /k) in
the notation of §@ We write U! for the pullback of the natural sur-
jection Wl — H},V(UKS,Gm) and a choice of section v to the surjection
H},,(Uk,s,G,,) — Xk provided by Lemma fliii) (such a section always ex-
ists under Hypothesis (S,T)ii)). In this way we obtain a complex ¥ of the
form W0 L W' which satisfies (") = 15t (ew.s(K/k)) € Exts(Xg, OF) and
lies in a distinguished triangle in DP™(Z[G]) of the form
U % RUWw(Uk,s, Gm) — Ag[—1] — U[1],

where H'(q) is the identity map and H'(a) = 7. Upon applying Lemma A2
to this triangle we obtain an equality

(18) X(RTw(Uk s,Gm), Rk,s) = x(¥', Rk s) — x(AK)-
To compute x (¥, Rg,s) we shall first be more explicit about the computation
of the group ExtZ, (X, 0%). For each j € |n| one has an exact sequence

0 — Z[G] - Tr; S Z[G] 2 2[G) 2 Z[G) (w; — wo) — 0
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where d;(z) = (g, — 1)z and 0;(z) = z(w; — wo) for each = € Z[G]. By tak-
ing the direct sum of these sequences over j in |n| we obtain a resolution of
Xk = GBjeln\ Z]|G)(w; — wp) of the form 0 — Xk SrL R4 X — 0
in which ¥ := @j€|n|Z[G] - Tr, F o= @je‘an[G},d = ®j€|n| d; and
0 = ®je|n\ 0;. When computing EXt%;(XK,OIX() with respect to this reso-
lution, we may choose an injective G-homomorphism ¢ : Xx — Oj which
represents (5" (cy,s(K/k)) [, Lem. 2.4]. In addition, from Proposition [L1],
one has tg' (e, s(K/k)) = —cs(K/k) and so Hypothesis (S,T)iv) allows us to
assume that ¢ factors through a homomorphism ¢ : Y — OIX(,T' In this
case one has ¢r = ®ie|n\ ¢; with ¢; € Homgy g (Z[G] ~Trj,OIX(7T) and so we
set €5 = ¢;(Tr;) € (O )% = O, - Then, since ¢ represents —cs(K/k),
the descriptions of [, Prop. 3.2.1, Prop. 4.5.2] imply that condition i) is
satisfied. (Note that the result of [2d, Prop. 4.5.2] should state that .y, (t,(c))
is equal to ¢! rather than g. Indeed, the compatibility of cup-product with
connecting homomorphisms in Tate cohomology implies that (in the notation
of the proof given in loc. cit.) cup-product with g3 is equal to the negative of
the composite of the connecting homomorphisms H~2?(G,,,Z) — H~ (G, Ira
and H (G, Ira) — HY(G,,Zc) described there. See also the proof of [ﬁ,
Cor. 2.1] in this regard.)

We next let £ denote the push-out of ¢ and the inclusion map g s, F, and

we write F and F" for the complexes F L Fand 'L F where (in both
cases) the modules are placed in degrees 0 and 1 and d denotes the morphism
induced by d. Then Lemma ﬂ combines with our choice of ¢ to imply that

the complexes £ and U are equivalent and hence there exists a distinguished
triangle in D(Z[G]) of the form

F 20 = cok(¢)[0] — F[1]

in which H°(3) = ¢ and H'(j3) is the identity map. Note that since both F"
and ¥ belong to DP*(Z[G]) this triangle implies that cok($)[0] (and hence
also the triangle itself) belongs to DP*(Z[G]). In particular, it follows that
the G-module cok(¢) is both finite (since ¢ is injective) and c-t. In addition,
we may apply Lemma A2 to the triangle to deduce that

(19) X(¥',Rk,s) = x(",RK,5 0 ¢) + x(cok(¢)).

To compute x(F",Rk s o @) we observe that the differential of F" is semi-
simple at 0, when considered as an endomorphism of F'. Indeed, the submodule
D = @®;¢, QG- (g9;—1) is a Q[G][d]-equivariant direct complement to ¥x ®Q
in F ® Q. We may therefore apply Lemma Al with P=F, R=7Z,F =R, ¢ =
d, A = Rk s o ¢ and with ¢, 2 equal to the sections which are induced by D.
In this context, the definition of the elements y;; in the statement of claim
ii) implies that the restriction of the automorphism (A, ¢),, ., which occurs in
Lemma A1l to the direct summand X x ® R, resp. D ®qgR, of F ®R is the map
which sends each Tr; to Ziem\ ;i Try, resp. is the map which is induced by
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multiplication by (g; —1) on each summand R[G]-(g; —1). It follows that, with
respect to a suitable ordered R[G]-basis of F®R, the matrix of (A, ¢),, ,, is equal
to My and hence that My is invertible, as required by claim ii). In addition,
in this case Lemma A1l implies that x(F", Rk, s o ¢) = d(detredg|g)(M7)). Our
proof of Proposition @ is thus completed by combining this equality with (E)7
(L9) and the following two results.

LEMMA 9. If the G-module cok(¢r) = Ok /€ is c-t, then so also are cok(¢) =
Ox/E, Ak and Ak 1, and in Ko(Z|G],R) one has

X(cok(¢)) = x(Ak) = x(cok(dr)) = X(Ax,r) — 6(detredriey(AT)).

Proof. We use the natural exact sequence of finite G-modules

(20) 0 — cok(¢r) = cok(¢) — @ FS) — Arcr — A — 0
veT

where F(,) denotes the direct sum of the residue fields IF,, of each place w of
K which lies above v [B1, (1.5)]. Let G., denote the decomposition group of
w in G. Then, if 7 is any generator of the cyclic group F., there exists a G-
equivariant surjection Z[G,,| — F. which sends 1 to 7. In this way one obtains

—o; Ny
N Z|G] — F(Xv) — 0 of G-modules. These

sequences combine to imply that the G-module @, - F(f} ) is ¢-t and moreover
that X(@’UGT F();)) = Zv€T X( Ei;)) = _Z’UET 6(detredR[G](1 - J,[]_lN’[))) =
—d(detredpg) (A%)).

At this stage we know that all of the modules which occur in (R{) are c-t,
except possibly for Agx 7. The exactness of this sequence therefore implies that
Ag 7 is also c-t. Finally, the claimed equality follows upon decomposing @)
into short exact sequences and then using Lemma A2 (repeatedly). O

an exact sequence 0 — Z|[G]|

LEMMA 10. The G-module cok(¢r) is c-t. Indeed, one has £ 1 |cok(¢r)|.

Proof. Tt suffices to prove that £ { |cok(¢r)%|. Now & = Y so HY(G,E) =
HY(G,Yk) = 0. This implies cok(¢7)® = (ORT/E)G = O,:,T/SG and also
that £¢ is generated by {N;(¢;) : j € |n|} where, for each j € |n|, we write N;
for the field theoretic norm map K — k*.

We fix an ordered Z-basis {u; : i € |n|} of Uy r and define an element b :=

(bij) of M,,(Z) by the equalities Ny(e;) = [}_, u% for each 4,7 in [n|. Then

J
|O,f,T/5G\ = +det(b) and so we must show that ¢ 1 det(b). To prove this we
choose for each i, j in |n|, an integer a;; such that fr/p ., (u;) = g;7", we set
a = (a;;) € My (Z) and we show that b-a = I,, (mod ¢ - M, (Z)).

For each intermediate field F' of K/k we write Jp for the idele group of F' and
fr:Jr — Gal(K/F) for the global reciprocity map. For each j € |n| we write
fr; + F* — Gal(K/F) for the composite of fr and the natural inclusion of
F* into [[, FJ C Jrp where the product is taken over the set of places s of F
which lie above v;. We note that if F' =k, then fr; = fr /i w,-
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For each pair of elements ¢,j of |n| we set S(ij) := {w € S(%) : w | v;}.

Then property i) in the statement of the Proposition implies fg, j(e;) =
; 5i .

wesaj fr/xiw(e) = Tluesay gdw = g7, After taking account of the

functorial behaviour of Artin maps, this implies gf” = [r/kw,(Ni(e:)) =

bis _ bisasj 2 sein| DisOsj .
[seing frcsiw; (ws)” = Tsepn 9 = g; and hence, since by as-

sumption no element g; is trivial, that Zsan‘ bisasj = d;; (mod ). It follows
that b-a =1, (mod ¢- M,(Z)), as required. O

6.4. THE PROOF OF THEOREM [6.1]. In this subsection we use Proposition f.]]
to prove Theorem @ We assume throughout that G is abelian. Our argument
is similar to that used in §5.4 and so we continue to use the notation GZ‘O) and
eo introduced in that subsection.

At the outset we observe that if G; is trivial for any j € |n|, then O /i s7(0)
and Regg g 7 are both equal to 0 and so the congruence of Theorem p.1 is valid
trivially. In the sequel we shall therefore assume that G is not trivial for any
Jj € |n|, as is required by Proposition [6.1].

Now, since G is abelian, Proposition [6.1jiii) shows that C(K/k) implies the
existence of an element zr of Q[G]* which satisfies both

(21) 0% /1,5,7(0)" = 27 - det(Mr) € R[G]*
and
(22) Z[G]- zp = Fittye(Ok /€)' Fittzig) (A1) C Fittzig)(Of £/€) 7"

For all 4,7 in |n| one has ey - Tr; = 0 so that epy;; = 0 and hence (Mreg);; =
dij(9i—1)eo. Also, for each x € G*\G{, there exists j € |n| such that x(g;) =1
and so [[;¢,(9: — 1)(1 — eg) = 0. It follows that

€0det(MT) = det(MTeo)

= 1] (g = Deo

i€|n|

H (gi —1).

1€|n|

This combines with (R1) to imply that Ok /k,5,7(0)* = g - egdet(Mp) =
21 [ L) (95 — 1) In addition, (22) combines with Lemma [I(] to imply that
xr € Z¢|G] and hence one has

Ok /k,s7(0)* = e(wr) [] (g —1) (mod Ie- ] I).

i€|n| i€|n|

Since Regg g1 € 1), Ii one also has

(Regg 5.0)* = (-1)"Regg 5.0 (mod I [] 1.

i€|n|
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To deduce the congruence of Theorem from the previous displayed congru-
ence we therefore need only show that

e(xr) H (9i —1) = (=1)"mp 57 - Regg g7 (mod Ig - H L)
i€|n| i€ln]

where my, s, is as defined in (I)). In addition, with the matrix b as defined in
the proof of Lemma E, one has

I (9 = 1) = det((fx/rw, Ni(€:)) = Di<ij<n)

i€|n|

det(b) - det((fx/k,w, (i) — 1)1<ij<n)
det(b) - Regg 7 (mod Ie - [] 1),

J€Eln|

and so it suffices to show that e(zr) - det(b) = (—1)"mg sr. But, just as in
the deduction of ([[7) from ([1J), this can be proved by first multiplying (R1) by
Tre and then comparing the resulting equality to ()

This completes our proof of Theorem @

APPENDIX

We recall some relevant properties of the refined Euler characteristic construc-
tion discussed in §EI (the notation of which we continue to use). For further
details we refer the reader to [[f] (or to [[d, §1] for a fuller review than that given
here).
We let R denote either Z or Z, for some prime ¢ and E an extension of the field
of fractions of R. For any R[G]-module M, resp. homomorphism of R-modules
¢, we set Mg := M Qg E, resp. ¢p := ¢ Qp idg.
Let P be a bounded complex of finitely generated projective R[G]-modules.
For each integer i we let B?, resp. Z?, denote the submodules of coboundaries,
resp. cocycles, of Py, in degree i. After choosing E[G]-equivariant splittings of
the tautological exact sequences 0 — Z* — PL — B*! — 0 and 0 — B* —
Z'" — H'(Py) — 0 one obtains non-canonical isomorphisms

Pt =pl g HY(P)g

P, =2B"oH (P)g.
By using the identity map on B?! one can therefore extend each element ¢
of Ispig(H (P )g,H™ (P )g) to give an element ¢(Pj) of Isgiq(Pg, Py ).
This construction clearly depends upon the above choice of splittings but nev-
ertheless induces a well-defined map from Isgg(H* (P )p, H (P')g)/ ~ to
Is E[G](PEE ,Pg)/ ~ which is independent of all such choices. We denote this
map by 7 — 7(Pj) and we obtain a well-defined element of K(R[G], E) by
setting x gig),g(P',7) := (P*,¢,P~) for any (and therefore every) ¢ € 7(Pp).
In the following result we record this construction in a special case.

LEMMA Al. Let P be a finitely generated projective R|G|-module, ¢ an R[G]-
endomorphism of P and X : ker(¢)g — cok(¢)g an E[G]-isomorphism. Choose
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E[G]-equivariant sections t1 and 1o to the tautological surjections Pgp — im () g
and Pg — cok(¢)g, and let (A, ¢),, ., denote the automorphism of Pr which is
equal to ta 0 X on ker(¢)g and to ¢g on 11 (im(@)g). If P denotes the complex

P P, where the first term is placed in degree 0, then in Ko(R[G], E) one
has xric),E(P,A) = 311;1[G17E([<)\,¢>L1,L2])-

For each i € {1,2,3} let P; be a bounded complex of finitely generated pro-
jective R[G]-modules. We assume that there exists a distinguished triangle in
Drert(R[G]) of the form

P, % P, — P; — Pj[1]
and that Pj p is acyclic (so that H'(a)g is bijective in each degree i). For
any E-trivialisation 7 of P; we let 7, denote the unique E-trivialisation of P;

that contains H™ (a)gopo HT(a)," for any (and therefore every) ¢ € 7. The
following result is a special case of [f], Th. 2.8].

LEMMA A2. If P;  is acyclic, then for any E-trivialisation T of P; one has

Xra),e(P3, Ta) = XriG),(P1, T) + XR[q),(P3,ido),
where idg denotes the identity map on the zero space.

Note that if Pj is acyclic, then X gjg),g(Ps,ido) = 0 and so Lemma A2 implies
Xr[c),E(, ") is well-defined on pairs of the form (X, 7) where X is an object of
DPe(R[G]) and 7 an element of Ispig)(H ' (X) g, H (X)g)/ ~.

REMARK Al. The element xrjg),e(X,7) of Ko(R[G], E) constructed above
can be naturally reinterpreted as an isomorphism class of objects in a fibre
product category involving a suitable category of virtual objects as introduced
by Deligne in [@] (Indeed, this more conceptual approach has important tech-
nical advantages and is used systematically in [E]) As aresult, if G is abelian,
then X rjg,£(X, 7) can also be described by using the graded determinant func-
tor of Grothendieck, Knudsen and Mumford (that is described in [B6]). In fact,
if G is abelian, then Ky(R[G], E) identifies naturally with the multiplicative
group of invertible R[G]-lattices in E[G] (cf. [, Lem. 2.6]), the reduced norm
map nrgg : Ki1(E[G]) — E[G]* is bijective and, with respect to the stated
identification, for each z € E[G]* one has

Oric). e (Mg (2) = R[G] -z C E[G].

This shows in particular that, if K/k is abelian, then the equality of C(K/k)
is equivalent to a formula for the sublattice Z[G] - 0% s(0)# of R[G].
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