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ABSTRACT. In [24] Matsumoto associated to each shift space (also
called a subshift) an Abelian group which is now known as Mat-
sumoto’s Ky-group. It is defined as the cokernel of a certain map
and resembles the first cohomology group of the dynamical system
which has been studied in for example [2], [28], [13], [16] and [11]
(where it is called the dimension group).

In this paper, we will for shift spaces having a certain property (x),
show that the first cohomology group is a factor group of Matsumoto’s
Ky-group. We will also for shift spaces having an additional property
(x), describe Matsumoto’s Kp-group in terms of the first cohomol-
ogy group and some extra information determined by the left special
elements of the shift space.

We determine for a broad range of different classes of shift spaces if
they have property () and property (#*) and use this to show that
Matsumoto’s Ky-group and the first cohomology group are isomorphic
for example for finite shift spaces and for Sturmian shift spaces.

Furthermore, the ground is laid for a description of the Matsumoto
Ky-group as an ordered group in a forthcoming paper.
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1 INTRODUCTION

Invariants for symbolic dynamical systems in the form of Abelian groups have
a fruitful history. Important examples are the dimension group defined by
Krieger in [19] and [20], and the Bowen-Franks group defined in [1] by Bowen
and Franks.

In [24] Matsumoto generalized the definition of dimension groups and Bowen-
Franks groups to the whole class of shift spaces and introduced what is now
known as Matsumoto’s K-groups.

In another direction, Putnam [29], Herman, Putnam and Skau [16], Giordano,
Putnam and Skau [15], Durand, Host and Skau [11] and Forrest [13] studied
what they called the dimension group (it is not the same as Krieger’s or Mat-
sumoto’s dimension group) for Cantor minimal systems. The same group has
for a broader class of topological dynamical systems been studied in [2], [28]
and [27] where it is shown that it is the first cohomology group of the standard
suspension of the dynamical system in question.

It turns out that Matsumoto’s Ky-group and the first cohomology group are
closely related. We will for shift spaces having a certain property (%), show
that the first cohomology group is a factor group of Matsumoto’s Ky-group,
and we will also for shift spaces having an additional property (xx), describe
Matsumoto’s Ky-group in terms of the first cohomology group and some extra
information determined by the left special elements of the shift space.

We will for a broad range of different classes of shift spaces, which includes
shift of finite types, finite shift spaces, Sturmian shift spaces, substitution shift
spaces and Toeplitz shift spaces, determine if they have property (x) and prop-
erty (#x). This will allow us to show that Matsumoto’s Ky-group and the first
cohomology group are isomorphic for example for finite shift spaces and for
Sturmian shift spaces and to describe Matsumoto’s Ky-group for substitution
shift spaces in such a way that we in [8] can for every shift space associated
with a aperiodic and primitive substitution present Matsumoto’s Ky-group as
a stationary inductive limit of a system associated to an integer matrix defined
from combinatorial data which can be computed in an algorithmic way (cf. [6],
(7).

Since both Matsumoto’s Ky-group and the first cohomology group are K-
groups of certain C*-algebras they come with a natural (pre)order structure.
All the results presented in this paper hold not just in the category of Abelian
groups, but also in the category of preordered groups. Since we do not know
how to prove this without involving C*-algebras we have decided to defer this
to [9], where we also show that Matsumoto’s Ky-group with order is a finer
invariant than Matsumoto’s Ky-group without order.

We wish to thank Yves Lacroix for helping us understand Toeplitz sequences
and the referee for constructive criticism.
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2 PRELIMINARIES AND NOTATION

Throughout this paper Z will denote the set of integers, Ny will denote the set
of non-negative integers and —N will denote the negative integers.

The symbol Id will always denote the identity map. For a map ¢ between two
sets X and Y, we will by ¢* denote the map which maps a function f on Y to
the function fo ¢ on X.

Let a be a finite set of symbols, and let af denote the set of finite, nonempty
words with letters from a. Thus with e denoting the empty word, € € af. By
|| we denote the length of a finite word p (i.e. the number of letters in p).
The length of € is 0.

2.1 SHIFT SPACES

We equip

a? Mo g=N
with the product topology from the discrete topology on a. We will strive to
denote elements of aZ by z, elements of a™° by 2 and elements of a™™ by 7. If

z € a¥o and y € a™V, then we will by y.z denote the element z of aZ where

{% if n <0,
Zn =

r, ifn>0.
We define o : a? — a%, o4 : a0 — a"o, and o_ : a™N — aN by
(0(2))n = 2nt1 (04(2))n = Tnt1 (0-(¥)n = Yn—1-

Such maps we will refer to as shift maps.

A shift space is a closed subset of aZ which is mapped into itself by o. We shall
refer to such spaces by “X”.

With the obvious restriction maps

Ty X — alo

we get

0L 0Ty =T4L 00 o_om_=m_oo "

We denote 7 (X), respectively 7_(X), by X, respectively X, and notice that
o (XT)=X"and 0_(X7) = X". For z € a” and n € Z, we write

2n,oo] = T+(0"(2)) and 2)_o0 ) = 7 (0" (2)).
The language of a shift space is the subset of a* U {¢} given by
‘C(X) = {Z[nm] | zeX,n<me Z}

where the interval subscript notation should be self-explanatory. A compact-
ness argument shows that an element z € a? (respectively z € a'o, z € a™V)
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is in X (respectively X", X7) if and only if z{, .,y € L(X) for all n < m € Z
(respectively n < m € No, n < m € —N) (cf. [21, Corollary 1.3.5 and Theorem
6.1.21]).

We say that shift spaces are comjugate, denoted by “~” when they are home-
omorphic via a map which intertwines the relevant shift maps. The concept of
conjugacy also makes sense for the “one-sided” shift spaces X*. If Xt ~ Y™,
then we say that X and Y are one-sided conjugate. It is not difficult to see that
Xt Yt = X~ Y (cf 21, §13.8]).

Finally we want to draw attention to a third kind of equivalence between shift
spaces, called flow equivalence, which we denote by =;. We will not define it
here (see [26], [14], [2] or [21, §13.6] for the definition), but just notice that
X~Y =X Y.

A flow invariant of a shift space X is a mapping associating to each shift
space another mathematical object, called the invariant, in such a way that
flow equivalent shift spaces give isomorphic invariants. In the same way, a
conjugacy invariant of X, respectively X, is a mapping associating to each
shift space an invariant in such a way that conjugate, respectively one-sided
conjugate, shift spaces give isomorphic invariants.

Since X ~ Y = X =, Y, a flow invariant of X is also a conjugacy invariant of
X, and since X© ~ Y = X ~ Y, a conjugacy invariant of X is also a conjugacy
invariant of XT.

2.2 SPECIAL ELEMENTS

We say (cf. [17]) that z € X is left special if there exists z’ € X such that

zaa#F 2l me(2) = mi(2).

It follows from [4, Proposition 2.4.1] (cf. [3, Theorem 3.9]) that a sufficient
condition for a shift space X to have a left special element is that X is infinite.
Conversely, the following proposition shows that this condition is necessary.

PROPOSITION 2.1. Let X be a finite shift space. Then X contains no left special
element.

Proof: Since X is finite, every z € X is periodic. Hence if 74 (z) = w1 (2'), then
z=17. O

We say that the left special word z is adjusted if o~™(z) is not left special for
any n € N, and that z is cofinal if 6™(z) is not left special for any n € N.
Thinking of left special words as those which are not deterministic from the
right at index —1, the adjusted and cofinal left special words are those where
this is the leftmost and rightmost occurrence of nondeterminacy, respectively.
Let 2,2 € X. If there exist an n and an M such that z,, = z;,_,, for allm > M

then we say that z and 2’ are right shift tail equivalent and write z ~,. 2’. We
will denote the right shift tail equivalence class of z by z.
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2.3 THE FIRST COHOMOLOGY GROUP

The first cohomology group (cf. [2]) of a shift space X is the group

C(X,2)/(1d =(c7")*)(C(X, Z)).

Notice that usually o is used instead of o', but for our purpose it is

more natural to use o', and we of course get the same group. The group
C(X,Z)/(Id —(c=1)*)(C(X,Z)) is the first Cech cohomology group of the stan-
dard suspension of (X,o) (cf. [27, IV.15. Theorem]). It is also isomorphic
to the homotopy classes of continuous maps from the standard suspension of
(X, o) into the circle (cf. [27, page 60]).

It is proved in [2, Theorem 1.5] that C(X,Z)/(Id —(c~1)*)(C(X,Z)) is a flow
invariant of X and thus also a conjugacy invariant of X and X™.

2.4 PAST EQUIVALENCE AND MATSUMOTO’S K(-GROUP

Let X be a shift space. For every z € X and every k € N we set
Pr(x) = {p € LX) | px € XT, || =k},
and define for every | € N an equivalence relation ~; on X by
z~ 2 = Pi(x) = Pi(a).
Likewise we let for every z € XT
Poc(z) ={y € X™ |yw € X},
and define an equivalence relation ~., on X* by
T oo &' = Poo(z) = Poo ().
The set

ND (XY ={z e X" | 3k e N: #P(z) > 1}

then consists exactly of all words on the form 2z}, o[ where z is left special and
n € Np.

Following Matsumoto ([23]), we denote by [z]; the equivalence class of  and
refer to the relation as [-past equivalence.

Obviously the set of equivalence classes of the [-past equivalence relation ~; is
finite. We will denote the number of such classes m(l) and enumerate them &!
with s € {1,...,m(l)}. For each [ € N, we define an m(l + 1) x m(l)-matrix I
by

1 ifgFtCéEl
(Il)rs :{ T = &5

0 otherwise,
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and note that I' induces a group homomorphism from Z™® to Z™(+1D We
denote by Zx the group given by the inductive limit

lim (Z™W 1Y),

For a subset £ of X* and a finite word u we let u€ = {uzr € X* | z € £}. For
each | € N and a € a we define an m(l + 1) x m(l)-matrix

W {1 if ) # a1 C €L

0 otherwise,

and letting L = > aca L. we get a matrix inducing a group homeomorphism

from Z™® to Z™U+D | Since one can prove that L' oIt = I't1 o LL, a group
endomorphism A on Zx is induced.

THEOREM 2.2 (CF. [24], [25, THEOREM]). Let X be a shift space. The group
Ko(X) = Zx /(1d =A)Zx,

called Matsumoto’s Ko-group, is a conjugacy invariant of X and X*, and a
flow invariant of X.

2.5 THE SPACE Qx

We will now give an alternative description of Ky(X). The group Ky(X) is
defined by taking a inductive limits of Z™® where Z™® could be thought of
as C(XT/~, 7).

We will now do things in different order. First we will take the projective limit

of X*/~; and then look at the continuous functions from the projective limit
to Z.
Since ~; is coarser than ~; 1, there is a projection m; of X/~ 1 onto X/ ~.

DEFINITION 2.3 (CF. [23, PAGE 682]). Let X be a shift space. We then define
Qx to be the compact topological space given by the projective limit

lim(x+/wl, 7'('1).
We will identify Qx with the closed subspace

{([zn]n)neno | ¥ € No : @ngr ~n 0}

of [[729 X/ ~1, where [[;2, X"/~ is endowed with the product of the discrete
topologies.

Notice that if we identify C'(X"/~;, Z) with Z™® | then I is the map induced
by 7, so C'(Q2x,Z) can be identified with Zx.

If ([xn)n)nen, € O2x, then

{([=7]n)nen, € Qx | 27 ~1 21}
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is a clopen subset of Qx, and if a € P1(z1), then ([az),]n)nen, € Qx for every
([zh]n)nen, € Qx with 24 ~1 z1, and the map

([#h]n)nen, = ([aaf]n)nen,

is a continuous map on {([z,],)nen, € Qx | 1 ~1 x1}. This allows us to define
amap Ax : C(Qx,Z) — C(Qx, Z) in the following way:

DEFINITION 2.4. Let X be a shift space, h € C(Qx,Z) and ([xn]n)nen, € Ox.
Then we let

Ax (R)(([#n]n)nen,) = Z h(lazn]nen, )-

a€Pi(z1)

Under the identification of C(€Qx,Z) and Zx, Ax is equal to A, thus we have
the following proposition:

PROPOSITION 2.5. Let X be a shift space. Then Ko(X) and
C(Qx, Z)/(Id =Ax)(C(2x, Z))

are isomorphic as groups.

3 PROPERTY (*) AND (*¥)

We will introduce the properties (x) and (x*) and show that they are invariant
under flow equivalence and thus under conjugacy. At the end of the section,
we will for various examples of shift spaces determine if they have property ()
and ().

DEFINITION 3.1. We say that a shift space X has property (x) if for every
€ L(X) there exists an x € X* such that P, (z) = {u}.

DEFINITION 3.2. We say that a shift space X has property () if it has property
() and if the number of left special words of X is finite, and no such left special
word 15 periodic.

Since flow equivalence is generated by conjugacy and symbolic expansion (cf.
[25, Lemma 2.1] and [26]), it is, in order to prove the following proposition,
enough to check that (*) and (xx) are invariant under symbolic expansion and
conjugacy.

PROPOSITION 3.3. The properties (x) and (xx) are invariant under flow equiv-
alence.

ExampLE 3.4. It follows from Proposition 2.1 that if a shift space X is finite,
then it contains no left special element, and thus has property (xx).

EXAMPLE 3.5. An infinite shift of finite type does not have property (x).
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Proof: Let X be a shift of finite type. This means (cf. [21, Chapter 2]) that
there is a k € Ny such that

X={z€d” |Vn€Z: 2,1 € LX)}

Suppose that X has property (x). Let £L(X)r = {n € L(X) | |p] = k}, and
notice that if p,v,w € LX) and pv,vw € L(X), then prw € L(X).

Let pu € L£(X). Then thereis az € X* such that Py, (z) = {u}. Let p/ =z [,
and suppose that v € £(X) and vu’ € £(X). Then vx € XT, so v must be
equal to p. Thus there is for every p € L(X); a ¢/ € L(X); such that

X)
ve LX) Avp' € LX) <= v=p.

Since L£(X)j, is finite and the map p — p' is injective, there is for every v €
LX)k a p € L(X)x such that v = p/. Hence there is for every u € L(X)x a
unique p’ € L£(X)y such that pp’ € £(X) and a unique p’ € L£(X)) such that
p’ € L(X). Thus every z € X is determined by 2 k[, but since £(X) is finite,
this implies that X is finite. O

EXAMPLE 3.6. An infinite minimal shift space (cf. [21, §13.7]) X has property
(+x) precisely when the number of left special words of X is finite.

Proof: Since no elements in such a shift space is periodic, we only need to prove
that property (x) follows from finiteness of the number of left special elements.
Let p € £(X) and pick any x € XT. Since X' is infinite and minimal,  is not
periodic, and since the set of left special words is finite there exists NV € N such
that o™ () is not left special for any n > N. Since X is minimal there exists
a k> N such that 21 4. = g Hence Py, (a" T (2)) = {u}. O

ExXAMPLE 3.7. If z is a non-periodic, non-regular Toeplitz sequence (cf. [32,
pp. 97 and 99]), then the shift space

O(z) ={0"(2) | n € Z},

where X denotes the closure of X, has property ().

Proof: Let p € L(O(z)). Since O(z) is minimal (cf. [32, page 97]), there is an
m € N such that 2(_,,_ ||, —m| = #- We claim that P, (2(—m,cc) = {1}

Assume that 2’ € O(z) and z(_,, | = Z[—m,oc[- Then 7(2') = 7(z), where 7 is
the factor map of O(z) onto its maximal equicontinuous factor (G,1) (cf. [32,
Theorem 2.2]), because since zf_m oo = Zl=m,ool; the distance between o™ (2')
and 0" (z), and thus the distance between 1" (7 (2)) and 1"(7(2)), goes to 0 as
n goes to infinity, but since 1 is equicontinuous, this implies that 7(2’) = 7 (2).
Since z is a Toeplitz sequence, it follows from [32, Corollary 2.4]) that z’ = z.
Thus ’P‘M(Z[,mpo[) = {,u} U

The following example shows that property (x*) does not follow from property

().
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EXAMPLE 3.8. We will construct a non-regular Toeplitz sequence z € {0, 1}%
such that the shift space

0@ ={0"(z) [nel}

has infinitely many left special elements and thus does not have property (xx).
We will construct z by using the technique introduced by Susan Williams in
[32, Section 4]. We will use the same notation as in [32, Section 4]. We let YV’
be the full 2-shift {0, 1}% and defined (p;);en recursively by setting p; = 3 and
pir1 = 3" Fip; for i € N, where r; is as defined in [32, Section 4]. We then have

that .
pifr _ 20 374
Pit1 3T
s0
— pzﬂrl
=1 Pitl

converges, and z is non-regular by [32, Proposition 4.1].

CraM. The shift space O(z) has infinitely many left special elements.
Proof: Let D be as defined on [32, page 103]. If

gen({z € D|-1€ Aper(z')}),

Y.y €Y, Yool = Yo, a0 Y1 # YLy, then ¢(g,y)jo,00] = #(9,Y)[0,00[ and
d(9,y)—1 # ¢(9,y')—1, where ¢ is the map define on [32, page 103]. Thus

#(g,y) and ¢(g,y’) are left special elements, and since

n({z' € D| -1 € Aper(2’)}) x {y € Y | y is left special}
is infinite and contained in (D) x Y, on which ¢ is 1 — 1, O(z) has infinitely
many left special elements. ]

4 THE FIRST COHOMOLOGY GROUP IS A FACTOR OF Ky(X)

We will now show that if a shift space X has property (x), then the first coho-
mology group is a factor group of Ky(X).

Suppose that a shift space X has property (x). We can then define a map tx
from X into §2x in the following way: For each y € X~ and each n € Ny we
choose an z,, € X" such that P,(2,) = {y—n,—17}- Then ([2n]n)nern, € Ox,
and we denote this element by tx(y). The map tx is obviously injective and
continuous.

We denote the map

(ex om)": C(Qx,Z) — C(X,Z)

by k.
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PROPOSITION 4.1. Let X be a shift space which has property (x). Then there
is a surjective group homomorphism & from C(Qx,Z)/(Id —Ax)(C(Qx,Z)) to
C(X,Z)/(Id—(o=1)*)(C(X,Z)) which makes the following diagram commute:

C(Ox.2) - C(X,Z)

i |

C(Qx,2)/(1d =xx)(C(Qx, Z)) —> C(X, Z)/(Id —(c~1)*)(C(X, Z))
Proof: Let g be the quotient map from C(X,Z) to
C(X,Z)/(1d —(a~)*)(C(X, Z)).

We will show that 1) go x is surjective and 2) (Id —Ax )(C(£2x,Z)) C ker(go k).
This will prove the existence and surjectivity of &.

1) g o k 1is surjective: Given f € C(X,Z). Our goal is to find a function
g € C(Qx,Z) which is mapped to ¢(f) by go k.
Since f is continuous, there are k, m € N such that

Z[—k,m] = Zf_k,m] = f(z) = f(2).
Thus
heme1,-1] = 21,1 = foo "I (2) = foo (M),
Define a function g from Qx to Z by

0o~ (2) if Prpmit (Trgmst) = {2 tom_1.—1 }»
9([Falnhnere) = {7 (2) i Prsmia (Bhsms1) = {2opmot, )
0 if #Prsms1(Trymer) > 1

Then g € C(Qx,7Z), and goix om_ = f oo~ (™) 50 gor(g) = q(f).

2) Id—Xx)(C(Qx,Z)) C ker(gok): Let g € C(Qx,Z) and y € X~ . Then
); 8

M (9) (i (1)) = glix(o—(3), 50

k(MAx(g9)) =gowxom_o o1,

which shows that (Id —Ax)(g) € ker(q o k). O
The following corollary now follows from Proposition 2.5:

COROLLARY 4.2. Let X be a shift space which has property (x). Then
C(X,Z)/(Id —(e=H*)(C(X,Z)) is a factor group of Ko(X).
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5 Ky OF SHIFT SPACES HAVING PROPERTY (k)

We saw in the last section that if a shift space X has property (x), then the
first cohomology group is a factor group of Ky(X). This stems from the fact
that property () causes an inclusion of X~ into 2x, and thus a surjection of
C(Qx,Z) onto C(X™,Z). We will now for shift spaces having property (sx)
describe Ky in terms of the first cohomology group and some extra information
determined by the left special elements of the shift space.

We will first define the group Gx which is a subgroup of the external direct
product of C(X™,Z) and an infinite product of copies of Z, and isomorphic
to C(Qx,Z). Next, we will define the group Gx which is the external direct
product of C'(X,Z) and an infinite sum of copies of Z, and has a factor group
which is isomorphic to Ky(X). We will round off by relating this with the fact
that the first cohomology group is a factor group of Ky(X) and look at some
examples.

LEMMA 5.1. Let X be a shift space which has property (x). Then

x(X7) = {([zn]n)nern, € Qx | Vn € No : #Pp(x,) = 1}
Proof: Clearly

x(X7) © {([zn]n)nen, € Qx | V1 € No = ##Pn(25) = 1}.

Suppose ([Zn]n)nen, € Qx and Py (z,) = {un} for every n € Ny. Let for every
n € N, y_,, be the first letter of u,. Since yj_, _1) = p, for every n € N,
y € X7, and clearly ix (y) = ([zn]n)nen, - O

Denote by Zx the set N'Do(X1)/ ~oo (cf. Section 2.4). We will now define a

map ¢x from Zx to Qx. We see that for £ € ND (X)), ([2]n)nen, € Ox, and
we notice that x ~o Z, if and only if ([2]n)nen, = ([Z]n)nen,- So if we let

ox ([7]oc) = ([]n)neng
then ¢x is a well-defined and injective map from Zx to Qx.

LEMMA 5.2. Let X be a shift space which has property (). Then tx(X™) N
dx(Ix) =0, and if X has property (xx), then tx (X~ ) U ¢x (Ix) = Qx.

Proof: If ([zn]n)nen, € tx(X7), then according to Lemma 5.1, #P,,(z,) = 1
for every n € Ny, and if ([z,]n)nen, € ¢x(Ix), then #P,(z,) > 1 for some
n € Ng. Hence 1x(X™) N ¢x (Zx) = 0.

Suppose that X has property (k). If ([2,]n)nen, € Ox \tx(X ™), then according
to Lemma 5.1, there is an n € Ny such that #P,(x,) > 1, and since there only
are finitely many left special words, [z,], must be finite. Since [zx]r # @ and
[Zk+1]k+1 C [zk]x for every k € Ny, this implies that ﬂk‘GNg [zk]x is not empty.
Let z € (e, [Trlk- Since #Pp(z) = #Pn(zy) > 1, 7 € NDoo(XT), and since
([znln)neny = ¢x([#]o), We have that ([zn]n)nen, € ¢x(Ix)- O
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5.1 THE GROUP Gx

WE WILL FROM NOW ON ASSUME THAT X HAS PROPERTY (*x). Let for every
function h : Qx — Z,

Y% (h) = (houx, (h(¢x(i)))iezy)-

It follows from Lemma 5.2 that vx is a bijective correspondence between func-

tions from Qx to Z and pairs (g, (a)iezy ), where g is a function from X~ to Z
and each q; is an integer.

LEMMA 5.3. Let g be a function from X~ to 7Z and let for every i € Ix, o; be

an integer. Then (g, (qi)iezy) € Yx(C(Qx,Z)) if and only if there is an N € Ny
such that

1. Yy, y € X" tyn—y =Yy _1 = 9W) =9,
2. V2! € NDoolXY) : el = '] = 0. = g
3. Vx € NDOO(X—i_), yeX PN(IE) = {y[—N,—l]} = Qg], = g(y)

Proof: A function from {2x to Z is continuous if and only if there is an IV € Ny
such that

[zn]y = [en]n = A(([n]n)nen,) = h(([27]n)neno),

for ([zn]n)neny, ([Th]n)nen, € Qx, and since we have that if y,y/ € X, and
([n]n)nen, = Lﬁ(y) and ([27,]n)nen, = Ll(:l//)v then

[zn]N = [th]n = Y-N,-1] = yf_N,_l],
and if ¥ € NDoo(XT), y € X and ([2),]n)nen, = tx(¥), then
[z]n = [¢¥]y <= Pn(z) ={y-n-1}
the conclusion follows. O

DEFINITION 5.4. Let X be a shift space which has property (xx). We denote

% (C(Qx,Z)) by Gx, and we let for every function g : X~ — Z and (ci)iczy €

7%, .
Al(ga (ai)iéfl) = (g co—, (di)iéfl%

O = Y, e + Y, 9(7(2)):

where

' ENDoo (XT) zeX
oy(z')=x 20,00 EN Do (XT)
Z[lﬁoo[:w
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LEMMA 5.5. The map Ax maps Gx into Gx, and the following diagram com-
mutes:

C(x,Z) — == Gx

Ax Ax

X

C(QX,Z) — > 0x

Proof: Let h € C(Qx,Z) and ([Zn]n)nen, € Qx. Then

M) (([zaln)newe) = D hllaznlner, ).

a€Pi(x1)

We will show that Ax (7)(([n]n)neno) = Y - © Ax © ¥x (1) ([Tn]n)nen, )- Tt will
then follow that Ax = yx o Ax o '7;1, and thus that Ax maps Gx into Gx, and
the diagram commutes. N

Assume first that ([z,]n)nen, € tx(X7). Then #P;(z1) =1 and

ix (o (Lgl ([zn)n)neno))) = [azn]nen,

where a € Py(x1). Thus

Mx (W) ([zaln)neno) = A(([a2n]n)nens) =7k ' © Ax 0 1 (A) ([n]n)nero)-

Now assume that ([2,]n)nen, € ¢x(Zx) and choose 2 € N'Do. (XT) such that
Ox([*]oo) = ([Tn]n)nen,.- We claim that

Yo hlazaluerny) = Y h(x())) + D h(x(2-0,-1))- (1)

a€P1(z1) &' ENDoo (XT) zeX
ot (z')=x 210,00 [EN Do (XT)
Z[lvoc[:a:

To see this let a € Pi(z1). Assume first that ([azp]n)nen, € x(X7), and

let z be the element of a” satisfying z)_o o = Lgl(([axn]n)neN0)7 z0 = a,
and 210 = @ Then z € X, 2000 ¢ ND (X1, 21,00] = T, and
1x(2)—00,—1]) = [aTn]nen,. Let us then assume that ([azy]n)nen, € ¢x(Ix)-

Then ax € NDoo(XT), 04 (ax) = 2, and ¢x ([az]o) = [a2n]nen, -

If on the other hand z is an element of X which satisfies 2y oo & NDoo(X"),
and z[1 o] = T, then 2o € P1(21), and tx(2)—0o,—1]) = ([20Zn]n)nen,, and if 2’ €
NDo(X") and o (2') = x, then x}, € P;(z1), and Ox([2)0) = [0 Tn]nen, -
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Thus (1) holds, and

AX(h)(([xn]n)nGNo) = Z h([axn]nGNo)

aEP1($1)
= > hex([) + D hlx(2—c-1)
2’ EN Do (XT) z€X

o4 (z)=x 2(0,00[FN Doo (XT)

Z[lyoo[:m

7% 0 Ax 0 1 () ([@n]n)neny)-

The following corollary now follows from Proposition 2.5:

COROLLARY 5.6. Let X be a shift space which has property (xx). Then Ky(X)
and

Gx /(1d —Ax)Gx

are isomorphic as groups.

5.2 THE SPACE Iy

In order to get a better understanding of the group Gx and the map Ax, we
will now try to describe Zx in the case where X has properties (s*). For that
we will need the concept of right shift tail equivalence (cf. section 2.2).
Denote the set of those right shift tail equivalence classes of X which contains
a left special element by Jx. Notice that it is finite. Let for every j € Jx, M;
be the set of adjusted left special elements belonging to j. Notice that there
only is a finite — but positive — number of elements in M;.

Let us take a closer look at 7 (j). It is clear that

74 (§) = {2[n,00[ | 2 € Mj,n € Z},

and it follows from the definition of adjusted left special elements that z[, o[ €
NDoo(XT) if and only if n > 0. Tt follows from the definition of adjusted left
special elements and the fact that X contains no periodic left special elements
that if z, 2/ € Mj and n,n’ <0, then

Zn,oo] = proo| = 2 =2 An =1,

Contrary to this, it might happen that z(, o[ = an/.oo[ for 2 # 2" if n,n’ > 0.
In fact, it turns out that j has a “common tail”.

DEFINITION 5.7. Let j € Jx. An z € X¥ such that there for every z € j is an
n € Z such that z(, o = x s called a common tail of j.

LEMMA 5.8. Let z be a left special element andn € Z. Then 2, o s a common
tail of z if and only if 0™ (2) is not left special for any m > n.
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Proof: Assume that ¢™(z) is not left special for any m > n, and let 2’ € z.
Then there are k, k' € Z such that 2[k,00[ = sz,m[, and since 0™ (z) is not left
special for any m > n, 2[, o] = an—k+k/,oo[ if k > n. If £ < n, then obviously
2[n 00 = an—k+k/,oo[' Thus 2, o[ is a common tail of z.

Assume now that there is an m > n such that ¢™(z) is left special. Then
there is a 2’ € X such that zj, | = zfm’m[, but z,-1 # 2/, ;. This implies
that 2’ € z, so if Z[n,00 18 @ common tail of z, then there is a k € Z such that
z’k’oo[ = Z[n,00]; and since 2, 1 # 2, 1, k # n. But we then have for all i > m
that

Zi = Z§+k—n = Zitk—n;

which cannot be true, since there are no periodic left special words in X. O

The reason for introducing the concept of common tails is illustrated by the
following lemma.

LEMMA 5.9. Ifz is a common tail of a j € Jx, then in the notation of Definition

5.4,
Vo1 (@) = ot (@)oo
for every n € Ng.

Proof: Tt follows from Lemma 5.8 that P;(o"t*!(2)) = {z,,}. Thus there is
no z € X such that zg | ¢ NDoo(X") and z(; o[ = 077" (z), and the only
2’ € N'Doo(X1) such that o (2') = o' (z) is 07 (z). Hence d[gi+1($)]

Ao} (2)]oo - |

oo

DEFINITION 5.10. An z € X' is called isolated if there is a k € Ng such that
[]k = {=}.
LEMMA 5.11. Every j € Jx has an isolated common tail.

Proof: Let z be the cofinal left special element of j. Then zjg o[, and thus
Z[n,o0[ for every n € Ny, is a common tail by Lemma 5.8. Since there only are
finitely many left special words, [2[9,oo[]1 is finite. Hence there is an n € N such
that

T € [2[0700[]1 N Z[0,n] = Zjo,n] = L = Z[0,00]

Thus [2(,00{Jn+1 = {2n,c[} and therefore z}, o[ is an isolated common tail. [J

REMARK 5.12. In [22] Matsumoto introduced the condition (I) for shift spaces,
which is a generalization of the condition (I) for topological Markov shifts in
the sense of Cuntz and Krieger (cf. [10]).

A shift space X satisfies condition (I) if and only if X* has no isolated elements
(cf. [22, Lemma 5.1]). Thus, it follows from Lemma 5.11 that a shift space
which has property (xx) does not satisfy condition (I).

Let X be a shift space which has property (x*). Choose once and for all, for
each j € Jx an isolated common tail 23 and a 23 € X such that 7 (z3) = 2J.
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REMARK 5.13. Notice that o7 (279) is isolated for every j € Jx and every n € Ny,
because if [23], = {2}, then [o7 (23)]k4n = {07 (29)}.

Let z be an adjusted left special element of X. Since z* is a common tail of z,
there exists an n, € Ny such that z,_ [ = 2% We let

Kx = {[#[n,0[Joc | # is an adjusted left special element of X, 0 <n < n.},
and we let for each j € Jx,
Ky = {[#pn.ocl)oc | 2 € My, 0 < <n.}.

‘We notice that )
Kx = |J (K5\{«}).

jeIx

The following lemma shows that

Exu |J U (ot ()]}

JETx nENy
is a partition of Zx.
LEMMA 5.14.
1. Kx U{[o"(23)]s | j € Ix, n € No} = Ix,
2. Ky N {[0% (@) | € Tk m € No} =0,
3. the map (j,n) — [0 (29)]o, from Jx x Ny to Ix is injective.

Proof: Let € N'Dy(X1). Then there is an adjusted left special word z and
an n € Ny such that z = 2, o[- If n > n_, then

_ _ z
L= Z[n,00[ = Z[n—nz7oo[)

and if n < n., then [2]oc = [2[n,00]oc € Kx. Thus

Kx U {[Ui(x‘])]oo lje Jx, n € No} =Ix.

Assume that j € Jx, n € Ny and [07 (29)]c € Kx. Since o7 (29) is isolated,
this implies that there exist an adjusted left special element z and 0 < m < n,
such that o (2)) = 2,00 But then

Zlm,o0[ = Ui(x']) = Z[n,+n,00[

which cannot be true since there are no periodic left special words in X. Thus

Kx N{[o} ()]s | j € Tx, m € No} = 0.
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Assume that [0} (29!)]s = [04(292)]s. Since o' (23?) is isolated, o’} (23*)
must be equal to o? (x92). This implies that 29t and 292 are right shift tail
equivalent, so j; = jo, and since there are no periodic left special words in X,
np and ng must be equal. O

Remark 5.13 shows that if [2]e € {[07(20)]es | j € Tx, n € No}, then z is
isolated. Although it can happen that z is not isolated if [z] € Kx, the

following lemma shows that we anyway can separate Kx from {[o" (29)]o | j €
Ix, n € No}.

LEMMA 5.15. There ewists an Nk, € No such that if [z]c € Kx, then
#PNy, (x) > 1 and

@iy = 2] = [oloe = 2]
for every ' € X*.
Proof: Since Kx is a finite set, it is enough to find for each adjusted left special
word z € X and each 0 < n < n, an m € Ny such that #P,(2[,,00[) > 1 and
[2[n,00lm = [Z]m = [2[n,00[loc = [2]oo for every z € Xt
If 2 is an adjusted left special element and 0 < n < n, then #Pr11(2p,00[) > 1,
and since there only is a finite number of left special element in X, [2[n,o0fln+1

is finite, so there exists an m € Ny such that #7P.(2,0) > 1 and
[2[n,00lm = [Z]m = [2[n,00[loc = [Z]oo for every z € Xt O

We have now described the space Zx is such great detail that we are able to
rephrase the condition of Lemma 5.3 for when a pair (g, (ai)icz,) belongs to
Gx into a condition which is more readily checkable.

LEMMA 5.16. Let g be a function from X~ to Z and let for every i € Ix, a; be an
integer. Then (g, (ci)iezy) € Gx if and only if g is continuous and there erists
an N € Ny such that Qo (2)] o0 = g(zJ ) for allj € Jx and alln > N.

]—OO,TL[

Proof: Assume that (g, (ai)iezy) € Gx. Then there exists by Lemma 5.3 an
N € Ny such that

L Vyy € X" tyn-y=y_n_1= 9 =9),
2. Vo, 2’ € NDoo (X1) @ [z]y = [2']n = Alg]oe = Qar]oe s
3. Vo2 e NDoo(XT), y € X™ : Pn(z) = {y-n,—1} = ¥l = 9(¥)-

It follows from 1. that g is continuous, and since Py (o7} (29)) = {4n_N7n_l]}

for every j € Jx and all n > N, it follows from 3. that o (29)]oe = g(zjlfoo n[).
Assume now that g is continuous and there exists an N € Ny such that
Ao (2)) 0 = g(szoo n[) for all j € Jx and all n > N. Since g is continu-
ous there is an M € Ny such that yj_p;, 1] = yffMﬁl] = g(y) = g(y') for all
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v,y € X~, and since o7 (2J) is isolated for every j € Jx and every n € Ny
(cf. Remark 5.13), there is for each 0 < n < max{M, N} a kJ, € N such that
[ai(xj)]k% = {0, (29)}, and by increasing kJ, if necessary, we may (and will)
assume that #P,; (o4 (23)) > 1. Let

N’ = max ({k}, | € Jx,0 < n < max{M, N} U {Ni,, M, N}),
where N, is as in Lemma 5.15. We claim that
L Vyy € X" tyn -y =Yy _q = 91) =9,
2. Vo, 2’ € NDoo(X1) : [2] 3 = [2'| 5 = Ua)oe = Vo] s

3. Vo € NDoo(XT),y € X~ : Pro(2) = {y-nr 11} = ). = 9(y),

which implies that (g, (ai)iezy) € Gx. 1. follows from the fact that N’ > M.
Notice that if

(@] € Ky U{[07(09)]oc | § € T, 0 < < max{M, N},

then [z]n/ = [2']n/ = [2]oc = [2/]c. This takes care of 2. in the case where
[z]oo € Kx U {[an,oo[]oo |j€ Jx, 0<n<max{M,N}}.
Since

v o

ot (@) = [0 (@) = 2, ) = Fa g
= Qo (23)]0o — Q(Z]J,m,n[) = g(zf,oo’n/[) = Yo' (a3)] o’
for j,j’ € Jx and n,n’ > max{M, N'}, 2. and 3. hold, and (g, (o)iczy) € Gx. O

We will now look at Zx for three examples. First let X be the shift space
associated with the Morse substitution (see for example [12])

0+— 01, 1~ 10.
The shift space X is minimal and has 4 left special elements:

Yo-o Yo 1 Y1-To Y1-T1

where yo,y1 are the fixpoints in X~ of the substitution ending with 0 respec-
tively 1, and xg,x; are the fixpoints in X of the substitution beginning with
0 respectively 1. Thus it follows from Example 3.6 that X has property ().
We see that Jx consists of 2 elements: y¢.x¢ and y;.x;. Notice that although
all of the 4 left special elements are cofinal (and adjusted) neither xo nor x;
are isolated, because [z¢]oo = [%1]oo, but o4 (x0) and o4 (x1) are, so we can
choose o(yo.x0) and o(y;.21) as 2¥0*° and zY1*t respectively. We then have
that Kx = {[%0]s }, and that the whole of Zx looks like this:
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[0 (21)] oo

[0% (1)) oo

where an arrow from a to b means that in Definition 5.4, &, = a,. We notice

further that &, = g(o—(yo)) + glo—(y1)).
Our second example is the shift space associated to the substitution

15123514, 2+ 124, 3+ 13214, 4 14124, 5+ 15214

The shift space X is minimal and has 8 left special elements (4 adjusted and 4
cofinal) as illustrated on this figure:

where z € X* and 1,y € X~. Thus it follows from 3.6 that X has property
(#x). The set Jx consists of one element y;152.x, and since z is isolated, we
can choose y;52.7 as 2Y152X. We then have that Kx = {[22], [42]x}, and
that the whole of Zx looks like this:

(02 ()]
[o4(2)]oo

Ky152.x

where an arrow from a to b means that in Definition 5.4, &, = a,. We notice
further that &y = Q2] + Vaa]es O2a]ec = 2¢g(y1) and Aaa], = g(y1) +
g(o—(y2))-
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The third example is the shift space associated to the substitution
a — adbac, b aedbbc, c+— ac, dw adac, e+— aecadbac.

The shift space X is minimal and has 9 left special elements (1 which is both
adjusted and cofinal, 3 which are adjusted but not cofinal, 3 which are cofinal
but not adjusted, and 2 which are neither adjusted nor cofinal) as illustrated
on this figure:

where € Xt and yi1,vys2,ys,ya € X~. Thus it follows from 3.6 that X has
property (xx). The set Jx consists of one element y; e.x, and since x is isolated,
we can choose yre.x as 2Y***. We then have that Kx = {[cat]c, [a%]c0 }, and
that the whole of Zx looks like this:

[Ui (z)]oc

yie.x

where an arrow from a to b means that in Definition 5.4, &, = «,. We notice
further that dpg . = Qaa]. + 9W1), Qas]e = Ycas]e + 9(¥2) and Gpegq). =
9(o—(y3)) + g(o—(ya))-

5.3 Koy(X) IS A FACTOR OF Gx

We are now ready to define the group Gx which has a factor which is isomorphic
t0 G /(1d —Ax ) (Gx ).

Loosely speaking, the idea is to simplify Gx in three ways. First we collapse
for each j € Jx, Kj to one point, which makes it possible to replace Zx by
Jx % Ny, secondly we replace the condition of Lemma 5.16 for when a pair
belongs to Gx, by the condition that the corresponding sequence in Jx x Ny
is eventually 0, and thirdly, we replace X~ by X. The resulting group Gx is
of course not necessarily isomorphic to Gx, but it turns out that we can still
define a map Ax : Gx — Gx such that Gx/(Id —Ax) (Gx) is isomorphic to
O /(Id = Ax ) (9x)-
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DEFINITION 5.17. Let X be a shift space which has property (xx). Denote by
Gx the group C(X,Z)®)_, cn, 77, let Ax be the map from Gx to itself defined
by

(f7 (a‘iz)jEJg,neNo) = (f ° 0717 (ajn)jejl,TLENo)a

where @, = ZzeMj o™ (2)) = f(o=Y()), and @, = a_, for n >0, and let
1 be the map from Gx to Gx defined by

(97 (ai)iEIl) = (g OT—, (a’%).iEJX,nENo%

where for each j € j, a% = ZieKj ai—g(r_(29)) and a, = Yo (3]0 *9(%_m7n[)
forn > 0.

REMARK 5.18. It directly follows from Lemma 5.16 that v in fact maps Gx
into Gx.

PROPOSITION 5.19. Let X be a shift space which has property (xx). Then there
is an isomorphism

¢ : Gx /(1d —Ax)(Gx) — Gx/(Id —Ax) (Gx)

which makes the following diagram commute:

Gx 4 Gx

C

Gx /(1d —Ax) (Gx) —2> Gix /(1d — Ax) (Gx)

We will postpone the proof of proposition 5.19 to section 5.5, and instead
state our main theorem which immediately follows from Proposition 5.19 and
Corollary 5.6.

THEOREM 5.20. Let X be a shift space which has property (xx). Then Ky(X)
and

Gx/(1d —Ax) (Gx)

are isomorphic as groups.

5.4 EXAMPLES

ExXAMPLE 5.21. Let X be a finite shift space. Then Ky(X) and
C(X,2)/(1[d—(c™1)")(C(X,Z))

are isomorphic as groups.

DOCUMENTA MATHEMATICA 9 (2004) 639-671



660 CARLSEN AND EILERS

Proof: We saw in Example 3.4, that a finite shift space has property (xx) and
has no left special elements. Thus Jx = (), so Gx = C(X,Z) and Ax = (¢~ 1)*
and it follows from Theorem 5.20, that Ky(X) and

C(X,2)/(1d —(c™")*)(C(X, Z))

are isomorphic as groups. (|

Let n be the canonical projection from Gx to C(X,Z). We tie things up with
the following proposition:

PROPOSITION 5.22. Let X be a shift space which has property (xx). Then there
s a surjective group homomorphism

7+ Gx/(1d=Ax) (Gx) — C(X,2)/(1d —(e")*)(C(X,Z))

which makes the following diagram commute:

C(x.2) - C(X,2)

&Gx /
i

G /(1d —Ax) (
V \
C(Q2x,2) C(X,Z)
(Id —xx)(C(Qx,Z)) (Id —(e=1)*)(C(X,Z))

where Vx is the map from C(Qx,Z)/(Id—Xx)(C(Q2x,Z)) to Gx/(Id —Ax)Gx
induced by vx .

Proof: Since
70 AK = (071)* o1,

n induces a map from Gx/(Id —Ax) (Gx) to C(X,Z)/(Id —(c—1)*)(C(X, Z)).
It is easy to check that this map makes the diagram commute. O

COROLLARY 5.23. Let X be a shift space which has property (xx) and only has

two left special words. Then 7 is an isomorphism from Gx/(Id —Ax) (Gl) to

C(X,Z)/(Id —(e=H*)(C(X,Z)). Thus Ky(X) and
C(X,2)/(Id~(o7)*)(C(X,Z))

are isomorphic as groups.
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Proof: If X only has two left special words, z; and 25, then they must necessarily
be right shift tail equivalent, so Jx = {j}, where j = 21 = z2. We also have
that 21[0,00] = 22[0,00[ 18 an isolated common tail of j, so we can choose z to be
24, The set Mj is equal to {21, 22}, so for any (h, (M),en,) € Gx is

Ax ((h, (V) neno)) = (ho o™, (B )nen);

where B = h(c~(z1)), and B, = b for n > 0.

n

Suppose that (f, (ad,)nen,) € Gx and that

1((f, (@)neny)) € (Id =(071)*)(C(X, 2)).

Then there is a f € C(X,Z) such that f = f — f oo~ !. Since (ai,)nen, €
> nen, Z, there is an N € Ny such that ad, = 0 for n > N. Let

~ N .
c= o)) - Y
n=0

and h € C(X,Z) the function f plus the constant ¢, and let b, =Y", af- +

h(o=Y(21)) for n € Ng. Then b, =0 for n > N, so (h, (b, )nen,) € Gx, and

(f, (@ )neng) = (Id =Ax)((h, (V) )nen,)) € (Id —Ax) (Gx) ,

which prove that 7 is injective and thus an isomorphism. (]

EXAMPLE 5.24. As noted in [12], a Sturmian shift space X, « € [0,1]\Q is
minimal and has two special words. Thus it follows from Example 3.6 and
Corollary 5.23 that Ky(X,) and

C(X,,2)/(Id (7)) (C(X,, Z))

are isomorphic as groups.
In [31] it is shown that

C(Xa, 2)/(1d =(071) ") (C (X4 Z))

is isomorphic to Z + Z« as an ordered group. Thus it follows that Ky(X,) and
7Z + Zo are isomorphic as groups.

In [9, Corollary 5.2] we prove that Ky(X,) with the order structure mentioned
in the Introduction is isomorphic to Z + Za.

EXAMPLE 5.25. It is proved in [30, pp. 90 and 107] that if 7 is an aperiodic and
primitive substitution, then the associated shift space X, is minimal and only
has a finite number of left special words. Thus by Example 3.6, X, has property
(xx). It follows from [6, Proposition 3.5] that if 7 furthermore is proper and
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elementary, then 7 (z) is isolated for every left special word z. Thus Ky(X;)
is isomorphic to the cokernel of the map

aJo Jejx, CL1 jETx > )=

Foo (| D2 fe )] = Fe @) | (@d)ies, s ()se, -

M .
=€ JEIX,

defined on -
G =C(X,,Z)® Y 7%,

where Jx, and Mj are as defined in section 5.2, and 23 is a cofinal special
element belonging to the right shift tail equivalence class j.
In the notation of [8],

Ix. = V5.9 ), Mg {y{,yg,...7yéj+1} and 2 =V

In [8], this is used for every aperiodic and primitive (but not necessarily proper
or elementary) substitution 7, to present Ky(X;) as a stationary inductive limit
of a system associated to an integer matrix defined from combinatorial data
which can be computed in an algorithmic way (cf. [6] and [7]).

5.5 THE PROOF OF PROPOSITION 5.19

In order to prove Proposition 5.19, we will define maps and groups as indicated
on the diagram:

Gx Gx /(1d —Ax)(9x)
¥ e
¥1(9x) ¥1(Gx)/(Id = A1) (41 (9x))
P2 s
C(X7,2) & 3, en, L7 W _f(f(ca@i@zzj =y
V3 b
Gx Gx/(1d —Ax) (Gx)
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such that the diagram commutes, 13 o 12 0 ¥; = 1, and El, Ez and E3 are
isomorphisms.
Let 1 : Gx — C(X7,Z) ® [],en, 7Z7% be the map defined by

(ga (ai)iefg) = (ga (a'!n)jEJpneNOL
where for each j € Jx, af), = ZieKj aj, and al, = Qo (2)) for n € N.

LEMMA 5.26. Let (g,(dd)jeznen,) € CXZ) & [l,en, 2.  Then
(9, (a"iz)jejg,nENo) € P1(9x) if and only if

IN € NoVj € Jx¥n > Nz, = g(s__ ).

Proof: The forward implication directly follows from Lemma 5.16.
Assume that (g, (a,)je g nen,) € C(XT,Z) @ [[,en, Z7* and there exists an

N € Ny such that a), = g(z ) for all n > N. We let o; = 0 for each
i € Kx, and we let for each j € Jx and each n € No, o = a),. It then

]—(X),’I’L[
J
Zin, o]

follows from Lemma 5.16 that (g, (qi)iezy) € Gx, and since V1(9, ()iezy) =

(ga (a"in)jEjl,nENo)v we have that (97 (a%)jEJX,HENO) € ¢1 (gﬁ)
OJ

Let A1 : C(X7,Z) @ [[,,en, 79 — C(X7,Z) @ [Lhen, Z7% be the map defined
by

(g’ (a"'in)jEJX,neNo) = (g c0—, (d‘iz)jejg,neNo)a

where for each j € Jx, @ = ZzeMj g(o_(r_(2))), and @, = dal | forn e N.
It follows from Lemma 5.26 that A; maps 11(Gx) into itself.  Thus
(Id —A1)¥1(Gx) is a subgroup of 9:(Gx), and we can form the quotient
¥1(9x)/(Id —A1)1(Gx). Let

q: 1(9x) — ¥1(9x)/(Id —A1)¢h1 (Gx)
be the quotient map. We then have:
LEMMA 5.27. ker(go 1) = (Id —Ax)(Gx).-
Proof: Assume (g, (ai)iezy) € ker(q o ¢1). That means that
(9 (@),)iezx.neny) = ¥1(9, ()iezc) € (Id — A1) (Gx).

Thus there exists (g, (@,)jez.nen,) € ¥1(Gx) such that g = §— Goo_, and
such that for every j € Jx,

ah=> a=a - > jlo_(r_(2)),

i€Kj z€Mj
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and a-il = O‘[oi(wj)]oo = EL‘L’ — (Nl‘j,L_l for all n € N.

Now let i € ;¢ 7, Kj. Choose z; € NDy(X1) such that [zi]se = i. Then there

is, for each z € X which satisfies 74 (z) = z;, a unique m, € Ny such that
o~ ™=(z) is an adjusted left special word. We let

Li = {[2-m,c0llc | T+(2) = xi, 0 <m <m.} CIx,
Bi={0""(2) | m(2) = i} C X,

and

Gi= Y or+ Y dlo-(n-(2),

i"eL; z€B;

and we let for j € Jx and n € N, &[Ui($j)]oo =al.

Since (§, (@,)je sz neno) € ¥1(Gx), § is continuous and there exists by Lemma
5.26, an N € Ny such that for all j € Jx and all n > N, Gpon a1, = @ =
34

]_O°7n[

), 80 (g, (Gi)iezy) € Gx by Lemma 5.16.

Let (g, (&)iezg) = Ax (g, (&i)iezy ). Then G=goo_,and by lemma 5.9,
Qo1 (a)] o0 = Hop (@)oo = Un»

for j € Jx and n € N.
Now let j € Jx. Then Ly, = Kj and B,y = Mj, so

Aoy (29)] oo = Vad]o

=S a+ Y do-(r-(2)

i€ K; 2€ Mj

= a% + Z glo—(m—(2)))

z€M;

—
= ay.

If [r] € Kj, then Lpy_ is the disjoint union of Ly, _, where [2']c € Ix
and o4 (2') = z, and {[z]w}, and By, is the disjoint union of B, where
[2']oc € Ix and o4 (2') = z, and {0(2) | 2 € X, 2[0,00[ € NDoc(X"), 21 00| = z}-
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Hence
O?[_ﬂoo = Z 5[[1 + Z Z] oo—l]
'] oo €Tx zEX
ot (z')=x 210,00 [N Doo (XT)
Z[lyoo[:m
= Y Yooait Y Gglo-(m(2)] + D §(3-ce-1)
[2]oc€Tx \I€Ll@arloe  2€Bpario Z€X
ot (z')=x Z[O,oc[gNDoo(£+)
z[l’(x)[:x
Yo oai—apL+ Y, o (r-(2)
i€l 2€Ba) o
= Qlalee ~ Voo
So ~
g—g=g—goo_ =y,
and for i € Uje 7, Kj;

Aon (23)] oo ~ Vo (29)]oe = Tn — Tt = Gn = Aot (ad)] o
Thus

(9, (a)iezy) = (3, (@iezy) — (3, (Gi)iezy)

= (Id = Ax)(9, (Gi)iezy) € (Id —Ax)(Gx),

which shows that ker(g o) C (Id —Ax)(Gx)-

Now let (g, (ai)iezy) € Gx- We will find an element (g, (a) )Jejx,neNO) € Y1(Gx)
such that

1 ((Id —Ax) (g, (e)iezy ) = Ad —A1)(g, (ad,)jegx men, )-

This will show that (Id —Ax )(Gx) C ker(p o ¥1).
Let for each j € Jx and every n € Ny, a, = Aot (23)] oo It then follows from

Lemma 5.16 and 5.26 that (g, (a},)je 7 neno) € ¥1(9x).
Now,

(Id 7A1)(gv (af;L).iGJXJlENU) = (g —goo—, (a"]n, - d‘iL)jGJlﬂlENO%

where for each j € Jx, &‘(i) = ZzeMj g(o_(7_(2))), and @, = @) _| for n € N,
and

1 ((Id —Ax)(g, ()iezy)) = (9 — g0 0, (B))je 7 meno )
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where by Lemma 5.9

b= Ao (@3)] oo ~ o1 (2)] 0 = O ~ d T =d — &

for each j € Jx and every n € N, and

= a— > > o+ Y, g(rm_(2)

i€K; (@] €Kj | 2/ eNDoo (XT) z€X
ot (z')=x 210,00 EN Do (XT)
Z[l,oo[:m

z€Mj
J_ =i
=0y — ap

for each j € Jx. Thus ¢1((Id —Ax) (g, (ai)iezc)) = (Id —A1)(g, (ad,)jezx nen,)-
O

It follows from the previous lemma, that ¢; : Gx — 11(Gx) induces an isomor-

phism v, from Gx /(Id —Ax)(Gx) to 11(Gx)/(Id —A;)(1)1(Gx)) such that the
diagram

Gx /(1d —Ax)(9x)

Ox
ldil Py
Y1(Gx) ——=11(Gx)/(Id —A1) (11 (9x))

commutes.
Let for every (gv (a'gz)jGJg,TLGNo) € 1/11 (gl)v

wQ(ga (a.lz)jEJX,neNo) = (97 (a"ll - g(Z]_oo n ))jEJl,nENo)'
]—oo,n]

It follows from Lemma 5.26 that s is an isomorphism from (gx) to

C(X,Z) ® Y, cn, L.

Let Ay : C(X7,Z)® Y, ey, 27 — C(X7,Z) &Y, ey, Z7* be the map given by
(gv (ajn)jéjg,nENo) = (g 00—, (&%)jEJX,HENo)’

where for each j € Jx,

ay= Y g(r_(07'(2) — g(m_ (o~ (F))),
z€Mj
and &J;l:aj for n € N.

n—1

DOCUMENTA MATHEMATICA 9 (2004) 639-671



MaTsumoTO K-GROUPS ... 667

Then 15 0 A; = As 019, 50 15 induces an isomorphism

CX"Z) &Y en, 27
(Id —A2) (C(X7,2) & X e, Z7%)

¥y 1 P1(Gx)/(Id — A1) (¢1(Gx)) —

such that the diagram

¥1(9x) ¥1(9x)/(1d — A1) (¥1(9x))

P2 by

CX™ )BT eny 275
(Id —A») (C(g*,Z)@Z neNg ZJX )

C(X7Z) & Y pen, L7

commutes.

Let ¢3 : C(X7,Z) ® >, e, Z7% — Gx be the map defined by
(9, (a"zz)jejg,nENo) = (gom_, (a'zz)jejg,nENo)-

We then have:

LEMMA 5.28. 930 Ay = Ao 3.

Proof: Let (g, (a,)jeznen,) € C(X7,Z) & Y neNo Z7%. Then

Ao w3(ga (a%)jejg,nENo) = A(g om—, (ajn)jEJK,nENo)
= (g om_ o J_lv (&%)jEJl,neNo)v
where for each j € Jx,
=Y gom (0 '(2)) —gom_ (o' (s)),
ZEMj

and @, = a),_; for n € N, and

¢3 o AQ(gv (a.;)jejlmel\h) = '9113(9 00—, (&{z)jejg,nel\!o)
= (g 00— 07—, (&%)jEJK,HENo)a

where for each j € Jx,

dh=Y" g(m (7' (2) —g(n (7" ()) =@,

z€Mj
and @), = @), = @, for n € N, and since 7_ oo~! = ¢_ om_, we have that
w3 ° A2(97 (a';z)jGJg,nENo) =Ao 7/’3(97 (a‘gz)jGJx,HGNo)' 0
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It follows from the previous lemma that ¢35 : C(X7,Z) © >, cn, 7% — Gx
induces an injective map
- CXZ)© Y en, 2
P-4 (CX.2) © 3 e, Z7)

— Gx/(Id —Ax) (Gx)

such that the diagram

CDOL eny 27
(14 42) (OO DD ey 2%

C(X,2)® ¥, en, L7

Y3 3

Gx Gx /(1d - Ax) (Gx)

commutes. We will now show that 15 in fact is an isomorphism.
LEMMA 5.29. The map 15 is surjective.

Proof: In order to prove that 1), is surjective, it is enough to show that for every

(f7 (a.'];L)jE‘717n€No) € Gl7 there is a (gv (d%)jejg,nENo) S C(Xi Z) 2] ZnGNO Zjl
such that

(f: (a})jeqnena) — ¥3(g, (@))je i men,) € (Id —Ax) (Gx) -

Since f is continuous, there are k,m € N such that z_, ,,,) = szk m = f(z)=
f(z). Thus

Zheme1,-1) = 2 pomo1,q) = foo M (2) = foom M),

Hence there is an g € C(X ™, 7Z) such that gor_ = foo~(m*+1). We let for each
J € Jx,
i, =Y foo™ " z) = foo" ()
z€M;

for 0 <n <m,and al, = aJn_(m_H) for n > m. Since (f, (a,)je s nen,) € Gx,

(9, (@,)ieg.neny) € C(XT,Z) &Y, oy, Z7%, and it is easy to check that
1/13(9’ (a‘jn)jejg,nel\!o) = AgH_l(fv (Q‘L).iEJXmENU)'
Thus
(f7 (a‘zz)jGJl,HGNo) - 1/)3 (gv (a“;)j€\717n€No) =

(f, (ad)iegmeny) — AX (S, (a),)jedy nen,) =

m

> 1A =A%) (A (f, (@)jeqeners)) € (Id —Ax) (Gx) -

k=0
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O

We now have that 1) = 1501501, is an isomorphism and since 1) = 3015011,
the diagram

Gx 4 Gx

po

Gx /(1d —Ax) (Gx) —2> Gix /(1d —Ax) (Gx)

commutes, and we are done with the proof of Proposition 5.19.
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