DOCUMENTA MATH.

CM POINTS AND QUATERNION ALGEBRAS
C. CORNUT AND V. VATSAL

Received: December 23, 2004

Communicated by Peter Schneider

ABSTRACT. This paper provides a proof of a technical result (Corol-
lary 2.10 of Theorem 2.9) which is an essential ingredient in our proof
of Mazur’s conjecture over totally real number fields [3].

2000 Mathematics Subject Classification: 14G35, 11G18, 11G15
Keywords and Phrases: Shimura curves, CM points

CONTENTS
1 INTRODUCTION

2 CM POINTS ON QUATERNION ALGEBRAS
2.1 CM points, special points and reduction maps . . . . . . .. ..
2.1.1 Quaternion algebras. . . . . . ... ... ... ......
2.1.2  Algebraic groups . . . . . ... L oo
2.1.3 Adelicgroups . . . . . . ..o
2.1.4 Mainobjects . . . . . . ... oo
2.1.5 Galoisactions . . . . . .. ... Lo
2.1.6  Further objects . . . . .. ... ... ... ...
2.1.7 Measures . . . . .. ...
2.1.8 Level structures. . . . . . . ... ... .. ... .....
2.2 Main theorems: the statements . . . . .. ... ... ... ...
2.2.1 Simultaneous reduction maps . . . . . ... .. ... ..
2.2.2 Maintheorem . . . . . .. ... Lo
2.2.3  Surjectivity . . . . ...
2.2.4 Equidistribution . . . ... ... ... o0
2.3 Proof of the main theorems: first reductions . . . . . . . .. ..
2.4 Further reductions . . . . . .. .. ... o
2.4.1 Existence of a measure and proof of Proposition 2.5 . .
2.4.2 A computation. . . . . ... ...

DOCUMENTA MATHEMATICA 10 (2005) 263-309

263

264

266
266
266
266
266
268
269
269
269
270
270
270
271
272
273
274
277
277



264 C. CORNUT AND V. VATSAL

2.4.3 P-adic uniformization. . . . . . .. ... ... 281

2.5 Reduction of Proposition 2.13 to Ratner’s theorem . . . . . .. 282
2.5.1 Reduction of Proposition 2.21 . . . . .. ... ... ... 282
2.5.2  Reduction of Proposition 2.22 . . . . . . ... ... ... 283

2.6 Proof of Proposition 2.12. . . . . .. .. ... ... ... 286
2.7 An application of Ratner’s Theorem . . ... ... ... .... 288
3 THE CASE OF SHIMURA CURVES 291
3.1 Shimura Curves . . . . . . . . . .. ... 291
3.1.1 Definitions . . . . . .. .. ... 291
312 CMpoints. . . . . . ... . 292
3.1.3 Integral models and supersingular points . . . . . . . .. 292
3.14 Reductionmaps . .. ... .. ... ... ... 293
3.1.5 Connected components . . . ... ... ... ... ... 293
3.1.6 Simultaneous reduction maps . . . . . ... .. .. ... 294
3.1.7 Main theorem . . . . . .. ... . Lo 295

3.2 Uniformization . . . . ... ... ... .. ... .. 295
321 CMupoints. . . . . . ... 296
3.2.2 Connected components . . . ... ... ... ... ... 297
3.2.3 Supersingular points . . . .. ... 297
3.24 Reciprocity laws . . . .. ... Lo 298
325 Conclusion . . ... ... ... 300

3.3 Complements . . . .. .. ... . 300
3.3.1 On the parameter e =4+1 . . . . ... ... ... .... 300
3.3.2 P-rational elements of Gal";?. ............... 303

1 INTRODUCTION

Let F be a totally real number field of degree d, and let B denote a quaternion
algebra over F. For the purposes of this introduction, we assume that either:

e B is definite, meaning that B, = B ® F,, is non-split for all real places v
of F', or

e B is indefinite, meaning that B, is split for precisely one real v.

We shall write G to denote the algebraic group over Q whose points over a
Q-algebra A are the set (B ® A)*.

Now let K be an imaginary quadratic extension of F'. We suppose that there
is given an embedding K — B. Then associated to the data of B and K, one
can define a collection of points, the so-called CM points. The natural habitat
for these points depends on whether B is definite or indefinite: in the former
case, the CM points are just an infinite discrete set, whereas in the latter, they
inhabit certain canonical algebraic curves, the Shimura curves, associated to
the indefinite algebra B. Our goal in this paper is to study the distribution
of these CM points in certain auxiliary spaces. The main result proven here
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CM POINTS AND QUATERNION ALGEBRAS 265

is the key ingredient in our proof in [3] of certain non-vanishing theorems for
certain automorphic L-functions over F' and their derivatives. The theorems
of [3] may be regarded as generalizations of Mazur’s conjectures in [12] when

F=Q.

Our original intention was simply to write a single paper proving the non-
vanishing theorems for the L-functions, using the connection between L-
functions and CM points, and proving a basic nontriviality theorem for the
latter. However, in the course of doing this, we realized that although the CM
points in the definite and indefinite cases are a priori very different, the proof
of the main nontriviality result on CM points runs along parallel lines. In light
of this, it seemed somewhat artificial to give essentially the same arguments
twice, once in each of the two cases. The present paper therefore presents a
rather general result about CM points on quaternion algebras, which allows
us to obtain information about CM points in both the definite and indefinite
cases. The former case follows trivially, but the latter requires us to develop
a certain amount of foundational material on Shimura curves, their various
models, and the associated CM points.

Since this paper is neccessarily rather technical, we want to give an overview of
the contents. The first part deals with the abstract results. The main theorems
are given in Theorem 2.9 and Corollary 2.10. Although the statements are
somewhat complicated, they are not hard to prove, in view of our earlier results
(2], [18], [19], where all the main ideas are already present. As before, the basic
ingredient is Ratner’s theorem on unipotent flows on p-adic Lie groups.

The second part is concerned with the applications of the abstract result to
CM points on Shimura curves. We start with basic theory of Shimura curves,
especially their integral models and reduction. In Section 3.1.1, we define
the CM points and supersingular points, and establish the basic fact that the
reduction of a CM point at an inert prime is a supersingular point. The basic
result on CM points on Shimura curves is stated in Theorem 3.5. Section 3.2
gives a series of group theoretic descriptions of the various sets and maps which
appear in Theorem 3.5, thus reducing its proof to a purely group theoretical
statement, which may be deduced from the results in the first part of this
paper.

The final two sections in the paper are meant to shed some light on related
topics: section 3.3.1 investigates the dependence of Shimura curves on a cer-
tain parameter ¢ = £1, while section 3.3.2 provides some insight on a certain
subgroup of Gal(K?®P/K) which plays a prominent role in the statements of
Theorem 3.5 and also appears in the André-Oort conjecture.

In conclusion, we mention that a fuller discussion of the circle of ideas and
theorems that are the excuse for this paper may be found in the introduction
of [3], where the main arithmetical applications are also spelled out. We would
also like to thank Hee Oh for a number of useful conversations, and Nimish
Shah for providing us with the proof of the crucial Lemma 2.30.
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266 C. CORNUT AND V. VATSAL

2 CM POINTS ON QUATERNION ALGEBRAS

2.1 CM POINTS, SPECIAL POINTS AND REDUCTION MAPS

We keep the following notations: F is a totally real number field, K is a totally
imaginary quadratic extension of F' and B is any quaternion algebra over F'
which is split by K. At this point we make no assumption on B at infinity. We
fix once and for all, an F-embedding ¢ : K — B and a prime P of F where B
is split. We denote by wp € F5 a local uniformizer at P.

For any quaternion algebra B’ over F', we denote by Ram(B’), Ram(B’) and
Ram,(B’) the set of places (resp. finite places, resp. archimedean places) of
F where B’ ramifies.

2.1.1 (QUATERNION ALGEBRAS.

Let S be a finite set of finite places of F' such that

S1 Vv € S, B is unramified at v.
S2 |S|+ |Ramy(B)| + [F : Q] is even.
S3 Vv € S, v is inert or ramifies in K.

The first two assumptions imply that there exists a totally definite quaternion
algebra Bg over F' such that Ram;(Bg) = Ram;(B)US. The third assumption
implies that there exists an F-embedding ts : K — Bg. We choose such a pair
(BS, LS) .

2.1.2 ALGEBRAIC GROUPS

We put
G = }%eSF/Q(.BX)7 GS = RGSF/Q(Bg),

T = Resp/q(K™) and Z = Resp/q(F™).

These are algebraic groups over Q. We identify Z with the center of G and
Gs. We use ¢ and tg to embed T as a maximal subtorus in G and Gg. We
denote by nr : G — Z and nrg : Gg — Z the algebraic group homomorphisms
induced by the reduced norms nr : B* — F* and nrg : B§ — F*.

2.1.3 ADELIC GROUPS

Let Ay denote the finite adeles of Q. We shall consider the following locally
compact, totally discontinuous groups:

* G(Af) = (BRqAf)*, Gs(Ay) = (Bs®qAy)", T(Af) = (K®q Aj)*
and Z(Ay) = (F ®q Ay)* with their usual topology.
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CM POINTS AND QUATERNION ALGEBRAS 267

o G(S) =1l,¢5Bs, xIl,es £, where [To¢s B, is the restricted product
of the Bgv’s over all finite places of I’ not in S, with respect to the

compact subgroups R} C BJ 50> Where R, is the closure in Bg, of some
fixed Op-order R in Bg.

These groups are related by a commutative diagram of continuous morphisms:

ﬂ!'s

T(Ay) ) —> Z(Ay)

\/

Gs(Ay)
In this diagram,

o T(Ay) — G(Ay) and T(Ay) — Gs(Ay) are the closed embeddings in-
duced by ¢ and ¢g.

o nr: G(Ay) — Z(Ay) and nrg : Gs(Ay) — Z(Ay) are the continuous,
open and surjective group homomorphisms induced by nr and nrg.

e nr'y : G(S) — Z(Ay) is the continuous, open and surjective group homo-
morphism induced by nrg,, : B;,v — FX for v ¢ S and by the identity
on the remaining factors.

o w51 Gs(Ag) = [Lgs Bi % Tlues Bay — G(5) = [gs By % Ioes
is the continuous, open and surjective group homomorphism induced by
the identity on [],4¢ Bg, and by the reduced norms nrg, : Bg, —
F* on the remaining factors. It induces an isomorphism of topological
groups between Gg(Ay)/ker(rg) and G(S). Since ker(ms) =~ [],cg Bs.,
is compact, 7g is also a closed map.

The definition of

Ps - G(Af) = vaéS B x H’UES B — G(5) = vaéS Bg,v X HUES Ey

is more involved. By construction, B, and Bg, are isomorphic for v ¢ S.
We shall construct a collection of isomorphisms (¢, : B, — Bg,y)ygs such
that (1) Yo ¢ S, ¢, ot = 15 on K,, and (2) the product of the ¢,’s yields a
continuous isomorphism between [, ;¢ B and [[, 45 Bg - Note that any two
such families are conjugated by an element of [ [, ¢s KX. Once such a family has
been chosen, we may define the morphism ¢g by taking Hung ¢, on vaéS B
and nr, : B — F* on the remaining factors. It is then a continuous, open and
surjective group homomorphism which makes the above diagram commute.
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268 C. CORNUT AND V. VATSAL

We first fix a maximal Op-order R in B (respectively Rg in Bg). For all but
finitely many v’s, (a) R, ~ M2(OF,) ~ Rg, and (b) ¢"'(R,) and 5" (Rs,.)
are the maximal order of K,. For such v’s we may choose the isomorphism
by : Ry — Rg, in such a way that ¢, ot = 15 on K,. Indeed, starting with
any isomorphism ¢’ : R, — Rs ., we obtain two optimal embeddings W)
and tg of Ok, in Rg,,. By [20, Théoréme 3.2 p. 44], any two such embeddings
are conjugated by an element of Rgv: the corresponding conjugate of ¢’ has
the required property.

For those v’s that satisfy (a) and (b), we thus obtain an isomorphism ¢, : B, —
Bg,, such that ¢,(R,) = Rg, and ¢, 0t = tg on K,. For the remaining v’s
not in S, we only require the second condition: ¢, ot = tg on K,. Such ¢,’s do
exists by the Skolem-Noether theorem [20, Théoréme 2.1 p. 6]. The resulting
collection (¢, ),¢s satisfies (1) and (2).

2.1.4 MAIN OBJECTS

DEFINITION 2.1 We define the space CM of CM points, the space X(S) of
special points at S and the space Z of connected components by

CM = T(Q)\G(Ay)
X(8) = G(S,Q\G(S)
z = Z0Q"\Z(Ay)
where T(Q) is the closure of T(Q) in T(A;), G(S,Q) is the closure of

G(S,Q) = 75(Gs(Q)) in G(S) and Z(Q)+ is the closure of Z(Q)t = F>°
in Z(Af)

These are locally compact totally discontinuous Hausdorff spaces equipped with
a right, continuous and transitive action of G(A ) (with G(A ) acting on X'(S)
through ¢g and on Z through nr). By [20, Théoréme 1.4 pp. 61-64], X'(S)
and Z are compact spaces.

DEFINITION 2.2 The reduction map REDg at S, the connected component map
cs and their composite

c:CM%X(S)i>Z.

are respectively induced by

Il!'s

nr: G(Ay) 25 G(S) 22 Z(Ay).

REMARK 2.3 Since ¢5(T(Q)) = 75(T(Q)) C 75(G5(Q)) = G(5,Q), ¢ maps
T(Q) to G(S, Q) and indeed induces a map CM — X (S). Similarly, cg is well-
defined since nrg(G(S, Q)) = nrg(Gs(Q)) = Z(Q)™ (by the norm theorem [20,
Théoreme 4.1 p. 80]).
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CM POINTS AND QUATERNION ALGEBRAS 269

It follows from the relevant properties of nr, ¢g and nry that ¢, REDg and cg
are continuous, open and surjective G(Af)-equivariant maps. Since X'(S) is
compact, cg is also a closed map.

REMARK 2.4 The terminology CM points, special points and connected com-
ponents is motivated by the example of Shimura curves: see the second part of
this paper, especially section 3.2.

2.1.5 GALOIS ACTIONS

The profinite commutative group T(Q)\T(Aj) acts continuously on CM,
by multiplication on the [left. This action is faithful and commutes with
the right action of G(Ay). Using the inverse of Artin’s reciprocity map
reck : T(Q)\T(A;) — Gal3?, we obtain a continuous, G(A j)-equivariant
and faithful action of Gali® on CM.!

Similarly, Artin’s reciprocity map recr : Z(Q)*\Z(A;) — Gali allows one
to view Z as a principal homogeneous Gal%b—space. From this point of view,
c:CM — Zis a Galz}?—equivariant map in the sense that for z € CM and
o € Galy?,

c(o-x) =0 |pa» c(x).

2.1.6 FURTHER OBJECTS

For technical purposes, we will also need to consider the following objects:

o Xg=Gg(Q)\Gs(Ay), where Gg(Q) is the closure of G5(Q) in Gg(Ay).
o g5 : Xg — X(95) is induced by s : Gg(Ay) — G(S).

The composite map cg o gg : Xs — Z is induced by nrg : Gs(Ay) — Z(Ay).
By [20, Théoréme 1.4 p. 61], Xg is compact. Note that ¢g is indeed well
defined since 15(Gs(Q)) = G(5,Q). In fact, 75(Gs(Q)) = G(S, Q) since g
is a closed map: the fibers of gg are the ker(wg)-orbits in Xg. In particular, ¢g
yields a G(S)-equivariant homeomorphism between Xs/ker(mg) and X(.5).

2.1.7 MEASURES

The group G'(S) = ker(nrl) (resp. G5(Af) = ker(nrg)) acts on the fibers of cg
(resp. csoqgs). In section 2.4.1 below, we shall prove the following proposition.
Recall that a Borel probability measure on a topological space is a measure
defined on its Borel subsets which assigns voume 1 to the total space.

1 This action extends to a continuous, G(A f)-equivariant action of Gal(K#P/F) as follows.
By the Skolem-Noether theorem, there exists an element b € B* such that z ~— 2® =
b~lzb induces the non-trivial F-automorphism of K. In particular, b> belongs to T(Q).
Multiplication on the left by b induces an involution ¢ on CM such that for all z € CM and
o € Gal??, ((ox) = ot1z where 0 — o' is the involution on Gal?? which is induced by the
nontrivial element of Gal(K/F).
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270 C. CORNUT AND V. VATSAL

ProPOSITION 2.5 The above actions are transitive and for each z € Z,
(1) there exists a unique Gy(Af)-invariant Borel probability measure p, on
(cs 0qs)~1(z), and (2) there exists a unique G*(S)-invariant Borel probability
measure i, on cg'(z).

The uniqueness implies that these two measures are compatible, in the sense
that the (proper) map gs : (cs © gs)~'(z) — cg'(z) maps one to the other:
this is why we use the same notation u, for both measures. Similarly, for any
g € GL(Ay) (resp. G(S)), the measure j.4(*g) equals p, on (cs o gs) ()
(resp. on cg'(2)).

2.1.8 LEVEL STRUCTURES

For a compact open subgroup H of G(Ay), we denote by CMp, X (S) and
Zp the quotients of CM, X'(S) and Z by the right action of H. We still denote
by ¢, REDg and cg the induced maps on these quotient spaces:

REDg

CZCMH XH(S) = ZH.
Note that Xy (S) and Zp are finite spaces, being discrete and compact. We
have

Zp=Z/ur(H) and Xp(S)=X(S)/H(S)~ Xs/Hg

where H(S) = ¢s(H) C G(S) and Hg = ng'(H(S)) C Gs. The Galois group
Gal“}? still acts continuously on the (now discrete) spaces CMy and Zg, and ¢
is a Gal‘}?—equivariant map.

2.2 MAIN THEOREMS: THE STATEMENTS
2.2.1 SIMULTANEOUS REDUCTION MAPS

Let & be a nonempty finite collection of finite sets of non-archimedean places
of F' not containing P and satisfying conditions S1 to S3 of section 2.1.1. That
is: each element of & is a finite set S of finite places of F such that Vv € S, v
is not equal to P, K, is a field, and B, is split, and |S| + [Rams(B)| + [F : Q]
is even. For each S in &, we choose a totally definite quaternion algebra Bg
over F' with Ramy(Bg) = Ramy(B) U S, an embedding s : K — Bg and a
collection of isomorphisms (¢, : B, — Bs)ugs as in section 2.1.3.

For each S in &, we thus obtain (among other things) an algebraic group Gg
over Q, two locally compact and totally discontinuous adelic groups Gs(Ay)
and G(S5), a commutative diagram of continuous homomorphisms as in Section
2.1.3, a special set X(S) = G(S,Q)\G(S), a reduction map REDg : CM —
X(S) and a connected component map cg : X(S) — Z with the property that
each fiber cgl(z) of ¢s has a unique Borel probability measure p, which is
right invariant under G*(S) = ker(nry) (we refer the reader to section 2.1 for
all notations).
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CM POINTS AND QUATERNION ALGEBRAS 271

Let R be a nonempty finite subset of Gal"}? and consider the sequence

CM 225 ¥ (6, M) —<= 2(6,R)
where
o X(6) =[Isee X(5) and X(6,R) = [[,ex X(6) =[5, X (5);
* Z2(6) =[lscs 2 and Z(6,R) = [[,ex 2(6) =[5, 2
e C: X(6,R) — Z(6,R) maps z = (z5,,) to C(x) = (cs(s,0));

e RED : CM — X(6,R) is the simultaneous reduction map which sends x
to RED(x) = (REDg(o - z)).

We also put G(6,R) = [[g,G(S) and GY(&,R) = [[g,G"(S), so that
G(6,) acts on X(6,R) and Z(6,R), C is equivariant for these actions and
its fibers are the G1(&,R)-orbits in X (&,R). For z = (z5,,) in Z(S,R), the
measure (i, = [[g, f5, 15 a G'(&,R)-invariant Borel probability measure on
C71(z) = s, cs'(250). If g € G(8,M) and 2 € Z(&,R), f15.4(%g) = . on
C71(2).

The Galois group Gal%’ acts diagonally on Z(6,R) = HSJZ (through its
quotient Gal?’) and the composite map C' o RED : CM — Z(&,9R) is Gal’P -
equivariant. For x € CM, we shall frequently write Z = C'o RED(z). Explicitly:

Z=CoRED(z) = (0-c(x))s, € Z(6,R) = HZ.
S,o

2.2.2 MAIN THEOREM

In this section, we state the main results, without proofs. The proofs are long,
and will be given later.

DEFINITION 2.6 A P-isogeny class of CM points is a Bpj-orbit in CM. If
H C CM is a P-isogeny class and f is a C-valued function on CM, we say that
f(z) goes to a € C as x goes to infinity in H if the following holds: for any
€ > 0, there exists a compact subset C(e) of CM such that |f(x) —a| < € for
all z € H\ C(e).

REMARK 2.7 This definition can be somewhat clarified if we introduce the
Alexandroff “one point” compactification CM = CM U {co} of the locally com-
pact space CM. It is easy to see that the point oo € CM lies in the closure
of any P-isogeny class H (simply because P-isogeny classes are not relatively
compact in CM). Our definition of “f(z) goes to a € C as x goes to infinity
in H” is then equivalent to the assertion that the limit of f |5 at oo exists and
equals a.
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272 C. CORNUT AND V. VATSAL
DEFINITION 2.8 An element o € Gal? is P-rational if o = recg ()\) for some

A € K* whose P-component Ap belongs to the subgroup K * -Fp5 of Kj5. We
denote by Galﬁ_”It C Gal'}‘}:’ the subgroup of all P-rational elements.

In the above definition, reck : K* - Gal?}) is Artin’s reciprocity map. We
normalize the latter by specifying that it sends local uniformizers to geometric
Frobeniuses.

THEOREM 2.9 Suppose that the finite subset R of Gal%’ consists of elements
which are pairwise distinct modulo Gallp{rat. Let H C CM be a P-isogeny class

and let G be a compact open subgroup of Gal}’? with Haar measure dg. Then
for every continuous function f: X(6,R) — C,

T — / foRED(g-x)dg — / dg/ fdpg.z
G g C—Y(g-z)

goes to 0 as x goes to infinity in H.

2.2.3 SURJECTIVITY

Let H be a compact open subgroup of G(Ay). Replacing CM, X and Z by
CMpy, Xy and Zpg in the constructions of section 2.2.1, we obtain a sequence

CMy 225 (8, M) —Z> 24(8,R)
where
o Xi(6,%) = [I5, Xu(S) = X(6,%)/H(S,R) and
o Zu(6,R) = [Is, Zr = Z(8,R)/H(S,R) with
e H(6,R) =][g, H(S), a compact open subgroup of G(&,R).

Applying the main theorem to the characteristic functions of the (finitely many)
elements of Xy (6,MR), we obtain the following surjectivity result. Let H be
the image of H in CMp.
COROLLARY 2.10 For all but finitely many x in H,

RED(G-2)=C "G -7) in Xy (6,R)
where T = C o RED(x) € Z5(6,R).
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CM POINTS AND QUATERNION ALGEBRAS 273

2.2.4 EQUIDISTRIBUTION

When H = R* for some Eichler order R tin B, we can furthermore specify the
asymptotic behavior (as x varies inside H) of

Prob{RED(G - z) = s} = e [{g-=; RED(g-z) =s, g € G}

\GI

where s is a fixed point in Xy (&,R). To state our result, we first need to
define a few constants.
Let NV = HQ Q" be the level of R. By construction, the compact open

subgroup Hg = 75 ' ¢s(H) of Gs(Ay) equals ]ng for some Eichler order Rg C
Bg whose level Ng is the “prime-to-S” part of N: Ng = HQ¢S Qm™e. For
g€ Gg(Ay) and z = Gg(Q)gHs in

Xy (S) ~ Xs/Hs = Gs(Q)\Gs(Ay)/Hs = Gs(Q)\Gs(Af)/Hs

put O(g) = gRng1 N Bg. This is an Op-order in Bg whose B{-conjugacy
class depends only upon z. The isomorphism class of the group O(g)* /O also
depends only upon x and since Bg is totally definite, this group is finite [20,
p. 139]. The weight w(zx) of x is the order of this group: w(z) = [O(g)* : Of].
The weight of an element s = (xg,) in Xy (S,R) is then given by w(s) =

[1s,w(@s,0)-

Finally, we put

[R]
QF)
( (}15 Q(Bg) - NS))

QF) = 22RO 070171 ¢r(-1)| 7,
* Q(Bs) = [Igeram, s QI = 1),
QW) = [Nsll - T, (1QII ™ + 1) and

e Q(G) is the order of the image of G in the Galois group Gal(F;"/F) of
the narrow Hilbert class field F;" of F.

Here ||-|| denotes the absolute norm.

COROLLARY 2.11 For all € > 0, there exists a finite set C(e) C H such that for
all s € Xy (6,MR) and x € H\ C(e),

Q
Prob {RED(G - z) = o05)
if s belongs to C71(G - &) and Prob {RED(G - x) = s} = 0 otherwise.

The remainder of this first part of the paper is devoted to the proofs of Propo-
sition 2.5, Theorem 2.9, Corollary 2.10, Corollary 2.11.
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274 C. CORNUT AND V. VATSAL

2.3 PROOF OF THE MAIN THEOREMS: FIRST REDUCTIONS
NOTATIONS

For a continuous function f : X(&,9R) — C and z € CM, we put
A= [ foRentg-ads and B(fx) = B2 = [ 1(7.9-5)dg

where = C o RED(z), with I(f,z) = fC—l(z) fdu, for z € Z(&,R).
Then the theorem says that for all € > 0, there exists a compact subset C(e) C
CM such that,

VeeH,x¢Cle): |A(f,xz) — B(f,z)| <e

We claim that the functions @ — A(f,z) and « — B(f,z) are well-defined.
This is clear for A(f,x), as g — foRED(g-x) is continuous on G. For B(f,z),
we claim that g — I(f,g- ) is also continuous. Since g — g - Z is continuous,
it is sufficient to show that z — I(f,z) is continuous on Z(&,R). Note that
for u € G(6,R),

I(f7z'u)_l(fvz):/;l( . )fduz-u_Ll( )fd,U/z:/Cl( )(f(*u)_f)d,uz-

Since f is continuous and X(&,fR) is compact, f is uniformly continuous. It
follows that I(f,z-u) — I(f,z) is small when v is small and z — I(f,z2) is
indeed continuous.

To prove the theorem, we may assume that f is locally constant. Indeed, there
exists a locally constant function f’: X(&,9R) — C such that ||f — f'|| < €/3.
If the theorem were known for f/, we could find a compact subset C(e) C CM
such that |A(f',z) — B(f’,z)| < ¢/3 for all 2 € H with « ¢ C(e), thus obtaining

|A(f,{1,') —B(f,it)‘
< |A(f,’1,’) 7A(f/7$)| + |A(f/,l‘) 7B(f/7$)| + |B(f,,l‘) *B(f,$)|
< ¢/3+4¢/3+¢/3=c¢

A DECOMPOSITION OF G- H - H
From now on, we shall thus assume that f is locally constant. Let H be a com-
pact open subgroup of G(Ay) such that f factors through X(&,R)/H(6,%R),
where H(6,R) = [[, H(S) with H(S) = ¢s(H). Then

o x+— A(x) = [; f o RED(g - z)dg factors through G\CM/H,

o 2z I(2) = fc,l(z) fdu. factors through Z(&,R)/H(6,R), hence

o z— B(x) = B(z) = [5 (g 7)dg factors through G\CM/H
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(where T = C o RED(z) € Z(6,R) as usual).

For a nonzero nilpotent element N € Bp, the formula u(t) = 14 tN defines a
group isomorphism u : Fp — U = uw(Fp) C Bj. We say that U = {u(t)} is a
one parameter unipotent subgroup of Bj.

PROPOSITION 2.12 There exists: (1) a finite set Z, (2) for each i € Z, a point
z; € H and a one parameter unipotent subgroup U; = {u;(t)} of Bj, and (3) a
compact open subgroup k of Fj5 such that

1. G- H-H=UjerUp>09 @i - wikn) - H, and

2.VieZ and¥n>0,G x; wi(ky) - H=G ziuin-H,

where k, = wp"k C Fp and u;n = ui(wp™) € ui(ky).
PROOF. Section 2.6.

UNIPOTENT ORBITS: REDUCTION OF THEOREM 2.9

This decomposition allows us to switch from Galois (=toric) orbits to unipotent
orbits of CM points. To deal with the latter, we have the following proposition.
We fix a CM point = € H and a one parameter unipotent subgroup U = {u(t)}
in BS. We also choose a Haar measure A = dt on Fp. Then Theorem 2.9
follows from Proposition 2.12 and

PRrROPOSITION 2.13 Under the assumptions of Theorem 2.9, for almost all g €
Galy?,

lim b / foRED(g-x-u(t))dt = / fdpg.z.
Rn C—1(g-7)

w2 X(a)
PROOF. Section 2.5.

To deduce Theorem 2.9, we may argue as follows. By taking the integral over
g € G and using (a) Lebesgue’s dominated convergence theorem to exchange
Jg and lim,, and (b) Fubini’s theorem to exchange [, and [, , we obtain:

. 1 — Bz
lim m/’% A(z - u(t))dt = B(x).

n—oo

This holds for all z and .
Then for x = z; and u = u;, we also know from part (2) of Proposition 2.12
that t — A(x; - u;(t)) is constant on ky,, equal to A(z;u; ). In particular,

VieZ: lim A(ziuin) = B(x;).

n—oo

Fix € > 0 and choose N > 0 such that

Vn>N,VieT: |Axui,)—B(z) <e
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Put C(e) = U,z UfLO G - ziui(ky) - H, a compact subset of CM.

For any x € H, there exists ¢ € Z and n > 0 such that = belongs to G - x;u; n H,
so that A(z) = A(x;u; ) and B(z) = B(xusn) = B(z;). f o ¢ C(e), n > N
and |A(z) — B(z)| <€, QED.

REDUCTION OF COROLLARIES 2.10 AND 2.11

Let H be a compact open subgroup of G(Ay) and let f : X(&,R%) — {0,1}
be the characteristic function of some s € Xy (6,R), say s = 5- H(G,R)
with § € X(6,R). The function z — I(f,z) = fcfl(z) fdu, factors through
Zp(6,R) and equals 0 outside C(s) = C(3) - H(S,R). Let I(s) be its value
on C(s).

For € CM, we easily obtain:

e A(f,7) =Prob{RED(G - x) = s} where z is the image of Z in CM,
e B(f,z) =0if z = C o RED(z) does not belong to G - C(s), and

e B(f,x) =1(s)/QG, H) otherwise, where Q(G, H) is the common size of
all G-orbits in Z(6,R)/H(6,R) ~ [[g, Z£/nr(H), which is also the size
of the G-orbits in Z/nr(H).

If nr(H) is the maximal compact subgroup (’3; of Z(Ay) (which occurs when
H = R* for some Eichler order R C B), Z/nr(H) ~ Gal(F;"/F) and Q(G, H)
is the order of the image of G in Gal(F}"/F): Q(G, H) = Q(G).

The main theorem asserts that for all € > 0, there exists a compact subset C(¢)
of CM such that for all z € H \ C(¢) (where H and C(e) are the images of H
and C(e) in CMp),

|[Prob {RED(G - ) = s} — I(s)/QUG, H)| <€
if s € C71(G - z) and Prob {RED(G - =) = s} = 0 otherwise. Note that C(e) is
finite, being compact and discrete. To prove the corollaries, it remains to (1)
show that I(s) is nonzero and (2) compute I(s) exactly when H arises from an
Eichler order in B.

Write s = (zs,,) with x5, = Ts,Hg in X(S)/H(S) ~ Xg/Hs (S€ 6,0 € R
and T, € Xs). Then I(s) = [[g, I(s)s,, With

I(S)S,U = / fS,ad,uzs),,
(csogs) ™t (zs,0)

where z5, = cs0¢s(Tss) € Z and fg, : Xg — {0,1} is the characteristic
function of zg 4.

PROPOSITION 2.14 (1) For all S € & and 0 € R, I(s)s,, > 0.
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(2) If H = R* for some Eichler order R C B of level N,

0%
w(rse) QBs) - QUNs)

with w(*), Q(F), Q(Bs) and Q(Ns) as in section 2.2.4.

I(S)SJ =

PROOF. See section 2.4.2, especially Proposition 2.18.

In particular, I(s) > 0 and if H = R* with R as above,

]
1 Q(F)
0=t (L o o)

Se6

Thus we obtain Corollaries 2.10 and 2.11.

2.4 FURTHER REDUCTIONS

The arguments of the last section have reduced our task to proving Propositions
2.5, 2.12, 2.13, and 2.14. In this section, we make some further steps in this
direction. Section 2.4.1 gives the proof of Proposition 2.5. Section 2.4.2 gives
the proof of Proposition 2.14. Finally, Section 2.4.3 is a step towards Ratner’s
theorem and the proof of Proposition 2.14.

Throughout this section, S is a finite set of finite places of F' subject to the
condition S1 to S3 of section 2.1.1.

2.4.1 EXISTENCE OF A MEASURE AND PROOF OF PROPOSITION 2.5

We shall repeatedly apply the following principle:

LEMMA 2.15 [20, Lemme 1.2, p. 105] Suppose that L and C are topological
groups with L locally compact and C compact. If A is a discrete and cocompact

subgroup of L x C, the projection of A to L is a discrete and cocompact subgroup
of L.

By [20, Théoréme 1.4, p. 61], GL(Q) diagonally embedded in G5(Aj) x
GL(A) is a discrete and cocompact subgroup. Since G5(A) is compact,
GL(Q) is also discrete and cocompact in G5(A). Since the sequence

1 — ker(mg) — G§(Af) — GH(S) — 1
is split exact with ker(ms) compact, G1(9, Q) = ms(G5(Q)) is again a discrete
and cocompact subgroup of G*(S).

LEMMA 2.16 The fibers of cs o qs are the GL(Ay)-orbits in Xs. For g €
Gs(Ay) and z = Gs(Q)g in Xs, the stabilizer of x in G5(Ay) is a discrete
and cocompact subgroup of GL(Ay) given by Stabgls(Af)(x) =g 'GL(Q)g.
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PRrOOF. Fix z = G5(Q)g in Xg and put z = cg o gs(z) = Z(Q)tnrs(g) € Z.

The fiber of cg o gg above z is the image of L = nrg1 (Z(Q)+nr5(g)) in Xg

and the stabilizer of z in G5(Aj) equals M = GL(A;)Ng 'Gs(Q)g. We have
to show that L = G5(Q)gGL(Af) and M = g7 'GL(Q)g.
We break this up into a series of steps.

STEP 1: Gs(Q)gGL(Ay) is closed in Gs(Ay). This is equivalent to saying
that the G§(Ay)-orbit of x is closed in Xs. Since M contains ¢~ 'GL(Q)g
which is cocompact in G§(Ay), M itself is cocompact in G§(Ay). It follows
that - G§(A ) is compact, hence closed in Xs.

STEP 2: L = Gs(Q)gGL(Ay). Since nrg : Gs(Af) — Z(AF) is open, L is the
closure of nrg' (Z(Q)*nrs(g)) in Gs(Ay). The norm theorem [20, Théoreme
4.1 p. 80] implies that nrg' (Z(Q) nrs(g)) = Gs(Q)gGL(Ay) and then L =
Gs(Q)9Gs(Ay) by (1).

STEP 3: Gs(Q) = Z(Q)Gs(Q) . This is easy. See for instance the proof of
Corollary 3.10.

STEP 41 M = ¢ 'GL(Q)g. Suppose that v belongs to M = GL(Ays) N

9 'Gs(Q)g. By (3), v = g '\gqg for some X € Z(Q) and gq € Gs(Q)
with nrg(y) = 1. Then a = A2 = nr(gél) belongs to W2 NnzZQ" c
Z(A§)>NZ(Q)T. Since a belongs to Z(Q)T C F*, we may form the abelian
extension F(y/a) of F. Since « also belongs to Z(Af)?, this extension splits
everywhere and is therefore trivial: o = A3 for some A\g € F*. Then \/\g is
an element of order 2 in Z(Q) N OF. Since Z(Q) N O} = O} is isomorphic to
the profinite completion of O (a finite type Z-module), A/\g actually belongs
to {£1}, the torsion subgroup of Oj. We have shown that A belongs to Z(Q),

hence v = g~ ' \gqg belongs to g 'Gs(Q)g N GL(Ay) = g7 'G5(Q)g.

Since (1) gs identifies Xg/ker(mg) with X(S) and (2) GL(Af) ~ GY(S) x
ker(mg) with ker(wg) compact, we obtain:

LEMMA 2.17 The fibers of cs are the G*(S)-orbits in X(S). For g € G(S) and
= G(S,Q)g in X(S), the stabilizer of z in G*(S) is a discrete and cocompact
subgroup of G1(S) given by Stabgi(sy(z) = g G (S, Q)g.

For 2 € Z and z € (cs 0 qg) !(2), the map g — =z - g induces a G§(Ay)-
equivariant homeomorphism between Stab(z)\GL(Af) and (csogs) ™! (2). Sim-
ilarly, any = € cg'(2) defines a G'(S)-equivariant homeomorphism between
Stab(x)\G'(S) and cg'(z). Proposition 2.5 easily follows.

2.4.2 A COMPUTATION.

Any Haar measure u' on G5(Aj) induces a collection of G4 (A f)-invariant
Borel measures p} on the fibers (cs 0 gs)™'(2) of ¢s 0 qs : Xg — Z. These
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measures are characterized by the fact that for any compact open subgroup
H} of G5(Ay) and any z € (cs 0 gs) "1 (2),

1yl
p (Hg)
b 1h) = )
‘StabHé (x)‘
(Stabg (z) = Stabgy (a ) (%) N HY is indeed finite since Stabgy(a (@) is dis-
crete while HY is compact). One easily checks that u}:,g(*g) equals pl on
(cs 0 qs)'(z) for any g € Gs(Ay). It follows that these measures assign the
same volume A to each fiber of cg o gg, and pl = A, on (cs 0 qs)71(2).

We shall now simultaneously determine A (or find out which normalization of
p! yields A = 1) and compute a formula for

¢:(x) = p. (tHs N (cs0qs) '(2)) (v € Xs,z € 2)

where Hg is a compact open subgroup of Gs(A ). The map z — ¢, (z) factors
through Z /nrg(Hg) and equals 0 outside ¢s o gs(xHg) = ¢s o gs(x) -nrg(Hg).
Let z1,--- , z, be a set of representatives for Z/nrg(Hg) and for 1 <i <mn, let
Ti1, -+ ,Tin, be aset of representatives in (cs o gs)~1(z;) of

(¢s 0 qs)” ' (zinrs(Hs))/Hs = (cs 0 qs) " (z) - Hs/Hs.

The x; ;’s then form a set of representatives for Xs/Hg and
Zm‘@m (i) = itz (U;i1xi,jHS N(cso qS)_l(zi)) =>l=n (1)

since (z;;Hs)jZ, covers (cs 0 qs)™"(z).

To compute ¢, (z), we may assume that z = cg o gg(x). Choose g € Gg(Ay)
such that * = Gg(Q)g and put Hy = HsNG5(Ay). By Lemma 2.16, the map
b+ x - b yields a bijection

97'G5(Q)9\(9™'Gs(Q)g - Hs) NGy(Af)/Hs — xHs N (cs 0gs)” ' (2)/H.

_ (2)
Note that ¢7'Gs(Q)g - Hs = ¢ 'Gs(Q)g - Hs. Let (ayby)i™, be a set of
representatives for the left hand side of (2), with a; in ¢ 'Gs(Q)g, by in Hg
and nrg(agby) = 1. Since z - ar, = z and by, normalizes H{,

1yl
m X/i(HS).

o, (1) = Zp,z (x . akkaé) = |H§ mg—lgg(Q)m A

k=1

On the other hand, the map axby — nrg(ax) = nrg(by)~! yields a bijection
between the left hand side of (2) and

nrs (Hs N g~ 'Gs(Q)g) \nrs (Hs) Nurs(Gs(Q)).
Since nrg(Gs(Q)) = Z(Q)™, we obtain

_ lalg. Hs)| | p'(H)

P = g )l A @)
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where k(g, Hg) and ¢(g, Hg) are respectively the kernel and cokernel of
gHsg ' NGs(Q) = nrs(Hs) N Z(Q)™.

When Hg = ]§§ for some FEichler order Rg in Bg, the following simplifications
occur:

o nrg(Hg) = OF, so that n = |Z/nrg(Hg)| = F\X/F>O@§‘ = hj is the
order of the narrow class group of F.. Note that hf: = hr - [07° : (0F)?],

where hp is the class number of F' and (0F)? = {2% | z € O} }.

e The map g — L(g) = ¢ - Rs N Bg yields a bijection between Xs/Hg =
Gs(Q)\Gs(Ayf)/Hg and the set of isomorphism classes of nonzero right
R-ideals in Bg. Moreover, the left order O(g) of L(g) equals gRsg~'NBs,
so that O(g)* = gHsg ! N Gs(Q).

e The following commutative diagram with exact rows

1 = O0p — O — 0¢~*/0p — 1
21, nrsl l

1 - 03 - 0z — 1
yields an exact sequence
1= {1} — k(g Hs) — O(g)* /OF — 07°/(05) — alg, Hs) — 1.
In particular,

lalg. Hs)| _ [07°: (OF)’]

k(9. Hs)l  2-[0(g)* : OF]
Combining this, (1), (3) and [20, Corollaire 2.3 p. 142], we obtain:

pHY 27 | (~1)|?
X NI Tlgenam, 5oy (191 = 1) Mg (1Q1 "+ 1)

where N is the level of Rg. This tells us how to normalize ! in order to have
A = 1. We have proven:

PROPOSITION 2.18 Let Hg be a compact open subgroup of Gg(Ay). Forx € Xg
and z € Z,

laCg. Hs)|l 1(pr1y
pz (xHs N (cg 0 qs) ' (2)) = { (l)k(g’Hs)\:“ (Hs) if 2 € cs o gs(xHs)

otherwise

where © = Gs(Q)g, k(g,Hs) and q(g,Hg) are as above, HY = Hs N G5(Ay)
and pt is the unique Haar measure on G5(Ay) such that
,ul(Hé) _ 2[F:Q] |CF(*1)|71
HQGRamJ(BS)(HQH - 1)
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when Hg = ﬁg for some maximal order Rg C Bg. Moreover, if Hg = Eg for
some Eichler order Rg C Bg of level N,

|q(g7HS)|,LL1( 1): 1 ~ Q(F)
[k(g, Hs)|" *%7 " [0(g)<: O]~ Q(Bs) - Q(Ns)

with Q(F), Q(Bs) and Q(Ns) as in section 2.2.4.

2.4.3 P-ADIC UNIFORMIZATION.

Suppose moreover that P does not belong to S (this is the case for all S € &).
Since B splits at P, so does Bg.

Let H be a compact open subgroup of G§(Ay)Y = {z € GY(Ay) | zp =1},
For z € Z, the right action of G5(A[) on cs 0 gg'(z) induces a right action of
Bip={be B p |nrs(b) =1} on cs 0qg'(z)/H.

LEMMA 2.19 This action is transitive and the stabilizer of © € cs o qg'(2)/H
is a discrete and cocompact subgroup Ts(x) of B§ p. For x = Gs(Q)gH (with

g € Gs(Ay)), T's(z) = gISlI‘Sgp where gp € Bgyp is the P-component of g
and Ts =Ts(gHg™") is the projection to Bg p of Gg(Q)N {gHg™! 'Béjp} C
Gs(Ay). The commensurator of T's in Bg p equals F; By .

PrOOF. The stabilizer of ¥ = Gs(Q)g in G5(Ay) equals Stab(z) =
97 'G5(Q)g (by Lemma 2.16). The strong approximation theorem [20,
Théoreme 4.3, p. 81] implies that Stab(Z)B§pH = G§(Ay). Using
Lemma 2.16 again, we obtain

(csoqs) ' (z2) =7 Gy(Af) =T -BgpH =7 -HBgp =x-Bgp.

In particular, Bé,P acts transitively on (cgoqs) (2)/H. An easy computation
shows that I'g(x) = g;ll"sgp with I'g as above.

Put U = gHg™'- Bg p. The continuous map UNG§(Q)\U — G5(Q)\G§(Ay)
is (1) open since U is open in G5(Ay) and (2) surjective by the strong approxi-
mation theorem. In particular, UNGL(Q) is a discrete and cocompact subgroup
of U. Since U = gHg™" x By p (with gHg™" compact), the projection I's of
UNGg(Q) to B p is indeed discrete and cocompact in Bg p.

Finally, since the compact open subgroups of G5 (A ;)F are all commensurable,
neither the commensurability class of I'g nor its commensurator in Bg, p de-
pends upon gor H. Wheng =1and H = R* NG (A )T for some Eichler order
R C Bg, I's is the image in Bg p of the subgroup {z € R[1/P]* | nrg(z) =1}
of B . The commensurator of I'g in BSXJD then equals Fj; Bg by [20, Corollaire
1.5, p. 106].

Similarly, let H be a compact open subgroup of G1(S)¥ = {z € G}(S) | zp =
1}. Then B§ p acts on cs'(z)/H and we have the following lemma.
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LEMMA 2.20 This action is transitive and the stabilizer of x € cg'(2)/H is a
discrete and cocompact subgroup T's(x) of Béyp, For x = G(S,Q)gH with g
in G(S), Ts(x) = gp'T'sgp where T's = Ts(gHg™") is the projection to Bép
of GY(S, Q)N {gHg™*- Bé’P} C GY(S). The commensurator of s in BSp

equals 5 BZ .

PrOOF. The proof is similar, using Lemma 2.17 instead of 2.16. Alternatively,
we may deduce the results for c¢g from those for cg o g5 as follows. Put H' =
7T§1(H). Then H’ is a compact open subgroup of G§(Ay) and gg induces a
By p-equivariant homeomorphism between (cg o ¢s)~'(z)/H’ and cs'(2)/H.

In particular, the map b — x - b induces a B}q) p-equivariant homeomorphism
Ps()\BSp = c5'(2)/H.

Since I'g(z) is discrete and cocompact in B}g, p = SLo(Fp), there exists a unique
By p-invariant Borel probability measure on the left hand side. It corresponds
on the right hand side to the image of the measure p. through the (proper)
map cg'(z) — cg'(z)/H: the latter is indeed yet another Béjp—invariant Borel
probability measure.

2.5 REDUCTION OF PROPOSITION 2.13 TO RATNER’S THEOREM

Let us fix a point z € CM, a one parameter unipotent subgroup U = {u(¢)}
in Bj, a compact open subgroup « in Fj; and a Haar measure A = dt on Fp.
For n > 0, we put , = wp" so that A(x,) — 0o as n — oo. For y € Galj?
and t € Fp,

CoRED(y -z -u(t))=v-z with z =C o RED(z) € Z(6,R)

where &, R, C' and RED are as in section 2.2.1. Our aim is to prove the following
two propositions, which together obviously imply Proposition 2.13.

PROPOSITION 2.21 Suppose that RED(z - U) is dense in C~(z). Then for any
continuous function f: C~(z) — C,
1
lim —/ foRED(z - u(t))dt = / fdusz.
Ko c-1(z)

n—oo )‘(’fn)

PROPOSITION 2.22 Under the assumptions of Theorem 2.9, RED(y -z - U) is
dense in C~1(~ - &) for almost all v € Galy!.
2.5.1 REDUCTION OF PROPOSITION 2.21

We may assume that f is locally constant (by the same argument that we
already used in section 2.3). In this case, there exists a compact open sub-
group H of G'(Ay) such that f factors through C~'(z)/H(&,R). For our
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purposes, it will be sufficient to assume that f is right H(&,2R)-invariant when
H is a compact open subgroup of G*(A)” {x eG'(Ay) | xzp = 1} Here,

H(6,R) =]y, H(S) with H(S) = ¢s(H) as usual.
For such an H, the rlght action of G1(&, M) on C~1(z) induces a right action
of [Ig, B{ p on C~'(z)/H(6,R) which together with the isomorphism

Hs,g ¢s,p (Bl )me — Hs a‘BS P

yields a right action of (BL)®*® on C~1(z)/H(&,R).
By Lemma 2.20, the map (bs,) — RED(z) - (¢s.p(bso)) yields a (BL)S*%-
equivariant homeomorphism

D(z, H)\(Bp)T™ = C~(z)/H (6, %) (4)

where T'(z, H) is the stabilizer of RED(z) - H(&,R) in (B5)®*%. Note that
['(z, H) equals [[g , I's,o (7, H) where for each S € & and o € R,

Ps.o(e, H) = 65} {Stabpy | (REDs(o - 2) - H(S))

is a discrete and cocompact subgroup of B ~ SLo(Fp).
Under this equivariant homeomorphism,

e the image of t — RED(x - u(t)) in C71(
image of t — Aowu(t) in I'(z, H)\(B5)®
is the diagonal map;

z)/H(G,R) corresponds to the
*Rwhere A : By, — (BL)S*%

e the image of pz on C~1(%)/H(S,MR) corresponds to the (unique)
(BL)S P invariant Borel probability measure on I'(x, H)\(BL)®*%.

Writing pir s,y for the latter measure, the above discussion shows that Propo-

sition 2.21 is a consequence of the following purely P-adic statement, itself a

special case of a theorem of Ratner, Margulis, and Tomanov.

PROPOSITION 2.23 Suppose that T'(z, H) - A(U) is dense in (B:)®*™. Then
for any continuous function f : T(x, H)\(B5)®*® — C ,

lim / f(Aou(t))dt = / fdpr (e, m-
n—oo A Kn I'(z, H)\(Bl )& xR

PROOF. See section 2.7.

2.5.2 REDUCTION OF PROPOSITION 2.22

We keep the above notations and choose:

e an element g € G(Ay) such that 2 = T(Q)g in CM;
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e for each ¢ € R, an element A\, € T(A ) such that o = recx (\,) € Gali?.

For S € G and o € R, we thus obtain (using Lemma 2.20):

* REDs(0 - z) = G(5,Q)¢s(Asg) and
L FS,a<xa H) = g};]-)‘;j3rg,a(xa H))‘mPgP

where A\, p and gp are the P-components of A\, and g while F%,o (z, H) is the
inverse image (through ¢g p : B — Béﬁp) of the projection to Béﬁp of

GH(S, Q)N {ds (\ogHg 'A;') - Bsp} C G'(S5).

For a subgroup I' of B}, we denote by [['] the commensurability class of " in
B, namely the set of all subgroups of By which are commensurable with T
The group Bj acts on the right on the set of all commensurability classes (by
[[]-b = [b7'T'b]) and the stabilizer of [I'] for this action is nothing but the
commensurator of I' in BS.

Since the compact open subgroups of Gl(Af)P are all commensurable, the
commensurability class [['%] of I‘Osya(x,H ) does not depend upon H, z or o
(but it does depend on S). Similarly, the commensurability class [I's ,(x)] of
I's . (z, H) does not depend upon H and [['s,(z)] = [['Y] - Ay, pgp. Changing
z to y-x (v € Gali?) changes g to Ag, where A is an element of T'(Af) such
that v = reck (A). In particular,

[s0(y-x)] = [T Ao.pArgr = [T%] - ApAs,pgpr

where Ap is the P-component of A\. On the other hand, the stabilizer of [['%]
in By equals F3¢g'(BS) by Lemma 2.20. Since K5 NFpog'(Bgs) = FFK*,

Tso(v-2)] =[50y - x)] <= ~v=+" mod Gall ™.
With these notations, we have

PROPOSITION 2.24 Under the assumptions of Theorem 2.9, for (S,o) and
(S',0") in & x R with (S,0) # (5',07), the set

B((S,0), (5", 0)) = {7 € Galgl; [Tso(7-2)] - U = D00 (7 2)] - U}
is the disjoint union of countably many cosets of Gali_rat m Gal?(b.

ProOOF. Fix (S,0) # (5',0') in & x K. We have to show that (under the
assumptions of Theorem 2.9) the image of

B = {Ap € Kp; [T AopApgp -U=[T%] Ao pApgp U}

in Kj/FjpK* is at most countable. For that purpose we may as well consider
the image of B’ in K5 /F}.
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We first consider the case where S # S’. In this case, we claim that 9B’ is
empty. In fact: For S # S, we claim that

9] - By # [1%] - B}

To see this, suppose that [['%,] = [['Y] - b for some b € Bpj. Then
b FE G5 (B = Flog p(BS), so that FEBS, = Fi¢(Bg) in B p,
where ¢ : Bsp — Bg/ p is the isomorphism of Fp-algebras which sends «
to ¢s/.p(b" g p(a)b). Since FpBs = FiBg U {0} and similarly for Bg/,
FpBg = Fp¢(Bg).

We contend that ¢ maps Bg to Bg/. Indeed, suppose that a belongs to Bg
and choose 1 € F such that Tr(a+n) = Tr(a) +2n # 0. Since a+n belongs to
Bg, there exists p € Fp and 8 € Bg such that ¢(a + 1) = pfS. Taking traces

TrT(ng)") € F, so that ¢(a+1n) = ¢(a) + n belongs

on both sides we obtain u =
to Bgs, and so does ¢(«).
By symmetry, ¢ !(Bs/) C Bs and ¢ yields an isomorphism of F-algebras
between Bg and Bg/. This is a contradiction, since Bg and Bgs are non-
isomorphic quaternion algebras over F' when S # S’. This proves the proposi-
tion when S # S’.

Next we consider the case where S = S’ but ¢ # ¢’. In this case, an element
Apin K ; belongs to 9B’ if and only if there exists ¢ € Fp such that

b(t) = Apw(t)Ap' (Ae,p A, p) € FEBE, (5)

for w(t) = /\U)p(/bs(gpu(t)g;l))\;},. We contend that this condition can only
be satisfied for countably many Ap modulo Fj.

Suppose first that K normalizes the unipotent subgroup W of elements of
the form w(t), for all ¢ € Fp. In this situation, K is a split torus, and
we claim that (5) never holds for any Ap and ¢. To see this, observe that if
k € K, is arbitrary, then, in view of the representation of elements of K
and W by triangular matrices, the commutator [k,b(t)] is unipotent. (This
also follows from standard facts about Borel subgroups.) Since b(t) € Fj Bg,
we can apply this to elements of Kp N Bg = K, to conclude that either Bg
contains nontrivial unipotent elements, or that [k, b(t)] is trivial for all k. The
former is impossible, since Bg is a definite quaternion algebra, so we conclude
that b(t) commutes with K* which implies that b(t) € Kp. It follows that
b(t) € FABS N Kp = F5K*. But now looking at the form of b(t) shows that
w(t) = 1 and ()\U,p)\;,%P) € Fp K>, which contradicts the fact that o # o’
mod Galk ™",

It remains to dispose of the situation where K p fails to normalize W. In this
case, we may argue as follows. Since w(t) is unipotent, the left-hand-side of
(5) has norm independent of Ap. On the other hand, the set F5 B contains
only countably many elements of given norm. It follows that there are only
countably many possibilities for the left-hand-side of (5). Thus consider a given
element o in F5 B . We want to count the number of cosets ApFy € Kj5/Fp
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such that there there exists ¢ € Fp with
Apw(t)Ap' = (A pA, p). (6)

Note that since Ay, p/\;} is not an element of Gall, ™' by assumption, any
such ¢ is neccesarily nontrivial. But since the normalizer of W in K is precisely
F7, we see that if A\p and A}, belong to different Fj;-cosets, then the conjugates
of W by Ap and \p have trivial intersection. It follows that for each «, there
is at most a unique coset in ApFj; € K5 /Fp such that (6) holds for some ¢.

Since there are only countably many possibilities for a;, our contention follows.
O

We may now prove Proposition 2.22. Put

B=|J B((S0),(S.0)
(S,0)#(S",07)

so that 9B is again the disjoint union of countably many cosets of Galk " in
Gal‘r}‘?. Since any such coset is negligible, so is B. We claim that RED(y -z -U)
is dense in C~1(y - Z) if 7 belongs to Gali> \ B. In fact:

LEMMA 2.25 For v € Gal‘}(b, the following conditions are equivalent:
1. RED(y-x-U) is dense in C~1(y - 7).
2. T(y-a,H)-A(U) is dense in (Bp)®*™ (VH compact open in G*(Ay)F).
3. T(y-z,H)-A(U) is dense in (BL)S*® (3H compact open in G1(A)F).

4. v does not belong to °B.

PROOF. Lemma 2.17 implies that a subset Z of C~1(¥-z) is everywhere dense
if and only if for every compact open subgroup H of G'(A;)?, the image of
Z in the quotient C~(¥ - x)/H(&,%R) is everywhere dense. Applying this to
Z = RED(y-z-U) yields (1) < (2). But now (2) implies (3) and (4) is equivalent
to (3) for any H by Proposition 2.35 below. |

In summary, the arguments of this section show that Proposition 2.13 follows
from Proposition 2.23, together with Proposition 2.35 below.

2.6 PROOF OF PROPOSITION 2.12.

Let V be a simple left Bp-module, so that V ~ F2 as an Fp-module and
V ~ Kp as a Kp-module. We fix a Kp-basis e of V and an Op,-basis (1,w)
of Ok,. Then (e,we) is an Fp-basis of V, which we use to identify Bp ~
Endp, (V) with M2(Fp). Under this identification, the element = o+ fw of
Kp corresponds to the matrix (§ 2% ) with § = nr(w) and 7 = Tr(w).
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Let £ be the set of all Op,-lattices in V. To each L in £, we may attach an
integer n(L) as follows. The set O(L) = {A € Kp; AL C L} is an Op,-order
in Kp and therefore equals O,, = Op, + P"Ok, for a unique integer n: we
take n(L) = n. From a matrix point of view, n(L) is the smallest integer n > 0

such that @} ((1) ;0) LCL.

LEMMA 2.26 The map L — n(L) induces a bijection K;5\L — N.

PROOF. For A € Kj5 and L € L, O(AL) = O(L), so that n(\- L) = n(L): our
map is well-defined. Conversely, suppose that n(L) = n(L') =n for L, L' € L.
Since both L and L’ are free, rank one O,-submodules of V = Kp - e, there
exists A € K such that A\ L = L’: our map is injective. It is also surjective,
since n(O,, - e) = n for all n € N.

Put Ly = Op - €, R = End(Lo) = M2(Op,.), 6 = (%7 9) and u(t) = (§1) for
t € Fp. Then:

LEMMA 2.27 Forn >0 andt € OIX,P,
n(u(wp"t) - Lo) =2n  and n(u(wp"t) - 0Lo) = 2n+ 1.
PrRoOOF. Left to the reader.

Let us consider a P-isogeny class H C CM, a compact open subgroup G C Gal"}?
and a compact open subgroup H C G(A ). We choose an element z¢ € H such

that zg = T(Q) - go for some gy € G(Ay) whose P-component equals 1. Let
Klgg be the kernel of

K% < T(Ay) 5 Gal 2> — Gal3?/G.

This is an open subgroup of finite index in K;5. Let N be a positive integer
such that

o 1+PNO} C Kf and
e H contains the image of R(N)* =14+ PYR C Bj in G(Ay).

We denote by Z; C K (resp. Zo C R*) a chosen set of representatives for
K} /K% (resp. R*/R(N)*) and put Z = Z; x {0,1} x Z. Fori = (\,¢,7) € Z,
we put

T =x0- AT €H and ui(t) = (5°7) " Tu(t)(6°r) (t € Fp).

We finally put & = 1 + PNT1OF,, a compact open subgroup of Fp.
The following result gives the proof of Proposition 2.12.

ProPOSITION 2.28 With notations as above,
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1. G- H-H=Uez Up>0 G - z;u;(kyn) - H and
2.VieZ and¥n >0, G ziui(ky) -H=G ziu; - H

where k, = wp"k and Ui, = u(wp") C u;i(kp).

PROOF. Note that z; - u;(t) = zo - Au(t)der.

(1) We have to show that any element x of H belongs to G - z;u;(k,) - H for
some ¢ € Z and n > 0. Write x = x¢ - b with b € Bj.

Consider the lattice b- Lo C V and write n(b- Ly) = 2n+ ¢ with € € {0,1}. By
Lemma 2.26 and 2.27, there exists Ao € K5 such that b-Lo = X\g-u(wp™)d- Lo,
hence b = Ao - u(wp")d€ - 1o for some g € R*. By definition of Z; and Z,,
there exists A € 71, k € Klg;.7 r € Iy and h € R(N)* such that A\g = k- A and
ro =rh. Put i = (\e,r) € Z,t = wp" € Kk, and 0 = recg(k) € G. Since
xg -k = o - 29, we obtain

x=x0-b=0- 20 - Au(t)orh =0 (x;u;(t))-h €G- x; ui(ky) - H.
(2) We have to show that for i = (\,€,7) € Z, n > 0 and a € &,
z;-ui(wp'a) €G- xiu; - H.

Put y, =1—a', Ay =1+ @hyw € Kj and 0,4 = recik(An,q). Since a
belongs to x = 1+ PNT1O} | y, belongs to PN\, , belongs to K{ and
On,q belongs to G. As a matrix,

_ 1 —0whYa x
)\n,a - ( wgya 1 + ngya ) S KP C GLQ(FP)
In particular,

—€, (__—m —n vse _ (1= Ya —(6‘@?3 + T)w?ya _ N
0 u(—wp") Ao u(wp"a)d® = (w;?eya 1+ (a+ 75y = 1 mod P™.

In other words: there exists r’ € R(N)* such that \,,u(wp"a)é® =
u(wp"™)ocr’. We thus obtain:
Ona i U(w "a) = zo- A u(wp"a)dr
= zo- Au(wp")dvr'r

= xi~ui,n~h

with h = r~1r'r € R(N)* C H. QED.

2.7 AN APPLICATION OF RATNER’S THEOREM

In this section, we study the distribution of certain unipotent flows on X =
I'\G", where G = SLy(Fp), r is a positive integer and T' =T x --- x ' is a
product of cocompact lattices in G. Our key tool is the following special case
of a theorem of Margulis and Tomanov [11, Theorem 11.2] (see also Ratner’s
Theorem 3 in [15]). We fix a Haar measure A on Fp.
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THEOREM 2.29 (UNIFORM DISTRIBUTION) Let V. = {v(t)} be a one-
parameter unipotent subgroup of G".

1. For every x € X, there exists

e q closed subgroup L D'V of G" such that x -V =z - L, and

o an L-invariant Borel probability measure p on X supported on x - V.

2. With x and p as above, for every continuous function f on X and every
compact set k of Fp with positive measure, we have

‘l_’oo)\sﬁ/fxv ))dA(t /f Vdu(y

Here A\ denotes a choice of Haar measure on Fp.

The measure 4 is uniquely determined by x and V. On the other hand, we may
replace the closed subgroup L D V of G" by ¥ = {g € G" | p is g-invariant}.
Indeed, ¥ is a closed subgroup of G" which contains L and therefore also V.
Since p is Y-invariant, so is its support 2 - V = x- L. In particular, z - V = z-X.
Suppose now that V- = A(U), where A : G — G is the diagonal map and
U = {u(t)} is a (non-trivial) one-parameter unipotent subgroup of G. In this
case, a result of M. Ratner shows that ¥ contains some “twisted” diagonal:

LEMMA 2.30 There exists an element ¢ € U" such that ¢cA(G)c™t C X.
ProoF. This is Corollary 4 of Theorem 6 in [15] when Fp = Q, (note that
the centralizer of A(U) in G equals {£U}"). The case of general Fp seems to
be well-known to the experts, see for instance the notes of N. Shah [17].

This leaves only finitely many possible values for Q = ¢ !Ec. Indeed:

LEMMA 2.31 For any subgroup Q2 of G" such that A(G) C Q, there exists a
partition {I,} of {1,--- ,r} such that

[[Aa%™ (@) cac {1}y -J[a"™(@

where Ale(G) is the diagonal subgroup of {(g;) € G"; Vi & 1., gi = 1}.

ProoOF. This is a slight generalization of Proposition 3.10 of [2]. According
to the latter, there exists a partition {I,} of {1,---,r} such that

(41} -0 = (1} - [[,A"(G).
Taking the derived group on both sides gives [[, Al (G) = [Q: Q] C Q.
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The equivalence relation ~ on {1, - -- , 7} which is defined by the above partition
can easily be retrieved from x - A(U) = z - ¥ by the following rule: for 1 <
1,j <r, i~ jif and only if the projection

is mot surjective. On the other hand, this equivalence relation can also be used
to characterize those 2-orbits which are closed subsets of X:

LEMMA 2.32 For g = (g;) € G", the Q-orbit of y =T - g is closed in X if and
only for all 1 < i,5 < r withi ~ j, gi_lfigi and gj_lfjgj are commensurable
n G.

PROOF. The map w +— y-w induces a continuous bijection § : g7 1T'gNOQ\Q —
y-Q2. We first claim that y-2 is closed in X if and only if g~ 'T'gNQ\Q is compact.
The if part is trivial: if g71T'g N Q\Q is compact, so is §(g7TgNQ\Q) =y - Q.
To prove the converse, it is sufficient to show that 6 is an homeomorphism when
y - is closed (hence compact). Now if y - is a closed subset of X, I'-g-Q is a
closed subset of G" and g~'I'g- Q is a Baire space. Since I is countable (being
discrete in a o-compact space), it follows that € is open in g7!T'g - Q and 6 is
indeed an homeomorphism.

Put ' = [, A% (G). Since ¥ C Q C {£1}"-€Y, g~ 'T'gNQ is cocompact in € if
and only if g~ 'T'gN€Y is cocompact in . Note that g 'TgNQ'\Q' ~ ] To\G
where I'y, = ﬂigagjll"igh and ', \G is compact if and only if g;lfigi is
commensurable with g;ll“j g; for all 4,5 € I,. This finishes the proof of the
lemma.

We thus obtain a second characterization of the equivalence relation ~.

DEFINITION 2.33 We say that two subgroups I' and IV of G are U-
commensurable if there exists u € U such that I' and uw~'T'w are commen-
surable.

COROLLARY 2.34 Writex =T -g with g = (g;) € G". For 1 <i,j<r,i~j
if and only if g;ll"igi and g;ll"jgj are U-commensurable in G.

PrOOF. Write c=(¢;) e U" and put y=2-¢c=T-gc. Theny- Q=2 - =
x-V is a closed subset of X. The lemma implies that (g;c;)'T;(gsc;) and
(gjcj)~'Tj(g;cj) are commensurable in G when i ~ j. Conversely, suppose
that g;lI‘Z—gi and a‘lgj*ll"jgja are commensurable for some o € U. Put IV =
[ x Ty, X' =T\G? ¢ = (1,a) and A'(g) = (g,9) for g€ G. Let p: X — X'
be the obvious projection. The lemma implies that p(z) - ¢ A’'(G)c’ 7! is closed
in X', so that

p(z - AU)) C plx) - A'(U) C pl) - A(G)
In particular, p(z - A(U)) # X' and i ~ j.
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ProprosITION 2.35 The following conditions are equivalent:

1.z - A(U)=X.
2. Forall1<i#j<r, g;lfigi and g;lfjgj are not U-commensurable.

The measure p of Theorem 2.29 is then the (unique) G"-invariant Borel prob-
ability measure on X.

PrROOF. Both conditions are equivalent to the assertion that the partition
{I} of {1,---,r} is trivial. In that case, @ = G" = ¥ and p is G™-invariant.

3 THE CASE OF SHIMURA CURVES

3.1 SHIMURA CURVES
3.1.1 DEFINITIONS

We start by defining the Shimura curves. Let {r, -+, 74} = Homgq(F,R) be
the set of real embeddings of F'. We shall always view F' as a subfield of R or
C through 71. Let S be a set of finite primes such that |S|+d is odd, and let B
denote the quaternion algebra over F' which ramifies precisely at SU{ra, -+ , 74}
(a finite set of even order). Let G be the reductive group over Q whose set of
points on a commutative Q-algebra A is given by G(A) = (B ® A)*.

In particular, Gr >~ Gi x --- x Gq where B;, = B ®p,, R and G; is the
algebraic group over R whose set of points on a commutative R-algebra A
is given by G;(4) = (B;, ®r A)*. Fix ¢ = £1 and let X be the G(R)-
conjugacy class of the morphism from S def Resc/r(Gm,c) to Gr which maps
z=x+iy € S(R)=C* to

[( fy z )571,... 71] € G1(R) x --- x G4(R) ~ G(R).

We have used an isomorphism of R-algebras B, ~ Ms(R) to identify G; and
GLg gr; the resulting conjugacy class X does not depend upon this choice (but
it does depend on ¢, cf. section 3.3.1 below).

For every compact open subgroup H of G(A[), the quotient of G(Ay)/H x X
by the diagonal left action of G(Q) is a Riemann surface

def

Mp = GQN\(G(Ay)/H x X)
which is compact unless d = 1 (F = Q) and S = ) (G = GL3). The Shimura
curve My is Shimura’s canonical model for M}y, It is a smooth curve over F

(the reflex field) whose underlying Riemann surface My (C) equals M3".
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3.1.2 CM POINTS

Among the models of M}, the Shimura curve My is characterized by speci-
fying the action of Galois (the “reciprocity law”) on certain special points. A
morphism h : S — Ggr in X is special if it factors through the real locus of
some Q-rational subtorus of G and a point = in M2 is special if # = [g, h] with
h special (and g in G(Ay)).

Now let K be an imaginary quadratic extension of F' such that there exists
some embedding K — B. Put T' = Resg/q(G,x). Any embedding K — B
yields an embedding 7" < G. In the sequel, we shall fix an embedding of K in
B, and study those special points in X or M} for which h : S — Ggr factors
through the morphism Tgr < Ggr which is induced by the fixed F-embedding
K — B. We shall refer to such points as CM points. We denote by CM gy
the set of CM points in M2* = My (C). It is clear that this set is nonempty.
Furthermore, Shimura’s theory implies that any CM point is algebraic, defined
over the maximal abelian extension K" of K (see section 3.2.4 below).

3.1.3 INTEGRAL MODELS AND SUPERSINGULAR POINTS

Let v be a finite place of F' where B is split and put & = Spec O(v) where
O(v) is the local ring of F at v. We denote by F, and O, the completion
of F' at v and its ring of integers. For simplicity, we shall only consider level
structures H C G(A[) which decompose as H = H"H,, where H" (resp. H,)
is a compact open subgroup of

G(Ay)" ={9€G(Ay) | go=1} (resp. B] C G(Aj)).

In the non-compact (classical) case where F = Q and G = GLo, it is well-
known that My is a coarse moduli space which classifies elliptic curves (with
level structures) over extensions of Q. Extending the moduli problem to elliptic
curves over S-schemes, we obtain a regular model My /S of My. A geometric
point in the special fiber of My is supersingular if it corresponds to (the class
of) a supersingular elliptic curve.

In the general (compact) case, the Shimura curve My may not be a moduli
space. However, provided that H" is sufficiently small (a condition depending
upon H,), Carayol describes in [1] a proper and regular model My /S of My,
which is smooth when H, is a maximal compact open subgroup of B}. When
HY fails to be sufficiently small in the sense of [1], we let My /S be the quotient
of My by the S-linear right action of H/H', where H' = H'YH, for a suffi-
ciently small compact, open and normal subgroup H'” of H. Then My /S is
again a proper and regular model of My which is smooth when H, is maximal
(cf. [9, p. 508]), and it does not depend upon the choice of H'".

These models form a projective system {My } i of proper S-schemes with finite
flat transition maps, whose limit M = limMp has a right action of G(Ay)
and carries an O,-divisible module E of height 2 (cf. [1, Appendice] for the
definition and basic properties of O,-divisible modules). A geometric point
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x in the special fiber of M is said to be ordinary if E | x is isomorphic to
the product of the O,-divisible constant module F, /O, with ¥;, the unique
O,-formal module of height 1. Otherwise, x is supersingular and E | z is
isomorphic to X9, the unique O,-formal module of height 2. A supersingular
point in the special fiber of My is one which lifts to a supersingular point in
M.

In the classical case, the supersingular points also have such a description, with
E equal to the relevant Barsotti-Tate group in the universal elliptic curve on
M = lim M.

3.1.4 REDUCTION MAPS

Let us choose a place © of K2P above v, with ring of integers O(v) C Kb and
residue field F(7), an algebraic closure of the residue field F(v) of v. Consider
the specialization maps:

My (K*) = Mg (K*) < My (0(v)) — Mg (F(v))

In the compact case, My is proper over S and the first of these two maps is a
bijection by the valuative criterion of properness. In the classical non-compact
case, the first map is still injective (Mp is separated over S); by [16, Theorem
6], its image contains CMy. In both cases, we obtain a reduction map

RED, : CMy — Mg (F(9)).
Let M35 (v) be the set of supersingular points in Mg (F(7)).
LEMMA 3.1 If v does not split in K, RED,(CMg) C M35 (v).

PROOF. (Sketch) Let E° be the O,-divisible module E “up to isogeny”. There
is an F,-linear right action of G(Ay) on E° covering the right action of G(Ay)
on M (see [1, 7.5] for the compact case). For any point z on M, we thus obtain
an Fy-linear right action of Stabg(a ,)(z) on E° | z. If z is a CM point, say
x = [g,h] for some g € G(Af) and h : S — Tr — Gr in X, g7'T(Q)g C
Stabg(a,)(z) and the induced F,-linear action of T(Q) = K* on E” | z (or its
inverse, depending upon €) arises from an F,-linear right K,-module structure
on EY | . The connected part of the special fiber EC | RED,(z) therefore
inherits a K,-module structure. Since Endp, (V) ~ F,, this connected part
can not be isomorphic to X unless v splits in K.

3.1.5 CONNECTED COMPONENTS

We now want to define yet another type of “reduction map”. Recall from
Shimura’s theory that the natural map from M{ to its set of connected com-
ponents mo(M3P) corresponds to an F-morphism ¢ : My — My between
the Shimura curve My and a zero-dimensional Shimura variety Mg over F'
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whose finitely many points are algebraic over the maximal abelian extension
F*> c K2 of F. Since My is regular (hence normal), this morphism extends

over S to a morphism ¢ : My — My between M g and the normalization Mg

of § in My, a finite and regular S-scheme. With Zg def mo(M3) = My (K?P)

and Zg (v) L m 1 (F(v)), the following diagram is commutative:

RED,

cl le
zy R oz (v)

Put Xy (v) = M%(v) Xz, (») Zu. If v does not split in K, we thus obtain a

reduction map and a connected component map

oMy = X (v) — Zp (7)
x — (REDy(z),c(x)) +— c(z)

The composite map ¢ = ¢, o RED,, : CMy — Zg does not depend upon v and
commutes with the action of Gal%O on both sides.

REMARK 3.2 In the compact case, My — My — S is the Stein factorization
MH — Spec(F(MH, OMH)) — S

of the proper morphism My — S. Indeed, since My is affine, ¢ factors
through an S-morphism « : Spec(I'(Mpy, Om,,)) — Mpy. Over the generic
point of S, a,p : Spec(I'(Mp, Oy )) — Mp is a morphism between finite
étale F-schemes which induces a bijection on complex points: it is therefore
an isomorphism. Since My is a regular scheme which is proper and flat over
S, Spec(I'(Mp, Omy, ) is a normal scheme which is finite and flat over S. It
follows that « is an isomorphism.

3.1.6 SIMULTANEOUS REDUCTION MAPS

Let & be a finite set of finite places of F which are non-split in K and away
from S: for each v € &, K, is a field and B, ~ My(F,). Let also R be a finite
set of Galois elements in Gal?}’. We put

[ Auew) and zZue,n)® [ 2Zu)

vES,0ENR veEG,0ENR

Xy (6, M)

and define a simultaneous reduction map and a connected component map
RED : CMpy — X (6,R) and C: Xy (6,R) — Zy(6,R)

by RED(z) = (RED,(02))ves,cem and C(zy o) = (cuo(Tvo))ves,cem. For
z € CMy and 7 € Gal%), we have

C o RED(72) = (T0¢(2))ves.cen-
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3.1.7 MAIN THEOREM

Let P be a maximal ideal of Op and suppose that P ¢ S U &. In particular,
Bp ~ My(Fp). We make no assumptions on P relative to K: P may either
split, ramify or be inert in K. Then the following definitions reprise the ones
already made in the first section of the paper: we have chosen to repeat them
here for the convenience of the reader.

DEFINITION 3.3 We say that two points x and y € M are P-isogeneous if
x = [g,h] and y = [¢, h] for some h € X and g,¢" € G(Ay) such that g, = g,
for every finite place w # P of F.

Note that a point which is P-isogeneous to a CM point is again a CM point.

DEFINITION 3.4 An element o € Gali> is P-rational if o = recg (\) for some
A € K* whose P-component Ap belongs to the subgroup K* - Fj5 of K. We
denote by Gall ™" C Gal§? the subgroup of all P-rational elements.

In the above definition, reck : KX — Gal%’ is Artin’s reciprocity map. We
normalize the latter by specifying that it sends local uniformizers to geometric
Frobeniuses.

THEOREM 3.5 Suppose that the finite subset R of Gal?(b consists of elements
which are pairwise distinct modulo Gali_"”, Let H C CMpy be a P-isogeny

class of CM points and let G be a compact open subgroup of Gal%’. Then for
all but finitely many points x € 'H,

RED(G - x) = C7*(C o RED(G - ).

REMARK 3.6 When the level structure H arises from an Eichler order in B,
our proof of this surjectivity statement yields a little bit more: for any y €
Xu(6,MR), we can compute the asymptotic behavior of the probability that
RED(g-x) = y for some g € G, as x goes to infinity inside H (see Corollary 2.11).

3.2 UNIFORMIZATION

Write CM, M**(v), Z, Z(v) and X(v) = M?**(v) X z(,) Z for the projective
limits of {CMpy}, (M3 (v)}, {Zr}, {Zr(v)} and {X¥r(v)}. These sets now
have a right action of G(Ay). For X € {CM,M**(v), Z, Z(v)}, the natural
map X/H — Xpg is a bijection while X(v)/H — Xpg(v) is surjective. The
projective limit of (7) yields G(A f)-equivariant maps

oM B2 x(v) < 2
which we shall now compute.
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3.2.1 CM POINTS
From [4, Proposition 2.1.10] or [14, Theorem 5.27],

def

M i Mg = GQ)\ (G(A)/Z(Q) x X)

where Z = Resp/q(Gy,r) is the center of G and Z(Q) is the closure of Z(Q)

in Z(Ay). Inside M**, CM def lim CMp corresponds to those elements which

can be represented by (g,h) with g € G(Ay) and h a CM point in X. Let us
construct such an h and show that any other CM point belongs to the same
G(Q)-orbit.
Since K, is a field for all v € S U {s,---,7q} (the set of places of F' where
B ramifies), there exists an F-embedding ¢ : K — B. Moreover, any other
F-embedding K — B is conjugated to ¢ by an element of B* = G(Q). We
use ¢ to identify T as a Q-rational subtorus of G and also chose an extension
71 : K — C of our distinguished embedding 7 : FF — R. In the sequel, we
shall always view K as a subfield of C through 7.
PutT; = ResKTi/R(Gm’KTi) (with K;, = KQp ., R),sothat Tg ~ Ty x---xTy
and this decomposition is compatible with the decomposition Gg ~ G; X
- X G4 of section 3.1.1. Moreover, 71 : K — C induces an isomorphism
between K, and C which allows us to identify 77 and S. There are exactly
two morphisms s and § : S — Tr whose composite with tg : TR — GRr belongs
to X. They are characterized by

s(z) = (2%1,---,1) and 3§(2)=(z1,---,1) for z€ C* =S(R).

Finally, there exists an element b € B* = G(Q) such that bu(\)b~1 = «()\) for
all A € K (where A — A is the non-trivial F-automorphism of K). But then
b(tr 0 5)b™! = tr 05, so that h = tr o5 and h = 1r o 5 belong to the same
G(Q)-orbit in X. Since the centralizer of h in G(Q) equals T(Q), we obtain:

LEMMA 3.7 The map g — [1,h] - g = [g, h] induces a bijection
T(Q)\G(A;) — CM

where T(Q) is the closure of T(Q) in T'(Ay).

PrOOF. The above discussion gives a bijection T(Q)\G(Af)/Z(Q) ~ CM.
We claim that T(Q)Z(Q) = T(Q). Indeed, Z(Q) is the product of Z(Q) = F*
with the closure of Of in Of C Z(Ay) = F* (this holds more generally for

any number field). Therefore, T(Q)Z(Q) = K* O} and

— —

T(Q)Z(Q) N O = 0505 = U,cox j0x 205

Since [0 : OF] is finite, T(Q)Z(Q) is a locally closed, hence closed subgroup
of T(Ay). Our claim easily follows.
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3.2.2 CONNECTED COMPONENTS

Let G(R)" and Z(R)" be the identity components of G(R) and Z(R) and
put G(Q)T = G(Q)NGR)T and Z(Q)" = Z(Q) N Z(R)*. Thus, G(R)*
is the set of elements in G(R) whose projection to G1(R) ~ GLs(R) has a
positive determinant while Z(Q)™ is the subgroup of totally positive elements
in Z(Q) = F*. Let XT = G(R)" - h be the connected component of h in X.
Since G(Q) is dense in G(R), G(Q) - X = X and

M~ G(Q)M\ (G(As)/H x XT).

It follows that Zy = mo(M#) ~ G(Q)T\G(Af)/H.

On the other hand, the reduced norm nr : B — F' induces a surjective mor-
phism nr : G — Z whose kernel G! C G is the derived group of G. The
norm theorem (nr(G(Q)*) = Z(Q)*, [20, p. 80]) and the strong approx-
imation theorem (G'(Q) is dense in G'(Ay), [20, p. 81]) together imply
that the reduced norm induces a bijection between G(Q)T\G(Ay)/H and

Z(Q)"\Z(Ay)/nr(H). With 2 def lim Zy, we thus obtain:

LEMMA 3.8 The map g — c([1,h]) - g = c([g, h]) factors through the reduced
norm and yields a bijection

Z(QN\Z(Ay) = 2

where Z(Q)t is the closure of Z(Q)T in Z(Ay).

3.2.3 SUPERSINGULAR POINTS

PROPOSITION 3.9 (1) The right action of G(Ay) on X(v) % lim Xp(v) is
transitive and factors through the surjective group homomorphism

(1,nrv) : G(Af) = G(Af)v X Bj — G(Af)v X Fv><

where G(Ay)" = {g € G(Ay); g, = 1}.

(2) For any point x € X(v) (such as x = RED,([1,h]) if v does not split in
K), the stabilizer of x in G(Af)" x F) may be computed as follows.

Let B’ be the quaternion algebra over F' which is obtained from B by changing
the invariants at v and 71: B’ is totally definite and RamyB’ = RamyB U {v}.
Put G' = Resp/q(B'™), a reductive group over Q with center Z. There exists
an isomorphism ¢ : G(Af)" — G'(A;)Y such that (¢0,1) : G(Af)x F} —
G'(Ay)" x F)} maps Stab(z) to the image of G'(Q)Z(Q) C G'(Ay) through
the (surjective) map

(1,nr,) : G'(Af) = G'(Ay)" x B’ — G'(Af)" x FX.

PrOOF. In the compact case, this is exactly how Carayol describes the action
of G(Ay) on a set which he denotes by S, cf. Proposition 11.2 of [1]. The fact
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that Carayol’s set S equals our X'(v) follows from the discussion of [1, Section
10.1]. The non-compact case is similar.

Define
G(v) = G'(Ag)" x F
def v
¢(v) = (¢5,1r0) : G(Af) = G(v),
and let G(Q,v) be the image of G'(Q) in G(v):

G(Q,v) = (1,01, (G'(Q)).

COROLLARY 3.10 The map g — x - g factors through ¢.(v) and induces a
bijection

G(Q,v)\G(v) = X(v)
where G(Q,v) is the closure of G(Q,v) in G(v).

PrROOF. We have to show that G(Q,v) = (1, nr,)(G'(Q)Z(Q)). We first claim
that G'(Q)Z(Q) is locally closed (hence closed) in G'(Ay). Indeed, let R be a

maximal Op-order in B'. As Z(Q) = F*Op. ,

(G’(Q)m) NR* = (B’XO_;) NR* = R*Of = Uye e j0x 005

is closed because [R* : Of] is finite (use [20, p. 139]). The map nr, : B/, —
FJ¢ is open and surjective with a compact kernel: it is therefore a closed map,
and so is (1,nry) : G'(Ay) — G(v). In particular, (1,nr,)(G'(Q)Z(Q)) is
closed in G(v), so that G(Q,v) C (1,nr,)(G'(Q)Z(Q)) and the other inclusion
is trivial.

3.2.4 RECIPROCITY LAWS

We now want to describe the reciprocity laws for CM points and connected
components, following [14] instead of [4] (see the remark at the end of [14, §12]).
In particular: (1) reciprocity maps send uniformizers to geometric Frobenius;
(2) Galois actions on geometric points are left actions.

Let p : Gy,,c — Tc be the cocharacter which is defined by u(z) = s o r(z),
where r : G, ¢ — Sc ~ Gy, X Gy, maps z to (z,1) (and S¢ =~ Gy, XGi,c
is induced by z ®gr a — (za, za) for z € C and a in some C-algebra A). The
isomorphism

A®ar—(T(N)a), om
Te (T(Na) Gic(KC)

yields a bijection between the set of cocharacters of T and ZHom(K.C)  with
o € Aut(C) acting on the latter set by (n,), - ¢ = (ns-)-. The cocharacter y
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corresponds to n, = € if 7 = 7, and n, = 0 otherwise. In particular, the field
of definition of p equals 71 (K) ~ K and the morphism

Res Norm
W Resiejq(Ti) —t9 oy

T = ReSK/Q(Gm,K)

sends z to z¢. We thus obtain:

LEMMA 3.11 The CM points are algebraic, defined over the mazimal abelian
extension K% of K. For o = recy(\) with A € T(Ay) = K*, the action of o

on CM ~ T(Q)\G(Ay) is given by multiplication on the left by A°.
Similarly:

LEMMA 3.12 The connected components are defined over the mazimal abelian
extension F% of F. For o = recp(\) with A € Z(Ay) = F*, the action of o

on Z ~ (Q)+\Z(Af) is given by multiplication by \°.

In particular, the pro-étale F-scheme M e lim My together with its right
action of G(A ) is (non-canonically) isomorphic to Spec(FP) on which G(Af)
acts through g — Spec(o) with ¢ = recp(ur(g)€), while M def lim My is
(non-canonically) isomorphic to the spectrum of the ring of v-integers in F2P.
It follows that the reduction map Z = M(F?*) — Z(v) = M(F(v)) identifies
Z(v) with Z/O) (viewing O as a subgroup of Z(Ay) = Z(Ay)" x F)).
Since O} also acts trivially on M**(v) = lim M (v) (cf. [1, section 11.2]), the
projection X (v) — M?®®(v) also identifies M**(v) with X'(v)/O.¢ (viewing now
O} as a subgroup of G(v) = G'(Af)" x F)).

COROLLARY 3.13 If nr(H,) = OF (1) My is a finite étale S-scheme, (2)
Zy ~ Zp(v) and (3) X(v)/H ~ X (v) ~ M55 (v).

PROOF. In general, My is isomorphic to the spectrum of the ring of v-integers
in the abelian extension Fy of F' which is cut out by reck (nr(H)). If O C
nr(H), Fp is unramified at v and M is therefore a finite étale S-scheme. This
proves (1) and (2), and (2) implies that Xz (v) = M% (v) X z,, () 25 ~ M (v).
Finally, since X' (v)/O) ~ M?**(v), X (v)/H ~ M?**(v)/H ~ M3 (v).

REMARK 3.14 The assumption nr(H,) = O holds true when H = R* for
some Eichler order R C B.
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3.2.5 CONCLUSION

Putting lemmas 3.7, 3.8 and Corollary 3.10 together, we obtain a commutative
diagram

TQ)\?(A» 9, G(Q,vi\G(v) O, Z(Q)Jr\lZ(Af)
CM RED, X (v) N z

where (1) is induced by ¢,(v) : G(Ay) — G(v) (with x = RED,([1, h])) while
(2) is induced by the morphism

G(Ap)" x B =Gl) — Z(Ag) = Z(A))" x F)
(¢" M) —  (ar(g").\)

For a compact open subgroup H of G(Ay), put H(v) = ¢, (v)(H) C G(v). We
thus obtain a diagram

T(Q)\G(lAf)/H — G(va)\Cf(v)/H(v) — Z(QW\Z(:‘?f)/nr(H)

CMH RE?” XH(’U) i ZH

in which the middle vertical arrow is surjective (and a bijection when H = R*
for some Eichler order R C B). Theorem 3.5 is therefore a consequence of
a special case (S) of Theorem 2.9, corresponding to the situation where &
(in the notations of Theorem 2.9) equals {{v},v € &} (in the notations of
Theorem 3.5).

3.3 COMPLEMENTS
3.3.1 ON THE PARAMETER ¢ = +1

Let us fix an isomorphism of R-algebras between B;, and M3(R), thus obtain-
ing an isomorphism of group schemes over R between G; and GLa(R). Let
X, be the G(R)-conjugacy class of the morphism h. : S — Ggr which sends
z=x+41y to

he(z) = K _xy z > 1, ,1} €G1(R) x -+ x G4(R) ~ G(R)
and let {Mpy(€)} be the corresponding collection of Shimura curves. We thus
have a compatible system of isomorphisms ¥y (€) : My (e) Xp C — M}?}g(e)7
where leg(e) is the algebraic curve over C whose underlying Riemann surface
equals

Mip(e) = GIQ\ (G(Ay)/H x Xe).

The topology, the differentiable structure and the real analytic structure of X,
are induced from those of G(R) through the map g — gh.g~!. For h € X, and
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z € C* = S(R), the map = — h(z)zh(z)~! fixes h and therefore induces an
R-linear map Ty (adh(z)) on the tangent space Tp X, of X, at h. The almost
complex structure on X, is characterized by the fact that Tj,(adh(z)) acts by
multiplication by z/z on T, X for all h € X, and z € C*. This almost complex
structure is known to be integrable.

REMARK 3.15 Most authors replace X, by C—R with G(R) acting through the

projection on the first component G; (R) ~ GLa(R), by ( CCL Z ) A= Z))\‘is

(A € C — R). This corresponds to ¢ = 1. Indeed, the map ghig=* — g -i
yields a diffeomorphism between X; and C — R and for z € C*, the derivative
of A+ ghi(2)g™' - X at A = g-i equals z/z. On the other hand, our main
reference [1] on Shimura curves very explicitly uses ¢ = —1. While it seems
clear that Carayol’s constructions could easily be transfered to the ¢ =1 case,
we will show below that the choice of € is, in fact, irrelevant.

From the above discussion, we know that the G(R)-equivariant map ® : X, —
X_. which sends h to h~! is an antiholomorphic diffeomorphism. For any
compact open subgroup H of G(Ay), ® therefore induces an antiholomor-
phic diffeomorphism between M3 (¢) and M3 (—e¢) and an antilinear isomor-
phism between leg(e) and M;}lg(fe), namely an isomorphism of schemes
®: MP(e) — M{9(—e) such that the diagram

M) M(=o)
1 l
Spec(C) Spec(r) Spec(C)

is commutative (7=complex conjugation).

For any scheme X over Spec(C), we denote by 7X — Spec(C) the pull-back
of X — Spec(C) through Spec(7) : Spec(C) — Spec(C). The above diagram
thus yields an isomorphism of complex curves between M?Ilg(e) and TM?Ilg(—E)
which together with ¢y (e) and ¢y (—e) induces an isomorphism

(I)l : MH(E) XFp C— MH(—E) XFC ET(MH(—E) XFp C)

(recall that F' is embedded in C through 7 : F' — R). In other words, My (—¢)
is a twist of M (e). We shall now determine this twist.

For o € Aut(C/F), let p(o) be the F-automorphism of M (e) such that p(o) -
lg,h] = [g\, k] for g € G(Ay) and h € X, where X is any element of Z(A ) (the
center of G(Ay)) such that recp(\) = ¢ in Gal?’. One easily checks that o
p(o) is a well-defined group homomorphism p : Aut(C/F) — Autp(Mg(e))
which factors through Gal(F/F) where F}; is the abelian extension of F
corresponding to the subgroup F* - (Z(Ay)NH) of Z(Ay) = Fx,

LEMMA 3.16 &’ realizes My (—e€) as the twist of My (e) by p~¢.
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PROOF. On the level of complex points, ®’ is the composite of ® with the
action of complex conjugation. The latter is described by a conjecture of Lang-
lands [10], proven in [13]. We obtain: for = [g,h] € M (e) (with g € G(Ay)
and h € X.), ®'(x) = [g,h}] € M3 (—¢) where h : S — Ggr maps z to h(Z).
Note that h — h is indeed an involution of X, since

he(z +iy) = K vy )1 ,1} = whe(x + iy)w ™!

Yy €T

0 1
where w = {( 10 >,1,-~-,1} € G(R).

If h is a special point of X, h~! is a special point of X_.. More precisely,
suppose that h : S — Gr factors through T{ for some mazimal Q-rational
subtorus T" C G. Let uy, : Gy, — T be the induced cocharacter (up(z) =
h(z,1)), let Ej C C be the field of definition of up (so that F' C Ej) and put
rec, = Normpg, ;q © Resg, /q(pn)

recy, : Resg, /q(Gm,E,) — ResEh/Q(T]’Eh) —T.

Let also o : Gp,c — Zc C T be the cocharacter defined by

pio(2) = [( * . )1 ,1} € Z(R) C G(R) ~ G1(R) x - -- x G4(R).

Then pg is defined over F' and

Res Norm
) A Respyq(Ze) T 2

Z = Resp/Q(Gm,F
is the identity map. Since up - uj, = pf, pp, is also defined over Ej and
recy, - rec;, = Norm, /o : Resg, /q(Gm,g,) — Resp/q(Gm,r) = Z C T

It follows that (1) for g € G(Ay), both & = [g,h] and ®'(z) = [g,h™"] are
defined over the maximal abelian extension Ei> C C of Ey; (2) for A € E) =
Resg, /q(Ay) and o = recg, (A) € G,adEh7

' (p(o) (0 -2)) = [recy(N)gNormy® (N), Y
= [rech()\)NormE} /F()\)g,h_l]
[rec+ (A)g, A
= o-9'().

Our claim now easily follows from the uniqueness of canonical models.

As a scheme over F, the twist My (€)’ of Myg(€) by p~¢ may be constructed as
the quotient of My (€) Xspec(r) Spec(Fy;) by the (right) action of Gal(Fy;/F)
which maps ¢ to the F-automorphism (o) = (p(0)¢, Spec(o)) of My (e) xp
Spec(Fyy).
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LEMMA 3.17 Suppose that H = H where g — § is the anticommutative involu-
tion of G(Ay) which is induced by the canonical involution of B. Then My (€)'
is isomorphic to My (e). In particular, My (e) ~ Mg (—e¢).

PRrROOF. We shall construct an involution 6 of My (€) with the property that

for all o € Ty & Gal(Fl, /F),

Ooalc) = (1x Spec(a))of onMpy(e) xp Spec(Fy).

Such a € induces an F-isomorphism between My (¢)’ and My (e).

Recall that My (e) = Spec (F(OMH(C), MH(e))) is non-canonically isomorphic
to Spec(Fy) where Fy is the abelian extension of F' cut out by FZ - nr(H) C
F*. Since (F*-HNF*)2 C FZ,-nr(H), there is a well defined group homomor-
phism  : Ty — Gal(Fyy/F) given by k(recp () = recy(A2) for A € F*. It fol-
lows from the discussion after Lemma 3.12 that for o € I'y and € My (e)(C),

c(p(o)(x)) = k(o) - c(z) inMp(e)(C) = Mu(€)(Fn)-

On the other hand, F7}; is a subfield of Fy whenever FX,-nr(H) C F* \HNFX*.
This is indeed the case when H = H. In particular, we may choose an F-
morphism Mg (e) — Spec(Fy;), thus obtaining an F-morphism ¢’ : My(e) —
Spec(Fy;) such that

/

VYo €Ty, ¢ op(o)=Spec(c®)oc.

Let A be an F-algebra and let z = (x,y) be an A-valued point of the F-scheme
My (e) xp Spec(Fy;). Then ¢/(z) and y are A-valued points of Spec(Fy;). If

Spec(A) is connected, there exists a unique element ~ of v(2) in 'y such that
c/(x) = Spec(y~¢) oy. This defines an F-morphism z — y(z) from Mg (e) Xp
Spec(Fy;) to the constant F-scheme I'y. For z = (z,y) as above, we put
0(z) = (p(v(2))(x),y). One easily checks that € has the required properties.

When H = H, we thus obtain an F-isomorphism between M (e) and My (—e).
On the level of complex points, such an isomorphism is given by

lg,h] € Mif'(e) — [g7", h™"] € My (—e).

Note that the condition H = H defines a cofinal subset of the set of all compact
open subgroups H of G(Ay). Also, H = H when H = R* for some Eichler
order R in B, in which case Fy and Fj; are respectively the Hilbert class field
and the narrow Hilbert class field of F.

3.3.2 P-RATIONAL ELEMENTS OF Gal"}}).

It may seem rather surprising that the bizarre subgroup Galiﬂra‘t of P-rational
elements in Gal%’ should play any role in the theory of CM points. For instance,

DOCUMENTA MATHEMATICA 10 (2005) 263-309



304 C. CORNUT AND V. VATSAL

Gali_rat is not a closed subgroup of Gal"}?, although it contains the closed
subgroup

Gal(K™/K[P®]) = recx {)\ € O%,Ap € O;P} .

The Galois group Gal(K[P>]/K) is topologically isomorphic to G X ZLFP Q]
where p is the residue characteristic of P and Gy is a finite group, the torsion
subgroup of Gal(K[P>]/K). The subfield of K[P>] which is fixed by G is
the composite of all Z,-extensions of K which are unramified outside P and
Galois and dihedral over F. The image of Galk ™" in Gal(K[P>]/K) is a
dense but countable subgroup which is generated by the Frobeniuses of those
primes of K which are not above P (the intersection of this subgroup with Gy
plays a key role in [3], where it is denoted by G1). In particular, Galk ™" is a
dense but negligible (i.e. measurable with trivial measure) subgroup of Gal}%).
The map o = reck(\) — Ap yields a bijection between Galy? /Galk ™" and
K5 /K*Fp.

However, the appearance of rational elements is perhaps less surprising when
one recalls that the present work originated in the study of elliptic curves over
anticyclotomic towers of number fields, since the distinction between suitably
defined rational and irrational elements of Galois groups occurs quite frequently
in the context of Iwasawa theory. For instance, the celebrated theorems of Fer-
rero and Washington on the growth of class numbers in Z, extensions of abelian
fields rely crucially on the fact that nontrivial roots of unity are irrational. An-
other example of this occurs in recent work of Hida [7], [8] on anticyclotomic
families of Hecke characters, where the key observation is the irrationality of
certain Galois actions on Serre-Tate deformation spaces. In fact, the irrational-
ity arguments given by Ferrero and Washington were the original motivation
for the introduction in [18] of rational and irrational elements to the study of
CM points.

In this section, we shall provide some further evidence for the relevance of
P-rational elements by relating them to the André-Oort conjecture:

PROPOSITION 3.18 For o € Gal® and € CMy, put 0(z) = (z,02) €
My (C)2. The following conditions are equivalent.

1. 0 is a P-rational element.

2. For any collection €& C CMpyg of P-isogeneous CM points, the Zariski
closure of §(E) in (My xr C)? has dimension < 1.

3. For some collection & C CMy of P-isogeneous CM points, the Zariski
closure of 6(€) has dimension 1.

For the proof of this proposition, we may and do assume that H = R* for
some maximal order R C B. For any CM point

z=[g] € CMp =T(Q)\G(Ay)/H,
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the stabilizer of z in Galf? then equals recx (K*O(z)*) where O(z) = K N

gHg ! is an Op-order in B. Moreover, there exists a unique integral ideal

C C Op such that O(z) = Ok ¢ ' Op + COK. We refer to C % C(x) as the

conductor of x and denote by ¢p(z) > 0 the exponent of P in C(z), so that
C(z) = Co(x)P**® for some integral ideal Co(z) which is relatively prime to
P. By construction, z — C(z) is constant on GaljP-orbits while z — Co(z) is
constant on P-isogeny classes. It follows from [20, pp. 42-44] that the fibers of
C are finite. In particular:

LEMMA 3.19 The function x — €p(x) has finite fibers on any P-isogeny class.

This function is related to the usual distance d on the Bruhat-Tits tree
T = F\B}/R} ~ F\GLy(Fp)/GLa(OF,).

Indeed, the group K acts on the left on 7 by isometries, and for v = [b] € T
(with b € Bp), the stabilizer of v in K} equals F5 O(v)*where O(v) = Kp N
bRpb~! is an Op,-order in Kp. Just as above, there exists a unique integer

n % n(v) € N such that O(v) = O,, with O, o Opp, + P"Ok, (O, is the

completion of O ¢, pn» at P for any integral ideal Cy C Op which is relatively
prime to P). It is clear that for a CM point = [g] € CMpy, ¢p(x) = n(v)
where v = [gp| (gp € B} is the P-component of g € G(Ay)).

It is well-known that

e The map v — n(v) yields a bijection between K;5\7 and N.

e The subset 7y = {v € T; n(v) = 0} of 7 consists of a vertex, two adjacent
vertices or the set of vertices on a line in 7, depending upon whether P
is inert, ramifies or splits in K.

e For any v € 7, n(v) is also the distance between v and 7.

In particular, suppose that (v,,vn_1, -+ ,v0) and (Wp, Wm—1,--+ ,wp) are
geodesics in 7 from v = v, and w = wy, to To. Then n(v;) =i for 0 <i<n
and n(w;) = j for 0 < j < m. The geodesic v between v and w may then be
computed as follows:

o if Vo 7é Wwo, ¥ = (’Un,’Unf]J Vo, ULyt Up—1, WO, W1, - 0t awm) where
(vo, w1, -+ ,ur—1,wp) is the geodesic between vy and wy inside the con-
nected subtree 7g of 7.

o if vg = wo, ¥ = (Vn,Vn—1,""" ,Ve = We,Wet1, " ,Wy,) Where ¢ is the
largest integer < n, m such that v. = w..

In the special case where w = v for some A € K5, n=m = n(v) and w; = \v;
for 0 < i < n. If moreover d(v, \v) < 2n, it thus must be that vg = wg. With
¢ as above, d(v,w) = 2(n — ¢) and v, = w. = A, so that A belongs to Fz OX.
We have obtained:
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LEMMA 3.20 Suppose that d(v,\v) < 2n(v) (withv € T and X\ € K} ). Then
d(v, \v) = 2k for some k € {0,--- ,n(v)} and X belongs to Fj O;(v)ik.

We may now sketch the proof of Proposition 3.18. Of course, (2) implies (3).

PROOF THAT (1) IMPLIES (2)

We have to show that for any P-isogeny class H C CMpyg, 6(H) is contained
in a one dimensional subscheme of (Myg xr C)? if 0 = recg()\) for some \ €
T(Ay) = K* whose P-component Ap belongs to K*F}. Choose gy € G(Ay)
such that

H=T(Q)\T(Q)BsgoH/H insidle CMpy =T(Q)\G(As)/H.
Using Lemma 3.11, we find that

5(H) = {([bgo], [Xbgo]); b€ BS}
= {([bgo], [bgo7]); b€ Bp}

where v = go_l)\ego. Indeed, bgoy = bA°go = A°bgo for any b € Bf as A% be-
longs to Fp. In particular, §(H) is contained in the 1-dimensional image of the
(algebraic!) morphism My py-1 — M?% which sends [g, h] to ([g, hl, [g7, h])
(9 € G(Ay), he X).

PROOF THAT (3) IMPLIES (1)

Write o = reck (A) with A € K*. Suppose that the Zariski closure of §(&) in
(Mg x g C)? has dimension 1 for some (infinite) collection £ of P-isogeneous
CM points. We have to show that the P-component Ap € K5 of X belongs to
FXK*.

By a proven case of the André-Oort conjecture [6, Theorem 1.2] there exists an
infinite subset £ C &€ and some element v € G(A ) such that §(&’) is contained
in the image of a morphism Mpn,p,-1 — M7 as above. Fix z = [go] € £ and
let {g1, -+ ,9s} C H be a set of representatives for H/H N~yH~v~!. For each
z’ = [bgo| € &' (with b € BS), we know that = = [bgog;] for any i € {1,--- , s}
while

o -z € {[bgog17];--- s [bgogs7]} -

Replacing go by gog; for a suitable 1 <+¢ < s and using lemmas 3.11 and 3.19,
we obtain: there exists a sequence b, € Bj such that (a) ¢(n) L Lp([bngo])
goes to infinity with n and (b) [A°bngo] = [bngoy] for all n > 0. By (b), there
exists A\, € T(Q) = K* and h,, € H such that for all n > 0,

AnAbngo = bpgovh, in G(Ay).
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Put v, = [bpgo,p] € T and p, = A, A€, Since py, p -y = [bngo,pyP), d(Un, tin,p-
vp) = dp does not depend upon n. Pick N > 0 such that Yn > N, dy < 2¢(n).
By Lemma 3.20, dy = 2k and

Vn>N: fg,p€ F;O;(n)fk. (8)

On the other hand, un,uj\,l = bngovhnga1bglegoth1'y’1gO71b&1. Away from

P, this equation simplifies to (unu;\,l)P = (govhnthv_lggl)P, so that

(tnin')e € K5 N (90m)@RG(907)g" € Ok, (9)

for all @ # P.

Let Up C Uk be the groups of all elements z € F* (resp. z € K*) which are
units away from P. Since K is a totally imaginary quadratic extension of F,
rankzUyx = rankzUp if P does not split in K and rankzUg = rankzUp + 1
otherwise. Let Uy be the subgroup of Uy defined by Uj = Ux N FpOj .
Then Up C Uy C Uk, and [Up : Uj] is finite. Let R C U be a set of
representatives for Uy /Up.

By (9), ttapty' = Ay belongs to Uy for all n > 0. Then (8) shows that
un,uj_vl belongs to Uy, for all n > N. For such n’s, we may thus write

An = Anr(n)u(n) with r(n) € R and u(n) € Up.

Using (8) again, we find that Ax7(n)A% belongs to Fj O:(n)fk for all n > N.
Choosing a subsequence on which r(n) = r is constant, we finally obtain:

)\NT)\; S F;—f = ﬂnz()F;;O:;.
Since Ay belongs to K*, Ap indeed belongs to K> Fj.

REMARK 3.21 More generally, it may be shown that for any infinite collection
& C CMpy of P-isogeneous CM points and any finite subset R = {01, ,0,}
of Gal3?, the Zariski closure of {(o1z, -+ ,0px); 2 € £} in V = (Mg xp C)"
contains a connected component of V' if and only if the o;’s are pairwise distinct
modulo Gall ™" (Hint: use section 7.3 of [6] and a variant of Proposition 2.1

of [5]).
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