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ABSTRACT. We develop a theory of arithmetic characteristic classes
of (fully decomposed) automorphic vector bundles equipped with an
invariant hermitian metric. These characteristic classes have values
in an arithmetic Chow ring constructed by means of differential forms
with certain log-log type singularities. We first study the cohomolog-
ical properties of log-log differential forms, prove a Poincaré lemma
for them and construct the corresponding arithmetic Chow groups.
Then, we introduce the notion of log-singular hermitian vector bun-
dles, which is a variant of the good hermitian vector bundles intro-
duced by Mumford, and we develop the theory of arithmetic charac-
teristic classes. Finally we prove that the hermitian metrics of auto-
morphic vector bundles considered by Mumford are not only good but
also log-singular. The theory presented here provides the theoretical
background which is required in the formulation of the conjectures
of Maillot-Roessler in the semi-abelian case and which is needed to
extend Kudla’s program about arithmetic intersections on Shimura
varieties to the non-compact case.
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1 INTRODUCTION

THE MAIN GOAL. The main purpose of this article is to extend the arith-
metic intersection theory and the theory of arithmetic characteristic classes
a la Gillet, Soulé to the category of (fully decomposed) automorphic vector
bundles equipped with the natural equivariant hermitian metric on Shimura
varieties of non-compact type. In order to achieve our main goal, an extension
of the formalism by Gillet, Soulé taking into account vector bundles equipped
with hermitian metrics allowing a certain type of singularities has to be pro-
vided. The main prerequisite for the present work is the article [10], where
the foundations of cohomological arithmetic Chow groups are given. Before
continuing to explain our main results and the outline of the paper below, let
us fix some basic notations for the sequel.

Let B denote a bounded, hermitian, symmetric domain. By definition,
B = G/K, where G is a semi-simple adjoint group and K a maximal compact
subgroup of G with non-discrete center. Let I be a neat arithmetic subgroup
of G} it acts properly discontinuously and fixed-point free on B. The quotient
space X = I'\ B has the structure of a smooth, quasi-projective, complex va-
riety. The complexification G¢ of G yields the compact dual B of B given by
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B =G¢ /Py - K¢, where Py - K¢ is a suitable parabolic subgroup of G equipped
with the Cartan decomposition of Lie(G) and Py is the unipotent radical of
this parabolic subgroup. Every Gg-equivariant holomorphic vector bundle E
on B defines a holomorphic vector bundle E on X; E is called an automorphic
vector bundle. An automorphic vector bundle F is called fully decomposed, if
E = E, is associated to a representation o : Py - K¢ — GL,(C), which is
trivial on Py. Since K is compact, every fully decomposed automorphic vector
bundle E admits a G-equivariant hermitian metric h.

Let us recall the following basic example. Let 7 : BS(IN) — A!(JN) denote the

universal abelian variety over the moduli space of principally polarized abelian

varieties of dimension g with a level-IV structure (N > 3); let e : A_E,N) — BéN)

be the zero section, and 2 = Q;(N)/A(N) the relative cotangent bundle. The
9 g

Hodge bundle e*€2 is an automorphic vector bundle on AgN), which is equipped
with a natural hermitian metric h. Another example of an automorphic vector
bundle on A!(]N) is the determinant line bundle w = det(e*Q?); the corresponding
hermitian automorphic line bundle (det(e*$2), det(h)) is denoted by w.

BACKGROUND RESULTS. Let (E,h) be an automorphic hermitian vector bun-
dle on X = I'\B, and X a smooth toroidal compactification of X. In [34],
D. Mumford has shown that the automorphic vector bundle E admits a canon-
ical extension E; to X characterized by a suitable extension of the hermitian
metric h to E1. However, the extension of h to F4 is no longer a smooth her-
mitian metric, but inherits singularities of a certain type. On the other hand,
it is remarkable that this extended hermitian metric behaves in many aspects
like a smooth hermitian metric. In this respect, we will now discuss various
definitions which were made in the past in order to extract basic properties for
these extended hermitian metrics.

In [34], D. Mumford introduced the concept of good forms and good hermi-
tian metrics. The good forms are differential forms, which are smooth on the
complement of a normal crossing divisor and have certain singularities along
this normal crossing divisor; the singularities are modeled by the singularities
of the Poincaré metric. The good forms have the property of being locally
integrable with zero residue. Therefore, they define currents, and the map
from the complex of good forms to the complex of currents is a morphism of
complexes. The good hermitian metrics are again smooth hermitian metrics
on the complement of a normal crossing divisor and have logarithmic singu-
larities along the divisor in question. Moreover, the entries of the associated
connection matrix are good forms. The Chern forms for good hermitian vector
bundles, i.e., of vector bundles equipped with good hermitian metrics, are good
forms, and the associated currents represent the Chern classes in cohomology.
Thus, in this sense, the good hermitian metrics behave like smooth hermitian
metrics. In the same paper, D. Mumford proves that automorphic hermitian
vector bundles are good hermitian vector bundles.

In [14], G. Faltings introduced the concept of a hermitian metric on line bundles
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with logarithmic singularities along a closed subvariety. He showed that the
heights associated to line bundles equipped with singular hermitian metrics
of this type have the same finiteness properties as the heights associated to
line bundles equipped with smooth hermitian metrics. The Hodge bundle @
on .A!(]N) equipped with the Petersson metric provides a prominent example of
such a hermitian line bundle; it plays a crucial role in Faltings’s proof of the
Mordell conjecture. Recall that the height of an abelian variety A with respect
to w is referred to as the Faltings height of A. It is a remarkable fact that, if
A has complex multiplication of abelian type, its Faltings height is essentially
given by a special value of the logarithmic derivative of a Dirichlet L-series.
It is conjectured by P. Colmez that in the general case the Faltings height is
essentially given by a special value of the logarithmic derivative of an Artin
L-series.

In [30], the third author introduced the concept of logarithmically singular
hermitian line bundles on arithmetic surfaces. He provided an extension of
arithmetic intersection theory (on arithmetic surfaces) adapted to such loga-
rithmically singular hermitian line bundles. The prototype of such a line bundle
is the automorphic hermitian line bundle @ on the modular curve AEN). J.-
B. Bost and, independently, U. Kiihn calculated its arithmetic self-intersection
number T2 to

o =Gt (Ey +3)

here {g(s) denotes the Riemann zeta function and dy equals the degree of the

classifying morphism of A(lN) to the coarse moduli space A(ll).
In [10], an abstract formalism was developed, which allows to associate to

an arithmetic variety X arithmetic Chow groups CH (X,C) with respect to
a cohomological complex C of a certain type. This formalism is an abstract
version of the arithmetic Chow groups introduced in [8]. In [10], the arithmetic

Chow ring Gﬁ*(x , Dpre)g was introduced, where the cohomological complex
Dpre in question is built from pre-log and pre-log-log differential forms. This
ring allows us to define arithmetic self-intersection numbers of automorphic
hermitian line bundles on arithmetic varieties associated to X = I'\B. It is
expected that these arithmetic self-intersection numbers play an important role
for possible extensions of the Gross-Zagier theorem to higher dimensions (cf.
conjectures of S. Kudla).

In [6], J. Bruinier, J. Burgos, and U. Kiihn use the theory developed in [10] to
obtain an arithmetic generalization of the Hirzebruch-Zagier theorem on the
generating series for cycles on Hilbert modular varieties. Recalling that Hilbert
modular varieties parameterize abelian surfaces with multiplication by the ring
of integers Ok of a real quadratic field K, a major result in [6] is the following
formula for the arithmetic self-intersection number of the automorphic hermi-
tian line bundle @ on the moduli space of abelian surfaces with multiplication
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by Ok with a fixed level-IV structure

QD GED 81y
(D) T T2 gw”) ’

here Dy is the discriminant of Ok, (x(s) is the Dedekind zeta function of
K, and, as above, dy is the degree of the classifying morphism obtained by
forgetting the level-IN structure.

As another application of the formalism developed in [10], we derived a height
pairing with respect to singular hermitian line bundles for cycles in any codi-
mension. Recently, G. Freixas in [15] has proved finiteness results for our
height pairing, thus generalizing both Faltings’s results mentioned above and
the finiteness results of J.-B. Bost, H. Gillet and C. Soulé in [4] in the smooth
case.

The main achievement of the present paper is to give constructions of arithmetic
intersection theories, which are suited to deal with all of the above vector
bundles equipped with hermitian metrics having singularities of a certain type
such as the automorphic hermitian vector bundles on Shimura varieties of non-
compact type.

For a perspective view of applications of the theory developed here, we refer
to the conjectures of V. Maillot and D. Roessler [31], K. Koéhler [26], and the
program due to S. Kudla [28], [29], [27].

w® = —dy - (x(—1) (

ARITHMETIC CHARACTERISTIC CLASSES. We recall from [36] that the arith-
metic K-group IA(O(X ) of an arithmetic variety X a la Gillet, Soulé is defined
as the free group of pairs (E,n) of a hermitian vector bundle E and a smooth
differential form 1 modulo the relation

(S, 1)+ (@, 1") = (B, 0 + 0" + ch(€)),

for every short exact sequence of vector bundles (equipped with arbitrary
smooth hermitian metrics)

£E:0—S—FE—Q—0,

and for any smooth differential forms 7/, 7"’; here ch(€) denotes the (secondary)
Bott-Chern form of £.

In [36], H. Gillet and C. Soulé attached to the elements of Ko(X), represented
by hermitian vector bundles E = (E, h), arithmetic characteristic classes a(E),

which lie in the “classical” arithmetic Chow ring CH (X)g- A particular exam-
ple of such an arithmetic characteristic class is the arithmetic Chern character
ch(E), whose definition also involves the Bott-Chern form ch(€).

In order to be able to carry over the concept of arithmetic characteristic classes
to the category of vector bundles F over an arithmetic variety X equipped with

a hermitian metric A having singularities of the type considered in this paper,
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we proceed as follows: Letting hg denote an arbitrary smooth hermitian metric
on F, we have the obvious short exact sequence of vector bundles

£:0—0— (E,h) — (E,hg) — 0,

to which is attached the Bott-Chern form ¢(€) being no longer smooth, but
having certain singularities. Formally, we then set

OB, h) = (B, ho) +a (),

where a is the morphism mapping differential forms into arithmetic Chow
groups. In order to give meaning to this definition, we need to know the singu-
larities of ¢(&); moreover, we have to show the independence of the (arbitrarily
chosen) smooth hermitian metric hg.

Once we can control the singularities of 5(3), the abstract formalism developed
in [10] reduces our task to find a cohomological complex C, which contains the
elements (E(E), and has all the properties we desire for a reasonable arithmetic
intersection theory. Once the complex C is constructed, we obtain an arithmetic
K-theory with properties depending on the complex C, of course.

The most naive way to construct an arithmetic intersection theory for auto-
morphic hermitian vector bundles would be to only work with good forms and
good metrics. This procedure is doomed to failure for the following two reasons:
First, the complex of good forms is not a Dolbeault complex. However, this
first problem can be easily solved by imposing that it is also closed under the
differential operators 0, 0, and 9. The second problem is that the complex of
good forms is not big enough to contain the singular Bott-Chern forms which
occur. For example, if £ is a line bundle, hg a smooth hermitian metric and
h a singular metric, which is good along a divisor D (locally, in some open
coordinate neighborhood, given by the equation z = 0), the Bott-Chern form
(associated to the first Chern class) ¢1(L; h, hg) encoding the change of metrics
grows like loglog(1/|z]), whereas the good functions are bounded.

The solution of these problems led us to consider the Djoe-complexes Dy, made
by pre-log and pre-log-log forms and its subcomplex D; ;; consisting of log and
log-log forms. We emphasize that neither the complex of good forms nor the
complex of pre-log-log forms are contained in each other. We also note that
if one is interested in arithmetic intersection numbers, the results obtained by
both theories agree.

DiscussioN OF RESULTS. The Djoe-complex Dpre made out of pre-log and
pre-log-log forms could be seen as the complex that satisfies the minimal re-
quirements needed to allow log-log singularities along a fixed divisor as well as
to have an arithmetic intersection theory with arithmetic intersection numbers
in the proper case (see [10]). As we will show in theorem [4.55, the Bott-Chern
forms associated to the change of metrics between a smooth hermitian met-
ric and a good metric belong to the complex of pre-log-log forms. Therefore,

DOCUMENTA MATHEMATICA 10 (2005) 619-716



ARITHMETIC CHARACTERISTIC CLASSES ... 625

we can define arithmetic characteristic classes of good hermitian vector bun-
dles in the arithmetic Chow groups with pre-log-log forms. If our arithmetic
variety is proper, we can use this theory to calculate arithmetic Chern num-
bers of automorphic hermitian vector bundles of arbitrary rank. However, the
main disadvantage of Dy, is that we do not know the size of the associated
cohomology groups.

The Djog-complex D; ;; made out of log and log-log forms is a subcomplex of
Dpre- The main difference is that all the derivatives of the component func-
tions of the log and log-log forms have to be bounded, which allows us to use
an inductive argument to prove a Poincaré lemma, which implies that the asso-
ciated Deligne complex computes the usual Deligne-Beilinson cohomology (see
theorem [2.42). For this reason we have better understanding of the arithmetic
Chow groups with log-log forms (see theorem [3.17).

Since a good form is in general not a log-log form, it is not true that the Chern
forms for a good hermitian vector bundle are log-log forms. Hence, we introduce
the notion of log-singular hermitian metrics, which have, roughly speaking, the
same relation to log-log forms as the good hermitian metrics to good forms.
We then show that the Bott-Chern forms associated to the change of metrics
between smooth hermitian metrics and log-singular hermitian metrics are log-
log forms. As a consequence, we can define the Bott-Chern forms for short
exact sequences of vector bundles equipped with log-singular hermitian metrics.
These Bott-Chern forms have an axiomatic characterization similar to the Bott-
Chern forms for short exact sequences of vector bundles equipped with smooth
hermitian metrics. The Bott-Chern forms are the main ingredients in order to
extend the theory of arithmetic characteristic classes to log-singular hermitian
vector bundles.

The price we have to pay in order to use log-log forms is that it is more difficult
to prove that a particular form is log-log: we have to bound all derivatives. Note
however that most pre-log-log forms which appear are also log-log forms (see
for instance section[6). On the other hand, we point out that the theory of log-
singular hermitian vector bundles is not optimal for several other reasons. The
most important one is that it is not closed under taking sub-objects, quotients
and extensions. For example, let

0— (Elah/) - (Ea h) - (E//ah//) —0

be a short exact sequence of hermitian vector bundles such that the metrics
h' and A" are induced by h. Then, the assumption that h is a log-singular
hermitian metric does not imply that the hermitian metrics b’ and h” are log-
singular, and vice versa. In particular, automorphic hermitian vector bundles
that are not fully decomposed can always be written as successive extensions
of fully decomposed automorphic hermitian vector bundles, whose metrics are
in general not log-singular. A related question is that the hermitian metric of a
unipotent variation of polarized Hodge structures induced by the polarization
is in general not log-singular. These considerations suggest that one should
further enlarge the notion of log-singular hermitian metrics.
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Since the hermitian vector bundles defined on a quasi-projective variety may
have arbitrary singularities at infinity, we also consider differential forms with
arbitrary singularities along a normal crossing divisor. Using these kinds of
differential forms we are able to recover the arithmetic Chow groups a la Gillet,
Soulé for quasi-projective varieties.

Finally, another technical difference between this paper and [10] is the fact that
in the previous paper the complex Diog (X, p) is defined by applying the Deligne
complex construction to the Zariski sheaf Ejog, which, in turn, is defined as the
Zariski sheaf associated to the pre-sheaf Eﬁ)g. In theorem 3.6, we prove that
the pre-sheaf Ef’og is already a sheaf, which makes it superfluous to take the
associated sheaf. Moreover, the proof is purely geometric and can be applied
to other similar complexes like Dy, or D ;.

OUTLINE OF PAPER. The set-up of the paper is as follows. In section 2, we
introduce several complexes of singular differential forms and discuss their re-
lationship. Of particular importance are the complexes of log and log-log forms
for which we prove a Poincaré lemma allowing us to characterize their cohomol-
ogy by means of their Hodge filtration. In section[3, we introduce and study
arithmetic Chow groups with differential forms which are log-log along a fixed
normal crossing divisor D. We also consider differential forms having arbitrary
singularities at infinity; in particular, we prove that for D being the empty set,
the arithmetic Chow groups defined by Gillet, Soulé are recovered. In section(5,
we discuss several classes of singular hermitian metrics; we prove that the Bott-
Chern forms associated to the change of metrics between a smooth hermitian
metric and a log-singular hermitian metric are log-log forms. We also show that
the Bott-Chern forms associated to the change of metrics between a smooth
hermitian metric and a good hermitian metric are pre-log-log. This allows us
to define arithmetic characteristic classes of log-singular hermitian vector bun-
dles. Finally, in section 6, after having given a brief recollection of the basics
of Shimura varieties, we prove that the fully decomposed automorphic vector
bundles equipped with an equivariant hermitian metric are log-singular hermi-
tian vector bundles. In this respect many examples are provided to which the
theory developed in this paper can be applied.
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2 LOG AND LOG-LOG DIFFERENTIAL FORMS

In this section, we will introduce several complexes of differential forms with
singularities along a normal crossing divisor D, and we will discuss their basic
properties.

The first one &5 (D) is a complex with logarithmic growth conditions in the
spirit of [22]. Unlike in [22], where the authors consider only differential forms
of type (0, q), we consider here the whole Dolbeault complex and we show that it
is an acyclic resolution of the complex of holomorphic forms with logarithmic
poles along the normal crossing divisor D, i.e., this complex computes the
cohomology of the complement of D. Another difference with [22] is that,
in order to be able to prove the Poincaré lemma for such forms, we need to
impose growth conditions to all derivatives of the functions. Note that a similar
condition has been already considered in [24].

The second complex &% ((D)) contains differential forms with singularities of
log-log type along a normal crossing divisor D, and is related with the complex
of good forms in the sense of [34]. As the complex of good forms, it contains the
Chern forms for fully decomposed automorphic hermitian vector bundles and is
functorial with respect to certain inverse images. Moreover all the differential
forms belonging to this complex are locally integrable with zero residue. The
new property of this complex is that it satisfies a Poincaré lemma that implies
that this complex is quasi-isomorphic to the complex of smooth differential
forms, i.e., this complex computes the cohomology of the whole variety. The
main interest of this complex, as we shall see in subsequent sections, is that it
contains also the Bott-Chern forms associated to fully decomposed automorphic
vector bundles. Note that neither the complex of good forms in the sense of
[34] nor the complex of log-log forms are contained in each other.

The third complex &% (D1(D2)) that we will introduce is a mixture of the
previous complexes. It is formed by differential forms which are log along a
normal crossing divisor D; and log-log along another normal crossing divisor
D5. This complex computes the cohomology of the complement of D;.

By technical reasons we will introduce several other complexes.

2.1 LOG FORMS

GENERAL NOTATIONS. Let X be a complex manifold of dimension d. We will
denote by &% the sheaf of complex smooth differential forms over X.

Let D be a normal crossing divisor on X. Let V' be an open coordinate subset
of X with coordinates zi,...,zq; we put r; = |z;|. We will say that V is
adapted to D, if the divisor D NV is given by the equation z; - -2 = 0, and
the coordinate neighborhood V' is small enough; more precisely, we will assume
that all the coordinates satisfy r; < 1/e°, which implies that log(1/r;) > e and
log(log(1/r;)) > 1.

We will denote by A, C C the open disk of radius r centered at 0, by A, the

DOCUMENTA MATHEMATICA 10 (2005) 619-716



628 J. I. Burcos GIL, J. KRAMER, U. KUHN

closed disk, and we will write A* = A,.\ {0} and A = A, \ {0}.

If f and ¢ are two functions with non-negative real values, we write f < g, if
there exists a real constant C' > 0 such that f(x) < C - g(z) for all = in the
domain of definition under consideration.

MULTI-INDICES. We collect here all the conventions we will use about multi-
indices.

NoTATION 2.1. For any multi-index a = (a,...,aq) € Z%,, we write

If o and § are multi-indices, we write 8 > «, if, for all i = 1,...,d, B; > «;.
We denote by a + 8 the multi-index with components «; + 3;. If 1 < i < d,
we will denote by % the multi-index with all the entries zero except the i-th
entry that takes the value 1. More generally, if I is a subset of {1,...,d}, we
will denote by 4/ the multi-index

, Jr&ier,
YT No,&i g I

We will denote by n the constant multi-index

n;, =mn.

In particular, 0 is the multi-index 0 = (0,...,0).
If o is a multi-index and k > 1 is an integer, we will denote by a=F the multi-
index

<k _ )@, nga
L0, &i > ke

For a multi-index «, the order function associated to «,
D, {1,..., ||} —{1,...,d}

is given by

k-1 k
o) =k, if Y a;<i<) aj
j=1 j=1
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LocG ForMS. We introduce now a complex of differential forms with logarithmic
growth along a normal crossing divisor. This complex can be used to compute
the cohomology of a non-compact algebraic complex manifold with its usual
Hodge filtration. It contains the C'*° logarithmic Dolbeault complex defined
in [7], but it is much bigger and, in particular, it contains also the log-log
differential forms defined later. In contrast to the pre-log forms introduced in
[10], in the definition given here we impose growth conditions to the differential
forms and to all their derivatives.

The problem of the weight filtration of the complex of log forms will not be
treated here.

Let X be a complex manifold of dimension d, D a normal crossing divisor,
U=X\D,and ¢:U — X the inclusion.

DEFINITION 2.2. Let V' be a coordinate neighborhood adapted to D. For
every integer K > 0, we say that a smooth complex function f on V' \ D has
logarithmic growth along D of order K, if there exists an integer Nk such
that, for every pair of multi-indices «, 8 € Z%, with |a + 8] < K, it holds the

inequality
Nk

glal glsl
878? Zlyeeny Zd)

TTE log(1/7:)
<

25

(2.3)

We say that f has logarithmic growth along D of infinite order, if it has loga-
rithmic growth along D of order K for all K > 0. The sheaf of differential forms
on X with logarithmic growth of infinite order along D, denoted by &5 (D), is
the subalgebra of ¢, &7} generated, in each coordinate neighborhood adapted to
D, by the functions with logarithmic growth of infinite order along D and the
differentials B

dzi,dfzi, fori=1,...,k,

dz;, dz;, fore=k+1,...,d.

As a shorthand, a differential form with logarithmic growth of infinite order
along D is called log along D or, if D is understood, a log form.

THE DOLBEAULT ALGEBRA OF LOG FORMS. The sheaf &% (D) inherits from
t+67; a real structure and a bigrading. Moreover, it is clear that, if w is a
log form, then dw and dw are also log forms. Therefore, &% (D) is a sheaf
of Dolbeault algebras. We will use all the notations of [10], §5, concerning
Dolbeault algebras. For the convenience of the reader we will recall these
notations in section In particular, from the structure of Dolbeault algebra,
there is a well defined Hodge filtration denoted by F'.

PRE-LOG FORMS. Recall that, in [10], section 7.2, there is introduced the sheaf
of pre-log forms denoted &% (D)pre. It is clear that there is an inclusion of
sheaves

Ex (D) € Ex(D)pre-
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THE COHOMOLOGY OF THE COMPLEX OF LOG FORMS. Let % (log D) be the
sheaf of holomorphic forms with logarithmic poles along D (see [12]). Then,
the more general theorem [2.42 implies

THEOREM 2.5. The inclusion
Q% (log D) —— &%(D)
s a filtered quasi-isomorphism with respect to the Hodge filtration.

In other words, this complex is a resolution of the sheaf of holomorphic forms
with logarithmic poles along D, Q% (log D). Thus, if X is a compact Kéhler
manifold, the complex of global sections I'(X, &5 (D)) computes the cohomol-
ogy of the open complex manifold U = X \ D with its Hodge filtration.

Note that corollary [2.5 implies that there is an isomorphism in the derived
category Ru.C; — &% (D). This isomorphism is compatible with the real
structures. Hence, the complex &5 (D) also provides the real structure of the
cohomology of U.

INVERSE IMAGES. The complex of log forms is functorial with respect to inverse
images. More precisely, we have the following result.

PROPOSITION 2.6. Let f : X — Y be a morphism of complex manifolds
of dimension d and d'. Let Dx, Dy be normal crossing divisors on X, Y,
respectively, satisfying f~*(Dy) C Dx. If n is a section of &:(Dy), then f*n
is a section of &% (Dx).

Proof. Let p be a point of X. Let V and W be open coordinate neighborhoods
of p and f(p), respectively, adapted to Dx and Dy, and such that f(V) C W.
Let k and &’ be the number of components of VN Dx and WN Dy, respectively.
Then, the condition f~1(Dy) C Dy implies that f can be written as

f(xlw"’xd):(217"'azd/) (27)
with
oty ey, i< K,
z; =
’ wi, if i >k,
where uy, . .., uy are holomorphic functions that do not vanish in V, the a; ; are
non negative integers and wg/41,...,wqe are holomorphic functions. Shrinking

V, if necessary, we may assume that the functions u; are holomorphic and do
not vanish in a neighborhood of the adherence of V.
For 1 <4 <K, we have

k
f < 2 ) —jz::laz,] x; + s .

Since the function 1/u; is holomorphic in a neighborhood of the adherence of V|
the function 1/u; and all its derivatives are bounded. If follows that f*(d z;/z;)
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is a log form (along Dyx). The same argument shows that f*(d z;/z;) is a log
form.
If a function g on W satisfies

N
k/
l9(21, -, 20 < ([ Jlog(1/12])]|
i=1
then f*g satisfies
N
K k
[fo g, sza)l < |T] | D2 aiglog(1/la;]) + log(1/us)
i=1 \j=1

NEK'

k
< | [T tog(1/1as)

Therefore, f*¢g has logarithmic growth. It remains to bound the derivatives of
f*g. To ease notation, we will bound only the derivatives with respect to the
holomorphic coordinates, the general case being analogous.

For any multi-index o € Z<, the function 9% /92 (f*g) is a linear combina-
tion of the functions B

alal 1Pl glad]

907 11 gpareod ’
= B, {ci}

(2.8)
where 8 runs over all multi-indices 8 € Zgo such that |3] < |«a|, and {a;} runs

over all families of multi-indices o € Z%o such that

The function ®,, is the order function introduced in[2.1.
Then, since g is a log function,

18] ol K MO g1 s
g8 1A plal T} 1og(1/1241)| ole’l
9207 L pareea) = 25| Do o)
i=1 i=1
b Mk esy
< T tos(1/1z; S Za )|
jzl_[l Og( /|"I:J|) Z:H:L Z‘Pﬁ(i) 833(11 Zq)ﬁ( )

But, by the assumption on the map f, it is easy to see that, for 1 < 7 < k/, we
have _
1 ol
fal .
Zj oz J

1

ECREA

(2.9)
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which implies the proposition. O

POLYNOMIAL GROWTH IN THE LOCAL UNIVERSAL COVER. We can characterize
log forms as differential forms that have polynomial growth in a local universal
cover. Let M > 1 be a real number and let Up; C C be the subset given by

U]V[:{$€(C|Im$>M}.

Let K be an open subset of C4~%. We consider the space (UM)k x K with
coordinates (x1,...,%q)-

DEFINITION 2.10. A function f on (Ups)* x K is said to have imaginary poly-
nomial growth, if there is a sequence of integers { N, },>0 such that for every
pair of multi-indices «a, 5 € Z‘éo, the inequality

glel 5lfl Nial+16]

ajj_aﬁ £E1,...,$d) =<

(2.11)

k
H Im x;
i=1

holds. The space of differential forms on (Ujs)* x K with imaginary polynomial
growth is generated by the functions with imaginary polynomial growth and
the differentials

dx;, dz;, fori=1,...,d.
Let X, D, U, and ¢ be as in definition[2.2]

DEFINITION 2.12. Let W be an open subset of X and w € I'(W, ¢, (&7})) be a
differential form. For every point p € W, there is an open coordinate neigh-
borhood V' C W, which is adapted to D and such that the coordinates of V'
induce an identification V N U = (A*)* x K. We choose M > log(1/r) and
denote by 7 : (Upr)¥ x K — V the covering map given by

W(.ﬁl,...,l‘d) = (62mz1,...,627rixk,xk+1,...,l‘d).

We say that w has polynomial growth in the local universal cover, if for every
V and 7 as above, m*w has imaginary polynomial growth.

It is easy to see that the differential forms with polynomial growth in the local
universal cover form a sheaf of Dolbeault algebras.

THEOREM 2.13. A differential form has polynomial growth in the local universal
cover, if and only if, it is a log form.

Proof. We start with the case of a function. So let f be a function with polyno-
mial growth in the local universal cover and let V' be a coordinate neighborhood
as in definition 2.12. Let g = 7* f. By definition, g satisfies

gl xi+ 1. ) =9g(..,2;...), for 1 <i<k. (2.14)
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We write formally

f(z1,.0 0y 2q0) = g(z1(21)y ...y xa(zq))

with
% log z;, &for ¢ < k,
ri(2) = { ™ )
z;, &for i > k.

Note that this makes sense because of the periodicity properties (2.14). Then,
we have

alel glbl ;2 9l gle’l

gma gl Coen2) = 2 C0f p mero@n, o)
a'<a
B'<p

pla=a'l oz \* 98-8 oz \"
e (32) g (52) - @9

for certain constants Cg/ﬁ’f " But the estimates

ol 9 N L Mot

o e I Ta)| < »Hlm' =< l_Illog(l/|zi|))
and la—a’| o glB—p'| p
imply the bounds of f and its derivatives. The converse is proven in the same
way.

To prove the theorem for differential forms, observe that, for 1 < i < k,

dz; )
" ( z ) =2midx,.
Zq

2.2 LOG-LOG FORMS

LOG-LOG GROWTH FORMS. Let X, D, U, and ¢ be as in definition [2.2]

DEFINITION 2.17. Let V be a coordinate neighborhood adapted to D. For
every integer K > 0, we say that a smooth complex function f on V' \ D has
log-log growth along D of order K, if there exists an integer Ny such that, for
every pair of multi-indices a, 8 € Z<4, with |a + 3| < K, it holds the inequality

lel glbl
——f(21,---,24)

Nk
[T 1og(log(1/r4))
0z 9zP =

e

(2.18)
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We say that f has log-log growth along D of infinite order, if it has log-log
growth along D of order K for all K > 0. The sheaf of differential forms
on X with log-log growth along D of infinite order is the subalgebra of ¢.&;
generated, in each coordinate neighborhood V adapted to D, by the functions
with log-log growth along D and the differentials

dz dz fori=1 k
2 log(l/ri)’ Zi 10g(1/’l”i), T
dZi,dZi7 fOI'Z:k+17,d

A differential form with log-log growth along D of infinite order will be called
a log-log growth form. The sheaf of differential forms on X with log-log growth
along D of infinite order will be denoted by &% ((D))gth-

The following characterization of differential forms with log-log growth of infi-
nite order is left to the reader.

LEMMA 2.19. Let V' be an open coordinate subset adapted to D and let I,.J be
two subsets of {1,...,d}. Then, the form fdz; AdZ; is a log-log growth form
of infinite order, if and only if, for every pair of multi-indices a, 8 € Z<,, there
is an integer No g > 0 such that B

. N,
[1i=y log(log(1/r:))
rO Ty et B)=F (Jog(1 /7)) +7) =k

glel 91bl

78,20‘ 782[3 Zlyeeoy

zq)| = (2.20)

]

DEFINITION 2.21. A function that satisfies the bound for any pair of
multi-indices «, 8 with o+ < K will be called a (I, J)-log-log growth function
of order K. If it satisfies the bound (2.20)) for any pair multi-indices «, 8, it
will be called a (I, J)-log-log growth function of infinite order.

LoG-LoG FORMS. Unlike the case of log growth forms, the fact that w is a
log-log growth form does not imply that its differential Ow is a log-log growth
form.

DEFINITION 2.22. We say that a smooth complex differential form w is log-
log along D, if the differential forms w, dw, Ow, and 00w have log-log growth
along D of infinite order. The sheaf of differential forms log-log along D will
be denoted by &% ((D)). As a shorthand, if D is clear from the context, a
differential form which is log-log along D, will be called a log-log form.

From the definition, it is clear that the sheaf of log-log forms is contained in
the sheaf of log forms.

Let V be a coordinate subset adapted to D. For ¢ = 1,...,k, the function
log(log(1/r;)) is a log-log function and the differential forms

dz; dz;
zilog(1/r;)" Zilog(1/r;)’

fori=1,...,k,
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are log-log forms.

THE DOLBEAULT ALGEBRA OF LOG-LOG FORMS. As in the case of log forms,
the sheaf &%((D)) inherits a real structure and a bigrading. Moreover, we
have forced the existence of operators d and 0. Therefore, &5 ((D)) is a sheaf
of Dolbeault algebras (see section [3.1). In particular, there is a well defined
Hodge filtration, denoted by F'.

PRE-LOG-LOG FORMS Recall that, in [10], section 7.1, there is introduced the
sheaf of pre-log-log forms, denoted by &% ((D))pre. It is clear that there is an
inclusion of sheaves

&x{(D)) € &x{(D))pre-

THE COHOMOLOGY OF THE COMPLEX OF LOG-LOG DIFFERENTIAL FORMS.
Let Q% be the sheaf of holomorphic forms. Then, theorem[2.42, which will be
proved later, implies

THEOREM 2.23. The inclusion
5 —— & (D))
s a filtered quasi-isomorphism with respect to the Hodge filtration.

In other words, this complex is a resolution of Q% , the sheaf of holomorphic
differential forms on X. Therefore, if X is a compact Kéahler manifold, the
complex of global sections I'(X, &% ((D))) computes the cohomology of X with
its Hodge filtration. As in the case of log forms it also provides the usual real
structure of the cohomology of X. One may say that the singularities of the
log-log complex are so mild that they do not change the cohomology.

INVERSE IMAGES. As in the case of pre-log-log forms, the sheaf of log-log
forms is functorial with respect to inverse images. More precisely, we have the
following result.

ProprosITION 2.24. Let f : X — Y be a morphism of complex manifolds
of dimension d and d'. Let Dx, Dy be normal crossing divisors on X, Y,
respectively, satisfying f~1(Dy) C Dx. Ifn is a section of &:((Dy)), then
f*n is a section of &% {((Dx)).

Proof. Since the differential operators d and 0 are compatible with inverse
images, we have to show that the pre-image of a form with log-log growth of
infinite order has log-log growth of infinite order. We may assume that, locally,
f can be written as in equation (2.7). If a function g satisfies

o N

l9(21,- -y za)| < | ] [ log(log(1/]z))|

i=1
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we then estimate
N

o
(f*9) (@1, za)] < |[ ] log(log(1/]zi])

N
Kk

< T D tlog(log(1/]a;1)

i=1j=1
NE'

k
=< Zlog(log(l/‘xjm

Jj=1

Therefore, f*g has log-log growth.

Next we have to bound the derivatives of f*g. As in the proof of proposition
we will bound only the derivatives with respect to the holomorphic coor-
dinates. Again, we observe that, for any multi-index o € Z‘io, the function

dlel /9z>(f*g) is a linear combination of the functions (2.8). But, using that g
is a log-log growth function, we can further estimate

N
. k' 181 P
g8 1B gla [T}, og(log(1/12;1)| ™ |12 g
azﬂg 6 't (I:'ﬁ(l) = |Zﬁ§k’| axaz‘ Z@g(i)
i=1
k M s
< log(log(1/|z; - .
T I VN ot
By (2.9), this yields
Pl 18] olor| Nk 185 1
| = log(log(1 .
azﬁgH a ot Z<I)[g ) ]Hl Og Og( /‘xJD) };[1 |xa§k|

Thus, f*g¢ has log-log growth of infinite order.
Finally, we are led to study the inverse image of the differential forms
dz; dz;

, = Jfori=1,...,k.
zilog(1/|zi])" zilog(1/|zil)

‘We have

/ (zilog(l/zizi)> log( 1/2121 ;am ; U;

Since we have assumed that w; is a non-vanishing holomorphic function in a
neighborhood of the adherence of V' (see the proof of proposition [2.6), the
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function 1/u; and all its derivatives are bounded. Therefore, it only remains
to show that the functions

1 1
rr (4) and log(1/|x;|) f* <7) , fora; ; #0, 2.25
log(1/11) DI\ ogiyap )+ oo (2:25)
have log-log growth of infinite order, which is left to the reader. O

INTEGRABILITY. Since the sheaf of log-log forms is contained in the sheaf of
pre-log-log forms, then [10], proposition 7.6, implies

PROPOSITION 2.26. (1) Any log-log form is locally integrable.

(i) If n is a log-log form, and [n]x is the associated current, then

[dn]x = d[n]x.

The same holds true for the differential operators 0, 0, and 90.
|

LOGARITHMIC GROWTH IN THE LOCAL UNIVERSAL COVER. We will define a
new class of singular forms closely related to the log-log forms. The discussion
will be parallel to the one at the end of the previous section.

Let Uy, K, and (z1,...,xq) be as in definition [2.10!

DEFINITION 2.27. A function f on (Up)* x K is said to have imaginary loga-
rithmic growth, if there is a sequence of integers {N,, },>¢ such that for every
pair of multi-indices a, § € Z<, the inequality

Nia
‘Hle log(Imxl) |al+18]
<

o5 57

glel lsl
%W‘f L1,y - ,Id)

(2.28)

holds. The space of differential forms with imaginary logarithmic growth is
generated by the functions with imaginary logarithmic growth and the differ-
entials

dz; dxy ,

x , z , fori=1,...,k,
Imaz;” Imx;
dz;, dz;, fori=k+1,...,d.

Let X, D, U, and ¢ be as in definition[2.2]

DEFINITION 2.29. Let W be an open subset of X and let w be a differential
form in T'(W, t.(&y)*). For every point p € W, there is an open coordinate
neighborhood V' C W, which is adapted to D and such that the coordinates of
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V induce an identification V N U = (A%)* x K. We choose M > log(1/r) and
denote by 7 : (Upr)* x K — V the covering map given by

7T(.T1, cee ,.’Ed) = (627ri:c1’ ey e27rixk,$k+1’ cee ,xd).
We say that w has logarithmic growth in the local universal cover, if, for every
V and 7 as above, 7*w has imaginary logarithmic growth.

It is easy to see that the differential forms with logarithmic growth in the local
universal cover form a sheaf of Dolbeault algebras.

THEOREM 2.30. The sheaf of differential forms with logarithmic growth in the
local universal cover is contained in the sheaf of log-log forms.

Proof. Since the forms with logarithmic growth in the local universal cover
form a Dolbeault algebra, it is enough to check that a differential form with
logarithmic growth in the local universal cover has log-log growth of infinite
order. We start with the case of a function. So let f and g be as in the proof
of theorem[2.13] To bound the derivatives of f we use equation (2.15). But in
this case

Nos g

I15_, log(|z:])

‘xa/Ski‘ﬁ/gk|

9la’l glsl
D 77 I

<

.7$d)

s (2.31)

[1%_, log(log(1/|=]))

[log(1/|z[)o="+A"=]

Note that now the different terms of equation have slightly different
bounds. If we combine the worst bounds of (2.31)) with (2.16), we obtain

k ‘ N.
Hi:1 log(log(l/rz))

|Za§kzg§k| Hf:l | 10g(1/7"1)|min(0"7’1)+min(ﬁi’l) ’
(2.32)

glal g1sl
FER AR

.,Zd) <

which implies the bounds of f and its derivatives.
To prove the statement for differential forms, we observe that for 1 < i <k,

* p—

s log(1/]z])  Ima;

O

REMARK 2.33. The differential forms that interest us are the forms with log-
arithmic growth in the local universal cover. We have introduced the log-log
forms because it is easier to work with bounds of the function and its deriva-
tives in usual coordinates than with the condition of logarithmic growth in the
local universal cover. This is particularly true in the proof of the Poincaré
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lemma. Note however that theorem [2.30 provides us only with an inclusion
of sheaves and does not give us a characterization of differential forms with
logarithmic growth in the local universal cover. This can be seen by the fact
that the bounds (2.32) are sharper than the bounds of definition[2.21] We have
chosen the bounds of definition[2.21 because the sharper bounds (2.32) are not
functorial. Moreover, they do not characterize forms with logarithmic growth
in the local universal cover. In fact, it does not exist a characterization of forms
with logarithmic growth in the local universal cover in terms of bounds of the
function and its derivatives in usual coordinates.

2.3 LOG AND LOG-LOG MIXED FORMS

For the general situation which we are interested in, we need a combination of
the concepts of log and log-log forms.

MIXED GROWTH FORMS. Let X, D, U, and ¢ be as in the previous section. Let
D and D5 be normal crossing divisors, which may have common components,
and such that D = Dy U Dy. We denote by D the union of the components of
D, that are not contained in D;. We say that an open coordinate subset V,
with coordinates z1, ..., 24, is adapted to D; and Ds, if D; NV has equation
212z = 0 and D5 NV has equation zgy1---2; = 0; we put 7; := |2;] < 1/e®
fori=1,...,d.

DEFINITION 2.34. Let V be a coordinate neighborhood adapted to D1 and Ds.
For every integer K > 0, we say that a smooth complex function f on V' \ D
has log growth along D1 and log-log growth along Do of order K, if there exists

an integer Nx > 0 such that, for every pair of multi-indices «, 8 € Zio, with
| + 8] < K, it holds the inequality

k AT W |VE
TT5 10(1/ri) Ty log(log(1/r;)

e

lel glbl
8?8? Zlyeeey Zd)

(2.35)

We say that f has log growth along D1 and log-log growth along Do of infinite
order, if it has log growth along D, and log-log growth along D of order K for
all K > 0. The sheaf of differential forms on X with log growth along D1 and
log-log growth along Dy of infinite order is the subalgebra of ¢.&}; generated,
in each coordinate neighborhood V' adapted to D; and D, by the functions
with log growth along D; and log-log growth along D, and the differentials

dz dz .
Z, ,Z, fori=1,...,k,
Z Zi
dZZ‘ dz- .
fi =k+1,...,1
zilog(1/r;)" Zilog(1/r;)’ o e
dz;, d z;, fori=1014+1,...,d.

When the normal crossing divisors D; and D, are clear from the context,
a differential form with log growth along D; and log-log growth along D5 of
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infinite order will be called a mized growth form. The sheaf of differential forms
on X with log growth along D; and log-log growth along Dy of infinite order
will be denoted &5 (D1(D2))gth-

It is clear that
Ex(D1) A EX ((D2))gin C Ex (D1(D2))gin- (2.36)
Observe moreover that, by definition,
Ex(D1(D2))gmn = EX(D1(D3))gtn-
We leave it to the reader to state the analogue of lemma [2.19.

PARTIAL DIFFERENTIALS. Let V' be an open coordinate system adapted to Dy
and Dy. In this coordinate system we may decompose the operators 9 and 9

as
0=>0; and =)0, (2.37)
J J

where §; and 9, contain only the derivatives with respect to z;.
The following lemma follows directly from the definition.

LemMMA 2.38. Let E; denote the divisor given by z; = 0. If w €
&5 (D1(D2))gen(V), then

9w € 3 EX(D1D2))gen(V), ifj <k orj>l,

! Ex(D1U Ej(Da))gm(V), ifk<j<l,

and the same is true for the operator 0;.

MiIXED FORMS.

DEFINITION 2.39. We say that a section w of 1.8} is log along D1 and log-
log along Do, if the differential forms w, Ow, Jw, and JOw are sections of
E%(D1(D2))gtn. The sheaf of differential forms log along D; and log-log along
Dy will be denoted by &% (D1(D32)). As a shorthand, a differential form which
is log along D; and log-log along Do, will be called a mixed form.

As the complexes we have defined in the previous sections, the complex
&% (D1(D3)) is a sheaf of Dolbeault algebras.

INVERSE IMAGES. We can generalize propositions[2.6] and with the same
technique, to the case of mixed forms.

PRrROPOSITION 2.40. Let f : X — Y be a morphism of complex manifolds.
Let Dy, Dy and Eq, E5 be normal crossing divisors on X and Y respectively,
such that D1 U Dy and F1U FEs are also normal crossing divisors. Furthermore,
assume that f~1(E1) € Dy and f~1(Ey) € Dy U Do. If 1 is a section of
&y (Er(E9)), then f*n is a section of &% (D1(D2)). O
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INTEGRABILITY. Let X be a complex manifold and D a normal crossing divisor.
Let y be a p-codimensional cycle of X and let Y = suppy. Let 7 : X — X
be an embedded resolution of singularities of ¥, with normal crossing divisors
Dy =771(Y) and D = 7~}(D) and such that Dy UD is also a normal crossing
divisor.

LEMMA 2.41. Assume that g € T(X, &2 (Dy (D))). Then, the following state-
ments hold:

(i) If n < 2p, then g is locally integrable on the whole of X. We denote by
[g]x the current associated to g.

(i4) If n <2p—1, then d[g]x = [dg]x.
Proof. This is a particular case of [10], lemma 7.13. O

THE COHOMOLOGY OF THE COMPLEX OF MIXED FORMS. We are now in
position to state the main result of this section.

THEOREM 2.42. The inclusion
Q% (log Dy) —— &% (D1(D2))
s a filtered quasi-isomorphism with respect to the Hodge filtration.

Proof. To prove the theorem we will use the classical argument for proving the
Poincaré lemma in several variables. We will state here the general argument
and we will delay the specific analytic lemmas that we need until the next
section.

The theorem is equivalent to the exactness of the sequence of sheaves

0 —— Q% (log D) —— &2%(Dy(Dy)) —2— &2 (Dy(Dy)) —2— .
The exactness in the first step is clear because a holomorphic form on X \
(D1 U Ds) that satisfies the growth conditions imposed in the definitions can
only have logarithmic poles along D;.

For the exactness in the other steps we choose a point x € X. Let V be a
coordinate neighborhood of x adapted to D; and Ds, and such that x has
coordinates (0,...,0).

Let 0 < e < 1, we denote by Ag,e the poly-cylinder

Ag,e:{(zla"'vzd)€V|Tz’<€,i:1,...,d}.

In the next section we will prove that, for j = 1,...,d and 0 < ¢ < e < 1,
there exist operators

K 689Dy(D))(AL,) — ERT DD (AL ),

POt L ERUD(Dy))(AL,)  — ERUDy(Do)) (AL L),

T,€

that satisfy the following conditions
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(A) If the form w does not contain any term with d z; for ¢ > j, then K;l’ew

and P;/’ew do not contain any term with d z; for ¢ > j.
(B) 0K+ K 9+ P{* =id.

Let ¢ > 0 and let w € &YY(D1(D2)), be a germ of a closed form. Assume
that w is defined in a poly-cylinder Aie. By abuse of notation we will not
distinguish between sections and germs. Therefore, w will denote also a closed
differential form over Ag’é that represents this germ. Moreover, as the open set
of definition of each section will be clear from the context, we will not make it
explicit. We choose real numbers 0 < ¢; < ... < ¢4 < e. Then, by property
(B), we have
w=0K7 (w) + Py (w).

We write w; = Py“*(w). Then, w; does not contain dzg and w — wy is a
boundary. We define inductively wjiq = Pg* "9 (w;). Then, for all j,
w — wj is a boundary and w; does not contain dZz; for ¢ > d — j. Therefore,

Wd—q+1 = 0 and w is a boundary. O

2.4 ANALYTIC LEMMAS

In this section we will prove the analytic lemmas needed to prove theorem |2.42
and we will define the operators K and P that appear in the proof of this
theorem.

PRIMITIVE FUNCTIONS WITH GROWTH CONDITIONS. Let f be a smooth func-
tion on A}, which is integrable on any compact subset of A.. Then, for € < €
and z € A}, we write

1 dwAdw

2my/—1 z,f( w) w— 2z

I(f)(2) =
We denote r = |z|.
LEMMA 2.43. (i) If f is a smooth function on A¥ such that
| log(log(1/r))|™
(rlog(1/r))*

then f is integrable in each compact subset of A. and

0
S5l () = 1(2).

IF(2)] <

(i) If f is a smooth function on A¥ such that

|log(log(1/7))[™ '_ ‘ | log(log(1/r))[™
~ rlog(l/r) (rlog(1/r))?
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then
/i) = [ [ 2 gy durde
(i) If f is @ smooth function on A? such that
(2 < SB[ 2 7o) < Loslon ),
then
oo Jo S = s [ S

Proof. We start by proving the integrability of f. Viewed as a function of e,
we estimate

(og(log(1/m))™ W 1
/Ag logt/my M

= rdr

/6 (log(log(1/r)))™
o r?(log(1/r))?

€ 1
) / r(log(1/r)e 47
1
= Qlog(1/e) 72’

which proves the integrability. Then, the claimed formulas are proven as in [20],
pp- 24-26. The only new point one has to care about is that the singularities
at z = 0 do not contribute to Stokes theorem. O

LEMMA 2.44. Let 0 < € < 1 be a real number and let f be a smooth function
on A, Let € <e.

(i) Ifw= fdz € é‘ﬁ’j(O)(Ae), then the function f is integrable on any
compact subset of A.. We write g = I (f). Then, g € é”g’? (0)(A¢) and

0g = w. (2.45)
(i) If, moreover, w € @“’2’3((0))gth(A6), then g € 52’5((0>>gth(A6/).
(iti) If w = fdzAdz € éﬁ’j((O»gth(Ae), then the function f is integrable

on any compact subset of A.. If we write g = I (f) as before, then
gdze EXY(0)) gin(Aw) and

dgNndz) =w. (2.46)
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Proof. The integrability in the three cases and equations (2.45) and are
in lemma|2.43. Therefore, it remains only to prove the necessary bounds.
Proof of (i). The condition on w is equivalent to the inequalities

‘ 80""5 |log(1/T)‘NQ+ﬁ (247)

022070 (Z)‘ rat+s+l

for a certain family of integers { N, }nez.,. We may assume that these integers
satisfy for a < b the inequality N, < N,. We can apply [22], lemma 1, to
conclude that g is smooth on A, and that

19(2)| < [log(1/r)["0

for some integer N.
Thus, to prove statement (i), it remains to bound the derivatives of g. Equation
(2.45) implies the bound for the derivatives

Ha+B
920028

when 3 > 1. Therefore, we may assume § =0 and a > 1.
Let p : C — [0,1] be a smooth function such that

Pl =1, plevso,2) =0,

where B(p,d) is the open ball of center p and radius . Fix zy € A¥. Since
we want to bound the derivatives of g(z) as z goes to zero, we may assume
Zz0 € A:'/z' Write rg = |20/, and put

pzo(2) = p (3Z ;OZO) :

PlB(zoros3) =1, PlevB(zo.2res3) = 0.

Then, we have

Moreover, we have
@Pm(z) < = (2.48)

for some constants C,,.
By the choice of zp, we have that supp(p,,) C AL. We write f; = p,,f and
fo=(1=pz)f. Then, for z € B(zy,79/3), we introduce the auxiliary functions

d d @ d dw
q1(2) = 27T\1/_—1/A f1(w)%y 92(2) = 277\1/_*1/A fQ(w)%'

These functions satisfy

g =491+ g2
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Therefore, we can bound the derivatives of g; and g separately. We first bound
the derivatives of g;.
o dwAdwo o dwAdw
filw)——— = - fl(w)—

0z JA, w—z 80‘ w—z

y4
duAdu
o /f1 dundu
dunda
*/C@JWMT

o~ dwAdwo
N cawafl(w) w—z
o~ dwAdw
= fi(w .
/3(20,27"0/3) pue 1)

Hence, using the bounds for the derivatives of f and equation , we find

the inequality

o~ log(1/ro)| M dwAdw

Oz gl( ) = 0¢+1 _
B(z0,2r0/3) W — 20

\log(l/roﬂ -
e '

Now we bound the derivatives of go. Since for z € B(zp,79/3), the function
fa(w) is identically zero in a neighborhood of the point w = z, we have

dw/\dw dw/\dw
82:'1/ fa(w / Ja(w (w2

Let A = B(0,79/2). Then, for w € A, we have |w — zo| > ro/2. Thus, we

obtain
dedw
‘ | faw) 5 o

1 (72 [log(1/p)|No
/ [log(1/p)I™ 4,

I
rot P

1
=< —a|log(1/r0)|N‘J.
o

Here we use that

/(logx

We write B = Ae/\(AUB(zo,ro/?))). In this region |w—zg| > |w/4|. Therefore,
we get

dedw
f2 Zo)a+1
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Here we use that

n 1L —L_(logz)"+1 ifm =1,
/(k’gx) —de=qm4 :
z ==t Ppm(logz)  if m > 1,

where P, ,, is a polynomial of degree n. Summing up, we obtain

o« log(1/rg)|Net1
2 o] < Lot

z s
Observe that, for oo = 0, this is the proof of [22], lemma 1.
Proof of (i1). In this case, by lemma [2.19] the condition on w is equivalent to
the inequalities

9ot? [log(log(1/7))["*+7

=< 2.49

0240zP 1) rathtllog(1/r) (2.49)
for a certain increasing family of integers { Ny }nez.,. Again, by lemma [2.19,
to prove statement (ii), we have to show

a+5 Niis

022070 rat+s

for a certain family of integers {N} }nez.,-
By (2.45), the functions -
Ha+B
9700707
when 3 > 1, satisfy the required bounds. Thus, it remains to bound 9%/9z%g
for « > 0. As in the proof of statement (i), we fix zo and write g = g1 + go.
For g1, we work as before and get for a > 0

Ll (Z)‘ [log log(1/r0))[ ™
§ze V0 rg log(1/r0)

To bound g3, we integrate over the regions A and B as before. We first bound
the integral over the region A = B(0,ry/2).

/ fow) dwndw |1 // [lox(log(1/p)™ |
A (w — zp)ot! rott Jo log(1/p)
Since, for p < 1/eeNO, the function
(log(log(1/p)))™°
log(1/p)

is an increasing function, we have
1 /%] log(log(1/p))|Ne log(log(1 No  rro/2
L[ leslos U™ logllostijroll ™
ro " Jo log(1/p) o log(1/r0)  Jo
| log(log(1/ro))| ™
7 log(1/ro)
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in the domain 0 < ry < 2/e€NO.

If f and g are two continuous functions with g strictly positive, defined on
a compact set, then f < g. Therefore, the above inequality extends to the
domain 0 <7y < €'/2.

We now bound the integral over the region B = Ay \ (A U B(zg,r0/3)). By
the bound of the function f, we have

dwAdw ¢ |10g(10g(1/P))|N0
/f2 Zo)"‘+1 _</7" ‘

o2 pTlog(1/p)
Thus, in the case a = 0, we have

< |log(log(1/p)) | -
/r0/2 plog(1/p) dp < [log(log(1/ro)) ™.

In the case a > 0, since, for p < 1/e®, the function

(log(log(1/p)))™°
p*/?log(1/p)

is a decreasing function, we have

/6’ [log(og(1/p)™  _ |log(log(1/ro)) | / L
ro/2 p>t1log(1/p) 7”(1)/2 log(1/7) ro/2 pt1/2
| log(log(1/7¢))| Mo
7§ log(1/ro)

Summing up, we obtain

o« 1 1 1 No+1
a_ag(zo)‘ | Og( Og( /TO))| )
z 7’0

This finishes the proof of the second statement.
Proof of (iii). In this case, again by lemmal[2.19, the condition on w is equivalent
to the conditions

§ats ) [log(log(1/7))["*+*
0220z rotB+2(log(1/r))2

for a certain increasing family of integers { Ny, }nez.,, and the inequalities we
have to prove are

000 |  Nogllog(1/r) e
020077 Pt log(1/r)

for a certain family of integers {NV}, }nez.,-
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First we note that, by equation , for 8 > 1, the functions

Hats
0200787
satisfy the required bounds. Thus, it remains to bound the functions 0%g/9z*

for a« > 0. The proof is similar as before. We decompose again g = g1 + g2. In
this case

o Jlog (log(1/70))| ™

529 0| = e (o) Era D

Whereas the integral of g over A is bounded as

dw ANdw 1 /7'0/2 | log(log(1/p ))|NO
| STy plest/pr
| og(log(1/ro)) [ e
rotlog(1/ro)
and the integral of go over B is bounded as
dw Andw | / |log(log(1/p))| ™,
(w—20)"F1| " 2 p*+21og(1/p)?
| log(log(1/ro)) |
rot log(1/ro)?
Summing up, we obtain for a > 0
2 o < Losontt/m
0z% ro log(1/r0)
This finishes the proof of the lemma. O

REMARK 2.51. Observe that, in general, a section of é"i’: (0)(Ae) is not locally
integrable (see remark [2.55). Therefore, the analogue of lemma [2.44] (iii) is not
true for log forms.

THE OPERATORS K AND P. Let X, U, D, ¢, D1, and D5 be as in definition
2.39.

NoTATION 2.52. Let x € X. Let V' be an open coordinate neighborhood of
x with coordinates z1,..., 24, adapted to Dy and D, such that x has coor-
dinates (0,...,0). Thus, D; has equation z; ---z; = 0 and D) has equation
2k+1 -+ 21 = 0. Once this coordinate neighborhood is chosen, we put
o= 1<i<,
2

G=dz, ifi>k
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For any subset I C {1,...,d}, we denote

=N dz=/N\dz.

i€l i€l

Given any differential form w, let

w=> frsCndz,
rJ

be the decomposition of w in monomials. Then, we write
wr,g = fraCrAdzy.
For any subset I C {1,...,d} and i € I, we will write
ol,i)=#{jel|j<i} and I, = I\ {i}.

DEFINITION 2.53. Let 0 < ¢ < e < 1. Let A;{,’E be the poly-cylinder centered
at x of radius e. Let w € &§Y(D1(Da2))gen (AL ), and let

W:Zf[’JC]/\dZJ (254)
I1,J

be the decomposition of w into monomials. We define

K (w) = Y (-)*Gn

I

(—1)e) dwAdw | _
Z R fI’J(...7Zj717w72j+1,...)7d2:‘]j,
Jiges V=LA, W=z

P w) =G
I

1 dw
Z e fLJ(...,zj_l,w,zj+1,...) dzy.
Tlier 27‘1’\/—1 A w — zj

To ease notation, if € and € are clear from the context, we will drop them and
write K, resp. P; instead of Kj *°, resp. P; .

REMARK 2.55. The reason why we use the differentials (; instead of d z; in the
definition of K and P, is that, in general, a log form is not locally integrable.
For instance, if d =k =1 and w = f d2 AdZ is a section of 5’&’3 (0)(A,), then
f satisfies N
log(1/r
Ly

£ (=)

b
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and the integral

/ llog(1/|w)|N dw A d@
A wl? w—z

does not converge. But, by the definition we have adopted, Kel’e(w) =gdz,
where

1 1 1 dwAdwo
= —I ’ . = — [
96 = Hele D) = g [ wr) RS
This integral is absolutely convergent and
0 10 _z2f(z)
59(3) = ;&Ie'(z @) === = f(2).

This trick will force us to be careful when studying the compatibility of K with
the operator 9 because, for a log form w, the definitions of K (w) and of K(dw)
use different kernels in the integral operators.

THEOREM 2.56. Let w € &% (D1(D2))gth(Az ). Then, we have

K (w) € E217 1Dy (Do))gun (Ager), and

Py (w) € 65 (D1(D2)) gt (A er)-

These operators satisfy

(i) If the form w does not contain any term with dz; for i > j, then K;w
and Pjw do not contain any term with dz; for i > j.

(ii) If w € ELUD1 (D)) (Ase), then

K¢ “(w) € 887Dy (Do))(Ag.e), and
P () € E2U(D1(D)) (A e):

(iii) In this case, OK; + K;0 + P; = id.

Proof. By lemmal[2.44 and the theorem of taking derivatives under the integral
sign, we have that K;(w) € &2 (D1 (Ds))ein(Aser), and it is clear that
P;(w) € E8YD1(D3))gth(Az ). Then, property (i) follows from the definition
and it is easy to see that, if dw, Gw, and 0w belong to & (D1(D2))gtn(As.e),
the same is true for OP;(w), OPj(w), and 00P;(w).

In the sequel of the proof, we will denote by E,, the divisor given by z,, = 0.
Assume now that 0w € &5 (D1(D2))gtn(Ay,). We will prove property (iii). We
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write

w= Z fraCrAndzy,

1,7

wi =Y frulrAdzy,
I,5eJ

Wy = Z f]JC]/\dZJ.
I,j&J

Recall that we have introduced the operator 5j in equation (2.37). We write

8,; =8 8;, and we decompose
OK;j(w) = 0K j(w1) = 0 K;(w1) + 0;K;(w1),
and
K;j(0w) = K;(0xjw1 + Ojw2)

The difficulty at this point is that, when k < j <[, the form w is log-log along
E; but, according to lemma [2.38, 5jw only needs to be log along E;, and the
integral operator K; for log-log forms may diverge when applied to log forms.
The key point is to observe that the extra hypothesis about dw allows us to
apply the operator K; to the differential forms 5‘¢jw1 and 5jw2 individually:
Fix I and J with j € J and m # j. We consider first the problematic case
k < j <. By lemma2.38, we have

_ {@@;;u)l U B (D2))gn(A,), ifk<m <1,

Omwr.J,, € ’ .

o Ex(D1(D2))gen (AL L), otherwise.

Therefore, if we denote by D’ the union of all the components of D different
from £, then

(02jw1)1,5 € Ex(D'(E;))gm (AL ).

Since, by hypothesis, (5(40)]’] € & (D1(D3))gtn(As,e) and (5jw2)[“] = (0w —
a¢jW1)[7J7 then
(0jw2)1,7 € EX(D'(E;))gm (AL ),

and we can apply the operator K; for log-log forms to the differential forms
5¢jw1 and g’ng individually. If j < k, then w is log along Ej; the same is true
for the differential forms 5‘¢jw1 and éng. But in this case the operator Kj is
the operator for log forms and can be applied to 5#(,«11 and 5jw2 individually.
The case j > [ is similar. Thus, we can write

Kj(0zjw1 + Ojwa) = K;(Dzjw1) + K;(0jw2).
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But by the theorem of taking derivatives under the integral sign, we now obtain
0K j(w1) + K;(9zw1) = 0.

By lemma|2.44, we have
8jKj(w1) = Wi,

and by the generalized Cauchy integral formula (lemma [2.43](ii)), we note

Kj(Ojws) = wy — Pj(w2) = wy — Pj(w).
Summing up, we obtain
0K (w) + K;(0w) = w — Pj(w). (2.57)

By and the fact that K;(0w), Pj(w) € &% (D1(Da))gin (A er), We obtain
that
0K ;j(w) € Ex(D1(D2))gin(As.er)-

Assume now that dw € &% (D1(D2))gtn(Ag,c). We fix I,J C {1,...,d}, with
jeJ. If j €1, then

OK;j(@)10;, = > 0nKj(wr,, ) = E; [ Y Omwr,.s | = K;((0w)1.0)-
m#j m#yj

Therefore, it belongs to &% (D1(D2))gm (AL ). If j € I, we write
OK;(@)1.0, = Y 0mKj(wr,, 1) + 0;K;(wr, 1) (2.58)
m#j
The theorem of taking derivatives under the integral sign implies for m # j
OmKj(wr,,.1) = —K;(Omwr,, 7).

Note that the term on the right hand side is well defined by lemma [2.38. We
first treat the case j < k. We have to be careful because the integral kernels
appearing in the expressions 0; K (wr;,7) and K;(0;wr,, s) are different in each
term.

Again by lemma
djwr;.1 € ExX(D1{D2))gin(A] -

Since, moreover, dw € &% (D1(D2))gm (AL ),

> O, = (Ow)r,g — Ojwi, g € E5(D1(Da))gn(AY ).
m#j
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Hence, by lemma 2.44

K| Y 0mwr,.s | € E%(D1(D2))an(AL,),
m#j

By the same lemma it follows that
0;K;j(wi,.1) € Ex(D1(Da))gm (AL ).

Now we treat the case j > k. In this case the expressions 9;K;(wr; s) and
K;(0jwr,,s) use the same integral kernel. By lemma/[2.43] (iii), we have

0;Kj(wr,,1) = —K;(0jwr; .5) + _1)#I+U(J’j)+o(1’j) fr,.7 dw CrAdzy;.
g\, J\GWI;, 2my/—1 R Ry j
Hence, we arrive at
O N1, = (s @)+ T [ AT ras,
’ ’ 21/ —1 v DT w =2 I

Thus, it belongs to &% (D1(D2))gm (AL ).
Finally, assume that dw, dw, 00w € &5 (D1(D2))gen (AL ). By equation (2.57),
we have

00K ;(w) = —0K;(0w) + 0w — OP;(w);

therefore, the result follows from the previous cases. O

2.5 GOOD FORMS.

In this section we recall the definition of good forms in the sense of [34]. We
introduce the complex of Poincaré singular forms that is contained in both, the
complex of good forms and the complex of log-log forms.

POINCARE GROWTH. Let X, D, U, and ¢ be as in definition [2.2.

DEFINITION 2.59. Let V be a coordinate neighborhood adapted to D. We say
that a smooth complex function f on V' \ D has Poincaré growth (along D), if
it is bounded. We say that it has Poincaré growth (along D) of infinite order,
if for all multi-indices o, 8 € Z<,

glel glbl 1

g gl (P10 20)| < am (200

The sheaf of differential forms on X with Poincaré growth (resp. of infinite
order) is the subalgebra of 1, &} generated, in each coordinate neighborhood V'
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adapted to D, by the functions with Poincaré growth (resp. of infinite order)
and the differentials

dZi dZZ- .
f =1,...,k
zilog(1/r;)” Zilog(1/r;)’ T e
dz;, dz;, fori=k+1,...,d.

GooD FORMS. We recall that a smooth form w on X \ D is good (along D),
if w and dw have Poincaré growth along D (see [34]). Observe that, since the
operator d is not bi-homogeneous, the sheaf of good forms is not bigraded.
Although good forms are very similar to pre-log-log forms, there is no inclusion
between both sheaves. Nevertheless, we have the following easy

LEMMA 2.61. Ifw is a good form of pure bidegree, then it is a pre-log-log form,
if and only if, 00w has log-log growth of order 0. |

POINCARE SINGULAR FORMS.

DEFINITION 2.62. We will say that w is Poincaré singular (along D), if w, dw,
Ow, and 00w have Poincaré growth of infinite order.

Note that the sheaf of Poincaré singular forms is contained in both, the sheaf
of good forms and the sheaf of log-log forms. Observe moreover that we cannot
expect to have a Poincaré lemma for the complex of Poincaré singular forms,
precisely due to the absence of the functions log(log(1/7;)).

FUNCTORIALITY. The complex of Poincaré singular forms share some of the
properties of the complex of log-log forms. For instance, we have the following
compatibility with respect to inverse images which is proven as in proposition
2.24.

PROPOSITION 2.63. Let f : X — Y be a morphism of complex manifolds
of dimension d and d'. Let Dx, Dy be normal crossing divisors on X, Y,
respectively, satisfying f~1(Dy) C Dx. If n is a Poincaré singular form on'Y,
then f*n is a Poincaré singular form on X. O

3 ARITHMETIC CHOW RINGS WITH LOG-LOG GROWTH CONDITIONS

In this section we use the theory of abstract cohomological arithmetic Chow
rings developed in [10] to obtain a theory of arithmetic Chow rings with log-
log forms. Since we have computed the cohomology of the complex of log-log
forms, we have a more precise knowledge of the size of these arithmetic Chow
rings than of the arithmetic Chow rings with pre-log-log forms considered in
[10].
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3.1 DOLBEAULT ALGEBRAS AND DELIGNE ALGEBRAS

In this section we recall the notion of Dolbeault algebra and the properties of
the associated Deligne algebra.

DOLBEAULT ALGEBRAS.

DEFINITION 3.1. A Dolbeault algebra A = (Ag,da,A) is a real differential
graded commutative algebra which is bounded from below and equipped with
a bigrading on A¢ := Ar ® C,

AR = @ AP,
pt+g=n
satisfying the following properties:

(i) The differential d4 can be decomposed as the sum of operators d4 = 940
of type (1,0), resp. (0,1).

(ii) It satisfies the symmetry property AP¢ = A%P where  denotes complex
conjugation.

(iii) The product induced on A¢ is compatible with the bigrading:
AP A AP C AP et
By abuse of notation, we will also denote by A* the complex differential graded
commutative algebra Ag.

NOTATION 3.2. Given a Dolbeault algebra A we will use the following notations.
The Hodge filtration F of A* is the decreasing filtration given by

FPAL = P av'n7
p’'Z>p
The filtration F is the complex conjugate of I, i.e.,
FPA» = FrAn,

For an element z € A, we write %7 for its component in A»7. For k, k' > 0,
we define an operator F** : A — A by the rule

Fk’kl(w) = Z bl

1>k 1>k

We note that the operator F*F i the projection of A* onto the subspace
FEA* AT A*. We will write FF = Fh—°,
We denote by AR (p) the subgroup (27i)?- A} C A", and we define the operator

mp A — Ar(p)

by setting m,(z) := & (x + (—1)PZ).
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THE DELIGNE COMPLEX.

DEFINITION 3.3. Let A be a Dolbeault algebra. Then, the Deligne complex
(D*(A,*),dp) associated to A is the graded complex given by

DA p) = {Aﬁ*(p — AP A i < 2p— 1

Ag(p) N FPPA™, if n>2p,

with differential given by (z € D"(A,p))

—Froptln=ptl g, g if n<2p—1,
dpz = { —200x, if n=2p-1,

THE DELIGNE ALGEBRA.

DEFINITION 3.4. Let A be a Dolbeault algebra. The Deligne algebra associated
to A is the Deligne complex D*(A, ) together with the graded commutative
product e : D*(A, p) x D™ (A, q) — D™ (A, p+ q), given by

ey =
(=1)"rp(x) ANy +x Arg(y), if n < 2p, m < 2q,
Fl=rl=r(z A y), if n <2p, m>2q,1<2r,
Fr(ry(x) Ay) +2m(0(x Ay) = H77), i n < 2p, m > 2¢, 1> 2r,
TNy, ifn>2p, m=>2q,

where we have written l =n+m, r =p+ ¢, and rp(z) = 2m,(FP da x).

SPECIFIC DEGREES. In the sequel we will be interested in some specific degrees,
where we can give simpler formulas. Namely, we consider

D (A,p) = A (p) N APP,
sz*l(A,p) — A]ffﬂ(p -1nN Apfl,pfl’
D¥2(A,p) = A2 3(p— 1) 1 (47271 @ AP—102),
The corresponding differentials are given by
dpr=dasx, if z € D?*P(A,p),
dp x = —200z, if z € D**71(A,p),
dp(z,y) = —0x — dy, if (x,y) € D*72(A,p).

Moreover, the product is given as follows: for x € D?P(A,p), y € D?4(A,q) or
y € D?171(A, q), we have

rey=1xAy,

DOCUMENTA MATHEMATICA 10 (2005) 619-716



ARITHMETIC CHARACTERISTIC CLASSES ... 657

and for z € D*~1(A,p), y € D*171(4,q), we have

rzey=—0rAy+0xAy+xAdy—axAdy.

DELIGNE COMPLEXES AND DELIGNE-BEILINSON COHOMOLOGY. The main
interest in Deligne complexes is expressed by the following theorem which is
proven in [8] in a particular case, although the proof is valid in general.

THEOREM 3.5. Let X be a complex algebraic manifold, X a smooth compact-
ification of X with D = X \ X a normal crossing divisor, and denote by
j: X — X the natural inclusion. Let o/* be a sheaf of Dolbeault algebras
over X such that, for every n,p the sheaves &/* and FPo/™ are acyclic, oy
is a multiplicative resolution of Rj.R and (&/*,F) is a multiplicative filtered
resolution of (%(log D), F'). Putting A* = (X, o*), we have a natural iso-
morphism of graded algebras

Hp(X,R(p)) = H*(D(A,p)).
]

NOTATION. In the sequel we will use the following notation. The sheaves of
differential forms will be denoted by the italic letter &, and the corresponding
spaces of global sections will be denoted by the same letter in roman typography
FE. For instance, we have

E?{<D1<D2>> = F(X» g§<D1<D2>>)-

LOGARITHMIC SINGULARITIES AT INFINITY Let X be a quasi-projective com-
plex manifold. Let Ejos(X) be the Dolbeault algebra of differential forms with
logarithmic singularities at infinity (see [10], §5). Recall that in [10], Eiog is
defined as the Zariski sheaf associated to the pre-sheaf Fj,,°, which associates
to any quasi-projective complex manifold X

Epy(X)° = lim B% (log D,,),

where the limit is taken over all possible compactifications X, of X with D, =
X, \X anormal crossing divisor. Nevertheless, the step of taking the associated
Zariski sheaf is not necessary by the following result. See [10], definition 3.1,
for the definition of a totally acyclic sheaf.

THEOREM 3.6. For every pair of integers p,q, the pre-sheaf Elpo’g" s a totally
acyclic sheaf.

Proof. Let U and V be two open subsets of X. We have to prove the exactness
of the sequence

0 — ERIUUV)° -2 ERIU)° @ ERAV)° -5 ERIUNV)° — 0.

log log log log
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The injectivity of ¢ and the fact that ¢ o ¢ = 0 are obvious.
PutY=X\Uand Z=X\V. Let mynyz: )NCYQZ — X be an embedded res-
olution of singularities of Y'N Z such that the strict transform of ¥, denoted by
Y, and the strict transform of Z, denoted by Z, do not meet. Let {ay 2,0z v
be a partition of unity subordinate to the open cover {X \ Z, X \ Y}. If

€ EpJ(UNV)°, then oy zw € EI(U)° and oz yw € EfJ(V)°. Therefore,
we get

w = 1/)(—UY,ZW, UZ,YW)7

which proves the surjectivity of .

Let now (w,n) € E{3d(U)° @ EJ (V) be such that ¢(w,n) = 0. Then, w and
n agree on U N'V. Therefore, they define a smooth form on U U V; by abuse
of notation, we denote it by w. The subtle point here is to know that, after
some blow-ups with centers contained in Y, w will have logarithmic singularities
along the exceptional divisor, and the same is true after some blow-ups with
centers contained in Z. We have to prove that w has logarithmic singularities
after blowing-up only centers contained in Y N Z.

To this end we need the following easy lemma, which follows from Hironaka’s
resolution of singularities.

LEMMA 3.7. Let X be a reqular variety over a_field of characteristic zero and
let C1 and Cy be two closed subsets. Let m : X — X be a proper birational
morphism, which is an isomorphism in the complement of C1UC5. Then, there

s a factorization
X,
AN
X, / X
X

where )N(l and )}2 are reqular varieties, m1 and Ty are proper birational mor-
phisms, m is an isomorphism over the complement of Cy and w2 _is an iso-
morphism over the complement of the strict transform of Cy in X1. More-
over, it is possible to choose the factorization in such a way that Wfl(C’l) and
(15 Lo 1) (Cy U Cy) are normal crossing divisors. O

Let mynyz : )?yﬁz — X be as before, and denote by Dy 7z the exceptional di-
visor. Since w € Elpo’g(U )°, there exists an embedded resolution of singularities

Xy of Y with exceptional divisor Dy, which we can assume to factor through a
proper birational morphism Xy — Xynz, and w € E%’q (log Dy). We apply
Y

the previous lemma to the morphism )?y — )~(yﬂ 7 and the closed subsets
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Dynz and Y. In this way we obtain a diagram

Xy

v/
XYﬁZ

/
Wx

Xynz

Xy

N/

In )?{,m 5 we denote by Y’ and by 7' the strict transforms of Y and Z , Tespec-
tively, and by Dy, the exceptional divisor. Now, since w € E{}(V)°, we can
repeat the process. There exists an embedded resolution of singularities X 7, of
Z in X with exceptional divisor D7, that factors through a proper birational
morphism X/, — X{ .. Then, w € E%Z (log D7,). We apply the previous
lemma to this last morphism and the closed subsets D}, and Z’ to obtain
the diagram

v
XZ

2l v/
XYﬁZ XZ

/N
N4

Xynz
In )Z'{ﬁﬁ » we denote by Y and Z" the strict transforms of Y and Z, respectively,
and by DY, the exceptional divisor. To conclude the proof of the theorem,
it is enough to show that
w € E2Y (log DY ry).

XYﬁZ
This condition can be checked locally.
If © & DY, by hypothesis, w, is the germ of a smooth form.
Assume now that « € DY, \ Z”. We write D’ and D’ for the preimages
of Z in X}, and X7, respectively. By construction, both are normal crossing
divisors. By hypothesis, w € E%’?(log D’). By the functoriality of logarithmic

singularities, w € E%’?, (log D7). Let W be a neighborhood of x, whose inter-

section with Z” is empty. Therefore, it is isomorphic to an open subset of X ”,
hence
wlw € T(W, 887 (log Dyryz)) = T(W, 88 (log D7)).

" 17
XYﬁZ XZ

Finally, if z € D}, N Z", we use a similar argument. O
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REMARK 3.8. The argument of the previous theorem applies also to the com-
plex Epwo(X) of [10], definition 7.16. Therefore, it that case, the morphism
between the pre-sheaf and the associated sheaf is an isomorphism. Observe
moreover that the same argument will apply to all the Zariski sheaves that we
will introduce in this paper.

THE DELIGNE COMPLEX WITH LOGARITHMIC SINGULARITIES. We will denote
Diog(X,p) = D" (Eiog(X), p)-
Then, theorem [3.5 implies that

H;D(Xv R(p)) = H*(Dlog(va))'
3.2 THE Djpg-COMPLEX OF LOG-LOG FORMS

Diog-COMPLEXES. Recall that, to define the arithmetic Chow groups of an
arithmetic variety X as in [10], we need first an auxiliary complex of graded
abelian sheaves on the Zariski site of smooth real schemes that satisfies Gillet
axioms. As in [10], we will use the complex of sheaves Dyog. This sheaf is given,
for any smooth real scheme Ug, by

Dlog(URap) = Dlog(UC7p)gv

where o is the involution that acts as complex conjugation on the space and
on the coefficients (see [10], §5.3).

Then, we need to choose a Djog-complex over Xg. That is, a complex Cx (*) of
graded abelian sheaves on the Zariski topology of X together with a morphism

DIO&XR — CXR

such that all the sheaves C%._(p) are totally acyclic (see [10], definitions 3.1 and
3.4). The Djog-complex C plays the role of the fiber over the archimedean places
of the arithmetic ring A. The aim of this section is to construct a Djoe-complex
by mixing log and log-log forms.

VARIETIES WITH A FIXED NORMAL CROSSING DIVISOR. We will follow the
notations of [10], §7.4, that we recall shortly. Let X be a complex algebraic
manifold of dimension d, and D a normal crossing divisor. We will denote by X
the pair (X, D). If W C X is an open subset, we will write W = (W, DNW).
In the sequel we will consider all operations adapted to the pair X. For instance,
if Y € X is a closed algebraic subset and W = X \ Y, then an embedded
resolution of singularities of Y in X is a proper modification 7 : X — X such
that 7| ) 7~} (W) — W is an isomorphism, and

1Y), = YD), 7 Y(Y UD)
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are normal crossing divisors on X. Using Hironaka’s theorem on the reso-
lution of singularities [25], one can see that such an embedded resolution of
singularities exists.

Analogously, a normal crossing compactification of X will be a smooth com-
pactification X such that the adherence D of D, the subsets By = X \ X and
B+ U D are normal crossing divisors.

LOGARITHMIC GROWTH ALONG INFINITY. Given a diagram of normal crossing
compactifications of X

/ 50
X ——X
X
with divisors B and By at infinity, respectively, proposition 2.40 gives rise
to an induced morphism

!/

" Ex(Bx(D)) — E3(Bx (D).

In order to have a complex that is independent of the choice of a particular
compactification we take the limit over all possible compactifications.

DEFINITION 3.9. Let X = (X, D) be as above. Then, we define the complex
Effu(i) of differential forms on X log along infinity and log-log along D as

Ein(X) = imT'(X, &(Bx(D))),

where the limit is taken over all normal crossing compactifications X of X.

A Dipe-COMPLEX. Let X be a smooth real variety and D a normal crossing
divisor defined over R; as before, we write X = (X, D). For any U C X, the
complex ETy (Ug) is a Dolbeault algebra with respect to the wedge product.

DEFINITION 3.10. For any Zariski open subset U C X, we put

Dfin,g(Uap) = (Dill,X(U,p)ad"D) = (D*(E\n(Uc),p)?,dp),

where the operator D is as in definition 3.4 and o is the involution that acts as
complex conjugation in the space and in the coeflicients (see [10], 5.55). When
the pair X is understood, we write Df, instead of D)) y. The complex Dfy
will be called the Diog-complex of log-log forms or just the complex of log-log
forms.

Then, the analogue of [10], theorem 7.18, holds.

THEOREM 3.11. The complex Dy x s a Digg-complex on X. Moreover, it is
a pseudo-associative and commutative Diog-algebra. (|
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THE COHOMOLOGY OF THE COMPLEX Dij x. The main advantage of the
complex Dy, x over the complex Dpye x of [10] is the following result that is a
consequence of theorem[2.42 and theorem 3.5 (see [10], theorem 5.19, and [8]).

THEOREM 3.12. The inclusion Diog,x — Dinx s a quasi-isomorphism.
Therefore, the hypercohomology over X of the complex of sheaves Dyy x, as
well as the cohomology of its complex of global sections, is naturally isomorphic
to the Deligne-Beilinson cohomology of X . |

3.3 PROPERTIES OF GREEN OBJECTS WITH VALUES IN D).

We start by noting that theorem together with [10], section 3, provides us
with a theory of Green objects with values in Dy x.

MIXED FORMS REPRESENTING THE CLASS OF A CYCLE. Since we know the
cohomology of the complex of mixed forms, we obtain the analogue of propo-
sition 5.48 in [10], which is more precise than the analogue of proposition 7.20
n [10]. In particular, we have

ProprosITION 3.13. Let X be a smooth real variety and D a normal crossing
divisor. Put X = (X, D). Let y be a p-codimensional cycle on X with support
Y. Then, we have that the class of the cycle (w,g) in H%ZI’_H’Y(X,p) s equal to
the class of y, if and only if '

—200[g]x = [w] — dy. (3.14)

Proof. The proof is completely analogous to the proof of [10], 5.48, using the-
orem 3.12 and lemma|2.41. O

INVERSE IMAGES.

ProPOSITION 3.15. Let f : X — Y be a morphism of smooth real vari-
eties, let Dx, Dy be normal crossing divisors on X, Y respectively, satisfying
f~YDy) € Dx. Put X = (X,Dx) and Y = (Y, Dy). Then, there erists a
contravariant f-morphism

f#:Diny — fDinx.

Proof. By proposition the pull-back of differential forms induces a mor-
phism of the corresponding Dolbeault algebras of mixed forms. This morphism
is compatible with the involution ¢. Thus, this morphism gives rise to an
induced morphism between the corresponding Deligne algebras. O

PuUsH-FORWARD. We will only state the most basic property concerning direct
images, which is necessary to define arithmetic degrees. Note however that
we expect that the complex of log-log forms will be useful in the study of non
smooth, proper, surjective morphisms. By proposition [2.26] we have
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PROPOSITION 3.16. Let X = (X, D) be a proper, smooth real variety with
fized normal crossing divisor D. Let f : X — Spec(R) denote the structural
morphism. Then, there exists a covariant f-morphism

J#  fxDinx — Diog,Spec(Rr)-
In particular, if X has dimension d, we obtain a well defined morphism

fu: H%’ifzdﬂ(X, d) — %lcg’zl(Spec(R), 1)=R.

Note that, by dimension reasons, we have Z%+1 = ), and

HZH2, 0 (X, d) = H*™(Dyy (X, d + 1) = HE (X, R(d+1).

772d+2
HDl,n’Zd+1
morphism fy mentioned above, is then given by

g(o,’g?)»%(o,ﬁ/xg).

3.4 ARITHMETIC CHOW RINGS WITH LOG-LOG FORMS

Thus, every element of (X, d) is represented by a pair g = (0,g). The

ARITHMETIC CHOW GROUPS. We are now in position to apply the machinery
of [10]. Let (A, X, F) be an arithmetic ring and let X be a regular arithmetic
variety over A. Let D be a fixed normal crossing divisor of Xy stable under
F. As in the previous section, we will denote by X the pair (Xg, D). The
natural inclusion Dyoe — Dy y1 induces a Digg-complex structure in Dyy;. Then,
(X,Din) is a Dig-arithmetic variety. Therefore, applying the theory of [10],
section 4, we define the arithmetic Chow groups CH' (X,D1n). These groups
will be called log-log arithmetic Chow groups.

EXACT SEQUENCES. We start the study of these arithmetic Chow groups by
writing the exact sequences of [10], theorem 4.13. Observe that, since we have
better control on the cohomology of D i, we obtain better results than in [10],
87.

THEOREM 3.17. The following sequences are exact:
CHP~1#(X) 2 DX (X, p) = CH' (X, Dyy) —— CHP(X) — 0,
(477“-")

CHP ™7 (X) 5 HPP ™ (Xa, R(p)) — CH' (X, Diy) 5

CHP(X) & ZDI (X, p) T8 HY (Xz, R(p)) — 0,

CHP~M7(X) 5 HP ™ (Xa, R(p)) — CH' (X, Dyy)o —— CHP(X)o — 0.
O
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MULTIPLICATIVE PROPERTIES. Since D) is a pseudo-associative and commu-
tative Digg-algebra, we have

THEOREM 3.18. The abelian group

CH (X, D)o = @ CH (X, D) @ Q
p=>0

s an associative and commutative Q-algebra with a unit. |

INVERSE IMAGES. By proposition 2.40, there are some cases, where we can
define the inverse image for the log-log arithmetic Chow groups.

THEOREM 3.19. Let f: X — Y be a morphism of arithmetic varieties over

A. Let E be a normal crossing divisor on Yg and D a normal crossing divisor
on Xg such that f~Y(E) C D. Write X = (Xg,D) and Y = (Yg,E). Then,
there is defined an inverse image morphism

f* : CH (Y, Dl,ll) i CH (X, Dl,ll)-
Moreover, it is a morphism of rings after tensoring with Q. O
PUSH-FORWARD. We will state only the consequence of the integrability of
log-log forms.

THEOREM 3.20. If X is projective over A, then there is a direct image mor-
phism of groups

——d+1 —1
f* : CH (X, DL]I) — CH (Spec A),
where d is the relative dimension of X. O
RELATIONSHIP WITH OTHER ARITHMETIC CHOW GROUPS. Since we know the

cohomology of the complex D)), we can make a comparison statement more
precise than in [10], theorem 6.23.

THEOREM 3.21. The structural morphism
Diog,x — Dinx
induces a morphism
—%

CH (X,Diog) — CH (X,Dypy)

that is compatible with inverse images, intersection products and arithmetic
degrees. If X is projective, the isomorphism between CH (X, Diog) and the
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arithmetic Chow groups defined by Gillet and Soulé (denoted by CH (X)) in-
duce morphisms
CH (X) — CH (X,Dyy) (3.22)

also compatible with inverse images, intersection products and arithmetic de-
grees. Moreover, if D is empty and X is projective, then the above morphisms
are isomorphisms. O

3.5  THE Dipg-COMPLEX OF LOG-LOG FORMS WITH ARBITRARY SINGULAR-
ITIES AT INFINITY

The arithmetic Chow groups defined by Gillet and Soulé for quasi-projective
varieties use differential forms with arbitrary singularities in the boundary.
Therefore, in order to be able to recover the arithmetic Chow groups of Gillet
and Soulé, we have to introduce another variant of arithmetic Chow groups,
where we allow the differential forms to have arbitrary singularities in certain
directions.

MIXING LOG, LOG-LOG AND ARBITRARY SINGULARITIES. Let X be a complex

algebraic manifold and D a fixed normal crossing divisor of X. We write
X =(X,D).

DEFINITION 3.23. For every Zariski open subset U of X, we write

Eﬁll,a,X(U) = h_H}F(Uv éaﬁ*<Bﬁ<5>>)a
U

where the limit is taken over all diagrams

U——>T7

N

such that 7 is an open immersion, [ is a proper morphism and By = U\ U,
D = 3~1(D), Bz U D are normal crossing divisors.

DEFINITION 3.24. Let X be a complex algebraic manifold and D a fixed normal
crossing divisor of X. We write X = (X, D) as before. For any Zariski open
subset U C X, we put

Dl*,ll,a,X(Uv P) = (Dl*,n,a,g(U’ p)7dD) = (D*(El,ll,a,ﬁ(UC)aP)vdD)~

If X is a smooth algebraic variety over R, and D, U are defined over R, we put

Dﬁll,a,K(U7p) = (Dﬁll,a,X(U’ p)7 dD) = (D*(ELH,&,K(UC)’]))J’ dD)?

where ¢ is as in section |3.2.
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Note that, when X is quasi-projective, the varieties U of definition are
not compactifications of U, but only partial compactifications. Therefore, the
sections of Djy, , v (U, p) have three different kinds of singularities. We can see
this more concretely as follows. Let ¥ be a closed subset of X with U = X \Y,
and let X be a smooth compactification of X with Z = X \ X. Let n be a
section of Dy, v (U, p). If we consider 7 as a singular form on X, then 7 is log
along Y (in the sense that it is log along a certain resolution of singularities
of Y), log-log along D and has arbitrary singularities along Z. Therefore, in
general, we have

Dl*,n,a,g(UvP) # ka,n,a,g(U, )-

Nevertheless, when X is clear from the context, we will drop it from the nota-
tion.

REMARK 3.25. If X is projective, the complexes of sheaves Df'y, , x and Dfy x
agree. In contrast, they do not agree, when X is quasi-projective. Note, more-
over, that, when X is quasi-projective, the complex Dy, , y does not com-
pute the Deligne-Beilinson cohomology of X, but a mixture between Deligne-
Beilinson cohomology and analytic Deligne cohomology. Nevertheless, as we
will see, the local nature of the purity property of Deligne-Beilinson cohomology
implies also a purity property for these complexes.

LOGARITHMIC SINGULARITIES AND BLOW-UPS. Let X be a complex manifold,
D C X a normal crossing divisor, and ¥ € X an e-codimensional smooth
subvariety such that the pair (D,Y) has normal crossings. Let 7 : X — X
be the blow-up of X along Y. Write D = 7~ (D) and ¥ = 7~ 1(Y). Let

1:Y — X and j: Y — X denote the inclusions, and let g : Y — Y denote
the induced morphism. Observe that g is a projective bundle.

PROPOSITION 3.26. Let p > 0 be an integer. Then, we have:

(i) If Y C D, then the morphism Q% (log D) — RW*Q%(log D) is a quasi-
isomorphism, i.e.,
.2 (log D)= 0% (log D), and
Rqﬂ'*Q% (log D) =0, for q > 0.
(i) If Y € D and e > 1, then
’/T*Q% (logDUY) = 0% (log D),
wa*Q%(logﬁ uY) =0, forq+#0,e —1, and
R Q8 (log DUY) =i (R 9.0 ' (log DNY))

4
X
> (W (logDNY)® Re—lg*ﬂg/ly).
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(iti) If Y € D and e = 1, then m = id, and there is a short exact sequence

0— Qf — Q% (logY) — i*QI;/_l — 0.

Proof. The third statement is standard; the first statement is [19], Proposition
4.4 (ii).

Using [19], Proposition 4.4 (i), the fact that i, is an exact functor and that g
is a projective bundle, we obtain

% (log D) = Q% (log D),
W*j*Qf;l(log DN }7) =] i*g*Qf;l(log DN }7)
=, 0 (logDNY),
Rm, Q% (log D) = R'(r 0 j). Q% (log DNY)
o~ g P DAY
=~ Z*ng*Q?(logD ny)

N {i*(Q’}’,q(logD NY)® R1g. Q% if 1 <g<e,

Y/Y)’
0, ifg>e.

Let (1) be the ideal sheaf of Y in X. We consider the exact sequence
= = o\ Res . — ~ e
0 — Q% (log D) — Q% (log DUY) == .02 (log DNY) — 0

and the corresponding long exact sequence obtained by applying the functor
Rm,. The connecting morphism of this long exact sequence

R .02 log DNY) 2 i () “(log DNY) @ Rq—lg*%‘/ly)

— R'm. Q% (log D) = i,(% (log DNY) ® R1g.0L )

can be identified with the product by c1(0'5(1)), which is an isomorphism for
0 < g < e—1. The result now follows from this exact sequence. O

This proposition has the following consequence.

COROLLARY 3.27. Let X be a complex algebraic manifold and Y a complex
subvariety of codimension e. Let X — X be an embedded resolution of singu-
larities of Y obtained as in [25]. Then, we have

(934 ifq=20
Rim, Q% (log D) = { X7 z.fq ’
X 0, fp<eor0<qg<e-—1.

Proof. According to [25], X is obtained by a series of elementary steps

X:)?N—>)’ZN,1—>...—>)?0:X,
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where X  is the blow-up of X r—1 along a smooth subvariety Wy _1, contained
in the strict transform of Y, therefore of codimension greater or equal than e.
Moreover, if Dy, is the union of exceptional divisors up to the step k, then the
pair (Dy, W) has normal crossings. The result follows by applying proposition
[3.26 to each blow-up. O

The following theorem implies in particular the weak purity condition for the
complex Dy q x-

THEOREM 3.28. Let X = (X, D) be as above. Let Y C X be a Zariski closed
subset of codimension greater or equal than p. Let ¢ be the number of connected
components of Y of codimension p. Then, the natural morphisms

Hp, . v(X,p) — Hy(X,R(p))
are isomorphisms for all integers n. Therefore, we have
Hp, .y (Xop) =0, forn <2p,
HE | (X,p) 2 R(p)".
Proof. We fix a diagram
U——>T
G
X

such that 7 is an open immersion, 3 is a proper morphism, and B = U \ U,
D = YD), BU D are normal crossing divisors. Hence, U is an embedded
resolution of singularities of Y. We assume moreover that U is obtained from
X as X is obtained from X in corollary

By theorem [2.42, the complexes Dfy , x(X,p) and Dy, x(U,p) are quasi-
isomorphic to the complexes D*(E%, p) and D* (E%(B),p), respectively.

By the definition of the Deligne complex and theorem 2.6.2 in [8], there are
quasi-isomorphisms

D*(Ex,p) — s (Exg(p) — Ex /FPEX)
D*(E#(B),p) — s (Ef(B)r(p) — Ef(B) [FPE(B)) .
By corollary [3.27 and theorem the natural morphism
EY |FPEY — E5(B) /FPE%(B>
is a quasi-isomorphism. Hence, the morphism
s (D*(Ex.p) = D*(Ef(B),p)) — s (Ex r(p) — EH(B)r(p))

is a quasi-isomorphism. Since the left hand complex computes H%L“’ayy(X ,D)
and the right hand complex computes H{: (X, R(p)), we obtain the first state-

ment of the theorem. The second statement follows form the purity of singular
cohomology. O
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Summing up the properties of the complex Dj 1,5 x, We obtain

THEOREM 3.29. The complex Dyja,x 5 a Digg-complex on X. Moreover, it
is a pseudo-associative and commutative Diog-algebra and satisfies the weak
purity condition (see [10], definition 3.1). O

3.6 ARITHMETIC CHOW RINGS WITH ARBITRARY SINGULARITIES AT INFIN-
ITY

Let A, X, D, and X be as at the beginning of section[3.4. Applying [10], section
4, we define the arithmetic Chow groups CH (X,Di1,a). Then, theorems(3.18,
[3.19, and [3.21 are also true for these groups. For theorem [3.20] to be true,
we need X to be projective, but in this case there is no difference between
Gﬁ* (X, DULa) and éﬁ* (X, Dl,ll)-

Since D 1,a,x satisfies the weak purity property, the analogue of theorem
reads as follows.

THEOREM 3.30. The following sequence is exact:
p—1,p P ~2p—1 a <3P ¢ p
CH (X) — Dina (X,p) — CH (X, Dypa) — CH?(X) — 0.
|

Another consequence of theorem[3.28 is the analogue of proposition(3.13] which
is proved in the same way.

PROPOSITION 3.31. Let X be a smooth real variety and D a normal crossing
divisor. Put X = (X, D). Let y be a p-codimensional cycle on X with support
Y. Then, the class of the cycle (w, g) in HlQ?I:,ll,a,Y(X’p) is equal to the class of
y, if and only if

—200[g]x = [w] — 0, (3.32)
O

From this proposition and theorem [3.30] we obtain the analogue of theorem
6.23 in [10]:

THEOREM 3.33. Let aﬁp(X) be the arithmetic Chow groups defined by Gillet
and Soulé. If D = (), the assignment

d—p+1[

[y7 (wy>§y)] = [ya 2(27”;) gy]X]

induces a well defined isomorphism
U : CH (X, Diy.) — CH (X),

which is compatible with products and pull-backs.
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REMARK 3.34. Note that, if f : X — Y is a proper morphism between
arithmetic varieties over A and such that fg : Xg — Yg is smooth, then
there is a covariant f-pseudo morphism (see [10], definition 3.71) that induces
a push-forward morphism

fu: CH (X, Dyna) — CH (Y, Dyna)-

This push-forward is compatible with the push-forward defined by Gillet and
Soulé.

REMARK 3.35. We can define Dy j,a,pre,x in the same way as Dy 1., x by replac-
ing pre-log and pre-log-log forms for log and log-log forms. We then obtain a
theory of arithmetic Chow groups éﬁp(X , D1 11,a,pre) With analogous properties.
Note however that since we have not established the weak purity property of
pre-log forms, we do not have the analogue of theorem [3.33.

4  BoTT-CHERN FORMS FOR LOG-SINGULAR HERMITIAN VECTOR BUNDLES

The arithmetic intersection theory of Gillet and Soulé is complemented by an
arithmetic K-theory and a theory of characteristic classes. A main ingredient
of the theory of arithmetic characteristic classes are the Chern forms and Bott-
Chern forms for hermitian vector bundles. In this section, after defining the
class of singular metrics considered in this paper, we will generalize the theory
of Chern forms and Bott-Chern forms to include this class of singular metrics.

4.1 CHERN FORMS FOR HERMITIAN METRICS

Here we recall the Chern-Weil theory of characteristic classes for hermitian
vector bundles. By a hermitian metric we will always mean a smooth hermitian
metric.

CHERN FORMS. Let B C R be a subring, let ¢ € BJ[T1,...,T,]] be any
symmetric power series in n variables, and let M, (C) be the algebra of n x n
complex matrices. For every k > 0, let ¢*) be the homogeneous component
of ¢ of degree k. We will denote also by ¢(*) : M, (C) — C the unique
polynomial map which is invariant under conjugation by GL,(C) and whose
value in the diagonal matrix diag(\y, ..., \n), i € C,is ) (A1,..., \,,). More
generally, if A is any B-algebra, ¢(*) defines a map ¢(*) : M,,(A) — A, and if
I C A is a nilpotent subalgebra, we can define ¢ =, ¢F) 2 M, (I) — A.
Let E = (E,h) be a hermitian vector bundle of rank n on a complex manifold
X. Let £ ={&,...,&} be a frame for F in an open subset V' C X. We denote
by h(€) = (hs;(§)) the matrix of h in the frame £. Let K (&) be the curvature
matrix K (&) = 9(0h(£)-h(€)™1). The Chern form associated to ¢ and E is the
form

¢(E) = ¢(—K(¢)) € Ey.
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Basic PROPERTIES. The following properties of the Chern forms are well
known.

THEOREM 4.1. (i) By the invariance of the ¢\¥), the Chern form ¢(E) is
independent of the choice of the frame . Therefore, it globalizes to a
differential form ¢(F) € E%.

(i) The Chern forms are closed.
(iii) The component ¢¥) belongs to D**(Ex, k) = E;k N Ef(kR(k)

(i) If Xgp = (X, F) is a real manifold, the vector bundle E is defined over
R, and the hermitian metric h is invariant under Fa, then ¢®) (E, h) €
D2k (Ex, k)7, where o is as in definition[3.10.

O

CHERN CLASSES. Since the Chern forms are closed, they represent cohomol-
ogy classes ¢(E) = [¢p(E,h)] € @, H**(D(Ex,k)). If X is projective, then
@D, H**(D(Ex,k)) = @, H¥(X,R(k)), hence we obtain classes in Deligne-
Beilinson cohomology

$(E) € @ HE (X, R(K)).
k

Note that, to simplify notations, the function ¢ will have different meanings
according to its arguments. For instance, ¢(E,h) = ¢(E) will mean the Chern
form that depends on the bundle and the metric, whereas ¢(E) will mean the
Chern class that depends only on the bundle.

When X is quasi-projective, by means of smooth at infinity hermitian metrics,
the Chern-Weil theory also allows us to construct Chern classes in Deligne-
Beilinson cohomology.

Let E be an algebraic vector bundle on the quasi-projective complex manifold
X. By [11], proposition 2.2, there exists a compactification X of X and a vector
bundle E on X such that E| x = E. Let h be a smooth hermitian metric on
E and let h be the induced metric on E. The hermitian metric h is said to be
smooth at infinity.

With these notation, we write

By [11], the class represented by ¢(FE, h) does not depend on the choice of X,
E, nor h.

Recall that there are Chern classes defined in the Chow ring ¢(E)cny € CH*(X);
they are compatible with the Chern classes in cohomology. More precisely, we
have
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PROPOSITION 4.2. The composition
CHY(X) % HE' (X R(K)) — H*"(D(Ex.k))
sends o) (E)cu to ¢ (E).
Proof. If X is projective, then HZF(X,R(k)) = H"*(X,C) n H*(X,R(k)).
Therefore, the result follows from the compatibility of Chern classes on the

Chow ring and on ordinary cohomology (see, e.g., [16], §19). If X is quasi-
projective, the result follows from the projective case by functoriality. O

4.2 BOTT-CHERN FORMS FOR HERMITIAN METRICS

Here we recall the theory of Bott-Chern forms. For more details we refer to
361, [11], [9].

BoT1T-CHERN FORMS. Let
£:0— (E',h) — (E,h) — (E",1") — 0

be a short exact sequence of hermitian vector bundles; by this we mean a short
exact sequence of vector bundles, where each vector bundle is equipped with
an arbitrarily chosen hermitian metric. Let ¢ be as in4.1 and assume FE has
rank n.

The Chern classes behave additively with respect to exact sequences, i.e.,

¢(E) = ¢(E' & E).

In general, this is not true for the Chern forms. This lack of additivity on the
level of Chern forms is measured by the Bott-Chern forms.

The fundamental result of the theory of Bott-Chern forms is the following
theorem (see [5], [2], [17]).

THEOREM 4.3. There is a unique way to attach to every sequence € as above,

a form ¢(&) in
P D> (Ex. k) = P D> (Ex, k)/Im(dp)
k k
satisfying the following properties
(i) dp §(€) = $(E' ® E", I & 1) = $(E, ).

(ii) f*&(z) = &(f*?), for every holomorphic map f: X — Y.
(1) If (E,h) = (E',}) é (E", 1), then $(€) = 0.
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There are different methods to construct Bott-Chern forms. We will introduce
a variant of the method used in [17] and that is the dual of the construction
used in [11].

THE FIRST TRANSGRESSION BUNDLE. Let O(1) be the dual of the tautological
line bundle of P! with the standard metric. If (x : y) are projective coordinates
of P{, then x and y are generating global sections of O(1) with norms

xTT

vy
and |ly||* =

|l? = ——— —
2T+ yy xZ +yy

Let
E:0— (E',h) — (E,h) — (E",h") — 0

be a short exact sequence of hermitian vector bundles such that A’ is induced
by h.

Let p1,p2, be the first and the second projection of X x IP’}C, respectively. We
write F(n) = pjE ® p5O(n). On this vector bundle we consider the metric
induced by h and the standard metric of O(n), and we denote by E(n) this
hermitian vector bundle. Analogously, we write E”(n) = pi E” ® p5O(n) and
denote by Fll(n) the corresponding hermitian vector bundle.

DEFINITION 4.4. The first transgression bundle tr1(€) is the kernel of the mor-
phism
EWaeE'(1) — E"(2)
(s,t) — SQr—tQy

with the induced metric.

Note that the definition of tr; (€) includes the metric; therefore, the expression
#(tr1(€)) means the Chern form of the hermitian vector bundle tr; (£) and not
its Chern class.

The key property of the first transgression bundle is the following. We denote

by ig and i the morphisms X — X x P! given by

ZO(p) = (p7 (O : 1))7
iso(p) = (p, (1:0)).

_ — 1
Then, ig(tr1(£)) is isometric to (E, h) and % (tr1(£)) is isometric to (E', h') @
(E//’ h//>.

THE CONSTRUCTION OF BOTT-CHERN FORMS. Let ¢ = z/y be the absolute
coordinate of P!. Let us consider the current W; = [—% log(tt_)] on P! given
by

1

Wil = |~ o) () = 51 [ Zios(en.
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By the Poincaré Lelong equation
= 1

DEFINITION 4.6. Let X be a complex manifold, £ an exact sequence of hermi-
tian vector bundles

£:0— (E',1) — (E,h) — (E",1h") — 0,

such that the metric h' is induced by the metric h. The Bott-Chern form
associated to the exact sequence & is the differential form over X given by

H(E) = Wi (6(1 (@) = — o [ ot (@)

— log(tt).
21 Pl Og( _)

N~

Note that we use also the letter ¢ to denote the Bott-Chern form associated to a
power series ¢ because the meaning of ¢(€) is determined again by the argument
&, which, in this case, is an exact sequence of hermitian vector bundles.

DEFINITION 4.7. If € is an exact sequence as above, but such that A’ is not the
metric induced by h, then we consider the exact sequences

ME:0— (E', 1) — (E,h) — (E",h") — 0,
where A’ is the hermitian metric induced by h, and
NE:0—0— (EEQE W&k — (B ®E" N &h'") — 0.
The Bott-Chern form associated to the exact sequence & is

$(E) = o(N'E) + H(NE).

PROPOSITION 4.8. If€ is an exact sequence as above with h' induced by h, then
the Bott-Chern forms obtained from definition[4.6) and definition|4.7 agree.

Proof. In this case we have ALE = €. Thus, we have to show that ¢(\2€) = 0.
But tr;(A3(€)) is the bundle p;(E’ & E”) with the hermitian metric A’ & h”,
which does not depend on the coordinate of P'. Therefore, we have

_ 1 1
d(NE)=—— | H(E ®E" N oh")=log(tt) = 0.
271 Pl 2

O

It is easy to see that the forms ¢(€) belong to @, D*~1(Ex, k). We will
denote by ¢(€) the class of ¢(€) in the group

P D> (Ex, k) = @ D* ! (Ex, k)/Im(dp).

k k
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PRrROPOSITION 4.9. The classes 5(3) satisfy the properties of theorem[4.3.

Proof. The first property follows from the Poincaré lemma (see, e.g., [36]).
The second property is clear, because all the ingredients of the construction
are functorial. We prove the third property. If £ is a split exact sequence with

i
(E,h) = (E',h')® (E”,h”) and the obvious morphisms, then
tr (&) =EFE (1)@ E (0)

Kith the induced metrics. Let w be the first Chern form of the line bundle
Op1(1). Then, we find

$(E' (1) @ E"(0)) = pi(a) + p}(b) A p3(w),

where a and b are suitable forms on X. Now we get

o) = 5 [ 610+ 51(0) A p3w) 5 os(eD)
1 1 1 w

O

CHANGE OF METRICS. Of particular importance is the Bott-Chern form asso-
ciated to a change of hermitian metrics. Let E be a holomorphic vector bundle
of rank n with two hermitian metrics h and h'. We denote by tri(E, h, h’) the
first transgression bundle associated to the short exact sequence
0—0— (E,h) — (E,h) — 0.
Explicitly, trq (F, h, h') is isomorphic to pf E with the embedding
PE — E1)eE 1)
s — (s®y,s®a);

here E = (E, h) and E = (E,n). Therefore, if £ is a local frame for E on an
open set U, it determines a local frame for tr(E, h,h'), also denoted by £, on
U x P!, In this frame the metric is given by the matrix

yyh(§) + =k ()
TT + Yy
DEFINITION 4.11. Let X be a complex manifold, E' be a complex vector bundle
of rank n, h, b/ two hermitian metrics on E, and ¢ as in section (4.1l The Bott-
Chern form associated to the change of metric (E, h, h’) is the Bott-Chern form
associated to the short exact sequence
0—0— (E,h) — (E,)) — 0.

We will denote this form by ¢(FE, h, h’) or, if E is understood, by ¢(h,h’). This
form satisfies

. (4.10)
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4.3 ITERATED BOTT-CHERN FORMS FOR HERMITIAN METRICS

The theory of Bott-Chern forms can be iterated defining higher Bott-Chern
forms for exact k-cubes of hermitian vector bundles. This theory provides
explicit representatives of characteristic classes for higher K-theory (see [11],

19])-

EXACT SQUARES. Let (—1,0,1) be the category associated to the ordered set
{~1,0,1}.

DEFINITION 4.13. A square of vector bundles over X is a functor from the
category (—1,0,1)? to the category of vector bundles over X. Given a square
of vector bundles F and numbers i € {1,2}, j € {—1,0,1}, then the (4, j)-face
of F, denoted by 9! F, is the sequence

8{}' . fj’71 — ]:j,O — ‘7‘—]‘,1,
8%.7: : .7:_1,]‘ — .7:07j —_— .7:17]'.

A square of vector bundles is called exact, if all the faces are short exact se-
quences. A hermitian exact square F is an exact square F such that the vector
bundles F; ; are equipped with arbitrarily chosen hermitian metrics. If F is
a hermitian exact square, then the faces of F are equipped with the induced
hermitian metrics. The reader is referred to [11] for the definition of exact
n-cubes.

Let ¢ be as before and let F be a hermitian exact square of vector bundles over
X such that Fp o has rank n. Then, the form

(O F @ 01 F) — (O F) — ¢(0; ' F @ 03 F) + ¢(9F)

is closed in the complex P, D*(Ex,p). The iterated Bott-Chern form is a
differential form

$(F) € D> *(Ex,p)

p

satisfying

dp ¢(F) = 6(0r ' F © 0 F) = d(OVF) = 6(0; ' F @ 0, F) + $(05F).

THE SECOND TRANSGRESSION BUNDLE.

DEFINITION 4.14. Let F be a hermitian exact square such that for j = —1,0, 1,
the hermitian metrics of the vector bundles F; 1 and F_; ; are induced by
the metrics of F;o and Fo j, respectively. The second transgression bundle
associated to F is the hermitian vector bundle on X x P! x P! given by

tro(F) = try (tr1(05 ' F) — tr1(5F) — tr1(03F)) .
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The second transgression bundle satisfies

tra (F)| x xpr x(0:1) = tr1(95F),
_ L _
tr2(F) [ xxpr x(1:0) = tr1(95 ' F) @ tr1(9F), (4.15)
tr2(?)|X><(0 1)xPpt = try (07 F),
_ 1 _
tr2(F)| xx (1:0)xpr = tr1(9y 'F) @ try (9] F).

THE SECOND WANG CURRENT. On P! x P! we put homogeneous coordinates
(1 : 1), (x2 1 y2)); let ty = 21 /y1 and t2 = 29 /Y.

DEFINITION 4.16. The second Wang current is the current on P! x P! given by

1 _ . [dt dt dt dt
W2 = Z [10g(t1t1) <—2 — —2) log(tztg) ( L —1>:| .

ta to tq ty

Observe that Wy € DQ(DE"H,)I)27 2), where DE"]P}I)2 is the Dolbeault complex of
currents on P! x P!. Moreover, we can write

Wy = [(—%log(t1t1)> . (—%log(tgtg))} , (4.17)

where e is the product in the Deligne complex (see definition [3.4).
For p = (z¢ : yo) € P!, i = 1,2, let ¢;, : P! — P! x P! be the inclusion given
by

tp(@:y) = (20 :y0) X (z:y),

t2p(z:y) = (2 :y) x (w0 : yo)-

PROPOSITION 4.18. We have the equality
dp Wa = (t1,(1:0))+ W1 — (t1,00:1))« W1 — (t2,(1:0))« W1 + (22,(0:1) )« W1

Proof. This proposition follows easily from a residue computation. Formally,
we can interpret it as the Leibniz rule for the Deligne complex and equations

(4.5), (4.17). O

THE ITERATED BOTT-CHERN FORM.

DEFINITION 4.19. Let F be a hermitian exact square satisfying the condition of
definition[4.14] The iterated Bott-Chern form associated to F is the differential
form given by

OF) = Walo(P) =g [, oltra) nlostni) (2 - 22 ) -

! F f. dtl dtl
(4mi)2 /}Plxp1 o(tra(F)) Alog(tats) (T _ T)
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When z does not satisfy the condition of definition we proceed as follows.
Let )\f]-', 1=1,2, k=1,2, be the hermitian exact square determined by

NONF) = 0[F)  (1=-1,0,1);
here \¥(-) is as in definition[4.7|

DEFINITION 4.20. Let F be a hermitian exact square. Then, the iterated Boti-
Chern form associated to F is the differential form given by

O(F) = d(MAF) + (AIASF) + d(AALTF) + d(ATASF).

As in the case of exact sequences, if F satisfies the condition of definition [4.14,
then the iterated Bott-Chern forms obtained by means of definition [4.19 and
definition agree.

THEOREM 4.21. The second iterated Bott-Chern form satisfies
dp §(F) = ¢(0r ' F & O F) — 6(NF) — ¢(0, ' F & 0, F) + (0, F).
Proof. This follows from (4.15) and proposition [4.18. O

THE CASE OF THREE DIFFERENT METRICS. Let X be a complex manifold, F
a holomorphic vector bundle on X and &, i/, " smooth hermitian metrics on
E. We will denote by F(E, h,h', h’) the hermitian exact square

0 —— 0
I I I
0 —— (E,h) —— (E,h")

l ! !

0 —— (E,0) —— (E,1")

- 0

where the faces & are the rows and the faces @) are the columns. As a

shorthand, we will denote the hermitian vector bundle tro(F(E, h, k', h")) by
tro(E, b, b/, h'"), or simply by tro(h, b/, h"), if E is understood.

DEFINITION 4.22. The iterated Bott-Chern form associated to the metrics h,
h', b is the differential form given by

¢(E, h,h' h") = ¢(F(E, h,h',h")).
ProPOSITION 4.23. The iterated Bott-Chern form satisfies
dp ¢(E, h, W' ") = ¢(E, h,h') + ¢(E, W', h") + ¢(E, h", h).
Proof. By theorem [4.21, we have
dp ¢(E,h, b/, 0'") = ¢(E, W' ") — ¢(E,h,h") — ¢(E,R" ,h") + ¢(E, h, h').

A direct computation shows that ¢(E,h"”,h”) = 0 and that ¢(E,h,h")
—¢(E,h", k), which implies the result.

o
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4.4 CHERN FORMS FOR SINGULAR HERMITIAN METRICS

There are various successful concepts of singular metrics in Arithmetic and
Diophantine Geometry, see [3|, [14], [33], and [34]. For our purposes the most
important are: Faltings’s notion of a metric with logarithmic singularities along
a divisors with normal crossings (see [14]) and Mumford’s notion of a good
metric (see [34]). Both concepts have in common nature that automorphic
vector bundles (equipped with their natural metrics) have the required local
behavior. And, in fact, the application to automorphic vector bundles was the
driving motivation to establish these definitions. For our purposes we will need
a more precise description of the kind of metrics that appear when studying
automorphic vector bundles.

FALTINGS’S LOGARITHMIC SINGULAR METRIC. Let X be a complex manifold
and let D be a normal crossing divisor. Put U = X\ D, and let j : U — X
be the inclusion. Let L be a line bundle on X and Lg the restriction to U.
A smooth metric h on Lg is said to have logarithmic singularities along D, if|
for any coordinate open subset V' adapted to D and every non vanishing local
section s, there exists a number N € N such that

N
max{h(s), h " (s)} < ‘jﬁ%{l’k{logrﬂ}’ . (4.24)

Observe that this definition does not give any information on the behavior of
the Chern form associated to the metric.

GOOD METRICS IN THE SENSE OF MUMFORD. We recall the notion of a good
metric in the sense of Mumford, see [34].

DEFINITION 4.25. Let E be a rank n vector bundle on X and Fjy the restriction
to U. A smooth metric h on Fjy is said to be good on X, if, for all x € D, there
exist a neighborhood V adapted D and a holomorphic frame & = {e1,...,e,}
such that, writing h(£);; = h(e;, e;), we have:

N
(i) |h(€)sj], det(h)~t < (Hlelog(ri)) for some N € N.

(ii) The 1-forms (Oh(£) - h(€)™!),; are good.

A vector bundle provided with a good hermitian metric will be called a good
hermitian vector bundle.

LEMMA 4.26. If (E,h) is a good hermitian vector bundle, then the 1-forms
(OR(&) - h(&)™Y)i; are pre-log-log forms.

Proof. Since a differential form with Poincaré growth has log-log growth (see

[10], §7.1), we have that (Oh() - h(£)™1)i; and d(Oh(E) - h(€)~1);; have log-log
growth. Since the condition of having log-log growth is bihomogeneous and
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)-h(&)~ )” has pure bidegree (1,0), we have that (Oh(£) - h(£)~1);; and
€) - h(€)71)i; have log-log growth. Finally, since

O(Oh(&) - h(§)™") = On(E) - (&)~ A OR(E) - (€)™,
the form 99(Oh(€) - h(€)~1);,; also has log-log growth. O

(e
oh

23

A fundamental property of the concept of good metrics is the following result
of Mumford, see [34].

PROPOSITION 4.27. Let X, D, and U be as before.

(i) Let (Eo,h) be a vector bundle over U. Then, it has at most one extension
to a vector bundle E to X such that h is good along D.

(i) If (E,h) is a good hermitian vector bundle, then, for any power series
@, the Chern form ¢(E,h) is good. Moreover, its associated current
[(é(’“) (E, h)}X represents the Chern class ¢(FE) of E. O

GOOD METRICS OF INFINITE ORDER. Note that with the concept of good
metric we have control on the local behavior of the Chern forms and of the
cohomology class represented by its associated currents. As we will see later,
we can also control the local behavior of the Bott-Chern forms. In order to
have control on the cohomology classes represented by the Chern forms we
need a slightly stronger definition, that is the analogue of our definition [2.62]
of Poincaré singular forms.

DEFINITION 4.28. Let X, D, and U be as before. Let E be a rank n vector
bundle on X and let Ey be the restriction of E to U. A smooth metric on Ej
is said to be good of infinite order (along D), if, for every x € D, there exist a
trivializing open coordinate neighborhood V adapted to D and a holomorphic
frame £ = {e1, ..., ey} such that, writing h(£);; = h(e;, e;), we have:

(i) The functions h();;, det(h(£))~! belong to I'(V, &% (D)).
(ii) The 1-forms (9h() - h(€)™1);; are Poincaré singular.

A vector bundle equipped with a good hermitian metric of infinite order will
be called a co-good hermitian vector bundle.

LOG-SINGULAR HERMITIAN METRICS. Although the hermitian metrics we are
interested in, the automorphic hermitian metrics, are co-good, we will consider
a slightly bigger set of singular metrics, the log-singular metrics, for which we
will be able to define arithmetic characteristic classes.

DEFINITION 4.29. Let X, D, and U be as before. Let E be a rank n vector
bundle on X and let Eg be the restriction of £ to U. A smooth metric on
Ey is said to be log-singular (along D), if, for every & € D, there exist a
trivializing open coordinate neighborhood V' adapted to D and a holomorphic
frame £ = {eq,..., ey} such that, writing h(£);; = h(e;, e;), we have
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(i) The functions h();;, det(h(£))~! belong to I'(V, &% (D)).
(ii) The 1-forms (9h(€) - B(€)~1); belong to T(V, &x° ((D))).

A vector bundle equipped with a log-singular hermitian metric will be called a
log-singular hermitian vector bundle.

Note that, if a smooth metric on Ej is log-singular, then the conditions of
definition |4.29] are satisfied in every holomorphic frame in every trivializing
open coordinate neighborhood V adapted to D.

REMARK 4.30. By the very definition of log-singular metrics, the Chern forms
#(E,h) belong to the group ©xD?**(Ex{((D)), k), if (E,h) is a log-singular
hermitian vector bundle. Moreover, as we will see in proposition[4.61, the form
®(E, h) represents the Chern class ¢(F) in Hy (X, R(x)).

BASIC PROPERTIES OF LOG-SINGULAR HERMITIAN METRICS. The following
properties are easily verified.

PROPOSITION 4.31. Let X, D, and U be as before. Let E and F be vector
bundles on X, and let Ey and Fy be their restrictions to U. Let hﬂ and hr be
smooth hermitian metrics on Ey and Fy. Write E = (E,hg) and F = (F,hp).

1
(i) The hermitian vector bundle E & F' is log-singular along D, if and only
if, E and F are log-singular along D.

(ii) If E and F are log-singular along D, then the tensor product E ® F, the
exterior and symmetric powers A"E, STE, the dual bundle FV, and the
bundle of homomorphisms Hom(E, F), with their induced metrics, are
log-singular along D.

O

REMARK 4.32. Note however that the condition of being log-singular is not
stable under taking general quotients and subbundles. That is, if (E,h) is a
hermitian vector bundle, log-singular along a normal crossing divisor D, and
E’ is a subbundle or a quotient bundle, then the induced metric on E’ need
not be log-singular along D. For instance, let X = A% with coordinates (¢, 2).
Let £ = Ox @ Ox be the trivial rank two vector bundle with hermitian metric
given, in the frame {ej,es}, by the matrix

H= ((log(l/OzI))‘1 (D , (4.33)

This hermitian metric is log-singular along the divisor D = {z = 0}. But the
subbundle generated by the section e; + tes with the induced metric does not
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satisfy the second condition of definition[4.29l Namely, let h(t, z) = ||e; +tea]|?.
Then, we find

h(t, z) = tt + (log(1/|2])) .

tdt dz
O/ = i log (1IN ™ =(log(1/ D)2 (@ + Gog(1/1) )"

But the function ¢/(tt + (log(1/|2]))~!) is not log-log along D, as can be seen
by considering the set of points

t = +/(log(1/]2]))~".

In this concrete case, the induced metric is not far from being log-singular: If
X is the blow-up of X along the point (0,0) and D is the pre-image of D, then
the metric h is log-singular along D. See also proposition [4.59 for a related
example.

REMARK 4.34. The condition of being log-singular is also not stable under
extensions. That is, let

0— (E',h) — (E,h) — (E",h") — 0

be a short exact sequence with A’ and h” the hermitian metrics induced by h.
If b’ and h" are log-singular, then h need not be log-singular.

FUNCTORIALITY OF LOG-SINGULAR METRICS. The following result is a direct
consequence of the definition and the functoriality of log forms and log-log
forms.

PROPOSITION 4.35. Let X, X' be complex manifolds and let D, D’ be normal
crossing divisors of X, X', respectively. If f : X' — X is a holomorphic map
such that f=1(D) C D' and (E, h) is a log-singular hermitian vector bundle on
X, then (f*E, f*h) is a log-singular hermitian vector bundle on X'. O

4.5 BOTT-CHERN FORMS FOR SINGULAR HERMITIAN METRICS

BoTT-CHERN FORMS FOR LOG-SINGULAR HERMITIAN METRICS. In order to
define characteristic classes of log-singular hermitian metrics with values in the
log-log arithmetic Chow groups, we have to show that the Bott-Chern forms
associated to a change of metric between a smooth metric and a log-singular
metric is a log-log form. By the proof of the next theorem, it is clear that, even
if we restrict ourselves to co-good hermitian metrics, the Bott-Chern forms are
not necessarily Poincaré singular, but log-log. Therefore, the log-log forms are
an essential ingredient of the theory and not only a technical addition to have
the Poincaré lemma.
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THEOREM 4.36. Let X be a complex manifold and let D be a normal crossing
divisor. Put U = X \ D. Let E be a vector bundle on X.

(i) If h is a smooth hermitian metric on E and h' is a smooth hermitian
metric on E|y, which is log-singular along D, then the Bott-Chern form
B(E, h, k') belongs to the group @, D* 1 (Ex((< D)), k).

(i) If h and b’ are smooth hermitian metrics on E and h" is a smooth hermi-
tian metric on E|y, which is log-singular along D, the iterated Bott-Chern
form ¢(E,h,h', k") belongs to the group @, D2F=2(Ex (D)), k).

Proof. Let V be a trivializing coordinate subset adapted to D with coordinates
(21,...,2q). Thus, D has equation z; - - - z; = 0; we put r; = |2;|. We may also
assume that V' is contained in a compact subset of X. Let £ = {e;} be a local
holomorphic frame for E. Let g be the hermitian metric of try (E, h, h’). Since
the vector bundle trq (E, h, ') is isomorphic to piE, the holomorphic frame &
induces a holomorphic frame (also denoted by &) of try(E, h, h').

For the rest of the proof the frame ¢ will be fixed. Therefore, we drop it from
the notation and we write

H = h(§), Hij = h(§)ij = h(ei, €)).

We use the same notation for the metrics i’/ and g.
Let (z : y) be homogeneous coordinates of P*. Write t = x/y. We decompose
P! into two closed sets

Py ={(z:y) €P' ||z 2 |y} and PL = {(z:y) € P' [ ]a] < |y[}-

Then, we write
¢(ha h/) = ¢+(ha h/) +¢- (hv hl)a

with
1

hh') = —

o(tr1 (. 1)) log(t). (4.37)
We first show that the form ¢_(h, h’) is log-log along D. One technical difficulty
that we have to solve at this point is that the differential form ¢(tri(h, k")) is, in
general, not a log-log form along D x P!, because the vector bundle try(h, ')
need not be log-singular along D x P!. This is the reason why we have to
introduce a new class of singular functions.

DEFINITION 4.38. For any pair of subsets I, J C {1,...,d} and integers n, K >
0, we say that a smooth complex function f on (V \ D) x P! has singularities
of type (n,a, B) of order K if there is an integer N > 0 such that, for any pair
of multi-indices «, 8 € Z‘io and integers a,b > 0 with |a + 8| +a+b < K, it
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holds the estimate

n+a+b
glal glol ga gb ( )‘ 1

— ———=f(z1,..., 24, )| < ’
920 928 ot ot It + (T2, log(1/r;))—N

& N
T log(log(1/r:))|
(T Fat B (1og(1 /7)) (0T )EE

We say that f has singularities of type (n,«,3) of infinite order, if it has
singularities of type (n,«, ) of order K for all K > 0.

The singularities of the differential form ¢(trq(h,R’)) are controlled by the
following result.

LEMMA 4.39. Let
$(trr(h, b)) = > frrapdz' AdZI AdtEAdD
0<a,b<1
1,J

be the decomposition of ¢(tr1(h,h')) into monomials over V x PL. Then, the
function fr jqp has singularities of type (a + b, I, J) of infinite order.

Proof. On V x P! | the matrix of g in the holomorphic frame ¢ is

1 _
=— (H+ttH.
1+w( + )

We write Gy = H + tt H'. The differential form ¢(tri(h,h’)) is a polynomial
in the entries of the matrix 9(0GG~1). Since

—tdt

0GG™! = =
1+t

id +0G,GT !,

and the first summand of the right term is smooth, we are led to study the
singularities of the matrices GG " and (OG1GT"). This will be done in the
subsequent lemmas.

We write Go = (H'~! + ttH!). The following lemma is easy.

LEMMA 4.40. The matrices H, H', G1 and G4 satisfy the rules

(1) HGy' =Gy H'™, (2) Gy 'H = H'™'Gy Y,
(3) HG' =Gy 'H™, (4) GT'H' = H'Gy "

]

In order to bound the entries of GG} ' and the other matrices, we need the
following estimates.
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LEMMA 4.41. (i) The entries of the matriz G1_1 are bounded. In particular,
they have singularities of type (0,0,0) of order 0.

(ii) The entries of the matriz G5 ' have singularities of type (2,0, 0) of order 0.
Therefore, the entries of the matrices tGQ_1 and fG;l have singularities
of type (1,0,0) of order 0 and the entries of the matriz tt G5 * are bounded.

Proof. Let H =TT be the Cholesky decomposition of H, where (¢)* denotes
conjugate-transpose. Since H is smooth, the same is true for 7. We can write
Gl =T 'Gd+t(T~HtTH'T-H)" (T~ H)T.

But for any symmetric definite positive matrix A, the entries of (id+A4)~!
have absolute value less that one. Therefore, the entries of the matrix G] ' are
bounded. This proves the first statement.

To prove the second statement, we write

Gyl =TH(TH 'TT +ttid)~'T.
By the first condition of a log-singular metric, we can decompose
TH'-'Tt* =U*DU

with U unitary and D diagonal with all the diagonal elements bounded from
above by (Hf:1 log(1/r;))" and bounded from below by (Hf:1 log(1/r;))~N
for some integer N. Then, we find

Gyl = (UT)N (D +ttid)~ (UT).

Now the lemma follows from the fact that the norm of any entry of a unitary
matrix is less or equal than one. O

The remainder of the proof of lemma/[4.39 is based on lemma [4.41]

LEMMA 4.42. Let Z¢[7J,a7bdzl AdzT A dt* A dE be the decomposition
into monomials of an entry of any of the matrices 0G1G7"', d(0G1G1),
a(aalel), and 85(86’16‘;1). Then, 1. jqb has singularities of type (a +
b,I,J) of order 0.

Proof. We start with the entries of BGlel. Using lemma [4.40] we have
OGLGTr = 0HGT! +#dtH'GT! + tHoH' G
=OHG{' + (tdt + ttoH'H' "Gy H™L. (4.43)
Therefore, the bound of the entries of 8G1G1_1 follows from lemma [4.41) and
the fact that A’ is log-singular.
The bound of the entries of (GG ") follows from the previous case and the

formula
2(0G1GTY) = 0G1GTH A OGL G (4.44)
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Before bounding d(0G1G1 '), we compute

Gy = -Gy '0G\Gy ' = —(0G G ey
and

oGy = —G5 110G, Gyt
= -Gy YOH' 7' +tdtH ' +ttOH )Gy "
=Gy 'H'POH'H' 7'Gy — Gy (tdtH ™ + ttoH )Gyt
=Gy ' OH'H' ") G 'H — Gy (tdtH ! + tt0H )Gyt

Therefore, we get

(0G,1GT ") =00HG T + 0H A (0G1G ) TGT?
+o(tdt +ttoH' H' )Gy H™!
— (tdt+toH'H'"HG; ' A (0H'H' =) TGt
+ (tdt + ttOH'H' )G A (tdtH ! +ttOH Gy ' H?
— (tdt+tHOH'H'"HG; ' ANOH . (4.45)

Thus, the bound for the entries of (GG ") follows again by lemma/4.41 and
the assumptions on H and H'.

Finally, the case of 99(0G1G1 ") follows from the formula
D0(0G,G) = —9(0G1G1) AN OG1GTY +0G1GTH ANO(OGLGy).  (4.46)

O

As a direct consequence of the previous lemma, we obtain that the functions
f1.7.0,6 of lemmal[4.39 have singularities of type (a+0b,I,J) of order 0. But we
have to show that they have singularities of type (a + b, I, J) of infinite order.
Thus, we have to bound all of their derivatives. As before, it is enough to bound
the derivatives of the components of the entries of the matrix d(0G1G; ). By
the formulas (4.43) and (4.45), it is enough to bound the derivatives of the
entries of the matrices G;* and G5'. The idea to accomplish this task is to
use induction, because the derivatives of these matrices can be written in terms
of the same matrices and the derivatives of H and H’, which we can control.
The inductive step is provided by the next lemmas.

LEMMA 4.47. If the entries of the matrices Gfl and G;l have singularities of
type (0,0,0) and (2,0,0), respectively, of order K, then, for everyi=1,...,d,
the entries of %Glel have singularities of type (0,{i},0) of order K and
the entries of %Glel have singularities of type (1,0,0) of order K.
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Proof. The result is a consequence of the formulas

0 -1 0 -1 I 0 1/ —1 —1gr—1

— = H tt| —H'H H 4.4

aziGlGl I G+ ( 77 G, ; (4.48)

%Glel =tdtGy*H™!, (4.49)
which follow from equation (4.43). O

LEMMA 4.50. If the entries of the matriz Gl_l have singularities of type (0,0, 0)
of order K for alli =1,...,d, the entries of the matriz %Glel have sin-
gularities of type (0,{i},0) of order K, and the entries of the matriz %Glel
have singularities of type (1,0,0) of order K, then the entries of the matrix
G1' have singularities of type (0,0,0) of order K + 1.

Proof. The result follows from formulas

o . ) _ o . ) N\
a—ZiGllz—G11<a—ZiG1G11>7 8—%Gllz—<a—%alall) Gt
o . (0, o . o . i\ .
acllz—c;ll(galc*ll) EG11=—<§G1G11) Gyt

O

LEMMA 4.51. If the entries of the matrices Gfl and G;l have singularities
of type (0,0,0) and (2,0,0), respectively, of order K, then the entries of the
matriz Gy ' have singularities of type (2,0,0) of order K + 1.

Proof. This result is consequence of the equations

0 Gyl = —ttGy ! 0 H'Gy '+ HG! (iH’H"l) Gy,

0z; 0z; 0z;
8—1_*—1(9 —1,—1 -1 6//—1+—1
57 G2 = —HiGy - H Gy + Gy (- HH G{'H
%G;l = -Gy (tdtH 1G5,

0

a—t_Ggl = -Gy (tdtH G5

O

Summing up lemmas [4.41, [4.42] [4.47,14.50] [4.51 and equations (4.43), (4.44),
(4.45), (4.46), we obtain

LEMMA 4.52. Let Z¢I7J,a,bdzl Adzl A dt* A dE be the decomposition
into monomials of an entry of any of the matrices 0G1G7"', d(0G1G1 1Y),
2(0G1GTY), and 00(0G1GTY). Then, 11 jap has singularities of type (a +
b,I,J) of infinite order. O
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End of proof of lemma 4.39. This finishes the proof of lemma |

Once we have bounded the components of ¢(try(h,h')) over V x PL | in order
to bound the components of ¢_(h, k'), we have to estimate the integral (4.37).

LEMMA 4.53. Let 0 < a <1 be a real number. Then, we have

1
/0 % dr <1+ log(1/a) + %logz(l/a),

Y rlog(1/r) 1

Proof. We have the following estimates

Y rlog(1/r) . Y log(1/r) .
|, e ars ) A

(r+a)? r+a

0 a

r+a r+a

“log(1/r) ,  [Mlog(l/r)
< / dr+ / a

a r

rlog(1/r) 47" !

a

~ Jlog(1/r)

0 a

1
=log(l/a) +1+ 3 log?(a).

We are now in position to bound the components of ¢_(h,h’). Let

¢—(h,h')=> grsdz' ndz’
I1,J

be the decomposition of ¢_(h,h') into monomials. Then, using lemma
and lemma [4.53] we have

lor.7 = | =
gr.J1 = 479

k N
TIiL, log(log(1/7))|
TG (log (1)) 07+ .
1 2 )
-/Pl (Itl + (Hf_llog(l/ri))N> log(tt) dt Adt

k N’
[ITE toglog(1/7:))|
rOT D= (log (1 /7)) T+ )=F

/ f[’J’LllOg(tf) dtAdt
P
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The derivatives of gr j are bounded in the same way using the theorem of
taking derivatives under the integral sign. The components of 9¢_ (h, h’) and
0¢_(h,h') and their derivatives are bounded in a similar way using that

06 () = - [ olom(hn ) A

47 P!

and

do_ (i) = —= [ o(ery(n, 1))

471 P!

To bound the components of ¢, (h,h'), ¢ (h,h') and ¢, (h,h') and their
derivatives, we will use the same technique. Let s = 1/t be a local coordinate
in IP’}F. In these coordinates, we have

G:

H' + s5H).
1+ s§( + s5H)
We write

Gz = (H' + s5H), Gy = (H ' 4 s5H').

In this case, using the adequate variant of definition [4.38, the analogue of
lemma [4.41 is

LEMMA 4.54. (i) The entries of the matrix G3_1 have singularities of type
(2,0,0) of order 0. Therefore, the entries of the matrices ngl and
§G§1 have singularities of type (1,0,0) of order O and the entries of the
matriz t5 G5 are bounded.

(ii) The entries of the matriz G, are bounded. In particular, they have
singularities of type (0,0,0) of order 0.
O

Note that the bounds for G5! and G;' are not the same as the bounds for
G1' and Gy', but they are switched. To bound the entries of dG3G5*, we use

0G3G3 = 0H'H''G'H™' +5dsHG3 ! + s50HGS .

We leave the remaining details to the reader.

Finally, to bound 0d¢(h, h'), we use equation (4.12). This completes the proof
of the first statement.

We now prove the second statement. By definition, we have

tro(h, h', ") = tr1(0 — try(h, ') — try (B, B")).

But try(h, 1) is a smooth hermitian vector bundle on X x P! and try(h”, h”) is
isometric to pj(E, ") and, in consequence, log-singular along D x P!. There-
fore, we can apply lemma to ¢(tra(h,h',h")); by lemma the form
¢(h,h', ") has log-log growth of infinite order. To conclude that it is a log-log
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form we still have to control d¢(h, h', h"), dp(h, k', h"), and d¢(h,h', h"). A
residue computation shows

O0(h, ") =3 (6(h ) + G(H', ") + B 1)

2 li "
+ (ami)? /}Plxpl d(tra(h, W' B)) A A

1 dt_l dis diy dfg
(47_”;)2 /]P’lle’l ¢( 1'2( PR )) ( t to + t to > ;

and

1
D (h, W, W) =5 (6(h H) + (1 1") + 6(1", 1))
2 I dt; dis
- W/plxpl Oltra(h, W R A = A==

1 dt_l dits dity dfz
+ (474)2 /Plxpl o(tra(h, ', b)) ( A )

Hence, again by lemma [4.53, the forms d¢(h,h’,h") and d¢(h,h', h") have
log-log growth of infinite order. Finally, since

aé(b(h’ h/’ h//) = (8 - 5)(¢(h’ hl) + ¢(h‘/a h//) + d)(h//v h))

by the first statement, the form d9¢(h, b/, h'’) also has log-log growth of infinite
order; therefore, ¢(h, h’, h") is a log-log form.

End of proof of theorem|[4.36. This finishes the proof of theorem [4.36. O

BOTT-CHERN FORMS FOR GOOD HERMITIAN METRICS. All the theory we
have developed so far is also valid for good hermitian vector bundles with the
obvious changes. For instance, if the hermitian vector bundle is good instead
of log-singular, we obtain that the Bott-Chern forms are pre-log-log instead of
log-log.

THEOREM 4.55. Let X be a complex manifold and let D be a normal crossing
divisor. Put U = X \ D. Let E be a vector bundle on X. If h and h' are
smooth hermitian metrics on E and h'" is a smooth hermitian metric on E|y,
which is good along D, then the Bott-Chern form ¢(E,h,h") and the iterated
Bott-Chern form ¢(E, h,h', ') are pre-log-log forms.

Proof. Observe that lemma [4.40, lemma [4.41, and lemma are true in the
case of good hermitian metrics by lemma [4.26] and these results are enough
to prove that ¢(F, h,h’) and ¢(E, h, W', h'") are pre-log-log forms by the same
arguments as before. O
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THE SINGULARITIES OF THE FIRST TRANSGRESSION BUNDLE. With the no-
tation of theorem [4.36, observe that the hermitian vector bundle try (E, h, h’)
need not be log-singular along the divisor D x P! (see remark[4.32). Neverthe-
less, as we will see in the following results, it is close to be log-singular. For
instance, it is log-singular along D x P* U X x {(0 : 1),(1 : 0)}, or it can be
made a log-singular hermitian vector bundle after some blow-ups. This sec-
ond statement will be useful in the axiomatic characterization of Bott-Chern
classes.

LEMMA 4.56. Let a,b be real numbers with a > 0 and b > e'/¢. Then, we have

log(a)

log(b)
Proof. If b > a, then the statement is obvious. If a > b, we write a = ¢b with
¢ > 1. Then, the inequality of the lemma is equivalent to

a
14+ —.
+b

@ < log(b).

But the function log(c)/c is a bounded function that has a maximum at ¢ = e
with value 1/e. Therefore, the result is a consequence of the condition on b. [

COROLLARY 4.57. With the notation of theorem |4{.36, the first transgression
hermitian vector bundle tr1(E, h, h') is log-singular along the divisor

DxP'UX x{(0:1),(1:0)}.
Proof. The first condition of definition is easy to prove. We will prove the
second condition. Lemma [4.56/implies that, for a,b > 0, the inequality
1 log(b)
1/a+1/b = (1/a)log(a)

holds. Applying this equation to a = 1/|t| and b = (Hf:1 log(1/m:))N, we
obtain

(4.58)

1 _ log((ITiz log(1/ri))™) i, log(log(1/r:))
It] + (TTh, log(1/r;))~N [t|1log(1/[t]) [t|log(1/[t])
Therefore, lemma 4.52 implies that on V' x PL the entries of 0GG ! are log-log

along D x P UX x {(0:1),(1:0)}. The proof for the bound on V x PL is
analogous. O

PROPOSITION 4.59. With the same hypothesis of theorem [4.36, let D =
Dy U...U D, be the decomposition of D in smooth irreducible components.
Let Z be the variety obtained from X x P by blowing-up D1 x (1:0) and
then, successively, the strict transforms of Dy x (1:0),..., D, x (1:0),Dq x
(0:1),...,D, x (0:1). Let w: Z — X x P* be the morphism induced by the
blow-ups and let C C Z be the pre-image by m of D x P'. Then, we have
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(i) C is a normal crossing divisor.
(ii) The closed immersions ig,is : X — X x P1, given by
io(p) = (p,(0:1)),  ico(p) = (p,(1:0)),
can be lifted to closed immersions jg, joo : X — Z.

(1ii) The hermitian vector bundle w* tr1(E, h, ') is log-singular along the di-
visor C.

Proof. The first statement is obvious and the second is a direct consequence
of the universal property of the blow-up and the fact that the intersection of
the center of every blow-up with the transform of X x (1:0) or X x (0:1) is
either empty or a divisor.

To prove the third statement, we will use the same notations as in the proof of
theorem [4.36. Let U be the subset of V x PL | where [t| < 1/e€. For simplicity,
we assume that the components of D meeting V are Dy, ..., Dy and that the
component D; has equation z; = 0. Then, U, with coordinates (z1,...,24,t),
is a coordinate neighborhood adapted to D x P!. The open subset 7= (U) can
be covered by k + 1 coordinate neighborhoods, denoted by T}l, ceey ﬁk+1. The
coordinates of these subsets, the expression of 7 and the equation of C' in these
coordinates are given in the following table:

Subset Coordinates T
t=u
U, (U, Z1,...,2p) 21 = uT1 ury -2, =0
Z,':Ii(iﬁl)
U; ( ) e 0
T S Zi = ur; ULy - T =
(1<j<k+1) : " 7o b
zi = x; (i # j)
t=uxy - Tk
U Uy Xyene, T . 12 =0
s ( ! n) zl:xl(z:l,,d) ! k
Since, for j =1,...,k, we have

T DxPLUX x{(0:1),(1:00})NU; =CNU,,

we know by corollary [4.57 and the functoriality of log-singular metrics that
the hermitian vector bundle 7* try (E, h,h')|y, is log-singular. Hence, we only
have to prove that 7*tri(E, h,h')|y, ., is log-singular. The first condition of
definition 14.29] follows easily from the definition of the metric g. To prove
the second condition of definition [4.29, we can proceed in two ways. The first
method is to derive this result directly from lemmal4.52 applying the chain rule.
But, since we have to bound all derivatives, this is a notational nightmare. The
second method is to bound the derivatives inductively mimicking the proof of
lemmal4.53. To this end, instead of lemmal4.41] we use the following substitute.
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LEMMA 4.60. (i) The entries of the matriz m* Gy '|v,,, are bounded in ev-
ery compact subset of Up11. In particular, they are (0,0)-log-log growth
functions of order 0 (see definition[2.21).

(i) If 1 is an entry of the matriz G5 ', then we have

N

k
[T tos(1/I:))

i=1

|(7T*w|Uk+1)(x17 v 7xd’u)| =

for some integer N. Therefore, 7*(t)) and 7 (t) are bounded in any

compact subset of U1 and, fori=1,... k, the function
[T 1zsl7 %
J#i

is a ({1}, 0)-log-log growth function of order 0.
O

We leave it to the reader to make explicit the analogues of lemmas [4.47] [4.50,

and [4.51 in this case.
The proof that it is also log-singular in the pre-image of an open subset of ]P’i_
is analogous. O

CHERN FORMS FOR LOG-SINGULAR HERMITIAN BUNDLES.

PROPOSITION 4.61. Let X be a complex projective manifold, D a normal cross-
ing divisor of X, (E,h) a hermitian vector bundle log-singular along D. Let ¢
be any symmetric power series. Then, the Chern form ¢(E,h) represents the
Chern class ¢(E) in H3 (X, R(x)).

Proof. By theorem[2.42 and theorem [3.5, the inclusion
D*(Ex,*) — D*(Ex{((D)), %)

is a quasi-isomorphism. Moreover, if A’ is a smooth hermitian metric on F,
then, in the complex D*(Ex ((D)), %), we have

¢(E7h) - ¢(E’h/) = dD ¢(E7 h/7 h)

Therefore, both forms represent the same class. O

BoTT-CHERN CLASSES.

DEFINITION 4.62. Let X be a complex manifold and D a normal crossing
divisor. Let

E:0— (E',1) — (E,h) — (E",h") — 0
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be an exact sequence of hermitian vector bundles log-singular along D. Let A,
hs, and A be smooth hermitian metrics on E’, E, and E”, respectively. We
denote by &, the corresponding exact sequence of smooth vector bundles. Let
¢ be a symmetric power series. Then, the Bott-Chern class associated to € is
the class represented by

HEN+P(E SE" M. dh! N ah')—¢(E, hsh)

in the group

@52’“‘1(EX(<D>>,k) _ @Dzk—l(EX«D»’k) /dp D*=2(Ex((D)), k) .
& k

This class is denoted by ¢(&).
PRrROPOSITION 4.63. The Bott-Chern classes are well defined.

Proof. The fact that the Bott-Chern forms belong to the group

P *H(Ex (D))

k

is proven in theorem [4.36.

Let hl,, hse and hY, be another choice of smooth hermitian metrics and let

Ea be the corresponding exact sequence. We denote by C the exact square of
smooth hermitian vector bundles
0—0—&yp — Es — 0.

Then, we have

P(Es) + (B ® E" h, & by, ®h') — ¢(E, hs, h)

— ¢(Esa) — O(E' @ E" hiyy @ Wiy, B S 1) + ¢(E, hsa, h) =

dp¢(C) —dp¢(E' @ E" b, o h’ b, & h! B &~ +dp ¢(E, hs, hsa, h).

Therefore, the Bott-Chern classes do not depend on the choice of the smooth

metrics. =

AXIOMATIC CHARACTERIZATION OF BOTT-CHERN CLASSES.

THEOREM 4.64. The Bott-Chern classes satisfy the following properties. If X
18 a complex manifold, D is a normal crossing divisor, and

£:0— (E',})— (E,h) — (E",h") — 0

18 a short exact sequence of hermitian vector bundles, log-singular along D,
then we have
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(i) dp 6(€) = ¢(E' ® E", I/ @ 1) — ¢(E, h).
(ii) If (E,h) = (E' ® E" W' ®h"), then ¢(E) =
(iti) If X' is another complex manifold, D’ is a normal crossing divisor in X',
and f : X' — X is a holomorphic map such that f~1(D) C D', then
o(f*E) = [o(&).
(iv) If F is a hermitian exact square of vector bundles on X, log-singular
along D, then

(O F @ 01F) — p(NF) — 6(05 ' F @ 05 F) + ¢(5F) =

Moreover, these properties determine the Bott-Chern classes.

Proof. First we prove the unicity. By [17], 1.3.2 (see also [36], IV.3.1) prop-
erties (1) to (3) characterize the Bott-Chern classes in the case D = (). By
functoriality, the Bott-Chern classes are determined for short exact sequences,
when the three metrics are smooth. Let E be a vector bundle, i a smooth her-
mitian metric on E and A’ a hermitian metric log-singular along D. The vector
bundle E = try(E,h,h’) over X x P! is isomorphic (as a vector bundle) to
piE. Let h; be the hermitian metric on E induced by h and this isomorphism.
Then, h; is a smooth hermitian metric. Let ho be the metric of definition [4.4.
Let 7 : Z — X x P! and C be as in proposition [4.59. By this proposition

7 (E, hs) is log- singular along C. Therefore, we can assume the existence of
the Bott-Chern class qb(E hi,hs). Write 7/ = p; o m. We consider the integral

T= =55 [ —2000(E . o) (5 log().

2mi

By property (1), we have

27” / BB, ha)* (3 los(1) + 5 / H(E, ) (5 los(1)

= ¢(t1"1(E h, I’ ))ilog(tf),

omi

because the second integral vanishes. But using Stokes theorem and properties
(2) and (3) as in [17], 1.3.2, or [36], IV.3.1, we get

I~ 5 d(E, by, ho) — jed(E, ha, ha)
= G(E, h,h') — (E, h,h)
= g(E’ h? hl)?

where the symbol ~ means equality up to the image of dp. Therefore, the class
d(E, h,h') is also determined by properties (1) to (3). Finally, for an arbitrary
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exact sequence aof hermitian vector bundles log-singular along D, property
(4) implies that ¢(€) is given by definition [4.62!

Next we prove the existence. By proposition 4.63]it only remains to show that
the Bott-Chern classes defined by [4.62 satisfy properties (1) to (4). Property
(1) is known for smooth metrics. If E is a vector bundle, h is a smooth her-
mitian metric and h’ a hermitian metric log-singular along D, then, since two
differential forms that agree in an open dense subset are equal, by the smooth
case B

dp d)(Ev h, h/) = ¢(E, h/) - ¢<E7 h)

The general case follows from these two cases. Property (2) follows directly
from the case of smooth metrics and definition Property (3) is obvious
from the functoriality of the definition. To prove property (4), we consider ?/,
an exact square with the same vector bundles as F, but with smooth metrics.
Then, if we use the definition of Bott-Chern classes in the expression

GO7'F @ 0L F) — p(0YF) — ¢(05 ' F @ 9L F) + $(05F) = 0,

all the change of metric terms appear twice with opposite sign. Therefore, this
property follows from the smooth case. O

REAL VARIETIES. The following result follows easily.

PROPOSITION 4.65. Let Xg = (X, Fio) be a real variety, D a normal crossing
divisor on Xr, E a complex vector bundle defined over R, h, h' (resp. h”)
smooth hermitian metrics (resp. log-singular hermitian metric) on E invari-
ant under complex conjugation. Then, the forms ¢(E,h"), al(E,h,h”) and
az(E,h,h/,h”) belong to the group

@'DQkil(EXJR«D»? k) = @DQk*l(EX]R((D»v k)7,

k k

where o is the involution that acts as complex conjugation on the space and on
the coefficients. O

5 ARITHMETIC K-THEORY OF LOG-SINGULAR HERMITIAN VECTOR BUNDLES

The arithmetic intersection theory of Gillet and Soulé is complemented by
an arithmetic K-theory and a theory of characteristic classes. In this section
we will generalize both theories to cover the kind of singular hermitian metrics
that appear naturally when considering (fully decomposed) automorphic vector
bundles. If F be a vector bundle over a quasi-projective complex manifold
X, then a hermitian metric h on F may have arbitrary singularities near the
boundary of X. Therefore, the associated Chern forms will also have arbitrary
singularities “at infinity”. Thus, in order to define arithmetic characteristic
classes for this kind of hermitian vector bundles, we are led to use the complex
Dia-
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5.1 ARITHMETIC CHERN CLASSES OF LOG-SINGULAR HERM. VECTOR BUN-
DLES

ARITHMETIC CHOW GROUPS WITH COEFFICIENTS. Let A be an arithmetic
ring. Let X = (X,C) be a Djgg-arithmetic variety over A. Let B be a subring
of R. We will define the arithmetic Chow groups of X with coefficients in B
using the same method as in [3]. We follow the notations of [10], §4.2.

For an integer p > 0, let ZP(X)p = ZP(X) ® B be the group of algebraic cycles
of X with coefficients in B. Then, the group of p-codimensional arithmetic
cycles of X = (X,C) with coefficients in B is given by

Z(X,€) = { (v.8,) € Z(X) © B, (X,p) | lly) = cl(g,) } -

Let ﬁa?c% (X,C) be the B-submodule of 2%(X, C) generated by ﬁ&p(X, C). We
define the p-th arithmetic Chow group of X = (X,C) with coefficients in B by

CHp(X,C) = Z8,(X,C)/ Rat (X, C).
There is a canonical morphism
CH,(X,C) — CH (X,C) ® B.

For instance, if B = Q, this morphism an isomorphism, but in general, if
B =R, it is not an isomorphism.

THE MAIN THEOREM. Let X be a regular scheme, flat and quasi-projective
over Spec(A). Let D be a normal crossing divisor on Xg. Write X = (X, D).
Then, (X, Diu,a,x) is a quasi-projective Djog-arithmetic variety over A. A log-
singular hermitian vector bundle over X is a vector bundle E over X together
with a metric on Fo,, which is smooth over X, \ Dy, log-singular along D,
and invariant under complex conjugation.

THEOREM 5.1. Let ¢ € B[[T1,...,T,]] be a symmetric power series with coef-
ficients in a subring B of R. Then, there is a unique way to attach to every
log-singular hermitian vector bundle E = (E,h) of rank n over X = (X, D) a
characteristic class

o~

9(E) € CHp (X, Dina)
having the following properties:

(i) Functoriality. When f :' Y — X is a morphism of regular schemes,
flat and quasi-projective over A, D" a normal crossing divisor on Yg with
YD) C D', and E a log-singular hermitian vector bundle on X, then

FA(8(E)) = ¢(f*E).
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(ii) Normalization. When E = Ly & ... ® L, is an orthogonal direct sum of
hermitian line bundles, then

o~

&(E) = ¢(@1(Ly),...,c1(Ly)).
(i4i) Twist by a line bundle. Let
ST +T,....T,+T)= Zgbi(Th...,Tn)T’
i>0

Let L be a log-singular hermitian line bundle, then

JERL) = Z@ )@ (L).

(iv) Compatibility with characteristic forms.
w(B(E)) = o(E. h).

(v) Compatibility with the change of metrics. If ' is another log-singular
hermitian metric, then

O(E,h) = ¢(E,h') + a(¢1(E, I, h)).

(vi) Compatibility with the definition of Gillet and Soulé. If D is empty, let
Y be the isomorphism CH (X, Din,.) — CH (X) of theorem[3.33 and
let ps(E) € éﬁ*(x) be the characteristic class defined in [17]. Then

o~

V(O(E)) = das ().

Proof. If D is empty, we define g’g(E) = w’l(g/ﬁ\gs (E)). If D is not empty, but h
is smooth on the whole of Xg, then we define a(E) by functoriality, using the
tautological morphism (X, D) — (X, 0).

If D is not empty and E = (E, h) is a log-singular hermitian vector bundle, we
choose any smooth metric A/, invariant under F,,. Then, we define

(E(E) = (E(Ea h/) + a((;(E’ h/’ h’))

This definition is independent of the choice of the metric h’, because, if h” is
another smooth F-invariant metric, then

(E(Ea h/)+ a(a(Ev h/7 h)) - (E(Ev h”) - a(%(E’ th h))

= a(g(E’ hH? hl)) + a((;(Ea h/a h)) + a(gzNS(E, h, h”))
=a(dp(FE, h' R, h))
=0.

All the properties stated in the theorem can be checked as in [17]. O
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REMARK 5.2. If X is projective, the groups aﬁ*(X, Diq) and aﬁ*(X, Dina)
agree. Therefore, the arithmetic characteristic classes also belong to the former
group. When X is quasi-projective, in order to define characteristic classes in

the group Gﬁ*(x, Din), we have to impose conditions on the behavior of the
hermitian metrics at infinity. For instance, one may consider smooth at infinity
hermitian metrics (see [11]).

REMARK 5.3. If we replace good hermitian vector bundle by log hermitian
vector bundle and pre-log-log forms by log-log forms (implicit in the definition
of Dy y1,5) in theorem 5.1, the result remains true.

5.2 ARITHMETIC K-THEORY OF LOG-SINGULAR HERMITIAN VECTOR BUN-
DLES

LOG-SINGULAR ARITHMETIC K-THEORY. We want to generalize the definition
of arithmetic K-theory given by Gillet and Soulé in [17] to cover log-singular
hermitian metrics.

We write

Duna(X) = P DL (X, p),
p

ZDna(X) = P 7D, (X, p).
P
Let ch be the power series associated with the Chern character. In particular,
it induces Bott-Chern forms ch and arithmetic characteristic classes ch.

DEFINITION 5.4. Let X be as in theorem[5.1. Then, the group I?O(X7 Dia) is
the group generated by pairs (E,n), where E is a log-singular hermitian metric
on X and n € Dyj,.(X) satisfying the relations

(S.1')+ (@, 1") = (B, 0 + 0" + ch(€))

for every n',n" € 151711,(.1()( ) and every short exact sequence of log-singular
hermitian vector bundles

£:0—8—F—Q—0.

If D is empty, then this definition agrees with the definition of Gillet and Soulé
in [17].

Basic PROPERTIES. The following theorem summarizes the basic properties of
the arithmetic K-theory groups. They are a consequence of the corresponding
results of [17] together with theorem [5.1.

THEOREM 5.5. Let X = (X, D) be an arithmetic variety over A with a fived
normal crossing divisor. Then, we have
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(i) There are natural maps

a: Dypa(X) — Ko(X, Dia),
ch : Ko(X, Dijia) — ZDyyia(X),
v : Ko(X, Dyjia) — Ko(X),

ch: Ko(X, Dipa) — GBCHQ (X, Drua),

given by
a(n) = (0,m),
ch([E,n]) = ch(E) +dpn,
v([E,n) = [E],
ch([E, n)) = ch(E) + a(n)

(ii) The product

B (E o) = (EE () + dpn) o + e ch(E))
iduces a commutative and associative ring structure on IA(O(X, Dina)-
The maps v, ch, and ch are compatible with this ring structure.

(its) If Y = (Y, D’) is another arithmetic variety over A with a fixed normal
crossing divisor and f : X — Y is a morphism such that f~*(D') C D,
then there is a pull-back morphism

£ Ko(Y, Dina) — Ko(X, Dia),
compatible with the maps a, ch, v and ch.

(iv) There are exact sequences

K1 (X) 2 Dija(X) 2 Ko(X, Dippa) — Ko(X) — 0, (5.6)
and
_ a v +ch
Ki(X) & @@ HE (X p) 5 Ko(X, Dyna) 5
p

Ko(X) @ ZDyna(X) — P Hy,, (X,p) = 0. (5.7)
p

In these exact sequences the map p is the composition
Ki(X) — P HZ(Xe,R(p) = @ HE L (X, p) € Dinal(X),
P P

where the first map is Beilinson’s regulator.
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(v) The Chern character
~ = ——
ch : Ko(X, Diya) ® Q — @) CHy(X, Dia)

s a ring isomorphism. |

5.3 VARIANT FOR NON REGULAR ARITHMETIC VARIETIES

Since there is no general theorem of resolution of singularities, it is useful
to extend the theory of arithmetic Chow groups to the case of non regular
arithmetic varieties.

ARITHMETIC CHOW GROUPS FOR NON REGULAR ARITHMETIC VARIETIES. Let
(A, %, F) be an arithmetic ring with fraction field F. We will assume that A
is equidimensional and Jacobson. In contrast to the rest of the paper, in this
section, an arithmetic variety over A will be a scheme X that is quasi-projective
and flat over Spec(A), and such that the generic fiber X is smooth, but that
not need be regular. Since X is smooth, the analytic variety Xy is a disjoint
union of connected components X; that are equidimensional of dimension d;.
For every cohomological complex of sheaves F*(x) on X5 we write

Falp)(U) = @ F*4 " (di = p)(U N X,).

%

Then, the definition of Green objects and of arithmetic Chow groups of [10]
can easily be adapted to the grading by dimension.

In this way we can define, for X regular, homological Chow groups with respect
to any Digg-complex C. These homological Chow groups will be denoted by
éﬁ*(X, C). In particular, we are interested in the groups éﬁ*(X, Dija)- But
now we can proceed as in [18] and we can extend the definition to the case of
non regular arithmetic varieties.

BASIC PROPERTIES OF HOMOLOGICAL CHOW GROUPS. Following [18], we can
extend some of the properties of the arithmetic Chow groups to the non regular
case. The proof of the next results are as in [18], 2.2.7, 2.3.1, and 2.4.2 for the
algebraic cycles, but using the techniques of [10] for the Green objects.

THEOREM 5.8. Let f : X — Y be a morphism of irreducible arithmetic vari-
eties over A which is flat or l.c.i. Let Dy be a normal crossing divisor on Yg
and Dx a normal crossing divisor on Xg such that f~1(Dy) C Dx. Write
X = (Xg,Dx) and Y = (Yg,Dy). Then, there is defined an inverse image
morphism - -

7 CHL(Y, Dina) — CHpya(X, Dyia),

where d is the relative dimension. O

THEOREM 5.9. Let f : X — Y be a map of arithmetic varieties with Y regular.
Let Dy be a normal crossing divisor on Yr and Dx a normal crossing divisor
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on Xg such that f~Y(Dy) C Dx. Write X = (Xg,Dx) and Y = (Yg, Dy).
Then, there is a cap product

/\p —— —_—
CH (Y,Din,a) ® CHy(X, Dina) — CHy—p(X, Dina);

for x € éﬁp(Y, Dina) and y € éﬁq(X7 Diji,a) we denote it by x.py. This cap

product turns Gﬁ*(x, Dina) into a graded éﬁ*(Y, Din,a)-module. Moreover,
it is compatible with inverse images (when defined). O

ARITHMETIC K-THEORY. The definition of arithmetic K-theory carries over
to the case of non regular arithmetic varieties without modification (see [18],

2.4.2). Thus, we obtain a contravariant functor (X, D) —— Ko (X,D111,0) from
arithmetic varieties with a fixed normal crossing divisor to rings.

THEOREM 5.10. Let X be an arithmetic variety. Let Dx a mormal crossing
divisor on Xg. Write X = (Xg, Dx). Then, there is a biadditive pairing

Ko(X, Dila) ® éﬁ*(X, Dina) — CH, (X, Di1a)qs

which we write as o @ x +— C/}\I(C() N x, with the following properties

(i) Let f : X — Y be a morphism of arithmetic varieties, with Y regular.
Let Dy be a normal crossing divisor on Yg such that f~1(Dy) C Dx.

Write Y = (Y, Dy). If a € I’zo(Y, Dina) and x € éﬁ* (X,Di1,a), then

cAh(f*a) Nz = &(a).fx.

(i1) If (0,n) € KO(X, Dina) and x € CH (X,Di1a), then
ch((0,) N & = aliw(x)).
(iti) If o € IA(O(X, D) and x € Eﬁ* (X,Di1,a), then
w(ch(e) Nz) = ch(a) Aw(z).
(iv) The pairing makes @*(X,/D\l,il,a)(@ into a Ko(X, Di1,a)-module, i.e., for
all a, B € Ko(X), and xz € CH (X), we have

ch(a) N (ch(8) Nz) = ch(af) Nz

(v) If f: X — Y is a flat or l.c.i. morphism of arithmetic varieties, let
a € Ko(X,Dipa) and z € CH (X, Dyya). Then

ch(f*a) N f*z = f*(ch(a) N x).

Proof. Follow [18], 2.4.2, but using theorem to prove the independence of
the choices. 0
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—
5.4 SOME REMARKS ON THE PROPERTIES OF CH (X, Dy ,)

In [31], V. Maillot and D. Roessler have announced a preliminary version of the
theory developed in this paper. The final theory has some minor differences
that do not affect the heart of [31]. The aim of this section is to compare both
theories.

We fix an arithmetic ring (A, X, Fi ), and we consider pairs X = (X, D), where
X is an arithmetic variety over A and D is a normal crossing divisor of Xy,
invariant under Fi.

A log-singular hermitian vector bundle E is a pair (E, h), where E is a vector
bundle over X and h is a hermitian metric on FEy, invariant under F, and log-
singular along D. Observe that the notion of log-singular hermitian metric is
not the same as the notion of good hermitian metric. This is not important by
two reasons. First, as we will see in the next section, the main examples of good
hermitian vector bundles, the fully decomposed automorphic vector bundles,
are good and log-singular. Second, if one insists in using good hermitian vector
bundles, one can replace pre-log and pre-log-log forms by log and log-log forms
to obtain an analogous theory. This alternative theory has worse cohomological
properties (we have not proven the Poincaré lemma for pre-log and pre-log-log
forms), but the arithmetic intersection numbers computed by both theories
agree.

To each pair X = (X,D), we have assigned an N-graded abelian group

aﬁ*(X ,Din,a) that satisfies, among others, the following properties:

(i) The group éﬁ*(X ,Di1,a) is equipped with an associative, commutative
and unitary ring structure, compatible with the grading.

(ii) If X is proper over Spec A, there is a direct image group homomorphism
——d+1 —1
f«:CH (X,D1,.) — CH (Spec A), where d is the relative dimension.

(iii) For every integer r > 0 and every log-singular hermitian vector bundle
there is defined the arithmetic 7-th Chern class ¢,.(E) € CH (X, Dy .a)-

(iv) Let g : X — Y be a morphism of arithmetic varieties over A, and let
D and E be normal crossing divisors on X and Yg, respectively, such
that g71(E) € D. Write X = (Xg, D) and Y = (Y, E). Then, there is
defined an inverse image morphism

g*: CH (Y, Dyp,a) — CH (X, Drya)-

Moreover, it is a morphism of rings after tensoring with Q.

(v) For every r > 0, it holds the equality ¢g*(¢,(E)) =¢,.(9*(E)).

(vi) There is a forgetful morphism ¢ : cH (X,Di1,.) — CH"(X), compatible

with inverse images and Chern classes.
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There is a complex of groups

_ a —==pP ,w
HZ ™ (Xg, R(p)) = CH' (X, D) 2 CHP(X) @ 2D, (X, p)

that is an exact sequence when Xy is projective. Observe that the group
ZDfﬁ .(X,p) does not agree with the group denoted by Z7?(X(C), D) in
[31]; §1 (7). The former is made of forms that are log-log along D and
the latter by forms that are good along D. Again, this is not important
by two reasons. First, the image by w of the arithmetic Chern classes of
fully decomposed automorphic vector bundles lies in the intersection of
the good and log-log forms. Second, the complex of log-log forms shares
all the important properties of the complex of good forms (see proposition

2.26).

The morphism (¢, w) is a ring homomorphism; the image of a is a square
zero ideal. Moreover, it holds the equality

a(z) -y = a(x - cl(((y))),

where = € H%p_l(XR,R(p)), y € Gﬁp(x, Dina), cl is the class map,
the product on the left hand side is the product in the arithmetic Chow
groups and the product on the right hand side is the product in Deligne-
Beilinson cohomology.

When D is empty, there is a canonical isomorphism CH (X, Dina) —
—%

CH (X), compatible with the previously discussed structures. Note that
we have dropped the projectivity assumption in [31], §1 (9). Observe,
moreover, that, if we use the alternative theory with pre-log-log forms,
then this property is not established.

6 AUTOMORPHIC VECTOR BUNDLES

6.1

AUTOMORPHIC BUNDLES AND LOG-SINGULAR HERMITIAN METRICS

FuLLY DECOMPOSED AUTOMORPHIC VECTOR BUNDLES. Let B be a bounded,
hermitian, symmetric domain. Then, by definition B = G/K, where G is a
semi-simple adjoint group and K is a maximal compact subgroup. Inside the
complexification G¢ of G, there is a suitable parabolic subgroup of the form
P, - K¢, with P, its unipotent radical and such that K = G N Py - K¢ and
G - (P4 - K¢) are open in G¢. This induces an open G-equivariant immersion

B(%B

G/K = G¢/P; - K.
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Here, B = G¢ /Py - K¢ is a projective rational variety, and the immersion ¢ is
compatible with the complex structure of B.

Let ¢ : K — GL(n,C) be a representation of K. Then, o defines a G-
equivariant vector bundle Ey on B. We complexify ¢ and extend it trivially to
P, - K¢ by letting it kill P.. Then, o defines a holomorphic G¢-equivariant
vector bundle Fy on B with Ey = ¢* (E'o). This induces a holomorphic structure
on Fy. Observe that different extensions of o to Py - K¢ will define different
holomorphic structures on Ej.

Let T be a neat arithmetic subgroup of G acting on B. Then, X =T'\B is a
smooth quasi-projective complex variety, and Fg defines a holomorphic vector
bundle F on X. Following [24], the vector bundles obtained in this way (with o
extended trivially) will be called fully decomposed automorphic vector bundles.
Since we will not treat more general automorphic vector bundles in this paper,
we will just call them automorphic vector bundles.

Let hp be a G-equivariant hermitian metric on Fy. Such metrics exist by the
compactness of K. Then, hy determines a hermitian metric h on E.

DEFINITION 6.1. A hermitian vector bundle (E, k) as above will be called an
automorphic hermitian vector bundle.

Let X be a smooth toroidal compactification of X with D = X \ X a normal
crossing divisor. We recall the following result of Mumford (see [34], theorem
3.1).

THEOREM 6.2. The automorphic vector bundle E admits a unique extension
to a vector bundle E1 over X such that h is a singular hermitian metric which
is good along D. O

By abuse of notation, the extension (E7, k) will also be called an automorphic
hermitian vector bundle.
Our task now is to improve slightly Mumford’s theorem.

THEOREM 6.3. The automorphic hermitian vector bundle (FE1,h) is a oo-good
hermitian vector bundle; therefore, it is log-singular along D.

Proof. The proof of this result will take the rest of this section. The technique of
proof used follows closely the proof of theorem 3.1 in [34]. Instead of repeating
the whole proof of Mumford, we will only point out the results needed to bound
all the derivatives of the functions involved.

CONES AND JORDAN ALGEBRAS. Let V be a real vector space and let C C V be
a homogeneous self-adjoint cone. We refer to [1] for the theory of homogeneous
self-adjoint cones and their relationship with Jordan algebras. We will recall
here only some basic facts.

Let G C GL(V) be the group of linear maps that preserve C. Since C is
homogeneous, G acts transitively on C'. We will denote by g the Lie algebra of
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G. For any point x € C, let K, = Stab(z). It is a maximal compact subgroup
of G. Let £, be the Lie algebra of K, and let

be the associated Cartan decomposition. Let o, be the Cartan involution. Let
us choose a point e € C. Let (, ) = (, ). be a positive definite scalar product
such that o.(g) = tg~! for all ¢ € G. Then, C is self-adjoint with respect to
this inner product. For any point x € C, let us choose g € G such that = = ge.
We will identify V' with T¢ .. For t1,t2 € V, we will write

o 1
xT b) .
(t1,t2)e = (g7 t1,9 ta)e

The right hand side is independent of g because (, ). is K-invariant. These
products define a G-invariant Riemannian metric on C, which is denoted by
ds.

The elements of g act on V' by endomorphisms. This action can be seen as the
differential of the G action at e € V', or given by the inclusion g C gl(V). For
any x € C there are isomorphisms

Pa =, px=V and P, =exp(ps) =, P,.x=C.

The elements of p, act on V by self-adjoint endomorphisms with respect to

<7 >I'

Every p, has a structure of Jordan algebra defined by
(r.r').x = m.(n'.x).
The isomorphism p, — V defines a Jordan algebra structure on V', which we

denote by t1.t3. Observe that x is the unit element for this Jordan algebra
x

structure.
We summarize the compatibility relations between the objects defined so far
and the action of the group. Let x = g.e:

K, = Ad(9)K. = gK.g~",
b, = ad(g)e. = gteg ™",
pe = ad(g)pe = gpeg™ -
There is a commutative diagram

b~ p,

v 2 v

The horizontal arrows in the above diagram are morphisms of Jordan algebras.
In particular

g.(t1.t2) = gtl .gtg.
e x
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When a unit element e is chosen, we will write ¢1.to and (, ) instead of ¢;.to
e
and (, e.

DERIVATIVES WITH RESPECT TO THE BASE POINT. We now study the deriva-
tives of the scalar product and the Jordan algebra product when we move the
base point.

LEMMA 6.4. Let t1,to,t3 € V. Then, we have

(i) Dy, ({tz,27")e) = —(t2, t1)a-

(i4) Diy(t1,t2)e = —(<t3g-ct17t2>w + <t1’t35ct2>””) = —2<t17t39-ct2>x-
(iii) Dyy(tr.t2) = =((t3.11) b2 + 1. (t3. 1))

Proof. The proof of [1 is in [34], p. 244. To prove 2, write t3 = M.x with
M € p,. Then, a(d) = exp(dM).z is a curve with «(0) = z and o/(0) = ¢s.
Therefore, we find

Dt3<t1’t2>év = <t1at2>exp(6M)‘z|5:0

SIS

(exp(éM)_l.tl7 exp((SM)_l.t2>$|5:0

= —((M.t1,t2)s + (t1, M.t2),)
(ts.t1,t2)e + (t1,t3.82)2).

oW
—

—~

The second equality of2 follows from the fact that M acts by an endomorphism
which is self-adjoint with respect to (, ).
The proof of 3 is completely analogous. O

We will denote by || || the norm associated to the inner product (, ).

LEMMA 6.5. There is a constant K > 0 such that, for allx € C and t1,t; € V,

[t talle < Kllt1 ]l [t2]la-

Proof. On p, we may define the norm
([ M.t
[[£l]e

Via the isomorphism p, — V it induces a norm on V given by

[[£1.t]le

€

[P

Since any two norms in a finite dimensional vector space are equivalent, there
is a constant K > 0 such that

M = sup
teVv

[t1]le = sup
tev

Itlle < Kl
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for all . Therefore, we get

llt1.t2lle < lltallellitalle < Klltallelit2lle-

But for any x = ge, we have
1. talle = llg™ 197 t2lle < Kllg™ tallellg™ 2lle = K[t ]lolt2]l2-

O

MAXIMAL R-SPLIT TORUS. We fix a unit element e € C. This fixes also the
Jordan algebra structure of V', and we write K = K. and p = p.. Let A C
exp(p) be a maximal R-split torus with A = exp(a). Then, exp(p) = K.A.K !
and C' = K.A.e. A useful result, which is proven in [1], II, §3, is the following

PROPOSITION 6.6. There exist a mazimal set of mutually orthogonal idempo-
tents €1,...,€, of V with e = €1 + ...+ €. such that

a.e= ZT:RQ and A.e = XT:RJFQ.
i=1 i=1

Moreover, C Na.e = A.e. |
On A, we can introduce the coordinates given by
T
A= Ae= ZR+Q =~ (R)".
i=1
As an application of the previous result we prove a bound for the norm of z~1.

LEMMA 6.7. Let 0 € C. There exists a constant K such that ||z~ < K for
alzeo+C.

Proof. Since | Jyo(Ae + C) = C, we may assume that o = e for some A > 0.
Since K is compact and

Ae+C = K(Xe+ A.e),

it is enough to bound ! for x € Ae+ A.e. If € Ae + A.e, then we can write,
using the above coordinates of A, = a.e with a = (aq,...,a,) and all a; > .
Then, z=! = a~'.e. Since on a finite dimensional vector space any two norms
are equivalent, we obtain

a2 < Ki(ag? + ...+ a;?) < Ko /A2
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EQUIVARIANT SYMMETRIC REPRESENTATIONS. Let C), be the cone of positive
definite n x n hermitian matrices. An equivariant symmetric representation of
dimension n is a pair (p, H), where p : G — GL(n, C) is a representation and
H :C — (), is a map such that

(i) (Equivariance) H(gx) = p(g9)H (z)tp(g) for all x € C, g € G.

(i) (Symmetry) p(g*) = H(e).t@_l.H(e)_1 for all g € G.

We will consider an equivariant symmetric representation (p, Hy) with H; de-
pending differentiably on a parameter ¢ € T with T compact as in [34], pp.
245, 246.

BounDs oF H AND det H!. The first step is to bound the entries of H; and
det H(t)~!. This is done in [34], proposition 2.3.

PROPOSITION 6.8. For all o € C, there is a constant K > 0 and an integer N
such that

|H ()|, |det Hy(x)| " < K{z,z)N for allz € o + C.

O

The following results of Mumford (see [34], propositions 2.4 and 2.5) are the
starting point to bound the entries of DUHt.H,fl; they will also be used to
bound the derivatives of H;.

PROPOSITION 6.9. Let £ € V. Foralll1 < o, <mn, let (DgHt.Ht_l)a,g be the
(a0, B)-th entry of this matriz. There is a linear map

Copt:V—V
depending differentiably on t such that
(Dth-H_l)aﬁ('r) = <Coc,3,t(£)7 $_1>.

Moreover, Copg+ has the property

&ned }
= (C, ,1n) = 0.
(& =0 (Cap,t(§),m)
O
PROPOSITION 6.10. For all vector fields 6 on T, SHy. H; *(x) is independent of
T. |

PRrROPOSITION 6.11. Let 0 € C, let P be a differential operator on T and let
&1,...,6q4 € V. Then, there is a constant K > 0 and an integer N such that

| D, ...De,PHy(z)|, | De, ... D¢, Pdet Hy(z)| < K{z,2)" (v €0+0O).
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Proof. In view of proposition and since T is compact, it is enough to
consider the case P = id. Now, by proposition 6.9 and the fact that

De,

i

=zt (a7hg),
we can prove by induction that
D¢, ... D¢, Hi(x) = M(C(&, ..., 8, x)). Hi(x),

where M : V — M, (C) is linear and C : V' — V is linear on &;,...,&; and
polynomial in z7!.

Then, the proposition follows from proposition and lemma [6.7. O

BouNDS OF §H.H™!. Let ¢ = ¢; + ... + ¢, be a maximal set of orthogonal
idempotents, and let A be the corresponding R-split maximal torus. Let C;
be the boundary component containing €;11 + ... + €. (see [1], II, §3). Let
C=CUC;U...UC, U0 and let P be the parabolic subgroup stabilizing the
flag {C;}.

In order to be able to use proposition[6.9 to bound D, H;.H, L and its deriva-
tives, we will need the following result (see [34], proposition 2.6).

PROPOSITION 6.12. Let &,& € C, and let & €V satisfy

<£1n, S)C; 0} = (&1,m) = 0.

Then, for every compact subset w C P, there is a constant K > 0 such that
(i) (&, 271 < K||&1]|x for all x € w.Ace.
(i) 161, &2)| < K|[&1llzl|€2llo for all z € w.A.e.

Now we can bound the derivatives of D, H;. H; Lin terms of the Riemannian
metric ds%. Let N =dimV and let &,...,&xy € C span V.

PROPOSITION 6.13. Let 6 be a vector field in T, let P be a differential opera-
tor, which is a product of vector fields in T, let (j;)I_, be a finite sequence of
elements of {1,..., N}, and let w be a compact subset of P. Then, there is a
constant K > 0 such that

IDg,, .- De;, P(DsHy Hi Y| < K€ [l - - - 15, ]l
|De,, ... De,  P(De, Hy.H; || < K& e 1€,
for all x € w.A.e.

Proof. Since T is compact and in view of proposition [6.10, it is enough to
prove the second inequality for P = id. In this case, the lemma follows from
propositions[6.12/ and [6.9, and lemmas[6.4] and [6.5. O
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Let o C C be the simplicial cone

N

o=y R

i=1
Let {I;} be the dual basis of {;}.

PROPOSITION 6.14. Let § be a vector field in T, let P be a differential operator,
which is a product of vector fields in T, let (z'j)?zl be a finite sequence of

elements of {1,...,N}, and let a € C. Then, there is a constant K > 0 such
that

K
ngl llJ (.Z') - lij (a’) ’

HDgijP(DgilHt.Htil(CE))a’g <
j=2

1 De,, POHH;  (2)as| < K
j=1

for all integers 1 < a, 8 <n and x € Int(c + a).

Proof. The proof is as in [34], proposition 2.7, but using proposition [6.13 to
estimate the higher derivatives. O

END OF THE PROOF. Now the proof of theorem 6.3 goes exactly as the proof
of [34], theorem 3.1, but using propositions [6.11]and [6.14 to bound the higher
derivatives. O

REMARK 6.15. Observe that we really have proven that, if {ej,...,e.} is a
holomorphic frame of £y and H = (he, ;) is the matrix of A in this frame, then
the entries of H and det H~! are of polynomial growth in the local universal
cover (which, by theorem [2.13, is equivalent of being log forms) and that the
entries of OH - H ! are of logarithmic growth in the local universal cover (which,
by theorem [2.30, is stronger than being log-log forms).

6.2 SHIMURA VARIETIES AND AUTOMORPHIC VECTOR BUNDLES

A wealth of examples where the theory developed in this paper can be applied
is provided by non-compact Shimura varieties. In fact, the concrete examples
developed so far are modular curves (see [30]) and Hilbert modular surfaces
(see [6]), which are examples of Shimura varieties of non-compact type.

For an algebraic group G, G(R)" is the identity component of the topological
group G(R) and G(R), is the inverse image of G*(R)* in G(R); also G(Q)T =
G(Q) NG(R))* and G(Q)+ = G(Q)NG(R))™.

DEFINITION OF SHIMURA VARIETIES. Let S be the real algebraic torus
Resc/r Gy Following Deligne [13] (see also [32]) one considers the data:

DOCUMENTA MATHEMATICA 10 (2005) 619-716



712 J. I. Burcos GIL, J. KRAMER, U. KUHN

(1) G a connected reductive group defined over Q,

(2) X a G(R)-conjugacy class of morphisms h, : S — G of real algebraic
groups (z € X),

satisfying the properties:
(a) The Hodge structure on Lie Gg defined by Ad oh, is of type

{(_17 1>7 (0, 0)7 (17 _1)}'

(b) The involution int h,(¢) induces a Cartan involution on the adjoint group

G*(R).

(¢) Let w : Gy g — S be the canonical conorm map. The weight map hg,ow
(whose image is central by (a)) is defined over Q.

(d) Let Z; be the maximal Q-split torus of Zg, the center of G. Then,
ZaR)/Z((R) is compact.

Under the above assumptions X is a product of hermitian symmetric domains
corresponding to the simple non-compact factors of G24(R). Denote by A/ the
finite adeles of Q and let K C G(A') be a neat (see, e.g., [35] for the definition
of neat) open compact subgroup. With these data the Shimura variety Mg (C)
is defined by

Mi(C) = M (G, X)(C) = G@Q\X x G(AT)/E.

CONNECTED COMPONENTS OF SHIMURA VARIETIES. Let X be a connected
component of X, and for each z € X, let h/, be the composite of h, with
Gr — G2, Then, v — b’ identifies Xt with a G*}(R)*-conjugacy class of
morphisms S — G2& that satisfy the axioms of a connected Shimura variety.
In particular, XT is a bounded symmetric domain and X is a finite disjoint
union of bounded symmetric domains (indexed by G(R)/G(R)4).

Let C be a set of representatives of the finite set G(R), \G(A/)/K and, for each
g € C, let I'y be the image in G*4(R)* of the subgroup I, = gKg 'NG(Q) 4 of
G(Q)+. Then, I' is a torsion free arithmetic subgroup of G®(R)* and M (C)
is a finite disjoint union

Mg(C) =[] o\ X+,
gecC

The connected component I'y\ X+ will be denoted by Mr,.

ALGEBRAIC MODELS OF SHIMURA VARIETIES. Every Shimura variety is a
quasi-projective variety. It has a “minimal” compactification, the Baily-Borel
compactification, which is highly singular. The theory of toroidal compact-
ifications provides us with various other compactifications; among them we
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can choose non-singular ones whose boundaries are normal crossing divisors.
Moreover, it has a model over a number field F, called the reflex field, and the
toroidal compactifications are also defined over E (see [35]). This model can
be extended to a proper regular model defined over Og[N ~!], where OF is the
ring of integers of F and N is a suitable natural number.

AUTOMORPHIC VECTOR BUNDLES. Let K, be the subgroup of G(R) stabilizing
a point € X and let P, be the parabolic subgroup of G(C) arising from the
Cartan decomposition of Lie(G) associated to K. Let A : K, — GL, be
a finite dimensional representation of K,. It can be extended trivially to a
representation of P, and defines a G(C)-equivariant vector bundle V on the
compact dual M(C) = G(C)/P,. Let 3: X — M(C) be the Borel embedding,
then V = 3*(V) is a G(R)-equivariant vector bundle on X. For any neat open
compact subgroup K C G(A') it defines a vector bundle

Vi = GQ\V x G(A))/K

on the Shimura variety Mg . This vector bundle is algebraic and it is defined
over the reflex field E. Following [23], the vector bundles obtained in this way,
will be called fully decomposed automorphic vector bundles.

The restriction to any component Mr, will be denoted by Vr . It is a fully
decomposed automorphic vector bundle in the sense of the previous section.

CANONICAL EXTENSIONS. Let Mg s be a smooth toroidal compactification of
My and let Vi be an automorphic vector bundle on Mg. Then, there exists
a canonical extension of Vi to a vector bundle Vi » over Mg 5 (see [34], [32],
[21]). This canonical extension can be characterized in terms of an invariant
hermitian metric on V.

Let My be a Shimura variety defined over the reflex field E. Let Mg s, be
a smooth toroidal compactification of My defined over E such that Dg =
Mg s \ Mk is a normal crossing divisor. Let Vi be an automorphic vector
bundle defined over E with canonical extension Vi x. Let h be a GI°*(R)-
invariant hermitian metric on V; it induces a hermitian metric on Vi, also
denoted by h. We denote again by h the singular hermitian metric induced
on Vi x. Let Mg 5 be a regular model of Mg s, over Og[N~1]. Assume that
Vi s can be extended to a vector bundle Vi 5, over M 5;. Then, theorem|6.3]
implies
THEOREM 6.16. The pair (Vi x,h) is a log-singular hermitian vector bundle
on Ml(’z]. O
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