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ABSTRACT. In this paper, we determine the scheme automorphism
group of the reduction modulo p of the integral model of the connected
Shimura variety (of prime-to-p level) for reductive groups of type A
and C. The result is very close to the characteristic 0 version studied
by Shimura, Deligne and Milne-Shih.
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There are two aspects of the Artin reciprocity law. One is representation
theoretic, for example,

Homcont (Gal((@ab/@)> (CX ) = I—IOIncont((‘/%(OO))>< /Qi7 CX )
via the identity of L—functions. Another geometric one is:

Gal(Q®/Q) = GLi(A™))/QX.

They are equivalent by duality, and the first is generalized by Langlands in
non-abelian setting. Geometric reciprocity in non-abelian setting would be via
Tannakian duality; so, it involves Shimura varieties.

Iwasawa theory is built upon the geometric reciprocity law. The cyclo-
tomic field Q(pp~) is the maximal p-ramified extension of Q fixed by
Z® c AX/Q*RY removing the p-inertia toric factor Zy. We then try to
study arithmetically constructed modules X out of Q(pp=) C Q. The main

idea is to regard X as a module over over the Iwasawa algebra (which is a
GL1(A™))

m% and ring theoretic techniques

completed Hecke algebra relative to

are used to determine X.
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26 HAruzO HiDA

If one wants to get something similar in a non-abelian situation, we really need
a scheme whose automorphism group has an identification with G(A(>))/Z(Q)
for a reductive algebraic group G. If G = GL(2) /q, the tower V,gas of modular

curves has Aut(V)q) identified with GL2(A(>))/Z(Q) as Shimura proved. The
decomposition group of (p) is given by B(Q,) x SLy(A®P>))/{+1} for a Borel
subgroup B, and I have been studying vz%ri?us arithmetically constructed
GLy (A
GLg(Z(P)()U(Zj)Qi ’
subgroup U(Z,) C B(Z,) (removing the toric factor from the decomposition
group). Such study has yielded a p-adic deformation theory of automorphic
forms (see [PAF] Chapter 1 and 8), and it would be therefore important
to study the decomposition group at p of a given Shimura variety, which is
basically the automorphism group of the mod p Shimura variety.

modules over the Hecke algebra of relative to the unipotent

Iwasawa theoretic applications (if any) are the author’s motivation for the
investigation done in this paper. However the study of the automorphism
group of a given Shimura variety has its own intrinsic importance. As is
clear from the construction of Shimura varieties done by Shimura ([Sh]) and
Deligne ([D1] 2.4-7), their description of the automorphism group (of Shimura
varieties of characteristic 0) is deeply related to the geometric reciprocity
laws generalizing classical ones coming from class field theory and is almost
equivalent to the existence of the canonical models defined over a canonical
algebraic number field. Except for the modulo p modular curves and Shimura
curves studied by Y. Thara, the author is not aware of a single determination
of the automorphism group of the integral model of a Shimura variety and of
its reduction modulo p, although Shimura indicated and emphasized at the
end of his introduction of the part I of [Sh] a good possibility of having a
canonical system of automorphic varieties over finite fields described by the
adelic groups such as the ones studied in this paper.

We shall determine the automorphism group of mod p Shimura varieties of
PEL type coming from symplectic and unitary groups.

1 STATEMENT OF THE THEOREM

Let B be a central simple algebra over a field M with a positive involution p
(thus Trp/g(zz”) > 0 for all 0 # x € B). Let F' be the subfield of M fixed by
p. Thus F is a totally real field, and either M = F or M is a CM quadratic
extension of F. We write O (resp. R) for the integer ring of F' (resp. M). We
fix an algebraic closure F of the prime field ), of characteristic p > 0. Fix a
proper subset ¥ of rational places including co and p. Let F be the subset
of totally positive elements in F', and O(x) denotes the localization of O at X
(disregarding the infinite place in ) and Oy is the completion of O at ¥ (again
disregarding the infinite place). We write O(XE)—‘,- = F{ NO). We have an
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AUTOMORPHISM GROUPS OF SHIMURA VARIETIES 27

exact sequence
1 — B*/M* — Autgy(B) — Out(B) — 1,

and by a theorem of Skolem-Noether, Out(B) C Aut(M). Here b € B* acts
on B by x — bxb~!. Since B is central simple, any simple B-module N is
isomorphic each other. Take one such simple B-module. Then Endg(N) is a
division algebra D°. Taking a base of N over D° and identifying N = (D°)",
we have B = Endpe(N) = M, (D) for the opposite algebra D of D°. Letting
Autgy(D) act on b € M, (D) entry-by-entry, we have Autqq(D) C Autaq(B),
and Out(D) = Out(B) under this isomorphism.

Let Op be a maximal order of B. Let L be a projective Opg—module with a
non-degenerate F-linear alternating form (, ) : Lo x Lg — F for Ly = L®z A
such that (bx,y) = (z,b°y) for all b € B. Identifying Lo with a product
of copies of the column vector space D" on which M, (D) acts via matrix
multiplication, we can let o € Autqy(D) act component-wise on Lg so that
o(bv) = o(b)o(v) for all o € Autgyy (D).

Let C be the opposite algebra of C° = Endg(Lg). Then C' is a central simple
algebra and is isomorphic to M,(D), and hence Out(C) = Out(D) = Out(B).
We write Cq4 = C ®g A, B4 = B®qg A and Fy = F ®g A. The algebra
C has involution * given by (cz,y) = (x,c*y) for ¢ € C, and this involution
“x” of C' extends to an involution again denoted by “+” of Endg(Lg) given by
Trr/o((92,y)) = Trp/o({z,g"y)) for g € Endg(Lg). The involution * (resp. p)
induces the involution * ® 1 (resp. p® 1) on C4 (resp. on Ba) which we write
as * (resp. p) simply. Define an algebraic group G ;o by

G(A) = {g € Calv(g) := gg* € (Fa)*} for Q-algebras A (1.1

and an extension G of G by the following subgroup of the opposite group
Aut$ (L a) of the A-linear automorphism group Auta(La):

G(A) = {g € Auty(La)|gCag™" =Ca and v(g) :=gg* € (Fa)*}. (1.2)

Since C° = Endp(Lg), we have B° = Endc(Lg), and from this we
find that gBg™! = B & gCg~! = C for ¢ € Autg(Lg), and if this
holds for g, then gg* € F* & gaPg~! = (grg~')? for all + € B and
gy*g~t = (gyg~!)* for all y € C. Then G is a normal subgroup of G
of finite index, and G(Q)/G(Q) = Outq.aig(C, *). Here Outg.aig(C,*) is
the outer automorphism group of C' commuting with *; in other words,
it is the quotient of the group of automorphisms of C' commuting with *
by the group of inner automorphisms commuting with *. Thus we have
Outgalg(C,*) C HO((x),Outgaig(C)) C Outgai(C) C Aut(M/Q). All the
four groups are equal if G/g is quasi-split but are not equal in general. We
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28 HArRUzO HIDA
put PG = G/Z and PG = G/Z for the center Z of G.

We write G for the derived group of G; thus, G1 = {g € G|N¢(g) = v(g) =
1} for the reduced norm N¢ of C over M. We write Z¢ = G/G; for the
cocenter of G. Then g — (v(g), Nc(g)) identifies Z¢ with a sub-torus of
Resp/Gm X Respr oG- If M = F, Gy is equal to the kernel of the similitude
map g — v(g); so, in this case, we ignore the right factor Resy;/oG,, and regard
Z% C Resp/gGm. By a result of Weil ([W]) combined with an observation in
[Sh] IT (4.2.1), the automorphism group Auta.aig(Ca,*) of the algebra Cy

preserving the involution * is given by PCNJ(A). In other words, we have an
exact sequence of Q-algebraic groups

1 — PG(A) — Autaaig(Ca, *)(= PG(A)) — Out g-ig(Ba,p) — 1. (1.3)
We write
7 : G(A) — G(A)/G(A) = Out gaig(Ba, p) C Out a_aig(Ba)
for the projection.

The automorphism group of the Shimura variety of level away from ¥ is a
quotient of the following locally compact subgroup of G(A®)):

g(z) — {;C c é(A(E))|7r(x) e Oth_alg(B,p)} , (1.4)

where we embed Outg.aig(B, p) into [[,g5 Outg,-aig(Be) = Outye_,, (B ®g
A®)) by the diagonal map (B, = B ®qg Q).

We suppose to have an R—algebra homomorphism A : C — Cg such that
h(Z) = h(z)* and

(h1) (z,y) = (z, h(i)y) induces a positive definite hermitian form on Lg.

We define X to be the conjugacy classes of h under G(R). Then X is a finite
disjoint union of copies of the hermitian symmetric domain isomorphic to
G(R)™/C}, where Cj, is the stabilizer of h and the superscript “+” indicates
the identity connected component of the Lie group G(R). Then the pair (G, X)
satisfies the three axioms (see [D1] 2.1.1.1-3) specifying the data for defining
the Shimura variety Sh (and its field of definition, the reflex field E; see [Ko]
Lemma 4.1). In [D1], two more axioms are stated to simplify the situation:

(2.1.1.4-5). These two extra axioms may not hold generally for our choice of
(G, X) (see [M] Remark 2.2).

The complex points of Sh are given by

Sh(C) = G\ (G(A™) x X) /Z(Q).
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AUTOMORPHISM GROUPS OF SHIMURA VARIETIES 29

This variety can be characterized as a moduli variety of abelian varieties up to
isogeny with multiplication by B. For each « € X, we have h, : C — Cg given
by z — g-h(z)g~! for g € G(R)/C}, sending h to z. Then v — hy(z)v for
z € C gives rise to a complex vector space structure on Lg, and X, (C) = Lg/L
is an abelian variety, because by (hl), (, ) induces a Riemann form on L. The
multiplication by b € Op is given by (v mod L) — (b-v mod L).

We suppose

(h2) all rational primes in ¥ are unramified in M/Q, and ¥ contains co and
p;

(h3) For every prime ¢ € ¥, Oy = Op ®z Zy = M, (Ry) for Ry = R ®z Zy;
(h4) For every prime ¢ € 3, (, ) induces Ly = L ®z Zy = Hom(Ly, Oy);

(h5) The derived subgroup G; is simply connected; so, G1(R) is of type A
(unitary groups) or of type C' (symplectic groups).

Let G(Zz) = {g S G(QE)‘Q - Ly, = Lg} for Qx = Q®z Zs and Ly = L ®yz Zyx.
We define Sh*) = Sh/G(Zs). This moduli interpretation (combined with
(h1-4)) allows us to have a well defined p—integral model of level away from %
(see below for a brief description of the moduli problem, and a more complete
description can be found in [PAF] 7.1.3). In other words,

SEP(C) = GQ)\ (G(A™) x X) [Z(Q)G(Zs)

has a well defined smooth model over O E(p) = Or ®7 Zp) which is again a
moduli scheme of abelian varieties up to prime-to-Y isogenies. We write Sh®)
for Sh(*) when ¥ = {p,00}. We also write (@g’) =Qx/Q, and Zg’) =7Zx/Z,.

We have taken full polarization classes under scalar multiplication by O(XZ) n
in our moduli problem (while Kottwitz’s choice in [Ko] is a partial class of
multiplication by Z(XE) +). By our choice, the group G is the full similitude
group, while Kottwitz choice is a partial rational similitude group. Our choice
is convenient for our purpose because G has cohomologically trivial center,
and the special fiber at p of the characteristic 0 Shimura variety Sh/G(Zy)
gives rise to the mod p moduli of abelian varieties of the specific type we study
(as shown in [PAF] Theorem 7.5), while Kottwitz’s mod p moduli is a disjoint
union of the reduction modulo p of finitely many characteristic 0 Shimura
varieties associated to finitely many different pairs (G;, X;) with G; locally
isomorphic each other at every place ([Ko] Section 8).

We fix a strict henselization W < Q of Zp)- Thus W is an unramified

valuation ring with residue field F = F,. Under these five conditions (h1-5),
combining (and generalizing) the method of Chai-Faltings [DAV] for Siegel
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modular varieties and that of [Ra] for Hilbert modular varieties, Fujiwara ([F]
Theorem in §0.4) proved the existence of a smooth toroidal compactification of

Sh(sl.?) = Sh(P) /S for sufficiently small principal congruence subgroups S with
respect to L in G(A(p)) as an algebraic space over a suitable open subscheme of
Spec(Og) containing Spec(W N E). Although our moduli problem is slightly
different from the one Kottwitz considered in [Ko], as was done in [PAF] 7.1.3,
following [Ko] closely, the p-integral moduli Sh(®) over Og,(p) 18 proven to
be a quasi-projective scheme; so, Fujiwara’s algebraic space is a projective
scheme (if we choose the toroidal compactification data well). If the reader
is not familiar with Fujiwara’s work, the reader can take the existence of the
smooth toroidal compactification (which is generally believed to be true) as an
assumption of our main result.

Since p is unramified in M/Q, Op, ) is contained in W. We fix a geometrically
connected component V/@ of Sh®) x5 Q and write V)w for the schematic

in SKE) .— gp®
closure of Vg5 in Sh)y, = Sh/OE,<p)

theorem combined with the existence of a normal projective compactification

®0p., W By Zariski’s connectedness

(either minimal or smooth) of Sh%\),, the reduction Vyp = V' xyy F is a geo-

metrically irreducible component of S h%\)j ®Rw F. The scheme S h%) classifies,

for any S-scheme T, quadruples (A,X,4,»)) 7 defined as follows: A is an
abelian scheme of dimension %rankz L for which we define the Tate module
T(A) = lim  A[N], T®)(A) = T(A) @ Z®), Tu(A) = T(A) ® Zx and
VE)N(A) = T(A) ®z A®); The symbol i stands for an algebra embedding
i : Op — End(A) taking the identity to the identity map on A; ¢(*) is a
level structure away from %, that is, an Op-linear ¢ : L @g AP = V()(A)
modulo G(Zsx), where we require that (i)g) 1 L ®z @g) =T5(A) ®z Qg)) send
L ®y Zg’) isomorphically onto 75 (A) ®z Z(;); X is a class of polarizations A up
to scalar multiplication by i(O(y, ) which induces the Riemann form (-,-) on
L up to scalar multiplication by O(XE) 4~ There is one more condition (cf. [Ko]
Section 5 or [PAF] 7.1.1 (det)) specifying the module structure of Q4,7 over
Op ®7 Op (which we do not recall).

The group G(A®)) acts on Sh(*) by ¢&) — ¢*) o0 g. We can extend
the action of G(A®™)) to the extension G*). Each element g € G®)
with projection 7(g9) = o0, in Outgae(B,p) acts also on Sh*) by
(A’X7i,¢(2))/T — (A, N\, io o'g,qzﬁ(z) °g)/r-

The reduced norm map Ng : C* — M* extends uniquely to a ho-
momorphism N¢ : G — Resp oG of algebraic groups. Indeed, we
have an isomorphism G(A) = Outa.aig(Ca,*) x G(A) for a suitable fi-
nite extension field A of M, and the norm map Nc¢ factoring through
the right factor G(A) descends to N¢ : G(Q) — M* (which determines
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AUTOMORPHISM GROUPS OF SHIMURA VARIETIES 31

N¢ G — Res m/@Gm independently of the choice of A). The diagonal map
p:G >3 g~ (vg),Nalg)) € (Resp/qGm x Respr)gGm) factors through the

cocenter Z% of G; so, we have a homomorphism y : G — Z% of algebraic
Q-groups. We write Z%(R)* for the identity connected component of Z%(R)

and put Z9(Zw))* = Z9R) 0 (0 x Ry, )i so, 29(Zs)" = O, if
M = F. Similarly, we identify Z with Resg,zG,, so that Z(Zy,) = R(XE).
We now state the main result:

THEOREM 1.1. Suppose (hl-5). Then the field automorphism group

Aut(F(V)/F) of the function field F(V) over F is given by the stabilizer

the connected component V' (in wo(Sh(/?)) inside G /Z(Zx)). The stabilizer

s given by

{g € GM|u(g) € ZG(Z(z))+}
Z(Zs))

where ZG(Zs))t (resp. Z(Zs))) is the topological closure of Z%(Zsy)™ (resp.
Z(Zsy) )in ZG(A®)) (resp. in G(A®)). In particular, this implies that the
scheme automorphism group Aut(Vyg) coincides with the field automorphism
group Aut(F(V)/F) and is given as above.

Gy =

)

This type of theorems in characteristic 0 situation has been proven mainly
by Shimura, Deligne and Milne-Shih (see [Sh] II, [D1] 2.4-7 and [MS] 4.13),
whose proof uses the topological fundamental group of V' and the existence of
the analytic universal covering space. Our proof uses the algebraic fundamen-
tal group of V' and the solution of the Tate conjecture on endomorphisms of
abelian varieties over function fields of characteristic p due to Zarhin (see [Z],
[DAV] Theorem V.4.7 and [RPT]). The characteristic 0 version of the finiteness
theorem due to Faltings (see [RPT]) yields a proof in characteristic 0, arguing
slightly more, but we have assumed for simplicity that the characteristic of the
base field is positive (see [PAF] for the argument in characteristic 0). We shall
give the proof in the following section and prove some group theoretic facts
necessary in the proof in the section following the proof. Our original proof
was longer and was based on a density result of Chai (which has been proven
under some restrictive conditions on G), and Ching-Li Chai suggested us a
shorter proof via the results of Zarhin and Faltings (which also eliminated the
extra assumptions we imposed). The author is grateful for his comments.

2 PROOF OF THE THEOREM

We start with

PROPOSITION 2.1. Suppose (h1-5). Let o0 € Aut(F(V)/F). Let U C V be
a connected open dense subscheme on which o € Aut(F(V)/F) induces an
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isomorphism U = o(U). For x € (UNo(U))(F), the two abelian varieties X,
and X, (y) are isogenous over IF, where X, is the abelian variety sitting over x.

Proof. We recall the subgroup in the theorem:

{g € GM|u(g) € ZG(Z(z))+}

Z(Zs)) '
By characteristic 0 theory in [D] Theorem 2.4 or [MS] p.929 (or [PAF] 7.2.3),
the action of G(A(E))/Z(Z(g)) on ﬂ'o(Sh%)) factors through the homomor-
phism G(A®)/Z(Zx)) — ZG(A™)/ZC(Zx))* induced by p. The idele
class group of cocenter Z¢(A®))/ZG(Zx)* acts on WO(Sh%)) faithfully.

v =

Since each geometrically connected component of Sh(*) is defined over the field
IC of fractions of W, by the existence of a normal projective compactification
(either smooth toroidal or minimal) over W (and Zariski’s connectedness
theorem), we have a bijection between geometrically connected components
over K and over the residue field F induced by reduction modulo p. Then the

stabilizer in é(A(E))/Z(Z(E)) of V in ﬂo(Sh%)) is given by Gy .

The scheme theoretic automorphism group Aut(V/F) is a subgroup of the field
automorphism group Aut(F(V)/F). By a generalization due to N. Jacobson
of the Galois theory (see [IAT] 6.3) to field automorphism groups, the Krull
topology of Aut(F(V)/F) is defined by a system of open neighborhoods of
the identity, which is made up of the stabilizers of subfields of F(V') finitely
generated over F. For an open compact subgroups K in G(A®))/Z(Zx,),
we consider the image Vi of V in Sh(*)/K. Then we have Vi = V/Ky
for Kyv = K N Gy, and Ky is isomorphic to the scheme theoretic Galois
group Gal(V/Vi r), which is in turn isomorphic to Gal(F(V))/F(Vk)). Since
all sufficiently small open compact subgroups of Gy are of the form Ky
for open compact subgroups K of G(A(E))/Z(Z(g)), the Ky’s for open

compact subgroups K of G(A®))/Z(Z,)) give a fundamental system of
open neighborhoods of the identity of Aut(F(V)/F) under the Krull topol-
ogy. In other words, the scheme theoretic automorphism group Aut(Vp)
is an open subgroup of Aut(F(V)/F). If we choose K sufficiently small
depending on o € Aut(F(V)/F), we have °Ky = o Kyo~ ! still inside Gy in
G(A®)/Z(Zs)). We write Uk (resp. U-g) for the image of U (resp. of
o(U)) in Vi (resp. in Vo).

By the above description of the stabilizer of V, the image of G1(A®)) in the
scheme automorphism group Aut(S h%)) is contained in the stabilizer Aut(V,p)

and hence in the field automorphism group Aut(F(V)/F). Let G1(A®) be the
image of G (A®)) in Aut(F(V)/F) (so G1(A®)) is isomorphic to the quotient
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of G1(A®)) by the center of G1(Zsy)). We take a sufficiently small open com-
pact subgroup S of G(A®)). We write S; = G1(A®))N S and S; for the image
of S7 in @_1(1%(2)) with G1(A®)). Shrinking S if necessary, we may assume
that Sy = 51, that V/Vs is étale, that Gal(V/Vg/r) = S1, that S =[], S¢ with
Sy = SN G(Qy) for primes £ ¢ ¥ and that °S; := 0S107 ! € G(A®)). We
identify Sh®) /S = Sh®) /S for § = S x G(ZL)), where ZE = [Tyex_ 00} Zet-

Since S; 22 S, we hereafter identify the two groups.

Let m be the maximal ideal of W and we write k = O /(Og Nm) for the reflex
field E. Since Sh%) is a scalar extension relative to F/x of the model Shﬁ)
defined over the finite field &, the Galois group Gal(F/x) acts on the underlying
topological space of Sh(*)/S. Since wo((Sh(E)/S)/@) is finite, 7o ((Sh*)/S) /x)
is finite, and we have therefore a finite extension [, of the prime field F,
such that Gal(F/F,) gives the stabilizer of Vg in Wo((Sh(E)/S)/F). We may
assume that (as varieties) Us and Usg are defined over F,; and that Ug xp, F
and Urg xp, F are irreducible. Since 0 € Hom(Us,Us-5), the Galois group
Gal(F/F,) acts on o by conjugation. By further extending F, if necessary, we
may assume that o is fixed by Gal(F/F,), = € Us(F,) and o(x) € U-g(F,).
Thus o descends to an isomorphism og : Ug = Usg defined over F,,.

Let X5/r, — Us/r, be the universal abelian scheme with the origin 0. We write
(X3, 05) for the fiber of (Xg,0) over z and fix a geometric point T € V(IF) above
x. The prime-to-p part W%p ) (Xz,0z) of m (X, 0%) is canonically isomorphic to
the prime to-p part T(p)(XE/F) of the Tate module 7 (X5/r), and the p-part
of m(Xz,0z) is the discrete p-adic Tate module of X, r which is the inverse
limit of the reduced part of X,[p"](F) (e.g. [ABV] page 171). We can make
the quotient Wip} (Xs/r, 0z) by the image of the p-part of 71 (X, 0z). Then we
have the following exact sequence ([SGA] 1.X.1.4):

TO (Xz) Wi{p}(XS/mq, 0z) — m1(Us/r,,T) — 1.

This sequence is split exact, because of the zero section 0 : Us — Xg. The
multiplication by N: X — X (for N prime to p) is an irreducible étale cover-

ing, and we conclude that 7®)(X,) injects into Wip} (Xs/r, 0z). We make the
quotient 73 (Xg/r, , 0z) = Wi{p}(XS/Fq ,05)/i(T) (X)), and we get a split short
exact sequence:

0— ’T(Z)(Xg) — W%(Xs/}pq,of) — m(Usr,,T) — 1. (2.1)

By this exact sequence, m1(Us/r,,) acts by conjugation on T3 (Xz). Recall
that we have chosen S sufficiently small so that V' — Vg is étale. We have a
canonical surjection 71 (Ug/r,,T) — Gal(U/Us). We write Sy = Gal(U/Us),
which is an extension of Sy by Gal(F/F,) generated by the Frobenius automor-
phism over F,. Since Xz[N] for all integers N outside ¥ gets trivialized over
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U, the action of m1(Us/r,,Z) on T (Xz) factors through m1(Usyr,,T) = Sv.

We now have another split exact sequence:
0— T(Z)(XU(E)) — W%(XUS/]FQ7OO-(§)) — m(Ussyr,,0(T)) — 1. (2.2)

Again the action of m(U-g/r,,0(T)) on T®) (X, ) factors through
Gal(U/Us-g) = °Sy. We fix a path in Urg from o(Z) to T and lift it to
a path from o(0z) to Oz in Xog, which induces canonical isomorphisms ([SGA]
V.7):

7 W%(XUS/F,OU(E)) = W%(XdS/F,OT) and ¢y : ﬂl(Uas,Oa(E)) ~m(Uss,T).

The isomorphism 7 in turn induces an isomorphism ¢ : T (X, ) —
T®)(Xgz) of 78, -modules.

We want to have the following commutative diagram

—

TO(Xz) —— 7P Xgr05) ——  m(Usr, @)

J | ‘|

IO (Xo(m) —— 1 (Xosm 0o@) —— m(Ursyr,0(T))

| ‘| I

T(E)(XE) - le(XUS/IFaOE) —_— Wl(UUS/IF,f%

and we will find homomorphisms of topological groups fitting into the spot
indicated by “?”. In other words, we ask if we can find a linear endomorphism
L € Endy s (7™ (Xz) ® Q) such that L(s-v) = s - L(v) for all s € S; and
v € T®)(Xgz), where “s = oso~ ! is the image of 1s(04(s)) in ?S; for any
lift s € m(Vs,T) inducing s € S;. Since Hom(G1(Z¢), G1(Zs)) is a singleton
made of the zero-map (taking the entire G1(Zy) to the identity of G1(Zs)) if two
primes ¢ and ¢’ are large and distinct (see Section 3 (S3) for a proof of this fact),
s — %s sends S1 ¢ into 757 ¢ for almost all primes ¢, where S1 ¢ = G1(Q¢) N Se.
If we shrink S further if necessary for exceptional finitely many primes, we
achieve that Sy is /-profinite for exceptional ¢ and the logarithm log, : S; , —

Lie(S1,0) given by log,(s) = > 2 (—1)”+1¥ is an f-adically continuous

n=1
isomorphism. Then by a result of Lazard [GAN] IV.3.2.6 (see Section 3 (S1)),
o induces by log, o0 = [o]; o log, an automorphism [o], of the Lie algebra

Lie(Sy) ®z, Q¢ over Q. Note that
Lie(S1,) ®z, Qe = {z € Cg|p(x) =—z and Tr(z) =0},

where Tr : Cy — M, is the reduced trace map. Extending scalar to a finite
Galois extension of K/Qy, Lie(S¢) ®z, K becomes split semi-simple over K,
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and therefore [o] is induced by an element of PG(K) (the Lie algebra version
of (S2) in the following section), which implies by Galois descent that [o], is

induced by an element of Pé(@g). Thus for all £ ¢ 3, s — s sends 51 into
751 ¢ and that the isomorphism: s — “s is induced by an element £ of the
group fitting into the middle term of the exact sequence (1.3):

1 - PG(A®) = PGA®)) — Aut(MP) /A,

The element £ in Aut(G;(A®))) is in turn induced by an endomorphism £ €
End, = (7™ (Xz) ® Q). Define g(o) = ¢t~ o L. Then g(o) is an element of
Homg, (T™X,, T®X,(,)) invertible in Homg, (TOX,, T®X, () ®2Q, and
g(o) is S1-linear in the sense that g(c)(sx) = “s-g(o)(x) for all s € S;. Though
L may depends on the choice of the path from z to o(x), the isomorphism g(o)
(modulo the centralizer of S7) is independent of the choice of the path; so, we
will forget about the path hereafter. Applying this argument to ¥ = {p, oo},
we have the following commutative diagram

TW(X,) 95 A®) 22, T®) (Ko(e)) @z AP

o (e, (233)

L ®z A® e L ®z AP
9o

for g» € G(A®). Thus g((,z) has the projection ﬂ(g((,z)) € OutA@)_alg(Bg),p).

Consider the relative Frobenius map mg : Us — Ug over Fy. Since o : Ug = Usg
is defined over IF, by our choice, o satisfies 05 0o g = Mog00g. If X — Us
is an étale irreducible covering, X Xyg rs Us — Ug is étale irreducible, and
g : Us — Ug induces an endomorphism 7g . : m(Us,T) — m1(Us,Z). We
have a diagram:

T (Xp@) —— 1 (Xog/m, 053)) —— 1 (Uesyr, 0(T))

(o)™ 9(0) ' xog, I
TO(X;) —— 1 (Xgm0z) ——  mUs/r, @)

urs T XTTS, TS, *

TO(Xz) —— mP(Xgr,05) —— m(Usp,T)

g(o) (o) X0« 5%

T(E)(Xg(f)) _ W%(XUS/F,OU(E)) — 771(UUS/]F7O'(E>)7

—

where 7, is the relative Frobenius endomorphism of X, over F,. The middle
horizontal three squares of the above diagram are commutative, because (7, X
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7s,«) is induced by the relative Frobenius endomorphism of Xsr,- The top
and the bottom three squares are commutative by construction; so, the entire
diagram is commutative. In short, we have the following commutative diagram:

T (X,@) —— 1 Xog/p, 05z) —— 1 (Usgr, 0(T))

g(o)m(orll l Wﬂs,*l

T (X)) ——— 1 (Xogyr, 05(z)) ——— m(Ussyr,0(T)),
because 05775051 = Tog. Since To(z) also gives a similar commutative diagram:

TO (X, @) —— 1 (Xeg/p, 0,3) —— m1(Uesyr, 0(T))

mz)l J lm,*

TP (Ko@) —— 1 (Xosr, 0o@) —— m1(Unsyr, 0(T)),

we find out that g(a)mg(o’)”w;&) commutes with the action of .S, and hence
it is in the center of Autgr(7 ™ (X, (z))). In other words, g(o)m,g(c) ™! = 27, (s
for z € (R®™)*. Taking the determinant with respect to N Ti(Xy(z)) for
the rank g = rankg, 7,(X,)) with a prime £ ¢ 3, we find that det(w,) =
29 det(7y(5)). Since det(m,) = N(m,)" with a positive integer r for the reduced
norm map N : B — M, we find that det(m,) = det(m,(y)), and hence z

is a g-th root of unity in (]?’,(Z))>< (purity of the Weil number 7). Then
g(o) € Hom(TWX,, TPX, ) satisfies g(c) o 7g = Wg(w) o g(o), and hence
g(o) is an isogeny of Gal(F/F,s)—modules. Then by a result of Tate ([T]),

Homgaiw/r,q) (T X, T X () = Hom (X, 5, » Ko (o) /r,e) 02 A,
we find that X, and X, ;) are isogenous over Fyq. O

We have a canonical projection Autiop group (G (A(E))) — OutA@)_alg(Bg), p)
(induced by 7) whose kernel is given by PG(A®)). Thus o € Aut(F(V') r) has
projection W(ggz)) (for g, in (2.3)) in
OutA(z)_alg(Bf&Z), p) - AutA(z)_alg(MéE)) = H AUth—alg(Mé)
Iz

which will be written as op = W(g((,z)).

COROLLARY 2.2. Ifo € Aut(F(V)/F), we have o € Outg.qiy(B, p), where the
group Outg.qy(B, p) is diagonally embedded into sz Autg,-ag(Mp).

Proof. The element g(0) = ="' oL € Homg(7T®X,,7®X,,) in the proof of
Proposition 2.1 acts on G (A®)) by conjugation of g, € G(A®) in (2.3); so, its
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projection 7(g,) in OutA(E)-alg(Bj(%E)’ p) inside Aut(MéE)/A(E)) is given by op.
By the proof of Proposition 2.1, g(c) is induced by £ € Homo,, (Xz, X, () mod-
ulo Z(Zs))S. Choose a rational prime ¢ outside ¥. We have B; NEnd(X;) =
Op. Note that b — g(o)~t obo g(o) sends B, into itself and that the con-
jugation by ¢ sends B, N (End(X,;) ®z Q) = B into itself. Since the image
of the conjugation by g(c) in Outg,-ag(B,) and the image of the conjugation
by ¢ in Out(End(X;) ®z Q) coincide, we conclude op € Outg.ag(B). Since

op € OUtA(m_alg(Bg),p) N Outg-aig(B), we get o € Outg.aig(B, p). O

COROLLARY 2.3. For the generic point n of Vs, X, and X, are isogenous.
In particular, if op is the identity in Outg.ay,(B,p), we find as € G(A®))
inducing o on F(Vg) for all sufficiently small open compact subgroups S of
G(A®)).

Proof. We choose S sufficiently small as in the proof of Proposition 2.1. We
replace g in the proof of Proposition 2.1 by ¢9 at the end of the proof in order
to simplify the symbols.

Suppose that og induces Us = Us.g for an open dense subscheme Ug C
Vs. Again we use the exact sequence:0 — 7 &)Xy — mr (Xp,,05) —
m1(Usyr,,m) — 1. By the same argument as above, we find g,(0) €
Homy, (g 7) (T(E)Xn,T(E)XU(n)). Since X,[(>°] gets trivialized over U for
a prime ¢ ¢ 3, fixing a path from 1 to x for a closed point € Ug(Fy)
and taking its image from o(n) to o(z), we may identify 7(Ug/r,,T) (resp.
TOX, and TOX,(,) with the Galois group Gal(F(U)/F,(Us)) for the
universal covering U (resp. with the generic Tate modules T(E)Xn and
T(Z)Xa(n)). By the universality, o : U = °U extends to o : U =~ 0.
Writing D, for the decomposition group of the closed point & € Ug(F,),
the points x : Spec(F,) — Ug and o(z) : Spec(F;) — U-g induce iso-
morphisms D, = Gal(F/F,) = D, = oD, ! (choosing the extension &
suitably) and splittings: Gal(IE‘((',N/)/Fq(US)) = D, x Gal(F(U)/F(Us)) and
Gal(F("ﬁ)/Fq(Uos)) = Dy(z) X Gal(F(”ﬁ)/F(UaS)). The morphism g¢(o) :
THX, — T(E)Xg(ﬁ) induces a morphism g, (o) : T®X, — T(E)Xa(n) satis-
tying g,(0)(sz) = 7s - gy(o)(x) for all s € Sy. Thus g,(c) is a morphism of
71(Us/r,,7)-modules (not just that of 77*(Usg, s, 7)-modules). Then by a result
of Zarhin (see [RPT] Chapter VI, [Z] and also [ARG] Chapter IT), X, /r_(vq)
and X, () /r, (Vo) are isogenous. Here we note that the field Fy(Vs) = Fy(Us)
is finitely generated over F,, (which has to be the case in order to apply Zarhin’s
result). Thus we can find an isogeny «, : X;, — X;(,), which extends to an
isogeny Xg — 0*Xog = Xog Xy, 4,0 Us over Ug. We write o : Xg — Xog for
the composite of the above isogeny with the projection Xogs Xy, 4.0 Us — Xog.
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We then have the commutative diagram:

Xs L Xas

! !

US —_ Uos.

Assume that o = 1. Then « is B-linear. Suppose we have another B-linear
isogeny o : Xg — 0*Xog inducing g,(c). Then a~'a’ commutes with the
action of Gal(F(U)/F(Us)) and hence with the action of S. Thus we find
¢ = ¢ 'a" /¢ € Ends(Lyx) for the level structure ¢ = ¢ @ Lyx —
V() (X;;). This implies B-linear £ commutes with the action of C, and hence
in the center of B C End¢(Lg). We thus find € € Z(Q)G(Zg))S. We consider
the commutative diagram similar to (2.3):

T(p)(Xn) @z AP 21, T/ Xo(m) ®z AW

Jotp I 24)
L @z AP — L®z AP,

9o

The prime-to-Y component of g-! eventually gives ag in the corollary. By the
above fact, g((,E) is uniquely determined in G(A®))/Z(Q)S.

Note that a*(XaS,LS,iaS,dﬁ’a) o g((,E))/US is a quadruple classified by

Sh(/? = Sh(p)/G(Z(Ep))S. By the universality of Sh(/g) (proven under (h2-4)),
we have a morphism 7 : Ug — Ug C Sh(¥) /S with a prime-to-~ and B-linear
isogeny 0 : 0*Xog — 7*Xg over Ug. Identifying Gal(U/Ug) with a subgroup
Sy of S € G(A®), the actions of s € Sy on ¢y = d)gz(%) 0 g, and on ¢g = 5,2)
have identical effect: so ¢; = ¢; os (j = 1,2). Thus the effect of 7 (and Sov,)
on T(*)(X,)) commutes with the action of Sy, and the action of B-linear Ba,
on the Tate module 7*)(X,) commutes with the action of Sy.. Therefore it
is in the center Z(Q). Thus the isogeny a between 0*(Xog) and Xg can be
chosen (after modification by a central element) to be a prime-to-3 isogeny.
This 7 could be non-trivial without the three assumptions (h2-4), and if this
is the case, the action of 7 is induced by an element of G(Qg )) normalizing

G(Z?). Under (h2-4), 7 is determined by its effect on 7®)(X,) and is the
identity map (see the following two paragraphs), and we may assume that «
is a prime-to-X isogeny (after modifying by an element of Z(Q)). Thus g((,z) is
uniquely determined in Gy modulo S.

We add here a few words on this point related to the universality of Sh(*®).
Without the assumptions (h2-4), the effect of o on the restriction of each
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level structure ¢®) to L, may not be sufficient to uniquely determine o.
In other words, in the definition of our moduli problem, we indeed have the
datum of ¢(Ep ) modulo G(Zg )), which we cannot forget. To clarify this, take a
(characteristic 0) geometrically connected component Vg of Sh, g whose image

VO(E) in Sh%) = Sh/G(Zx) giving rise to V/p after extending scalar to W
and then taking reduction modulo p. By the description of mo(Sh g) at the
beginning of the proof of Proposition 2.1, the stabilizer in G(A(*))/Z(Q) of

Vo3 € mo(Sh ) is given by
{9€ G(A™)ulg) € ZE@}
1) ‘

Inside this group, every element g & G(A(OO)) inducing an automorphism

0=

of VO(E) has its f-component g, for a prime ¢ € ¥ in the normalizer of
G(Z¢). Under (h2-4), as is well known, the normalizer of G(Z;) in G(Qy)
is Z(Q¢)G(Z¢) (see [Ko] Lemma 7.2, which is one of the key points of the
proof of the universality of Sh®*)). By (h2-4), G(Qy) is quasi-split over Qy,
and we have the Iwasawa decomposition G(Q) = Py(Q¢)G(Z;) for £ € X
with a minimal parabolic subgroup Py of G, from which we can easily prove
that the normalizer of G(Z;) is Z(Q¢)G(Z¢). An elementary proof of the
Iwasawa decomposition (for a unitary group or a symplectic group acting
on M; keeping a skew-hermitian form relative to M,/F;) can be found in
[EPE] Section 5, particularly pages 36-37. By (h3-4), G(Qy) is isomorphic to
a unitary or symplectic group acting on M} = eLq, for an idempotent ¢ (for
example, ¢ = diag[1,0,...,0] fixed by p) of Op, = M, (Ry) with respect to the
skew-hermitian form on eLg, induced by (-, -); so, the result in [EPE] Section 5
applies to our case.

Suppose that g € G(A(>)) preserves the quotient VO(E) of V. If ¥ is finite,
we can therefore choose £ € Z(Q) so that (£g)¢ is in G(Zg) for all ¢ € %,

and the action of (£9)*) € Gy on VO(E) induces the action of g. Suppose
that X is infinite. Since «,, is a prime-to-¥ isogeny, (g,)s is contained in

G(Zg)). Thus o is induced by (g[(,g))’1 even if ¥ is infinite. This fact can
be also shown in a group theoretic way as in the case of finite 3: Modifying
g by an element in G(Zyx), we may assume that g € Z(Qy) for all £ € X.
Taking an increasing sequence of finite sets ; so that ¥ = [, £; and choosing
& € Z(Q) so that the action of (£;9)**) induces the action of g on VO(Zi), we
find &g € G(Zs,)G(AF)) whose action on VO(E) is identical to that of g. We
write F; for the closed subset of elements in G(Zx,)G(A®")) whose action on
VO(Z) is identical to that of g. In the locally compact group G(A(®)), the filter

{F:}: has a nontrivial intersection (), F; # (. Thus the action of g on VO(E) is
represented by an element in G(A®)). In other words, an element of G(A(>))

in the stabilizer of the connected component VO(E) € Wo(Sh(/%)) is represented
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by an element in the group G(A®*)) without ¥-component. Since WO(Sh%))
is in bijection with ﬁo(Sh%)), any element in the stabilizer in G(A®)) of
Ve WO(Sh%)) is represented by an element in G(A®)). By this fact, under

(h2-4), the effect of o on QS(EP ) is determined by g((,-z) outside X. Thus we can
really forget about the Y-component.

Writing the prime-to-X level structures of X, and X,(,) as ¢$,E) and ¢§Z(37),

respectively, we now find that an0¢£72) = ¢((TE(2]) oag! forag! = ggz) e G(A™).
Since the effect of o on 7*)(X,,)) determines o, we have ag'(o(n)) = 1, which
implies that ag = o on the Zariski open dense subset Ug of Vg, and hence,

they are equal on the entire V. O

By the smoothness of Sh(*) over W, Zariski’s connectedness theorem (com-
bined with the existence of a projective compactification normal over W), we

~

have a bijection WO(Sh(/?) = WO(Sh%)) as described at the beginning of the
proof of Proposition 2.1. Since our group G has cohomologically trivial cen-

ter (cf., [MS] 4.12), the stabilizer of VO(Z) € 7T0(Sh(§)) in SE™) pas a simple
/Q Z(Zsy)

expression given by the subgroup Gy in the theorem (see [D1] 2.1.6, 2.1.16,
2.6.3 and [MS] Theorem 4.13), and the above corollaries finish the proof of the
G(A(E))
Z(Lex))
a fixes V € mo(S h%)), we conclude a € Gy. The description of the stabilizer
of V' in the theorem necessitates the strong approximation theorem (which fol-
lows from noncompactness of G1(R) combined with simply connectedness of
G1: [Kn)).

theorem because o on V is then induced by a = limg_.; ag in Since

3 AUTOMORPHISM GROUPS OF QUASI-SPLIT CLASSICAL GROUPS
In the above proof of the theorem, we have used the following facts:

(S) For an open compact subgroups S, S’ C G1(A®)), if o : S = S is an
isomorphism of groups, replacing S by an open subgroup and replacing
S" accordingly by the image of o, o is induced by the conjugation by an
element g(o) € G(A®)) as in (1.2).

We may modify o by g € G(A®) so that o3 = 1. Then this assertion (S)
follows from the following three assertions for ¢ with op = 1:

(S1) For open subgroups Sy and S’y of G1(Qy) (for every prime £), an iso-
morphism oy : Sy =2 Sy is induced by conjugation s — go(c)sge(c)™1 for
ge(0) € G(Qy) after replacing Sy by an open subgroup of Sy and replacing
Sy by the image of the new Sy;
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(S2) For a prime £ at which Gz, is smooth quasi-split (so for a sufficiently
large rational prime £), we have

Aut(G1(Ze)) = Aut(M,/Qq) x PG(Zy)

and

Aut(G1(Qy)) = Aut(M;/Q;) x PG(Qy),

(S3) For sufficiently large distinct rational primes p and £, any group homo-
morphism ¢ : G1(Zp) — G1(Zy)) is trivial (that is, Ker(¢) = G1(Z,)).

The assertion (S1) follows directly from a result of Lazard on ¢—adic Lie groups
(see [GAN] IV.3.2.6), because the automorphism of the Lie algebra of S (hence
of S§’) are all inner up to the automorphism of the field (in our case). The
assertion (S2) for finite fields is an old theorem of Steinberg (see [St] 3.2),
and as remarked in [CST] in the comments (in page 587) on [St], (S2) for
general infinite fields follows from a very general result in [BT] 8.14. Since the
paper [BT] is a long paper and treats only algebraic groups over an infinite
field (not over a valuation ring like Z;), for the reader’s convenience, we will
give a self-contained proof of (S2) restricting ourselves to unitary groups and
symplectic groups.

Since the assertions (S3) concerns only sufficiently large primes, we may always
assume

(QS) G1(Zy) and G1(Z;) are quasi-split.

We now prove the assertion (S3). Let ¢ : G1(Z,) — G1(Z¢) be a homomor-
phism. Since G1(Z,) is quasi split, G1(Z,) is generated by unipotent elements
(see Proposition 3.1), and its unipotent radical U is generated by an additive
subgroup U, corresponding to a simple root «.

If Gi = SL(n),z, for example, we may assume that U, is made of diagonal
matrices
1; 0 0
diag[L;, (§ 1), ln—j—2] := (0 (6%) o >
0 0 1n ;.o
with v € Z, for an index j (with 1 < j < n), where 1, is the j x j identity
matrix.

In general, U and U, are p-profinite. We consider the normalizer N(U,) and
the centralizer Z(U,) of U, in G;. Then by conjugation, N(U,)/Z(U,) acts
on U,. Since ¢ is a group homomorphism, the quotient N(U,)/Z(U,) keeps
acting on the image ¢(U,) in G1(Z,) through conjugation by elements in
d(N(Uy)). If p # £, every element of ¢(U,) is semi-simple (because unipotent
radical of G1(Z,) is ¢-profinite). Thus the centralizer (resp. the normalizer) of
»(Uy) is given by Z(Zy) (resp. N(Z;)) for a reductive subgroup Z (resp. N)

DOCUMENTA MATHEMATICA 11 (2006) 25-56



42 HAruzO HiDA

of Gi. Then N(Z;)/Z(Zy) is a finite subgroup of the Weyl group Wy of Gy ¢
which is independent of £.

For example, if G1 = SL(n),z, and if ¢(U,) is made of diagonal matrices
diag[¢11m,; C2lmys - - - Grlim, ] for generically distinct ¢;, Z is given by the sub-
group

SL(n) N (GL(my) x GL(m3) X --- X GL(m,.)),

where GL(m1) X GL(ms2) x -+ x GL(m,) is embedded in GL(n) diagonally.
The quotient N/Z in this case is isomorphic to the subgroup of permutation
matrices preserving Z.

If ¢(U,) is nontrivial, the image of N(Uy,)/Z(U,) in Aut(¢(U,)) grows at least
on the order of p as p grows. In the above example of Gy = SL(n)z, if
d(Uq) =2 Z/p™Z for m > 0, all elements in Aut(¢(Uy)) = (Z/p™Z)* come
from N(Uy)/Z(Us) = Z). This is impossible if p > [W;]. Thus ¢(Uy,) = 1.
Since G1(Z,) for large enough p is generated by U, for all simple roots «a, ¢
has to be trivial for p large enough. O

Since we assume to have the strong approximation theorem, we need to assume
that Gy is simply connected; so, we may restrict ourselves to symplectic and
unitary groups (those groups of types A and C'). We shall give a detailed
exposition of how to prove (S2) for general linear groups and split symplectic
groups and give a sketch for quasi split unitary groups.

Write x : G — Z% = G//G for the projection map for the cocenter Z%. In the
following subsection, we assume that the base field K is either a number field
or a nonarchimedean field of characteristic 0 (often a p-adic field). When K is
nonarchimedean, we suppose that the classical group G is defined over Z,, and
if K is a number field, G is defined over Q. We write O for the maximal compact
ring of K if K is nonarchimedean (so, O is the p-adic integer ring if K is p-adic).
We equip the natural locally compact topology (resp. the discrete topology) on
G(A) for A = K or O if K is alocal field (resp. a number field). Then we define,
for A= K and O, Aut, (G(A)) by the group of continuous automorphisms of
the group G(A) which preserve x up to automorphisms induced on Z¢ by the
field automorphisms of K. Thus

Auty (G(4)) = {o € Aut(G(A))[x(a(9)) = 7(x(9)) for 3 7 € Aut(K)}.

For a subgroup H with G1(A) C H C G(A) and a section s of x : H — Z%(A),
we write Auty(H) for the group of continuous automorphisms of H preserving
s up to field automorphisms and inner automorphisms (in [PAF] 4.4.3, the

symbol Autget(GL2(A)) means the group Aut, here for a section s of det :
GL(2) — G,).
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3.1 GENERAL LINEAR GROUPS

Let L; C P"~! be the hyperplane of the projective space P"~!(K) defined
by the vanishing of the j—th homogeneous coordinate z;. We start with the
following well known fact:

PROPOSITION 3.1. Let P be the maximal parabolic subgroup of GL(n) fizing the
infinity hyperplane L,, of P"~1. For an infinite field K, SL,(K) is generated
by congugates of Up(K), where Up is the unipotent radical of P.

Proof. Let H be a subgroup generated by all conjugates of Up. Thus H is
a normal subgroup of SL, (K). Since SL,(K) is almost simple, we find that
SL,(K)=H. O

PROPOSITION 3.2. For an open compact subgroup S of SLy,(K) for a p-adic
local field K, the unipotent radical U of a Borel subgroup By of SL,(K) and
S generate SLy,(K). Similarly S and a Borel subgroup B of GL,(K) generate
GL,(K).

Proof. We may assume that U is upper triangular. Thus U D Up for the max-
imal parabolic subgroup P in Proposition 3.1. We consider the subgroup H
generated by S and Up. The group Up acts transitively on the affine space
A" Y(K) = P Y(K) — L,. For any g € S — By for the upper triangu-
lar Borel subgroup B, gUg~ ! acts transitively on P 1(K) — g(L,). Note
that ges 9(L,) is empty, because intersection of n transversal hyperplanes is
empty. Thus we find that H acts transitively on P"~!(K). Since P"~1(K) is in
bijection with the set of all unipotent subgroups conjugate to Up in SL,(K),
H contains all conjugates of Up in SL,(K); so, H = SL,(K) by Propo-
sition 3.1. From this, generation of GL,(K) by B and S is clear because
GL,(K)=B-SL,(K). O

In this case of GL,, we have y = det and Z¢ = G,,. Thus, for A =

or O, Autget(GL,(A)) is the automorphism group of the group GL,(A)
preserving the determinant map up to field automorphisms of K, that is,
o € Autge(GL,(A)) satisfies det(o(g)) = 7(det(g)) for a field automor-
phism 7 € Aut(K). More generally, for a subgroup H C GL,(A) containing
SL,(A), we define Autget(H) for the automorphism group of H preserv-
ing det : H — A* up to field automorphisms of K. Fixing a section
s: A* — GL,(A) of the determinant map, that is, det( (x)) = x, we recall
Auty(GL,(A)) = {0 € Aut(GL,(A4))|o(s(x)) = s(t(z))g~1} for some
g € GL,(A) and 7 € Aut(K). Similarly, we define Aut s(H) for a section s of
the determinant map det : H — A*. We write Z(SL,(A)) for the center of
SLy(A), which is the finite group py(A) of n-th roots of unity.

We now prove (S2) for SL,,(A):
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ProrosiTION 3.3. If A = K, assume that K is either a local field of char-
acteristic 0 or a number field. If A = O, assume that K is a local field of
characteristic 0. Then we have

1. The continuous automorphism groups Aut(PGL,(A)), Aut(PSL,(A))
and Aut(SL,(A)) are all canonically isomorphic to

(Auwt(K) x (J)) x PGL,(A) ifn >3,
Aut(K) x PGL,(A) if n =2,

where J(z) = wolz ™ wy "t for wo = (8ipn+1-j) € GL(n) and Aut(K) is
the continuous field automorphism group of K.

2. If H D SL,(A) is a subgroup of GL,(A), we have
Auts(H) = {g € Aut(PGL,(A))|1y(det(H)) = det(H)},
where T4 indicates the projection of g to Aut(K).

3. We have a canonical split exact sequence
1 — Hom(A*, Z(SL,(A))) — Autget(GL,(A)) — Aut(SL,(A)) — 1.

In other words, for o € Autge(GL,(A)), there emists g €
GL,(A) and 7 € Aw(K) with o(x) = ((det(z))gr(z)g=t for
¢ € Hom(A*, Z(SLy,(A))).

If K is a local field, we put the natural locally compact topology on the group,
and if K is a global field, we put the discrete topology on the group. We shall
give a computational proof for GL,,, because it describes well the mechanism of
how an automorphism is determined entry by entry (of the matrices involved).

Proof. We first deal with the case where A is the field K. We first study
PGL,(K). We have an exact sequence:

1 — PGL,(K) 5 Aut(PGL,(K)) — Out(PGL,(K)) — 1,

where i(z)(g) = xgxr~!. We write B (resp. U) for the upper triangular Borel
subgroup (resp. the upper triangular unipotent subgroup) of GL,(K). Their
image in PGL,(K) will be denoted by B and U.

Let A be a subgroup of GL, (K) isomorphic to the additive group K; so,
we have an isomorphism a : K = A. Consider the image a(1) of 1 € K in
A. Replacing K by a finite extension containing an eigenvalue « of a(1), let
Va C K™ be the eigenspace of a(1) with eigenvalue . Then a(-1) acts on V,
and a(:-)™ = a(1) = o € End(V,). Thus we have an algebra homomorphism:
Klz]/(x™ — a) — Endg(V,) for all 0 < m € Z. If K is a p-adic local field,

N,,(K*)™ = {1}. By using this, we find (), (K*)™ = {1} for a number field
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K. Thus if K is a non-archimedean local field or a number field, we find that
« has to be 1. Thus A is made up of commuting unipotent elements; so, by
conjugation, we can embed A into U.

Since U =2 U is generated by unipotent subgroups isomorphic to K, by the

above argument, o(U) for o € Aut(PGL,(K)) is again a unipotent subgroup
of PGL,(K). Since B is the normalizer of U, again ¢(B) is the normalizer of

o(U); so, 0(B) is a Borel subgroup. We find g € GL,(K) such that o(B) =
g_Bg_l. Thus we may assume that o fixes B. Applying the same argument to
U, we may assume that o fixes U. Since we have a unique filtration:

U:UlDUQDUgD"'DUn_lj{l}:Un

with [U;,U;] = Uj41 and U;/U;j41 = K"9, o preserves this filtration. We fix
an isomorphism a; : KnJ —s U; given by

aj(ar, ..., j) =1+ By ji1 + By jio+ - +an jEy jn,

where E; ; is the matrix having non-zero entry 1 only at the (i, j)-spot. Then
a; induces K" 7 = U;/Uj+q. Since o([u,v']) = [o(u),o(u)] for u,v € U;
and [o(u),o(u")] mod Ujto is uniquely determined by the cosets uU;41 and

wWUjt1,0: U =2 U is uniquely determined by o : Uy /Uy = Uy /U, induced by o.

Each subquotient U;/Uj41 is a K-vector space and is a direct sum of one-
dimensional eigenspaces under the conjugate action of T := B/U. Define an
isomorphism ¢ : (K*)"/K* = T by t(ay,...,qa,) = diag[aq, ..., a,], and we
write o (t) = «a; if t = diag[ag,...,a,]. Then U;; C U (j > i) generated by
u;; = 1+ E;; is the eigen-subgroup (isomorphic to one dimensional vector
space over K) on which ¢ € T acts via the multiplication by x;(t) = aia;l(t).
The automorphism ¢ also induces an automorphism & of T = B/U. Thus o

permutes the eigen-subgroups U;; of U.

Let £ = Q if K is a number field and £ = Q, if K is a p-adic field.
Then o induces a k-linear automorphism on U;/U;i; for all j. We first
assume K = k. Write o(ai(1,...,1)) = ai1(a1,...,a,—1) mod Us. Solve
ajajjil = a; for j = 1,...,n — 1. Then changing o by = — to(z)t™! for
t = diag[ay,as,...,a,], we may assume that o1(a;(1)) = a1(1) mod Us for
1=(1,1,...,1) € K" 1. Further by conjugating ¢ by an element in U, we
may assume that o(a1(1)) = a1(1). Thus o(ai(r-1)) = ai(r-1) for all r € Q.
By taking commutators of a1(r - 1), we have a nontrivial element in U;/Uj41
fixed by o for all j. In particular, o fixes U,_1 = k and hence fixes the
character x1,. If n > 3, looking at U,,_2/U,—1 = U1 n—1 ® Us,y, we conclude
that o either interchanges the two eigenspaces or fixes each. If ¢ interchange
the two, replacing o by o o J for the automorphism J = J,, of GL,(K) given
by J(x) = wolz~twy *, we may assume o fix each T-eigenspace of U, /U, _1.
By the commutator relation [u;;,u;i] = wix if i < j < k, we conclude that
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o has to fix all eigen-subgroups U;; of U. Since tuiit™! = x;;(t)ui; and
o commutes with the multiplication by x;;(t) € k on U;j, we find by the
K-linearity of o that x;;(c(t))o(ui;) = o(xij()ui;) = Xij(t)o(ui;). Thus o
acts trivially on 7. Since a;(1) has non-trivial projection to all T-eigenspaces
in Uy/Us, we conclude that o(u;it1) = wii+1. Then U is fixed by o again
by the commutator relation [u;;,ujx] = wi if ¢ < j < k. Thus, modifying
o further by an inner automorphism and J, we may assume that o fixes B
element-by-element.

Now we assume that K 2 k. Modifying o as above by composing an inner
automorphism and the action of J if necessary, we assume that o preserves the
eigen subgroups U;; for all 4 < j. We are going to show that x;; 0@ = 7 o x;;
(for all ¢ < j) for a continuous field automorphism & of K. Since o induces
a k-linear automorphism of U;; = K and x;;(t) € Im(x;;) = K> acts on
U;; through the multiplication by x;;(t) € K*, we find an automorphism
oi; € Aut(K) of the field K such that x;; oG = ;; o x;5. This field au-
tomorphism ¢ = &;; does not depend on (i,j) by the commutator relation
[wij, ujk) = wik for all ¢ < j < k. Thus modifying o further by an element of
Aut(K), we may assume that o fixes B.

We are going to prove that o inducing the identity map on B is the identity
on the entire group. For the moment, we suppose that K is p—adic. Then by
[GAN] IV.3.2.6, for a sufficiently small open compact subgroup S C PGL,(K),
o : S = 0(S) induces an automorphism @, of the Lie algebra &g, of PGL,(K)
over Q. Since dimg, Bg, = dimg, &k for the Lie algebra & of PGL,(K)
over K, we find that Autx(&x) C Autg, &g, has the same dimension over
Qp as a Lie group over Q, (cf. [BLI] VIIL5.5). Thus ®, € & is induced
by g € GL,(K) through the adjoint action (cf. [BLI] VIIL.13). Since o fixes
B, we find that g commutes with B and, hence, g is in the center. Therefore,
shrinking S further if necessary, we conclude ¢ = 1 on S and on B. Since B
and S generate PGL,, (K) (see Proposition 3.2), we find o is the identity map
over entire PGL,,(K). This shows that, under the condition that n > 3,

Out(PGL,(K)) = Aut(K) x (J)
and Auwt(PGL,(K)) = (Aut(K) x (J)) x PGLy(K)

if K is a local p-adic field. If n = 2, we need to remove the factor (J) from the
above formula. If K = R or C, the above fact is well known (see [BLI] I11.10.2).

Suppose now that K is a number field. Write O for the integer ring of K. Take
a prime p such that O, = Z,,. Since o fixes B, for the diagonal torus T', o fixes
its normalizer N(T'). Since N(T) = W x T, we find that o(w) = tw for an
element t € T. Since PGL,(K) = | |, ey BwB, we find that o is continuous
with respect to the p—adic topology. Thus ¢ induces Aut(PGL,(K,)) fixing B,
and we find that o = 1, which shows again Out(PGL,(K)) = (Aut(K) x (J))
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and Aut(PGL,(K)) = (Aut(K) x (J)) x PGL,(K) for a number field K.

We can apply the same argument to Aut(PSL, (K)) and Aut(SL,(K)). Modi-
fying o by inner automorphisms, J and an element in Aut(K), we may assume
that o leaves B, fixed. Then by the same argument as above, we conclude
o =1 and hence we find that, if n > 2,

Aut(SL,(K)) = Aut(PSL,(K)) = (Aut(K) x (J)) x PGL,(K).
If n = 2, again we need to remove the factor (J) from the above formulas.

Now we look at Aut,(H) for a section s of det : H — K. Since o € Autge(H)
preserves the section s up to field and inner automorphisms, modifying o by
such an automorphism, we may assume that o fixes Im(s). Then o is deter-
mined by its restriction to SL,(K) C H and, hence, comes from and element
in Aut(K) x PGLy(K) preserving H.

To see the last assertion (3) for A = K, we consider the restriction map
Res : Autget (GLp (K)) — Aut(SL,(K)).

Since Aut(SL,(K)) acts naturally on GL,(K) by the result already proven,
the homomorphism Res is surjective. Take o € Ker(Res), and fix a section
s : K* — GL,(K) of the determinant map. Then for x € SL,(K), we
have s(a)zs(a)™ = o(s(a)zs(a)™) = o(s(a))zo(s(a))™!, because Res(o)
is the identity map. Thus o(s(a))s(a)™! commutes with SL, (K). Taking
the determinant of o(s(a))s(a)™?t, we find that o(s(a))s(a)™ € Z(SL,(K))
and a — ((a) = o(s(a))s(a)™! is a homomorphism of the group K* into

Z(SLy(K)).

For any g € GL,(K), we can write uniquely g = s(det(g))u with u € SL,(K).
For a homomorphism ¢ : K* — Z(SL,(K)),

o(g) = o(s(det(g))u) = ((det(g))s(det(g))u = ((det(g))g

gives an endomorphism of GL, (K). It is an automorphism because o induces
the identity on SL,(K) and K* = det(GL,(K)). Thus we get the desired
exact sequence.

We now assume A = O. Since the argument is the same as in the case of the
field K, we only indicates some essential points. Let U(O) = UNSL,,(O) for the
subgroup U of upper unipotent matrices. Since P"~(0) = P"~1(K), all Borel
subgroups of SL,,(0O) are conjugate each other. Since B1(0) = SL,(O)NBis a
semi-direct product of T7(O) and U(O), all unipotent subgroups are conjugate
each other. By the same argument in the case of the field, we may assume that

j
o € Aut(PGL,(0)) leaves U(O) stable. Writing b; for (0,...,b;,0,...,0) €
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O"~! with b; € O, we have t(a)a;(bj)t(a)™! = al(ajbjozj__:l) for a; : O"~1

U(0)/[U(0),U(0)] and t : (O*)™ = T(0) as in the proof of Proposition 3.3.

Then applying o to the above formula, we see that & preserves the coordinates

o, and 7(t(a))o (a1 (b;))7(t(a) 1) = olar(azbjazly)) for a = () € (07",
J

If o(ai(e;)) € m for e; = (0,...,1,0,...,0) € O""1, then

5(t())a(ar(e,)a(t(a) " = oai(acsa)

has entry in m at (j,j + 1). However o(U/Us) = U/Us = O™~ ! by ay(b) < b,
we find O C m, a contradiction. Thus we have o(a1(1)) = a1(«) for an element
in a € (0O*)"" 1. Then t(a) € GL,(0),and modifying o by the conjugation of
t(a), we may assume that o(a;(1)) = a1(1). Then proceeding in exactly the
same way in the case of the field, we find that

Aut PGL, if n >
At (PGL, (0)) — { AWHO) X (1)) K PGLL(0) ifn >3
Aut(O) x PGL5(0) ifn=2.
From this, again we obtain the desired result for all other automorphism groups
listed in the proposition. O

Let M = K@ K be a semi-simple algebra with involution ¢(z,y) = (y,z). Then
we can realize SL, (K) as a special unitary group with respect to the hermitian
form (u,v) = Tr(*u‘wev) (u,v € M™):

G1(K) = {a € SLo(M)|(au, av) = (u,v)} .

Indeed SL,(K) = G1(K) by © — (x,J(x)). Then we have Aut(M) =
Aut(K) x (J), and the results in Propositions 3.3 for A = O and K can be
restated as

Aut(G1(A)) = Aut(M) x PG(A)

for the unitary group G with respect to (-,-). We used in the proof of the
theorem this version of the result in this section when K is a completion of the
totally real field F' at a prime [ splitting in the CM field M; so, M; = K| & K,
and c is induced by complex conjugation ¢ of M.

3.2 SYMPLECTIC GROUPS

We start with a general fact valid for quasi-split almost simple connected groups
(G1 not necessarily a symplectic group.

PropPOSITION 3.4. Let K be a p—adic local field. Let S be an open subgroup
of G1(K) of a classical almost simple connected group G1 quasi-split over K.
Let Py be a minimal parabolic subgroup of Gy defined over K with unipotent
radical U. Then S and U(K) generate G1(K).
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The proof is similar to that of Proposition 3.2. Here is a sketch. Taking the
universal covering of (G1, we may assume that G is simply connected and is
given by a Chevalley group G inside GL(n) for an appropriate n defined over
O. Thus G1(K) is almost simple. We may assume that Py = B N G for the
upper-triangular Borel subgroup B of GL(n). Thus G acts on the projective
space P"~1 through the embedding G; C GL(n). Take the stabilizer P C Gy of
the infinity hyperplane L,, of P*~1. Then P is a maximal parabolic subgroup
of G containing Py. Since G1(K) is almost simple, G1(K) is generated by
conjugates of the unipotent radical Up(K) of P. The flag variety P = G, /P
is an irreducible closed subscheme of P"~1, and Up(K) acts transitively on
P —L,. Since P is covered by finitely many affine open subschemes of the form
P—g(L,) (on which gUpg~" acts transitively), the subgroup H generated by S
and Up(K) acts transitively on P and hence contains all conjugates of Up(K).
This shows that G;(K) is generated by S and Up(K). d

Let I,, be the antidiagonal I,, = (§p41-4;) € M,(Q) and J,, = (Iog _OI") for
n = 2g is an anti-diagonal alternating matrix. In this subsection, we deal with
the split symplectic group defined over Q given by

G(A) = GSpay(A) = {a € GLn(A)’angtoz =v(a)Jyy for v(a) € A},

and Gy = Spag = Ker(v). We write Z for the center of GSpy,. We write B for
the upper triangular Borel subgroup of GSpay. We write U for the unipotent
radical of B. For the diagonal torus 7', we have B = T x U, and B is the
normalizer of U(K) in GSpag(K) for a field extension K of Q. We take a
standard parabolic subgroup P D B of G\Spsy(K) with unipotent radical Up
contained in U.

In this symplectic case, x : G — Z¢ is the similitude map v : GSpa, — Gp;
so, we have Aut, (GSpan(A)) and Auts(H) for a subgroup H with Spa,(A) C
H C GSpan(A) and a section s of v: H — K*. Here A=K or O.

PRrROPOSITION 3.5. Let K be a local or global field of characteristic 0. Then we
have

1. Aut(Speg(K)) = Aut(PGSpan(K)) = Aut(K) x PGSpag(K), where we
define PGSpag(K) = GSpan(K)/Z(K).

2. For a section s of v: H — K* for a closed subgroup H with Spa,(K) C
H C GSpan(K), Auts(H)is given by

{(7,9) € Aut(K) x PGSpsy(K)|7(v(H)) = v(H)}.
3. We have a canonical split exact sequence
1 — Hom (K™, Z(Span(K))) — Aut, (GSpon(K)) — Aut(Spe,(K)) — 1,
where Z(Span(K)) is the center {£1} of Span(K).

DOCUMENTA MATHEMATICA 11 (2006) 25-56



50 HAruzO HiDA

We describe here a shorter argument proving the assertion (1) for G.Spyg (than
the computational one for GL(n)) using the theory of root systems (although
this is just an interpretation of the computational argument in terms of a
slightly more sophisticated language). The assertions (2) and (3) follow from
the assertion (1) by the same argument as in the case of GL,,(K).

Proof. By [BLI] III.10.2, we may assume that K is either p—adic local or a
number field. Write simply B = B(K), U = U(K) and T = T(K). Let
o € Aut(G(K)). In the same manner as in the case of GL(n), we verify that
o sends unipotent elements to unipotent elements. Write 91 = log(U) which is
a maximal nilpotent subalgebra of the Lie algebra & of Spe,(K).

Let k = Q if K is global and k = Q, if K is a p-adic field. Since o(U) is
generated by unipotent matrices, we have log(o(U)) (which we write o(M)) is a
nilpotent subalgebra of &, and dimy, o(MN) = dimy (91). Thus o(N) is a maximal
nilpotent subalgebra of &; so, it is a conjugate of 9 by a € Spag(K). This im-
plies o(9M) = aMa~!. Conjugating back by a, we may assume that o(91) = N.
Then o(U) = U and hence o(B) = B because B is the normalizer of U.
Thus o induces an automorphism @ of B/U = T. We have weight spaces N,
and N = @, N,. From this, we conclude that o permutes Ny: 0(MNa) = Naos-

Suppose K = k. Then o is K-linear; in particular, o induces a permutation of
roots which has to give rise to a K—linear automorphism of the Lie algebra &.
Modifying o by the action of Weyl group (conjugation by a permutation ma-
trix), we find that the permutation has to be trivial or an outer automorphism
of the Dynkin diagram of Sps, (e.g. [Tt] 3.4.2 or [BLI] VIIL.13). Since the
Dynkin diagram of Spy, does not have any non-trivial automorphism, we find
that the permutation is the identity map. Since on N, T" acts by a character
a:T — K*, we find that a(t) = a(a(t)); so, 7 is also the identity map.

We now assume that K # k. For the set of simple roots A of T with respect to
N, Daca Na — N induces an isomorphism P, A N = N/[N,N]. In other
words, {My|a € A} generates 9 over K. The K-vector space structure of
M induces an embedding i; : K — End(91) of k-algebras. Since o induces
om € Endg(91), we have another embedding io = U;}tlilam of K into Endy(MN).
In Endg(91/[91,91]), the subalgebra A; generated by i1(K) and the action of
T is a maximal commutative k—subalgebra. The subtorus T, given by the
connected component of

{t € T|a(t) = B(t) for all o, € A}

is dimension 1 and acts on 91/[91, N] by scalar multiplication. This property
characterizes Ty. Since the fact that Ty acts by scalar multiplication on
N/, N] does not change after applying &, we have @(Ty) = Tp. The image
of i;(K) in Endy(D/[N,N]) is generated over k by the action of Tp; so, they
coincide. Since o € Auty(91) is an automorphism of the Lie algebra, the

DOCUMENTA MATHEMATICA 11 (2006) 25-56



AUTOMORPHISM GROUPS OF SHIMURA VARIETIES 51

action of o on 91/[M,N] determines the action of o on N. In particular, we
conclude i, (K) = iz(K), and we can think of 7 = i;" 0i; € Aut(K). Hence,
o is 7-linear for 7 € Aut(K) (that is, o(v) = £7o(v) for £ € K). Thus
modifying by 7, we may assume that o : 91 — 91 is K-linear. Then ¢ induces
a permutation of roots which has to give rise to an automorphism of the Lie
algebra of Spyg. Then by the same argument as in the case where K = &,
we conclude that o induces identity map on B/U and U. Taking T to be
diagonal, we may assume that o(T) = u,Tu ! for u, € U. Thus by modifying
o by the inner automorphism of u,, we may assume that ¢ is the identity on B.

Suppose that K is p-adic, then o sends an open compact subgroup S to
0(S), which induces an endomorphism of the Lie algebra of Sps,(O) for the
p—adic integer ring O and induces the identity map on the Lie algebra of B;
in particular, o is a O-linear map on the Lie algebra. Since an automorphism
of the Lie algebra is inner induced by conjugation by an element g € Spay(K),
we have gbg~! = b for b € B. Since the centralizer of B is the center of G, we
find that o is the identity on S.

Since S and U generate G = Spag, we find that o is the identity over G. This
proves the desired result for G; and p-adic fields K.

We can proceed in exactly the same way as in the case of GL(n) when K is a
number field and conclude the result. O

We then get the following integral analogue in a manner similar to Proposi-
tion 3.3:

PROPOSITION 3.6. If K is a finite extension of Q, for p > 2 with integer ring
O, we have

Aut(Sp,(0)) = Aut(PGSp,(0)) = Aut(K) x PGL,(0),
and a canonical split exact sequence
1 — Hom(0™, Z(Sp2n(0))) — Aut, (GSpa(0)) — Aut(Sp2.(0)) — 1,
where Z(Sp2,(0)) = {£1} is the center of Spa,(O).

3.3 QUASI-SPLIT UNITARY GROUPS

Let M/K be a p—adic quadratic extension with p—adic integer rings R/O, and
consider the quasi split unitary group

G(K) = {a € GL,(M)|al,'a® = v(a)],,} and G(O) = GL,(R)NG(K),

where ¢ is the generator of Gal(M/K), v : G — K> is the similitude map,
I, = wo if n is odd and I, = ( 16" _?m ) wy if n = 2m is even. We may assume

that n > 3 because in the case of n = 2, we have PG = PGLs (so, the desired
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result in this case has been proven already in 3.1).

We write Gy for the derived group of G. Thus
G1(K) = {g € G(K)| det(g) = v(g) = 1}.

Define the cocenter Z¢ = G/G; and write p : G — Z% for the projection. We
may identify p with det xv and Z¢ with its image in Resyr/q, Gm xResg /g, Gm.-
We consider Aut,(G(A)) for A= O and K made up of group automorphisms
o of G(A) satisfying p oo = u. We suppose that the nontrivial automorphism
c of M over K is induced by an order 2 automorphism of the Galois closure
M99 of M/Q, in the center of Gal(M9%/Q,).

Write &4 for the Lie algebra of Gi(A) for A = K, O, M and R.
Since G1(M) = SL,(M), by Proposition 3.3, the Lie algebra automor-
phism group Aut(®,;) is isomorphic to (Aut(M) x (J)) x PG(M). Since
B g M = &)y, any automorphism of &g extends to an automor-
phism of &,/ so, Autg(Bx) C Aut(&ps), and by this inclusion sends
o € Aut(M) C Aut(S k) to an element (o,1) € (Aut(M) x (J)). By this fact,
at the level of the Lie algebra, all automorphisms of &4 for A = O and K
are inner up to automorphism of M, and we have Aut(® 4) = Aut(A) x PG(A).

We now study the automorphism group of the p-adic Lie group G(K) and
G(0).

PRrROPOSITION 3.7. Let A = O or K for a p-adic field K. We assume that
p > 2 and K/Q, is unramified if A = O. Then we have

1. Aut(G1(A)) = Aut(PG(A)) = Aut(M) x PG(A),
2. We have a canonical split exact sequence:
1 — Hom(Z%(A), Z(G1(A))) — Aut,(G(A)) — Aut(G1(4)) — 1,
where Z(G1(A)) is the center of G1(A) and is isomorphic to p,(A).

Proof. We start with a brief sketch of the argument. A standard Borel
subgroup of G (i.e., a standard minimal parabolic subgroup) is given by
the subgroup B made up of all upper triangular matrices. We consider the
subgroup U C B made up of upper unipotent matrices. If ¢ € Aut,(G(K)),
o(U) is again generated by unipotent elements. Thus by [B] 6.5, o(U) is a
conjugate of U in G(K). Then by the same argument in the case of GL(n),
modifying o by an element in Aut(M) x G(K), we may assume that o fixes
B. Again by the same argument as in the case of GL(n), we conclude that
o = 1. Thus Aut(PG(K)) and Aut(G1(K)) are given by Aut(M) x PG(K),
and further assuming that p is odd and unramified in M/Q,, Aut(PG(O))
and Aut(G(0)) are given by Aut(M) x PG(O). 1If o € Aut,(G(4)),
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then we can write o(g) = h,7(g9)h,' with a unique h, € PG(A) and
T € Aut(M) for all x € G1(A). Since Aut(PG(A)) = Aut(M) x PG(A), we
find o(g) = ((9)hoT(g)h, ! with ((g) € Z(G(A)) for all g € G(A). Applying
p and noting that p(o(g)) = 7(u(g)), we find 7(u(g)) = u(C(g))7(u(g)); so,
¢(g) € Z(G1(A)). Since o is an automorphism, ¢ : G(A) — Z(G1(4)) is a
homomorphism. By our assumption on p, G1(A) is the derived group of the
topological group G(A), and hence, ¢ factors through Z%(A) = G(A)/G1(A),
since Z(G1(A)) is abelian. This shows that the assertion (2) follows from the
assertion (1).

Let us fill in the proof of the assertion (1) with some more details, assuming
first for simplicity that n = 3. In this case, by computation, we have

Ur) = {ute,y) = (01 -3 € GLaOD o + (y +y°) = 0}

The diagonal torus T'(K) C G is made of t(a, b) = diag[a, b, a=°bb] for a € M *
and b € M*. Thus writing 9 = log(U(K)), we have 91/[01,0M] = M by
u(z,y) — z and 9/[9,N] is a one-dimensional vector space over M (so, it is
two-dimensional over the field of definition K) on which ¢(a,b) acts through
the multiplication by ab®: t(a,b)u(z,y)t(a,b)™t = u(ab’x, (ab=t)(ab=1)%y).
By the above argument in the general case, we may assume that o(B) = B
for o € Aut,(G(K)). Then we have o(u(l,y)) = u(a,y’) for a € M* and
t(a,1)"to(u(l,y))t(a, 1) = u(l,y"”) for some y',y"” € M. Thus modifying o by
an inner automorphism of an element in T'(K) and identifying 9/[M, N| with
M by u(x,*) mod [N,9N] — z, we find that o induces an automorphism of
the field M = 91/[M, MN] and the same automorphism on T(K) = B(K)/U(K)
coordinate-wise. Thus again modifying o by an element in Aut(K) and by an
inner automorphism of an element of U(K), we may assume that ¢ induces
the identity map on B. We then conclude that o is the identity map on G(K)
by the same argument as in the case of GL(n) and GSp(2n).

Next, we suppose that n = 4. Again by computation, we have

The diagonal torus T'(K) C G is made of t(a,b,v) = diag[av,bv,b~¢,a~°] for
a,b € M* and v € K*. We have

t(a, b, v)u(w,y, x, 2)t(a,b,v) "' = u(ab™ w, bbry, ab’ve, aa‘vz).
Thus writing M = log(U(K)), we have 9/[N,N] 2 M & K by u(w,y,z,z) —
(w,y) and 9/[9,N] is a three-dimensional vector space over K on which

t(a,b,v) acts through (w,y) — (ab~'w, bbvy). By the above argument at the
level of the Lie algebra, we may assume that o(B) = B for o € Aut,(G(K)) and
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that o preserves the root space decomposition M @ K of /[, 91]. We write
oum (resp. ok ) for the Q,-linear map induced by o on M (resp. K). Thus mod-
ifying o by conjugation of ¢t € T'(K), we may assume that o(1,1) = (1,1) for
(1,1) € M @ K. Writing the character of T giving the action of T on M (resp.
K) by xas (resp. xx), we have xas(t(a,b,v)) = ab~! and xx (t(a,b,v)) = bb°v.
Then on M (resp. on K), the action of T gives rise to the multiplication
by elements of M* = Im(yxps) (resp. in K* = Im(yxk)), which is preserved
by op (resp. by ok); that is, we have oy (xam(t)w) = xm(o(t))on(w) and
ox(xx(t)y) = xk(o(t))ok (y). Since o fixes (1,1), we find that oy € Aut(M)
and ox € Aut(K) satisfying xpr 00 = opr 0 xar and xg 00 = o0g o xk. By
the commutator relation [u(w,y, *, *), u(w’,y’, *, x)] = (0,0, wy’ — w'y, x), we
find that op|k = ox. Then modifying o by the element oy € Aut(M), we
find that o fixes T = B/U, and again modifying o by the conjugation by an
element in U(K), we bring o to preserve T' C B; so, ¢ induces the identity
map on B. Out of this, we conclude that o is the identity map on G(K) by
the same argument as in the case of GL(n) and GSp(2n), because o coincides
with an inner automorphism on an open neighborhood of the identity in G(K)
(by the argument at the level of the Lie algebra).

In the general case of n > 4, if n = 2m + 1 is odd, we may identify 91/[0N,N] =
M™ as M-vector space by (u;;) € M — (u1,2,...,Um,m+1). On the j-th
factor, t = diag[aq, ..., a,] € T(K) acts through the multiplication by ajajjl €
M>*. If n = 2m is even, M/[,MN] = M™~! ¢ K by sending upper unipotent
matrices (u;;) € U(K) to (u1,2,...,Um,m+1). On the first j-th factors with
Jj < m,t=diaglvai,...,vam,a,° ...,a1°] € T(K) (aj € M* and v € K*
acts through the multiplication by ajaj_jl € M* and on the m-th factor, ¢
acts through the multiplication by van,al, € K*). More generally, writing
MN; = N1, MN,_1] starting with 9, = N, N], N,; /N4 is a T(K)-module
under the conjugation action. We go in the same way as in the case of GL(n):
modifying ¢ by an inner automorphism of an element of 7', we may assume
that o fixes 1 = (1,...,1) € M™ if n = 2m + 1 and that if n = 2m, o fixes
1=(1,...,1,1) € M™ '@ K. Once o is normalized in this way, we see
that o on B/U and o on /[N, N] are the action of an element of Aut(M)
coordinate-wise. The action of Aut(M) is faithful if n > 3 because we have
a factor M in 91/[9,M]. We modify o therefore by an element of Aut(M);
then, o is T'(K)-linear on /[N, MN]. Once this is established, we verify, using
commutator relations, that ¢ commutes with the conjugation action of 7" on
M;/MNj41 for all j. Then modifying again by conjugation of an element of
U(K), we conclude that o is the identity on B, and the rest is the same as the
proof in the case of GL(n) and GSp(2n).

If p is odd and unramified in M/Q,, the nilpotent Lie algebra 0/, is the direct
sum of its root spaces as T'(O)-modules. Then the above argument done over

the field K can be checked word-by-word over O, and we get the same assertion
for A=0. O
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