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0. INTRODUCTION

(0.0) Let F, L be number fields contained in a fixed algebraic closure Q of Q; let
M be a motive over F' with coefficients in L. The L-function of M (assuming it
is well-defined) is a Dirichlet series Zn21 anpn~*® with coefficients in L. For each

embedding ¢ : Q — C, the complex-valued L-function
L(tM,s) = Z tap)n™?
n>1

is absolutely convergent for Re(s) >> 0. It is expected to admit a meromorphic
continuation to C and a functional equation of the form

(CrE) (L Loo)(tM, s) < e(tM,s) (L - Loo)(eM*(1), —s),
where

Lo (tM,s) = H L,(tM,s)
v|oo
is a product of appropriate I'-factors (independent of +) and

*

e(eM,s) = (e(M)) cond(M) ™%, e(M)eQ .
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(0.1) Let p be a prime number and p | p a prime of L above p. The p-adic realiza-
tion M, of M is a finite-dimensional L,-vector space equipped with a continuous
action of the Galois group Grs = Gal(Fs/F), where Fs C Q is the maximal
extension of F' unramified outside a suitable finite set S O S, USo of primes of F'.
According to the conjectures of Bloch and Kato [Bl-Ka] (generalized by Fontaine
and Perrin-Riou [Fo-PR]),

ord,—oL(tM, s) =dimg, H}(F,M;(1)) - dimg, HO(F, M (1)) =

(CBx) = WL(F, M (1)) — KO(F, MZ (1)),

where H(F,V) C H'(GFs,V) is the generalized Selmer group defined in [Bl-
(0.2) Consider the special case when the motive M is SELF-DUAL (i.e., when
there exists a skew-symmetric isomorphism M — M*(1)) and PURE (necessarily
of weight —1). In this case H(F, M) = 0 and ords—oLoo(¢M, s) = 0, which means
that the global e-factor e(M) determines the parity of ords—oL(tM, s) (assuming
the validity of (Crg)):

(71)0rd5:0L(LM,s) — E(M) (021)

In this article we concentrate on the PARITY CONJECTURE FOR SELMER GROUPS,
namely on the conjecture

2

(Cpr (mod?2)) ords—oL(1M,s) = h(F, M) (mod?2).

In view of (0.2.1), this conjecture can be reformulated (assuming (Crg)) as follows:
(—1)h(FMe) Z () (0.2.2)
(0.3) The advantage of the formulation (0.2.2) is that the global e-factor

e(M)=[Jeu(M),  eo(M)=cu(My)

is a product of local e-factors, which can be expressed in terms of the Galois repre-
sentation M, alone: for v { poo (resp., v | p), £,(M) is the local e-factor of the rep-
resentation of the Weil-Deligne group of F, attached to the action of Gal(F,/F,)
on M, (resp., attached to the corresponding Fontaine module Dy (M, ) over F,).
For v | 00, £,(M) depends on the Hodge numbers of the de Rham realization Myr
of M, which can be read off from Dyr(M,) over F,, for any v | p.

It makes sense, therefore, to rewrite the conjecture (0.2.2) as

(~)MEV L vy = [V, (0.3.1)
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for any symplectically self-dual (V' —- V*(1)) representation of G g which is
geometric (= potentially semistable at all primes above p) and pure (of weight
-1).
In the present article we consider the following question: is the conjecture (0.3.1)
invariant under deformation in p-adic families of representations of G s? In other
words, if V, V' are two representations of G g (self-dual, geometric and pure)
belonging to the same p-adic family (say, in one parameter) of representations of
GF,s, is it true that

(—1)" V) Je(v) £ (—1)hr VD 2(v7) ? (0.3.2)
The main result of this article (Thm. 5.3.1) implies that (0.3.2) holds for families
satisfying the Panciskin condition at all primes v | p. The proof follows the strategy
employed in [Ne 2, ch. 12] in the context of Hilbert modular forms M) multiplying
both sides of (0.3.1) by a common sign (the contribution of the “trivial zeros”),
we rewrite (0.3.1) as

(~)MEV Zav) =[v), (0.3.3)

where E}(F, V) =dimg, PNI} (F,V) is the dimension of the extended Selmer group
(defined in 4.2 below) and £,(V) = €,(V), unless v | p and the local Euler factor
at v admits a “trivial zero”. The goal is to show that both sides of (0.3.3) remain
constant in the family (2).

The variation of H } (F,V) in the family is controlled by the torsion submodule of

a suitable }NI]% The generalized Cassels-Tate pairing constructed in [Ne 2, ch. 10]
defines a skew-symmetric form on this torsion submodule, which implies that the
parity of h}- (F,V) is constant in family:

(_1)h}(F,V) _ (_1)z}(F’V/)'

The Panciskin condition allows us to compute explicitly the local terms €,(V') for
all v | p, which yields

[Hav =] &),
v|poo v|poo

Finally, it follows from general principles (and the purity assumption) that

Yo 4 poo eo(V) =&, (V"),
hence (V) =¢&(V").

(M) Tn [loc. cit.] we worked with automorphic e-factors, but they coincide with the
Galois-theoretical e-factors ([Ne 2], 12.4.3, 12.5.4(iii)).

(2) Morally, £(V) should be the sign in the functional equation of a p-adic L-
function attached to the family.
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1. REPRESENTATIONS OF THE WEIL-DELIGNE GROUP

(1.1) THE GENERAL SETUP ([DE 1, §8], [DE 2, 3.1], [Fo-PR, 1.1.1-2])
(1.1.1) We use the notation of [Fo-PR, ch.I]. For a field L, denote by L*P a
separable closure of L and by G, = Gal(L**P /L) the absolute Galois group of L.
Throughout this article, K will be a complete discrete valuation field of character-
istic zero with finite residue field k of cardinality ¢ = gi; denote by f = fi € Gy
the GEOMETRIC Frobenius element (f(z) = z'/9). We identify G, — Z via
f +— 1 and denote by v : Gx—25G), —— Z the canonical surjection whose
kernel Ker(v) = Ix = I is the inertia group of K. The Weil group (of K)
Wik = v HZ) = [,z /™I (f € v~'(1)) is equipped with the topology of a
disjoint union of countably many pro-finite sets. The homomorphism

| Wk —d% fw| = ¢
corresponds to the normalized valuation |-| : K* — ¢Z via the reciprocity isomor-
phism recx : K* — ]“(b (normalized using the geometric Frobenius element).
(1.1.2) Let E be a field of characteristic zero.
An object of Repp(Wk) (= a representation of the Weil group of K over E) is a
finite-dimensional F-vector space A equipped with a continuous homomorphism
p=pa: Wk — Autg(A) (with respect to the discrete topology on the target).
As Ker(p) is open, p(I) is finite and p|; is semi-simple.
An object of Repy(Wk) (= a representation of the Weil-Deligne group of K over
E) is a pair (p, N), where p = pa € Repp(Wk) and N € Endg(A) is a nilpotent
endomorphism satisfying

Yw € Wik p(w)Np(w)™t = |w| N.

Morphisms in Repp(Wk) (resp., in Repp('Wik)) are E-linear maps commut-
ing with the action of Wk (resp., with the action of Wx and N). We con-
sider Repy(Wk) as a full subcategory of Repg('Wik) via the full embedding
p — (p,0). Tensor products and duals in Repy ("W ) are defined in the usual way:
Naga’ = NA®1+1& Nar, Nax = 7(NA)*. The Tate twist of A € RepE(/WK)
by an integer m € Z is defined as A| - | = A ® E| - |"™, where w € Wk acts on
the one-dimensional representation E| - |™ € Repy(Wk) by |w|™.

The Frobenius semi-simplification

A= (p,N)— AT=% = (p* N)

is an exact tensor functor Repp('Wk) — Repp('Wk). The “forget the mon-
odromy” functor

A=(p,N)— AN — (p,0)

is an exact tensor functor Repy('Wk) — Repp(Wk).
Following [Fo-PR, 1.1.2.1], we put, for each A € Repg('Wk),
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A, =APD 0 Ay =Ker(N)PD c A, Pg(Au) =det(1—fu | Ay) € Elul.
We also set
HY(A) = Ker (A;2=5A4) .

(1.1.3) In the special case when E is a finite extension of Q, (p # char(k))
and when V € Repy(Gk) is a representation of Gx over E (finite-dimensional
and continuous with respect to the topology on E defined by the p-adic valuation),
then V' gives rise to a representation WD(V) = A = (pa, N) € Repyp('Wk) acting
on V, which is defined as follows ([De 1, 8.4]): there exists an open subgroup J
of I which acts on V unipotently, and through the map J — I — I(p), where
I(p) is the maximal pro-p-quotient of I (isomorphic to Z,). Fixing a topological
generator ¢t of I(p) and an integer a > 1 such that ¢* lies in the image of J, the
nilpotent endomorphism

1
N = p log py (t*) € Endg (V)

(where py : Gxg — Autg(V) denotes the action of Gk on V) is independent of
a. Fix a lift f € v=1(1) C Wk of f and define

oA W — Autg(V)
by

pa(f™u) = pv (f"u) exp(~bN) (n€Z,uel),

where b € Z, is such that the image of u in I(p) is equal to t°. The pair (pa, N)
defines an object A = WD(V) of Repy('Wk), the isomorphism class of which is

independent of the choices of f and ¢ ([De 1], Lemma 8.4.3), and which satisfies

Ap=vevDo HOYA) = vev@n),

(1.2) SELF-DUAL REPRESENTATIONS

(1.2.1) DEFINITION. Let w : Wg — E* be a one-dimensional object of
Repp(Wk). We say that A € Repp('Wgk) is w-ORTHOGONAL (resp., w-
SYMPLECTIC) if there exists a morphism in Repgy('Wk) A ® A — w which is
non-degenerate (i.e., which induces an isomorphism A - A* ® w) and SYMMET-
RIC (resp., SKEW-SYMMETRIC). If w = 1, we say that A is ORTHOGONAL (resp.,
SYMPLECTIC).

(1.2.2) (1) If A is w-orthogonal, then det(A)? = wdim(&),
(2) If A is w-symplectic, then 2 | dim(A) and det(A) = wd™(2)/2,
(1.2.3) EXAMPLE: For m > 1, define sp(m) € Repyp(Wk) by
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m—1
sp(m) = @ Ee;, N(e;) = ey, Vw e Wi w(e;) = |w|'e;.
i=0

Up to a scalar multiple, there is a unique non-degenerate morphism sp(m) ®
sp(m) — E|- ™! in Repyp('Wk), namely

splm) @ sp(m) — B|- " eqme o { (0 TEIZm Ty
This morphism is | - |™ L-symplectic (resp., | - | !-orthogonal) if 2 | m (resp., if

2tm).

(1.2.4) According to [De 2, 3.1.3(ii)], indecomposable f-semi-simple objects of

Repp('Wk) are of the form p ® sp(m), where p € Repg(Wk) is irreducible and

m > 1. This implies that, for each | - |-symplectic representation A — A*|-| €

Repp('Wk), the f-semi-simplification Af~% is a direct sum of | - |-symplectic

representations of the following type:

(1) X®X*|-| (X € Repg('Wk)) with the standard symplectic form (z,z*) ®
(v, 97) = 2" (y) — y*(2);

(2) p®sp(m), where m > 1, p € Repy (W) is irreducible and |- |>~™-symplectic
(resp., | - |>~™-orthogonal) if 2 { m (resp., if 2 | m).

(1.3) THE MONODROMY FILTRATION
(1.3.1) For each A = (p, N) € Repy('Wk), the monodromy filtration

M,A:= > ker(N')NIm(N) (n € Z)
i—j=n+1

is the unique increasing filtration of A by E-vector subspaces satisfying

(M.A=0, | JMuA=A,  N(MA)C M,_5A,
Vr>0 N":grMA T grM A

(1.3.2) EXAMPLES: (1) N=0 < M_1A =0, MpA = A.
(2) If N #£0= N"t! (r > 0), then M_, 1A = 0, M_,A = Im(N") # 0,
M,_1A=Ker(N") #A, M.A =A.

(1.3.3) More precisely, the endomorphism N € Endg(A) defines a morphism in
Repp(Wk)

N:A—A|- |
which implies that each M, A is a sub-object of AN~ in Repy(Wx),
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N : M,A — (M, _oA)| - |7}

and, for each r > 0, the endomorphism N” induces an isomorphism in Rep 5 (W)

N gl A s (M A)) |

(1.3.4) The monodromy filtration on the dual representation A* = (p*,—N*)
satisfies M, A* = (M_;_,A)* (n € Z), which yields canonical isomorphisms in

~

Vm<n  MyA*/MuA* =5 (Mo A/M_y_,A)*.

(1.35) If (,): A® A — E ®w is an w-symplectic form on A, then, for
each r > 0, the formula (z,y), = (N"z,y) defines an w| - |~"-symplectic (resp.,
w| - |~"-orthogonal) form on grM A € Repy (W) if 2 | r (vesp., if 21 7).

(1.3.6) DIMENSIONS. The dimensions

dr = d,.(A) = dim gt A =d_, (reZ)
can be interpreted as follows. By the Jacobson-Morozov theorem, there exists a
(non-unique) representation
p:sl(2) =sl(2,E) — Endg(A)

such that p(((l) 8)) = N. Putting H = p((é 01>) and A,, = {z € A |

Hx =ma} (m € Z), then
M, A = Z A,
m<n
Decomposing A as a representation of si(2)
A @ (BT
Jj=0

then the multiplicities m; = m;(A) are related to other numerical invariants of A
as follows:

dim(A) =D (G +Dmy,  (¥r>0) dp =Y mein, mp=d_p—d__s,

>0 i>0
dim Im(N") = d, +2 " d;, dim Ker(N"™™) =do +2  dj + dyp1.

Jj>r j=1
(1.3.6.1)
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(1.4) PuriTy

(1.4.1) DEFINITION. Let E’ be a field containing F and a € Z. We say that o € E’
is a ¢*~-WEIL NUMBER OF WEIGHT n € Z if o is algebraic over Q, there exists
N € Z such that ¢™ « is integral over Z, and for each embedding o : Q(a) — C,
the usual archimedean absolute value of o(«) is equal to |o()|e = ¢*™/2.

(1.4.2) DEFINITION. We say that A € Repg('Wi) is STRICTLY PURE OF WEIGHT
n€Zif A=pecRepp(Wk) and if for each w € Wy all eigenvalues of p(w) are
¢"")-Weil numbers of weight n € Z.

(1.4.3) DEFINITION. We say that A € Repg('Wik) is PURE OF WEIGHT n € Z if,
for each v € Z, gt A € Repy (W) is strictly pure of weight n + 7.

(1.4.4) (1) Each representation p € Repy(Wg) with finite image is strictly pure
of weight 0.

(2) If A,A’" € Repp('Wk) are (strictly) pure of weights n and n/, respectively,
then A ® A’ is (strictly) pure of weight n +n’, and A* is (strictly) pure of weight
—n.

(3) For each m € Z, E|-|™ is strictly pure of weight —2m.

(4) For each p € Repp(Wk) and m > 1,

A = p® sp(m) is pure of weight n <= p is strictly pure of weight n+m — 1
= Aj = p!|-|™ ! is strictly pure of weight n + 1 —m.

(5) If A € Repp('Wk) is pure of weight n < 0, then all eigenvalues of p(f) (for
any f € v~ (1)) on Ker(N) C MyA are g-Weil numbers of weights < n < 0, hence
HO(A) = 0.
(6) If A € Repg('Wk) is pure of weight n (but not necessarily f-semi-simple),
then A — @ p; @ sp(m;), where each p; € Repg (W) is strictly pure of weight
n+m; — 1.

(1.4.5) DEFINITION. In the situation of 1.1.3, we say that V € Repp(Gk) is PURE
OF WEIGHT n € Z if WD(V) € Repg('Wk) is pure of weight n € Z in the sense
of 1.4.3.

(1.5) SPECIALIZATION OF REPRESENTATIONS OF THE WEIL-DELIGNE GROUP

(1.5.1) Let O be a discrete valuation ring containing Q; denote by E (resp., ko)
the field of fractions (resp., the residue field) of O.

(1.5.2) An object of Repy ('Wik) (= a representation of the Weil-Deligne group of
K over O) cousists of a free O-module of finite type T', a continuous homomorphism
p = pr: Wig — Auto(T) (with respect to the discrete topology on the target)
and a nilpotent endomorphism N = Np € Endp(T') satisfying

Yw € Wk p(w)Np(w)™* = |w| N.
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The GENERIC FIBRE (resp., the SPECIAL FIBRE) of T is the representation T, =
T ®o E € Repg('Wk) (resp., the representation Ty = T ®0 ko € Repy,, ('Wk)).
We denote by N, (resp., N,) the monodromy operator Ny ® 1 on T, (resp., on
Ts).

(1.5.3) For T € Repp('Wk), we denote by T* the representation 7% =
Homp (T, O) (equipped with the dual action of Wk and the monodromy op-
erator Ny« = —(Nr)*). Given a representation w : Wx — O*, we say
that T is w-ORTHOGONAL (resp., w-SYMPLECTIC) if there exists an isomorphism
j: T =5 T*®win Repp('Wk) satisfying j* @ w = j (resp., j* @ w = —j).

(1.5.4) PROPOSITION. Assume that T € Repy('Wk) is | - |-symplectic (hence so
are T, and T,) and that T, € Rep,,('"Wk) is pure (necessarily of weight —1).
Then:

(1) Vj=0  my(T,) = my(Ty). _

(2) ¥5>0 dimp Ker(N}) = dimg, Ker(NY). »
(3) For each j > 0, the natural injective map (Ker(Ng) NT)®e ko — Ker(NY)
is an isomorphism.

Proof. Tt is enough to prove (1), since (2) is a consequence of (1) and the formulas
(1.3.6.1), and (2) is equivalent to (3) for trivial reasons. We prove (1) by induction
on 7 =min{j > 0| Ni™' = 0}. If » = 0, then there is nothing to prove. Assume
that » > 1 and that (1) holds whenever NT. = 0. Recall from 1.3.2(2) and 1.3.5
that

M_p1(T)) =0# M_(T;)) = Im(N;), M,_(T;) = Ker(N;) # Ty = M (Ty),
M_,1(Ts) =0, M_.(Ts) =Im(Ng), M,_1(Ts) =Ker(Ny), M. (Ts)="T;
and that M_,.(T,) is | - |""-symplectic (resp., | - |"*1-orthogonal) if 2 | r (resp.,
if 2 4 7). The latter property implies that, for any eigenvalue a € ko of any lift
fev1(1) of f acting on (M_,(T,)NT) ®o ko there exists another eigenvalue o/
such that aa’ = ¢~"~'. On the other hand, (M_.(T;,) N T) ®o ko € Repy,, (Wk)
is a sub-object of T in Repy, (‘Wk), and all eigenvalues of f on T are g-Weil
numbers of weights contained in {—r — 1,—r,...,r — 1}; thus both a and o’
are g-Weil numbers of weight —r — 1. In other words, (Im(N;) NT) ®o ko =
(M_,(T;) N T) ®p ko is strictly pure of weight —r — 1, hence is contained in
M_,(Ts) = Im(N?) = (Im(N})) ®o ko. The opposite inclusion being trivial, we
deduce that Im(N7) is equal to Im(N;) N7, hence is a direct summand of T' (as

an O-module); it follows that

m,(Ts) = dimg, Im(Ny) = dimg Im(Ny) = m,.(T}).

The representation 77 = (M,_(T;,) N T)/(M_.(T;,) N T) € Repp('Wk) is also
| - |-symplectic, satisfies N7, = 0, and T, is pure of weight —1. By induction
hypothesis, we have

Vi>0  my(TL) =my(T)).
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The relations

mj(T7)7 j#T,T—Q
m](T'g) = mr72(T?)+mr(T?)7 .7 =r—22>0 (7277’8)
0, otherwise

then imply

iz 0 m(T) = my(T).

2. LOCAL &-FACTORS

(2.1) GENERAL FACTS

(2.1.1) Fix an algebraically closed field E D E. Let p : K — E™ be a
non-trivial continuous homomorphism (with respect to the discrete topology on
the target); it always exists. If ¢/ : K — E’* is another non-trivial continuous
homomorphism, then there exists unique a € K* such that ¢’ = 1,, where ¢, (y) =
1(ay). Denote by p, the unique E’-valued Haar measure on K which is self-dual
with respect to v; then

Vae K* gy, = |a|Y? py, (2.1.1.1)

and every non-zero E’-valued Haar measure p on K is a scalar multiple of p:
= by, for some b € E™,

(2.1.2) Deligne [De 1] associated to each triple (A, ), u), where A € Repg('Wk)
and v, u are as in 2.1.1, the local e-factor (A, v, u) € E™ satisfying the following
properties.

(2.1.2.1) e(A, 9, pu) = e(AF=55 9, ).
(2.1.2.2) If0 — p — p — p’" — 0 is an exact sequence in Repy(Wik), then

(p,h, ) = e(p's 0, p)e(p”, 4, ).
(2.1.2.3) eo(A, ¢, ) = e(A,p,p) det(—f | Af) depends only on AN=ss ¢
Repp(Wk). As (AN=3%), = A, it follows that

e(A ), ) = (AN 4p ) det(—f | Ag/Ay).

(2.1.24) Vae K* (A, Y, 1) = (det A)(a) |a|= WA (A, 1, ).

(2.1.2.5) VYbe E*  g(Ah,bp) = b3B) (A1, ).

(2.1.2.6) If A =p € Repg(Wk), then e(p, v, p)e(p*| - |,¢-1,1*) =1 (where p*
is the measure dual to p with respect to ).

(2.1.2.7) If A = p € Repg(Wk), and if x : Wi /I — E* is an unramified

one-dimensional representation, then

e(p @ X, 0, ) = £(p, 1, ) x () 4P Hdime)n(®)
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where 7 is a prime element of O and a(p) (resp., n(v)) is the conductor
exponent of p (resp., of ¥).
(2.1.2.8) ([Fo-PR, 1.1.2.3]) For an exact sequence in Repg('Wk)

(B) 0— A —A—A"—0,

set P (3) = Px(A,u)/Pr (A", u) P (A", u), a(B) = dim A’ 4 dim Af—
dim Ay, €(8) = (A, ¢, ) /e(A, ¢, ) e(A”, 9, 1), and similarly for the
dual exact sequence

(B[ 1) 0— A" | — A% | — A" [ —0;

)

then
Pr(B*] - |,u™") = e(B) u™® P (83, w).

(2.1.3) LEMMA. IfA € Repp('Wk), then (A, v, p) e(A*|-|,¢_1,u*) = 1 (where
w* is the measure dual to p with respect to ).

Proof. Thanks to (2.1.2.1-2), we can assume that A is f-semi-simple and inde-
composable: A = p® sp(m), p € Repp(Wk), m > 1. In this case

A=A P AA =D AE A =t @sp(m)] -
(A% Do/ (A 1)y = @D () P71 = (Ag/Ap)"

(as p(I) is finite, we have (p*)! = (p!)*), hence

det(—f [ Ag/Af) det(=f [ (A" [)g/ (A" [)f) = 1;

we deduce that

€<A7’(/}7M) E(A*l : ‘71/]717”*) = 6<AN_SS?,(/17:LL) E((A*| ° |)N—ss’w71”u*)’

which is equal to 1, by (2.1.2.6).

(2.2) | - |-SYMPLECTIC REPRESENTATIONS

(2.2.1) PROPOSITION. Let A — A*|-| € Repg('Wk) be | - |-symplectic. Then:
(1) E(A) =e(A, ¢, p1y) does not depend on 1.

(2) e(A) = +£1; more precisely:

(3) If p = p*|-| € Repp(Wk) is | - |-symplectic, then e(p) = 1.

(4) IfA=X® X*|-| isasin 1.2.4(1), then e(A) = e(AN=%%) = (det X)(-1).
(5) IfA=p®sp(2n+1) (p € Repy(Wk), n > 0), then p|-|™ € Repg(Wk) is
|-

-symplectic and £(A) = e(AN=*%) = ¢(p| - |").
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(6) If A =p®sp2n) (p € Repg(Wk), n > 1), then p| - |1 € Repg(Wk) is
orthogonal, there is an exact sequence in Repp (W)

0— AT —A—A" —0
AT =p®sp(n)|-|", A™ = p®sp(n),

HY(A™) =H(p| - ["~") and
e(A) = (=1)3me HUAD) (det AT)(—1),  e(AN7*%) = (det AT)(—1).

Proof. (1) For each a € K*,

€(A, Yas /Ldla,) = 6(Aa Ya, |a|1/2:u¢) (by (2111))

= a2 (A, ¢a, pry) (by (2.1.2.5))

— (det A)(a) o]~ A2 (A, ) (by (21.2.4))

= (A ). (by 1.2.2(2))

(2) Writing A7~%% as a direct sum of | - |-symplectic representations of the form

1.2.4(1) or 1.2.4(2), the statement follows from the explicit formulas (4)-(6) and
(3), proved below.
(3) Combining (2.1.2.6), (2.1.2.4) and 1.2.2(2), we obtain

e(ps ), p1y)? = (p, b, ) (det p) (—1)e(p, ¥, pug) = (py b, ) €(ps -1, piyy) =
=e(p, Y, ) €(p| - [, 01, ) = 1.

(4) As in the proof of (3), Lemma 2.1.3 together with (2.1.2.4) yield

€(A) = €(X7w7ﬂ¢)€(X*| ! |,”L/J,,U,w) = (det X)(f]-) €(X7 w—lapﬂll)g(X*| : |a¢alu‘d}) =
— (det X)(~1).

Replacing X by XV7%% we obtain e(AN%) = (det XN~%)(-1) =
(det X)(—1) = e(A).

(5) As A = p®sp(2n+ 1) is | - |-symplectic, the representation p| - |™ is also
| - |-symplectic, by 1.2.3-4 (in particular, det(p) = | - |(1=2m) dim(p)/2) " The same
calculation as in the proof of Lemma 2.1.3 yields

2n—1

Ag/Af = @ pl| . |j7 (,OI\ . |j)* — (,O*| . |7j)l _ p1| . |2n717j,
Jj=0

n—1

D/ = DAV @ (o)
j=0
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which implies that det (—f | Ay/Ay) =1, hence

e(A) = (AN = T e(pl-V, ¢, i) = elpl-™) ]:[ e(pl-P (o9 ) & e(ol-™).
§=0 §=0

(6) As A = p®sp(2n) is |- |-symplectic, the representation p|-|"~! is orthogonal,
by 1.2.3. The same calculation as in the proof of (5) shows that

c(AN-) = 1:[ elol- P & (o - )|+ |) @ 1:[ det(p| - P)(—=1) = (det A*)(—1)
=0 =0

and

n—2
Ng/Ap =p " re@D o @ (p!] - 17)",  det(—f | Ag/Ag) = (=f|p"|- ")

=0

As p(I) acts semi-simply, the (unramified) representation V = pf| - |"~! €
Repr(Wk) is also orthogonal; applying Lemma 2.2.2 below to u = f acting on V,
we obtain

S(A)/(AN7) = det (~ | Ag/Ag) = (~1)time Kerld -1V,
Finally,

Ker(VL5V) = HO(p] - ["71) = H(p @ sp(n)) = HO(A).

(2.2.2) LEMMA. Let (V,q) be a non-degenerate quadratic space over a field L of
characteristic not equal to 2. If u € O(V,q), then

det(—u) — (_1)dimL Ker(u—l)7 det(u) _ (_1)dimL Im(u—l).

Proof. The following short argument is due to J. Oesterlé. The two formulas being
equivalent, it is enough to prove the second one. Let a € V, ¢(a) # 0; denote by
s € O~ (V,q) the reflection with respect to the hyperplane Ker(s — 1) = a*. A
short calculation shows that

Ker(su — 1) = Ker(u — 1) @ Lb, a=u—-1)bbeV
| Ker(u—1)Nnat € Ker(u— 1), a & Im(u—1),
hence
dimy, Im(su — 1) = dimy, Im(u — 1) F 1. (2.2.2.1)

Writing u as a product of r > 1 reflections, we deduce from (2.2.2.1), by induction,
that dimy, Im(u — 1) = r (mod 2), as claimed.
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(2.2.3) PROPOSITION. Let A — A*|-| € Repg (‘W) be |-|-symplectic and pure
(of weight —1). Assume that there exists an exact sequence in Repp('Wk)

(B) 0— AT —A—A" —0
such that the isomorphism A — A*|-| induces isomorphisms A% — (AF)*|-|.
Assume, in addition, that there exists a direct sum decomposition A = A1 @ As in

Repg ('Wi) compatible with the isomorphism A —— A*|-| and the exact sequence
(B), and such that H°(A;) = 0, while

(61) O—>AT—>A1—>A1_—>O

is a direct sum of exact sequences of the type considered in Proposition 2.2.1(6).
Then

e(A) = (—1)dime H' (A7) (get A1) (—1), e(ANT) = (det AT)(—1).

Proof. Tt is enough to treat separately A; and Ay. For A = Aj, the statement
follows from Proposition 2.2.1(6). For A = A, the assumption H°(A~) = 0
implies that Pg(A~,1) # 0. As A is pure of weight —1 < 0, we also have
HO(A*) C HA) = 0, by 1.4.4(5), hence Px(A*,1)Px(A,1) # 0. Letting
u — 11in (2.1.2.8), we obtain () = 1, hence

e(A) = (AT, py) (A7, 0, py) = (AT @ (AT [) = (det AT)(-1).

Finally,

e(ANT) = e((AT)N 7 4, py) (AN 4, py) =
= (AT @ (AT ) = (det(AT)NT) (1) = (det AT)(-1).

(2.2.4) PROPOSITION. In the situation of 1.5.4, ¢(Ts) = e(T,,) € {£1}.

Proof. For any O-module X, denote by red : X — X ®» ko the canonical
surjection. Proposition 1.5.4 implies that

red (A2 ) = /(T

hence

red (E(Tn)/E(TéV_SS)) =red (det (—f | (Ty))y/(Ty)5)) =
= (det (—f | (T4)g/(Ts)g) = e(Ts) /e (TN ~*%).

As e(T),e(TN%%),e(Ty),e(TN %) € {£1}, we are reduced to showing that
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red (g(T,;V_SS)) < e(TN=5%).

The following argument is based on a suggestion of T. Saito. We can replace
(pr, N1) by (pr,0) and assume that Ny = 0. Furthermore, after replacing FE by
a finite extension, we can assume (see [De 1, 4.10]) that

TT{—SS = @pa ®Wa7
a

where p, € Rep;(Wk) for a subfield L C O of finite degree over Q, and w, :
Wk /I — O* is an unramified representation of rank 1. We have

Vwe Wi Tr(w|Ts) =red (Te(w | Ty)) ,

hence
TS5 = @pa ® red(wy)-

Applying (2.1.2.7) to each direct summand, we obtain

red (e(Ty)) = Hred (e(pa ® Wa, 1, py)) = He(pa ®@red(wy), redo, redo i) =

[e3

= e(Ts).

(2.3) THE ARCHIMEDEAN CASE

Let L = R or C. If H is a pure R-Hodge structure over L ([Fo-PR, III.1]) of
weight —1, then

H =D H,(r)*™,

>0
where H, is a two-dimensional pure R-Hodge structure over L of Hodge type
(2r — 1,0), (0,2r — 1). The standard formulas ([De 3, 5.3], [Fo-PR, III.1.1.10,
II1.1.2.7]) yield

R
C.

c(Hy(r)) = (—1)ERIT {_,1’ é
As

Vp<0  hPTIP(H) =moy,

we obtain

Rld- 1, L=R _
€(H) = (71)[LR]d (H) X {(_1)((].11111_{]_1)/27 I C d (H) = thiﬂ,q(H)
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3. LocAL p-ADIC GALOIS REPRESENTATIONS

(3.1) GENERAL FACTS

(3.1.1) NOTATION. Let p be the characteristic of the residue field k of K; then
q = p" and K is a finite extension of Q,. Denote by o € Gal(Q,"/Qp) = GF,
the lift of the ARITHMETIC Frobenius element  +— zP. Let L be another finite
extension of Q.

We use the standard notation

Rep,5,1.(Gr) C Repy (Gk) C Rep,sy (Gi) = Repyp (Gk) C Rep(Gk)

for Fontaine’s hiearchy of (finite-dimensional, L-linear) representations of Gg
([Fo]), and

Dcris(v) = (V ®Qp Bcris)GK7 Dst(V) = (V ®Qp Bst)GK>
Dpst(v) = h_r)n (V ®qQ, Bst)GK/>
K/
Dip(V) = (V ®q, t'Bjr)* C Dyp(V) = (V ®q, Bar)“"
for various Fontaine’s functors (above, V € Rep (Gk), and K’ runs through all fi-

nite extensions of K contained in K). Asin [Bl-Ka], put H* (K, —) = H! . (Gk,—)
and, for x = e, f, st, g,

H}(K,V)=Ker (H(K,V) — H'(K,V ®q, B.)),
B, = BLP:l Bf = Bcrisa Bg = BdR-

cris )

If K'/K is a finite Galois extension, then

HNK,V) = HNK', V)G /EK) (x=0,e f,st,g)  (3.1.1.1)

(as both H*(—,V) and H'(—,V ®q, B.) satisfy Galois descent w.r.t. the exten-
sion K'/K, and the functor of Gal(K’/K)-invariants is exact on the category of
Q[Gal(K'/K)]-modules).

(3.1.2) For V € Repyp 1(Grk) and i € Z, define

dy (V) == dimg, (Dr(V)/DiE (V)  dp(V) =) _idi(V),

dp(V) =Y idi(V).

i€Z
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(3.1.3) If V€ Rep, ,(GK), then D = Dy (V) is a free (Q," ®q, L)-module
of rank equal to dimy,(V), which is equipped (among others) with the following
structure ([Fo], [Fo-PR, 1.2.2]):

(1) An L-linear action pg : Wx — Autz (D), which is Qp"-semi-linear in the
following sense:

Vwe Wk VA€ Qy Ve e D pu(w)(Aa) = ™ (\) pa(w) ().

(2) An L-linear, o-semi-linear map ¢ : D — D commuting with pg(w) (for all
w e Wg):

Vwe Wk VA e Q) Vz € D p(Az) = a(A) ().

(3) A (Qp" ®q, L)-linear nilpotent endomorphism N : D — D commuting with
psi(w) (for all w € W) and satisfying N¢ = ppN.
(4) An isomorphism of (K ®q, L)-modules

(D ®@qu- K)“% =5 Dyg(V).

(3.2) POTENTIALLY SEMISTABLE REPRESENTATIONS AND REPRESENTATIONS OF
THE WEIL-DELIGNE GROUP

We recall how, for each V' € Rep,, 1 (Gk), the structure 3.1.3(1)-(3) can be used
to define a representation of the Weil-Deligne group of K ([Fo], [Fo-PR, 1.1.3.2]).

(3.2.1) Fix afield £ D Q" for which there exists an embedding 7 : L — F, and
define

WD (V) := Dpat(V) ®Qurag, Lider £,
which is an E-vector space of dimension dimg(W D, (V)) = dimy (V). We define
an E-LINEAR action of Wx on WD, (V) by
pw) i= pa(w) 0 ) @i (w € Wi)
and a monodromy operator N = N ® id € Endg(WD.(V)). This defines a

representation

WD (V) = (p,N) € Repg('Wk),

whose isomorphism class does not depend on 7. Furthermore,

WDT . Reppst,L<GK) - RepE(,WK)

is an exact tensor functor.

(3.2.2) ExamMpPLEs: (1) If V is potentially unramified, then WD (V) =V ®; -
E € Repp(Wk).
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(2) If V is semistable, then WD(V) = Dy (V) ®ky0q, Lider £ (Ko = KN Qp"),
with p(I) acting trivially, N = N ® id and p(fx) = ¢" @ id. Conversely, if p(I)
acts trivially, then V is semistable.

(3) IV =L(n)=L®q, Qyn) (n€Z),then WD (V)=E|-["=E®]|-|"
(4) (Lubin-Tate theory) Fix a prime element # € Og. The reciprocity map
reck : K* — G4 (normalized using the geometric Frobenius element) defines a
one-dimensional representation Vi € Rep,.,;s x (G k)

~

Xr: G — G¥ =5 K* =72 x O — O} — K*,

which arises in the 7m-adic Tate module of any Lubin-Tate group over K associated
to 7. In this case

Dpst(Vr) = (Q," ®q, K)u, o) = (1o ) tu, Nu =0,
Vw e Wik pa(w)(u) = u.

It £> Q" is afield and 7 : K — E an embedding of fields, then WD, (V;) €
Repg(Wk) is an unramified one-dimensional representation of Wi, on which f =
fx acts by 7(m)~1. For K = Q, and 7™ = p we recover Example (3) for n = 1.

(3.2.3) DEFINITION. We say that V' € Rep,,s ,(GK) is PURE OF WEIGHT n € Z
if WD, (V) € Repg('Wk) is pure of weight n, in the sense of 1.4.3.

3.2.4) LEMMA. For each V € Rep Gk) and each 7: L — E D QY",
pst,L P
WD, (V)= =Du(V)*=' @, E,  H*(WD.(V)) = Deis(V)¥~ @, E.

Proof. As D.;s(V) = Dg(V)N=0 it is enough to prove the first equality. As both
sides satisfy Galois descent with respect to finite Galois extensions K'/K, we can
assume that V' is semistable. In this case, 3.2.2(2) implies that

WD, (V)[F=! = WD, (V)*=! = Dst(vwh:l@@KO@QpL,id@TE (Ko = KNQY").
As

Du(V)#"=1 = D (V)*=! @q, Ko
(thanks to Hilbert’s Theorem 90 for H'(K(/Q,, GL,(Kj))), it follows that

WD, (V)[F=! = Dy (V)?=' @, E.

(3.2.5) ComOLLARY. If V' € Rep, (Gk) is pure of weight n < 0, then
Dcris(v)wZI = 0.

(3.2.6) PROPOSITION. For each V' € Rep,,s 1,(G k),
(detg (WD, (V))(=1) = (=1)4V) (det V) (~1).
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Proof. As WD, is a tensor functor and dr (V) = dr(detr(V)), we can replace
V by detr(V), hence assume that dim(V') = 1; denote by xv : Gxg — K* the
character by which Gk acts on V. After replacing L by a finite extension, we
can assume that L contains the Galois closure of K over Q,. As V is potentially
semistable, there exists a one-dimensional representation

x:Gxg — L
with finite image and integers n, (o0 : K — L) such that

Xv =X H (0 oXa)",
o K—L

where xr : Gk — K* is as in 3.2.2(4). It follows from 3.2.2 that WD, (V) =
(Tox)a, where o : Wy /I — E* is the one-dimensional unramified representation
satisfying

This implies that

(dete(WD-(V)(~1) = x(~1), (detrV)(~1) = (~1)"x(~1), n= 3. n,.

On the other hand,

d,(V)=H{o: K < L|n, =i},
hence n = dp (V).

(3.3) REPRESENTATIONS SATISFYING PANCISKIN’S CONDITION
We recall a few basic facts from [Ne 1].

(3.3.1) DEFINITION. We say that V' € Rep(Gk) satisfies PANCISKIN’S CONDI-
TION if there exists an exact sequence in Repy (Gk)

00—V —V—V"—0

such that V* € Rep,,; 1.(Gk) and DS (VT) = 0= Do (V") /DR (V™). If this is
the case, then V* are uniquely determined ([Ne 1], 6.7), V € Rep,,,, .(Gx) ([Ne 1],
1.28) and V*(1) also satisfies Panciskin’s condition (with (V*(1))* = (VF)*(1)).

(3.3.2) PrROPOSITION. IfV satisfies Panciskin’s condition, then:

(1) HY(K,V7) = Depis(V7)¢=! = Dy (V7)P=1,

(2) Assume that there exists a finite Galois extension K'/K over which V' becomes
semistable and such that D ,is (V|GK/)9"=1 = Dc”»s(‘/*(l)k;w)99:1 =0 (the latter
condition holds, e.g., if V' is pure of weight —1, by 3.2.5). Then

HNK,V)=H}(K,V)=HL(K,V)=H})(K,V)
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and there is an exact sequence
0— HYK,V7) — H'(K,V') — H}(K,V) — 0,
in which HY(K,V*) = HL(K,V1).

Proof. (1) This is proved in [Ne 1, 1.28(3)] under the tacit assumption that V'~
is semistable. The general case follows by passing to a finite Galois extension over
which V'~ becomes semistable and taking Galois invariants.

(2) Over K’, the statement is proved in [Ne 1, 1.32]; the general case follows by
applying (3.1.1.1).

(3.3.3) PROPOSITION. Assume that V satisfies Panciskin’s condition, is pure (of
weight —1) and that there exists an isomorphism j : V. — V*(1) in Repy (G k)
satistying j*(1) = —j. Then:
(1) j induces isomorphisms V* " (VF)*(1).
(2) Fix an embedding of fields 7 : L — E D Q" and put A = WD.(V),
AT =WD,(V*). Then A € Repy('"Wk) is | -|-symplectic and the exact sequence
in Rep (‘W)

0— AT —A—A" —0

satisfies the assumptions of Proposition 2.2.3.
(3) (detgA®)(=1)/(det, VF)(=1) = (1) V) = (=1)L ™).
(4) The e-factors of A and AN=%% are equal to

£(A) = (-yfime IV (B (det V) (-1),
e(ANT%) = (=) V) (det , VF)(~1).
Proof. (1) This follows from the remarks made in 3.3.1.
(2) Ais |- |-symplectic, since WD, is a tensor functor. In order to verify the

assumptions of Proposition 2.2.3, we are going to decompose A into several com-
ponents. Firstly, the functor

Repg('Wk) — Repg('(Wk), X — X°10)

is exact and commutes with duals. In addition, X*) is a direct summand of
X, with a functorial complement X’. Secondly, for each A € E, the minimal
polynomial ppy(T') of A over E depends only on the G'g-orbit [A] of \. We define

A= | Ker (/=N a7 — a0,

A€qZ n>1

2 =A'a @ | Ker (py ()" A0 — a0},

AggZ n=>1

The direct sum decomposition A = A; ® Ay in Repp (/W) is compatible with
the isomorphism A — A*| .| and the exact sequence
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0— AT —SA—A" —0.

By construction, every subquotient of Ay in Repp('Wx) has trivial H°, hence
HO(A;) =0. As A is pure of weight —1, it follows that

A = @ Om ® sp(2m),

m>1

where each o, € Repg('Wk) is an unramified representation of Wy on which
g'~™f acts unipotently.

As V satisfies the Panciskin condition, weak admissibility of V* implies that all
eigenvalues of f on AT = At N A (resp., on AT = A;/A]) are of the form ¢"
with n < 0 (resp., with n > 0). It follows that

AT =Poncspm)- ", A7 = B om @ sp(m),
m>1 m>1
which proves (2).
(3) This follows from Proposition 3.2.6 applied to V.
(4) We combine Proposition 2.2.3 (which applies to A, thanks to (2)) with the
formula (3) and the fact that

HO(Ai) = Dcris(vi)g):l L,z E= (Dcrw(vi)w:1 N DgR(Vi)) L,r E =
=H(K,V7)®L, E.

4. GLOBAL p-ADIC GALOIS REPRESENTATIONS

(4.1) GENERALITIES

(4.1.1) NOTATION. Let F be a number field. For each prime [ of Q, let S; be the
set of primes of F' above [. Fix a prime number p, a finite extension L, of Q, and
a finite set S D S U S, of primes of F'. Let Fg be the maximal extension of F
(contained in F') unramified outside S; put G s = Gal(Fs/F). For each prime v of
F fix an embedding F < F,; this defines a morphism G, — Gp — Gp,s. For
each Galois representation V' € Repy (GFr,s) (continuous and finite-dimensional
over Ly), denote by V,, € Rep,, (GF,) the local Galois representation induced by
the map Gp, — Gp,g. For cach v ¢ S, US,, denote by WD(V,,) € Repy, ('WEg,)
the associated representation of the Weil-Deligne group of F, (see 1.1.3). As in
[Bl-Kal, we put

Vo & Soo U S, H{(F,,V)=H,.(F,,V)=Ker (H(F,,V) — H' (F}",V))

H}(F,V) = Ker (Hl(GF,s,V>—> &P H1<FU,V>/H}(FU,V>>-
vES—S
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The Ly-vector space H} (F,V) does not change if we enlarge S.
(4.1.2) Throughout §4, assume that V satisfies the following conditions.
(1) There exists an isomorphism j : V' == V*(1) in Rep (Grs) satisfying

J*(1) = —Jj.
(2) For each v € Sp, Vi, € Repy, (G, ) satisfies the Panciskin condition 3.3.1:

0— V5 —V,—V —0

(in particular, Vi, € Rep,, 1 (GF,))-

(3) For each v € Soo U S, (resp., v € Sp), V,, is pure (necessarily of weight —1) in
the sense of 1.4.5 (resp., in the sense of 3.2.3).

(4) For each i € Z, the integer

4(V) := dimp, (Dip(V)/Di (Vo)) /[Fy + Q)

does not depend on v € S,. This condition is satisfied if V' = M, is the p-adic
realization of a motive (pure of weight —1) M over F' with coeflicients in a
number field L (of which L, is a completion), as

d'(V) =dimp, (F'Mar/F"™" Myg)

in this case.

Example: F = Q and V = (S*"~'V(f))(mk — m + 1 — k/2), where m > 1 and
V(f) is the Galois representation (pure of weight k — 1) associated to a potentially
p-ordinary Hecke eigenform f € Si(I'o(IN)) of (even) weight k and trivial character.

(4.1.3) e-FACTORS. We define

d=(V) =Y _id(V), (4.1.3.1)
1<0
Rld- 1, F,=R
Yo c SOQ €(VU) = (—1)[F1,.R]d (V) X { (_1)dimLp (V)/Q’ Fv =C
(4.1.3.2)

(in view of (2.3.1), this is the correct archimedean local e-factor if V' = M, is as
in 4.1.2(4)) and

Vod Se  e(Vy) = e(WD(V,)). (4.1.3.3)

For any prime v of F, let

- —1)P°(F V) ves
Vo) = (V) x 4 ¢ : P 4134
() =) = { T (RE X
where
h(F,,X) = dim,, H(F,,X) (X € Repy, (Gr,))-
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Finally, define

eW) =[],  &v)=]]aw) (4.1.3.5)
(this makes sense, as (V,,) = 1 for all but finitely many v). It follows from

Proposition 3.3.3 that

vweS, &V, = (—DIFIdV) et V) (-1) = s(WD(V,)V ),

(4.1.3.6)
hence
[T evi) = (=)F QOO T (det V,F)(—-1).
vES, vES)
As
T =(v) = -y,
VES
it follows that
IT v = ] (detV;\)(-1). (4.1.3.7)
VESHUS o0 veES,

(4.2) SELMER COMPLEXES AND EXTENDED SELMER GROUPS

(4.2.1) For a pro-finite group G and a representation X € Rep; (G) (con-
tinuous, finite-dimensional), denote by C*(G, X) the standard complex of (non-
homogeneous) continuous cochains of G with values in X. Fix aset S, C ¥ C S
and define, for each v € S — S, the complex

C.(GFU7VU+)7 v E Sp
ur(v)y=1{o, vex -8,
O;W(GFU,VU) ZC'(GFv/IU,VUI“), ’UES—E,

where I, C Gp, is the inertia group. As in ([Ne 2], 12.5.9.1), define the Selmer
complex of V associated to the local conditions Ax (V) = (U (V))yes—s.. as

C}(Gﬂs, V; A2<V>) =

= Cone <c'(GF,S,V)@ b viv)— P C'(GFU,V)> [—1].

vES—S vES—Ss

(4.2.2) PROPOSITION. (1) For each v € So US,, the complexes C*(Gr,,V) and
C:,.(Gg,,V) are acyclic.
(2) Up to a canonical isomorphism, the image of C}(Gp,s,V;Ax(V)) in the
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derived category D";ct(Lp — Mod) does not depend on ¥ and S; denote it by
ﬁff(F, V) and its cohomology by ﬁ}(F, V) (as L, is a field, ﬁff(F, V) =

Dz HH(F.V)[=i]).
(3) There is an exact sequence

0— P H(F,,V, ) — H}(F,V) — H}(F,V) — 0.
vES)

(4) If we put hL(F,V)=dimy, H}(F,V), hi(F,V)=dimy, H}(F,V), then

(M EN (V) = () ED &),

Proof. (ct. [Ne 2, 12.5.9. 2]) (1) The cohomology group HO(FU,V) = 0 van-
ishes by purity (1.4.4(5)), H*(F,,V) — H°(F,,V*(1))* = HO(F,,V)* =
0 by duality and H(F,,V) = 0 by the local Euler characteristic formula
2 (=1 R(F,, V) = 0. Finally, dimy, HL.(F,,V)=h"(F,, V) =0.

(2) Independence of ¥ follows from (1), independence of S is a general fact ([Ne

2], Prop. 7.8.8).
(3) It follows from (1) and [Ne 2, Lemma 9.6.3] that there is an exact sequence

0— HYF,V) — H(Grs,V — @ H(F,, V) ) — H}F,V) — H—0,
vES)

where

H = Ker (Hl(GRS,V) — @ Hl(Fv,V)/Im(Hl(UJ(V)))> .

vES—So
As

m(HY(UF (V) = {3{?( o A i

by (1) and Proposition 3.3.2(2), respectively, we deduce that H = H}(F, V).
Finally, H*(GF.s,V) = 0 by purity.
(4) This is a consequence of (3) and (4.1.3.4).

5. p—ADIC FAMILIES OF GLOBAL p-ADIC GALOIS REPRESENTATIONS

(5.1) THE GENERAL SETUP

(5.1.1) Fix a number field F', a prime number p and a finite set S O S, U Soo of
primes of F.
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(5.1.2) Assume that we are given the following data.

(1) A complete local noetherian domain R of dimension dim(R) = 2, whose residue
field is a finite extension of F, and whose fraction field .Z is of characteristic
ZEro.

(2) An R-module of finite type 7 equipped with an R-linear continuous action of
Gr.s (with respect to the pro-finite topology of 7). Set V=7 ®r 2.

(3) A skew-symmetric morphism of R[GF,s]-modules

(, ) T QRrT — R(l) = R®Zp Zp(l)
inducing an isomorphism of .Z[Gr s]-modules
VY = V*(1) = Homg (V, £)(1).

(4) For each v € S, an R[Gp,]-submodule 7, C 7, such that the isomorphism
VY = V*(1) induces isomorphisms of .Z[Gr, ]-modules

Vi = (VD)*(1) = Homg (V], 2)(1),

where Vi =T @ %, V, =V,/V,}.

(5) A prime ideal P € Spec(R) of height ht(P) = 1, which does not contain p
and such that Rp is a discrete valuation ring. Fix a prime element wp of Rp.
The residue field x(P) = Rp/wpRp is a finite extension of Q,. Define

Tp =T ®@r Rp CV, V =7Tp/wpTp € Rep,(p)(GFs)
and, for each v € Sp,

(Tp)f =Tp NV, (Tp), =Tp/(Tp)7, V)t = (Tp)S Jwp(Tp)f C Vi,
Vv_ = V;)/V'Lj_ (Vv'ui € R‘epli(P) (GFu))

(6) We assume that there exists u € Z* such that u-(, ) induces an isomorphism
of Rp[GF,g]-modules

Tp AN T;(l) = HOmRP(TP,RP)(l).

This implies that, for each v € S, u-(, ) induces an isomorphism of Rp[Gr, |-
modules (7p)F = ((7p)T)*(1). Reducing u-( , ) modulo P, we obtain a non-
degenerate skew-symmetric morphism of x(P)[Gr,s]-modules V ®,py V —

~

#(P)(1) which induces, for each v € S, isomorphisms V;F — (V,F)*(1) in
RepK(P) (GFU)
(7) We assume that, for each v € S, the exact sequence

0— V5 —V,—V —0

satisfies the Panciskin condition: V;* € Rep s .(p)(Gr,) and Dy (V") =0 =
DdR<Vv_>/D2R(VU_)'
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(8) We assume that, for each v ¢ S, V, is pure of weight —1 (in the sense of
1.4.5 and 3.2.3, respectively).
(9) We assume that, for each i € Z, the integer

d'(V) := dimy(py (Digr(Ve)/Dir' (Vo)) /IFs = Q)

does not depend on v € Sp; put

d~(V)=> id(V).
i<0
(5.1.3) This implies, in particular, that V satisfies the assumptions 4.1.2(1)-(4).
(5.1.4) Fix v & S, U Seo. As Autr(T) is a pro-finite group containing a pro-p
open subgroup, there exists an open subgroup J of the inertia group I = I, =
Gal(F,/F!") such that J acts on 7 through the map J — I — I(p), where I(p) is
the maximal pro-p-quotient of I (isomorphic to Z,). Fixing a topological generator
t of I(p) and an integer a > 1 such that t* lies in the image of J, then the set
of eigenvalues of t* acting on V is stable under the map A — AV?, which implies

that there exists an integer ¢ > 1 divisible by a such that ¢ acts unipotently on
V. Defining

1
N = - log p7(t°) € Endg(7T) @ Q

(where pr : G — Autg(7) denotes the action of G, on T) and (fixing a lift
fev (1) c Wk of f)

pT(f"u) = pT(f"u) exp(—bN) € Autrgq(7 ® Q) C Autgr,.(7Tp) (n€Z,ucl)

(where b € Z,, is such that the image of u in I(p) is equal to °), the pair (pz, N) de-
fines an object T' = (pr, N) of Repy,, ('WE,) in the sense of 1.5.2, the isomorphism

class of which is independent of the choice of f ([De 1], 8.4.3). By construction,
the special fibre of T is isomorphic to

T = WD(VU) S RepK(P) (IWF“).
We define

WD(V,) =T, =T @g, L € Rep o, ('Wp,)

e(Vy) = e(WD(W,)). (5.1.4.1)

If we choose another generator of I(p), then N is multiplied by a scalar A € Zj,
which does not change the isomorphism class of WD(V,) ([De 1], 8.4.3).

(5.2) SELMER COMPLEXES AND EXTENDED SELMER GROUPS
(5.2.1) We equip each R-module Y = 7,7,", Tl with the pro-finite topology

and we denote by C*(G,Y) the corresponding complex of continuous cochains (for
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G = Grs,Gr,,Gr,/I,, respectively). For R’ = Rp,.%, define C*(G,Y @ R') =
C*(G,Y)®r R'. Asin 4.2.1, fix aset S, C ¥ C S and define, for X = Tp,V,
Rx = Rp,.%Z and each v € S — S, complexes of Rx-modules

C*(Gr,, X)), vES,
U;'_(X): 07 ’UEZ—SP
C: (Gp., X) = C*(Gp, /1, XT), veS—x,

and

C}(Grs, X;Axn(X)) =

= Cone (C‘(GF,S,X)@ P vix)— P C'(GFU,X)> [=1].

veES—Soo veES—Soo

(5.2.2) PROPOSITION. (1) For each X = Tp,V and each v & Soo U S, the com-
plexes C*(Gp,,X) and C;,.(GF,,X) are acyclic.
(2) Up to a canonical isomorphism, the image of C}(GF,S, X;Ax(X)) in
D?t(RX — Mod) does not depend on X an}c\IJS; denote it by /R\ff(F,X) and its
cohomology by H(F,X) (as £ is a field, RT ;(F, V) = @,z H} (F,V)[~i]).
(3) There is an exact triangle in D?pt(RP — Mod)

RI;(F,Tp)=2RT4(F,Tp) — RI(F,V) — RL;(F, Tp)[1]

giving rise to exact sequences

0 — H}(F,Tp)/wpH}(F, Tp) — H}(F,V) — H}™(F,Tp)[wp] — 0,

— L ~ —
and an isomorphism RIf(F,Tp)®r,. L — RIf(F,V) in D?t(,,f — Mod).
(4) There exists a skew-symmetric isomorphism in Di’ct(Rp — Mod)

RI;(F,Tp) = RHompg, (RT(F,Tp), Rp)[—3]
inducing a skew-symmetric non-degenerate pairing
FI]%(F’ TP)RP—tors X ﬁ%(F7 TP)Rp—tors — X/RP

(5) There exists an Rp-module Z of finite length such that I?]%(F, TP)Rp—tors —
ZdZ.

(6) H(F,Tp) is a free Rp-module of rank h(F,V) := dimg H}(F,V).

(7) RL(F,V)=hi(F,V) (mod2).

Proof. (cf. [Ne 2,12.7.13.4]) (1) It is enough to prove the statement for X = 7p.
By ([Ne 2], Prop. 3.4.2 and 3.4.4), there is an exact sequence of complexes
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0— C'(GFNTP)& .(GF,J,TP) I C'(Gpv7V) — 0,

which induces injections

Hi(GFU,Tp)/’(DpHi(GFU,Tp) — Hi(Fv, V)

As H(F,,V) = 0 by Proposition 4.2.2(1), and H (GF,,7p) = H(GF,,T)®r Rp
is an Rp-module of finite type (by [Ne 2], Prop. 4.2.3), it follows that
H'(GF,,7p) = 0. Finally, the unramified cohomology H} = H.} (Gp,,Tp) =
T5/(f, — 1)TA* is an Rp-module of finite type and H), /wpH), is a subquotient
of VIv/wpVle = H! (Gf,,V) = 0; thus H.,. = 0.

(2) This follows from (1), as in the proof of 4.2.2(2).

(3) According to (2), we can take ¥ = S, in which case the exact triangle in
question follows from the exact sequences

0 — C*(G, Tp)-ZE5C*(G, Tp) — C*(G,V) — 0 (G =Grs, Gp,).

The isomorphism ﬁff (F, Tp)é)pbp.i’ - f{ff(F, V) is a direct consequence of
the definitions.

(4) Take again ¥ = S. According to a localized version of ([Ne 2], 7.8.4.4), there
exists an exact triangle in D};'t(RP — Mod)

R (F,Tp)——RHomp, (RT;(F,Tp), Rp)[-3] — P Eur,,

in which the error terms Err, vanish for v € S, (as (7p)* — ((7p)T)*(1)), as
well as for v € S, (by (1) and [Ne 2], Prop. 6.7.6(iv)). The map ~ (which is
an isomorphism, by the previous discussion) is skew-symmetric, by ([Ne 2], Prop.
6.6.2 and 7.7.3). The skew-symmetric non-degenerate pairing

ff,%(F, TP)Rp—tors X ﬁ?(ﬂ Tp)Rp—tors — -Z/Rp.

is constructed from v in ([Ne 2], Prop. 10.2.5).

(5) This follows from (4) and the structure theory of symplectic modules of finite
length over discrete valuation rings (note that 2 is invertible in Rp).

(6) It is enough to show that I;T} (F,7p) hasno Rp-torsion, which si a consequence
of the exact sequence from (3) (for ¢ = 0).

(7) In the exact sequence from (3) for ¢ = 1, the term on the left (resp., on

the right), is a x(P)-vector space of dimension ﬁ}(F, V), by (6) (resp., of even
dimension, by (5)); thus the dimension of the middle term (= E} (F,V)) has the
same parity as ﬁ}(F V).

(5.3) THE PARITY CONJECTURE IN p-ADIC FAMILIES
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(5.3.1) THEOREM. Under the assumptions 5.1.2(1)-(9), the quantity

(C)ME (V) = ()M E(v) =
— (1Y T @et V(-1 [ =)

veES) vESpUSeo
depends only on V and V| (v € S,).
Proof. We combine the equalities
()P EVY o) = (1) V) ) 51 (Prop. 4.2.2(4))

(1) EY) = (Z)Rp (V) (Prop. 5.2.2(7))

zvy= I &v I )= J[@etvh-n [ =)

VESpUSw v @5, USw0 vES, vZS500US,
(by 4.1.3.7)
Yo & See US, e(Vy) =e(Vy) (Prop. 2.2.4)

YoesS, (detV;)(—1) = (det V])(—1)

(both sides are equal to =1, and the L.H.S. is the reduction of the R.H.S. modulo
P).

(5.3.2) COROLLARY. Under the assumptions 5.1.2(1)-(4), if P, P' € Spec(R) are
prime ideals satistying 5.1.2(5)-(9), then the Galois representations V- = Tp/PTp
and V' = Tp/ /P'Tp/ satisfy

(—1)" BV e(v) = (~1)EV (1),

(5.3.3) OPEN QUESTIONS. It would be of interest to generalize Corollary 5.3.2
to self-dual families of Galois representations that do not satisfy the Panciskin
condition. Is it true, in general, that

(~1)[F QI (W D(V,)N ) (vesy)

depends only on V,, and that

b T WD)
( 1) vgp 6(WD(VU)N_SS)

depends only on V7

DOCUMENTA MATHEMATICA 12 (2007) 243-274



272 JAN NEKOVAR

(5.3.4) EXAMPLE (DIHEDRAL IWASAWA THEORY). Assume that Fy C F are
Galois extension of F such that [Fy : F] = 2, ' = Gal(Fx/Fy) — Z, and
't = Gal(F/F) =T x {1,7} is dihedral:

relt —T, =1, VgeT rgrt=g"

Let V € Repy,, (GF,s) be a Galois representation satisfying 4.1.2(1)-(4); fix a G p,s-
stable Op-lattice T' C V (O, = Oy, ) such that the pairing (, )v : VXV — Ly(1)
induced by j maps T'x T into O, (1). After enlarging S if necessary, we can assume
that S contains all primes that ramify in Fy/F; then F, C Fg. We define the
following data of the type considered in 5.1.2:

(1) Let R = Oy[[I']] be the Iwasawa algebra of I (isomorphic to the power series
ring O,[[X]]). The Iwasawa algebra of I't is a free (both left and right) R-
module of rank 2:

Op[I*)]=R® Rr=R&R.

Denote by ¢ the standard Op-linear involution on O, [[I'T]] (¢(c) = o~ ! for all
oel™).

(2) Let T =T ®op, Op[[I'"]], considered as a left R[GF,s]-module with the action
given by

r(z®a) =2z®ra, gz®a)=g(z)®a(g)* (reR,zeT, ac O],

where we have denoted by g the image of g € Gp g in I'" (cf., [Ne 2], 10.3.5.3).
(3) Asin ([Ne 2], 10.3.5.10), the formula

(z® (a1 +7az),y @ (b1 +7b2)) = (z,y)v (a1¢(b2) + t(az)b1)

defines a skew-symmetric R-bilinear pairing (, ) : 7 x T — R(1), which
induces an isomorphism

T ®Q — Homg(7T, k(1)) ® Q

(hence satisfies 5.1.2(3)).

(4) For each v € Sy, define T,;F = T, ®p, Op[[T'T]] (where T;F = TNV, 1).

(5) Let f:T — Ly(8)* be a homomorphism with finite image (where Ly (5) is a
field generated over L, by the values of 3); then P = Ker(3: R — L,(0)) €
Spec(R) is as in 5.1.2(5), with k(P) = L, (/). It follows from ([Ne 2], Lemma

10.3.5.4) that

Tp|wpTp = Indggfs (V& B),

where we have denoted by V @ 8 € Repy, (5)(GF,,s) the G, s-module V ®p,
L,(B) on which g € G, s acts by g®5(g), where g is the image of g in I'. The
discussion in ([Ne 2], 10.3.5.10) implies that 5.1.2(6) holds with v = 1. The

conditions 5.1.2(7)-(9) for 7p/wpTp follow from the corresponding conditions
4.1.2(2)-(4) for V.
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5.3.5) In the situation of 5.3.4 utting Fg = Folger(ﬂ) and, for each
( ) , putting Fp ;
Ly[T'-module M,

MP) = {reM®@r, Ly(B) |VYo ' o(x) = p(o)z},

then we have

N, To [ To) = HY(Fo,V @ 6) = (H}(Fa, V) 0 8) S5/

= H}(F, V)P,
and the action of 7 induces an isomorphism of L, ()-vector spaces

T HHF3, V)P 2 B, V).

Applying Corollary 5.3.2, we obtain, for any pair of characters of finite order
B,8":T — L,, that

(—1)hEVED) / o(Fy V @ B) = (1) FoVeR) / o(Fy vV & B)). (5.3.5.1)

In this special case one can prove Proposition 2.2.4 directly (at least if p # 2) by
using (2.1.2.7).

It would be of interest to generalize (5.3.5.1) to more general dihedral characters,
as in [Ma-Ru].
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